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ABSTRACT

Size transfer in Graph Convolutional Networks (GCNs) is a common treatment to
mitigate the high cost of training on large graphs, by transferring the model trained
on randomly sampled smaller graphs. However, the theoretical guarantee of such
transfer has only been proved in previous studies for random graphs with restricted
sparsity. In practice, downsampled real-world graphs may exhibit multiple spar-
sity regimes. To fully understand the theoretical performance across sparsity, we
establish the GCN transferability bound by introducing Stretched Graphon Con-
volutional Networks (SWNNs) based on the recent generalized graphon model.
The bound decomposes into error components arising from expected edge density
and graph size, which jointly determine the sparsity. Experiments on real-world
networks validate our theoretical findings.

1 INTRODUCTION

Graph convolutional networks (GCNs) (Defterrard et al.| 2016} Kipf & Welling| 2017) have achieved
great success in real-world tasks containing network structures, such as social networks (Sharma
et al |2024), knowledge graphs (Wang et al.||2019)), and citation networks (Zhang et al., [2019; Xia
et al.,[2023). However, training GCNs on large graphs costs substantial computational resources (Liu
et al., 2021} Zhang et al., [2023). Size transfer is usually adopted to address this issue, by which
GCNs are trained on downsampled smaller graphs and transferred to larger graphs (Chen et al.,
2018 |(Chiang et al.,|2019; [Yao & Lil 2021)). In this process, nodes and edges are randomly selected
from the original graph, producing subgraphs that may have multiple sparsity levels. Here, sparsity
characterizes the decreasing dependence of expected edge density on graph size.

Although size transfer has demonstrated empirical effectiveness, further theoretical analysis and
guarantees are demanding (Cordonnier, 2024; Morris et al.,|2024; |Levin et al., 2025). Most analyses
of GCN transferability rely on graph similarity, typically formalized through graph models. Based
on these models, generated graph sequences share similar topologies and converge to model-related
limits as the graph size increases to infinity (Janson, |2010; |[Lovasz, |2012; [Backhausz & Szegedy,
2022;Jiet al.;[2024). In line with this sequence convergence, GCNs also converge to a corresponding
limit, where the convergence errors directly bound the transferability error. Some existing works
analyze GCNs using the classical graphon model (Ruiz et al.,[2020; |[Magner et al.,[2022} |Ruiz et al.,
2023;Maskey et al.|[2023)), where the generated graphs are dense (Orbanz & Royl[2015;/Borgs et al.,
2018) with expected edge density O(1).

Real-world networks are typically sparse with decreasing edge densities and may exhibit multiple
sparsity levels across downsampled graphs, making GCN analysis on such graphs particularly chal-
lenging. Some studies of GCNs on sparse graphs do not generate concrete graphs (Levie et al.
20215 |Le & Jegelka, |2023). Other works guarantee convergence or transferability only under re-
stricted sparsity regimes, such as ©(logn/n) or lower for graph size n (Keriven et al., 2020; 2021}
Wang et al.,[2023;2024). Consequently, when considering transfer between graphs across different
sparsity levels, including higher sparsity, existing results do not address this case. To broaden the
transferability analysis of sparse GCN, it is necessary to establish a theoretical guarantee that holds
across arbitrary sparsity levels.

In this paper, we address the challenge of sparse GCN transfer across multiple sparsity, inspired by
the generalized graphon model (Borgs et al.| [2018;2019j [Ji et al) 2024). Our approach guaran-
tees transferability across arbitrary sparsity and provides explicit transfer bounds. The generalized
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graphon model generates sparse graphs through double-sampling and employs stretching to ensure a
double-convergent non-zero limit. Stretching amplifies the structures of sparse graphs to vanishing
effects caused by sparsity (Borgs et al., 2018} 2019; Ji et al., |2024). Building upon these, we in-
troduce stretched graphon convolutional networks (SWNNs) as the meaningful limit of GCNs over
sparse graph sequences, and derive the transfer error bound.

Our contributions to this work are as follows:

* We introduce SWNN, the stretched graphon convolutional network, as the non-zero limit
of GCNs over sparse graph sequences across multiple sparsity, providing a meaningful
reference for convergence and transferability analysis.

* We prove that GCN transferability holds across arbitrary sparsity, and establish an explicit
upper bound on the transferability error. The bound composed of convergence errors is
derived by graph sampling errors, which are analyzed at the two phases of the double-
sampling procedure, and combined into a unified result.

2 RELATED WORK

The widespread applicability of GCNs originates from their ability to propagate and aggregate in-
formation on irregular graph structures (Defferrard et al., 2016} |[Kipf & Welling, [2017;|Zhang et al.,
2019). However, a theoretical question arises: how to quantify the difference between different
graphs? This is generally achieved by modeling random graphs and establishing convergence within
models (Cordonnier, [2024; Morris et al., [2024; [Levin et al. 2025)), such as the classical graphon
model for dense case (Lovasz, 2012; Ruiz et al.l 2021a)), and the generalized graphon model for
sparse case Borgs et al.| (2018} |2019); J1 et al.| (2024).

Transfer in Dense Graphs. Within dense graph sequences employed for analyzing GCN trans-
ferability, the classical graphon is a widely adopted framework (Ruiz et al., [2020; Magner et al.,
20225 Cai & Wang, 2022} Ruiz et al., [2023} Maskey et al., 2023} Cervino et al.,|2023; | Velasco et al.}
2024). Measured by cut norm and cut distance, the classical graphon (W : [0,1]* — [0,1]) pro-
vides a functional representation of graph topology. It serves as a generative model for dense graph
sequences and the limit of such sequences (Janson, 2010; [Lovasz, |2012). For a given graphon W,
the expected edge density remains constant |[WW||;, making edges scale at a dense rate n2||W||;.
Ruiz et al.| (2021a)) extend the graphon model by incorporating graphon signals (X : [0,1] — R),
allowing for a joint sampling of graph topology and node features, and further establish graphon
signal processing framework. In their subsequent work (Ruiz et al., 2020} 2023)), the convergence of
graph sequences is extended to GCN sequences, then the GCN transferability is analyzed. Further-
more, Maskey et al.| (2023) broaden the classical graphon to value-unbounded graphon and analyze
the GCN with various convolutional forms. Based on the classical graphon, the graph classification
capability (Magner et al.l 2022) and the transference training efficiency (Cervino et al., [2023) of
GCNs are analyzed, the conclusions on GCNs are extended to other graph neural networks (Cat &
Wang], 2022} |Velasco et al., 2024).

Transfer in Sparse Graphs. Since real-world networks are typically sparse with decreasing edge
densities, sparse graph models are adopted in analyzing the transferability of GCNs (Keriven et al.,
2020; 2021} Wang et al} [2023; [2024; Ruiz et al.| [2024). In |Keriven et al.| (2020)), sparse graph se-
quences are constructed by multiplying the classical graphon with a decreasing sparsity factor «,.
As the graph size grows, the graphon tends to zero, resulting in vanishing edge densities. Instead of
the zero limit, they introduce a normalized Laplacian operator divided by the sparse degrees, yield-
ing a relatively sparse convergence conclusion. |[Keriven et al.| (2021)) normalize adjacency matrix
by increasing edge weights reversely proportional to sparsity (o, 'Ber(a,,W)), ensuring that ex-
pected edge weights remain stable. Although sparsity weakens connectivity, their enhanced weights
reinforce the propagation along existing edges. Similarly, Wang et al.[ (2023} 2024) construct rela-
tively sparse geometric graphs with increasing weights inversely proportional to sparsity, and study
the GCN convergence to manifold neural networks. In general, these works analyze convergence
or transferability under models with restricted sparsity levels, such as relative sparsity or lower.
However, transfer between graphs across different sparsity levels, including higher sparsity, remains
unaddressed. Based on generalized graphon, Ruiz et al.| (2024) construct sparse graphs without
sparsity restriction, but their GCN spectral convergence error does not vanish and approaches a con-
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stant. These highlight the need for a transferability result on sparse random graphs across arbitrary
sparsity levels. Other modeling approaches obtain graph operators directly through discretization on
geometric spaces or continuous operators, without generating explicit random graphs (Levie et al.,
2021; Le & Jegelkal 2023)). Since no concrete graphs are produced, these approaches cannot, as we
do, physically decompose the transfer error into components attributable to graph size and edge den-
sity. Distinct from works on topology inference (Rey et al., 2023) or training parameter convergence
(Alimohammadi et al., 2025)), our research targets transferability in sparse graphs. We specifically
quantify the output discrepancy of GCNs across varying sparsity levels, rather than analyzing the
learning process

3 THE SPARSE RANDOM GRAPH MODEL

In this paper, we consider a sparse random graph model based on the generalized graphon frame-
work (Borgs et al., [2018; [2019; Ji et al., 2024). This line of work is closely related to the graphex
framework (Borgs et al., [2021)), which provides a comprehensive limit object capturing structural
properties of sparse graphs. Given that the convolutional operator is the key to GCNs, we adopt the
signal processing framework from Ji et al.|(2024), which is precisely tailored to analyze the limit of
sparse graph sequences.

In this model (Ji et al., |2024), sparse graphs are generated through a double-sampling procedure:
first, a sparse classical graphon sequence {W,,} is sampled, and then sparse graphs {G,, ,} are
sampled from this sequence. This construction enables the generation of graph subsequences with
arbitrary sparsity (see Fig.[2)),

Sparsity(Graph size) = Expected edge density. (1

Here, edge density is a topological property defined as the ratio of the realized number of edges
e(G,,) to the total possible edges n?/2, and sparsity refers to the decay function of the expected
edge density as graph size n increases (Keriven et al.| [2020; |Le & Jegelka, 2023} Wang et al.l [2023).

