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Abstract

Goal-oriented Reinforcement Learning, where the
agent needs to reach the goal state while simul-
taneously minimizing the cost, has received sig-
nificant attention in real-world applications. Its
theoretical formulation, stochastic shortest path
(SSP), has been intensively researched in the on-
line setting. Nevertheless, it remains understud-
ied when such an online interaction is prohibited
and only historical data is provided. In this pa-
per, we consider the offline stochastic shortest path
problem when the state space and the action space
are finite. We design the simple value iteration-
based algorithms for tackling both offline policy
evaluation (OPE) and offline policy learning tasks.
Notably, our analysis of these simple algorithms
yields strong instance-dependent bounds which can
imply worst-case bounds that are near-minimax op-
timal. We hope our study could help illuminate the
fundamental statistical limits of the offline SSP
problem and motivate further studies beyond the
scope of current consideration.

1 INTRODUCTION

Goal-oriented reinforcement learning aims at entering a goal
state while minimizing its expected cumulative cost. The
interplay between the agent and the environment keeps con-
tinuing when the target/goal state is not reached and this
causes trajectories to have variable lengths among differ-
ent trials, which makes it different from (or arguably more
challenging than) the finite-horizon RL. In particular, this
setting naturally subsumes the infinite-horizon ~y-discounted
case as one can make up a “ghost” goal state g and set 1 —~
probability to enter g at each timestep for the latter.

“Equal contribution.

The goal-oriented RL covers many popular reinforcement
learning tasks, such as navigation problems (e.g., Mujoco
mazes), Atari games (e.g. breakout) and Solving Rubik’s
cube [Akkaya et al., 2019] (also see Figure 1 for more ex-
amples). Parallel to its empirical popularity, the theoretical
formulation, stochastic shortest path (SSP), has been stud-
ied from the control perspective (i.e. with known transition)
since Bertsekas and Tsitsiklis [1991]. Recently, there is a
surge of studying SSP from the data-driven aspects (i.e.
with unknown transition) and existing literatures formulate
SSP into the online reinforcement learning framework [Tar-
bouriech et al., 2020, Rosenberg et al., 2020, Cohen et al.,
2021, Chen and Luo, 2021, Tarbouriech et al., 2021]. On
the other hand, there exists no literature (to the best of our
knowledge) formally study the offfine behavior of stochastic
shortest path problem.

Figure 1: Examples of Goal-oriented RL tasks in OpenAl-
Gym environment. The robot can be asked to move-fetch to
a position, orient a block or play with a pen.

In this paper, we study the offline counterpart of the stochas-
tic shortest path (SSP) problem. Unlike its online version,
we have no access to further explore new strategies (policies)
and the data provided are historical trajectories. The goal is
to come up with a cost-minimizing policy that can enter the
goal state (policy learning) or to evaluate the performance
of a target policy (policy evaluation).

Why should we study offline SSP?  Online SSP provides
a suitable learning framework for goal-oriented tasks with
cheap experiments (e.g. Atari games). However, real-world
applications usually have high-stake experiments which
makes online interactions infeasible. For instance, in the
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application of logistic transportation, goods need to be deliv-
ered to their destinations. How to minimize the transporta-
tion cost should be decided/learned beforehand using the
logged data. In the aircraft planning, changing flight routes
instantaneously could be dangerous and designing routes
based on history records is more appropriate for optimizing
flying operation budget. In those scenarios, offfine SSP suf-
fices for treating the practical challenges as it only learns
from historical data.

Our contributions. In this paper, we provide the first sys-
tematic study of the offline stochastic shortest path problem,
and consider both offline policy evaluation (OPE) and offline
policy learning tasks. As an initial attempt, we design the
simple value iteration-based algorithms to tackle the prob-
lems and obtain strong statistical guarantees. Concretely,
our contributions are four folds.

* For the offline policy evaluation task, we design VI-
OPE algorithm (Algorithm 1) under the coverage As-
sumption 2.4. In particular, our algorithm is parameter-
free (requires no knowledge about 77/B™) and fully
executed by the offline data. Theorem 3.1 provides
the first statistical guarantee for offline SSP evaluation
and nearly matches the statistical efficiency of its finite
horizon counterpart (see discussion in Section 3);

For the offline learning task, we propose pessimism-
based algorithm PVI-SSP (Algorithm 2) under the As-
sumption 2.5 and 2.6. Our result (Theorem 4.1) has
several merits: it is instance-dependent (as opposed to
the worst-case guarantees in the existing online SSP
works), enjoys faster O(1/n) convergence when the
system is deterministic, and is also minimax-rate opti-
mal. We believe Theorem 4.1 is (in general) unimprov-
able for the current tabular setting.

To understand the statistical limit of offline SSP, we
SC*) (The-

n
orem 5.1) under the marginal coverage concentrabil-

prove the minimax lower bound Q(B,

ity maxXs q 59 w < C*. Our Theorem 4.1 can

(s,a)

match this rate (up to the logarithmic factor).

