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ABSTRACT

Antisymmetric tensors, which change sign under index swaps, appear naturally
in physics, yet learning from them remains largely unexplored. We provide a
complete characterisation of all linear permutation equivariant functions between
antisymmetric power spaces of R™. To make this characterisation practical, we
introduce a memory-efficient implementation that eliminates the need to create
and store large weight matrices. We demonstrate that our approach is efficient
in learning functions that depend on the antisymmetric structure of the input and
outperforms models that do not incorporate this structure as an inductive bias.

1 INTRODUCTION

Equivariance provides a principled framework for designing neural networks that respect symmetries
in data. By constraining functions to commute with group actions, equivariant models encode
structural priors, which can improve generalisation and sample efficiency. This idea was first
introduced in the context of group equivariant convolutional neural networks (Cohen & Welling,
2016;2017) and has since been applied to more general group actions on a variety of structured data
domains (Kondor & Trivedil, 2018 Kondor et al., 2018} Thomas et al., 2018} [Weiler et al., [2018;
Satorras et al.| 2021). A central challenge in equivariant machine learning is the characterisation
of linear equivariant maps between group representation spaces, since they form the fundamental
building blocks for developing new equivariant architectures (Ravanbakhsh et al.| 2017; Zaheer et al.}
2017 |Maron et al.| 20194} [Finzi et al., 2021} [Pearce-Crump), 2023}, |Godfrey et al., [2023}; |Sverdlov
et al.,[2025).

Despite these advances, equivariant modelling of certain classes of structured data remains compara-
tively less explored. In particular, antisymmetric tensors, whose components satisfy

Ti1,i2,---7ik = Sgn(ﬂ-)nw(l);7;1r(2);~~<7i7r(k) forall m € Sk (1)
and vanish whenever any two indices coincide, present a unique challenge that existing equivariant
methods do not address. These tensors arise in areas of physics and mathematics, including differential
geometry (Lee, [2009; [Tul 2017), electromagnetism (Misner et al., [1973)), general relativity (Wald,
1984]), and quantum mechanics (Bloch & Messiahl [1962). Many key operations on these tensors,
such as computing exterior derivatives in differential geometry or applying operators to fermionic
states in quantum mechanics, are linear and must be permutation equivariant in order to preserve
antisymmetry. However, existing permutation equivariant architectures (Zaheer et al., [2017; Maron
et al.,2019a; Godfrey et al., 2023 |Pearce-Crumpl 2024) are designed for general tensors and do not
guarantee the preservation of the antisymmetric structure, limiting their effectiveness on such data.

In this work, we address this gap by making the following contributions:

» Exact characterisation: We determine a complete characterisation of all permutation
equivariant linear maps between any two antisymmetric powers of R”, covering both scalar-
and vector-valued functions.

* Efficient implementation: We design a memory-efficient approach, which we term IO
patterns, that avoids the explicit construction of large weight matrices while enabling
permutation equivariant mappings between antisymmetric tensors of arbitrary order.

* Empirical evaluation: We evaluate our framework on two tasks where the target function
depends on the antisymmetric structure of the input, showing that it outperforms standard
MLPs and standard permutation equivariant neural networks on these tasks.
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2 RELATED WORK

Equivariant Machine Learning on Antisymmetric Tensors Incorporating equivariance into
learning from antisymmetric tensors is a relatively new area of research. To the best of our knowledge,
only a few recent publications have addressed this topic, but they focus only on equivariance with
respect to Euclidean groups. [Heilman et al.| (2024) created SO(3)-equivariant models using spherical
harmonics to predict components of antisymmetric tensors from crystal structures. Hodapp & Shapeev
(2024) created equivariant tensor networks to construct interatomic interaction models that are based
on SO(3)-invariant tensor networks. By contrast, our work explores permutation equivariance on
antisymmetric tensors.

Equivariant Machine Learning on Symmetric Tensors Several works in equivariant machine
learning have studied structured data in the symmetric tensor setting (Gao et al., 2022 |Lou & Ganose,
2024; [Wen et al., 2024} Heilman et al., 2024; |Garanger et al.| [2024). [Pearce-Crump| (2025) also
characterised permutation equivariant linear maps for symmetric tensors. Their framework, however,
cannot handle antisymmetric tensors because the signs of permutations that must be considered in
equation (€) create a fundamentally different combinatorial structure. A key contribution of our
work is the identification of valid basis elements for permutation equivariant linear maps between
antisymmetric tensors, providing a complete characterisation in this setting. This also enables a
compact, memory-efficient implementation that is not possible with previous approaches.

Permutation Equivariant Neural Networks These neural networks have been designed to learn
from different types of data, focusing primarily on set-structured data (Ravanbakhsh et al., [2017; Q1
et al.,[2017; | Zaheer et al., 2017; Hartford et al., 2018; Maron et al., [2020; |Sverdlov et al., 2025) and
graph- and hypergraph-structured data (Maron et al.|, 2019a; Thiede et al.| 2020; |Finzi et al.| 2021}
Morris et al., 2022; |Godfrey et al., [2023}; [Puny et al.| 2023} [Pearce-Crump, [2024; [Pearce-Crump &
Knottenbelt, 2024b)). In particular, Pan & Kondor (2022) and Pearce-Crump & Knottenbelt (2024a)
have investigated how to organise the computations that are involved in these networks to improve
their performance. Additionally, a separate line of research has explored their expressive power
(Keriven & Peyré, [2019; [Maron et al.,|2019b; Segol & Lipman, [2020; [Yarotskyl, 2022).

3 ANTISYMMETRIC POWERS OF R"

We present the fundamental definitions that are needed to be able to study linear permutation
equivariant functions on antisymmetric tensors. We first introduce an action of .S,, on a set of k-length
indices A[n]*. These indices will then index a basis of a real vector space, A¥(R™), known as the &
antisymmetric power of R™. We let [n] := {1,...,n} throughout.

Define the set A[n]” to consist of all k-length tuples of the form
I = (i1,42,...,0k)suchthat 1 <i; <io <...< i <n. )
We see that, for k < n, the cardinality of A[n]k is (Z), otherwise it is 0.

We obtain an action of the symmetric group S,, on A[n]* by applying the permutation to each element
in the tuple and then reordering the result (applying a permutation in .Sy ) such that the lexicographical
ordering is maintained.

Example 3.1. Consider the element (1, 3,5) of A[5]3, and suppose that we apply (145)(23) in S5 to
it. We obtain (4, 2, 1) which we reorder to (1,2, 4) to give another element of A[5]3.

Consequently, we define the k™ antisymmetric power of R", A*(R"), to be the vector space that
has a standard basis {¢;} indexed by the elements I of A[n]*. Typically one writes e; € A*(R™) as
€i, Nei, A+ Ne;,, where A denotes the wedge product.

We can also raise the action of S,, on the set A[n]* to a representation of S,, on A¥(R™) in the usual
way — however, in applying the permutation (in Sj) that maintains the lexicographical ordering
of the indices, we need to scalar multiply the result by the sign of this permutation. Denoting the
representation itself by pfc\, we therefore see that

pr(o) ter = ST o (1), k)0 (1m0 1 )

where 7, (1) 1, is the permutation in Sy, that maintains the lexicographical ordering of ().
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Example 3.2. Following on from Example[3.1] we see that

p5((145)(23)) s e 3,5 = —€(1,2.0) @)
since the permutation in Ss that reorders (4, 2, 1) to (1, 2,4), namely (13), has sign —1.

We wish to characterise in full the linear permutation equivariant functions between any two antisym-
metric power spaces of R". They are defined as follows.

Definition 3.3. A linear map ¢ : A*(R") — A!(R") is said to be permutation equivariant if, for
allo € S, and v € A¥(R"),

$(pr (0)[v]) = i (o) [6(v)] )
We denote the vector space of all such maps by Homg, (A*(R"™), AL(R™)).

