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Datasets in the real world are often complex and to some degree hierarchical, with groups and
sub-groups of data sharing common characteristics at different levels of abstraction. Understanding
and uncovering the hidden structure of these datasets is an important task that has many practical
applications. To address this challenge, we present a new and general method for building relational
data trees by exploiting the learning dynamics of the Restricted Boltzmann Machine (RBM). Our
method is based on the mean-field approach, derived from the Plefka expansion, and developed in
the context of disordered systems. It is designed to be easily interpretable. We tested our method
in an artificially created hierarchical dataset and on three different real-world datasets (images of
digits, mutations in the human genome, and a homologous family of proteins). The method is
able to automatically identify the hierarchical structure of the data. This could be useful in the
study of homologous protein sequences, where the relationships between proteins are critical for

understanding their function and evolution.

I. INTRODUCTION

The advent of new technologies is fostering the collec-
tion of data in unprecedented quantities. The difficulty
is to automatically extract information or discover core
principles from this collected data, which is frequently
neither labelled nor classified. Biology provides a key
illustration of this situation: modern sequencing tech-
niques generate vast amounts of raw data (e.g. genome or
protein sequences) far more quickly than researchers can
connect it to biological knowledge through experimental
procedures or curated annotations. Building the theo-
retical foundation needed to extract scientifically mean-
ingful insights from massive datasets is more important
than ever. In this study, we focus on the problem of unsu-
pervised identification of categories and subcategories in
the data without introducing interfering prior knowledge
that could bias the results.

Energy-based models in unsupervised learning are par-
ticularly well suited to interpretability applications be-
cause their operating mechanism is precisely to encode
the empirical distribution of the data in the Boltzmann
distribution of an energy function (often called Hamilto-
nian). If simple enough, such a Hamiltonian serves as
an effective model for the data, and can be analyzed for
feature extraction. This strategy has been very popu-
lar in biology, for instance for protein-structure predic-
tion [IH3]. In this sense, Restricted Boltzmann Machines
(RBMs) are very well suited for this task because they are
powerful enough to encode any complex data set [4], and
at the same time simple enough (formally analogous to a
disordered spin Hamiltonian in physics) to be described
with the tools of statistical physics. In fact, significant
progress has been made in the last decade in understand-
ing the learning mechanisms of the RBM, which has pro-
vided a theoretical basis for extracting statistical features

in these models [5HI].

Today we know that learning in an RBM is triggered
when the eigenvectors of its coupling matrix gradually
match the first principal component analysis (PCA) di-
rections of the dataset [5H7]. As learning progresses, the
RBM finds more complex nonlinear decompositions of
the data, which are critical to producing increasingly re-
liable fake data. The goal is then to use these features
to go beyond the aforementioned PCA for dimensionality
reduction to identify hidden communities, or features, in
the data. In addition, one can exploit the progressive na-
ture of learning to hierarchize those features: the machine
first learns global features to gradually encode more local
and fine-grained features that can help us to identify sub-
communities. At this point, the simplicity of the RBM
architecture provides a clear advantage over more com-
plex neural networks, as the log-likelihood of the models
at different stages of the learning process can be easily
explored using standard tools of statistical physics of dis-
ordered systems, such as the TAP equations to find differ-
ent probability maxima [T0HI2]. In this work, we imple-
ment this idea in real-world datasets, exploiting current
knowledge of the learning mechanisms of RBMs to build
relational trees with data. We then use these hierarchies
to divide the data into families and subfamilies.

Our work is structured as follows: We begin with an
introduction to the RBM model and its learning mech-
anisms. This is followed by a mean-field description of
this model, which is used to find the multiple maxima
of the model’s probability distribution function that are
further used to cluster the data at different stages of the
learning process. Later, we explain how we exploit the
dynamics of these fixed points to build a tree with a
dataset in which categories emerge naturally as learning
encodes finer and finer features in the model. Finally,
we show the implementation of this algorithm on several



real-world datasets.

II. DEFINITION OF THE MODEL

The RBM is a Markov random field with pairwise
interactions defined on a bipartite graph of two non-
interacting layers of variables: the visible variables v =
{vi}i=1,....~, represent the data, while the hidden vari-
ables h = {h,},=1,. n~, constitute a latent representa-
tion of the data that models the effective interactions
among the visible variables. The joint probability dis-
tribution of visible and hidden variables is given by the
Boltzmann distribution

po(v,h) = ie_E(””“e), where Zg = Ze‘E(”’hﬂ). (1)
Zg
v,h

In the previous expressions, the normalization factor Zy
is called the partition function, @ refers to the parameters
of the model and FE is the energy function or Hamilto-
nian. In this work, we focus on a setting in which the
hidden units are binary variables, h, € {0,1}, while the
visible units are categorical variables that can assume
values ¢ € {1,...,Ny}. We can model this kind of sys-
tem by introducing a set of Potts variables in the visible
layer; the associated Hamiltonian is

E(v, h;0)= _Z agévuq_z buhu_z Ov,.qWiy Py, (2)
iq ©

iqp

where §,, 4 is the Kronecker symbol that returns 1 if the
site i of the visible layer has the value ¢ and 0 otherwise,
a = {al} and b = {b,} are two sets of local fields acting
respectively on the visible and on the hidden layers, and
w = {w},} is a 3-rank tensor, which we simply refer to
as weight matriz, that models the interactions between
the two layers. We sketched the Potts-RBM structure in
Fig. We would like to emphasize that the selection of
Potts variables as visible variables for the RBM is a gen-
eralization that allows the study of sequence data within
the same conceptual framework that applies to binary
data. Nevertheless, binary Ising variables are sufficient
for most clustering applications where the dataset can be
made of binary states.

The model defined by the Hamiltonian is not
uniquely defined, and common practice in Boltzmann
learning is to fix the gauge in order to remove the flat
directions caused by the over-parametrization [I3]. Re-
cent works [14] suggested using the following Gauge fixing
prescription

Za? =0, waﬂ =0,
q q
Vi=1,....N,, Yu=1,...,Np, 3)

which is called zero-sum gauge. This choice preserves
symmetry between the different categories and has the
advantage of being computationally easier to implement.

FIG. 1. Scheme of the Potts-RBM. The weights matrix is a
3-dimensional tensor w = {w{,}. When an input data v
enters the machine, it selects at each site 7 the connection of
the proper colour v; = ¢ with the hidden component pu.

However, the choice of the actual gauge should not affect
our clustering procedure.

The RBM is trained by maximizing the Log-Likelihood
(LL) function of the model computed on the dataset D =
{vM ... M)} which is defined as

M
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m=1

M
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via (stochastic) gradient ascent. For some datasets, how-
ever, it may be more convenient to look at a weighted
version of the LL instead,

M
1
L(8D) = (log po(v))p =3, > = logpe (v=0t)

m=1
1 M (m)
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Vi 2,722 ”
where Meg = Y, Tm and {@p,}m=1,. m is a set of

weights associated with the data samples that have to be
specified for each dataset. The weighted average likeli-
hood is useful to compensate for the fact that certain cat-
egories may be overrepresented in the dataset compared
to others. In particular, reweighting the dataset can af-
fect the process of splitting the data into categories (es-
pecially since larger groups are split first in the tree), but
has the disadvantage of requiring to know the groups in
the first place. For this reason, we will generally not use
this weighted version but for the protein sequence dataset
to partially mitigate the fact that the data entries may
not be independent of each other. This is typically the
case for the available protein sequence data because the
genomes of some species are sequenced more frequently
than others [3]. In this case, reweighting will not occur
between functional groups but between sequences with
similar sequence identity.