Along the way for solving the problem, we high-
light two new technical observations: Lemma 6.1 and
Lemma 6.3. The first one depicts the connection be-
tween the expected time 7' and marginal coverage
d™ (s, a). As aresult, we can express our result without

using 7™ but the ratio-based quantity Zzgzzg, which
matches the flavor of previous finite-horizon RL stud-
ies (also see Remark 6.2). The second one is a general
dependence improvement lemma that works with arbi-
trary policy m and is the key for guaranteeing minimax
optimal rate (also see Remark 6.4). Both Lemmas are

general and may be of independent interest.

1.1 RELATED WORKS.

Stochastic shortest path itself is a broad topic and we are
not aiming for the exhaustive review. Here we discuss two
aspects that are most relevant to us.

Online SSP. Previous literatures intensively focus on the
online aspect of SSP learning. Earlier works consider two
types of problems: online shortest path routing problem
with deterministic dynamics, which can be solved using the
combinatorial bandit technique (e.g. Gyorgy et al. [2007],
Talebi et al. [2017]); or SSP with stochastic transitions but
adversarial feedbacks [Neu et al., 2012, Zimin and Neu,
2013, Rosenberg and Mansour, 2019, Chen and Luo, 2021,
Chen et al., 2021b]. Recently, Tarbouriech et al. [2020]
starts investigating general online SSP learning problem
and introduce the UC-SSP algorithm to first achieve the
no-regret bound O(DSvVADK).! Rosenberg et al. [2020]
improves this result to O(B,SvAK) via a UCRL2-style
algorithm with Bernstein-type bonus for exploration. Later,
Cohen et al. [2021] eventually achieves the minimax rate
O(ByxVSAK) by a reduction from SSP to finite-horizon
MDP. However, the reduction technique requires the knowl-
edge of B, and T),. Most recently, Tarbouriech et al. [2021]
proposes EB-SSP which recovers the minimax rate but gets
rid of the parameter knowledge (parameter-free). When the
parameters are known, their results can be horizon-free.

Other than the general tabular SSP learning, there are also
other threads, e.g. Linear MDPs [Min et al., 2021, Vial et al.,
2021, Chen et al., 2021a] and posterior sampling [Jafarnia-
Jahromi et al., 2021]. Nevertheless, no analysis has been
conducted for offline SSP yet.

Offline tabular RL. In the offline RL regime, there are
fruitful results under different type of assumptions. Yin
et al. [2021] first achieves the minimax rate O(\/H?3 /nd.,)
for non-stationary MDP with the strong uniform cov-
erage assumption. Ren et al. [2021] improves the re-
sult to O(\/H?/nd,,) for the stationary MDP setting.
Later, Rashidinejad et al. [2021], Xie et al. [2021], Li
et al. [2022] use the weaker single concentrability as-
sumption and achieve the minimax rate O/ H3SC* /n (or
0+/(1 —~)~35C*/n). Recently, this is further subsumed
by the tighter instance-dependent result [Yin and Wang,
2021]. For offline policy evaluation (OPE) task, statisti-
cal efficiency has been achieved in tabular [Yin and Wang,
2020], linear [Duan et al., 2020] and differentiable function
approximation settings [Zhang et al., 2022].

"Here the diameter of SSP is defined as D :=
maxses minger T, and by Lemma 2 of Tarbouriech et al. [2020]
By = ||[V*||o < CmaxD. In this paper, we consider the depen-
dence on B, only since our cmax = 1 and this implies B, < D.



2 PROBLEM SETUP

Stochastic Shortest Path. An SSP problem consists of
a Markov decision process (MDP) together with an initial
state sinit and an extra goal state g and it is denoted by
the tuple M := (S, A, P, ¢, Snit, g). In particular, we de-
note S’ := S U {g}. Each state-action pair (s, a) incurs a
bounded random cost (within [0, 1]) drawn i.i.d. from a dis-
tribution with expectation ¢(s, a) and will transition to the
next state s’ € S’ according to the probability distribution
P(-|s,a). Here 3,5 P (s' | s,a) = 1. The goal state g
is a termination state with absorbing property and has cost
zero (i.e. P(glg,a) =1,¢(g,a) = 0forall a € A).

The optimal behavior of the agent is characterized by a
stationary, deterministic and proper policy that minimizes
the expected total cost of reaching the goal state from any
state 5. A stationary policy 7 : S — A is a mapping
from state s to a probability distribution over action space
A, here A is the set of probability distributions over A.
The definition of proper policy is defined as follows.

Definition 2.1 (Proper policies). A policy 7 is proper if
playing © reaches the goal state with probability 1 when
starting from any state. A policy is improper if it is not
proper. Denote the set of proper policies as 11,,qp,.

