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Abstract

In-context learning — performing tasks based on examples given in the prompt — is an important capability
that has emerged in large language models and has received significant attention in both theory and practice.
Existing theoretical work often focuses on settings where the learning uses information purely from the
prompt. However, many practical instances of in-context learning require the model to retrieve factual
knowledge stored in the model’s parameters, with the context serving to identify which knowledge is relevant.
In this work, we study how in-context learning leverages factual knowledge recall. We formalize this behavior
by introducing the in-context factual recall (IC-recall) task, where a transformer is provided a context of
(subject, answer) pairs generated from a hidden relation, along with a query subject, and must both infer this
hidden relation and retrieve the corresponding answer. Factual knowledge is modeled by the transformer
having access to a simple pre-constructed MLP associative memory storing (subject, relation, answer) triplets.
We analyze the supervised fine-tuning dynamics of a one-layer transformer on IC-recall data and prove that
the model successfully performs IC-recall by converging to a particular pairwise attention pattern. This
fine-tuning stage requires a very small number of samples — only polylogarithmic in the number of stored
knowledge triplets. Experiments verify our theoretical predictions and show that the pairwise attention pattern
emerges even when the MLP layer is pretrained instead of constructed.

1. Introduction

Transformer-based large language models (LLMs) exhibit strong in-context learning (ICL) abilities: they can use
examples provided in the prompt to improve prediction on a new query (Brown et al., 2020). Considerable research has
sought to understand the mechanisms underlying ICL, and most existing works focus on settings in which transformers
rely only on the context to make predictions. One line of work studies ICL over function classes (Garg et al., 2022; von
Oswald et al., 2023; Zhang et al., 2024), where transformers are trained from scratch on sequences of (z, f(x)) examples
for a context-dependent function f, and learn to predict f(z,) for a new query x,. Another line of work (Nichani et al.,
2024; Edelman et al., 2024) studies how transformers learn to solve particular matching or copying tasks by converging
to the induction head mechanism (Olsson et al., 2022). Although these are interesting settings to study ICL from a
theoretical perspective, they do not capture an important behavior common in real-world LLM applications, where the
model must combine contextual information with factual knowledge, or parametric knowledge (Petroni et al., 2019;
Roberts et al., 2020; Cheng et al., 2024), stored in its weights. For example, given the prompt “Albert Einstein —
Germany, Isaac Newton — England, Marie Curie — ?”, the model must first use its stored knowledge to infer that
the relation between subject and answer is nationality, then answer the query by retrieving the fact (again from stored
knowledge) that Marie Curie was Polish.

In this paper, we formalize this behavior through the in-context factual recall (IC-recall) task. Motivated by (Petroni
etal., 2019; Ghosal et al., 2024; Nichani et al., 2025), we model factual knowledge as (subject, relation, answer) triplets.
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Jack was born in Boston.

Alice was born in New York.

Chicago is where Bob was born. Alice => New York, Bob => Chicago, Jack => ?
Jack worked at New York. Jack => Boston, Alice => New York, Bob => ?

Boston is where Alice worked at.
Bob worked at San Francisco.

Figure 1. Left: factual knowledge corpus. Each sentence consists of three components: subject, relation and answer. We can put
these components into the subject set S = {Jack, Alice, Bob}, the relation set R = {was born in, worked at} and the answer set
A = {Boston, New York, Chicago, San Francisco}. We can view each relation r € R as a mapping from S to A. Right: IC-recall
data requires the model to complete the sequence in a specific format: (s1, a1, 2, a2, $3, Uros). Here ugos is the End-of-Sequence
(EoS) token, s1,s2 € S and a1 = r(s1), a2 = r(s2) for some underlying relation .

Each sequence in the IC-recall task consists of (subject, answer) pairs generated from the same relation, along with a
query subject; the goal of the task is to output the answer corresponding to the query subject and hidden relation. Here,
the context alone is insufficient to answer the query, as the model must also rely on the factual knowledge. See Figure 1
for an illustration of the task, and Section 2 for a formal definition.

1.1. Our Results

We consider fine-tuning a model which already stores factual knowledge in its parameters on sequences from the
IC-recall task. Specifically, the model is a transformer with a single self-attention head followed by an MLP layer. We
construct an MLP layer that acts as an associative memory (Nichani et al., 2025) storing (subject, relation, answer)
triplets (see Section 3), and assumes that the MLP layer remains fixed throughout fine-tuning.

We fine-tune the model to access this relevant knowledge in two steps: it first infers the underlying relation r from the
context, and then uses r to predict the answer. This two-step structure naturally aligns with the chain-of-thought (CoT)
(Wei et al., 2022) paradigm, where an intermediate decoding step outputs r before producing the final answer.

In Section 4, we analyze the supervised fine-tuning dynamics of this one-layer transformer on IC-recall data with
two in-context examples. We prove that the transformer successfully performs IC-recall by converging to a pairwise
attention pattern — the transformer places equal attention weight to the tokens within each pair of in-context examples,
but different attention weights across pairs. This identifies a mechanism for ICL which is qualitatively different from
the induction head (Olsson et al., 2022). We also show that the number of fine-tuning samples required to achieve high
test accuracy on the IC-recall task grows polylogarithmically with the number of stored factual associations.

Empirically, we show in Section 5 that as predicted by theory, fine-tuning only requires a very small number of
sequences (8 often already achieves high accuracy). We also show that similar pairwise attention patterns extend to the
cases with more than two in-context examples, and when the MLP layer is pretrained instead of constructed.

1.2. Related Works

Knowledge localization and associative memories. Prior work suggests that factual knowledge in language models
can be stored in either MLP layers (Geva et al., 2021; Meng et al., 2022; Dai et al., 2022), though it may also be
encoded in attention layers (Chen et al., 2025; Wei et al., 2024). Recent theory studies the ability of transformers to
store factual knowledge via associative memories, showing that their storage capacity scales proportionally with model
size (Allen-Zhu & Li, 2025; Nichani et al., 2025; Cabannes et al., 2024a). Ravfogel et al. (2026) further propose a
construction in which the required model size depends only logarithmically on the number of subjects. Nichani et al.
(2025) analyze the training dynamics of associative memory formation in one-layer linear transformers, and Cabannes
et al. (2024b) study the training dynamics for linear layers.

Theoretical understanding of in-context learning. Garg et al. (2022) study the function classes that transformers
can learn in context. von Oswald et al. (2023) show that transformers can learn linear functions in context by implicitly
simulating gradient descent, and Zhang et al. (2024) later prove convergence in this setting. Olsson et al. (2022) identify
induction heads as a mechanism underlying certain forms of in-context learning. Nichani et al. (2024); Edelman et al.
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(2024) analyze how induction heads emerge via gradient-based training on in-context Markov chains. Chen et al. (2024)
study how transformers learn a generalized induction head from in-context n-gram data. Bu et al. (2025) analyze
factual-recall ICL under a data model that admits task-vector arithmetic, where answers are obtained by adding a
retrieved task vector to the query representation. Among prior works, Vasudeva et al. (2026) study the most similar
data-generation setting, which they call the contextual recall task. Their work assumes disjoint answer sets across
relations, providing an additional signal for ruling out irrelevant answers using the in-context examples. In contrast, our
setting allows answers to be shared across different relations.

Fine-tuning dynamics. Malladi et al. (2023); Ren & Sutherland (2025); Zeng et al. (2025) analyze fine-tuning
dynamics through the neural tangent kernel (NTK) perspective. On related factual recall tasks, Ghosal et al. (2024)
study the fine-tuning dynamics of a self-attention layer in which the value matrix Wy, stores facts.

Benefit of CoT. Gekhman et al. (2026) empirically discover that chain-of-thought (CoT) improves factual recall.
Merrill & Sabharwal (2024); Liu et al. (2024) show that chain-of-thought (CoT) reasoning increases the expressive
power of transformers. Abbe et al. (2024) show that CoT can extend the learnable function class of transformers. In
addition, Wen et al. (2025); Kim & Suzuki (2025) show that CoT substantially improves the sample efficiency of
transformers for k-parity.

2. Preliminary
2.1. Transformer architecture

Vocabulary. Let the vocabulary be V = SURUAU{ugos}, where S, R, and A denote the sets of subjects, relations,
and answers, respectively, and ug,s denotes the end-of-sequence (EoS) token. We assume that |S| = | A| =: n, and
that each r € R is a bijection from S to .A. For each pair (s,7) € S x R, let r(s) € A denote the associated answer.
We also denote R(s, a) the set of relations that map s to a.

Embedding. All elements in vocabulary v € ) are embedded into ¢(u) € R¢. For simplicity, we assume that all
embeddings are unit vectors and mutually orthogonal, i.e., (¢(u), #(u’)) = 0 for all u # u'. We also use one-hot
positional encodings. Specifically, for the i-th input token, we concatenate its embedding with the one-hot vector
e; € R, where dp is the maximum input length. Thus, for an input sequence Z = (uy, ..., us) € V¥, we define the
embedding matrix

ey | e €2 ek (d+dp)xk
Z=E2)= 4uy) dluz) - b)) €8 ‘

Architecture. We consider a one-layer transformer f(Z;W). Let z_; € R9*+?7 denote the last token in the input
embedding matrix Z. The model output is given by

h=w?t (z_l + Z softmax (ZTWKQz_l)) ,

and

F(Z;W) = fue(h) =V Ta(Wh),
where W,V € Réwrxd g o is the width of the MLP, WF = (ded P Id) projects onto the token-embedding
component only, and W = (WXQ W, V') are the set of parameters. We also assume that the activation in the MLP is
the quadratic function o(x) = 2 applied element-wise.

Construction of the MLP associative memory. Transformers have been observed to memorize factual knowledge
within the MLP layer. In practice, this memorization process typically occurs during the pretraining stage. However,
to enable theoretical analysis, we will assume the MLP layer is pre-constructed to store a given knowledge set. In
Section 5, we will observe empirically that pretrained MLPs behave similarly to our constructed MLP on the IC-recall
task.

Consider a pretraining sequence ZpT = (u1,ug) that contains two randomly selected elements w1, ug from a valid fact
triplet (s, r, a). We say that the MLP stores this fact triplet if the argmax decoding

arg max o(u) " furp (d(ur) + d(usz))
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recovers the remaining element of the triplet. We refer to an MLP layer which satisfies this property for all possible
pretraining sequences as an MLP associative memory. As shown later in Section 3, such an associative memory admits
a simple and natural construction. In the following, we assume that the MLP associative memory used in the /C-recall
task is given by this construction.