The gradient of the LL with respect to the model’s
parameters is given by

oL oL
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where we denoted as (-), the weighted average over the
dataset and as (-) , the average over the model’s Boltz-
mann measure . Since computing the partition func-
tion is generally intractable, this second average is typi-
cally approximated by the Block-Gibbs Sampling Markov
Chain Monte Carlo (MCMC) method, which exploits the
bipartite structure of the graph to iteratively sample the
visible variables and the hidden variables conditioned on
the other layer at once, hence allowing for a high de-
gree of parallelization. In particular, in this work we
have always used the persistent contrastive divergence
(PCD-k) method [I5]: the initial states of the parallel
Markov chains used to compute the gradient are taken
from the final states obtained in the previous parame-
ter’s update. In this scheme, the number of steps per-
formed in each update is fixed at k. It has been nu-
merically investigated that this recipe can yield quasi-
equilibrium models [7]. We also systematically checked
that the learned models always operated in the so-called
equilibrium regime [7} [16], i.e., no memory of the training
scheme was observed. In this paper, we will often refer
to the number of epochs, Nepochs, performed during the
learning as the age of the RBM, which can also be ex-
pressed in terms of the number of the gradient updates
as Ngrad = Nepochs - M/Np, where M is the number of
training samples and Ny}, is the minibatch size.

III. USING THE RBM’S LEARNING HISTORY
TO CLASSIFY THE DATA

In this section, we discuss how the training trajectory
of the RBM can provide useful information to reveal the
hidden structure of a dataset. As a proof of concept, we
artificially generated a dataset that mimics a completely
random evolutionary process, which we call SED (Syn-
thetic Evolutionary Data). We started with a “mother
sequence” of zeros of length N, = 805 and generated a
descendant set of 5 sequences by flipping each site from 0
to 1 with probability p = 1/N,,. We then assigned a label
to each of the child sequences and generated several more
generations with the same criterion, each sequence hav-
ing a randomly chosen number of heirs between 1 and 5.
All descendants of any of the 5 ancestral sequences carry
the same label and are referred to as a family. We can
even go further by assigning a secondary label to each of
the sub-trees originating from the grandchildren of the
“mother sequence”. Panels A and B of Fig. [2| show re-
spectively a sketch of the structure of the binary dataset,
and the genealogical tree corresponding to this evolution-
ary process.

The most naive analysis we can do to infer families
from the SED dataset is the PCA. We show the pro-
jections of the data onto the first 2 principal directions
in Fig. 2}-C, and colour each data point according to its
family colour. We can see that this analysis already does
a relatively good job of separating sequences by family.
For example, the red family (and perhaps the blue) can
be directly isolated at this level of analysis, but the re-
maining points of the families remain mixed. Our goal
now is to use the RBM to make a finer delineation and
obtain some information about the internal structure of
the families, e.g., to isolate the subfamilies of the grand-
children in Fig. 2} B. For the sake of visualization, the
eigenvalues and eigenvectors of w are obtained after re-
shaping the tensor into the form of a (N, -N,) x N}, matrix
and taking its SVD (see Appendix for details). From
previous works [B [0, [I7] we know that, during the initial
steps of learning, the RBM gradually encodes the princi-
pal directions of the dataset in the SVD of the w-matrix.
In Fig. 2} D we show the evolution of the eigenvalues of
the weight matrix as a function of the training epochs,
while in Fig. 2'E we show the dataset projected along
the first two eigenvectors of w at different stages of learn-
ing (different epochs). At the beginning of the learning
process, the SVD eigenvectors do not contain useful in-
formation and cannot separate the families (all coloured
points are mixed). In a second phase, when only the
first 3 eigenvalues have grown, the projection closely re-
sembles that of the PCA in Fig.[2]-C, thus agreeing with
the previous statement that the SVD eigenvectors align
with the direction of the principal directions [5]. After
that, the RBM starts learning nonlinear transformations
of the data. In the third frame, corresponding to the
point where the RBM has about 10 expressed eigenval-
ues, the projections partition the different families much
better even at the level of a 2-dimensional projection. At
much longer training times, we typically see that the clus-
ters begin to overlap and direct clustering of such projec-
tions using a few dimensions becomes difficult, even when
the machine has learned much better representations of
the data.

With this discussion, we wanted to argue that the evo-
lution of the free energy of the model during training can
be used to explore different levels of clustering and in this
way extract hierarchical information from the data. Such
analysis can also give us qualitative insight into the fea-
ture extraction process in RBMs. Then, the underlying
assumption is that the features learned by the RBM dur-
ing the learning should have a hierarchical structure, that
is, the “most relevant” properties of the data are learnt
quite early during the training, while the finer substruc-
ture is detected only at later ages of the machine. The
application of this method to the SED dataset yields the
tree reported in Fig. 2}F; we are going to discuss it in
the next sections. We see that data are correctly sep-
arated into distinct families and sub-families and a rich
structure of the dataset has been detected, although the
blueish data get split into two distinct branches right



from the beginning of the tree. The criterium we used
for categorizing the data at different ages of the learning
is based on the mean-field theory applied to the RBM,
and it is discussed in the next section.

IV. PROBING THE RBM LANDSCAPE: A
MEAN-FIELD ANALYSIS

The method that we propose is based on the mean-field
description of the RBM. In this context, we can describe
the system through an approximated thermodynamic po-
tential which depends on the system’s magnetizations.
This extended free energy displays a certain number of
metastable minima in the magnetization space [I8], each
of which corresponds to a mode (i.e., a local maximum)
of the Boltzmann probability distribution. We can inter-
pret these metastable states as features of the data that
the model was able to capture at a certain stage of the
learning. Using the mean-field theory, we can derive a
set of self-consistent equations that, iterated until con-
vergence, allow us to associate each data point in the
dataset to the “closest” metastable state, thereby cat-
egorizing/clustering the data into families with a simi-
lar structure to the RBM eyes. Thus, by following this
assignment procedure during training for different free
energy landscapes of progressively trained machines, we
have a method for hierarchically classifying the data.

A. Derivation of the self-consistent equations for
the Potts RBM

In what follows, we generalize the mean-field descrip-
tion of Ref. [I9H2I], also known as Plefka expansion, to
our target model defined by the Hamiltonian in equa-
tion . These high-temperature expansions have been
already applied to the Boltzmann Machine [22] and to
RBMs with binary visible variables [I0HI2] and to the
infinite-range Potts-glass model [23], but we have yet to
generalize these results to the RBM case with Potts vari-
ables in the visible layer. In this section, we outline only
the main results that will be used later to build the trees,
while further details on the derivation can be found in the
supplementary text [B]

Let us consider an energy function Eg(v,h;0) which
depends on the inverse-temperature §. By introduc-
ing two sets of temperature-dependent external fields
B= {Bl}: ({d)?}a {’lpﬂ}) with ¢ € {17 ey Ny - Nq + Nh}7
interacting respectively with the visible and the hidden
variables, we consider the free energy of this extended
system:

—BF3(B) =log Z exp {—BEB (v,h;0)+

v,h
+Z¢g(5)5vi,q +Z¢p(ﬁ)h;{|, (7)

where we omit the dependence of the free energy on the
systems’ parameters §. By taking the Legendre trans-
form of (7)), we obtain a description of the system in
terms of the magnetizations M = {M;} = ({f}'},{m,})
through the Gibbs free energy

~5G (M) =~ g | Fa(B) + £ S o1+ 5 3 vum| =

LD I GRS SEIC WSS RS SUACIEN) | T
v,h iq m

where the maximum condition is taken because Fg(B)
is a concave function of the fields. Consequently, this
new thermodynamic potential is a convex function of the
magnetizations. For the properties of the Legendre trans-
form, fields and magnetizations are related through

0 0

Mi(B) = —f Gp(M).

