CONDENSATION: A THEORY OF CONCEPTS

SAM EISENSTAT

ABsTrRACT. We understand agents as creating concepts in order to organize
their understanding of the world. Often agents share concepts, and so are able
to work out how to make sense of the world together, forming language com-
munities. Here, we aim to model these phenomena, looking at how probability
distributions can be organized by introducing appropriate latent variables.
Our main result shows that under certain information-theoretic hypotheses,
different systems of latent variables stand in a kind of correspondence.
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1. INTRODUCTION

“Entification begins at arm’s length; the points of condensation in the
primordial conceptual scheme are things glimpsed, not glimpses.”

W. V. Quine [Qui60]

We are concerned here with understanding, as may be possessed by an agent,
shared in a language community, or presented in a scientific theory. In particu-
lar, we will examine a mathematical model intended to show some aspects of this
phenomenon which we otherwise might see less clearly.

Our motivating idea of understanding goes as follows. We possess and create
bodies of meaning. We may regard the traditional logical elements—propositions,
entities, relations—as among the conceptual constituents of an agent’s understand-
ing. We introduce such concepts—say, entities like trees, numbers, or people—and
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they help us organize the world. We do not always introduce new elements by
definition. For example, one cannot define physical objects in terms of one’s visual
perceptions, though one can make inferences from perception.

Instead, the physical objects have a reality that surpasses their connection to
one’s visual perception. We expect the objects to also be perceived by other senses,
and by other people. If one changes somewhat one’s understanding of the con-
nection between objects and perception, we expect that roughly the same objects
will still be comprehended, that there will be a correspondence for the most part
between old and new. Even without a source in shared culture, as with babies or
upon making new contact with people with a different way of life, we expect to
have enough meaning in common to be able to get started in working out a greater
shared understanding over time.

Here, we will try to say these things in the language of probability theory, to the
extent possible. Something postulated that goes beyond one’s observations can be
understood as a parameter of a statistical model, or a latent variable. (Reflecting a
Bayesian view, we won’t try to distinguish these.) But we want to be more precise
about the role of latent variables here. One motive behind introducing a latent
variable is as a “mere postulate’—as we conceive it, its only role is to predict the
observable variables more accurately. However, we can point out other reasons,
following the above discussion. We might like latent variables to be intersubjective,
in that other agents represent the world in terms of similar variables. We also
might like to describe the conceptual contribution of a latent variable to a body
of meaning, rather thinking of it as a “black box”, which we only know improves
our accuracy on a particular set of predictions. A better understanding of the
contribution of a latent variable can give an agent more freedom to manipulate a
body of meaning, for example by constructing a new probabilistic model. To these
reasons we can add another. We may have certain concepts which one has reason to
use even if one only wants to predict, but which we want to also use to understand
our values, such as concepts dealing with the experience of others.

Of these motivations—understanding intersubjectivity, conceptual contributions,
and value—the mathematical ideas here will most directly aim at modeling intersub-
jectivity. In particular, we will give conditions under which certain latent variables
of different probabilistic models will admit a kind of correspondence. We can take
this to give some indication of how and why different agents might be expected to
use corresponding concepts to understand the world, even before they have been
inducted into a shared language community. In §3, we will see more about what
kind of probabilistic models and what kind of correspondence we will investigate
here.

We can relate these ideas to others in statistical theory. Many traditional para-
metric models introduce variables whose meaningfulness is created by human un-
derstanding of the subject matter. In other contexts, such as latent causal discovery
with Bayesian networks or structural causal models [SGS01; PJS17], hidden Markov
models, independent component analysis, factor analysis [Bis06; Mac02], sparse au-
toencoders [Cun+23], and factored space models [Gar+24], we introduce particular
latent variables as part of a statistical method, and we often hope that these vari-
ables will make sense to us, and will fit into our bodies of meaning. We aim for
the theory introduced here to be able to clarify how these ideas work, and what
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we are asking for when we ask that they discover meaningful variables. We do not,
though, initiate such an analysis here.

The particular form of latent variable models introduced here most parallels
structural causal models and factored space models. One point of contrast is that
these theories are organized around determination and conditional independence,
whereas here we will express things using inequalities, in terms of entropy and
mutual information. We should note that information-theoretic methods are widely
used in work on structural causal models though.