Value and @)-functions in SSP.  Any policy 7 induces a
cost-to-go value function V™ : S — [0, co] defined as

T
V7™(s):= lim E” lz c(se,at)|so = 51 , VseS

T—00
t=0

and the Q-function is defined as Vs,a € S x A,

T
E c(8t,at)|s0 = s,a0 = af ,

t=0

Q" (s,a) := hm E™

where the expectation is taking w.r.t. the random trajectory
of states generated by executing 7 and transitioning accord-
ing to P. Also, we denote 77 := limp_, ]E[Z?ZO 1[s; #
gllso = s] = E>_;2y1[st # g]lso = s] to be the ex-
pected time that 7 takes to enter g starting from s. By Def-
inition 2.1, 7 is proper if T < oo for all s, and improper
if TT = oo for some state s. Moreover, by definition it fol-
lows V7 (g) = Q™ (s, a) = 0 for all 7 and action a. The next
proposition is the Bellman equation for the SSP problem.

Proposition 2.2 (Bellman equations for SSP problem [Bert-
sekas and Tsitsiklis, 1991]). Suppose there exists at least
one proper policy and that for every improper policy 7' there
exists at least one state s € S such that V™ (s) = +oo.
Then the optimal policy T* is stationary, deterministic, and
proper. Moreover, V* = V™ is the unique solution of the
equation V* = LV*, where

LV (s) :=min{c(s,a) + PoaV} YV € RS

Similarly, for a proper policy w, V™ is the unique solu-
tion of V" = LTV with LTV (5) := Eqr(.|s)lc(s, a) +
P, V], YV € RS, Furthermore, it holds

Q*(s,a) = c(s,a) + Ps o V*, V*(s) = man (s,a),

acA

Q" (s,a) = c(s,a) + Ps o V", V" (5) = Eqmr(s) [Q”(s71a)].

We use 17 to denote the expected arriving time when cou-
pled with the optimal policy 7* and the proof of Proposi-
tion 2.2 can be found in Appendix A.

The Offline SSP task. The goal of offline SSP is to reach
the goal state but also minimize the cost using offline data
D= {(56),(18),681),5% ) )}z 1,....n» Which is col-
lected by a proper (possibly stochastlc) behavior policy pu.
The optimal policy is a proper policy 7* (the existence of
m* is guaranteed by the Proposition 2.2) which minimizes
the value function for all states, i.e.,

*(s) = VT 2
7"(s) = arg o (). )
The final learning objective is to come up with a (proper)
policy 7 using D such that the suboptimality gap V'™ (Sinit) —
V*(sinit) < € for a given accuracy € > 0.

Some Notations. In the paper, we may abuse the nota-
tion V* with V™', and define B, := max, {V*(s)}. In
addition, we denote ] (s, a) to be the marginal state-action
occupancy at time step i under the policy 7 and £f (s) the
marginal state occupancy at time h. Furthermore, we define
the marginal coverage d™ as (given the initial state is sjj():

a) = € (s.a),
h=0

Remark 2.3. The notation of marginal coverage mirrors
the marginal state-action occupancy in the infinite horizon
v-discounted setting but without normalization. Therefore,
it is likely that d"™(s,a) > 1 (or even oo) for the offline
SSP problem. Nevertheless, the key Lemma 6.1 guarantees
d™ (s, a) is finite when w is a proper policy. This feature
helps formalize the following assumptions in offline SSP.

Vs,ae S x A 3)

2.1 ASSUMPTIONS

Offline learning/evaluation in SSP is impossible without
assumptions. We now present three required assumptions.

Assumption 2.4 (offline policy evaluation (OPE)). We
assume both the target policy m and behavior policy p
are proper. In this case, we have 1l,.,, # (. More-
over, we assume behavior policy | can cover the explo-
ration (state-action) space of w, i.e. Vs,a € S X A s.t.
di(s,a) = Y320 &F <(s,a) > 0, it implies d5(s,a) =



Sreo 5,‘2‘)5(8, a) > 0, where dZ (s, a) is the marginal cov-
erage and & (s, a) the marginal state-action occupancy
given the initial state s. In particular, when § = S, we
suppress the subscript and use d™, &, only.

There are two remarks that are in order.

Assumption 2.4 requires that the behavior policy p can
explore all the state-action locations that are explored by 7
and this mirrors the necessary OPE assumption made in the
standard RL setting (e.g. Thomas and Brunskill [2016], Yin
and Wang [2020], Uehara et al. [2020]). Otherwise, policy
evaluation for SSP would incur constant suboptimality gap
even when infinite many trajectories are collected.

Moreover, instead of making assumption only on d¥ ., 2.4
assumes p can cover m when starting from any state 5 (i.e.
dZ > 0 implies d§ > 0 for all 5). This extra requirement
is mild since, by Definition 2.1, a proper policy can reach
goal state g with probability 1 when starting from any state
5. Similarly, we need the assumptions for offline learning
tasks.

Assumption 2.5 (offline policy learning). We assume there
exists a deterministic proper policy and the behavior pol-
icy p is (possible random) proper. Next, by Proposition 2.2,
we know there exists a deterministic optimal proper pol-
icy . We assume behavior policy p can cover the explo-
ration (state-action) space of 7*, i.e. Vs,a € § X A s.t.
dz’ (s,a) == >20° Og};:,(s a) > 0, it implies d%(s,a) =
>oneo & s(s,a) > 0, where dr’ (s, a) and £f (s, a) is the
same notion used in Assumption 2.4. In parncular when
5 = Sini, we suppress the subscript and use d™ fg* only.