9)

The extended free energy @ can be then recovered as
the inverse Legendre transform of the Gibbs free energy

(

©)

~6F3(B) =~ fuin | Ga(M) — £ 3 64(6) 17+

-3l (10)

From equation (L0)), we see that the free energy of the
original system — corresponding to the free energy @
when the external fields are turned off — can be obtained
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FIG. 2. Different representations of the SED dataset and evolution of the features learned by the model as a function of
the training time. A) SED dataset. Each row is a data vector made of N, binary values. B) First 4 levels of the real tree
obtained from the SED dataset. Each node of the tree corresponds to a data sample. C) First 2 principal components of the
SED dataset’s PCA. D) Eigenvalues of the weight matrix, {w«}, as a function of the training time in terms of epochs. E)
Projections of the SED dataset along the first 2 principal directions of the weight matrix at different epochs. F) Tree of the
SED dataset reconstructed with the proposed method. The coloured tags in the external rings represent the true labels (most

internal ring) and sub-labels (outer ring) of the data points.

as the minimum of the Gibbs free energy

Ay = —Liog S PEsvhd) _
v,h
= F(B=0)=min[Gs(M)]. (1)

In this way, we derived a method to compute the free
energy of the system by operating in the space of magne-
tizations. However, this is true only in principle, because
the Gibbs free energy is as difficult to compute as the
true free energy Ag. Besides, our goal of detecting the
metastable states of the system cannot be accomplished
by working with the Gibbs free energy, because it displays
just one global minimum. An estimation of the Gibbs free
energy and the breaking of the minima degeneracy can
be achieved by considering a high-temperature regime in
which we can approximate the thermodynamic potential
with a Taylor expansion around 5 = 0 truncated at a cer-

tain order [I8]. In practice, the high-temperature limit
corresponds to a regime in which interactions among the
variables are negligible compared to thermal fluctuations.
This is the typical situation that we encounter at the be-
ginning of the learning, when the weight matrix stores
only minimal information on how to couple the layers of
the RBM to reproduce the dataset’s statistics. To for-
malize this, we can consider a Hamiltonian of the kind

—BEs(v,h;0) = Z agdvuq + Z buhy 4 Z 6’Ui>qwg,uhl1«’
iq I iqu

(12)
where the inverse temperature ( is just a dummy param-
eter that serves for the Taylor expansion and that we will
eventually set to 1. Indeed, by re-defining w = Sw we see
that the limit 8 — 0 is equivalent to the limit w, — 0,
being w, the eigenvalues of the weight matrix. That is
indeed the case when the RBM has not yet learned the
modes of the dataset [5].



By defining I'3(M) = —G3(M) for simplicity, we ob-
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tain the following second-order expansion of the Gibbs
free energy:

:Zfiqag +Zm#b# - Zfzq log fi — Z [my logmy, + (1 —my,) log(1 —my,)] +
iq w
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The stationary conditions yield a pair of self-
consistent equations which are known as the Thouless-

1
fi = softmax {af + Zm#wgu +3 Z(m
" n

The approximated free energy has many local
minima, unlike the full Gibbs free energy of Eq. ,
which is convex. Although this fact could be considered a
pure artefact of high-temperature expansion, in practice
these various metastable states can be associated with
relative maxima in the probability distribution [18]. This
fact can be explicitly verified by direct visual inspection
of a dimension reduction of the generated data and the
fixed points, at least at early steps in the learning history
when the generated data are highly clustered. Moreover,
one can also verify that this multiplication of local min-
ima does not vanish when we include higher orders of 3
in the expansion. In particular, we have systematically
compared the fixed points obtained with the third order
of the Plefka expansion [10] with those obtained from the
TAP equations in the binary RBM case for some specific
data sets, and we have not found any appreciable dif-
ference that would justify the implementation of higher
orders than the second in the free-energy expansion.

We want also to stress that there are other methods
that allow approximating the free energy of the model
through high-temperature expansions to higher orders
than the second, such as Belief Propagation (BP) [25].
However, these methods suffer from the same main lim-
itation of the Plefka expansion, for instance, the BP al-
gorithm assumes the weights of the network to be uncor-

2
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iq

I

(13)

1q 7

(

Anderson-Palmer (TAP) equations [24] and are the
equivalent of the ones already obtained for RBM with
different input types in Refs. [10] 1]

iq 7
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related from each other, additionally approximating the
factor graph of the model as a tree. We know that this
assumption is only true at the early stages of the learning
trajectory when the weights are small [5, [I7].

One could in principle use these TAP fixed points as
a way to speed up the training procedure, as suggested
in previous works [10} [I1]. While this procedure is very
effective for training models with good generative perfor-
mance, there is no guarantee that the Boltzmann distri-
bution of these models is an accurate representation of
the dataset [16]. In fact, for this work, we investigated
this training procedure and obtained very poor results
when we tried to use the RBMs trained with the TAP
equations for clustering objectives. We will discuss these
results later.

B. Clustering data using the TAP fixed points

Given the model’s parameters at a certain age, we can
use the dataset as initial conditions by mapping each data

point v(™ to a pair of magnetization sets ({fiq’(n) (t =



0)}, {m{” (t = 0)}) using

m&”) (t =0) = sigmoid | b, + Z 5U§n)7qwgu )
iq

ff’(”)(t = 0) = softmax (ag + Z m,(fl) (t= 0)“’2‘1)
o
(15)

and then iterate equations until convergence. In this
way, the data belonging to the same basin of attraction
of the free energy will collapse into the same point of the
magnetization space, corresponding to one of the possi-
bly many local minima, as shown in Fig. [B}A. We can
then use these multiple basins of attraction to cluster
similar data together. We just need a practical way to
automatically collect all the data in the same basin (or
metastable state).

To this end, we can use the DBSCAN algorithm [26]
to categorize the data by the fixed point at which it ends
after propagating the TAP equations. Now, if we do this
at different stages of learning, such a method allows us to
partition the data set according to the features that the
model has learned at that point (age) of training. This
method is quite robust in choosing the eps parameter of
DBSCAN, because the TAP dynamics makes the points
collapse into very small regions of magnetization space
that can be easily delineated by the algorithm without
ambiguity. However, a relatively large value of eps=1
was chosen because we sometimes want to aggregate fixed
points that almost overlap but are still distinct, prefer-
ring larger categories than having extremely similar fixed
points. In Fig. [3}B, we sketch how the number of fixed
points and the features recognized by the model evolve
during the learning. Data points that converge to the
same fixed point (represented by a star) are coloured ac-
cordingly. This construction allows us to visualize how
the free energy landscape changes during the training,
displaying a growing number of local minima. We note
that this procedure is very similar to the annealing per-
formed on the Gaussian mixture model [27, 28].

We remark that the fixed points of the TAP equations
are not guaranteed to be local minima, but they might be
saddle points or local maxima as well. In principle, this
could be verified by computing the determinant Hessian
matrix of the TAP free energy at the fixed points.
Yet, in practice, this check reveals quite problematic since
one should compute a (N, - Ny + Np) x (N, - Ny + Np,)
dimension matrix for each one of the fixed points that
are identified. Instead, we qualitatively verified that the
fixed points in the early phase of learning always cor-
respond to the local minima of free energy by visually
verifying that they fall in the middle of the denser re-
gions, i.e., identifying the modes of the probability dis-
tribution. However, in the oldest machines, we can not
guarantee that some of the fixed points may be spurious
solutions. To minimize this problem, we will always take

a “backward” approach to the tree construction, as will
be explained in the next section.