Definition 1 (Generalized graphon and signal). A generalized graphon Wy, (u,v) is a symmetric
function: R% — [0, 1]. A generalized graphon signal Xg . (w) is a function: Ry — R.

We require both Wgr, and Xg, to be L!-integrable and bounded, ensuring that stretching and con-
volution operations are well defined. The topological variation between generalized graphons is
measured using the extended cut norm and cut distance (Borgs et al.,[2018};2019). By extending the
integration domain to R? , they are defined:

oo(Wr, 1, Wr, 2) = inf sup
?1,$2U,VCR

/ (W' | = Wi ,)dudv|, )
UxV

where Wg_ 1, Wk, 2 are two generalized graphons; the sup is taken over measurable subsets
U,V C R,, and the inf is taken over measure preserving bijection ¢1, ¢o. When applied to graphons
induced by finite graphs, these bijections correspond to disregarding node ordering.

0 0.0 0 0 0
0 1 2 3 4 0 1 0 1

u u u u

(a) Wa, () Wi : tmn = 0.5 ©) Win i tm =1 (d) Wit = 2

Figure 1: Example of sparse graphon sequence: (a) W, denotes the original generalized graphon,
(b)-(d) illustrate W,,,, obtained by truncating the domain [0, ¢,,]? of Wg, and rescaling it to [0, 1]2.
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3.1 THE SPARSE GRAPHON SEQUENCE

The sparse graphon sequence is constructed through truncation and rescaling. At stage m €
{1,2,3,...}, W/, is obtained by truncating Wi, to the expanding square region [0, ¢,,,]?, setting the
remaining area to zero (Ji et al.,|2024)). The truncated generalized graphon W, is stage-expanding
and eventually covers the entire Wg, . Then, W, is rescaled to the standard domain [0, 1]? to obtain
the sparse classical graphon W,,,:

Wr, (u,v), whereu,v € [0,t,],
0, others. 3)
Rescale: W, (u,v) = W), (tmu, tmv), where u,v € [0,1].

Truncate: W), (u,v) = {

Similarly, the graphon signal X, is obtained by truncating X, to the interval [0, ,,] and subse-
quently rescaling it to [0,1]: X, (u) = X, (tmu) = Xg, (tmu). Since Wg, is required to be
integrable over R?, the L!-norm of the classical graphon sequence {W,,} tends to zero at the rate
of ©(1/t2,), indicating sparsity, as illustrated in Figure 1]

3.2 THE GRAPH SEQUENCE SAMPLED FROM SPARSE GRAPHON

Based on the sparse graphon and signal (W,,, X,,), a random graph G,, ,, is sampled following
the classical graphon sampling procedure (Lovasz, 2012 |[Ruiz et al., 2021a} Ji et al., [2024). La-
tent features for n nodes, {u1,us,...,u,}, are sampled i.i.d. from a uniform distributions on
[0,1]. Node features are then obtained as @, ,, (i) = X,,(u;), and edge probabilities are given
by Py, n (4, 5) = pij = Win(u;, u ). Finally, edges are sampled via Bernoulli distributions:

In the overall sparse graph sequence {{Gy, n}, {Gman},- .}, each stage m; can generate graphs
of varying sizes {Gm, n} (I € {1,2,...}). By selecting specific graphs {Gm, n1s Gmsngs--- }
from different stages, one can construct graph subsequences with arbitrary sparsity, as shown in
Fig.|2l For example, to realize a sparsity of C'/n with respect to graph size n;, one may choose the
corresponding W, such that |V, |1 = C/n;.

Source Sparsity I: ©(1/n)

Source Sparsity I: @(logn/n)
Source Sparsity II: ©(1/n)

Source Sparsity IIT: ©(1/n)
Target Sparsity: ©(logn/n)

Source Sparsity II: ©(log n/n)

=

Source Sparsity III: ©(log n/n)
Target Sparsity: ©(1/n)

=
Edge Density

Edge Density
S

=
=

:oTarget: GunN
n ny N ni n N
Graph Size Graph Size
(a) @(10%) family of sparsity functions. (b) ©(1) family of sparsity functions.

Figure 2: Graph subsequences with multiple sparsity, such as @(107%) in (a) and @(%) in (b).
Transfer errors are measured between the source graphs and target graph, while the target graph

G, v may lie beyond the sparsity line of source graphs {G,,, ,, }.

In real-world downsampling scenarios, sampling sparse subgraphs of size n can produce multiple
edge densities, leading to diverse sparsity levels. Previous works (Keriven et al.| 2020; 2021; Wang
et al.| 2023;2024) focus on models with restricted sparsity, corresponding to a single sparsity curve
in Fig.[2} and guarantee transferability only for sparsity of ©(logn/n) or lower. However, the target
graph may fall outside the sparsity regime of the sampled subgraphs, necessitating transfer analysis
across different sparsity levels, as illustrated in Fig.
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To study the convergence of the graph sequence {G,, .}, the adjacency matrix and node features
are transformed into functional forms (Ruiz et al.l [2020; |2021a} [2023} Maskey et al., |2023). The
classical induced graphon and signal are defined as

Wm,n(u S ]Iivv S H]) = Sm,n(i7j)7 Xm,n(’u € Hz) = wmn(l)a (5)

where {I,}? ; are n equal partitions of [0, 1]. This inducing procedure enables comparisons across
graphs of different sizes and between graphs and the underlying graphon.

3.3 CONVERGENCE UNDER THE STRETCHED FORM

For sparse graph sequences, the classical induced graphon {{W .., n}, {Wmsn}, .. } converges to
a trivial zero limit, rendering direct comparison with the limit meaningless. This issue is resolved
via stretching (Borgs et al., 20185 [2019; [Ji et al.l [2024), which scales the graphon in proportion to
1ts sparsity.

Definition 2 (Stretched graphon and signal). The stretched forms of generalized graphon and signal
are defined as Wi, (u,v) = Wr, (sru, srv), X3, (u) = Xr, (sgu), where sp = [|[Wr, \\}/2 is
the stretching coefficient.

Stretching fixes the L'-norm of the graphon to one, thereby amplifying structural patterns according
to sparsity and counteracting vanishing effects. For a classical graphon W,,, and induced graphon
W pn.n» stretching is applied with zero-padding to accommodate domain differences (Borgs et al.,
2018;(2019; J1 et al., 2024):

Wm,n (Sm,nua Sm,nv) , for (u, U) € [0 ! ]2’

Stretched Graph: W, (u,v) = S
n 0, others,
(6)

Ym,n (Sm,nu) ) foru € [O’ Sn:Ll,n]’

Stretched Graph Signal: X, , (u) =
’ 0, others,

where s, , = HWmnH%/ ? is the stretching coefficient that reflects the graph’s edge density. This
operation amplifies structural characteristics in proportion to sparsity, compensating for the vanish-
ing effect observed in sparse cases (Figure[3).

0. 0.0
00 10 00 10 I's 0.0 L6
u

(a) Gm,n (b) Wm,n (C) an,n (d) W'rsn = 1

Figure 3: Example of stretching: G, ,, is a random graph sampled from W,,, its adjacency matrix
is transformed to corresponding classical form (b) and stretched form (c), the latter converges to
stretched graphon (d).

S

For a graph sequence {G,,,} generated by W,,, the stretched induced graphon Wm’n converges
to W5, under the generalized cut distance d; For the sparse graphon W, truncated from Wg., its
stretched form converges to the non-zero limit Wy Ly 1 et al.l2024):

lim lim W, , = lim W =Wg, . 7

M — 00N —00 ’ m— oo

Based on the double-sampling procedure, multiple graph subsequences with arbitrary sparsity can
be constructed (see in Sec. . Although subgraphs { G, , |m} with the same size n; but different
expected edge densities are allowed under arbitrary sparsity, each G, ,,, is expected to approach its
corresponding W,,,. Convergence of these subsequences is guaranteed by the double convergence:
at each stage m, graphs in a subsequence converge to the corresponding W,,,, and the convergence
of W, itself ensures overall convergence of the subsequences.



Under review as a conference paper at ICLR 2026

4 STRETCHED GRAPHON CONVOLUTIONAL NETWORKS

In this section, we introduce SWNNs, which serve both as the functional forms of GCNs and as
their limit when applied to the generalized graphon and signal (Wg, , X®, ). Similar to the graph
convolutional operator (Segarra et al., 2017} Du et al.l 2018; |Gama et al., 2019) in Appendix @
a graphon function can be regarded as an infinitely dense matrix with infinitely many nodes. The
stretched graphon convolutional operator is conducted with integration (Ji et al., |2024),

R

hW*)X* =" h, T X7,
r=0 (®)
forr > 1, T\ X° :/ we (77U X*) du.
R+
The generalized graphon adopts the same convolutional form, since it is defined on Ri and sub-
sumes the stretched graphon as a special case. Because convergence of sparse graph sequences is

analyzed under the stretched setting, we focus primarily on the stretched form.