2.2. IC-recall task

We next formally define the IC-recall task.

Definition 2.1 (IC-recall task). Given subject, relation, answer sets S, R, A and a one-layer transformer f(Z; W),
whose MLP layer fy,p(+) is preconstructed as an MLP associative memory, the in-context factual recall task consists
of data generated as follows:

1. Sample a relation * € R uniformly at random.

2. Sample three distinct subjects s1, s2, s3 € S uniformly at random, and define a1 = r*(s1), as = r*(s2), and
az = r*(s3).

3. Construct the IC-recall sequence 7 = (s1,a1, 82, as, 83, UgE.s ), with prediction target r*, as.

We denote Pi¢ the distribution of such generated IC-recall sequence Z.

To make sure it is possible to correctly solve the IC-recall task, we assume that any two subject—answer pairs identifies
at most one relation.

Assumption 2.2. For any sq,s2 € S and aj,as € A,

{reR|r(s1) =a, r(52):a2}‘ <L

The IC-recall task provides the true relation 7* as an intermediate step of the reasoning, which makes the problem easier.
Without this form of strong supervision, the partially fine-tuned 1-layer transformer cannot achieve accuracy greater
than 1/3 (see Lemma B.1 in Appendix). Similar strong supervision was also considered in other works analyzing CoT
(Wen et al., 2025; Kim & Suzuki, 2025). We also remark that without such intermediate supervision, transformers
struggle to learn compositional reasoning tasks (Wang et al., 2025).

2.3. Training loss for the IC-recall task

We now define the loss used for fine-tuning. It is a chain-of-thought (CoT) objective in which the model decodes
in two steps to produce the final answer. In the first step, the model predicts the relation token r associated with
the input sequence; in the second step, it predicts the answer az. For simplicity of analysis, we assume that the
“irrelevant” logits are masked out during prediction. That is, in the first decoding step, only the logits corresponding to
relation tokens are retained. Likewise, in the second decoding step, only the logits corresponding to answer tokens
are retained. Therefore given an IC-recall sequence Z, we can write the prediction of the first decoding step as
p1(-s W, Z) := softmax (A,.f(E(Z); W)/T) € RIRl where A, € RIRI*? is the embedding matrix of all relations
and 7" > 0 is the prediction temperature. Similarly, conditioned on the first decoded relation being r, we write
the prediction of the second decoding step as py..(; W, Z) := softmax (Aaf(E([Z, r]); W)/T) € Rl where

A, € RIAIX4 i5 the embedding matrix of all answers. We sample a fine-tuning dataset D from distribution P and let

1 ~
Li(W, D) = 55 > W, 2)
ZeD

=5y 2 loa (m (" (21w, 2))

zZeD

denote the cross-entropy loss for the first decoding step, where r* (Z ) is the underlying relation for the sequence Z. The
second decoding step uses the cross-entropy loss conditioned on the correct relation r* (7).
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L2(W, D) = ﬁ > 6w.2)

zeD

= _|T?| Z log (pQ,T*(g)(a?)(Z)?W’ Z))

zeD

where a3(Z) is the correct answer for the sequence Z. We use r*, ag instead of r*(Z), a3(Z) when the sequence is
clear from context. The CoT loss is the sum of these two losses

Partial fine-tuning. To simplify the theoretical analysis, we only fine-tune the position-position block WlK d?ﬁ) Lidp
of the attention matrix, while keeping the MLP associative memory and the rest of the entries of Wk fixed. There
are only two vectors inside Wle?D 1.4, that are relevant for the two decoding steps. Let 6 := WIK(SQ6 € RS and
w = VV1K7Q7 € R7. Then softmax(f) and softmax(w) are the attention scores from the EoS token and the first decoded
token respectively; the first decoding step depends solely on 6, and the second depends solely on w. Therefore we can
rewrite the loss as L(6,w, D). In Section 5, we show empirically that even without this restriction, the transformer
finds the same solution as our theory predicts.

3. MLP associative memory

In this section we provide a simple construction of the MLP layer with dyip = O(|S] - | A|) that achieves 100%
accuracy as an MLP associative memory. This serves as the frozen MLP in our theoretical analysis.

Lemma 3.1. There exists an MLP layer fypp(x) = V'o(Wzx) with width dyrp = O(|S| - |A|), such
that for any triplet (s,r,a) where r maps s to a, we have a = argmaxycy é(u)' furp(d(s) + o(r)), r =
arg max,ey (u) " furp(d(a) + ¢(s)) and s = arg maxyey ¢(u) " fure(¢(a) + 6(7)).

Proof sketch. Let dyirp = 3|S| - |A]. Let w; and v; be the j-th row of W and V' respectively. We assign indices to all
(s, a) pairs. For the i-th (s, a) pair, we assign 3 rows in W and V to store the relevant factual knowledge. Specifically,
let ws;—o = ¢(s) + ZreR(&a) o(r) and v3;_o = ¢(a); let wz;—1 = ¢(a) + ¢(s) and v3;_1 = ZTeR(sﬂ) o(r); let

w3 = ¢(a) + 3, cr(s,a) @(r) and vg; = @(s) (we define 3 (o) @(r) = 0if R(s,a) is empty). It is easy to
examine that such constructed MLP satisfies the properties in Lemma 3.1; see the full proof in Appendix A.

Remark. If non-orthogonal embeddings are allowed, one can obtain a more parameter-efficient construction of MLP
associative memory, with a total number of parameters nearly linear in |S| - |R|, as shown by Nichani et al. (2025). For
simplicity in the subsequent dynamics analysis, we stick to the MLP construction in Lemma 3.1, which is based on
orthogonal embeddings.

4. Fine-tuning dynamics for IC-Recall

We show in this section that with the constructed MLP associative memory, transformers can achieve perfect accuracy
on IC-recall data after fine-tuned by the perturbed gradient descent (PGD) in Algorithm 1. Specifically, we have the
following Theorem:

Theorem 4.1. Assuming that the IC-recall data satisfies Assumptions 2.2 and 4.3, there exist constants C1, Cy > 0 such
that for any T < Cy/logn, if we set n; = ©(T/T log T)ime = O(T?),t1 = land ty > % log 7 in Algorithm 1,
with probability at least 1 — § over the sampled data D and the random perturbation, the transformer fine-tuned on
O(poly(%)) I samples will have accuracy at least 0.99 on all IC-recall sequences the for final predicted answers.

Note that Assumption 2.2 implies that it is possible to infer the hidden relation from only two in-context examples, and
Assumption 4.3 (introduced later in Section 4.2) considers a particular difficult setting where the pairwise attention

'We use O to hide poly log 1 factors.
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pattern is necessary to achieve good accuracy. This suggests that O(polylog(n)) samples are sufficient for the
transformer to learn how to use the stored knowledge to perform IC-recall, far fewer than seeing every possible
subjects/answers.

Algorithm 1 Temperature-Scaled Perturbed Gradient Descent

Input: Decoding temperature 7' > 0, failure probability § € (0, 1), learning rates 7y, 12, number of iterations t1, t2,
fine-tuning dataset D.

Initialization: (6,w) < 0.

Stage 1: Train (0, w) using gradient descent with step size 7, over loss L(6,w, D;T) for ¢, iterations to obtain
(0, ).

Stage 2: Sample a random perturbation ¢ from Uniform (B (0, © (7% log™?(%)))), and set perturbed initialization
(60, wo) < (A, @) + &. Run gradient descent from (g, wo) with step size 1, over loss L(0,w, D; T)) for t, iterations.

The first decoding step that recovers the underlying relation is harder to analyze. Algorithm 1 is separated into two
stages, where stage 1 is a single large gradient step and stage 2 is a perturbation followed by a few smaller gradient
steps. We provide intuition on how the two stages work using a simple warm-up example with 3 subjects in Section 4.1.
We then discuss the difficulty in extending such an analysis to the case when we do not see all subjects/answers in
Section 4.2, and show how this can be overcome by lowering the temperature 7" in the decoding. Finally we complete
the analysis of the second-step decoding in Section 4.3.

4.1. Warm up: a three-subject instance

We first consider the simple case where |S| = |A| = 3 and |R| = 6. In this case, R consists all 6 bijections from S to
A. For an IC-recall sequence (s1, a1, S2, a2, S3, Ugos ), we denote by r; the underlying correct relation and 7o, . .., 7g
the remaining relations (see details in Table 1). The goal is to predict the correct relation ;. We call the relation ro the
confusing relation, and rs, ..., ¢ which assign s3 to one of ay, as the mismatched relations. It is worth noting that, in
this three-subject setting, the gradients satisfy Vg1 (0, Z1) = Vol1(0, Z5) for any two IC-recall sequences Z; and Zs.
Consequently, the empirical loss is equivalent to the population loss, and it suffices to analyze the dynamics on a single
fine-tuning sequence. As we will see later, even in this simple setting, transformers still learn a non-trivial solution and
exhibit a two-stage fine-tuning dynamics.

Table 1. The six bijections 71, . .., 7¢ from {s1, $2, s3} to {a1, a2, as}.
S1 S22 83 type
T | ap ay as correct

ro | as a1 as confusing

r3 | a1 a3 az | mismatched
r4 | @z az ap | mismatched
rs | a3 a1 ag | mismatched
r¢ | a3 as ayp | mismatched

Let v := softmax(6) be the attention vector from the EoS token. We will show that in Algorithm 1, for a sufficiently
small constant temperature 7T, if we set 171 = ©(T2), 1o = O(T?), t; = ty = oo so that Stage 1 and Stage 2 converge,
then the fine-tuned transformer will converge to a global optimum where v exhibits a pairwise pattern. Formally, we
show the following Theorem.

Theorem 4.2. There exists constant Ty(5) > 0 that only depends on 6, such that for any T < Ty, if we set n; =
O(T?),m2 = O(T?),t; = ty = oo in Algorithm 1, then with probability at least 1 — § the transformer trained by
Algorithm 1 will converge to the global optimum 6* for L1(0;T). At the convergence the attention scores v* =
(a,a, % — a,% —a,0,0) with some a # %.