2.5 provides the offline learning version of Assumption 2.4.
It echos its offline RL counterpart assumed in Liu et al.
[2019], Yin and Wang [2021], Uehara and Sun [2022]. Sim-
ilar to the offline RL setting (e.g. see Yin and Wang [2021]
for detailed explanations), this assumption is also required
for the tabular offline SSP problem.

Assumption 2.6 (Positive cost [Rosenberg et al., 2020]).
There exists cpin > 0 such that ¢(s,a) > cmin for every

(s,a) € S x A?

This assumption guarantees there is no “free-cost” state.
With 2.6 it holds that any policy does not reach the goal
state has infinite cost, and this certifies the condition in
Proposition 2.2 that for every improper policy 7’ there exists
at least one state s such that V™ (s) = +o0. When ¢y is
0, a simple workaround is to solve a perturbed SSP instance
with all observed costs clipped to ¢ if they are below some
€ > 0, and in this case cyin = € > 0. This will cause only
an additive term of order O(¢) (see Tarbouriech et al. [2020]

“Note this assumption only holds for (s, a) € S x A. For goal
state g, it always has c(g,a) =0 forall a € A.

for online SSP). Therefore, as the first attempt for offline
SSP problem, we stick to this assumption throughout the
paper. Last but not least, Assumption 2.6 is only used in
offline learning problem (Section 4) and our OPE analysis
(Section 3) can work well with zero cost.

3 OFF-POLICY EVALUATION IN SSP

Algorithm 1 VI-OPE (Value Iteration for OPE problem of
Stochastic Shortest Path)

1: Input: eopg, D := {(sg2 ,agz),cl ) (i),.. ()) n.
2: for (s,a,8') € S x Ax S do

32 Setn(s,a)=> 1, ZJT;I ]I(sgl) =s, ag-l) =a).

4:  ifn(s,a) > 0 then

ST 10 =s, oV =a)el?)

5: Calculate ¢(s,a) =

n(s a)
6 ( /|S a) i 2311]1(3 n(_:a)“( '=a, ! Jr1—é )
7:  else R
8: (s, a) < Cmin, P(8']8,a) < I(s" = g).
9: endif
10: ¢ Perturb the estlmatedA transition kernel
1 P(s']s,a) = 2 P(s']s, a) + o9
12: end for

13: © Value Iteration for SSP problem

14: Tnitialize: V(=1 (.) «+ —o0, V(O (.) <~ 0,4 = 0.
15: while |V — V=D > eopg do

16:  for (s,a) € S x Ado

17: QU (s,a) = ¢(s,a) +P§aV(Z
18 VI () = (r(]s), QU (s, )
19: 141+ 1

20:  end for

21: end while
22: Output: VO () € RS, VO (s51).

In this section, we assume that Assumption 2.4 holds and
consider offline policy evaluation (OPE) for the stochastic
shortest path (SSP) problem. Our algorithmic design fol-
lows the natural idea of approximate value iteration [Munos,
2005] and is named VI-OPE (Algorithm 1). Specifically,
VI-OPE approximates (1) by solving the fixed point so-
lution of the empirical Bellman equation associated with
estimated cost ¢ and transition P. One highlight is that we
construct P to be the skewed version of the vanilla empiri-
cal estimation P by injecting m probability to state
g (Line 11 of Algorithm 1). 3 By such a shift, the empirical
Bellman operator 7™ (-) := ¢ 4+ P7(-) becomes a contrac-
tion with rate p := max AT (772%7) < 1 (see Lemma C.1
S79

for details). Hence, contraction mappmg theorem [Diaz and
Margolis, 1968] guarantees the loop (Line15-21) will end
after O(log(eopg)/ log(p)) iterations for any egpg > 0. We

3This treatment is also used in Tarbouriech et al. [2021].



have the following main result for VI-OPE, whose proof
can be found in Appendix F.

Theorem 3.1 (Offline Policy Evaluation in SSP). Denote
dm = min{) ;2 &h(s,a) @ s.t. > e &l(s,a) > 0},
and T[T to be the expected time to hit g when start-
ing from s. Define TT™ = maxsesT™ and the
quantity Tyax = maxepy 1i Then when n >
max{‘w& 64(T™)2 24, O(u/dnm),
we have with probablllty 1 — 6, the output of Algorithm 1
satisfies (1 = O(log(SA/9d)))

|V(i) (Sinit) — V™ (Sinit)|

2Varp, [VT" 4+t  ~ 1 €OPE
<4 g = .
<4 ) d (s,a)\/ (e a) +0(n)+1_p

5,a,5%9g

where the O absorbs Polylog term and higher order terms.