Let (W=, X*, ) denote the stretched graphon convolutional network (SWNN), which follows
the same framework and learnable parameters H as the GCNs (Ruiz et al., [2020; [2021b}, 2023)) in
Appendix with one-dimensional input features for simplicity. At the [-th layer, the input and

output feature dimensions are F'~! and F!, with parameters H' € RF'""XF'_ The channel-wise
convolutional processes of SWNNs parallel that of GCNs:

Fi_1

?L =0 Z h’fz—h.fl(Ws)X?l,l , 9)
fiii=1

where o(-) denotes the activation function, and h s, _, 1, (-) = H'(fi_1, f1)h(-) contains the learnable
parameters mapping the f;_;-th input feature to the fj-th output feature. These parameters are fixed
when analyzing convergence and transferability. Notably, in SWNNSs each layer’s output X ;l is
obtained recursively, rather than being defined explicitly in Definition 2} and thus it does not directly
correspond to a particular X, .

5 MAIN RESULT

In the following sections, we first present our main result of transferability. Then we analyze in
detail the convergence of the sparse graphon sequence and the random graph sequence at each stage,
which together underpin our main result.

The following assumptions are considered:

AS1. The generalized graphon Wg, belongs to the Schwartz space. That is, for any & > 0, there
exits a constant Cy, such that Wg, (u,v) < Ci(u+1)7%(v + 1)~F. Thus, it is Ay -Lipschitz, i.e.
W, (u1,v1) — W, (uz,v2)| < Aw (Jur — uz| + |v1 — va).

AS2. The generalized signal Xg, is Ax-Lipschitz,ie. |[Xr, (u1) — Xg, (u2)| < Ax|u1 — ua|.
AS3. The activation function o(-) is normalized-Lipschitz, i.e. |o(z1) — o(x2)| < |21 — 22|, and
a(0) = 0.

In AS1, we characterize the sparsity of Wg, by requiring it to be rapidly decreasing. For most
node pairs, the connection probability is small and generally decreases as the latent feature distance
increases. In AS2, since sparsity is related to the graph topology, the generalized signal is only
required to be Lipschitz continuous. In AS3, the assumption on activation functions holds for most
commonly used functions, such as ReLU and Tanh.

5.1 TRANSFERABILITY OF SWNNS

In this section, we show that for two distinct stretched graphons, the output discrepancy of an SWNN
can be bounded by the differences in the corresponding operators and input signals. This result di-
rectly leads to the convergence theorem of SWNNs (Theorem [2)) and further establishes the corre-
sponding transferability bound.
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Lemma 1 (Difference of SWNN Outputs). Consider the L-layer SWNN with learned parameters
H, where Fy = Fy = 1, applied to stretched graphons with signals (W7, X5) and (W35, X35), then
|O(WF, X7, H) — @(W5, X35, H)l, < C(H) (W7 = W3lla2 I XTI, + [1XT — X5[2),  (10)
where C(H) is a constant depending on ‘H (proof in Appendix .

Now consider the source graph G, ,, and target graph G5/, v, belonging to different subsequences
with different sparsity, {Gum, n,, Gmgong,-- -+ With Sparsity; and {Gar, Ny, Gary Ny, - - -} With
Sparsitys. These subsequences are constructed by selecting graphs according to the desired sparsity,
as described in Sec.3.2]

Theorem 1 (Transferability of SWNNs). Consider an L-layer SWNN with learned parameters H,
denoted by ®(W*, X*,H), where Fy = F| = 1 for simplicity. Under assumptions from AS1 to
AS3, and conditions on truncation length t,,, ty; and graph size n, N in Lemma 2} Lemma 3} and
Lemma then for any k' > 0, it holds that

S <=5

— =5 5
H(D(Wm,naXm,naH) - (I)(V[/M,NvAXVM,Na?-t)H2

11 L (tm) + L (tur)
= <CR* (t’ﬁn’*t’;\z) TG )+ Em) SN, (11)
+

Cmi  Chmo Cwvi  Cum2
where E(n) = C(H) <n1/2 711/4) , E(N)=C(H) <N1/2 + N1/4> ;
with probability at least (1 — €,,1)(1 — €,1)(1 — €4,2)(1 — €,2). Here, C(H) depends on H, Crg,

depends on Wy and Xy, Lg(() is the tail integral of Xr_, Cn,1, Cm,2, Chr 1, Car,2 are constants
about W, X, and Wy, X (proof in Appendix [F4).

+

Transferability across arbitrary sparsity is influenced by graph sizes n, N and the expected edge den-
sities at these sizes: Sparsityy (n), Sparsity2(N) in Eq.(1), which is given by | W, |1 = ||Wr, ||1/t2,
at n and ||Wa1 ~ ||[Wg, ||1/t3, at N as shown in Fig. 2| For fixed graph sizes, the double-
convergence property ensured that the error components related to graph sizes are of smaller order
than those driven by edge densities; hence, increasing t,,,,tys (i.e., reducing expected edge densi-
ties: [|[Wi, |1, [[Warll1) yields stronger transferability. Conversely, for fixed expected edge density,
enlarging graph size n, N further improves transferability. Overall, the expected edge density serves
as the dominant factor, while graph size provides an additional improvement, consistent with the
double-convergence framework.

Here, we guarantee transferability across graph subsequences with arbitrary sparsity, while prior
works (Keriven et al.| [2020; 2021; [Wang et al.| 2023} [2024) analyze GCN only under restricted
sparsity settings. In our framework, transfer errors vanish as both t,,,f5; and n, N increase to
infinity, while the convergence errors in Ruiz et al.| (2024) converge to constants. Building on this
bound, we further analyze how edge density and graph size affect transferability, a perspective that
Levie et al.[(2021); |Le & Jegelka (2023)) cannot provide since they do not generate explicit graphs
and thus cannot capture topological properties such as edge density.

The above GCN transfer error is basically derived from the convergence error in Theorem [2} mea-
sured against the SWNN limit. As established in Lemma [1] the discrepancy between SWNNSs is
bounded by differences in operators and signals. Therefore, in the following sections, we analyze
these differences according to the double-sampling procedure in Lemma [2| and Lemma |3} which
corresponds to double-convergence framework.

5.2 CONVERGENCE OF SPARSE GRAPHON SEQUENCE

The convergence of a sparse graphon sequence is straightforward. Since W,,, and X, are obtained
via truncation and rescaling, their stretched forms coincide with W,/,f and X;j . As the truncation
width ¢,,, increases, W,,, and X,,, converge to the original generalized graphon and signal.

Lemma 2 (Convergence of Sparse Graphon Sequence). Let (Wrg, , Xr. ) satisfy ASI and AS2, and
let Wi, X.n,) be the sparse graphon and signal generated from them. Assume t,, is sufficiently
large such that |W)], |1 > ||Wr_||1/2. Then, for any k' > 0,

Crw
22tk 7

)

< CkCX L%{(tm)
P k/ b
27t || W, I

Hwﬂg+ — W

m

HX{h _ X

m

12)
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where L (t,,) = HX]R+ HLQ([t to0)) is the tail integral of Xg_ on [t,,,+00), constants Cyr w,
Cy x depend on k', Wr ., and Xw, (proof in Appendix@]).

This result not only establishes the convergence of sparse graphons W,,, but also provides explicit
error bounds. Under the rapid decay condition on Wx_ , W, converges at an accelerated rate. In
contrast, the convergence of X, is slower, governed by the tail integral over the expanding domain,
and influenced by W,,, through the stretching.

5.3 CONVERGENCE OF RANDOM GRAPH SEQUENCE
At each stage m, the random graph sequence {G,, ,, } has its associated limit 1¥/,,,. This convergence
holds in both the classical form and the stretched form. Moreover, convergence in the stretched form

is implied by convergence in the classical form. Their notation is summarized in Table|T]

Table 1: Notation for convergence errors in random graph sequence.

Graphon form Operator difference Signal difference
Classical form ATy, : Wi — Waanllee  AXy : [ X0 — Xl

S

Stretched form ATy : [[Ws, =W, llae  AXS:|IX5 - X

=]
m,n||2

Lemma 3 (Convergence to Stretched Graphon). Consider the stretched graphon and signal (W,
X)), and the stretched induced graphon and signal (W;%n, Y:nn ) generated from them. Suppose
n is sufficiently large such that ATy, < ||[Wp |1, then it holds

ATy: < CoATy, + Cw, ATy,

s (13)
AXE < OoAX, + Cx (AT},

where Cs depends on the stretching coefficient s, = |Wp,||1, Cw,s and Cx s both converge to
constants determined by W, and X,,, as n increases (proof in Appendix|[E).

Combined with Lemma which establishes an O(n~'/2) convergence rate under the classical form,
this result provides the full error bound under stretched forms. These errors arise from sampling
the graph topology and node features, while stretching introduces scaling of functions and domain
mismatches, captured by constants Cy, Cyy 5, C'x,s. According to the double convergence in Eq.(,
these constants remain fixed while taking the limit over n, which is done before convergence in ¢,,,
guaranteeing the overall convergence.

6 EXPERIMENTS

To validate the transferability results on sparse graphs, we conduct experiments on the Cora
dataset (Sen et al.,2008)). The Cora graph contains 2708 nodes and has an edge density of 0.00144,
corresponding to sparsity functions 3.9/n or 1.14log n/n. We fix Gy, v as the full Cora graph, and
evaluate the transferability from graphs G, ,, with arbitrary sparsity to it. Specifically, we measure
the average transfer error over the full sampled graph to analyze transfer errors.