The proof of Theorem 4.2 is based on a loss-landscape analysis and is deferred to Appendix B. The convergence
happens in two stages, and we provide a sketch of each stage below..

First stage: convergence to a saddle point. In the first stage, the attention scores v converge to the saddle point
0 = (1/4,1/4,1/4,1/4,0,0). The transformer learns that s; and the EoS tokens are irrelevant in predicting the
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(a) Fine-tuned on 31,a1,52,a2,53,qus) (b) Fine-tuned on sl,al,52,a2,53,a3,54,qus)

0.8 1.0 0.8 1.0

Figure 2. Pairwise attention at convergence for predicting the relation token in the first row. The first row is the attention scores from
EoS token (first decoding step), and the second row is the attention scores from the decoded relation r* (second decoding step).
We set |S| = |./A| = 8 and fix MLP as the construction in Lemma 3.1 for both experiments. Left is the 2-ICL-example input with
|R| = 64,T = 0.05 and right is 3-ICL-example input with |R| = 512, T = 0.01.

relation. The uniform attention over s1, a1, S2, as arises from the symmetry between the two pairs (s1,a1) and (sg, as),
together with the symmetric initialization. During this stage, vs — the attention score on the query subject s3 — decreases,
which makes the prediction logits of mismatched relations r3, . . ., rg significantly smaller than those of r; and 72 (see
Table 2). By the end of this stage, the prediction of the transformer is uniform on r; (the correct relation) and 75 (the
confusing relation), but it cannot distinguish them, since v remains symmetric across the two subject-answer pairs.

Second stage: escape the saddle. At the beginning of the second stage, a random perturbation is added. This
perturbation breaks the symmetry between the two subject-answer pairs, so that after a few steps of gradient descent, the
model escapes from the saddle point with high probability (Jin et al., 2017). After escaping the saddle, the transformer
begins to assign a higher prediction probability to r; than to 5. Notably, a pairwise attention pattern emerges: the
ratios vy /vy and vz /vy converge to 1, while the corresponding limiting attention scores are different. See Figure 2 for
an illustration of this pattern. Denote by | := A,. f(Z; 6) the logit vector of the prediction for the first decoding step,
where A, is the embedding matrix for the the relations and the logit is a quadratic function ? of the attention scores v,
as shown in Table 2 in the Appendix.. The logit gap between 71 and 79 satisfies [(r1) — [(r2) & (v1 — v3)(va — v4).
Hence, the transformer ensures that v; — vs and vy — v4 have the same sign to make this gap positive. Moreover, by
the AM—GM inequality, replacing both vy, v2 by their mean (v; + v2)/2 and vz, v4 by their mean (vs + v4)/2 can
only increase this gap or leave it unchanged. Therefore v; and vy will be driven together, and likewise for vs and vy,
thus explaining the pairwise attention pattern. Finally, we remark that even though our analysis is for two in-context
examples, the pairwise attention emerges empirically when there are more in-context examples (see Figure 2 (b)).

4.2. Analysis on the first decoding step

In this section, we consider the general case of |S| = | A] = n > 3. Now, the empirical loss is no longer equivalent to
the population loss. In particular, there may exist two subject—answer pairs that are not jointly matched by any relation,
which breaks the symmetry among IC-recall sequences Z. For an input sequence Z = (s1, a1, S2, ag, S3, Ugoes ), we call
arelation r a 2-matching relation if r maps two of the three subjects {s1, 2, s3} to the two answers {ay, as}. We call r
a confusing relation (similar to ro in previous section) for Z if r(s1) = as and r(s2) = a;. At the saddle point after
stage 1, the model cannot distinguish the confusing relation and the correct relation. Similarly, we call a 2-matching
relation r a mismatched relation for Z if r(s3) = ay or r(s3) = as. These correspond to the relations 3,74, 75, r'g in
the simple example in previous subsection. Finally, we call a sequence confusing/mismatched if it has at least one
confusing/mismatched relation. Notice that a sequence might be both confusing and mismatched (in fact, all sequences
in the simple example are both confusing and mismatched).

Now that we are working with the empirical loss, we will show that fine-tuning the transformer on O(polylog(n))
random samples can still achieve over 0.999 test accuracy on predicting the underlying relation 7 in the first decoding
step. We denote p.on¢ the fraction of confusing sequences and py,;s the fraction of mismatched sequences in D. We
assume that each of these two sequence types occupies at least a constant fraction of the IC-recall data distribution.

Assumption 4.3. There exists a constant 0 < ¢ < 1, such that the probability a random IC-recall sequence is a

“This is because the MLP layer uses the quadratic activation.
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confusing sequence is at least ¢, and the probability it is a mismatched sequence is also at least (.

Note that if no input sequences are confusing, the problem is easier in the sense that the saddle point that stage 1
converges to will also achieve 100% accuracy. If there are no confusing sequences and no mismatched sequences, then
even the initial solution would have 100% accuracy. Therefore this assumption ensures we are considering the hardest
case.

The loss-landscape analysis in Section 4.1 relies on the symmetry of the loss in the pairs vy, vs and ve, v4. This
symmetry is difficult to generalize as the empirical loss is not symmetric. Another difficulty is that the attention
pairing in Stage 2 relies on vs converging to 0, which is requires many steps and is in fact unnecessary for achieving
near-optimal performance. Therefore, in this section we instead analyze the low-temperature dynamics.

With a lower temperature 7', any improvement on the prediction logits will be amplified by 1/7', which accelerates
convergence. It therefore suffices to take only a single gradient descent step with a larger step size in Stage 1 and
O (% log %) gradient descent steps in Stage 2. We show that this fine-tuning procedure also reaches a near-optimal
solution. It is worth noting that, because the temperature is much lower, the near-saddle point reached after Stage 1 is

closerto (1,1 1 1 1 1ythanto (%, %, %, %, 0, 0), and the final solution does not exhibit the exact pairwise attention

6767626766
pattern (yet it still attends more to one pair compared to the other). Nevertheless, the resulting solution remains
near-optimal in terms of accuracy. This property allows the training dynamics to be constrained in a local region near
its initialization, and avoids difficult boundary cases when the attention to any of the positions gets near 0. Altogether,

we show the following theorem, with proof deferred to Appendix C.

Theorem 4.4. Assuming the IC-recall data satisfies Assumptions 2.2 and 4.3, there exist constants C, Co > 0, such
that for any T < C1/logn, if we set m; = ©(T/T log )im2 = O(T?),t1 = land ty > % log 7 in Algorithm 1,
then with probability at least 1 — 6 over samples D and the random perturbation, transformers fine-tuned by Algorithm
1onO (poly (%)) samples will have accuracy at least 0.999 for the first decoding step on all IC-recall sequences.

4.3. Analysis on the second decoding step

The second decoding step is easier to analyze than the first decoding step. Intuitively, the transformer only needs to
realize that attending to s3, and combining it with the correct relation from the residual connection, is sufficient to
produce the correct answer a3. We show that this already happens at the end of Stage 1 in Lemma 4.5. The proof is
deferred to Appendix D.

Lemma 4.5. Assume the IC-recall data satisfies Assumptions 2.2 and 4.3. Set T, 1,2 and the sample size | D| same as
in Theorem 4.1 for Algorithm 1, after Stage 1 and throughout Stage 2, the transformer has accuracy 1—o (exp (— %))
on all IC-recall sequences for the second decoding step.

Theorem 4.1 follows immediately by combining Theorem 4.4 with Lemma 4.5.

5. Experiments

Experiment setup. Our model is a single-head attention layer followed by an MLP layer. We train the transformer
using the Adam optimizer with learning rate 10~2. For all experiments, we fix the size n of subjects S and answers A,
then we generate relations R as random bijections from S to .A. All subjects, answers, relations and EoS tokens use
fixed random orthonormal embeddings.

Figure 3 reports the test accuracies for the first decoding step on the IC-recall data. We can see that transformers can
learn the IC-recall task with only 8 samples in the experiment. The second decoding step consistently achieves perfect
test accuracy across all hyperparameter settings and random seeds.

Experiments with pretrained MLP. We also conduct experiments with a pretrained MLP. Pretraining data Zpr =
(uq,u9) is generated as follows:
1. Sample a random subject s from S and a random relation r from R. Let a = r(s) and form a fact triplet (s,r, a).

2. Randomly choose two elements from this triplet and place them at positions w1 and uso. The task is to predict the
remaining third element from the input sequence Zpr.
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Figure 3. Test accuracies for fine-tuning on the first decoding step. The number of answers is equal to the number of subjects |S|.
The MLP is preconstructed and fixed during fine-tuning. We report the mean accuracies and standard deviations of 10 random seeds.
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Figure 4. The pairwise attention pattern generalizes to pretraining the MLP. We consider pretraining the whole transformer and
fine-tuning the whole attention layer. Left is the 2-ICL-example input with |S| = | A| = 8,|R| = 64, T = 0.05 and right is the
3-ICL-example input with |S| = |A| = 8,|R| = 512,T = 0.01.

During pretraining, the attention parameters 1/ %@ and the MLP are both unfrozen. Then during fine-tuning, we freeze
the MLP layer and train W5®. Such fine-tuned transformer also exhibits the pairwise attention pattern. See Figure 4
for illustrations of converged attention scores. It is worth noting that attention weight for the second decoding step in
Figure 4 is also assigned to the EoS token, which is different from Figure 2. As the EoS token does not contain any
information, we believe the transformer uses it as a way to balance the coefficient between the attention to s3 and the
residual connection to 7*.

6. Conclusion

We introduced the IC-recall task to study in-context learning when a transformer must infer a hidden relation from
context and then use it to retrieve the correct answer from memory. We constructed an MLP associative memory for
fact triplets and analyzed the fine-tuning dynamics of a one-layer transformer with the MLP frozen. We showed that
fine-tuning is able to recover the hidden relation by converging to a pairwise attention pattern in the minimal setting and
requiring only polylogarithmically many fine-tuning samples in the general setting. The main limitation of our work is
that the analysis relies on a specially constructed MLP and a simplified architecture. Extending these results to general
pretrained transformers and end-to-end training remains future work.
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A. Construction of MLP associative memory

We show that there exists a construction of the MLP layer with dyp = O(|S] - |.A]) that achieves 100% accuracy as
an MLP associative memory.