V. GENERATING RELATIONAL TREES

In this section, we discuss how to use the aforemen-
tioned construction to produce a hierarchical descrip-
tion of the dataset. The method we propose consists
of considering multiple classifications performed using
several models saved at different stages of the training

(i.e. ages). Suppose to have an ordered set of ages
{tF e te=1, . .Np with tEFD > ¢k . We start by taking the

oldest RBM at té\g and we iterate the TAP equations
until convergence using the dataset as initial conditions.
This procedure yields a number of fixed points which is
smaller than the number of data points since some data
points will have collapsed into the same free energy min-
imum. Then, we pick the model at té\g;l and we iterate
again the TAP equations, this time using as initial condi-
tions the fixed points found at the previous step. In fact,
some minima that were distinct for the oldest RBM will
be degenerate for the younger one, finding themselves in
the same basin of attraction of a new (larger) minimum.
We can repeat this procedure backwards in time for all
the selected ages until the youngest RBM, for which all
the data collapse into a unique global minimum. If we
keep track of the fixed points’ merging during the pro-
cedure, we can construct a tree starting from the leaves
(i.e., splits made by old models) and proceeding down
to the root. We depicted this procedure in Fig. This
procedure also allows us to efficiently avoid the spurious
fixed points (the saddle points or maxima of free energy):
we follow the merging of fixed points obtained in old ma-
chines into the broader basins of attraction of the fixed
points of the younger machines. This procedure ensures
that the tree construction will rapidly rely only on the
true minima of the free energy. Yet, one could also imag-
ine constructing a tree based on the fixed points that arise
when propagating the TAP equations from all points in
the data set at each age of the machine. We have found
empirically that trees constructed in this way are qual-
itatively and quantitatively worse than those presented
here (see Fig. [17] of the supplementary information). We
believe that a reason for this is precisely that not all fixed
points are free-energy minima. Another possible expla-
nation for this is that, in this second case, classifications
performed at different ages are independent of each other.
In the method we described, instead, the classification at
a given age is informed by those performed at later ages.
In other words, information is propagated backwards in
(training) time, from the more experienced models to the
rawest ones.

At this point, we have to state a criterion for select-
ing the ages of the RBM that we want to save during the
training and that will participate in the tree construction.
Ideally, one would wish to find a relation between the ge-
ometry of the free energy landscape (e.g. the number of
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FIG. 3. A) Representation of the TAP equations’ dynamics projected along the two main components of the PCA. The
coloured circles represent the initial conditions (magnetizations) of the TAP equations associated with the data points of the
SED dataset. The coloured lines describe the trajectories that the points follow when iterating the TAP equations, while the
stars represent the final fixed points. The colours of circles and lines match that of the corresponding fixed points. B) Pictorial
representation of the (minus) LL’s minimization trajectory during the learning on the SED dataset. The scatter plots represent
the data generated by the model at different ages projected along the first two components of the training dataset’s PCA.
The coloured stars correspond to the fixed points of the TAP equations initialized with the data, and the data points’ colour
matches the colour of the corresponding fixed point. Notice how, as the training advances, the generated dataset becomes more
and more structured, and the number of TAP fixed points increases accordingly. C) ~ 500 samples from the SED training
dataset projected on the first two principal components of the PCA. Notice how the picture resembles the projection of the
last generated dataset on panel B.
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FIG. 4. A) Sketch of the process of merging the fixed points used to build the relational tree. We start with an old RBM and let
the TAP dynamics collapse the data into the fixed points of the self-consistent equations . Then we repeat the procedure
for younger and younger machines, each time propagating the TAP equations starting from the previously found fixed points,
until we reach the point where all the data have collapsed into just one global minimum. B) By following the merging of the
fixed points, we obtain the relational tree of the dataset.

fixed points that are present) and some observable that cally when to save the state of the RBM. The first splits
can be monitored during the training, such as the spectra are easily traceable by monitoring the first eigenvalues of
of the weight matrix, to decide optimally and automati- the weight matrix. Yet, when the RBM starts to have
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FIG. 5. Representation of the features learned by the RBM during training on the SED dataset. A) The same tree as in
Fig. F, truncated to 15 layers. The plots in the insets represent the comparison between the magnetization profiles (solid
colored lines) associated with some internal nodes of the tree and the “patterns” of the first and second generations of the
genealogical tree in Fig. [2}B. The x-axis of the boxes denotes the index site along the sequence, whereas the y-axis represents
the value of the magnetization. The coloured squares indicate the locations where mutations occurred in the first generation
of progeny (passing from the ancestral mother sequence with all Os mother sequence, to a sequence of Os plus some few 1s),
and the triangles indicate the mutations in the second generations corresponding to this subset (secondary colouring labels).
B) Representation of the location of all first and second-generation mutations. Each box represents one of the first 5 families.
The squares mark the mutations in the first generation, while the triangles and the vertical lines highlight the mutation sites
in the second generation (in both cases compared to the ancestral mother sequence). Each colour represents a different second-
generation family (retaining the colour scheme of Fig. [2-B).

an increasing number of “expressed” modes, we can not
anymore link one mode to a given split (see Fig. of
the supplementary material). For this reason, we simply
saved a certain number of models (e.g. ~ 500) equally
spaced along the training history. When constructing
the tree, we added a new layer only when the number
of fixed points found with the TAP equations decreased

(recall that we move backwards in time when using the
TAP equations) from the previously added layer.

Applying this procedure to the artificial dataset SED,
we create the tree we showed as teasing in Fig. [2}-F. The
leaves of the graph (real data points) were colored accord-
ing to the labels of each entry, as shown in the genealog-
ical tree in Fig. 2} B. We consider two possible levels of



relationships: Ancestral families are shown in 5 colours
(blue, green, pink, yellow, and red) and next-generation
entries are shown in different shades of the same color
family. We see that with this tree we can perfectly de-
lineate all 5 families based on the main branches of the
constructed tree, and the same is true for the subfamilies
initiated by the grandchildren (shown in the outer crowns
of the diagram). Since the nodes of the tree correspond
to points in the magnetization space, we can visualize
the evolution of the learned features during learning, as
shown in Fig. [fF-A. Looking at the innermost nodes of
the tree, we can see that the RBM first learns the char-
acteristic patterns of the first generation of sequences by
recognizing the mutation sites, and then gradually distin-
guishes the second-generation mutations, and so on. In-
terestingly, the magnetizations of the various fixed points
tell us exactly where the mutations (which led to the cre-
ation of each family and subfamily) occurred during the
evolutionary process (see Fig. B). Furthermore, from
this diagram, it is easy to understand why the main blue
family is already divided into two main groups at the root
of the tree. The magnetization profile of the blue family
in the upper left part of Fig. [5| indeed, shows a burst of
mutations that occurred very early in the evolutionary
process and caused this subfamily to diverge from the
rest of the sequences.

VI. RESULTS

So far, we have shown the performance of our method
only on a synthetic dataset whose hierarchical relational
structure was given by design. Now, we apply our
method to 3 different real-world datasets with different
categories of data points. First, we analyze a simple im-
age dataset where all labels are known and where fea-
tures can be visualized directly. In particular, we analyze
a relational structure of the MNIST dataset [29], which
contains images of handwritten digits whose label is the
actual digit. Second, we analyze the Human Genome
Dataset (HGD)[30], which captures the genetic muta-
tions of 5008 individuals from around the world. This
dataset is even more interesting because the sequences
contain two levels of annotation (continental origin and
population group). Third, we conclude with the last and
most challenging dataset: amino acid sequences of a ho-
mologous family of proteins (the CPF protein) with a
large functional diversity. The biological function of these
sequences is known for only a very small fraction, namely
those that have been studied experimentally. The chal-
lenge, then, is to assign a probable biological function to
each of the unclassified sequences based on limited ex-
perimental knowledge. For a detailed description of the
datasets considered, see section [A]in the Supplementary
Material.

We show the projection of all these 3 datasets along
the first two principal components of the PCA in Fig. [6]
In particular, we point out the different degree of clus-
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terization displayed in each of these 3 datasets: while
the distribution of the MNIST data points is quite broad
and connected, the HGD and the CPF protein are rather
clusterized, which is known to sensibly damage the qual-
ity of the training process due to sampling convergence
problems [31].