Since the sampled graphs originate from a real-world dataset, the expanding sequence {W,,} is
approximated by an expanding sequence of subgraphs {G,,}. We construct {G,,} from Cora by
adding 50 nodes at each stage in degree order. To model different sparsity levels, we define three
sparsity schemes: Scheme I: f(n) = 2/n; Scheme II: f(n) = 0.2logn/n; Scheme II: f(n) =
O(1) (see Fig.[4(a)). The transferability under the sparsity of Scheme I is not guaranteed in previous
works (Keriven et al., [2020; [2021}; |Wang et al., 2023;2024). We set the graph sizes n of {Gmm} to
be {100, 200, ..., 1600 }. Each sampled G, ,, is aligned with a corresponding stage G,,,, determined
by the condition f(n) =~ e(G,,), where e(G,,) denotes the edge density of G,,. Each graph G, ,
is constructed by randomly selecting n nodes and inheriting their edges and features. The edge
densities of the sampled sequences are shown in Fig. f(a)]

The GCN output of the full Cora graph serves as the reference. For each sampled subgraph G, .,
we compare the average output error across all nodes against the reference. Unlike the classical
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graphon setting, which normalizes as ®(S,,/n, €, H) (Ruiz et al.,[2023), under the stretched form
we adopt ®(S,,/v/2¢,, ., H), where e, is the number of edges in G, , (Ji et al.| 2024). The
difference arises from the operator impacts of inducing, as shown in Lemma[3[and Lemma[8] Each
subgraph is sampled 20 times to compute the mean and standard deviation. We further consider
GCNs with 2 or 3 layers and 32 or 64 hidden feature dimensions.
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Figure 4: GCN transfer errors of sparse graph sequences. Transfer is performed from graphs fol-
lowing sparsity schemes, I: f(n) = 2/n; Il: f(n) = 0.2logn/n; HUL: f(n) = (1), to the target
graph G, v, which corresponds to sparsity functions 3.9/n or 1.141log n/n.

Across all sparsity schemes, transferability errors vanish as edge densities decrease and graph sizes
increase, as shown in Figure[d] For small or medium graph sizes, sparser graphs exhibit higher edge
densities, leading to larger transferability errors. For large graph sizes, sequences under different
sparsity converge together, producing similar transferability errors. In Scheme III, where the ex-
pected edge density is fixed, increasing the graph size consistently reduces the transfer error. These
observations validate our theoretical analysis of the roles played by edge density and graph size in
transferability.

7 CONCLUSION

In this work, we study the transferability of GCNs across varying sparsity levels. Subgraphs are
randomly generated from the original graph, resulting in multiple sparsity. By introducing SWNNs
as the non-zero limit of GCNs, we establish a transfer error bound over sparse graphs, which is influ-
enced by expected edge density and graph size, factors that jointly determine the multiple sparsity.
Experiments on real-world networks validate these theoretical findings.
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A THE USE OF LARGE LANGUAGE MODELS (LLMS)

We use a large language model only for language polishing. All research ideas, experiments, and
analyses are conducted solely by the authors.

B SUPPLEMENTARY EXPERIMENTS

B.1 PUBMED DATASET

The Pubmed graph contains 19717 nodes and has an edge density of 0.000228, corresponding to
sparsity functions 4.5/n or 1.05logn/n. We fix G n as the full Pubmed graph, and evaluate the
transferability from graphs G, ,, to it. The average transfer error over the full sampled graph are
measured to analyze transfer errors.

To model different sparsity levels, we define three sparsity schemes: Scheme I: f(n) = 2.2/n;
Scheme IT: f(n) = 0.2logn/n; Scheme II: f(n) = O(1) (see Fig.|5(a)). The experiments further
validate our conclusion: larger graph sizes and lower edge densities lead to smaller transfer errors.

0.025 1.0
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Figure 5: GCN transfer errors of sparse graph sequences. Transfer is performed from graphs fol-
lowing sparsity schemes, I: f(n) = 2.2/n; II: f(n) = 0.2logn/n; II: f(n) = ©(1), to the target
graph G, v, which corresponds to sparsity functions 4.5/n or 1.05log n/n.

B.2 OGBN-ARXIV DATASET

The Ogbn-Arxiv graph contains 169,343 nodes and has an edge density of 0.000081, corresponding
to sparsity functions 13.7/n or 1.14logn/n. We fix G n as the full Ogbn-Arxiv graph, and
evaluate the transferability from graphs G, ,, to it. The average transfer error over the full sampled
graph are measured to analyze transfer errors.

To model different sparsity levels, we define three sparsity schemes: Scheme I: f(n) = 8/n; Scheme
II: f(n) =logn/n; Scheme II: f(n) = O(1) (see Fig.|6(a)). The experiments further validate our
conclusion: larger graph sizes and lower edge densities lead to smaller transfer errors.

13



Under review as a conference paper at ICLR 2026

Scheme I (Data) 10 —o— Scheme I
0.08 f| — =+ Fit: ©(1/n) % Scheme II
= 1 Scheme IT (Data) £ s —a— Scheme III
E 0.06 \ Fit: @(logn/n) 5
8 \ Scheme IIT (Data) 2%
2 004 \ — = Fit: 0(1) z
=] \ S 4
o5} LN G
0.02 ~ =
& \9_.‘ ‘l_-; 2 A
—— SN——— -
0.00 N o S, L“‘-*-:—.;H*-*‘.F‘;‘—":Zﬂwx—m
' 250 500 750 1000 1250 1500 1750 2000 250 500 750 1000 1250 1500 1750 2000
Graph Size (n) Graph Size
(a) The sparsity of downsampled graphs {Gm,» }. (b) Layers 2 with Hidden 128
50
© —e— Scheme | ° 50 —o— Scheme I
2 Scheme IT 2 Scheme II
8 40 2 40
& —a— Scheme III £ —a— Scheme III
a a
2 30 230
z 2
< <
E 20 ,E 20
7 17
g 0 2 g
I
= Li\x{. =10 Dag g -
LA T E Rt aa-aa ol B g o o
250 500 750 1000 1250 1500 1750 2000 250 500 750 1000 1250 1500 1750 2000
Graph Size Graph Size
(c) Layers 3 with Hidden 128 (d) Layers 3 with Hidden 256

Figure 6: GCN transfer errors of sparse graph sequences. Transfer is performed from graphs fol-
lowing sparsity schemes, I: f(n) = 10/n; II: f(n) =logn/n; IIL: f(n) = ©(1), to the target graph
Gy, N, which corresponds to sparsity functions 13.7/n or 1.141log n/n.

C APPENDIX: GENERALIZED CONCEPTS FOR ANALYSIS

In some graphon analyses, new functions are constructed, such as W = W, — W73, the value range
of which exceeds the probability range [0, 1] in Definition|l} To make our proof more concise and
clear, we introduce several related generalized concepts.

Definition 3 (Value-unbounded Graphon). By just extending the value range of graphon [0, 1] into
R, the value-unbounded graphon is denoted by W : R3 — R.

Similarly, we consider not only the adjacency matrix S,, € {0, 1}™*"™ consisting of binary entries,
but also symmetric matrices with wider range of values, denoted by S,, € R"*", whose induced
functional form is given by

which is only supported over [0, 1]2.

In Definition stretching is defined using a specific coefficient s = 4/|W|;, which is associated
with graphon W to be stretched. Accordingly, we introduce a more general form of stretching, in
which the coefficient is not restricted to any specific graphon, denoted by sy € (0, 1].

Definition 4 (Non-specific Stretching). For value-unbounded graphon W(u,v), the stretched
graphon W*3Y and the stretched graphon signal is defined by,

W (u,v) = W (svu, syv) ,

X% (u) = X (syu), (as)

where sy € (0, 1] is non-specific stretching coefficient.

The non-specific stretching of classical graphon and signal is similar to Eq.([6), by replacing the
specific s with non-specific sy.
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D PROOF OF LEMMA [2} SPARSE GRAPHON SEQUENCE

We write down the constants or values approaching constants generated in the following proofs of
this section as follows, where we require k to satisfy & = (k — 3)/2 > 0:

2C
Cr,m _-EZ;44447
Ck: m 201@ m
Chowy = e v (16)
2 m 4 X)Clm
Crox = Ax Ck, max( )Ck, .

V2T s% 3s%,

The equivalence between W, and W,/;f, and the equivalence between X and X ;j have been dis-
cribed in Eq.([T7).

S S ’

We (u,v) = W (2w, ~2v) = W) (sh,u, sh,v) = W2 (u,v),
tm  tm
o a7
X3,0) = X (C2) = X, () = X3(w).

Therefore, the convergence of W3, and X7, is equivalent to that of W,,,;' and X ;,f Therefore, in the
following discussion, we focus directly on the convergence of W;,f and X ;,fb

D.1 STRETCHING COEFFICIENTS OF SPARSE GRAPHON

We denote the stretching coefficients of W,/,f and W]§+ by s}, and sg. According to the definition
of stretching and the truncation process, we have

5% = 52| = [IWe, Iy = IWaul] = IWe Dz 2 0.y (18)
Considering that Wy, belongs to the Schwartz space, i.e., for any k > 0, there exits a constant Cy,
such that o
W, (u,v) < ¥k
R )*(u+1) o+ 1)k

Based on it, we derive the upper bound of ‘s% — sm ‘:

< ‘ Cr
Ll(]R /10,t:m]2)

C
/u>tm /ﬂh (u+ 1 + 1) RSV CES ) /R+ /'uztm mdvdu (20)

=2 —’d du.
/mm / (w+ DF(o+ )F

By setting k£ > 1, the integral in the above expression can be evaluated, yielding
/ 2Cy _ 2CY, 1
2 2l oYk gy k1 =Yk
‘SR Sm’— (/ﬂ—l)2( + m) = (k—l) t'}fnl

19)

2
m

52R75

2y

D.2 STRETCHED GRAPHON OF SPARSE GRAPHON

For clarity, we denote the stretched forms of Wy, and W), by Wﬂif and W;f i", so that the stretch
defined with specific coefficients can be distinguished from that defined with non-specific coeffi-

cients. In the proof, we introduce an intermediate term W;jR according to Definition 4{ By the
triangle inequality, we have:

Ws — W2 <
’ R+ Mo, —

i

4 ‘s
H”/‘njﬁt I/V m
2,2

‘2,2 (22)
+ HM),5R _ M;'r/rf:n
9 m )

5 !’
T |
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the transition from the operator norm to the L?-norm relies on Lemma 1 in|Ji et al.| (2024).