Lemma A.l. There exists an MLP layer fyip(z) = V'o(Wx) with width dyrp = O(|S| - |A]), such
that for any triplet (s,r,a) where v maps s to a, we have a = argmax,cy ¢(u)' farp(o(s) + (1)), r =
arg maxyey (u) " furp (¢(a) + ¢(s)) and s = arg maxyey ¢(u) " fure(¢(a) + ¢(7)).

Proof. Let dyp = 3|S| - |Al. Let w; and v; be the j-th row of W and V respectively. We assign indices to all
(s,a) pairs. For i-th (s, a) pair, we assign 3 rows in W and V' to store the relevant factual knowledge. Specifically,
let wgi—z = (s) + D, cp(s,a) @(r) and vzi—2 = P(a); let wzi—1 = P(a) + ¢(s) and v3;—1 = 3, (s q) O(r); let
w3 = P(a) + X, cr(s.a) ¢(r) and vs; = ¢(s). Here we define >, .y ¢(r) = 0if R(s,a) is empty. Fix a (s, a)
pair such that R (s, a) is non-empty and we examine the properties of MLP associative memory as follows.

For any r € R(s, a), since r is an injection, we know s is the only subject that  maps to a. Therefore we can examine
that ¢(a) " fup (6(s) + &(r)) = 4. For any a’ # a, we know a’ can only be mapped from s through relations that are
not 7. Therefore we have ¢(a’) T furp(¢(s) + ¢(r)) = 1. For any subject s, we have ¢(s') " furp(6(s) + ¢(r)) = 1.
For any relation 7/, we have ¢(') " fyp (¢(s) + ¢(r)) = 1. Therefore the constructed MLP can correctly predict a
from ¢(s) + ¢(r) using argmax decoding.

Forany r € R(s, a), we know a is the only answer that s is mapped to through . Therefore we have ¢(s) " furLp (¢(a)+
¢(r)) = 4. For any s’ # s, we know a’ can only be mapped from s through relations that are not r. Therefore we have
#(s") T furp(¢(a) + é(r)) = 1. For any answer a’, we have ¢(a’) " fuLp(é(a) + ¢(r)) = 1 if the preimage of a’
under 7 exists; otherwise ¢(a’) " faLp (¢(a) + ¢(r)) = 0. For any relation r’, we have ¢(') T fup(o(a) + ¢(r)) = 1
if the preimage of a under 7’ exists; otherwise ¢(r") " faLp (¢(a) + ¢(r)) = 0. Therefore the constructed MLP can
correctly predict s from ¢(a) + ¢(r) using argmax decoding.

For any 7 € R(s, a), we know ¢(r) " furp (¢(s) + ¢(a)) = 4. For any 1’ ¢ R(s,a), we know r’ maps s to a different
answer a’ and the preimage of a is a different subject s’ (if any). Therefore we have ¢(r') T fyrp (¢(s) +¢(a)) < 2. For
any answer a’, we have ¢(a’) T fyLp (é(s) + ¢(a)) = 1. For any subject s’, we have ¢(s") T faLp (¢(s) + é(a)) = 1.
Therefore the constructed MLP can correctly predict a relation in R (s, a) from ¢(s) + ¢(a) using argmax decoding. [J

B. Proof to the normal temperature convergence for n = 3

We first show that under a normal temperature 7', with infinite amount of time, transformer trained by PGD can converge
to the global optimal solution. For the first decoding step training, we will show Algorithm 1 converges to the global
optimal solution #* with small enough temperature 7. At the convergence, the attention scores v* = softmax(0*) =
(a,a, % —a, % — a,0,0) with some a # i. We write out the logits w.r.t. the attention scores v in Table 2. We can
immediately obtain the following Lemma, which states that the partially fine-tuned transformer cannot predict the
answer with one decoding step.

Lemma B.1. Assume |S| = |A| = 3 and R consists of all 6 bijections from S to A. Asumme the MLP layer fyrp of
the transformer f(-; WX®) is fixed to be the construction in Lemma A.1. If we use the first decoding step prediction to
predict from answers a1, as, az without the intermediate relation, then the prediction accuracy cannot exceed 1/3 for

any input IC-recall data Z = (s1, a1, 52, a2, 83, URes) and any WEQ,

Proof. By the logits in Table 2, we can see that the logits [(a1) = l(a2) = l(a3) is always true for the first decoding
step. Therefore we have p;(a1; WE®Q Z) = pi(ag; WEQ Z) = pi(az; WE?, Z) for any IC-recall data Z =
(81,a1, S2,as, 83, URos ) and any WHEQ The Lemma follows immediately. O

Before the proof of Theorem 4.2, we first give the smoothness constant of the loss L (¢, T"). Importantly through the
gradient Lipschitz constant, we know that the learning rate n; and 72 chosen in Theorem 4.2 can be small enough so
that the descent lemma holds. The proof is deferred to Appendix E.

Proposition B.2. The loss L1(0; T) has gradient Lipschitz constant ©(1/T?) and Hessian Lipschitz constant ©(1/T3).
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Now we calculate the gradients. Let [ € R® be the vector of prediction logits for relations. Let the prediction

p1 = softmax(l) € RS. The loss ¢ (v) =

—log(p1(r1)). Therefore the gradient w.r.t. the logit [ is

o6 1
o T

The gradients w.r.t. v are

ov; = l; Ov;

I(s1) | v3 +vi

I(s2) | v3 +v3

I(s3) | v3 +vi

l(a1) | v} +v5 + 03

l(az) | v} +v5 +v3

Was) | v + 03 + v

I(r1) | (v1+v2)? + (v3 +v4)? + 03
I(ro) | (vi +va)?+ (v2 +v3)% + 02
I(r3) | (vs+v4)? + (v1 + v2)2 + v3
I(ry) | (vs +v2)?+ (v +v4)? + 03
lrs) | (vs + v4)2 + (v3 + v2)? + 03
I(re) | (vs +v2)% + (v3 +v4)? + 07

Table 2. The prediction logits (EoS excluded) of the input (s1, a1, s2, a2, $3, Ugos)-

Plugging in the logits in Table 2 and noting that it is equivalent to analyze the gradient of a single sequence, we obtain

0L,
(9’02

0l
604

The gradient w.r.t. 0 is

% = % ((p1 (r1) +p1 (73)) v2 + (p1 (r2) + p1 (ra)) va — v2)
= 2 (1 () + 1 () v+ (01 (r2) 1 () w3+ (01 (1) + 1 (7)) 5 — )
Zf; = % ((p1 (r1) + p1 (re)) va + (p1 (r2) + p1 (75)) v2 — va)
— 2 (9 () + 1 () va + (91 (r2) + 1 1)) 01+ (91 () + 32 (7)) 5 — )
O 2 (o ) + 1 1))+ 0 02) 41 1) )
% _o.
R E

@

3

“

&)

(6

(N

®)

Theorem B.3. There exists constant Ty(5) > 0 that only depends on 0, such that for any T < Ty, if we set
m = O(T?),n, = O(T?),t; = ty = oo in Algorithm 1, then with probability at least 1 — § the transformer
trained by Algorithm 1 will converge to the global optimum 0* for L1(0;T). At the convergence the attention scores

* 1 1
v*=(a,a,5 —a,;

—a,0,0) with some a # i.
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Theorem B.3 shows that, if the model is trained to convergence through Stages 1 and 2, a pairwise attention pattern
emerges. The behavior in each stage is characterized by Lemma B.4, Lemma B.5, and Lemma B.7. In Stage 1, the
model converges to a saddle point.

Lemma B.4. At the end of Stage 1, 0 will converge to a saddle point 0 with v := S() = (+, 1.3 %,0,0).

PN

Proof. Some observations:

1. v; and v3 are symmetric; vo and v, are symmetric along the gradient flow.
2. Initially Vo L1 (0, T) # 0 so the loss will strictly decrease from L;(0,7") = log6.

3. v5 < vy for any ¢ > 0. This is because any v with v5 > vy, v1 = v3 and vy = vy yields aloss L1 (v, T') > log 6.
Similar we have that v4 = v2 > 0 for any time ¢ > 0, otherwise all six logits have same value and loss L; = log6,
which is contradictory to observation 2.

4. %3 <0f0ri:1,273,4and% >0,g—ﬁé = 0 for any time ¢ > 0.

5. p3 = pa = ps = pe for any time ¢.

As t; — o0, at the end of Stage 1, 6 will converge to a critical point of the loss. We know that this critical point must
satisfy v; = v3 and v4 = v5 and moreover obtain loss < log 6. We first check the critical point condition: for any ¢,
either v; = O or %ﬁ L= Z?zl v %ﬁ L. Combined with observation 4 and 3, we have that the critical point along the
GD trajectory must satisfy vs = v6]: 0, vy = v3 > 0 and va = v4 > 0. So we can simplify the gradients to obtain
‘?3511 = —2(ps + pe)v2 and ‘?3521 = —2(p4 + pe)v1. Then observation 5 combined with critical point condition implies
that v; = v = 1/4. Therefore ¥ is the only limit point of this gradient flow on the unit simplex, which is a saddle point

as (1,1,—1,—1,0,0)/2 is a descending direction and (1, —1,—1,1,0,0)/2 is an ascending direction.

It remains to prove observations 1,2 and 5.

Proof to observations 1, 2, 5. We prove observations 1 and 5 by induction. Assume that observations 1 and 5 are true

at iteration k. Comparing (2) and (4) and plugging them into (8), we can see that the gradients 9Ly — 9Ly ¢ jteration

96, — 963
k. Similarly we can see that %5; = (?dSi at iteration k. Therefore after one step of GD update, at iteration k + 1, we

still have v; = v3 and vy = vy, which implies p;(r3) = p1(r4) = p1(r5) = p1(re) at iteration k + 1 through the logits
[ in Table 2. It is obvious that the induction hypothesis holds at initialization § = 0.

e e . . _ 1 90Ly _ 9Ly _ _ 1 9Ly _ 9Ly _ 9OLi __ 0L, _ 2 T =

At initialization, v; = g, Ber = e = TOT) o = ovr = Gus = 0, oer = 57~ Therefore v' V,L; = 0 and

VoL, = %V,ULl # 0, and Observation 2 follows. O
O]

We then show that in the late stage of training we have [(r1) > ) p(r)l(r), which indicates that 8 has escaped from
the saddle point 6.