A. MNIST dataset

The MNIST dataset consists of binary images (pixels
can be either 0 or 1) of handwritten digits. Each ex-
ample is associated with a numeric label - from 0 to 9 -
indicating the digit represented in the image. We show
in Fig. [7] the relational tree obtained by our method for
MNIST. As we can see, the RBM is mostly able to sep-
arate the different digits, although there are some cases
where two categories are mixed together (e.g., the digit
4 with the 9). Dealing with pictures has the advantage
that we can visualize the features learned by the RBM
during learning and try to explain them qualitatively.
The first few layers of the tree obtained using a subset of
the MNIST dataset are shown in Fig. [8] where we also
highlighted the images of some data that were misclassi-
fied. Since the internal nodes of the tree correspond to
actual points in the magnetization space, we can visual-
ize the evolution of the features learned from the RBM
as they unfold along the tree and see where and when
each cluster detail appears. For example, the first split
separates digit O from the rest. As training time (or tree
depth) increases, the 0 appears to remain completely iso-
lated while the rest of the digits are gradually resolved
as the RBM learns finer details. We can also observe the
proximity of some digits; in addition to the 4 and the 9,
we see that the 7 is also quite close to the 9. In princi-
ple, it would be possible to further analyze the obtained
results and find interesting features that may have been
unknown before the analysis.

B. Human Genome dataset

In the HGD, each data point is a binary vector corre-
sponding to a human individual, where a 1 is placed in
correspondence to the sites that present a mutated gene
with respect to a reference sequence and a 0 where the
gene is maintained unaltered. For this dataset, we have
2 sets of labels since each individual is associated with
a certain continental area (super-population) and pop-
ulation. This two-level characterization of the dataset
allows us to test the discriminative power of the RBM at
different resolutions. The tree obtained for this dataset is
shown in Fig.[9] Overall, the separation of the major la-
bels, corresponding to the continental area, is performed
quite well, although sometimes the tree blends together
European and American individuals. On the other hand,
the substructure corresponding to the different popula-
tions is almost never detected by the model at this stage
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FIG. 7. Complete tree generated on 500 samples from the MNIST dataset. The external coloured tags represent the true
labels, while the coloured regions inside the tree have been manually assigned for the sake of visualization.

of the training, apart from the isolation of Peruvian and
Finnish people. By training an RBM separately on each

continental area, we verified that, in some cases, it would
be possible to discriminate a subcategory from the oth-
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FIG. 8. First 10 layers of the tree obtained on 500 samples from the MNIST dataset. The coloured tags in the external ring
correspond to the true labels of the data. Inside the three, we superimposed the images of the RBM’s fixed points corresponding
to the nodes along the branches. The intensity of the pixels represents the probability that the machine assigns to that pixel
to be turned on. We also report the images from the dataset corresponding to some of the leaves. In particular, we put a red
circle around the digits that have been wrongly classified by the algorithm in order to highlight the configurations that fooled

the machine.

ers (see, for instance, Fig. [12]of the supplementary text),
while in other cases the dataset in itself and the RBM can
not resolve the different populations, therefore appearing
indistinguishable among each other. We should keep in
mind here that, when applying the RBM on populations,
we are dealing with a reduced number of samples in the
training set and that the impossibility of separating the
different populations might be a consequence of the lack
of statistical signal. We remark that, since only a sub-
part of the genome has been used here, we do not claim
at all that these populations would be indistinguishable
in general.

C. CPF protein dataset

In the two cases previously discussed, we had the label
information for all the data points. For practical pur-

poses, a more interesting scenario is one in which only
a fraction of the data has been annotated. To this end,
we considered a biologically relevant dataset consisting
of homologous sequences representing the CPF (Cryp-
tochrome/Photolyase) protein. For this dataset, only 86
out of 397 sequences have been experimentally classified,
based on their biological function, into 5 different cate-
gories [32H35]. Since the amino acid chains are not the
same length, the sequences have to be previously aligned
in the form of a Multi-Sequence Alignment (MSA) matrix
before being fed to the RBM. Each site of the sequences
can take one over N, = 21 possible values (20 amino
acids + a gap symbol), hence making the dataset partic-
ularly suitable to be studied with the Potts-RBM model.
Using our tree construction, we may therefore infer a
classification for the sequences not previously annotated
by looking at the label of the annotated sequences that
fall in the same branch.
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The algorithm’s results on the CPF protein dataset
are shown in Fig. Coherently with the phylogenetic
tree (see Fig. of the Supplementary Material), the
sequences classified as CPD photolyase are found in two
distinct main branches of the tree, and a subtree con-
taining photoreceptor sequences is found within the (6-
4) photolyase main branch. It is indeed a known fact in
biology that the concept of biological function is related,
but not identifiable, to the phylogeny of the protein fam-
ily. In other words, proteins that diverged in their amino
acid sequences may still carry the same function. For
instance, in Ref. [36] the authors propose a hierarchical
classification method, called ProfileView, that is able to
correctly identify 11 of the known subgroups of the CPF
protein beyond the capabilities of the phylogenetic tree.
It is therefore interesting to compare the tree obtained
with our method with the phylogenetic one and the tree
obtained with ProfileView, for which we remand to the
main article [36]. As opposed to the phylogenetic tree,
our construction is able to readily identify and separate
circadian transcriptional regulators from 6-4 photolyases,
although it is not able to separate the animal photorecep-
tors from the (6-4) photolyases as clearly as it happens
with ProfileView. Also, in [36] the photoreceptors are

further separated into the plant and plant-like subgroups.
The RBM was able to capture the difference between
the two categories, although the plant-like sequences are
found in two distinct branches of the tree. We notice how
the machine very solidly recognises the CRY Pro group,
while in the phylogenetic tree it is not clearly distinguish-
able from the other photolyases. By running different in-
dependent trainings using the same hyperparameters, we
obtained slightly different tree structures (the training of
an RBM is a stochastic process) that nevertheless always
conserve the main hierarchical features.

Taking the phylogenetic tree and the ProfileView tree
as reference models, we can see that the tree we obtained
does not completely separate the different protein func-
tions in the same way, even though it isolates most of the
identified functional groups and recovers the phylogeny
to some extent. However, we would like to emphasize
that our method is able to capture all of these func-
tional signals (and more than just the phylogeny of the
sequences) with much less data than ProfileView, which
requires the construction of a pool of profile models ob-
tained from the FAD domains of many close sequences
throughout the UniProt dataset. Moreover, ProfileView
has been specifically optimized for accurate protein func-



tion recognition, whereas our method is completely gen-
eral and has not been optimized for this task.

VII. DISCUSSION

The presented method scans the evolution of the RBM
free energy during training backwards in time and uses it
to reconstruct the sequential features discovery of the
model. The approach we described proved to be far
more effective than the naive procedure of clustering the
data in the direction of learning. The reason is that the
most important splits in the tree correspond to the first
branches created by the youngest and “inexperienced”
models. The feature discrimination capabilities of these
models are still quite raw, so many data points that are
far from the initial fixed points may be assigned to the
wrong feature. Therefore, it is important to start the
sequential clustering from the oldest (i.e., “more experi-
enced”) machines so that the data are gradually pulled
through the magnetization space to the correct free en-
ergy minima. The sequential clustering of points during
tree construction has the effect of not using all the local
minima of free energy present at a given age, but only
those that find some earlier fixed points in their basin of
attraction.