Since our goal is to calculate all of the permutation equivariant weight matrices that can appear
between any two antisymmetric power spaces of R, it is enough to construct a basis of matrices for
Homg, (A*¥(R™), A{(R™)), by viewing it as a subspace of Hom(A*(R™), A'(R™)) and choosing the
standard basis for each antisymmetric power space, since any weight matrix will be a weighted linear
combination of these basis matrices. This characterisation includes the following functions:

Proposition 3.4. Linear permutation equivariant scalar-valued and vector-valued func-
tions on antisymmetric tensors in (R”)‘X’k are elements of HOmSn(Ak(R”), A%R™)) and
Homg, (A*(R™), AY(R™)), respectively.

4 BASIS OF Homg, (A*(R™), A{(R"))

We obtain the basis of matrices for Homg, (A*(R™), A/(R™)) in three parts: firstly, we obtain a
condition that a basis matrix needs to satisfy; then we raise this condition to the level of orbits of S,
acting on the Cartesian product set A[n]’ x A[n]*, equating each orbit with a certain type of diagram;
and finally we use these diagrams to obtain the basis matrices themselves.

Proposition 4.1. The basis elements f of Homg, (A¥(R™), AY(R™)) must satisfy

fr.0 = sen(7o(1),1) S80(To (1) 1) fo (Dymo 1y 0.0 (D oy (©)

forallo € S, I € A[n]' and J € An]*, where To (1), And Ts( 1), are permutations in Sy and Sy,
that restore the lexicographical ordering of o(I) and o(J), respectively.

Equation @ suggests that we can find the basis elements of Homg, (A*(R™), A'(R™)) by studying
the action of S,, on the Cartesian product set A[n]' x A[n]*. Indeed, if we write the elements of

A[n])! x A[n]* as (ﬁ), then we can define an action of S,, on A[n]' x A[n]* by

1 1
J( ) — <U( )Wo(I),l) %)
J o(N)To(r)k
In fact, instead of studying the orbits under this action, we show that each orbit corresponds to a
diagram which we will then use to obtain the basis elements of Homg, (A*(R™), A{(R™)).

We start by constructing an equivalence class of diagrams for each orbit coming from the action of
S, on A[n]' x Aln]*. Let ( §) be a class representative of some orbit. We form a diagram for ( 5) in
the following way:

We place the values of I in one row and the values of J in another row below it. Then, for
each value = € [n], if = does not appear in either I or J, we move onto the next value in [n].
Otherwise, we insert a central red node in between the two rows. If = appears in I, then we
draw a line from its position in the top row down to the red node. If = appears in .J, then we
draw a line from its position in the bottom row up to the red node.
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Example 4.2. Suppose that | = 3, k = 3, and n = 5. Consider the S; orbit of A[5]? x A[5]? that

contains the element (};g) Then, by the construction given in the green-coloured box, we obtain

1 2 5
T J) ®)

1 2 3
125

Removing the labels gives the resulting diagram for the element (123). In general, for such a diagram,
we call the black lines wires and the individual central red nodes together with the wires that are
attached to them spiders.

o(D)7g(r),1
) ) ] o (N)Te(1),k i
form a diagram using the same procedure given in the green-coloured box above, then the spiders
that appear in the diagram for this class representative (viewed without their labels) will be the same
as the one for ( ﬁ), just potentially in a different order. Hence, by our construction, for each orbit

coming from the action of S,, on A[n]' x A[n]¥, we obtain an equivalence class of diagrams that
corresponds to it, as desired.

Suppose that we change the class representative of the orbit: if we choose ( ) instead and

235 125
135 123
is obtained by first applying the permutation (13)(25) to (Eg) and then restoring the lexicographical
ordering by applying separate permutations in S3 to each of the top and bottom rows of the diagram.

Hence, applying the procedure given in the green-coloured box above to (%gg) , we obtain the diagram

Example 4.3. Continuing on from Example we see that (35.) is in the same orbit as (7.), since it

2 3 5
(i) J) &)
1 3 5
Note that, after removing the labels, this gives the same diagram as (8], except the spiders are in a
different order.

However, we can say more, once we have introduced the following concept:
Definition 4.4. A (k,l)-bipartition r is the set

{lz1, 0], (w2, 92, -5 [, yel b (10)

of some t pairs [z;, y;| such that z;,y; > 0 for all i, not both zero, 22:1 xz; = k and Zle y; = L.
We call the individual pairs blocks. Bipartitions were first introduced and studied by [MacMahon
(1896).

We define a particular type of bipartition as follows. To the best of our knowledge, they have not
appeared in the literature before, hence we have chosen the most appropriate name that we could
think of for them.

Definition 4.5. We call a (k, [)-bipartition = where each block is restricted to being only either [1, 1],
[1,0], or [0,1] a (k,l)-antispherical bipartition.

Hence we see that, for each orbit coming from the action of S,, on A[n]' x A[n]*, every diagram in the
equivalence class (of diagrams) that corresponds to the orbit represents the same (k, [)—antispherical
bipartition since the three possible types of blocks in a (k, [)—antispherical bipartition correspond to
the following spiders:

— [1,1] T > [1,0] J; > [0,1] (11)

We call the diagrams (k, l)—antispherical bipartition diagrams. Consequently, we can choose a
particular antispherical bipartition diagram to represent the entire equivalence class, and hence it is
the diagram that corresponds to the orbit:
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Definition 4.6. The normal form of a (k,[)-antispherical bipartition is the (k,[)—antispherical
bipartition diagram where, from left to right, all of the [1, 1] parts are represented as spiders, then all
of the [1, 0] parts, and finally all of the [0, 1] parts.

Example 4.7. Continuing on from Examples and we see that the (3, 3)—antispherical biparti-

tion that corresponds to the orbit containing both (3) and @gg) is

{[1, 1], [1,1], [1, 0, [0, 1]} (12)

The corresponding (3, 3)—antispherical bipartition in normal form is given in (8) (without the labels).
Remark 4.8. We note that the (k, [)—antispherical bipartition that corresponds to an orbit can have at
most n blocks, by the construction given in the green-coloured box.

Having shown that each orbit coming from the action of S,, on A[n]! x A[n]* corresponds to (the
normal form of) a (k, [)-antispherical bipartition having at most n blocks we now show that all
(k, l)-antispherical bipartitions having at most n blocks must appear in this process.

Representing each (k, )—antispherical bipartition having some ¢ € [n] blocks in its normal form, we
obtain its orbit by following the six steps below:

1. Form all possible ¢-length tuples with elements in [r], not allowing for repetitions amongst
the elements.

2. Then, for each t-length tuple, label the central red nodes of the normal form from left to
right with the elements of the tuple.

3. If necessary, reorder the spiders so that they are in increasing order from left to right.

4. Then, for each spider, propagate the block label to the end of each wire.

5. This produces the element ( §) where the top row’s labels are I and the bottom row’s labels
are J.

6. Doing this for each t-length tuple gives the entire S,, orbit.

Hence, overall, we have shown the following result:

Proposition 4.9. The orbits that come from the action of Sy, on A[n]' x A[n]* correspond bijectively
with (the normal form of) the (k,l)-antispherical bipartitions having at most n. blocks.

Remark 4.10. In the Technical Appendix [C| we provide a novel procedure for how to generate all
(k, l)-antispherical bipartitions having at most n blocks, and hence determine their total number.

We now describe how to obtain the basis matrices of Homg, (A*(R™), AY(R™)) from (k,1)—
antispherical bipartitions having at most n blocks.

Looking back at equation (6) and applying Proposition[4.9] we see that, in order to find the basis ele-
ments of Homg, (A*(R™), A'(R™)), we not only need to consider all (k, [)-antispherical bipartitions
having at most n blocks, but we also need to keep track of the signs of the individual permutations
To(1), and Ty (i that restore the lexicographical ordering of o(I) and o(J) respectively. This
means that for each (k, [)—antispherical bipartition having at most n blocks, we need to choose some
f1,7 to have a positive sign and calculate the signs of each fo([),ra(”,l70(‘])%(])* with respect to this
initial choice.