For the first part, since W, is directly obtained from W . by truncation, and both share the same
stretching factor according to Definition 4] we have

W#;R(Uy 'U) = Wﬂzf (U, U)» (U, U) € [07 tm/sR}Q'

Hence, noting that Wg, < 1, this part reduces to

m

WER — W,2n

1
Sk W, HLZ(Ri/[O,tm]Q) (23)

IN

1 1 /
P HWR+HL1(R1/[O¢M]2) = SR ‘5?% — 5|

’

For the second part, it should be noted that W;,fR and W,;™ are supported on different domains,
namely [0, ¢,,/sg]? and [0, t,,/s.,]?, respectively. Consequently, when evaluating their discrepancy
in terms of the L?-norm, the integration has to be considered separately over the corresponding
regions:

’

H W’sR _ W;rf'm,

m

2 , 1! 2
= // (Wwfﬁ(u,v) — Wi (u, v)) dudv
2 R%r

2 (24)
L2([0,tm /sr]?) L2([0,tm /84, ]2/ (0,6 /5R]2)|

@ (i)

, ’
5 Sm
= || Wi — wre

’ ot
5
H “m

where the second term accounts for the mismatch of domains.

By expanding the integral of the first term in the above expression in detail, we obtain

. ™ 2
HWm - Wm’"’

= Wr. (spu, sgv) — Wg. (s, u, s v ? dudv
L2([0,tm /sR]2) //[07?;]2( ]R+( R R ) ]R+( m m ))

@
SAiv// (Isru — sh,ul + |sgv — s.,0]))° dudv (25)
[0, 2

7t
= Afy i (sr — 5,)%,
65‘}2
where the inequality is derived by the Lipschitz property of Wg, .

For the second term (ii), since the maximum value of the function is 1, the integral result is obtained
by evaluating the mismatch area,

> < tﬂ 2_ tﬂ 2_ t%l (82 _8/2) (26)
L2((0tm /50,12 /[0,tm /5 r]2) — \ 8%, sp)  s2sk o nTmle

(i)

m

H /5/

Assume t,, is sufficiently large such that ||/ [|1 > |[Wg_ ||1/2, then the above inequalities be-
comes

[ 2 Bt o
" "ol L2 (0t ysn)z) TV 2486 VR T
(W]
27
H "s1, 2 < 2t72n ( 9 /2) 27)
/ — \Sp — S
L2([0stm /500 )2/ [O0stm [s]2) — 5k ST

(i)
Substituting inequality [21] into the above expression in order to offset the effect of ¢, in the
numerator, we impose the condition £ — 1 > 2. By further combining this with the previous in-
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equality 23] we obtain

1 /
HW]§+_W’5” 2,2§§SR_87"’+AW\/246 m‘ B m‘+\/ V|SR ol
(28)
< Crm 1 63 C,m 2 /Crm
= “sm tlfn_l 245 7k L(k=3)/2
where Ck m = % denotes a general form of the constant in the inequality ‘s% — s;%‘ <

2Cs 7 k r (k > 1). To simplify the presentation, we replace (k — 3)/2 with k' = (k — 3)/2,

*—1)2
(h=1) ¢ = (h=3) = (k=3)/2

and by applylng contraction ¢, , the above result is transformed into

Cw.w
e, —wa),, < = 29)
) m
1\ Ck,m
where k' > 0 and Cy w = 057; + Aw 245 5 Ch.m Qszk’ .
4 R

D.3 STRETCHED SIGNAL OF SPARSE GRAPHON

For clarify, We denote the stretched forms of Xg, and X/, by Xﬂzi and X;{:f;”. Based on Defini-

tion we introduce an intermediate term X;ﬁR. By the triangle inequality, we have:

e -,

<[

+ HX;sR _ X’;s;n
< |[xgn - xn

Iy 1o
) + HXmR _ Xmm

.
For the first part, since X/, is directly obtained from Xg, by truncation, and both share the same
stretching coefficient, we have

Xf(u) = Xg" (u), u€[0,tm/sR].

Hence, this part reduces to

1

> VR 1R N 22 e 101 - 3D

SR _ y'sr

For the second part, X, % and X5 are supported on [0, t,,/sg] and [0, t,,,/s},,] differently. Con-
sequently, it’s considered separately over the corresponding regions:

’ o112 ’ 1o 2
| xam — x2i | = / (27 ) — Xoi ()
+

2 (32)
L2([0,tm /5R]) L2([tm /8y st /5R])

@ (ii)

s
m

H Iy 5 2 ’ ot
— X R _X m H
m m

where the second term accounts for the mismatch of domains. Expanding the integral of the first
term in detail, we obtain

1ot

’
X's X5 3
H mR N mm

2
= X — X, (s, u))’ d
L2((0,tm /7)) /[o,f;ﬂ] (X (sm) = X, (sppu))”

@

< A% / (spu— s, u)’ du (33)
[0, 2]

_A2 tgn( _/)2
X32 R Sm)

17
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where the inequality is derived by the Lipschitz property of Xg,. For the second term (ii), we
denote the maximum value of X, by max(Xg, ), then the integral result is obtained by evaluating
the mismatch area,

2

> t t max(X)t
Sm < X Zmo_ Zm e AN m _ 4 . 34
H L2([tm /s tm/sR]) max(X) (SR s;n) sh.SR (57 = i) (34

(ii)

When t,, is sufficiently large such that s/2 > s% /2, then the above inequalities becomes

HX'sn, _X/E;H. 2 < A2 4t$n, ( _ S/2)2
m N2 (0tsm) T X 27sE R Tm
@
35
HX 4max(X)t,, (52 _5,2) 35)
L2([0itm /8, )/ 0tm /sr]) — 35 fomle

(ii)

Similarly, to offset the effect of ¢, in the numerator, we impose the condition £ — 1 > 1 of the
inequality 2] Combining this with the previous results, we obtain

m

. -

1
2 /SR

( stm])
[ 4 5 ' /4max(X) / ;

< HXR+HL2 [tm o) | Ckm 4max(X) v/Cr,m
= SR 27 4 tk 2 35?1)-3 t(k72)/2'

To simplify the presentation, we replace (k —2)/2 with k¥’ = (k—2)/2, and by applying contraction
tm(k 2) - tm(k 2)/2

, the above result is transformed into

Cr.x + HXR+||L2([tm,+oo))
2=tk VSR ’
where k' > 0 and Cy x = Ax /g Cp + 1/ 2020 Chn.

’ sk ’ 3sp

|xz, - x:.

(37)

E PROOF OF LEMMA 3] AND LEMMA [4; RANDOM GRAPH SEQUENCE

To simplify notation, throughout this part of the proof we write W, W, instead of the full symbols
Wi, W n, and similarly X, X,, for X,,, X,, ,,. The rationale is that when a graph sequence
converges to the graphon and graphon signal, the graphon and signal is considered invariant.

We also write down the constants or values approaching constants generated in the following proofs
of this section as follows, where n is sufficiently large such that ATy, < s2,/2:

C’ 2Aw 2Ax
Cw ="+ 228, Ox ="
v \f&u * \/éfu
o 2VTAwtm o 2
wW,1 = ) w2 = .
V3sh(1+1/v2) 20/ (1+1/V2) V2
25/% At 25/8 max(|X|) (38)
CX,l = 5/2 ) CX,Q =
V3sil2(1+1/v/2) VSR VE+1/v3)
V2 2i
Cs = max{g = 1,

Cwys = CW,IATl}V/f +Cwp2 — Cwp, Cxs= C’X,1ATV1V/n2 +Cx2 — Cxp2.

18
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1
Cs = max{?, %} is constant about W, Cyy s = C’W@ATI}V/f +Cwoand Cx s = CXJATI}V{? +
Cx 2 converge to constants Cyy,2 and C'x o as n increases.

E.1 PROOF OF LEMMA[4l CLASSICAL FORM

Lemma 4. (Convergence to Classical Graphon)

Consider the classical graphon and signal (W,,, X,,), and the induced graphon and signal

(W nns Xm.n) sampled from them. For any v > 0, assume n is large enough such that n™" < ey,
there exists a constant C,, such that

Cw Cx
ATw < Yt AX, < =X
Wn ="n NG

with probability at least (1 — €,)(1 — €), where €, €, € (0, 1) are related to the Uniform sampling

and Bernoulli sampling, Cyy = tc” + \2/%:" and Cx = \2/%:( are constants about W,, and X,,.

m

tm (39)

Under the classical graphon form, as the graph size increases, the random graphs converge to the
limit W,,, X, at the rate of O(1/n'/?). However, when W,,, diminishes due to sparsity, the full
random graph sequence converges to the trivial zero limit.