On statistical efficiency. First of all, when VI-OPE
converges exactly (i.e. eopg = 0), the output
VT o= lim;_y oo V@ possesses no optimization er-
ror (i.e. eopp/(1 — p) = 0) and the (non-squared)
statistical rate achieved by VI-OPE is dominated by

o, ,.d"(s,a) %W) As a comparison, for

the well-studied finite-horizon tabular MDP problem, the

VT S (s, el
has been achieved by Yin and Wang [2020], Duan
et al. [2020], Kallus and Uehara [2020] which matches
the previous proven lower bound [Jiang and Li, 2016].
Therefore, it is natural to conjecture that the statisti-
cal lower bound for SSP-OPE problem has the rate

O(\/zs,a dr(s,a)? %) Our simple VI-OPE al-
gorithm nearly matches this conjectured lower bound and
only has the expectation outside of the square root. How
to obtain the Carmer-Rao-style lower bound for SSP OPE
problem and how to close the gap are beyond this initial

attempt. We leave these as the future works.

statistical limit O(

Parameter-free. Different from the standard MDPs (e.g.
finite-horizon, discounted), the SSP formulation generally
has variable horizon length which yields no explicit bound
on ||[V7|| . Consequently, most of the previous literature
that study SSP problem requires the knowledge of ex-
pected running time 77 /T* or B™/B,, the upper bound
on ||[V™| / |IV*|l (e.g. Tarbouriech et al. [2020], Rosenberg
et al. [2020], Cohen et al. [2021], Chen and Luo [2021],
Chen et al. [2021a]). In contrast, VI-OPE is fully parameter-
free as it requires no prior information about neither 7™ nor
BT and the main term of our bound does not explicitly scale
with those parameters. Last but not least, VI-OPE does not
reply on the positive cost Assumption 2.6.

4 OFFLINE LEARNING IN SSP

In this section, we consider the offline policy optimization
problem. Similar to previous work, we assume the knowl-
edge of an upper bound on the B, := ||V*||_, which is
denoted as B. How to deal with the case when B is un-
known is discussed in Section 7.1. Throughout the section,
we suppose Assumption 2.5 and Assumption 2.6 holds.

O(Tax 10g(SA/0)/d2,)}, We introduce our algorithm in Algorithm 2. The main idea

behind the algorithm is the pessimistic update of the value
function via adding a bonus function to V (®). Here the bonus

2¢8(s,a)L T 16B.
n(s,a) + 3n(s,a) n(s a) + 3n(s,a) +

function b, (V) :=

Var(P’, B 3TBS
max{2 n((s a) 2k 4n(a a)} + 180 \/ 2n(5,a) Nmin a)nmm \/7 B+

1)t V(s,a) € S x A, where npa = max; ,n(s,a) and
Nmin = ming .{n(s,a) : n(s,a) > 0}. For the goal state
bg.o(V) = 0Va € A. Here T is an upper bound of 7*.*

Algorithm 2 PVI-SSP (Pessimistic Value Iteration for SSP)

1: Input: eopr, D := {(s(z) agz),cgz),sg), .. (17)) n.
Band 1 = O(log(SA/5)). nuax and bs,q see above.
2: for (s,a,5') € S x Ax S do
n T; A i
30 Setn(s,a) =3, > 5 ]I(S§ )=, ag- ) = a).
4:  ifn(s,a) > 0 then
5 ™ lz K3 H( (1):5’01( )_a)c(l)

n(s a)

Calculate ¢(s,a) =

6: ]3(5/|S, a) _ > Z]‘Tilﬂ(s(z(:sa;lm_a Sm _S')’
7. else R

8: (s, a) < Cmin, P(8'|s,a) < I(s' = g).

9:  endif R )

10 P'(s[s,a) = ;22 P(s']s,a) + %

11: end for

12: © Pessimistic Value Iteration for offline learning

13: Initialize: V(= (.) < 0o, VO () <~ B-1,i = 0.
14: while ||V — VE=D|| > 0(cop.) do

15:  for (s,a) € S’ x Ado

16: Q(Hl (s,a) = min{c(s,a) + ﬁé,av(i) +
S a(V( )) b }

17: V(z+1)( ) = min, Q(i+1)(8,a)

18: i i+1

19:  end for

20: end while
21: Calculate 7(-) = argmin,, QW (-, a)
22: Output: 7, V() = ming Q¥ (-, a)

The use of value iteration to approximate the underlying
Bellman optimality equation V*(s) = maxge4{c(s,a) +
P, ,V*}, Vs € &' is natural when model components P, ¢
are accurately estimated by P , €. Moreover, comparing to

“Here we do point the design of bs,q requires T in addition to
B. However, this is not essential as (by Assumption 2.6) T can be
bounded by B /cuin.



YI—OPE, there are several differences for PVI-SSP. First,
P’ is chosen according to ny,y (instead of n(s, a)), which
makes P’ “closer” to P but preserves the positive one-step
transition to g. More importantly, a pessimistic bonus b, 4 is
added to the value update differently at each state-action lo-
cation which measures the uncertainty learnt so far from the
offline data. Action with higher uncertainty are less likely

Var(P',V(®)

to be chosen for the next update. Concretely, —

measures the uncertainty of V() and \/g measures the un-

certainty of per-step cost ¢.> However, to guarantee proper
pessimism, we require the knowledge of B in the design of
bs.a-

In addition, for analysis purpose we state our result under
the regime where the iteration converges exactly and the
output V (in Line 22) is fixed point of the operator 7 (see
Appendix G.2 for details). In practice, one can stop the
iteration when the update difference is smaller than egpr.. We
have the following offline learning guarantee for 7, which is
our major contribution. The proof is deferred to Appendix I.