This is why we introduced the normal form of a (k, [)—antispherical bipartition, namely to achieve
consistency in how we calculate these signs as we act with the symmetric group S,,. Indeed, suppose
that the normal form of a (k, [)—antispherical bipartition has some ¢ € [n] blocks. Then we choose
the diagram that comes from labelling the ¢ blocks of the normal form from left to right with the

elements of the tuple (1,2,...,t) to have a positive sign (and hence we can also assign the same

positive sign to its associated ( f,) element that comes from propagating the block labels to the ends of

the wires). After making this choice, we then label the normal form with each possible ¢-length tuple
having distinct elements in [n]. For each such labelled diagram, we need to associate a sign with the
diagram that is obtained by reordering the labelled spiders so that they are in increasing order from
left to right — let us call this the reordered diagram. This is because labelling the central nodes of the
normal form with the elements of some ¢-length tuple is equivalent to acting on the , J tuples in the

chosen ( 5) element with some permutation o, and reordering the spiders restores the lexicographical
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1
reorder reorder reorder
3 2 1 e 4 -2 3 1 —_— + 2 1 3 — + 1 2 3
and propagate

2 3

Figure 1: We show how to calculate the sign of the reordered diagram that comes from the normal
form of the (2, 2)—antispherical bipartition {[1, 1], [1, 0], [0, 1]} whose spiders are labelled with the
3-length tuple (3, 2, 1). We calculate the signs either by tracking the swaps that we make in the top
row and the bottom row or by following the rules that are given in Figure E}

o(I)me (1)1 )
. . . . . O-(J)ﬂ-a(‘])’k

element in the associated orbit (by propagating the block labels to the ends of the wires). Hence,

associating a sign to each such reordered diagram is the same as associating a sign to its associated

o(D)7e(r),1

(U(J)TFU(J),A-,

ordering in both o(I) and o(J). That is, each reordered diagram corresponds to the (

) element.

For each diagram that is obtained by labelling the normal form with some ¢-length tuple, we associate
a sign to its reordered diagram as follows: we begin with the normal form that is labelled with the
t-length tuple, which has positive sign, and, as we swap adjacent pairs of spiders, we track the swaps
that we make in the top row and the bottom row. If the result consists of only one swap in either of
the top or bottom rows, we change the sign, otherwise we leave the sign as it is. The sign that appears
next to the diagram once it is reordered is the one that is associated with the reordered diagram.

Example 4.11. We give an example of this procedure in Figure[I} we show how to calculate the sign
of the reordered diagram that comes from the normal form of the (2, 2)—antispherical bipartition
{[1,1],[1,0], [0, 1]} whose spiders are labelled with the 3-length tuple (3,2, 1).

We can go further: since we are tracking sign changes as we swap adjacent pairs of spiders, we
can view the sign changes as a set of rules on pairs of spiders as we swap their order. Reducing
these swaps to a set of rules means that we do not have to track swaps on individual rows. We have
provided these rules in Figure 2] Their proof is immediate from equation (6) together with the fact
that the sign of a transposition is —1.

We have resisted saying throughout that, for a given (k, [)—antispherical bipartition having at most n

blocks, once we obtain a sign for each reordered diagram (and hence for each (;((j)):"((j)); ) ), then we

know the sign of the (o(I) 7o (1,1, 0(J)To(1),1)—€ntry of its associated basis matrix. This is because
certain classes of (k,[)—antispherical bipartitions having at most n blocks do not generate a basis
matrix: in fact, they generate the zero matrix.

Lemma 4.12. Any (k, l)—antispherical bipartition having at most n blocks that has more than one
[1, 0] block or more than one [0, 1] block corresponds to the zero matrix in Hom(Ak(R™), AY(R™)).

However, with the following theorem, for the remaining (%, [)—antispherical bipartitions having at
most n blocks, once we have obtained a sign for each reordered diagram, then we do know what
the sign for the (o (I)7, (1)1, 0(J)74(1),5)—entry of its associated basis matrix will be. (The proof
shows that, for these (k, [)—antispherical bipartitions, all reordered diagrams that generate the same

o(D)To(r R
(‘T(J)Tfa((J)),k
the (o(I) 7o (1,1, 0(J) T (5),1)—entry of its associated basis matrix, otherwise we put —1. We fill all
other entries with 0.

) element come with the same sign). Hence, if the sign is positive, then we put 41 in

Theorem 4.13. The basis matrices X, of Homg, (A¥(R™), A'(R™)) are in bijective correspondence
with the set of (k, l)—antispherical bipartitions w having at most n blocks such that each antispherical
bipartition has at most one [1,0] block and at most one [0, 1] block.

Corollary 4.14. The S,,-equivariant weight matrix from A*(R™) to AY(R™) is 3" w. X for weights
wy and basis matrices X, where the sum is over all (k,l)—antispherical bipartitions 7 having at
most n blocks with at most one [1,0] block and at most one [0, 1] block.
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T

Figure 2: This set of six rules describes the resulting sign changes that occur when we swap the order
of a pair of labelled spiders. Swaps that consist of only one swap in either of the top or bottom rows
induce an overall change of sign, whereas swaps that consist of either zero or one swap in both of the
top and bottom rows retain the existing sign.

Example 4.15. Continuing on from Example we see that the the (13, 23)—entry of the basis
matrix Homg, (A2(R™), A%(R")), for any n > 3, corresponding to the (2,2)-bipartition 7 =
{[1,1), 1,0, [0, 1]} is +1.

Example 4.16. Suppose that we would like to find the S3-equivariant weight matrix from A?(R?)
to A'(R3). We need to consider the normal form of the (2, 1)—antispherical bipartitions having at
most n. = 3 blocks, with at most one [1, 0] block and at most one [0, 1] block. There is only one such

diagram:
T 13)

This diagram corresponds to a basis matrix in Homg, (A?(R?), A1 (R3)) of size 3x 3. The calculations
to obtain this matrix are given in Example[D.1] Hence, for a weight w € R, the S3-equivariant weight
matrix from A%(R?) to A'(R?) is of the form

1,2 1,3 23

1T w w 0
2|l—w 0 w (14)
31 0 —w  —w

Remark 4.17. We have focused solely on understanding the possible S,,-equivariant weight matrices
from A¥(R™) to A'(R™) because it is clear that the pointwise non-linearities must be odd in order to
preserve the antisymmetric structure.

5 MEMORY-EFFICIENT IMPLEMENTATION

Since we would like the weight matrices that we have characterised to operate on antisymmetric
tensors in (R™)®*, we show in the Technical Appendix, Section B} that we can represent any S,,-
equivariant weight matrix W from A*(R") to A'(R™) as a matrix from (R")®* to (R")®!. We also
provide a general procedure for obtaining this weight matrix in the Technical Appendix. We call the
resulting matrix from (R™)®* to (R™)®! the unrolled S,,-equivariant weight matrix, and the process
of representing the original matrix in this way unrolling.

In reality, it is somewhat painful to obtain an unrolled S, -equivariant weight matrix in this way. More
importantly, as we increase the values of n, k and [, it becomes impractical to store the entire unrolled
weight matrix in memory, particularly when we look to implement the transformation of an input
tensor 7' by an unrolled weight matrix W.

Instead, we introduce some new notation that describes, for each basis matrix that appears in W, the
transformation of an input 7' € (R™)®* into its output W (T') € (R™)®!. The key idea behind this
construction is that we want to understand, for each fixed index I = (41,2, ...,;) of the output
W (T), all possible inputs that map to this output without having to form an n! x n* matrix.
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Definition 5.1. Let 7 be a (k, [)—antispherical bipartition. We define an IO pattern as follows: for a
fixed index I = (i1, 42, ...,%;) as output, we calculate all possible ways in which we can label the
spiders of the normal form of the (k, [)—antispherical bipartition together with the permutations of
the spiders for a given labelling that create new inputs which map to this fixed output /.