Given that our method is based upon the mean-field
approximation, which assumes the model to be in the
early stage of the learning, one may allegedly wonder
how far we can go with the training and still obtain a re-
liable approximation of the model’s free energy. Since we
do not have access to the true free energy of the model,
we cannot directly assess the goodness of our second-
order approximation. FEven so, we can have a clue on
the validity of the approximation by comparing the fixed
points of the TAP equations with those obtained with
the self-consistent equations corresponding to the Gibbs
free energy truncated at the first order in 3, which
we call naive mean-field (nMF). The point of the train-
ing at which the two sets of solutions start to diverge can
be considered a safe upper bound below which we are
guaranteed that our method is working properly. Per-
forming this check for the various datasets reveals that,
at the point in which the main features of interest (corre-
sponding to the labelled categories) are separated inside
the tree, the fixed points of the first and second-order
approximations of the free energy are still very similar.
This is particularly true when the dataset is very cluster-
ized. Then, when the two sets of solutions start to change
significantly, we observe that the number of nMF fixed
points grows much more than that of the TAP solutions,
as we can see in Fig. of the supplementary text.

Another interesting question concerns the variability
of the trees obtained with repeated trainings of the same
RBM model. Since training the RBM is a stochastic pro-
cess, we might expect the tree structure to change slightly
with different training runs. We verified that there is in-
deed some degree of variability, as we can see in Fig.
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in the supplemental text for the MNIST dataset. How-
ever, we also note that some key features of the tree are
preserved across experiments, such as the easy separa-
tion of digit 0 and the difficult distinction between digits
4 and 9. The same behaviour was observed for other
datasets, such as the CPF protein dataset. In this case,
we observe that the position of the branches within the
tree may vary with repeated experiments, but the hier-
archical organization of the subtrees is preserved.

It is worth making a final comment on the possibility
of using the training trajectory of the RBM to construct
the tree. Since training the RBM can be viewed as an
effective annealing of the model, one might want to try to
construct the tree by simply using the most trained model
and gradually increasing the temperature (i.e., decreas-
ing 3) while iterating the equations from TAP repeat-
edly until convergence. Although this method gave quite
similar results to our original version on the HGD and
SED datasets, it proved very inadequate when applied
to the MNIST dataset (see Fig. in the supplemen-
tary text). A good reason for using the learning trajec-
tory instead of a trajectory in temperature is that, in the
first case, the system undergoes continuous phase transi-
tions [5] and the evolution of the probability distribution
of the model is smooth. In the second case, on the other
hand, the system undergoes first-order phase transitions
in temperature, which determine very different free en-
ergy landscapes at different temperatures. This could
explain why the use of the learning trajectory leads to
better results in the hierarchical classification.

Finally, one can ask what the result of inference would
be if one were to use an RBM trained with a differ-
ent method than the one we used. For example, one
can train the RBM by computing the negative term
of the gradient using the TAP equations as pro-
posed in Refs. [10, II]. We have explored this possibil-
ity, but we have found empirically that models trained
in this way tend to lose the hierarchical properties as
the fixed points emerge during learning. We show in
Fig. of the supplementary text an example of a tree
obtained with an RBM trained with the TAP equations.
Similarly, trees obtained with non-equilibrium machines,
i.e., RBMs trained with non-persistent, non-convergent
chains [7l, [16], e.g., with chains initialized with random
distributions or the dataset, show some degree of hier-
archization in clustering, but are not specific enough to
correctly delineate the different families.

VIII. CONCLUSIONS

In this work, we derived the TAP equations for the
Potts RBM defined by the Hamiltonian , and we used
this mean-field description of the model to study the evo-
lution of the RBM free energy during training. We then
developed a method to infer the hierarchical structures of
the data sets from the training trajectory. Using labelled
data, we showed that our method is able to generate



ProfileView classification

CRY Pro

NCRY

Class Ill CPD photolyase
Class Il CPD photolyase
Plant-like photoreceptor CRY
Animal photoreceptor CRY
CRY DASH

(6-4) photolyase

Trans. regulators

N/A

Plant photoreceptor CRY
Class | CPD photolyase

EEOONOOOEBDE N

Experimental classification

@ 6-4 photolyase
() cPD photolyase
Q Circadian

@ Photoreceptor
@ ssDNA photolyase

15

FIG. 10. Tree generated from the CPF protein family. The external coloured tags, when available, represent the experimental
classification [32H35], while the colour of the leaves represents the classification into 11 (plus one unidentified) subgroups classified
by ProfileView in Ref. [36]. Since several ProfileView categories may correspond to the same experimental classification, to
avoid confusion, we kept the colours of the two classifications independent to each other.

meaningful trees when applied to four different datasets.
In addition, we were able to examine the internal nodes
of the tree generated on the SED and MNIST datasets to
see how the internal representations of the model change
during learning. Although the tree construction is inher-
ently stochastic, we demonstrated that some relevant fea-
tures are conserved across different realizations. Finally,
we tested our method on a protein dataset and showed
that it can provide useful functional information by only
capturing the statistics of the input MSA in a purely
unsupervised manner, i.e., without any prior knowledge
about the data. These results suggest potential promis-
ing applications in biology to detect functional signals in
homologous protein datasets.
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Diversity of Very Different Protein Families, Molecu- ages representing handwritten digits, from 0 to 9,

lar Biology and Evolution 39, 10.1093/molbev/msac070 of dimension 28 x 28 pixels. The dataset is thor-
(2022). oughly annotated, namely, we have a label for each

sample indicating the represented digit. For our
experiments, we extracted 10000 samples from the
training set and we applied the tree algorithm to a
subset of 500 data samples. The images have been
flattened and converted in binary format by setting
to 1 the pixels with a normalized value above 0.3
and to 0 otherwise. In this way, the dataset we
used was made of 784-dimensional binary vectors.

We tested our algorithm on four different datasets:

e The Human Genome dataset (HGD) [30] represents
human genetic variations of a population of 5008
individuals sampled from 26 populations in Africa,
east Asia, south Asia, Europe and the Americas.
Each sample is a sequence of 805 binary variables,
v; € {0,1}, representing the alteration or not of a
gene with respect to a reference genetic sequence.
For these data, we have a complete two-level hier-
archical labelling. At a higher level, the sequences
are classified based on the continental origin of the
individuals while, at a finer level, we also have a
label for the particular population the data was se-
quenced from. This allows us to test the discrimi-
native capabilities of the RBM at different resolu-
tions. We trained the RBM on 4508 samples.

e The Synthetic Evolutionary Data (SED) dataset
has been artificially created by us with the aim of
simulating a controlled evolutionary process fully
driven by random mutations. We started with an
ancestor sequence of length N, = 805 and we pro-
duced 5 heirs by flipping at least one site of the
sequence. Then, we associated a label with each
one of the heirs, and we iterated the following evo-
lutionary process: given a sequence, we generated a
random number between 1 and 5 which corresponds
to the number of children. Each child is obtained
by flipping each site of the mother sequence with
probability p = 1/N,, and it is added to the dataset
if the sequence was not already present. Each child
inherits the label of the mother sequence. We re-
peated this process at each generation until we ob-
tained a dataset of 4508 sequences.

e Finally, we tested the algorithm on a dataset of ho-
mologous protein sequences. The dataset we con-
sider is made of 397 amino acid sequences repre-
senting the Cryptochrome/Photolyase (CPF) pro-
tein. Proteins belonging to the CPF family share
the same fold, yet perform several different func-
tions. Cryptochromes are divided into photorecep-
tors that activate specific pathways in presence of


https://doi.org/10.1016/j.pbi.2017.03.005
https://doi.org/10.1093/molbev/msac070

light and light-independent circadian clock tran-
scriptional regulators, while photolyases are light-
activated enzymes encharged with repairing UV-
damaged DNA. In particular, 86 of the available
sequences have been experimentally classified into
5 categories according to their biological function
[32H35]: circadian, photoreceptor, (6-4) photolyase,
CPD photolyase and ssDNA photolyase. Finally,
we validated our model by also considering the finer
classification in 11 categories determined in [4].