For the graph topological sampling process, modeled as W ~ P,, ~ W, where P,, is the induced
graphon of the probability matrix. The procedure involves two steps: first, a probability matrix P,
is sampled from W; second, an adjacency matrix S,, is sampled from the probability matrix. In the
graph signal sampling process, where X ~ X, the discrepancy arises due to uniform sampling.
Accordingly, the difference can be decomposed into two components:

* Uniform Sampling: HX fyn|

2° W - ﬁn”m'

* Bernoulli Sampling: ||Pn — W"Hz,z'

As the graph size n increases, the graph and graph signal converge to the corresponding graphon and
graphon signal. As we do not consider the effect of different vertex permutations of the same graph,
we assume that the vertices are ordered according to their latent features, such that u; < ug < ... <
uy. To provide a clear exposition, we decompose the conclusion of Lemma ] into two components:
convergence of graph signals[E.T.2]and convergence of graph structures[E.1.3]

Notably, Wg, and Xg_ satisfy the Ay -Lipschitz and Ax-Lipschitz properties. In contrast, W,
and X,,, being derived through stretching, satisfy the corresponding ¢,, Ay -Lipschitz and ¢,,, A x -
Lipschitz properties.

E.1.1 NORMALIZATION OF CLASSICAL INDUCING

Lemma 5. Let (W,,, X,,) be the induced form of value-unbounded graph matrix S,, (S,, € R"*")
and node features x,,. Then it holds

Ll

e n|l2

*/? (40)
Hwnuz,z ~n ||S”H2.,2'

1%l =

Proof. For the L?-norm property between X ,, and ,,,

.2 ) LA B
%l = [ Friu=3 Kot
) i=1
n (41)
=S a2 () = a2
n n
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For the operator norm property, according to the definition of HWn H2 5> We need to calculate the

supremum of % for all X € L%([0, 1]).

_ 2
HTWWXHE B f[O,l} (f[O,l] Wn(u,v)X(u)du) dv

x|z X|2
115 B3E 2 W
Jioy (Xt Wl € Ti,v) f;, X (u)du) do
= 5 )
X115
We construct X,,(u € I;) = n jﬁ u)du, taking the mean of X over each partition I;, where the
length is 1/n. Then the above equallty becomes
2 n o In ~ 2
1T, X, Joo,q (i Walu € Li,0) X (u € 1) /n) " dv
b X|2
_ 11w, Xl
= .
1X1];
Comparing ||Yn||§ and || X |2, we have
X% = / X2(u)du — Z/ X2(u)du
[0,1] i=1 YL
n 2
> Zn( X (u)1(u )du>
i=1 (44)

25 (nf eone)
= %l

2 3
which is derived by the Cauchy-Schwarz inequality with fL 12(u)du = 1/n. Therefore, for any
X € L*([0,1]), it holds

2 - 12

1T, X1, _ [T, Xnll,
S

For each X € L?([0,1]), we can derive a X,, € L?([0,1]) from X to make the above inequality
hold. Then the operator norm becomes

(45)

< 12
T, Xl

B vn il (46)
VX, €L2([0,1]) HXnH2

— 2
Walls,, =

although X, is derived from X, obviously X, can take all possible values within its defined space.
Therefore, X ,, can correspond to every x,, € R™.

T Xalls Sy (i Wa(u € I, )Xo (u € 1) /) do

Xl 111,
Y (T Salisd)a(i) /) /n @7)
I=[3/n
_ 1 ”Snwan
n? aall;

As all x,, € R™ are considered in the above equality, we have

(12 1 H5n93n||§ 1 2
w = ————==—= |5 . (48)
H 774”2,2 Ve, CR™ n2 Hw’n”Q n2 || ﬂ||2,2

20



Under review as a conference paper at ICLR 2026

E.1.2 CLASSICAL SIGNAL CONVERGENCE

Lemma. (Convergence to Graphon Signal)

Consider the graphon signal X,,, generated from Xg, that satisfies AS2, and the induced graphon
signal X ,, ,, sampled from X, then the following holds

(49)

with probability at least 1 — ¢,,.
Proof. The induced graphon signal X, is defined on n equal partitions of [0, 1], denoted by {I;|1 <

i<n}ie I =[=F L)forl <i<n-—1,1I, =[21,1]. Therefore, | X, — X||2 can be divided
into n parts,

—_ 2 n
X0 — X||; = Z/ (X (u) — X (u))*du. (50)
i=1 71
By using Jensen’s inequality and the t,,, A x -Lipschitz property, we have

(E[IX, - X|ls]}* <E[IX. - X|3]

= Y Ug ) — U 2 U
—ﬂ;ﬁﬂnXWd] s
< AL E [Z /11 (u; — u)zdu] .

For the expectation term of the above right side, calculate the integral of w,

n n -3 . 3 .
9 P —(—-1) 2i—1 1,
i—u)dul =E - i+ —u;
;/H(u w)du {Z 3n3 n2 * * n

=1

E

(52)

n

. Z(Zz’ — DE [u;] + % > E[uf].

i=1

|~

1
3

3

According to the order statistic theory over n i.i.d. uniform distributions, the probability density of
u; (1 <14 < n)isBeta(i,n — i + 1) Okoyo|(2016), that is

) 2] B P24+
n+1’ C (n+1D(n+2)
subtitute the above equations into , and calculate the sum,

Z/H(ui —u)Qdu] = 6%. (54)
=1 i

Eombining and , it becomes E [|| X, — X||2] < Afﬁ%”. Using the Markov inequality, we
ave

Efu;] = (53)

E

~ AXtm
Pl|Xn—=X|2>— ) <eu. 55
(17, - x> 228 ) < 69
O

E.1.3 CLASSICAL GRAPHON CONVERGENCE

Lemma 6. |Lei & Rinaldo|(2015) Considering the probability matrix P, and the adjacency matrix
S, sampled from P, for any v > 0, assume n is large enough such that n™" < €, there exists a

constant C,, such that
||Sn - Pn||2,2 S Cu\/ﬁ (56)
with probability at least 1 — €y,.
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Lemma. (Convergence to Graphon)

Consider the sparse graphon Wy, generated from Wr__ that satisfies AS1, and the induced graphon

W n sampled from W.,,. For any v > 0, assume n is large enough such that n=" < p, there exists
a constant C,, such that

C, 2Awt,
ATy < —=<+
Wn = Vo V6ne,

with probability at least (1 — €,,)(1 — p).

(57)

Proof. Based on the triangle inequality, ATy, can be divided into two parts:

ATy, < W = Pull,, +[[Po = Wall,,- (58)
For HW - P, H 5.+ Using Lemma 1 in|Ji et al.{(2024) without stretching, we have
[W =Py, < [[W = Pul],- (59)

Similar to the proof of Lemma [E.1.2| we first divide ||P,, — W||5 into n? parts, then employ the
t.m Ay -Lipschitz property, it becomes

Hﬁn — WHE = ZZ//H H-(W(W’Uj) — W (u,v))*dudv

i=1 j=1
< Ayt ZZ// (|ui = ul + u; —v])*dudv

i= - Hi X]Ij

. (60)
< A3 2 Z Z // 2(ui — u)? + 2(uj — v)2dudv

i=1 =17 JLxL

= 4A% 12, Z/ (u; — u)’du.
i=1 7L

Using the same conclusion as in the proof of Lemma|E.1.2) we have E [Hﬁn — VVH2 2] < 2‘:1/"6‘{7’;’” .
Then with probability at least (1 — €,,), it holds

2 A tm

6ne,

Hﬁ" o WH2,2 < (61)

For Hﬁn — WnH2 5> combining Lemma |5| and Lemma @ then for any v > 0, assume n is large
enough such that n=" < p, there exists a constant C',, such that

Cy

Hﬁ" _W”HQ,Q = %’ (62)
with probability at least 1 — €. O
E.2 PROOF OF LEMMA[3} STRETCHED FORM
E.2.1 BOUND OF STRETCHING COEFFICIENTS
Lemma 7. (Convergence of Stretching Coefficients)
For the L*-norm of graphon W,,, and the induced graphon W ,, , it holds
IWonlls = [Wonnll| < ATw,. (63)
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Proof.

(Wali — [Wh| = / W dudv —/ W dudv
[0,1]? [0,1]

= / (W, = W) 1(u)dul(v)dv
[0,1] J[0,1]

(64)

IN

11(0)]l

2

/ (W, = W) 1(u)du
(0,1]

W = W], 11(w)]|2
= HW" - WHz,z :

IN

The first inequality is derived from the Cauchy-Schwarz inequality, taking |, [0,1] (Wn — W) 1(u)du
as a function of v, and the second inequality is based on the definition of the operator norm. O

That is |s2 - st| < ATy, for stretching coefficients. When n is sufficiently such that ATy, <

52 /2, we have
2

< 5

(65)

V2]
:w"‘

S

E.2.2 STRETCHING EFFECTS ON GRAPHON AND SIGNAL

Lemma 8. Let (W3, X®¥) be the stretched graphon and graphon signal of value-unbounded clas-
sical graphon W and classical graphon signal X, then it holds
1
— X1l
Ve (66)

1
W, = — W
Sy

X, =

2,2

with non-specific stretching coefficient sy € (0, 1].