We obtain a pattern for each such combination of the form
I+ J (15)

where we sum over all indices in .J that do not appear in 1.

Finally, we combine with addition all of the patterns on the right hand side to obtain the IO pattern
itself. We can then use the left hand side of the IO pattern to index the output X (7") and the right
hand side to index the input 7', which ultimately describes the transformation in full. In this way, we
avoid having to create a weight matrix at all, and consequently the only requirements on memory
come from needing to store only the input tensor 7" and the output tensor W (7).

Example 5.2. Continuing on from Example[4.16] we consider once again the normal form of the only
(2, 1)—antispherical bipartition having at most n = 3 blocks with at most one [1, 0] block and at most
one [0, 1] block. This diagram was given in (13).

Let us fix ¢ as the output index. Then we see that we can obtain this fixed output either from:

i J T or —J (i) i (16)

By propagating the block labels to the ends of the wires, these diagrams give the patterns

3 3
i Y dj  and i =Y g (17)
Ji#i JigF#i

Combining them we obtain the 1O pattern corresponding to this antispherical bipartition:

3 3
i i Y g (18)
JijFi Jig#i
One can check (I8)) against the basis matrix that is given in Example[B.1} Moreover, (I8) gives us

3 3
Xo(T)i= ) Tig— Y Ty (19)
JijF#i Jij#i

which describes the transformation on an input antisymmetric tensor 7' € (R3)®2.
Remark 5.3. In fact, there is significant additional power behind the IO pattern method. Namely,
with just the one 1O pattern, we can generate what would be the corresponding unrolled basis matrix
(if we wanted to calculate it) for any n that is greater than or equal to the number of blocks in the
(k, D)—antispherical bipartition, simply by changing the upper limit of summation in each sum that
appears in the 1O pattern to n. This means that the 1O pattern encapsulates a whole class of possible
transformations (as the value of n changes). See Example[5.2]for an example of this in action.
Remark 5.4. In the Technical Appendix, Section[F} we have included some more examples of IO
patterns for different (%, [)—antispherical bipartitions.

6 NUMERICAL EXPERIMENTS

We now evaluate our approach on tasks where the target function depends on the antisymmetric
structure of the input.

The implementation details relating to the architectures that were chosen and the training details that
were used in each task are provided in the Technical Appendix, Section|[G]

Sg-Equivariant Task: We evaluate our model on a synthetic Sg-equivariant task from antisymmet-

ric tensors in (R®)®? to R? that is given by the function f(T); = o (Zj:j# Ti,j) for each i € [8],

where o is the ReLLU activation function.
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In Figure 3] we show that our model is the only one that is capable
of learning the target function, in contrast to both a standard MLP
and a standard Sg-equivariant model. We attribute this success to 8 | 0.00003+0.000003
the stronger inductive bias that is built into our architecture. We 24 | 0.0013-0.00009
also show in Table [I] that our model appears to generalise well to 64 0.0310.00144
antisymmetric tensors having different sizes, even though it was only
trained on antisymmetric tensors of a particular size.

n Test MSE

Table 1: Generalisation.

Si-Invariant Task: We evaluate our model on an Ss-invariant

task to learn the absolute value of the Pfaffian of 4 x 4 antisymmetric matrices. The Pfaffian is
important in physics and chemistry as it describes antisymmetric interactions in fermionic systems,
such as the electronic structure of molecules. Although this experiment uses synthetic data, it reflects
the kind of structured, antisymmetric input that is found in many real-world applications. In Table 2}
we show that our model outperforms a standard MLP and a standard Sy-invariant model across all
training data sizes. In particular, our model achieves the lowest test errors with far fewer training
samples and with fewer parameters. We attribute the model’s superior performance across all data
sizes to its strong inductive bias.

Model 3-107 3- 102 3-103 3-10%
AntiSymmPermEquiv | 0.3227+0.1146 | 0.2735+0.0230 | 0.272540.0229 | 0.2695+0.0222
PermEquiv 0.5307+0.0709 | 0.2974+0.0258 | 0.2876+0.0229 | 0.2756+0.0223
MLP 0.7479+0.0353 | 0.5940+0.0809 | 0.4665+0.0257 | 0.3015+0.0294

Table 2: Test MSE for the S;-Invariant Task.

100 4
10-14
I
S
2 10724
=
‘©
=
10-3 4
—— AntiSymmPermEquiv
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10744 — mLp
5 10 15 20
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Figure 3: In the Sg-equivariant task, the only model that successfully learns the target function is the
permutation equivariant one that considers the antisymmetric structure in the input.

7 CONCLUSION

In this paper, we obtained a complete characterisation of all linear permutation equivariant functions
between antisymmetric powers of R”. To implement these transformations efficiently, we introduced
IO patterns, which encode, for each index in the output tensor, all indices in the input tensor that
contribute to the value at this output index. This made it possible for us to perform the transformations
without constructing or storing high-dimensional weight matrices. We showed in practical experi-
ments that our network learns better than a standard MLP and a standard permutation equivariant
neural network when the target depends on the antisymmetric structure. We also demonstrated the
potential for transfer learning to antisymmetric tensors of different sizes.



Under review as a conference paper at ICLR 2026

REFERENCES

Claude Bloch and Albert Messiah. The canonical form of an antisymmetric tensor and its application
to the theory of superconductivity. Nuclear Physics, 39:95-106, 1962.

Taco Cohen and Max Welling. Group Equivariant Convolutional Networks. In Proceedings of

The 33rd International Conference on Machine Learning, volume 48 of Proceedings of Machine
Learning Research, pp. 2990-2999, New York, USA, 20-22 Jun 2016. PMLR.

Taco Cohen and Max Welling. Steerable CNNs. In International Conference on Learning Represen-
tations, 2017.

Marc Finzi, Max Welling, and Andrew Gordon Wilson. A Practical Method for Constructing
Equivariant Multilayer Perceptrons for Arbitrary Matrix Groups. In Proceedings of the 38th
International Conference on Machine Learning, volume 139 of Proceedings of Machine Learning
Research, pp. 3318-3328. PMLR, 18-24 Jul 2021.

Liyao Gao, Yifan Du, Hongshan Li, and Guang Lin. RotEqNet: Rotation-equivariant network for
fluid systems with symmetric high-order tensors. Journal of Computational Physics, 461:111205,
2022.

Kévin Garanger, Julie Kraus, and Julian J. Rimoli. Symmetry-enforcing neural networks with
applications to constitutive modeling. Extreme Mechanics Letters, 71:102188, 2024.

Charles Godfrey, Michael G. Rawson, Davis Brown, and Henry Kvinge. Fast computation of
permutation equivariant layers with the partition algebra. In ICLR 2023 Workshop on Physics for
Machine Learning, 2023.

Jason S. Hartford, Devon R. Graham, Kevin Leyton-Brown, and Siamak Ravanbakhsh. Deep Models
of Interactions Across Sets. In Proceedings of the 35th International Conference on Machine
Learning, pp. 1914-1923. PMLR, 2018.

Alex Heilman, Claire Schlesinger, and Qimin Yan. Equivariant Graph Neural Networks for Prediction
of Tensor Material Properties of Crystals, 2024. arXiv:2406.03563.

M. Hodapp and A. Shapeev. Equivariant tensor network potentials. Machine Learning: Science and
Technology, 5:035075, 2024.

Nicolas Keriven and Gabriel Peyré. Universal Invariant and Equivariant Graph Neural Networks. In
Advances in Neural Information Processing Systems, volume 32, 2019.