Lemma B.5. If T < T),ax(0) where Tinax(6) is some constant only depends on 9§, then with probability at least 1 — 0,
after the perturbation followed by O(poly(%) -log %) steps of gradient descent, we have the loss L1 < log2.

The proof idea is that as T" gets close to 0, Ly (é, T') will converge to log 2 from above. The rate of error decreasing is
roughly exp(—1/T). We can calculate to see Amin(V>L1(6,T)) < — 7 and the Hessian Lipschitz constant for L is
O(1/T3). By Lemma 14 in (Jin et al., 2017), the loss will improve by a polynomial amount L1 (6;) — L1 (f) < —Q(T?).
Hence there exists some constant Ty, (6) such that for any 7' < T,.x We have the improvement surpasses the gap
from log 2. For the ease of reference, we restate Lemma 14 in (Jin et al., 2017) here.

Lemma B.6 (restated from Lemma 14 in (Jin et al., 2017)). Suppose f(z) is an a-gradient Lipschitz and p-Hessian
Lipschitz function where = € R®. There exists a universal constant c, for any § € (0, %a], suppose I satisfies

2
Amin(V2£ (7)) < —v and |V f(&)] < WTC% log2(52)
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with some v > 0 andn < ¢/cv.

Let xg = & + & where £ ~ Uniform(B(0, , /7704;—2 log_z(‘g—i))) and let xy, be the k-th iteration of gradient descent

da
starting from xy with stepsize 1), then with probability at least 1 — 6, for any t > % it holds that
3
- gl _3,da
f(@e) = f(2) < —na—5 log™"(5-).
p? &y

Now we are ready to prove Lemma B.5.

Proof to Lemma B.5. Leté = % -(1,1,-1,-1,0,0) be the potential descending direction of loss. Define f. ;(x) :=
L1 (0 + z - €) to be the loss along the direction of ¢ from 6. Then we have A (V2L1(6)) < fgé(()). We use p1(z) to

denote p; (r1) at parameter § = G+ x-¢. So we can write the loss along the direction of ¢ from 6 as [z 5(x) = —logpi(x)
and hence we can calculate to see that

1 5(0) = - A ©)

We first expand

0 0
PR(0) = D0 S0 = D VL (0(0) TV (0) (10)

where [;(z) is the logit for 7; at parameter § = 0 + z - ¢ and v(x) = softmax(f + z - €) are the attention scores. So we
can write
v'(0) = J(v(0))é = (Diag(v(0)) — v(0)v " (0)) €
where J(v(0)) = Diag(v(0)) — v(0)v T (0) is the Jacobian of softmax. Therefore we obtain
1(0) = &v;(0) — v;(0) - v(0) e (11)

U5

Noting that v(0) "€ = 0, we have

V(0)=¢owv

1111 T
8)87 87 877 .

Also by the logits in table 2 we have

Voli(v(0)) = (1,1,1,1,0,0) " fori = 1,2,

and
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Therefore we obtain

1 1
U'(0) =) Vv =(0,03,00-2)". 12
()Xij Jv'=1(0,0,5,0,0,—2) (12)
Also since p; = softmax(l/T")1, we have that
op 1
0[1 = 71001 = pi). (13)

Plugging (12) and (13) into (10) we have p} (0) = 0. Therefore we can simplify (9) to obtain

S2(0) = ~5iig) where

.9
pr(0) = > S 0) +
i=1

a2p1 / /
2 gy, OO

)=

term I term 11

We first calculate term 1. Since I(0) = V,1;(v(0)) Tv/(0), we can differentiate to obtain

1 =o' T2 (v + U(v) "o,

Differentiating on (11) yields

Jj=1
=0.
Therefore we can simplify {/ to obtain
17/(0) = v'(0) T V3Li(v(0))v' (0) (14)
where we have

2 2 0 0 0 O
2 2 0 0 0 O
00 2 2 0 O
00 0 0 2 0
00 0 0 0 O
2 0 0 2 00
02 2 0 0 O

9 102 2 0 0 O

VUZQ(U(O)) - 20 0 2 0 0 )

00 0 0 2 0
00 0 0 0 O
2 2 0 0 0 O
2 2 0 0 0 O

9 100 2 0 0 O
00 0 2 2 0
0 0 0 0 0 O
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2 0 0 2 00
02 0 0 2 0
00 2 0 0O
V3l4(v(0)) = 200 2 0 0l
02 0 0 2 0
00 0 0 0 O
2 0 0 00O
02 2 0 0 0
02 2 0 0 0
00 0 2 2 0
00 0 0 0 O
and
2 0 0 0 00O
02 0 0 2 0
00 2 2 00
02 0 0 2 0
00 0 0 0O

Combining them with v/(0) = (%, £, — %, — =, )T and plugging into 14, we have

1 3 1 1 3
1
= - e T e T s . 1
r() (4’0’16’16’16’16> (15

At saddle point x = 0 we have p1(r1) = p1(r2) = p1(0) and p1(r3) = p1(re) = p1(rs) = p1(re) = %’1(0).
Combining them with (13), (15) and plugging into term I, we obtain
p1(0)
t I= .
erm ST

Then we work with term II. Recall term I = Zij:l 38;5[1]_ 1(0)1(0) and I'(0) = (0,0, 3,0,0,—§) " in (12). Hence

we only need to consider 4(0) and [{;(0) since the rest of [} are zero. Specifically we have

82171 p1(0) 2 82171 b1 (0) 2
o2 ~ 1% (2p1(r3)* = p1(r3)) 2 1 (2p1(r6)* — pa(r6))
and
?p1_ 2p1(0)p1(rs)pa(re)
0l30lg T2 '
Plugging them into term II, we obtain term I = %W' Noting that p; (r3) at the saddle is exponentially small,
we obtain 1 1 1
£ = S
o0 8T " 1672 (44 2exp(35))° ~ T
So we have Amin(V2L1(0)) < —+.

By proposition B.2, we have the Hessian Lipschitz constant is O(1/73). Plug the upper bound on Ain (V2 L1 (6)) and
the Hessian Lipschitz constants into Lemma 14 in Jin et al. (2017), we have the improvement of loss being Q(T?),

which exceeds the gap between L; () and log 2 if T" is small enough.
O
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Adding perturbation ¢ to the saddle point 6 would not change vs and vg since 65 and g are —oco at the convergence of
Stage 1. So we need only to consider the perturbation on the first 4 coordinates. It turns out that a pairwise attention
pattern will emerge along the gradient descent dynamics after escaping the saddle point.

Lemma B.7. Denote o the ratio ;> and [3 the ratio }*. Define ¢ := max{«, j3, 1 %} Ifl(r) > >, pi(r)l(r) and
vs = 0, then ¢ will be decreasing unless o = = 1.

Proof sketch of Lemma B.7. We have that ‘fl—‘z‘ < 0 is equivalent to % — % > 0. By calculations we have
1 2
325 vi gk = 22, pi(r)l(r), which implies that

0oL, 09I,
(% - %)
=(p1(r2) + p1(ra))viva — (p1(r2) + P1(r5))v2vs — (P1(74) + P1(76))v2vs + (V1 — v2) <l<7"1) - Zm(r)l(r))

and

0Lq 0L,
g <aa - ae)

=(p1(r2) + p1(rs))vavs — (p1(r2) + p1(ra))viva — (P1(r3) + p1(rs))vavs + (v3 — va) (l(ﬁ) - Zm(r)l(r)) :

Note that if o > (3, then we have vivy > vous and p1(r4) > p1(r5). Furthermore if o > 1, combining it with vs = 0,

we have 251 — 9L1 > (Tt is worth noting that the equality a—Lll = %—521 iff « = B = 1. Therefore we can deduce that
% < 0 from o > B and o > 1.The equality holds iff « = 8 = 1.

00, 90y — 00

Now we consider 4 cases:

l.a>pB>1>1/8>1/«a.Inthis case, we have o > (8 and « > 1. Therefore we have ‘3—% < 0 and the equality
holds iff « = 8 = 1.

2. a>1/8>1> > 1/« In this case, we have & > 8 and o > 1. Therefore we also have Cfi—‘z‘ < 0 and the
equality holds iff « = 8 = 1.

3.1/ > a>12>1/a > B.In this case, we have % = Z—i . 5—; > 1. Hence we have vivs > wvov3 and thus

p1(ra) > p1(rs). We also know vy > vg since 1/ > 1. Plugging them into T (g@; - ‘?9541) we have %S; < %gi ,
which is equivalent to % < 0. It is straightforward to verify that the equality holds iff v3 = v4 and v; = va,

which is equivalentto « = 8 = 1.

4. 1/8 > 1/a > 1> a > (. In this case, by exact same argument in case 3, we have % < 0 and the equality
holds iff « = 8 = 1.

The rest 4 cases are symmetric to these 4 cases (by swapping « and ). Therefore we have % < Qaslongasy > 1.

O

Now we are ready to prove Theorem B.3. Actually it only remains to show the convergent point is the global optimum.

Proof. From Lemma B.7 and Lemma B.5 we know 6 will converge to some critical point 6* such that v* = (z, z, % —

x, % — 2,0,0) for some = # 1/4 and at the convergence L; < log2. It is worth noting that L; < log 2 implies
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I(r1) > I(r) for all 7 # ry, hence we have I(r1) > > pi(r)i(r). We can write the loss L, (x,T) as a univariate
function of x. We can write it out explicitly as

6
Li(z)=1log | 1+ Zexp (d;(z)/T)

Jj=2

where d;(z) := l;(z) — l;(z). Itis easy to see Ly is symmetric L1 (z) = L1(1 — x). Hence it suffices to show that
for small enough T, there is only one critical point of L; in [0, 1/4] such that L; < log 2. Direct caculations give that
dy = —8z? + 4w — §,d3 = =322 + 3z — 3,dy = —Ta* + 4z — 3, ds = —72% + 3z —  and dg = —3x2. The critical
point condition is

6
b(z) = Zd}(m)edi(w)/T =0.
=2
We can define the rescaled function ¥(z) := e~ %(®)/T®(z) so U and ® have same roots. We can rewrite

5
U(z) = (4 — 16x)e(@~d@)/T _ 6q 4 Z d;(x)e(dj(r)—de(x))/T_
j=3

Set h(z) := da(z) — dg(z) = —5a? + 4z — 1 and it is easy verify that h(z) is strictly increasing on (0, 1/4) and has
a unique root
I

0=y

We can verify that d; (x¢) < dg(x¢) for j = 3,4, 5. Hence there exists an surrounding interval I = (xo — €, 29 +¢€) C
(0,1/4) such that for all z € I d;(z) — d¢(z) < — for some v > 0, which implies that

ot

> dj(@)el = EDIT = Oexp(—/T)).
j=3

Therefore we can define the dominating term as
T(a) == (4 — 162)eld=@—dsN/T g,

and we have |U(z) — U(z)| = O(exp(—v/T)). It is easy to check the difference of the derivative is also small
|/ (z) — ¥'(z)| = O(% exp(—v/T)). It is worth noting that these two bounds are uniform for z € I. We can claim

that ¥ (x) has a unique root in (0, 1/4) which has a large derivative.