To be processed by the RBM, the sequences must
be previously aligned in a matrix called Multi-
Sequence Alignment (MSA). The alignment is per-
formed by inserting a special symbol, the gap ‘-’
a proper number of times within adjacent sites of
the sequences. Each site can therefore assume one
over 21 possible values (20 amino acids + the gap).
After the alignment, the length of the obtained se-
quences was N, = 7403. To perform the MSA we
used the software MAFFT| with a large ep param-
eter of 1 to penalize long alignments.

Concerning the weights used for computing the
weighted average in Eq. [5|in this dataset, we first
had to define a set of clusters by gathering all se-
quences with sequence identity greater than 0.8,
and then we applied the same criterion described
above. The clustering has been done using the soft-
ware MMseqs2.

All the trees shown in the article have been gener-
ated using the iTOL software.

1. Technical details of the RBM models used

In Tab. [[| we report the hyper-parameters of the RBMs
used for generating the trees reported in the main article.

2. Projecting the dataset along the weight matrix
principal directions

In order to project a dataset made of categorical vari-
ables along the first principal directions of the weight
matrix, we first have to transpose the tensor w along the
first 2 dimensions and then reshape it from a N, x Ny X Nj,
tensor to a (N, - NV,,) x Nj, matrix:

transpose .
’wERN“XNqXNh ’wERNqXN”XNh

reshape . .
w < R(Nq N,U)XNh.

Then, we consider the Singular Value Decomposition
(SVD) of w,
p=USVT, (A1)

where U € RWaNo)x(Na:No) G ig 3 (N, - N,) x Nj, ma-
trix with the singular values of w in the diagonal and

z = (6°P,h) €
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V € RV»XNn  The next step is to compute the one-hot
representation of the dataset, which consists in associat-
ing to each categorical variable g a N,-dimensional vector
that has value 1 in position ¢ and 0 otherwise:

De RMXNv one-hot

,Z”) c RMXN“XN,I

eshape X .
reshap DERJWX(N”N‘?).

Finally, the projected dataset is given by

Dproj = DU € RM*(No-Na), (A2)

proj
where each row is a vector associated to a data sample
whose components correspond to the projections of the
one-hot representation of the data point along the prin-
cipal directions of the weight matrix.

Appendix B: TAP equations for the Potts RBM

We start by considering a Hamiltonian of the kind:

Za 5M+Zb hu+ B> Su,qwl, s,

iqu

(B1)
where the inverse-temperature parameter, [, regulates
the interactions among the variables. Our goal is to study
the metastable minima of the free energy in the high-
temperature regime S — 0, which is equivalent to con-
sidering the limit in which the eigenvalues of the weight
matrix are vanishing.

Let us introduce two sets of external fields, {¢} and
{%,}, which act respectively on the visible and hidden
variables and depend on the inverse-temperature 3. We
denote the total external field vector as B = {B;} =
({65}, {bu}), with i € {1,..., N, - Ny + Ny }. The free
energy of this extended system is

—BEg v, h 0

—BFs(B —10gZeXP[ BEg (v, h:0) +Z¢ Vouisat

v,h
SNACE

where we omitted the free energy’s dependence from the
model’s parameters 8. The local magnetizations in the
presence of these fields, M = {M;} = ({f]},{m,}), are

(B2)

0
[ =u,a)p = _ﬂWFB(B) and
0
my = (hu)g _B%Fﬂ(B) (B3)

Notice that the free energy in equation (B2) is a con-
cave function of the external fields. To see this, we

can represent a state of the system with the vector
RNvNatNe - where §°" € RNv"Na is the


https://mafft.cbrc.jp/alignment/software/
https://github.com/soedinglab/MMseqs2
https://itol.embl.de/
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tree dataset epochs

minibatch total gradient

learning
Naibbs Nn

size updates rate
Fig. F SED 10000 512 9.10* 100 1072 512
Figs. MNIST 10000 512 2-10° 100 1073 512
Fig.[f| HGD 10000 512 9-10* 100 1073 512
Fig. CPF 10000 128 3-10% 100 1072 512

TABLE I. Technical specifics of the RBMs used for generating the trees reported in the main text. All machines have been
trained in PCD mode [7]. Only for the tree of Fig. F, a binary RBM has been used in place of the Potts version described in

the main text.

one-hot representation of the Potts states. Then, the
Hessian of the free energy with respect to the fields is

0?Fg(B) 1 OM; 1
— 29 e — M@ — M
9B,0B; = 50B; B (s = Ma) s = My))g
for i,5¢€{1,...,N,- Ny + Ny}, (B4)

which is semi-negative defined.

We can describe the system in terms of the magne-
tizations by considering the Gibbs free energy, which is
obtained by taking the Legendre transform of (B2):

~5G(M) = g [ Fo(B) + 5 S o1+ 5 3 vl =

= ngn {log Z exp <Z aldy, q + Z buh, + 58
v,h iq I

in this way the fields B = B(M) satisfy equations (B3]),

Z 5vi,qwg”hu + Z ¢;1 (ﬂ) (5

9 2GsM) 1 0

Bi = p5=—Gs(M), -

OM; anaMl

meaning that the Gibbs free energy is a convex function
of the magnetizations. The free energy is the inverse
Legendre transform of Gg(M),

~6E3(B) =~ | Ga(M) — LT

1
53 wmm} . (®7)

and the solution M (B) satisfies equation and it is
the global minimum of the Gibbs free energy. From equa-
tion we can see that, by turning off the external
fields B, we retrieve the free energy of the original sys-

B OM;

= 5+ 0,80~ )|

(B5)

iq

(

namely they enforce the magnetizations M. The solution
B(M) must satisfy

B.(M) = % (aM]—>—1 _ <32Fﬁ(3)>‘17 (B6)

0B, 0B,0B,;

(

tem at the minimum of the Gibbs free energy:
Ag = =5 3B RO — (B~ 0) = min G (M)
v,h
(B8)
At this point, we have two problems. The first problem
is that the Gibbs free energy is a convex function of the
magnetizations, meaning that we can not use it directly
to identify the metastable minima of the free energy.
Moreover, we are prevented from computing it in the first
place, because it would be as difficult to evaluate as the
original free energy. The two issues can be overcome if
we restrict ourselves to the high-temperature limit, cor-
responding to the early stage of the learning when the
RBM has not yet learnt the modes of the dataset. In this

regime, we can approximate the Gibbs free energy with a



Taylor expansion around 8 = 0. For ease of notation, let
us define the Gibbs free entropy as I's(M) = —5Gg(M).
We want to compute the second-order expansion:

OT'p (M)

’ B* 9°T'3(M)
9 |y

(2 - 982
I (M) = To(M)+ 3 2 o L_o'

5y 0 O, h)exp (zmmz (0D g+ (bt wm»h#)
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The high-temperature approximation has the effect of
breaking the degeneracy of the Gibbs free energy, hence
allowing us to detect the metastable pure states. More-
over, the expansion can be directly computed, be-
cause at 8 = 0 the interactions among the variables dis-
appear, and the probability measure factorizes. Given an
observable O, we can define the high-temperature aver-
age as