Risi Kondor and Shubhendu Trivedi. On the Generalization of Equivariance and Convolution in
Neural Networks to the Action of Compact Groups. In Proceedings of the 35th International
Conference on Machine Learning, volume 80 of Proceedings of Machine Learning Research, pp.

2747-2755. PMLR, 10-15 Jul 2018.

Risi Kondor, Zhen Lin, and Shubhendu Trivedi. Clebsch—-Gordan Nets: a Fully Fourier Space
Spherical Convolutional Neural Network. In Advances in Neural Information Processing Systems,
volume 31, 2018.

Jeffrey M. Lee. Manifolds and Differential Geometry. American Mathematical Society, United States,
2009.

Yuchen Lou and Alex M. Ganose. Discovery of highly anisotropic dielectric crystals with equivariant
graph neural networks, 2024. arXiv:2405.07915.

Percy Alexander MacMahon. XVII. Memoir on the Theory of the Compositions of Numbers.
Philosophical Transactions of the Royal Society of London. (A.), 184:835-901, 1893.

Percy Alexander MacMahon. XVI. Memoir on the Theory of the Partition of Numbers. Part 1.

Philosophical Transactions of the Royal Society of London. Series A, Containing Papers of a
Mathematical or Physical Character, 187:619-673, 1896.

10



Under review as a conference paper at ICLR 2026

Percy Alexander MacMahon. Memoir on the Theory of the Partitions of Numbers. Part II. Philosoph-
ical Transactions of the Royal Society of London. Series A, Containing Papers of a Mathematical
or Physical Character, 192:351-401, 1899.

Percy Alexander MacMahon. Combinatorial Analysis. The Foundations of a New Theory. Philosoph-
ical Transactions of the Royal Society of London. Series A, Containing Papers of a Mathematical
or Physical Character, 194:361-386, 1900.

Percy Alexander MacMahon. Memoir on the Theory of the Partitions of Numbers. Part III. Philosoph-
ical Transactions of the Royal Society of London. Series A, Containing Papers of a Mathematical
or Physical Character, 205:37-59, 1906.

Percy Alexander MacMahon. II. Second Memoir on the Compositions of Numbers. Philosophical
Transactions of the Royal Society of London. Series A, Containing Papers of a Mathematical or

Physical Character, 207(413-426):65-134, 1908.

Percy Alexander MacMahon. III. Memoir on the Theory of the Partitions of Numbers. Part V.
Partitions in Two-Dimensional Space. Philosophical Transactions of the Royal Society of London.
Series A, Containing Papers of a Mathematical or Physical Character, 211(471-483):75-110,
1912.

Percy Alexander MacMahon. Seventh Memoir on the Partition of Numbers. A Detailed Study of the
Enumeration of the Partitions of Multipartite Numbers. Philosophical Transactions of the Royal
Society of London. Series A, Containing Papers of a Mathematical or Physical Character, 217:
81-113, 1918.

Haggai Maron, Heli Ben-Hamu, Nadav Shamir, and Yaron Lipman. Invariant and Equivariant Graph
Networks. In International Conference on Learning Representations, 2019a.

Haggai Maron, Ethan Fetaya, Nimrod Segol, and Yaron Lipman. On the Universality of Invariant
Networks. In Proceedings of the 36th International Conference on Machine Learning, volume 97
of Proceedings of Machine Learning Research, pp. 4363-4371. PMLR, 09-15 Jun 2019b.

Haggai Maron, Or Litany, Gal Chechik, and Ethan Fetaya. On Learning Sets of Symmetric Ele-
ments. In Proceedings of the 37th International Conference on Machine Learning, volume 119 of
Proceedings of Machine Learning Research, pp. 6734—-6744. PMLR, 13-18 Jul 2020.

Charles W. Misner, Kip S. Thorne, and John A. Wheeler. Gravitation. W. H. Freeman & Co, San
Francisco, 1973.

Christopher Motrris, Gaurav Rattan, Sandra Kiefer, and Siamak Ravanbakhsh. SpeqNets: Sparsity-
aware Permutation-equivariant graph networks. In Proceedings of the 39th International Confer-
ence on Machine Learning, volume 162, pp. 16017-16042, 17-23 Jul 2022.

Horace Pan and Risi Kondor. Permutation Equivariant Layers for Higher Order Interactions. In
Proceedings of The 25th International Conference on Artificial Intelligence and Statistics, volume
151 of Proceedings of Machine Learning Research, pp. 5987-6001. PMLR, 28-30 Mar 2022.

Edward Pearce-Crump. Brauer’s Group Equivariant Neural Networks. In Proceedings of the 40th
International Conference on Machine Learning, volume 202 of Proceedings of Machine Learning
Research, pp. 27461-27482. PMLR, 23-29 Jul 2023.

Edward Pearce-Crump. Connecting Permutation Equivariant Neural Networks and Partition Diagrams.
In Proceedings of the 27th European Conference on Artificial Intelligence, volume 392, pp. 1511-
1518. I0S Press Ebooks, 2024.

Edward Pearce-Crump. Permutation Equivariant Neural Networks for Symmetric Tensors, 2025.
arXiv:2503.11276.

Edward Pearce-Crump and William J. Knottenbelt. A Diagrammatic Approach to Improve Computa-
tional Efficiency in Group Equivariant Neural Networks. 2024a. arXiv:2412.10837.

11



Under review as a conference paper at ICLR 2026

Edward Pearce-Crump and William J. Knottenbelt. Graph Automorphism Group Equivariant Neural
Networks. In Proceedings of the 41st International Conference on Machine Learning, volume 235
of Proceedings of Machine Learning Research, pp. 40051-40077. PMLR, 21-27 Jul 2024b.

Omri Puny, Derek Lim, Bobak Kiani, Haggai Maron, and Yaron Lipman. Equivariant Polynomials
for Graph Neural Networks. In International Conference on Machine Learning, pp. 28191-28222.
PMLR, 2023.

Charles R. Qi, Hao Su, Kaichun Mo, and Leonidas J. Guibas. PointNet: Deep Learning on Point
Sets for 3D Classification and Segmentation. In Proceedings of the IEEE Conference on Computer
Vision and Pattern Recognition, pp. 652-660, 2017.

Siamak Ravanbakhsh, Jeff Schneider, and Barnabas Péczos. Equivariance Through Parameter-
Sharing. In Proceedings of the 34th International Conference on Machine Learning, volume 70,
pp- 2892-2901, 06-11 Aug 2017.

Victor Garcia Satorras, Emiel Hoogeboom, and Max Welling. E(n) Equivariant Graph Neural
Networks. In Proceedings of the 38th International Conference on Machine Learning, volume 139
of Proceedings of Machine Learning Research, pp. 9323-9332. PMLR, 18-24 Jul 2021.

Nimrod Segol and Yaron Lipman. On universal equivariant set networks. In International Conference
on Learning Representations, 2020.

Yonatan Sverdlov, Ido Springer, and Nadav Dym. Revisiting Multi-Permutation Equivariance through
the Lens of Irreducible Representations, 2025.

Erik Henning Thiede, Truong Son Hy, and Risi Kondor. The general theory of permutation equivarant
neural networks and higher order graph variational encoders, 2020. arXiv:2004.03990.

Nathaniel Thomas, Tess Smidt, Steven Kearnes, Lusann Yang, Li Li, Kai Kohlhoff, and Patrick Riley.
Tensor field networks: Rotation-and translation-equivariant neural networks for 3d point clouds,
2018. arXiv:1802.08219.

Loring W. Tu. Differential Geometry: Connections, Curvature, and Characteristic Classes, volume
275 of Graduate Texts in Mathematics. Springer Cham, 1 edition, 2017.

Robert M. Wald. General Relativity. University of Chicago Press, Chicago, 1984.