Claim 1. There is a unique z7 € I such that ¥(z7) = 0. Furthermore we have ¥/ (z7) = O(£).

With Claim 1, we can see that ¥ () also only have one root in I, since with small enough 7" we have | ¥’ (z) — ¥/ (z)| =
o(¥/(z)). Outside I, if 2 < xo — €, then h(x) < 0 uniformly hence W(z) < 0. If £ > 20 + € then h(z) > 0 uniformly
and hence W (z) > 0. Therefore L, has exactly one critical point z* in (0, 1/4) and it is direct to check L (z*) < log 2
if T is small enough. It remains to prove the Claim.

Proof to the Claim 1. We can know W(z) = 0 is equivalent to

6x

h(z) = Tlog 1 162"

We can define F'(z) := h(z) — T log 22— and we have its derivative to be

Fl(z) =HW(z)-T (; + 1 —1(15633) .
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We can examine that b’ (xg) > 0, so for small enough € we have F’(z) > 0in I. Also if T' is small enough, we have
F(zo —€) < 0since h(xg — €) < 0. Similarly, we have F'(z + €) > 0. Therefore F' and ¥ have exactly one root
xr € I. We can calculate to see that

~ X
¥ (27) = —166M@0)/T 4 GIT#@T) _e
The root condition ¥(z7) = 0 implies
(4 — 1627) "@T)/T = 64,
Plugging it into the derivative of U we obtain
~ X
U (z7) = —16eME@0)/T 4 berh {or) T(xT) -6,

where —16eM=7)/T — _16522_ — O(1) and 2k (x7) = 27 (4 — 10z7) = O(1). Therefore we have ¥’ ()

1—16ar =
@(%). O

O

C. Proof to Theorem 4.4

We first write out the gradient in the general setting. Given an input sequence Z = (s1, a1, Sg2, a2, 3, Ugos ), We can
write its loss as ¢4 (v; Z, T'). For any relation r, the logit of r is

5

)=2 Y v 1valin(s)—a,} + D7 (16)

1<i<3,1<5<2 i=1

Il W

Therefore the logit of r contains the quadratic term (vg;_1 + vg j)2 if  maps s; to a;, which is consistent with Table 2
in previous three-subject setting. Then the the formulas for gradient w.r.t. v on sequence Z are as follows.

T% =2 Z p(r)ve + Z p(r)vy — ve

rir(s1)=a1 rir(s1)=as
T%:Q Z (ryvy + Z (ryvs + Z (r)vs —v
vy p 1 p 3 p 5 1
rir(si1)=a1 rir(se)=a1 rir(ss)=a1
T%:Q Z (ryvy + Z (r)ve —w
Dvs p 4 p 2 — U4

r:r(sz)=az r:r(sz)=ai1

T% =2 Z p(r)vs + Z p(r)v + Z p(r) vs — v3

6’1}4 rir(ss)=az rir(s1)=as rir(sz)=as
oty
Ta—v5 =2 p(r)vy + Z p(r) va
r:r(sz)=ai r:r(s3)=az
ol
— =0
(%6

We first show that after Stage 1, the transformer will have near perfect accuracy on non-confusing sequences and near
0.5 accuracy on confusing sequences. This is the area near the saddle point.
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with probability at least

Lemma C.1. After Stage 1, if sample size |D| = w (75 -log? (3)-log(3)) and T < 45 logn’
1

1 — 6/3, the attention scores satisfy that ||[v — (; + o, &, ++a, &, 2 =20, Yo S 2, |v1 — v3| = o(T?) and
|[vg — 4| = 0 (exp(—élo%)) where o = “P2iTIL for some constant c. Moreover, for non-confusing sequences, the

accuracy p1(ri) =1—o (exp(—ﬁ)); for confusing sequences, the accuracy p1(r1) = & — o (exp(—\%)).

Proof. At initialization, fix an input sequence Z. Denote (Z ) the number of 2-matching relations for Z Itis easy to see

that all 2-matching relations have logits 2- (1 4 )2+ 2 all 1-matching relations have logits (£ + £ )2 43 & = 5%

6 67 — 4’
and all 0-matching relations have logits ¢z = 5. Since every two (s,a) pairs correspond to at most one relation,

we have the number of 1-matching relations is at most 6(n — 3) and the number of 0-matching relations is at most
n(n —1) —6(n —2) < n? Then1 < I(Z) < 6. Note that

pi(ry) = ﬁ ~0 (nexp (—181T> +n2exp <_91T)> .

Therefore if 7 > 40log n, then we have

1=y (en(-5)

If Z is not an mismatched sequence, then

o< I OO o (o (1) )

for all ¢ # 5. If Z is a mismatched sequence, then there is at least one 2-matching relation r that maps s either to a; or

to ag, which has prediction probability same as r; since 7 is also a 2-matching relation. Hence we have 8f1 > 1P 1(;1).
Noting that 8%1()?) < 0 for i # 5, we have
p1(7“1) < 861(2) _ 661(Z) < i
3T — 81)5 (%i 3T
for all 7 # 5. Summing over Z, we have
p(rl) * Pmis aLl(-D) aLl(D) 2. Pmis 1
< - < 0 —— | /T]. 17
37— v dv; s7 O\ 57 )/ (n
Also note that (1) |52 < O (exp(—557)/T) fori = 2,4,6; (2) |2 + G- + 5L = O (exp (—357) /T) - Summing
over Z, we have
L,(D 1
‘88151)‘ §O<exp< 36T) /T) fori =2,4,6 (18)

and
oL, 0L, 0Ly

o, " Ovs | Ovs

1
=0 —-—— | /T). 19
By (18) and (19), we know at initialization

1
lvg Vo Li| = O <exp <36) /T) .
111111

Here vy = (67 515 8 8 g) is the attention scores at initialization. Therefore we have

1
|W@m:omwmm:e(T)
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Since 2Lt — o, (%ﬁ} — vTVULl), we have that

ov;
IVoLi(D) — éval(D)H =0 (exp (-361T) /T)

at initialization, which also implies that |v] VgL1| = O(exp(—55)/T). Use Taylor expansion we have after Stage 1
that
v—v9=—-mJVeLi(D)+e¢

where J = Diag(vg) — vovg is the Jacobian of softmax at initialization and the remainder

2
n
lell = 0GR IVo L) = OL).

Therefore we can calculate to see that

oLy 0Ly 0L

— 4+ == VoL
1 av1+avg+a +mlvg VL] + ||ell

2

1
v1+vg+v5—‘§

<

35

Since we have

OL\(D) OLy(D) 1 (9L\(D) 0OL.(D)
801 89j o 6 a’l)i 8vj

for the gradient at initialization for all 4, j, applying (17), (18) together with Taylor expansion imply that after first step
of GD, we also have

mis- 1
o5 = 0 = O and s~ 0 = O (m -exv =557 /7)

fori,j € {2,4,6}. We still need to show that v, and v3 are close to each other.

81 (2 001(Z 00, (Z
T I3 = Ba 25 a

)

’ o0,

Since the gradients ‘ (Z) ‘ for any sample Z are upper bounded by 2 % and Ez[

initialization. By Chernoff bound, 1f the sample size [D| = w (75 - log? (%) - log(%)) , then with probability at least
1—6/3, we have
0L,(D) OL.(D) 1
— = T1 il
’ 61)1 31)3 © \/> 08 (T) ’

which implies that after Stage 1 we have

8L1(D) 8L1(D) 2 77%
— =0 — =0o(T%) = — .
Therefore we have
n?
\|v—(%+a, %v é—FO&, é? %_ a, %)||OONT27|/U1_U3‘:0(T2)

and

1
lvg —v4] =0 (exp <40T))

where ov = <Pl for some constant c. With such v, it is straightforward to see that for non-confusing sequences, the

accuracy p(r1) =1—o0 (exp(—ﬁ)) ; for confusing sequences, the accuracy p(r1) = 1 — o (exp(—ﬁ)). O

We then show the perturbation scheme helps the model escape the saddle by reducing the loss on confusing sequences.

Lemma C.2. If T < Ty,ax(0) where Tyax(9) is some constant only depends on 6, with probability at least 1 — 6 /3, after
O(1/T) iterations of GD in Stage 2 in Algorithm 1, we have loss on confusing sequences {1 < log2 — Q(pg’onf -T3).
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Proof. To apply Lemma 14 in Jin et al. (2017), we need to examine two properties at 0: (1) the gradient ||V L, (9, D)]|
is small, and (2) the most negative eigenvalue of the Hessian A\, (V2L1 (6, D)) is negative enough.

We first examine (1). If Z is a non-confusing sequence, it is easy to see

IVoli(v, Z)|| = 0 <exp (\/1?> /T> .

If Z is a confusing sequence, we have

1
19061(0, 2)lloe S 7 max{lor — sl [oz — wal}.

By Lemma C.1, we know ||V ,¢1(v, Z)||sc = o(T). Overall we have

Vol (v, Z)|| = O(IVola(v, Z)|]) = o(T).