Theorem 4.1 (Offline policy learning in SSP). Denote
dm = min{} ;2 &h(s,a) @ s.t.> 7o &l(s,a) > 0},
and T'T to be the expected time to hit g when starting from
s. Define T = maxses 17. Then when n > ng, we have
with probability 1 — 0§, the output T of Algorithm 2 is a
proper policy and satisfies (1 = O(log(SA/6)))

0 <V (Sinit) — V* (Sinit)
\/QVarpm V*+c <1

<4 Z d*(s,a)

s,a,579

+ O(f)a

n-dt(s,a) n

where the quantity dy, = max,,d"(s,a), the

quantity Thax = max,»e[n]Ti and we define ng :=
max{‘lB*’ZCm"" 262 x254(T*)%(VB,+1)? 106(\/§+1)45LT*T
ChminGmax dm > B* (\/ B* +1)2 dp ’

O(T 3 log(SA/0) /dy,) }-

On guarantee for policy. Existing online SSP works mea-
sure the algorithm performance using regret R3SF

k

S Sk = K - mingen,,. V™ (si) (e.g. [Tar-
bouriech et al., 2021]) and is different from policy-based
regret measurement Ry := Zle Vi (zg,1) — V™ (Tr,1)
(e.g. Azar et al. [2017]) in standard RL. The notion of R‘}SP
provides the flexibility for policy update even within the

episode (since it suffices to minimize Z}If:l cf), therefore
unable to output a concrete stationary policy for the policy
learning purpose. In contrast, Theorem 4.1 provides a pol-
icy learning result via bounding the performance of output
policy 7 explicitly.

Instance-dependent bound. Prior online SSP studies focus
on deriving better worst-case regret (e.g. the minimax rate

>This is due to Var(c) < E[¢?] < E|c] fort.v. ¢ € [0,1].

is of order ©(B,v SAK)) where the bounds are expressed
by the parameters B, /D, S, A that lack the characterization
of individual instances. In offline SSP, the main term of
PVI-SSP is fully expressed by the system quantities with
marginal coverage d* and d*, conditional variance over
transition P and cost function c. This instance-adaptive
result characterizes the hardness of learning better since the
magnitude of the bounds changes with the instances. It fully
avoids the explicit use of worst-case parameters By, S, A.

Faster convergence. When the SSP system is deterministic
for both cost ¢ and transition P, the conditional variances
Varp, ,[V* + ] are always zero. In these scenarios, The-
orem 4.1 automatically guarantees faster convergence rate
O(1/n) in deterministic SSP learning. Such a feature is not
enjoyed by the existing worst-case studies in online SSP as
their regrets are dominated by the statistical rate O(v/K)
even for deterministic systems.

On optimality. While instance-dependent, it is still of great
interest to understand whether this result is optimal. We
provide the affirmative answer by showing a (nearly) match-
ing minimax lower bound under the single concentrability
condition in the next section.

S SSP MINIMAX LOWER BOUND

In this section, we study the statistical limit of of-
fline policy learning in SSP. Concretely, we consider
the family of problems satisfying bounded partial cover-

age, i.e. MaAX, q 549 % < C*, where d™(s,a) =
Yore o0&l (s,a) < oo for all s,a (excluding g) for any
proper policy 7. This C* formally defines the maximum ra-
tio between 7* and p in Assumption 2.5. Consequently, we

have the following result (the full proof is in Appendix K):

Theorem 5.1. We define the following family of SSPs:

.y — d" (s,0)
SSPCT) = {(smiv, i, Py o)l ma s

<C'
where d™(s,a) = Y., &7 (s, a). Then for any C* > 1,
IV*|| o = B« > 1, it holds (for some universal constant c)

inf sup Ep[V™ (sinit) — V*(Sinit )]

T POPer (5,1, P,c) ESSP(C*)
SC*
> c- Byl .
n

Theorem 5.1 reveals for the family with proper policy 7*
and p with bounded ratio C*, the minimax lower bound
is Q(B,
rem 4.1 directly implies this rate (recall 7* is deterministic
by 2.5) by the following calculation (assuming B, > 1 just

\/ £5°). In particular, the dominant term in Theo-



like Theorem 5.1):

Z d*(s,a)

Varp, ,[V* + (]

N n - dt(s,a)
Varp, . . [V*+ (]
— d* * s,m*(s)
352759 (s, (8))\/ n- dﬂ(s,ﬂ*(s))

characterize the key features of stochastic shortest path prob-
lem.