Maurice Weiler, Mario Geiger, Max Welling, Wouter Boomsma, and Taco Cohen. 3D Steerable
CNNs: Learning Rotationally Equivariant Features in Volumetric Data. In Advances in Neural
Information Processing Systems, volume 31, 2018.

Mingjian Wen, Matthew K. Horton, Jason M. Munro, Patrick Huck, and Kristin A. Persson. An
equivariant graph neural network for the elasticity tensors of all seven crystal systems. Digital
Discovery, 3(5):869-882, 2024.

Dmitry Yarotsky. Universal approximations of invariant maps by neural networks. Constructive
Approximation, 55(1):407-474, 2022.

Manzil Zaheer, Satwik Kottur, Siamak Ravanbakhsh, Barnabas Poczos, Russ R. Salakhutdinov, and
Alexander J. Smola. Deep Sets. In Advances in Neural Information Processing Systems, volume 30,
2017.

12



Under review as a conference paper at ICLR 2026

A SUPPLEMENTARY PROOFS

Proof of Proposition[ .1} Since the vector space Hom(A*(R™), A/(R™)) has a standard basis of
matrix units

{E1.7} reAm)t, JeAn) (20)

where E7 ; has a 1 in the (I, J) position and is 0 elsewhere, we see that, for any standard basis
element ep € A¥(R™),
Er jep =d;per 2D

Hence, for any linear map f : A¥(R") — A'(R™), expressing f in the basis of matrix units as
=YY fisE (22)
IeA[n])t JeA[n]*

we get that

flep) = Z f1.per (23)

IeA[n]t

By Deﬁnition f is an S,,-equivariant linear map if and only if, for all o € \S,, and standard basis
elements e; € A"(R™),

F(or(0)les]) = pi(0)[f(e)] (24)
Consequently, (24) holds if and only if
Z ST o (1), k) I T,0() sy x €T = Z fr.0880(To(1),1) €0 (Imy 1y . (25)
IeA[n]t IeA[n]t

for some 7, () € Sk and 71y, € S; that restores the lexicographical ordering in ¢(J) and o (1)
respectively.

Hence, holds if and only if
ST (1), k) fo (Do (1) 1.0 (Do 0y = 1,07 580(To(1) 1) (26)

forallo € S, I € A[n]! and J € A[n]*.
Since sgn(m, (7)) equals £1, we see that is equivalent to

fr.0 = sen(mo(1),1) S80(To (1) 1) fo (D)mo1y0.0 (Do (ry i 27
forallo € S,,, I € A[n] and J € A[n]". O

Proof of Lemma Suppose that we are given the normal form of a (k, {)—antispherical bipartition
having some ¢ [1, 0] blocks where ¢ > 2 (¢ < n by design already). Fix a set of ¢ distinct labels
from [n] for them, and fix the labels of the other spiders in the diagram completely. Then there are ¢!
possible tuples with which to label the [1, 0] spiders in the diagram (for each fixed choice of labels
for the other spiders).

However, these t! tuples are in bijective correspondence with the permutations of .Sy, and so once we
reorder the [1, 0] spiders in each of the ¢! diagrams to be in increasing order, these ¢! diagrams will all
be the same, except half of them will come with positive sign and half will come with negative sign,
by the rules in Figure 2] Hence, once we reorder the spiders entirely, half of the reordered diagrams
will come with positive sign and half will come with negative sign. This means that the resulting
(I, J)—entry (corresponding to the ( §) element that comes from propagating the block labels to the
ends of the wires) in the matrix will be zero.

Since this is true for all possible sets of distinct labels for the [1, 0] spiders and all possible labels for
the other spiders, this implies that every (I, J)—entry in the matrix is zero.

The proof is exactly the same for (k, [)—antispherical bipartitions having some ¢ [0, 1] blocks where
t>2. O
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Proof of Theorem@.13] Equation (6) tells us that the basis matrices of Homg, (AF(R"), AL(R™))
can only come from the orbits of the action of .S, on the set A[n]' x A[n]*. Proposition 4.9|states
that these orbits correspond bijectively with the (k, [)—antispherical bipartitions having at most n
blocks. Combining these statements, we see that the basis matrices of Homg, (A*(R™), A/(R™)) can
only come from the (k, [)—antispherical bipartitions having at most n blocks.

Furthermore, Lemma showed that any such antispherical bipartition that had more than [1, 0]
block or more than [0, 1| block generates the zero matrix. Hence we are left with considering the set
of (k, l)—antispherical bipartitions having at most n blocks such that each antispherical bipartition
has at most [1, 0] block and at most [0, 1] block.

Since equation (6) tells us that if two distinct orbits create non-zero matrices, then these matrices
must be different, we just need to show that the remaining (k, [)—antispherical bipartitions do in fact
create non-zero matrices in order to prove our result.

We can split these into four separate cases. (Note that for certain values of k&, [ and n, some of these
cases do not appear, but we can approach this with a level of generality).

Case 1: there are no [1, 0] blocks and no [0, 1] blocks.

In this case, k = [, since the only blocks that appear are [1, 1] blocks. Hence there are k blocks in the
antispherical bipartition. Hence we consider all possible k-length tuples with distinct elements from
[n]. We can split this set of tuples into separate classes, where (a1, as, . ..,ax) and (b1, ba, ..., by)
are in the same class if and only if the elements in the tuples are the same up to some permutation.
For each such class, the diagrams that come from labelling the normal form with the tuples in the
class all generate the same ( f,) element once the spiders are reordered, and all with the same sign,
since, by Figure [2| swapping two [1, 1] spiders does not change their sign. Hence, for each such class,
the (I, J)—entry of the corresponding matrix is +1. Hence the matrix is non-zero in this case.

Case 2: there is one [1, 0] block and no [0, 1] blocks.

In this case, & = [ + 1, since we must have [ [1, 1] blocks and one [1, 0] block. Hence there are
k blocks in the antispherical bipartition. As before, we can consider all possible k-length tuples
with distinct elements from [r]. Once again, we split this set of tuples into separate classes, except
this time (a1, as,...,a) and (b1, b, ..., by) are in the same class if and only if a;, = by and the
remaining k£ — 1 elements in each tuple are the same up to some permutation. From here the proof is
exactly the same as in Case 1: for each class, we obtain the set of diagrams that come from labelling
the normal form with the tuples in the class. For each diagram, we can reorder the [1, 1] spiders
in each diagram to be in increasing order without changing the sign, giving us the same diagram
overall (repeated many times). Hence once we swap the [1, 0] spider into position, changing sign as
appropriate, all of these diagrams generate the same ( 5) element, all with the same sign. Hence, as
before, the matrix is non-zero in this case.

Case 3: there is no [1, 0] block and one [0, 1] block.

This is exactly the same as Case 2, except now ! = k + 1 and there are k [1, 1] blocks and one [0, 1]
block. Replacing & by [ in Case 2 and [1, 0] by [0, 1] and following exactly the same argument gives
the result. Consequently, the resulting matrix is non-zero in this case.

Case 4: there is one [1, 0] block and one [0, 1] block.

The final case is also very similar to the previous ones. Here we must have & = [, since there are
k—1(=1-1)[1,1] blocks, one [1, 0] block and one [0, 1] block. Hence there are now & + 1 blocks
in the antispherical bipartition. As before, we can consider all possible (k 4 1)-length tuples with
distinct elements from [n]. Once again, we split this set of tuples into separate classes, except this
time (a1, as,...,ak,ap+1) and (b1, be, ..., bg, byy1) are in the same class if and only if ap = by,
aj+1 = br41 and the remaining & — 1 elements in each tuple are the same up to some permutation.
We now follow the same argument as before: for each class, we obtain the set of diagrams that come
from labelling the normal form with the tuples in the class. For each diagram, we can reorder the
[1, 1] spiders in each diagram to be in increasing order without changing the sign, giving us the same
diagram overall (repeated many times). Hence once we swap the [1, 0] spider and the [0, 1] spider
into position, changing sign as appropriate, all of these diagrams generate the same ( j) element, all
with the same sign. Hence, as before, the matrix is non-zero in this case.
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B EMBEDDING INTO TENSOR POWER SPACE

In Section[5] we said that we would like to be able to represent any .S,,-equivariant weight matrix 1V
from A*(R™) to A!(R™) as a matrix from (R™)®* to (R™)®! so that it can be applied to antisymmetric
tensors in (R™)®*, We call the resulting matrix from (R™)®* to (R”)®! the unrolled S,,-equivariant
weight matrix, and the process of representing the original matrix in this way unrolling.