(©) = (B10)
S exp (5 01 + 610D+ b+ 0,0
[
In particular, we can compute the magnetizations in the
high-temperature regime as
To(M) == ¢1(0)f] = (0)my+
S ot s 0 (32, 1 (60(0) + b)) “ "
mu = <h/"/> = = v v
Y01 XD (z# hyu (1, (0) + b#)) + ) log | Y exp(al +67(0) | +
1 . . K3 v
= oo = sigmoid(b, +v,(0),  (B11) +> log [l +exp (by +¢,(0)].  (B16)
o
In order to make explicit the dependence on the mag-
S, By XD (Z Sup(67(0) + af)) netizations {m,} and {f/} into equation (B16]), we need
q_ (5 V=7 ! PP = to invert equations (B11)) and (B12)). The first equation
fit = (0viq) q q
>, exp (Zp 8up(@F(0) + af)) leads straightforwardly to
eai+e7(0) . . m
- = 4 . _ u
S — Sofmaal +41(0). (P12 5,00 =t ( mu) b (BID
We now proceed by computing the various terms of equa- ~ While from the second equation we get
tion . For ease of notation, let us define
¢}(0) =log f{ —af + ¢ (B18)

T=> buqwl,hy (B13)
F(B) =3 01(B) Gura = J1) + D (B s = my),
K ' (B14)

so that the Gibbs free entropy can be written as
I's(M) = ngn [log Z exp (,6’1—}—]:(5) + Z aldy, o+
v,h iq
+ Zb#h#)} . (B15)
I

a. FEntropic term The zero-order term corresponds
to the mean-field entropy of the model, and it is given
by:

where ¢; = log [Zp exp (af’ + qbf(O))} . This last arbitrary
constant comes from the fact that the Potts model dis-
plays a gauge invariance [3]. A convenient choice to fix
it is the lattice-gas gauge, for which we impose

Nq

N,
a; :¢iq:wm

=0. (B19)

In this way, we obtain the inverse relation of the softmax

function (B12):

#1(0) = log (fﬂ) ~al.

K2

(B20)

By inserting these relations into equation and
remembering the normalization condition Y, f =1, we
obtain the familiar expression of the mean-field Shannon
entropy of a set of binary and categorical variables plus



two interaction terms between the magnetizations and
the local fields of the model,

FO(M>:Z

iq

— Z [my logm, + (1 —my)log(l —m,)].

iqag + Zmﬂ«b#« - Z ff lOg fzq+
o

(B21)

b. First order term The first derivative is readily ob-
tained as:

q,.q
i Wiy

Aol — iy 0pF0) =%

- (B22)
9B |g=0 iqu

my

=0

which is nothing but the naive mean field interaction en-
ergy.

c.  Second order term  Given an observable O(f3), the
derivative of its average at inverse-temperature 8 can be
computed as

0

a5 (0(8))5 =(950(8)) g +(O(B)T) 5 + (O(B)IF(8)) 5 +

—{(0B))s(T)s = (O(B)) (9sF(B)) g -
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For 8 = 0 the expression simplifies into:

0

a5 \0(0)) = (3:0(0)) + (O(0)T) + (O(0)9.F(0)) +

—(0(0))5 (D),

so that the second derivative of the Gibbs free entropy is

(B24)

PTs| 9
% |s—o OB

(T) = (T?) —(T)" + (T 05 F(0)) .
(B25)

To proceed further with the computation, we need to
use the following pair correlation functions computed at

B=0:
(hphy) = mybu + (1 = 6)myumy,
<5vi,q5vj,p> = fiq‘sij‘sqp +(1— 5ij)fiqup~
Also, we need to compute the first derivative of the ex-

ternal fields with respect to 8 at 8 = 0. These can be
easily obtained using the Schwarz theorem:

(B26)

82F5 82I‘5

q _ _ - _ —— 4

3ﬁ¢z (0) - 666'](-:1 o 8fzqaﬁ o %: wzumﬂv
_ 82Fﬁ _ 82Pﬁ _ q, .q

s (0) = ~ 9pom, 5:0_ ~ om,08 B:O_ _%:fi Wy,

(B27)

By expanding the expression (B25|), after many sim-
plifications we end up with the following second-order

(B23) Taylor expansion of the Gibbs free entropy:
J
@) 3FB(M)‘ B 82FH(M)‘
I/ (M) =I'g(M) + § ———= £ Z PV —
Pon =roan 5 FE|

ZZfiqaf + Zm#«b# - Zfzq log fi — Z [y logmy, + (1 —my,) log(1 —my,)] +
iq w

iq

+ ﬁZfiqwf#mM—l—

iqp

2
S m ) | w2 -

H iq

The previous expression is a valid approximation of the
true free energy of the model only when the magnetiza-
tions fulfil the stationary conditions (BS)):

aryy arty
o = 0, o7 = 0. (B29)

When computing the stationary condition with respect

14

2
> (Z wfufiq) (B28)

%

(

to the visible magnetization, one has to take care of the
fact that the normalization condition on {f{} leaves us
with only N, — 1 independent colours, so that fiN“ =
1- Zévzqfl f{. This has to be considered only in the
entropic term, since elsewhere the magnetization couples
with the weight matrix that is zero along the colour IV,
because of the lattice-gas gauge.
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The full computation of the stationary conditions (B29) at 8 =1 yields

2
g (2 ) = b, = 3 ftut, ~ (3 szmsz(zwgufiq) |
q

1q 1q 7

(B30)
f 1
IOg < N, - ag = Zmﬂwgp + 5 (mH - mi) (wZu)Q - 2wzu Z zpwzp“ )
i m m P
[
where at the left-hand side we recognize respectively the (B12). Eventually, we end up with the following self-

inverse functions of the sigmoid (B11)) and of the softmax  consistent TAP equations:
J

2
1
m,, = sigmoid { b, + Z fiwd, — (mu - 2) Z(w;?#)inq _ Z <Z wiq#ff> ,
q

K 1 ’ (B31)
1
f = softmax {a? + Z mywy, + 5 Z(mu - mi) l(w?u)2 — 2w, Z f’wf’“] } )
I 7 P

Appendix C: Supplementary figures
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FIG. 11. For each model saved during the training, we recorded the number of TAP fixed points and the number of eigenvalues
of the weight matrix above different thresholds. The different colours correspond to different thresholds, and the continuous
lines represent the average number of TAP fixed points expected when a given number of eigenvalues are above the threshold.
Panel A) shows the results obtained on the SED dataset, whereas panel B) shows the results on the MNIST dataset.
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FIG. 12. A) Tree generated on all the HGD data denoted as “East asian”. The tree is able to only distinguish the data labelled
as “Japanese in Tokyo, Japan” from the others. B) and C) Projection of the dataset along the first and second principal
components (panel B) and along the third and fourth principal components (panel C).



24

Z
=

105 4
14 { —— TAP
— nMF
® =z [E [ — No. categories
g =
5 107 4 3
g 2 10 A
= =
ks ks
= = 64
8 10! g 6
E £
E 2 4+
2 .
100 4
T T T T T T T T T T
10? 10° 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
age (units of epochs) age (units of epochs)

FIG. 13. Number of fixed points of the approximated free energy on the MNIST dataset (panel A) and on the SED dataset
(panel B) as a function of the RBM’s age. Notice that plot A is in log-log scale, whereas plot B is in linear-linear scale.
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FIG. 14. Phylogenetic tree obtained from the CPF protein dataset using the neighbour-joining method and the software
with default parameters. The external coloured tags correspond to the experimental classification, whereas the leaf’s
colour represents the classification inferred by ProfileView in Ref. [36].
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FIG. 15. Comparison between three trees of the MNIST dataset generated with three models having the same parameters but
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FIG. 16. Tree of the MNIST dataset generated through an inverse-annealing of the oldest RBM model. We applied the tree
construction procedure to a set of ~ 100 models at linearly-spaced inverse temperatures in the interval 8 € [0.65, 1], starting

from the coldest model at 8 = 1 and progressively increasing the temperature.
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FIG. 17. Tree obtained on the MNIST dataset by iterating the TAP equations starting from the data at each age.
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FIG. 18. Tree obtained on the MNIST dataset using an RBM trained with PCD-100 using the TAP equations.
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