Lemma 6.1 (Informal version of Lemma D.3). Let T™ be
the expected time of arrival to goal state g when applying
proper policy T and starting from Sinit, then

d*(s,m*(s))Varp

[V* + ]

T = Z Zﬁg(s,a) = Zd’r(&a).

h=0 $:a
s#g s#g

(]

. Z s, m*(8)
) n

(also see Proposition L.3),

A
g
Q

“
where the first inequality uses CS inequality and the second
one uses the key Lemma 6.1.° This verifies PVI-SSP is
near-optimal up to the logarithmic and higher order terms.

6 SKETCH OF THE ANALYSIS

In this section, we sketch the proofs of our main theorems.
In particular, we focus on describing the procedure of offline
policy learning Theorem 4.1. First of all, when the condition
n > ng holds, the output 7 is proper with high probability
and following this one can conduct standard decomposition:

ViV = (VT =V)+(V-V*)
where V* is the solution of Bellman optimality operator 7°
and V' is the fixed point solution of the operator 7 (V)(s) =
min, {min{/c\(s, a) + IBS,GV +bs.4(V), E}} (Lem G.6).
Also, V'™ satisfies general Bellman equation (Lemma A.1)

therefore we first decompose V™ — V' using a simulation-
lemma style decomposition (Lemma G.8):

Vi-v=3" Zfﬁ(s){(Ps,ﬂs) —Plaw)V
h=042q

(s, 7(s)) — (s 7(5)) bs,m)(V)}

By the careful design of b 4 (-), the pessimism guarantees

V-V < 0(Lemmal.l). For V —V*, asimilar simulation-
lemma style SSP decomposition (Lemma G.7) follows:

vt <Y Y 52(8){(135',w*<s> = Pore(9))V

h=0 5

59 (5)

+c(s,m(8)) — e(s,m*(s)) + bsﬂr*(S)(V)}.

Before we proceed to explain about how to bound the resid-
ual summations, we present two new lemmas, which help

SHere since B, > 1, when applying Lemma 6.1, B, will
dominate ¢ € [0, 1].

Remark 6.2. Lemma 6.1 explicitly reflects the connection
between the expected arriving time T™ and marginal cov-
erage d™ (s, a). Unlike the finite-horizon problem where d,
are probability measures (e.g. see Yin and Wang [2021]), for
SSP d™ (s, a) can be arbitrary large (for a general policy )
due to definition 3. Lemma 6.1 guarantees d™ (s,a) < oo for
proper policy m since by Definition 2.1 T™ < oo, and, as a
result, make our bound in Theorem 4.1 valid. Note similar re-
sult is of less interests in the standard finite-horizon episodic
RL since it holds trivially that H = Zthl > sadi(s,a)
and, in SSP, this becomes important as we have unde-
termined horizon length. With Lemma 6.1, we can get
away with estimating the aggregated measure T™ |T* (like
previous online SSP papers did) and use sub-component
d™(s,a)/d* (s, a) to reflect the behaviors of individual state-
action pairs and achieve more instance-dependent results.

Lemma 6.3 (Informal version of Lemma D.4). For any
probability transition matrix P, policy w, and any cost
Sfunction ¢ € [0,1] associated with SSP(P, ). Suppose
V € R+ is any value function satisfying order property
(where V(g) = 0), i.e., V(s) > >, m(a|s)PsV for all
s € S, then we have

o0

> &ilsa)Varp, (V) < 2|Vl V (simie) < 2[[VI3 -
h=0 $,a

s#g

Remark 6.4. Lemma 6.3 can be viewed as a dependence
improvement result for SSP problem since it guarantees
Theorem 4.1 to achieve the minimax rate via (??). More
critically, it widely applies to arbitrary policies assuming
the ordering condition holds for V. For instance, a direct
upper bound using Lemma 6.1 would yield T™ ||V||C2>C and
T™ could be very large or even co. In contrast, Lemma 6.3
always upper bounds by 2 ||V||io without extra dependence.
Similar result was previously derived in RL, e.g. Lemma 3.4
of Yin and Wang [2020] and also Ren et al. [2021], but their
result only applies to V™ due the analysis via law of total
variances and ours applies to all V' (satisfying ordering
condition) through only the telescoping sum.

Now we go back to bounding (5). First of all, by leveraging
Lemma 6.1, we are able to bound the co-norm of V' — V*
as (see Theorem H.1)

_ B,
V=V, <30 =—(V/B.+1)  ®




which is a crude/suboptimal bound that serves as an inter-
mediate step for the final bound.

What give rise to instance-dependencies. Next, we ap-
ply empirical Bernstein inequality for structure (PS wr(s) T
Py v (5))V and €(s, 7 (s)~) — ¢(s,m*(s)) separately. In par-
ticular, since both V and PS’ 4 (s) depend on data, therefore
Bernstein concentration cannot be directly applied. Infor-
mally, we can surpass this hurdle by decomposing
(P' = P)V = (P' = P)(V = V*) + (P — P)V™.

In this scenario, concentration can be readily applied to
(P’ — P)V* and crude bound (6) is leveraged here for

bounding (P’ — P)(V — V*) < Hf” - PH [V —v~

1 o0
As explained by Zanette and Brunskill [2019], the use of
Bernstein concentration is the key for characterizing the
structure of problem instance via the expression of condi-
tional variance Varp, , (V*).