Proof. For stretched graphon signal X*¥ with non-specific coefficient, consider its L2-norm

X2 = / (X (w))? du = / (X (syw))? du

1[O,Jroo) ) ; [0,1/52] (67)
= [ x)Pdu= xR
Sv J10,1] Sv

For stretched value-unbounded graphon W*¥, since it has all-zero regions where u > 1/sy or v >
1/sy, for any Xr, € L*(R), we can find a corresponding stretched signal satisfying X ¥ (u) =
X (u) onu < 1/sy such that

2 2 2 2
HTWEVXR+||2 = HTWGV‘XBV”Q? ||XR+||2 Z ||X5V||2' (68)
Therefore, the operator norm can be transformed to
2 s 112
w2 _ HTWEVXRJrHQ _ . | Tyw=v X2 |5
W 2,2 = 2 a2
VXr, €L2(Ry) HXR+ HQ vxeveL2(Ry) || XV, (69)
[T XI5

VX EL2([0,1]) HXWH;

Although X*¥ is constructed from X € L2(]0, 1]), the function class X*V lies in L?([0, +00)) can
still represent all square-integrable functions supported on the interval [0, 1/sv].
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For the numerator, we consider the following:
2
[ Twew X573 = / / W (u,v) X (u)du | dv
[0,1/sv] [0,1/sv]

3 2
= (1) / ( W(um)X(u)du) dv (70)
Sv [0,1] [0,1]
1 3
= () 1mexs.
Sy

For the denominator, we have || X °¥ ||§ = i I X Hg Substituting the above results into Eq.( @i we
obtain

) 1 ITwX|l5 1
W5 = = sup o |12 (71)
syvxerz(o.1) [ X3 5y

O

Lemma 9. Consider different stretching coefficients sg,s1 € (0, 1], applied to the same classi-
cal graphon W with signal X, respectively. Assume ’sl — 50‘ < s3/2 (s0, 81 corresponding to
S, Sm,n), then it holds
S0 51 — 2 2 1/2

HX - X ||2 —CXJ |50*51|+CX72|50751| 72)
1/2
[Wee — we ||2,2 =Cwy ’38 - 3%’ + Cw,2 }30 - 51‘ /
where C'x 1,Cx 2 and Cw,1,Cyw,2 are constants about graphon signal X and graphon W, de-
scribed in the following proof.

Proof. Apply different non-specific stretching coefficients sg, s1 € (0, 1] to the same graphon sig-
nal X,,, which satisfies Axt,,-Lipschitz. Using Lemma (8] the difference between X*° and X*!
becomes

X% — X5, = HX x| (73)

where X is stretched by the coefficient s' = s, /s, that is X* (u) = X (s'u) foru € [0,1/s'].

To compare the difference between X € L2([0,1]2) and X supported on [0,1/s'], we need to
discuss the effective integral area case-by-case:

Casel: 1/s' <1,
{Case 2: 1/¢ > 1. 74
Case 1: When 1/s" <1, expands to
2
!’ 2 !’ 2
HX—X5 :/ <X(u)—X5 (u)) du + X2 (u)du .
2 Jo, 4 [Z.1] (75)

[6) (i)

The first part (i) represents the signal value difference, while the second part (ii) captures the area
difference.

For the first part (i), using the Lipschitz-property, we have

(i):/[ K (X (u) — X(s'w))” du

A2, (12
38'3

(76)
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For the second part (ii), the values of X? in [é, 1] is bounded by max(X?). Therefore, we can
directly calculate the area

1
(i) = X?(u)du < max(X?) (1 - s’) . (77)
(1]
Combining the results of (i) and (ii), we have
2 A2, (1—s')? 1
HX_X5 §M+max(X2) 1— =
2 REL s (78)
A2 2 1—¢ 2 1
S M_’_max(XQ) 1— =1,
s

where the second inequality is derived by 1/s” < 1.

Case 2: When 1/s' > 1, HX —x*

expands to
2

/112 ’ 2 ’2
HX - X :/ (X(u) - X° (u)) du+/ X* (uw)du.
2 Joy [1,%5] (79)
—_——
@) (i)
Following a similar process to the above, we have
A242.(1—
(i)S/ A2 (u— ) du = Axlm(L= )
3
10411 (80)
1 1
- 2 2
(i) < max(X*) (s’ - 1) = max(X*) 7 1‘ .
Combining the above two inequalities, we obtain
2 A242 (1 — )2 1
HXsz < Merax(XQ) — -1, (81)
2 3 s’
The results of case 1 and case 2 share the same form, then we prove the final conclusion
X = Xy = o
1 AXtﬂ’L 1 S0 1/2
< — + max(|X]) |1 — — 82
Axtp _ omax(|X])

2 2|1/2

f83/2(30+s1)| _81| YV SoS1 (so + s1) |O

When |s7 — s3| < s3/2 for stretching coefficients, we have 2 =< 9% The above inequality becomes

Axt (1X
300 Xy € g o st [
V3sy " (s0 + s1) V/s081(s0 + 51) (83)
1/2
<Cx, |sg — sf’ +Cxo |50 — 51| /
where Cx | = ——saXtn_— Cx max (X)) are constans about X and the stretchin
BT VESPar/ve) T VA vR) :

coefficient sg.

Apply the two different non-specific stretching coefficients sg, s; € (0, 1] to the same graphon W,
which satisfies Aw t,,,-Lipschitz, then consider the difference [[W=° — W=1[, ,, by Lemma and
Lemma 1 infJ1 et al.| (2024), it becomes

; (84)

1 /

[[Weo —Ww*r|,, < —||W —W?*
2,2 s

0 2
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where W¢' is stretched based on the coefficient s’ = sy /so, that is W* (u,v) = W (s'u, s'v) for
(u,v) € [0,1/s']?. Similarly, we analyze the difference under two distinct cases: 1/s’ g 1or
1/¢' > 1.

expands to

//0 1 - W (u, U))Zdudv)

0]

// W2 (u,v)dudv .
0,1]2—[0, %2

/

HW—W5

(85)

(i)
The value of W in (ii) is bounded by 1. Following the same process used previously, we obtain
: 2 _ TAR (=82
(1)§A tz (15 (u+v) 2 dudv —
[0, 22 Gs

86
) 1 (86)
(i) < ldudv=1- —.
(0,1]2~[0,7]? §
Combining the above, we have the following:
A2 2 1—¢ 2 1
) + (i) < “Awim(L =57 (1 - )
65/4 /2
87
TAZ 2 (1 — )2 ‘ ®7
<—————+|1- =,
6 g2
where the second inequality is derived by 1/s" < 1.
Case 2: When 1/s" > 1, HW —we expands to
2
HW—W5 // —we (u,v)) dudv
[0,1]2
@ (88)

2
+// W= (u,v)dudv .
[Ovﬁ]Q_m:lP

(i)

Similarly, the value of W#" is bounded by Aw (1 — s). Then use the Lipschitz property to calculate
(i), and use the value bound to calculate (ii):

A2 42 (1 — )2
(i)SA%thn(l—S’)z// (u + v)? dudv = M
[0,1]2

. (89)
(ll)<// ldudv:fQ—l.
0,%]2—[0,1]2 §
Combining the above, we have the following.
TAZ 12 (1 — §')? 1
)+ (i) < Awln(L=5)" ‘ . (90)
6 8’2
Since results of case 1 and case 2 share the same form, we obtain
1 /
W =W gy < — W -
’ EN) 2
1 [ [742,2, , 1|2
8()( 6 ‘1—8‘-1—1—87 91)
\ﬁAth 2 2 1 2 211/2
_\/62 |50*51}+—|50781| .
sg(so + s1) s04/s1(s0 + s1)
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When |s? — s2| < s / 2 for stretching coefficients, we have % < 2. The above inequality becomes
1750 0 25 y

1/2

W — Wy, < Cwa |5 — 57| + Cwia |s§ — 57| (92)

— _ VTAwtm -1 .
where Cyp = Tos3(141/73) ,Cwpo = EN REYNoY are constants about IV and the stretching
coefficient s. O]

E.2.3 STRETCHED GRAPH SEQUENCE CONVERGENCE (PROOF OF LEMMA[3)

For better distinction, we use s and s,, to denote different stretching coefficients of W and W ,,. The
differences of stretched graphons and stretched signals are derived by

Tr79n 5 9N
e
N — )
[ ——
()
b
) ©3)
~9 ~5n
ol e o3
—_—

@ )

where W*~ and X*~ are generalized stretched forms of W and X with coefficient s,,. Assume n
is sufficiently large such that ’s — 52 | < s%/2in Lemma | then applying the above Lemma and
Lemma[9] we obtain

HWS _WZ 1/2
2,2

< Cw;, |s§ - 5%’ + Cwpo ’SO - sl| SLATWn
n

(a) (b)

1/2 V2

< OWlATW +CW2AT p ATW,I,;

(94)

<=5

1

<C s2 — g2 C s2 — g2 1/2 AX
5 = X,1|0 1|+ X,2|0 1| JF\/g n
(a) W_‘(b)

|-~

1

9%
< Cx 1 ATw, + CX,2AT1}V/TL2 + éAXn.

For simplicity, we leverage C, to represent the larger value of ‘f and 2% that is

f’

Sn

HWE W

< CoATw, + Cws ATy,
? (95)

5

HXs ~Xo|| < coax, + ox.aT?,

where C; = max{f 24} is constant about W, Cy s = C’WlAT‘}V/ + Cwyz and Cx s =

1
Cx 1AT; /2 + C'x o converge to constants Cyy o and Cx o as n increases.
, Wi ; ) )

F PROOF OF LEMMA [I] AND THEOREM [I2} FILTER AND SWNN

Since we have already established the convergence of sparse graph models with respect to both the
stretched graphon and the stretched signal, it follows that when the difference between filters (or
SWNN outputs) is bounded by the differences of the underlying graphons and signals, the conver-
gence of the filters and the SWNN naturally holds as well.