Now we examine (2). Let € = % -(1,1,-1,—-1,0,0) be the potential descending direction of loss. Define f; ;(z, Z) :=
él(é + x - €, Z) to be the loss along the direction of € from 6. Then we have Amin(v%(é, 7)) < fgé(O, Z). We use

p1(x) to denote py (r1) at parameter 6 = 6 + z - €. Similarly we use p; () for py (r;) in this proof. Direct calculation
gives that

We first work with the situation where Z is a confusing sequence. We have

R X/
Pl(o)— i al, li(o)

where ‘3% = % p1 (1 —p;)and %Ll: = —% p1p; for i # 1. For all relations r that are neither the underlying true relation
r1 nor the confusing relation 79, the probability of predicting it p; () = o (exp(— ﬁ)) is exponentially small after

Stage 1. It is sufficient to only look at 7; and ro. Further we have
1(0) = (Vuli) " '(0)

where [|v/(0) — 6 ® v|oo = o(T?) since v(0) = §;v; — v;v 6§ for each i and |[vT 6| = o(T?) by Lemma C.1. Also we
have
Voli =2 (1)1 + vg, V1 + Vg, V3 + Vg, V3 + 1)47’1}5,0)—r

and
Vvlg =2 (’Ul + V4, V2 + V3, U2 + V3, U1 + 1}4,'1)5,0)T

Hence we have
17(0) = (Vvll)T (6 ®v) 4+ o(T?) = (v1 4+ vy +v3 +v4)(v1 — V3 + Vo — v4) + o(T?) = o(T?).

Similarly we have I5(0) = o(T?). Hence we obtain that p} (0) = o(T'). Therefore we have

" p1(0) 2
_5(0) = — + o(T%). 20
Jea(0) = =gy + o) 0)
‘We have that )
Op1 0“p
4 = sy ) I L

term I term 11
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First calculate term I. We know

Note that

and [v"d| = o(T?), we have

By Lemma C.1, we have
Zvj = (\Flog )
Hence we have ) .
1£0) = 150 -0 (VTlos 7).
T
which implies that
1 1
L) v"(0)=— —0(VTlog =
(9.0 '0) = 57 - 0 (VTlo )
for ¢ = 1, 2. We also have

v'(0)T V21,0 (0) = 12+0(\F10g )

and )
v'(0) T V21,0 (0) = O (\/Tlog T) )

Therefore we have 1§ (0) = & + O(VTlog %) and I5(0) = & — O(VT'log ). So we have
m (1 1 1
termI= = (=(1—p1) — — O | VvTlog —
erm I = = (8( p1) = pp2 + (\f OgT>)

)

e 1> . (22)

For term II, note that

Ppr _ 2 9*p1 Ppr _ pipi

and 8;1;1 = BB (2p;—1) fori # j,i # 1,j # 1 and they are all o(exp( %)) Therefore term II =

(exp(—fo Plugging it with (23) into (21), we have p{ (0) = —©(1/T') and hence

fL5(0) < —Q(1/T)

E?

for confusing sequences.

Now we assume that Z is a non-confusing sequence. We then have |8"1 |=o0 (T*1 exp(fﬁ)) and |I1(0)] = o(T?).

Hence |p}(0)| = o (T exp(—ﬁ)). So we have for non-confusing Z

150 = B o (e

() )
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Similarly we can calculate that for non-confusing Z that

term [ = % <;(1 —p1)+ 0O (\/flog 1{))
=0 (Té log(;))
o (;) 23)
and term IT = o (exp(—ﬁ)) Hence for non—confusing Z we have p{ (0) = o(+) and |f 50, 2)] = o(7). Summing
over all confusing and non-confusing Z, we have f (0 D) < —Q(peont/T) and therefore )\min(Vle(H, D)) <

-0 (pconf /T)

Now we can apply Lemma 14 in Jin et al. (2017) and obtain that after O(p 1f
probability at least 1 — 6/3, we have

) iterations of GD in Stage 2, with

L1(97D) < Ll(érD) - Q(p:c;;onf . T3)

We know for non-confusing sequences we have 61(5, Z)=o (exp(—ﬁ)) , hence denoting Do C D the set of

confusing sequences in D, we must have
Ll (97 Dconf) < Ll(é7 Dconf) - Q(pgonf ' T3) = 10g2 - Q(pionf . Tg)'

For any confusing sequence Z, defining g := I(r1) — {(r2) = 2(v1 — v3)(va — v4), it is straightforward to verify that

1
<pi(r, 2) £ ——F—-
1+ exp(—g/T) + 4exp(—\/;) + n? exp(—137) 1+ exp(—g/T)

Therefore for any two confusing sequences Z; and Z», we know
1
|p1(r1, Z1) — p1(r1, Z2)| = O(exp(—ﬁ))

is exponentially small, which implies that |¢1(6, Z1) — ¢1(0, Z2)| = O(exp(—\%)). Combining it with that
L1(0, Deont) <log2 — Q(p3, ¢ - T?), we know
b (9, Z) < IOg 2- Q(pgonf ’ TS)

for any confusing sequence Z.

Finally we show that after escaping the saddle, the loss on confusing sequences can decrease fast.

Lemma C.3. After O( log T) iterations of GD in Stage 2 in Algorithm I, with probability at least 1 — /3, we
have p(r1) > 0.999 on any confusmg sequence.

Proof. Assume Z € D is a confusing sequence. We denote py(Z) the prediction probability for r; on Z and
p2(D) = — |D| > contusing 27 p P2(Z"). After O(1/T) iterations of GD in Stage 2, with probability least 1 — §/3,
we have

£1(97 Z) < 10g2 - Q(pgonf : TB)'

— Q(T3), which implies that

1
Hence p(r2) < 35

(’Ul - U3)(U2 — ’1)4) Z T4



28 FINE-TUNING DYNAMICS OF IN-CONTEXT FACTUAL RECALL IN TRANSFORMERS

since I; — lo = 2(v1 — v3)(v2 — vy4). Without loss of generality, assume vq > v and ve > v4. Let

A := softmax(f — 172V L; () — softmax(f) € R°
be the change of the attention scores after one step of gradient descent. Denote
g = (v1 —v3)(v2 — vg).

Then we have

gkt1 — gk = (v1 —v3) (A2 — Ay) + (v2 — v4) (A1 — Az) + (A1 — A3)(Az — Ay)

where all A and v; at RHS are at time k. We also have gy > T*.

Now we show that gi 11 — g > 25t - gy if p(r1) < 0.999.

Aslongas k < £ (log ), by Lemma E.2 we have
10(k) — 0]l S VE -T2 < TV?(log #)*/*,

which implies ||v(k) — 3|2 < TV/2(log £)%/* and p(r;) = o(exp=/VT) fori # 1,2.

Also we have

P L (pa(Z) (0 — )+ ole™ 7)),
B ) L ma(B)os =) + ol YT,
P ) L (aZ) 0z — ) + oY),
P2 L (pa(Z)(0n — ) +ole™ 7)),
and h2)
Ovg

We also know

IV.0(0, 2o = 0 (77 - exp(~1/VT))

for non-confusing sequences Z’. Therefore

oL, 90, (v, Z) »
a’UZ‘ = Pconf * Tvz +o (T : eXp(_l/\/T))

for all 7. Moreover,

— 67%

oL, 0L, <~ 0L,
00, aTZ-_;”J

and
6

8Ll o 4p2 * Pconf —1/ﬁ
DGy = o (gt ole VD),
j=1

Now we are ready to calculate A; — Az and As — Ay in (24).

By Taylor expansion we have
A=—nJWw0)Vel +¢

(24)
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where J(v(0)) = Diag(v) — vv ' is the Jacobian of softmax and ||¢|| = O(n3||VoL1(0)||?).
Therefore we have

oL oL
Ay — Az =1 ((U1 — Ug)’UTVQLl + Ugafogl — 1)13911) + €1 — €3

and

oL oL
Ag — Ay =19 ((UQ — 7}4)UTV9L1 + 114?0: - vgae;> + €y — €4.

Plug them into 24 we have

2
Grt1 — Gk =12 [2(01 — vg)(v2 — va) v VgLy +12(v1 — v3)(va — va) (v VL)

8L1 8L1 8L1 aLl
+ (UQ — ’04) (’113603 — '01891> + (Ul — Ug) ('U4894 — U2892>

n oL, 9Ly oL, 0Ly
2\ "0, ~ oo, ) \ o0, ~ 200,

+m2(v1 — v3)v' VoLy (U4g§i - 0222)
(s = 00T Vos (et~ uGt) |+ O es)
We first obtain
-t L R St R
:%((’U%‘F’U%) (vg—U4)+2(v§—vf)g+o(e*#/j’>>, (26)
Similarly we have
maa—gi — Uz% - % ((vg +07) (v1 —v3) +2(vf —v3) g+o ((#/T» , Q27

Also we have

oL
291 2, T

VL
v; o lv||*v 1

[
NE

v ' Vol
=1

2 D con: —
— 20aDheont (43— 42)(wy ) + (0 — v3) (01 — ) + 2[ol1%g + 0 (/7))

T
2 ‘D con: —
— % ((2”1}”2 _ (Ul + vy + v3 +v4)) g—+o (e 1/\/T>> 7
which implies that
D)pcon
0T VL =0 (W) . (28)

Plugging (26), (27) and (28) into (25) and assuming that g = o(1) (if g = Q(1) then it is easy to see p; > 0.999), we
finally obtain that
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2]9 Dpconf
s — gi = 2PIeonR (12 4 0230, )2 4 (434 03) (01— 3)? + 0()) + Ol
2p2(D)Pcon
> 22D ([t 4 uf)0F + o) +ol0))
M2Pconf
> . 2
= 100007 7 29

for sufficiently small 7" and p2 (D) > 0.0009 (If p2(D) < 0.0009 then we have p; (D) > 0.9991). The first inequality
uses the fact that

lel S n3lIVoLa?
AN 2

2,2 2
PaPeont™

S 2 ;:)2f 2 ((Ul 7,03)2 + (1)2 704)2)

-0 (p2pconfn2

2 (03 + 03 (02 = va)? + (] + ) (01 — 13)?))

and (vf + v3)(v2 — va)? + (03 + v3) (01 — v3)* > 2¢/(v] +v3) (v + v)g.

Hence g1 — gr > 2Bt gy as long as py (D) < 0.9991. This means gx11 > (1 + ;’Sggg%) gx. Since we have

100007
9o 2 T, there exists constant Cs, such that when k > M, we have p; (D) > 0.9991. It is straightforward to

. . N2Peont
verify that at time £ we have
1 1
- ; <pi(Z) < T T oxp(—gn/T)
1+ exp(—gi/T) + dexp(—/ F) + 12 exp(~ i7) p(~gk
for any confusing sequence Z’'. Therefore for T' < m and large enough n we have |p1(Z’) — p1(Z)| < 0.0001,

which implies p(r1) > 0.999 for any confusing sequence. O

Lemma C.3 shows that the test accuracy is high on confusing sequences. To prove Theorem 4.4, it remains to show that
the accuracy is also high on non-confusing sequences.