It is easiest to perform unrolling on each individual basis matrix. Since each non-zero entry in a
rolled basis matrix corresponds to a labelled, reordered antispherical bipartition diagram with the
corresponding sign attached, we obtain the entries in the unrolled basis matrix by permuting the
spiders in this diagram into all possible orders, again tracking sign changes. For each resulting
order, we propagate the block labels to the end of each wire, obtaining some ( f,) element with a sign
attached. These then give the non-zero (I, J)—entries in the unrolled basis matrix (positive sign is
+1, negative sign is —1), with all other entries being zero. We can then weight each unrolled basis
matrix as before and add them together to obtain the unrolled weight matrix.

This holds because the & antisymmetric power of R can be thought of as the quotient space of
(R™)®* by the ideal generated by elements of the form z @ y +y @ z.

Example B.1. Returning to Example .16 we see that the unrolled S3-equivariant weight matrix
from (R3)®?2 to R3 is

1,1 1,2 1,3 21 22 23 31 32 3.3
170 w w —w 0 0 —w 0 0
210 —w O w 0 w 0 —-w O (28)
0 0O —-w O 0 —w w w 0

We provide the calculations in Example

C ALGORITHM TO GENERATE ALL (k,[)—~ANTISPHERICAL BIPARTITIONS

Since we know that the total number of wires in a (k, [)—antispherical bipartition is k + [, we can
generate all possible (k, [)—antispherical bipartitions by considering certain colourings of a tableau
with [ boxes in the first row and % boxes in the second row.

For example, if [ = 2 and k£ = 3, then the tableau has the shape

(29)

We only allow three colours, red, blue, and green, such that

* if a box in the first row is coloured in red, then there must be a box directly below it that is
also coloured in red,

* if a box in the second row is coloured in red, then there must be a box directly above it that
is also coloured in red,

* if a box is coloured in green, then it must only appear in the first row, and
* if a box is coloured in blue, then it must only appear in the second row.
Moreover, since we want to generate the normal form of a (k, [)—antispherical bipartition, we can
only colour boxes from the left in red boxes from the right in blue or green.
From here, we are able to construct such an algorithm.
First, we take the tableau and initially colour it as follows:
 if £ > [, then we colour the last & — [ boxes in the second row with blue, and the remaining
boxes with red,

* if k < [, then we colour the last [ — k boxes in the first row with green, and the remaining
boxes with red,
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* otherwise, we colour all boxes with red.

For example, we would obtain the following initial tableaux for different values of &k and I:

B B B

Then, starting from the right, we change the colours of each red column by colouring the box in the
first row with green and the box in the second row with blue, creating new coloured tableau as we
move towards the left, until we form a tableau that has only blue and green colours.

For example, for the initial tableau on the left in (30), this process generates the following tableaux:

Each of these tableau corresponds to a (k, [)—antispherical bipartition as follows:

* each column consisting of two red boxes corresponds to a [1, 1] block,
» each blue box corresponds to a [1, 0] block, and
* each green box corresponds to a [0, 1] block.

i.e.

<—>I T<—>- (L<—>- (32)

For example, we see that the left most diagram in corresponds to the (3, 5)—antispherical

bipartition
T (L (L (L (33)

Clearly, this algorithm generates all possible (k, )—antispherical bipartitions. In fact, we know their
total number.

Lemma C.1. The number of (k,l)—antispherical bipartitions is 1 + min(k, 1).

Proof. This is immediate from the construction. We initially generate a tableau with min(k,!)
columns, all coloured red, and depending on the values of k and [, potentially an additional right tail
of cells coloured in either green or blue. From there we generate new tableaux by changing each of
the min(k, !) columns in this tableau, one by one, from two red colours to a column consisting of
a green and blue coloured cell. Since each tableau corresponds to a (k, [)—antispherical bipartition,
there are 1 4+ min(k, ) such antispherical bipartitions. O

We would also like to generate the subset of (k, [)—antispherical bipartitions having at most n blocks
with at most one [1, 0] block and at most one [0, 1] block. With the latter restriction, the algorithm
given above shows that:

« if k£ and [ differ by 2 or more, then there are no such antispherical bipartitions;
« if k£ and [ differ by 1, then there is only one such antispherical bipartition so long as
n > max(k, ), otherwise there are none; and
* if k and [ are equal, then there are
— two such antispherical bipartitions if n > k (= 1),
— one such antispherical bipartition if n = k (= 1),
- no such antispherical bipartitions if n < k (= 1),

Since these (k,l)—antispherical bipartitions correspond bijectively to the basis matrices of
Homg, (A*(R™), A/(R™)), by Theorem the above characterisation immediately gives us its
dimension.
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D ADDITIONAL EXAMPLES

Example D.1 (Calculations for Example[d.16). We first need to consider all possible 2-length tuples
with elements in [3], not allowing for repetitions amongst the elements, and use those to label the
central red nodes of the normal form of the (2, 1)-antispherical bipartition {[1,1],[1,0]}. They give
six labelled diagrams, namely:

LRI T RUSRL R S RUR R A

Next, we reorder the spiders in each diagram so that they are in increasing order from left to right,
tracking any sign changes as appropriate.

IR IR BRI IR BT N

We propagate the block labels to the end of each wire to produce the element ( f,) with accompanying

e (112):“ (113>:+1 (122>:—1 (223>:+1 <133):_1 (233):_1 o

Hence we see that the basis matrix that corresponds to this antispherical bipartition is
1,2 13 23
171 1 0
2|-1 0 1 (37
30 -1 -1
Example D.2 (Calculations for Example[B.T). We would now like to unroll the weight matrix that
was found in Example[D.T] We follow the steps that were given in Section B}

We take each of the labelled, reordered antispherical bipartition diagrams that were given in (33))
— since each one corresponds to a non-zero entry in the weight matrix (37) — and calculate all
possible orders of the spiders for each one, tracking sign changes. This gives us

S0 P r e fr e

We propagate the block labels to the end of each wire to produce the element ( f,) with accompanying

e (211):_1 <311>:_1 (221>:+1 (322>:_1 (331):+1 (332):“ .

Hence, by taking the ( 5) elements with their accompanying sign from both lb and l| , we see that
the unrolled basis matrix that corresponds to the antispherical bipartition {[1, 1], [1, 0]} is

1,1 1,2 1,3 21 22 23 31 32 33
0 1 1 -1 0 0 -1 0 O
0 -1 o0 1 0 1 0 -1 0
o o0 -1 0 o0 -1 1 1 0

Example D.3 (Deep Sets S,,-Equivariant Weight Matrix from R"™ to R™). To find the Deep Sets S, -
equivariant weight matrix from from R™ to R", we need to find a basis of Homg, (A*(R"™), A*(R™)).
since A1(R") = R,

We need to consider all (1, 1)-antispherical bipartitions having at most n blocks. Assuming that
n > 1, they are

1

2 (40)

T J) (41)
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For the first diagram in , the only valid 1-length tuples are the elements of [n]. Hence, the matrix
that corresponds to this (1, 1)-antispherical bipartition is the n x n identity matrix.

For the second diagram in @) all possible 2-length tuples with distinct elements from [n] are valid.
Since we can swap the spiders around in this diagram without changing sign, by the rules that are
given in Figure 2] this means that the matrix that corresponds to this antispherical bipartition is the
n X n matrix that is 0 on the diagonal and 1 elsewhere.