F.1 GRAPH CONVOLUTIONAL NETWORKS

Through the neighborhood structure defined by the graph topology, graph convolution allows each
node to aggregate the features of its neighbors. As a signal processing framework on graphs, a graph

27



Under review as a conference paper at ICLR 2026

convolutional operator (Segarra et al., 2017;Du et al.| 2018 |Gama et al.,|2019) of R order is defined
as

R
h(Sn)Tn =Y heSpan, (96)
r=0

where coefficients h,. are weights of the r-th order convolution, aggregating features of each node’s
r-hop neighborhood.

Let ®(S,,, z,, H) denote GCN with learnable parameters #, and 1-dimension input features ,, for
simplicity. For an L-layers GCN, we denote the input/output feature dimension of each layer [ (1 <
I < L) by F'=Y/F", with corresponding parameters H' e RF'"XF' which implies the relationship
between input features and output features. For each layer [, the aggregation and propagation process
can be expressed in channel-wise form (Ruiz et al., 20205 2021b; |[2023)):
Fi,
Tp =0 Z h’fl—l»fl(s'n«)mfl—l : €0
fi—1=1

The activation function is denoted as o(-). The learnable parameters H'(f;_1, a are maintained

in the weights of convolutional operators hy, ., 7,(-) = H'(fi_1, fi)h(-) in Eq.([96), which is fixed
during convergence and transferability.

F.2 DIFFERENCE BOUND OF FILTER OUTPUTS

Lemma 10. (Difference Bound of Filter Outputs)
Let h(-) denote the convolutional filter, applied to stretched graphons with signals (W, X7) and
(W3, X3), it holds

[R(WT)XT — h(W3) X3 Iy < Cn (ATws || X7, + AX7), (98)
where C}, is a constant related to the filter h(-) described in

Proof. (Proof of Lemma[10])

Using the triangle inequality, the filter convergence error is divided into two parts:
[R(W)XT — h(W3) X5,
< JRWT) = h(W3) Iy o XTIy + (W)l o AXT . (99)

(@) (b)
Parts (a) and (b) represent the operator difference and the signal difference, respectively.

Before proceeding to further analysis, we first consider the simplest case, namely the 1-order shift
operator Tyys. For any stretched graphon W*, its L!-norm is equal to 1, i.e. ||[W?*||; = 1, then we

have
e, [ [ v Rdud
’ [0,+00)?

gmax(Wﬁ)// W2 dudv
[0,400)?

= [[W?]l, =1,
the first inequality is derived by Lemma 1 in J1 et al.| (2024). Recursively, we can derive the bound
for the r-order operator, which is also valid for W3, that is

HT@ <1 (101)

2,2

(100)

For part (a), we expand of the difference operator norm:

S (1) - 1)

r=0

R
<D he
r=0

[PWT) = h(W3)llg,5 =

2,2 (102)

)

2,2

)

T — T

2
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the Cauchy-Schwarz inequality is used to derive the inequality. For the r-order shift operator, we
have

() _ )

| -7t

2,2
_ (r=1) _ qlr—1) i
- HTWs (Tws - TWs ) - (TWf - TW5) TW25 H2A2

(103)
< | -y 1)H + 1 Twe = Twg [l
<7 || Twe — Tiwg 2,2
Substituting the above into the expression([I02)), we obtain
R
IR(WF) = B(W3)|l5.5 < (Zh r) ATyys. (104)
r=0

For part (b), based on the properties of inequality( [TOI)), we can derive:

L < Zh (105)

By setting the constant C}, := max(z o Pt ZT o hr), we complete the proof.

IR(W3)ll,.o < Zh

F.3 DIFFERENCE BOUND OF SWNN OUTPUTS

Proof. To distinguish between signals from different layers, we denote the output features of the
I-th layer by X7, , and X%, ,, belonging to ®(W7, X7, H) and ®(W3, X3, H) respectively.

We analyze the SWNNs difference A®® from the last layer,
2
@0 = 35 X5, - Xl (106)
fr=1

According to the aggregation and propagation process of SWNNSs, the output features can be ex-
panded as

Fr 1
X;LJ =0 Z hfL—l,fL(Wlﬁ)X?L,l,l )
fr—1
(107)
Fr 1
X}JL72 =0 Z hfL—l,fL (W25)X?L,1,2
fr—1

Because the activation functions are normalized Lipschitz, that is |o(a) — o(b)| < |a — b|, we derive
the above

Fr_1 Fi_y
HX;L’l B X;L"QHQ = Z hfolafL(Wls)X;L—l,l - Z hfL—l»fL (WQS)X;L—LQ
fL—l fL—l )
Fr_1
< Z thL—lafL(Wls)X;Lfl,l - hfol’fL(W;)XJscL71,2H2 (108)
fr—1
o SN A Y R

L 1

The second inequality is derived from the Cauchy-Schwarz inequality, and the third inequality is
derived by Lemma The constant C'3; is the maximum of all channel-wise filters C}, "

which in turn depends on H.

—1:f1?

29



Under review as a conference paper at ICLR 2026

Using the assumption about the activation function o(-), we get |o(z)| = |o(z) — 0] = |o(z) —
o(0)| < |z — 0] = [z[, then || X}, | ,[|> can be derived by

Fr_o
Z h’fL—Z;fL—l (Wls)X?szJ
fr—2 2
Fr_2
> Cuf[xg ],
Jrs (109)

L—2 Fo
H Ol Z HXJs“o,le
=1 fo

L—2
Fo=1
= 1 onrmlxil,-
1=0
The second inequality is derived by considering the operator norm of filters in Lemma [I0] and the

third inequality is obtained by calculating recursively. Substituting the inequality( [I09) into the
above result({108)), we have

IN

Xpusa
H fr—1,1 9

IN

IN

L-1 Fr_1
H‘X?u1 - XJE’LQHQ = <H C'H-Fl> ATy X15||2 +Cn Z HX.}SCL—hl - X?L—172’ 9’ (110)
=0

L—-1

expanded recursively, we have

L—1 Fy
X5, 4= X3 ol < L (H chz) Aiws X8+ C5 S5 X0~ Xl
1=0 fo

For simplicity, we have set Fy = 1 and F, = 1, then it holds
(WY, X5, H) — (W3, X3, H)||, < C(H) (ATw- || X7, + AX?), (112)
where C(H) := max(C1(H),C2(H)), C1(H) = L ( lL;Ol C%Fl) and Cy(H) = Ck, are con-
stants about the model parameters H.
O

F.4 CONVERGENCE AND TRANSFERABILITY OF SWNNSs

Theorem 2 (Convergence of SWNNs). Consider an L-layer SWNN with learned parameters H,
denoted by (W=, X*,H), where Fy = Fy = 1 for simplicity. Under assumptions from ASI to
AS3, and conditions on truncation length t,,, and graph size n in Lemma[2] Lemmal[3} and Lemma]
then for any k' > 0, it holds that

G XR 2 00 m m
AP gc(a)( B 1 e, o ”) +C(H) <C 1, C ’2). (113)

m,n k' 1/4 1/2 1/4
t W, [l nt/2 - nl/

with probability at least (1 — €,)(1 — €,). Here, C(H) depends on H, Cr, = Crr.w HXD%Jr H +
2
Crr %2 O = Cotm(Cw | X7, ]l + Cx). Oz = (Cwtin) /2 (Cwis [1X3 ]I, + Cix.).

Based on Theorem 2] we also prove Theorem [I|through a triangle inequality.

Proof. According to the sampling process of the sparse graph model, i.e. Wg, ~ W, ~ Wnns

the same for Xg, ~ X, ~ Ym,n, the convergence error of graph sequences is divided into two
parts:

5 =5 ‘

Overall Error: A®;, | = H@(Wm,me,n,’H) - O(Wg,, Xz, H)

)
2

A®;, = | e(ws, Xz, 1) - @(W2, X2 1) (114)
A(I)i = ‘ (I)(an,n’yfn,n’%) - q)(WriersnaH) ‘2
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These two parts are divided by the triangle inequality, thatis A®7 , < A®7 + AP7. Then based
on Lemmal[l} we have

m,n m

ADE < O(H) (ATW;L Hxﬂg+ H2 FAXS ) +O(H) (ATws | X35 ]l, + AXS), (115

. Let’s review the above results of

where ATy s = HW]§+ - W
" 2

Lemma[2] Lemma4] and Lemma

and AX?S, = Hxﬂg+ e

Chr
ATW% < :k'/w,

Chr " HXR-%— ” 2
LIPS k', X L=([tm,+o0))
AXp < = + N : (116)

{ATWS < CoATw, + Cw o ATy, {ATWH < Tt

AX5 < CAX, + Cx AT, AXp < Kt

Continuing the conditions and probabilities of these lemmas and substitute them into the above
formula, we obtain

. Cr.w HXHSéJr , T Crvx || Xr, HLZ([tm,+oo))
AP}, < C(H) o NG
¥ 7 (117)
Cstm(Cw || X5l + Cx)  (Cwtm)?(Cwis || X515 + Cwis)
+ C(%) ( TLI/Q + n1/4 ’
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