Proof of Theorem 4.4. We first show that after Stage 2, p(r1) > 0.99 for any non-confusing sequence as well. We know
that after Stage 2, ||v(0) — v()|| < VT (log %)% = o(@) = o(¥=="1). Hence by Lemma C.1, we have p(ry) > 0.999
for non-confusing sequences if pu,is is a constant. By Lemma C.3, we also need to show that p o, cannot be too small.
Apply Chernoff bound to Assumption 4.3, we have that if |D| > 1?3 log %, then with probability at least 1 — §/3, we

have Peonf, Pmis > /2. Taking a union bound over the randomness here and the randomness in Lemma C.1, Lemma
C.3, we finish the proof. O

D. Proof to Lemma 4.5

In this section, we denote ¢ = softmax(w) the attention scores from the first decoding token. We abbreviate ps ,-(a, Z)
as p2 ,(a) if Z can be inferred from the context. We restate Lemma 4.5 here.

Lemma D.1. Assume the IC-recall data satisfies Assumptions 2.2 and 4.3. Set T, 1, 12 and the sample size | D| same as
in Theorem 4.1 for Algorithm 1, after Stage 1 and throughout Stage 2, the transformer has accuracy 1—o (exp (— \%T))

on all IC-recall sequences for the second decoding step.

Proof. We fix any sampled 7 = (s1,a1, 82, as, S3, UE.s ). The prediction logits for the second decoding step condi-
tioned on that the first decoded token being r; are

War) = (g1 + (g7 + 1) + 63 + @3,
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l(az) = (g3 + (a7 +1))* + ¢f + a3,

l(az) = (g5 + (a7 +1)* + ¢5 + a7
and l(a) = ¢7 + ¢3 + ¢2 + (g7 + 1)? for any answer a ¢ {a1, as,az}. We see that the loss for the second decoding
step as a function of ¢ is identical for every sequence, and hence it suffices to analyze a single sequence. We can also

see that the gap between [(a3) and the logits of other answers is lower bounded by 2(g5 — max{q1,¢s}). Our goal is to
show this lower bound of the gap becomes large enough after Stage 1, and remains large throughout Stage 2.

We first calculate the gradient of the loss /5 (w, Z ) w.r.t. attention scores ¢1, g3 and g5 in the following claim.

Claim 2. The gradients w.r.t. q are

662 . 2(1 + q7)
aql - T P2, (a1)7

87% = ?plm (az),

87q5 -7 (PQ,m(as) - 1) ,
ov 2
Biqi =7 (p2,r (a1)q1 + P2,y (a2)q3 + D2,r, (3)G5 — q5)
Oly

dq;

=0 fori#1,3,5,7.

7 C .
We have (%i = ql(gf;f =D =14 g?) and at initialization ¢; = % forall i € [7], pa,,, (a1) = p2,r, (a2) = p2,r, (a3).
Therefore at initialization we have

16p 58p + 18
0 —5dp + 18
. 16p R E
ngg = — 0 — vwfg = — *54}) + 18
T 16— 1) 33T | 53 04
0 —54p + 18
2(3p — 1) —12p+4
where p := pa , (a1) < &. Therefore after the first GD step, we have
. 32m
Wy — Ig?gcwz 2 T0T = = O(VTlog(1/T)).

Since the perturbation is of radius ©(T log™%(1/4)), for sufficeintly small T', after the perturbation the parameter w
continues to satisfy ws — max;5 w; = O(vT log(1/T)).

Next, we show that if ws — max;-5 w; > 0, then after a GD step this quantity is non-decreasing. It is immediate to see
9o 6132

e ~ oo >0fori=1,2,3,4,6. Next, since ws > wj, g5 > ¢; and thus
862 2q5 2(1 + Q7) 862
” 1) > —(p2.y -1)=—
G 2 7 () = 1) 2 ST (0) — 1) = 52
as well. Finally,
o O _ b b 27: 0t
E)wi 8w5 T aqz 8 5 q] q

> a. — 7_|_( —_ )%
2 q; 9g; qs 9gs 45 — 4; g5
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Hence ws — max;5 w; is non-decreasing. Therefore at any point during Stage 2, we have

g5 — qi = g5(1 — j—) — g5(1 — exp(w; — ws)) > O(VTlog(1/T))

for sufficiently small 7" since g5 > 1/7. This implies the logit gap l(a3) — max{l(a1),1(a2)} = Q(VT'log %), as well
as l(az) — l(a) > 2g5 = Q(1) for any a & {aq,as, asz}. Therefore for % > 40log n, we have

pan 03] = 14 2exp (~0 (Fplog %) ) + (n - 3)exp (-2 (&) - (e p( \/T>>

Proof to Claim 2. Conditioned on the correct decoded relation 71, we have the loss for the second decoding step

ly = —log (pa,r, (a3)) where pa ., (a3) = %. Therefore we have the gradient w.r.t. the logit vector [ is
ac
1915 1
a5 = 7 P2 —€3)-

Also we know that
War) = (@ + (er + 1)* + G + @3,

l(a2) = (g3 + (g7 + 1))* + ¢} + ¢3,
laz) = (g5 + (g7 + 1))* + ¢ + ¢}

and l(a) = ¢} + q3 + ¢% + (g7 + 1)? for any answer a ¢ {ay, as, a3}. Therefore we can obtain gf]i =0ifj #1,3,5,7,
J

al; . )
=2¢2j_1+2(qg7 +1)d;5 forany i € [n],j =1,2,3
3(]2j—1
and a1
aql = 2((]7 + 1) + 2q2;_1 - 1{i§3} for any ¢ € [TL]
7

Since Y, pa,r, (a;) = 1, we have

19)5) . oly  Ol; . 2((]7 + 1)
Oa2j-1 ez[n] ol Dggys T pen(n(e:)) = 05)
and
oly 2
e f(pz,n (r1(s1))q1 + p2,r, (11(52)) g3 + P2,y (r1(83))45 — g5)-
Plugging into the mapping of r1, we obtain the desired results. For j # 1,3, 5,7, we have g—gj =0. O

E. Helper lemmas

Proposition E.1. There exists constant Ty such that for any 0 < T < Ty, the loss L1(0,T) has gradient Lipschitz
constant O(1/T?) and Hessian Lipschitz constant O(1/T3).

Proof. We prove the proposition for the general setting where |S| = n and |R| = m. Recalling that loss L1 (0,T) =
Ez[¢1(0, Z,T)], it suffices to show for ¢1 (0, Z, T') that the desired property holds. Also note that since v = softmax(6),
its derivatives w.r.t. 6 up to order 3 are uniformly bounded by absolute constants. Therefore by chain rule, it suffices to
show for ¢1 (v, Z, T) that its gradient and Hessian Lipschitz constants are O(1/7?) and O(1/T?) respectively for any
Z. We fix any Z. Then by (16) we know each logit /(r;) can be written as some quadratic form

I(rj) =v" Aju
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for some symmetric matrix A;, and the number of possible quadratic forms is at most 13, which is independent of n.
For simplicity, we abbreviate [(r;) as [;. Then on the simplex of v, there exists absolute constants G, H > 0 such that

Vo) <G, [|V2(0)|| < H, V3;(v) =0 forall j € [m].

()

Define the log-sum-exp term as ¥ (v) := log > i1 €xp ( )> For a k-th order tensor A € R4*"
associated k-linear form as

‘We know that the loss
li(v,T) = —logpi(v) = —

d
A[wl,...,xk] = Z 14117 i 3;‘1) (l‘k)ik, L1ye-- 3Tk ERd.

=1

For unit vectors a, b we define
= Vojlal, Y= V2L[ab).

Then we have | X[ < G and |Yja’b| < H. We first derive the upper bound for the gradient.
Gradient Lipschitz constant. for all j € [m]. Differentiating ¥ gives

VUl = = 3 pX;

JE€[m]

and
1
2 _ a,b a b
V¥ (v)la,b] = T g[ | p;Y;" +7COVP(X X°).
JEM

Here p = softmax({) is the prediction probability vector and

Cov,(X,Y) : Zp,XY S opiXj || Yo pYi | forany X,Y € R™.

It is easy to see that

G
V() (a]| < o = O(1/T)
and there exists Ty > 0 such that for any 0 < 7' < Ty we have
H 2G?
2 _ 2
VW) [0, b < 7+ g = O(1/T).

Also noting that | V2[4 [a, b]| < H, therefore we have
|v2£1 [a7 b” = O(l/T2)7

which implies that
V261 (v)]| = O(1/T?).

Hessian Lipschitz constant. We can calculate to obtain that for unit vectors a, b, ¢, we have

V39 (v)[a,b,c] = ZpJV?’ [a,b, ]

]€[m

+ 7 (Covp(Ya’b, X¢) + Cov, (YY", X°) + Cov, (Y€, X))

+ 73 ij Ha) (X3 — o) (X5 — pic)

, we define the
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where o = .o, P; XS and s, pe similarly follow.  Using V3l = 0, |XJ“|,|XJZ’|,|XJC| < @ and
[y ab| |ybe| |Yec| < H forall j € [m], we obtain

3
6HG | 8G° _ ) pay

|v3\IJ(U)[a7baCHS T2 +F

Therefore combining it with V3/; = 0 we have
|V304a, b, c]| = O(1/T?),

which implies that
V2 ()] = 0(1/T?).

O

Lemma E.2 (GD movement upper bound). Let f(-) be {-gradient Lipschitz smooth and f* = inf,, f(x). Consider
gradient descent iterates xy 1 = x — NV f(xy) where n < %. Then for any t > 1,

2t (f(zo) — f*)

e — ol < 4 EE =

Proof. By the descent lemma, Y6t [lzn sy — 2|2 = 72 S0 [V f ()] < w Applying the triangle
inequality followed by Cauchy—Schwarz,

t—1 t—1
2t (f(xo) — f*)
|zt — zoll <D lwksr — 2]l < tkz_o [eker — zn]|* <y —

k=0