Hence, the (4, j)-entry of the S, -equivariant weight matrix from R™ to R™ is w; if ¢ = j and ws if

i # j, for weights wy,ws € R. This recovers the Deep Sets characterisation that first appeared in
Zaheer et al.|(2017).

Example D.4. We said in Remark that as soon as we obtained the IO pattern for a (k,)—
antispherical bipartition then we could use it to generate the basis matrix for any 7 that is greater than
or equal to the number of blocks in the antispherical bipartition.

We saw in Example that the IO pattern that corresponds to the (2, 1)—antispherical bipartition
{1, 1], [1, 0]} is

JigFi J:g#i

T e Y =Yg (42)

Hence, for example, the unrolled S;-equivariant weight matrix from (R*)®? to R* is

11 1,2 1,3 14 21 22 23 24 31 32 33 34 41 42 43 44
170 w w w —w 0 0 0 —w O 0 0O —w 0 0 0
210 —w O 0 w 0 w w 0 —w 0 0 0 —w O 0 43
sl00 0 —w 0 0 0 —w 0 w w 0 w 0 0 -w o] @)
410 0 0 —w O 0 0 —w O 0 0 —w w w w 0

since there is only one basis matrix that appears in its construction.

A General Procedure for Calculating the S,,-Equivariant Weight Matrix from Antisym-
metric Tensors in (R”)®* to Antisymmetric Tensors in (R™)®!,

Perform the following steps:

1. Calculate all of the (k,!)—antispherical bipartitions having at most n blocks such
that each antispherical bipartition has at most one [1,0] block and at most [0, 1]
block.

2. For each (k, [)—antispherical bipartition, expressed in its normal form, calculate:

» For a generic fixed index I = (i1, i2, ..., 1;), all of the possible ways in which
we can label the spiders together with the permutations of the spiders for a
given labelling that create new inputs which map to this fixed output.

* This produces an IO pattern which has I on the left hand side of the arrow
+ and the sum of all of these inputs, each with its sign that comes from the
labelled diagram, on the right hand side of <—, where indices on the right hand
side that do not appear in I are also summed over.

+ Forming an n! x n* matrix, for each tuple I consisting of distinct elements
from [n], and for each tuple J that appears on the right hand side of the IO
pattern for this choice of I, we place in the (I, J)—entry of the matrix +1 if the
sign for J in the IO pattern is positive and —1 if the sign is negative.

3. The resulting matrices are the basis matrices. Attaching a weight A\, € R to each
and adding them together gives the overall unrolled weight matrix.

In reality, we have shown that we do not need to explicitly calculate the weight matrix in
order to be able to implement the transformation: it is enough to use the 1O pattern that comes
from each of the (k, [)—antispherical bipartitions described above.
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E LIMITATIONS

This work is primarily theoretical, providing a complete characterisation of linear permutation
equivariant functions between antisymmetric tensors. While its immediate practical impact may be
limited, we believe that it lays a principled foundation for future developments in neural network
architectures and learning algorithms that are capable of operating on data that can be represented
by antisymmetric tensors, with potential applications in real-world domains where these structures
naturally arise.

F REFERENCE LIST: IO PATTERNS FOR (k,[)~ANTISPHERICAL BIPARTITIONS

We provide some IO patterns for commonly appearing (k, [)—antispherical bipartitions below. Note
that the IO pattern only appears for n greater than the number of spiders in the antispherical bipartition.

(k, 1)-Antispherical

Bipartition 10 Pattern

141

] ]

(R 2?77&1[17] - ja Z}

ijei—j

AD Y

—0 |—0—|—0—|—o0—
o—| o—|—0 |—o—

imj A\ ZZ;k;éi,j[iz.ja k - ivkvj + kaza.ﬂ

Za]>k<_233_27k+]7k

iaj — ZZ:k#i,j[Lk - k77’ _]7k+k7j]

—O0 —0— | —0o—
o o—|—o
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G IMPLEMENTATION DETAILS

We describe the architecture and training details that were used for each of the two tasks. In
implementing the linear permutation equivariant functions, we used batch vectorised operations for
each of the unrolled basis transformations that came from the corresponding 10 patterns. The models
were implemented in PyTorch 2.2.2 and the experiments were run on a MacBook Pro with an Apple
M1 Max CPU (10 cores) and 64 GB of RAM.

Ss-Equivariant Task: We randomly generated a synthetic data set that was composed of 10000
antisymmetric tensors in the training set and 2000 antisymmetric tensors in the test set. We used
a manual seed of 42 for both the data generation process and the training so that the results are
reproducible. We trained three models which had the following specifications:

* AntiSymmPermEquiv, the Sg-equivariant model on antisymmetric tensors, consisted of an
Sg-equivariant linear layer between antisymmetric tensors in (R®)®? and R® respectively,
then a ReLU activation function, followed by two layers each consisting of an Sg-equivariant
linear layer (between antisymmetric tensors) from R® to R® and a ReLLU activation function.
The total number of parameters was 5 and the training time was 4.67 seconds.

¢ PermEquiv, the standard Sg-equivariant model (Maron et al.,[2019a}; [Pearce-Crump}, 2024}
Godfrey et al., 2023), consisted of an Sg-equivariant linear layer between tensors in (R®)®*
and R® respectively, then a ReLU activation function, followed by two layers each consisting
of an Sg-equivariant linear layer from R? to R® and a ReLU activation function. The total
number of parameters was 9 and the training time was 5.52 seconds.

o MLP consisted of a standard R8*® to R® linear layer, then a ReLLU activation function,
followed by two layers each consisting of a standard R® to R® linear layer and a ReLU
activation function. The total number of parameters was 664 and the training time was 3.56
seconds.

All three models were optimised with stochastic gradient descent with a learning rate of 0.001. We
trained the models for 20 epochs with a batch size of 32 which resulted in the training losses (mean
squared error (MSE)) that appeared in Figure 3] Given that the models were relatively small, memory
usage was not a concern, and they comfortably fit within the available 64 GB of RAM.

Sy-Invariant Task: We randomly generated synthetic data sets composed of 30, 300, 3000, and
30000 antisymmetric tensors in the training set, and a test set composed of 1000 antisymmetric
tensors. The synthetic data was generated with a random seed, which was incremented for each run
(five runs in total) to ensure different data splits and variability in the results. The base seed value
was set to 42 so that the results are reproducible. We trained three models which had the following
specifications:

* AntiSymmPermEquiv, the S,-invariant model on antisymmetric tensors, consisted of an
S,-equivariant linear layer between antisymmetric tensors in (R*)®2 and R* respectively,
then a ReLU activation function, then an S;-equivariant linear layer between (antisymmetric)
tensors in R* and R* respectively, then a ReLLU activation function, followed by an Sy-
invariant linear layer from R* to R and a ReLU activation function. The total number of
parameters was 4.

* PermEquiv, the standard Sy-invariant model (Maron et al.| [2019a}; [Pearce-Crump), 2024}
Godfrey et al.,|2023)), consisted of an S4-equivariant linear layer between tensors in (]R‘*)®2
and R* respectively, then a ReLLU activation function, followed by the same layers that
appeared in AntiSymmPermEquiv. The total number of parameters was 8.

o MLP consisted of a standard R4** to R* linear layer, with a ReLU activation function, then
a standard R* to R* linear layer with ReL.U, followed by a standard R* to R linear layer
with ReLLU. The total number of parameters was 93.

All three models were optimised with stochastic gradient descent with a learning rate of 0.001. We
trained the models for 20 epochs with a batch size of 32 which gave the training losses (mean squared
error (MSE)) that appeared in Table 2] Given that the models were relatively small, memory usage
was not a concern, and they comfortably fit within the available 64 GB of RAM.
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