On the proof for VI-OPE. At a high level, the proof for
VI-OPE (Theorem 3.1) shares the same flavor as that of
Theorem 4.1. Ideally, in finite horizon setting the tighter
analysis could be conducted by following the pipeline of
Sectlon B.7 in Duan et : al. [2020], where the dominant error
of VT — VT (where VT = lim;_ oo V@ in Algorithm 1)
can be decomposed as:

& sy 7r
722 p SZ) a?i)) (@~

(c+ V™) (s, af?)
1=1 h= Ogh h *“h

Applying Freedman’s inequality for the above mar-
tingale structure, one can hope for a tighter rate

O(\/Zs,a dr (s, a)2%). However, such a pro-
cedure will have technical issue for SSP problem since: (1)
SSP has stationary transition P and n(s, a) is computed via
collecting all the transitions that encounter s, a for tighter de-
pendence. This breaks the sequential ordering that is needed
for martingale.” (2) Even if we have a martingale, the mar-
tingale difference will incorporate an infinite sum that could
be arbitrary large. Both facts indicate Freedman’s inequality
cannot be directly applied due to the technical hurdle.

Lastly, the lower bound proof uses a generalized Fano’s
argument (Lemma L.5), followed by reducing estimation
problem to testing. The packing set of hard MDP instances
is based on the modification of Rashidinejad et al. [2021]
so that Gilbert-Varshamov Lemma L.1 can be applied.

7 DISCUSSIONS

"Note Duan et al. [2020] Corollary 1 considers time-
inhomogeneous MDP and each P; can be estimated stage-wisely
so the decomposition forms a martingale.

7.1 THE KNOWLEDGE OF B,/ B

While VI-OPE (Algorithm 1) is parameter-free, our policy
learning algorithm PVI-SSP (Algorithm 2) requires B in the
pessimistic bonus design. Since B is an upper bound of B,,
one natural idea is to use VI-OPE to provide an upper bound
estimation given that a proper policy is provided. This idea
is summarized as below.

Proposition 7.1 (Alternative offline learning algorithm
VI-OPE+PVI-SSP). Suppose we are provided with an arbi-
trary proper policy m (e.g. some previously deployed strat-
egy). In this scenario, one can equally halve the data D into
D1 and Ds, and use D; to evaluate V™. The co-norm of
VI-OPE output serves as surrogate for B and uses as an
input for computing b, ,. Next, use Dy to run PVI-SSP (with
calculated b ).

The above procedure will not deteriorate the theoretical
guarantee since B is only used in O(1/n) terms and the
estimation error can only be higher order terms. This means
we will end up with the same dominant term as Theorem 4.1.

7.2 ON HIGHER ORDER TERMS.

Ill our analysis of Theorem 4.1, while the dominant
O(y/1/n) term is near-optimal, the higher order term
O(1/n) is not and depends on the parameters including
T, B and dpm (e.g. check the last line of (54)). In particular,
if one can remove the polynomial dependence of 7, then the
result is called horizon-free [Tarbouriech et al., 2021]. One
potential approach for addressing the higher order depen-
dence could be the recent development of robust estimation
in RL [Wagenmaker et al., 2021]. As the initial attempt for
offline SSP, this is beyond our scope and we leave it as the
future work.

7.3 FUTURE DIRECTIONS

SSP under weaker conditions. Following previous works,
we consider stochastic shortest path problem with a discrete
action space A and non-negative cost bounded by ¢ € [0, 1].
However, the convergence of SSP can hold under much
weaker conditions. For instance, Bertsekas and Yu [2013]
shows under compactness and continuity condition, i.e. for
each state s the admissible action set A(s) is a compact
metric space and a subset of A where (for all s’) transi-
tion P(s’|s, -) are continuous functions over .A(s) and the
cost function c(s, -) is lower semi-continuous over A(s),
value iteration/policy iteration will still work under mild
assumptions. This extends our setting (e.g. cost can even
be negative) and how to conduct SSP learning in this case
remains open.

Extension to linear MDP case. Another natural and promis-
ing generalization of the current study is the offline linear



MDP for SSP problem. In the study of offline RL with
linear MDPs, Jin et al. [2021] shows the provable effi-
ciency, Zanette et al. [2021] improves the result in the linear
Bellman complete setting and Yin et al. [2022] leverages
variance-reweighting for least square objective to obtain the
near-optimal result. Adopting their useful results in offline
SSP problem is hopeful.

8 CONCLUSION

In this paper, we initiate the study of offline stochastic short-
est path problem. We consider both offline policy evaluation
(OPE) and offline policy learning tasks and propose the sim-
ple value-iteration-based algorithms (VI-OPE and PVI-SSP)
that yield strong theoretical guarantees for both evaluation
and learning tasks. To complement the discussion, we also
provide an information-theoretical lower bound and it certi-
fies PVI-SSP is minimax rate optimal. We hope our work
can draw further attention for studying offline SSP setting.
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