The aim towards intersubjectivity here can be seen in the context of the work
of de Finetti [Fin37; Kal05] on exchangeability and Wentworth and Lorell [WL23;
WL24] on natural latents. The principal difference in approach is that we seek here
to work with many latent variables rather than one. These should together form
a kind of system of meaning—a model of the world structured in terms of a set of
diverse conceptual parts. Our use of information-theoretic quantities to characterize
the latent variables that we are interested in has a lot in common with Wentworth
and Lorell’s approach. By contrast, de Finetti’s notion of exchangeability is defined
in terms of symmetries of the set of variables rather than information.

In §2, we establish notational conventions and state some basic definitions and
facts about probability and information. In §3, we discuss the meaning, context,
and motivation of the main results. §4 defines some of the principal concepts that
we will use, including random variable models and latent variable models, and
begins to investigate how they behave. §5 discusses a version of the main theorem
that gives an exact correspondence between different latent variable models under
a strong hypothesis, which we call perfect condensation. In §6, these ideas are
generalized to give an analogous theorem on the correspondence between general
latent variable models, which takes a quantitatively approximate form, using an
inequality.

2. BACKGROUND AND NOTATION

In order to prepare our later discussion, we will review some points of probability
theory and information theory, and establish some definitions and conventions that
will be used in the sequel.

Definition 2.1. A random variable is a measurable function X : Q — R between
measurable spaces. We will say that X is a random variable on () and valued in R,
or with range R.

However, we will consider many measurable functions here, but we will only call
some of them random variables. When we call a measurable function a random
variable, we indicate that we intend to use the following forms of expression. First,
and most importantly, we may talk about a random variable valued in R as if it is
an element of R. For example, if X is a random variable valued in R and f: R — S
is a measurable function, we write f (X) to mean fo X, and given a pair of random
variables X: Q@ — R and Y: Q — S, we write (X,Y) for the random variable
Q — R x S defined as

(2.1) we (X (W),Y ().

We may treat random variables as elements of their ranges in other such ways if we
feel the meaning to be clear.
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In particular, we will often use a “tuple-builder” notation in order to denote prod-
ucts of many random variables, as follows. If (X;),.; is a family of random variables
on a space {2 and ¢ is a predicate, then we will use the expression (X; : i € I, ¢ ()),
or more succinctly (X; : ¢ (7)), to denote the product random variable of those vari-
ables X; such that ¢ (¢). The range of this random variable is the product space
of all the ranges of those X; such that ¢ (7) holds, and accordingly its value at any
w € Q is the tuple of all those values X; (w).

The idea of treating random variables as elements of their ranges is the main
reason for the random-variable concept, but we will also establish some other con-
ventions involving random variables.

Second of all, if X is a random variable on 2 and 7: A — € is a measurable
map, then the composition X o7 is a random variable defined on A, which has the
same range as X. We call this random variable the pullback of X by 7, and we
denote it symbolically as 7*X. (The word “pullback” is used in greater generality
elsewhere, but this context will not be necessary for an understanding of what is
done here.) However, when we feel that the meaning is clear, we will just write
the pullback as X. We can get away with this because probabilistic concepts are
preserved here. For example, if 2 and A have the structure of probability spaces,
m: A — Q is measure preserving, and X and Y are random variables on (), then
the mutual information of X and Y satisfies

(2.2) I(X;Y)=1n"X;7"Y).

Following a similar idea, we can write expressions like I (X;Y | Z), where Z is a
random variable on A. This can only mean I (7*X;7*Y | Z), since the pullback
lets us make sense of X and Y as random variables on A, but we don’t have a
convention for making sense of Z as a random variable on 2.

Third, if X is a random variable, we use the notation R X to denote the codomain
of X. Fourth, if X: ) — R is a random variable and the domain 2 is given the
structure of a probability space (i.e. it is equipped with a probability measure P),
then we can define a probability measure on RX, which we call the distribution
of X. We will sometimes denote the distribution of X by X,.P, since it is the
(measure-theoretic) pushforward of P by X. The distribution of X can be defined
explicitly by

(2.3) (X.P) (4) =P (X1 (4))

for any measurable subset A C RX. Fifth, again given a random variable X : Q —
R on a probability space (£2, P), if the range R is given the structure of a subset of
a vector space V', then we call the integral of X with respect to P the expectation
of X. Sixth, if X and Y are random variables, we may say that Y is a function of
X, with the meaning that there is a measurable function f: R X — RY such that
Y = f(X). Analogously, we may say that Y is a function of X almost everywhere.

Next, we’ll fix some notations.

Definition 2.2. The expression P+S will denote the set of all nonempty subsets
of a set S. Symbolically, PTS = PS — {0}.

Definition 2.3. We use the standard notations H (X) and H (X | Y) for the en-
tropy of a random variable X and the conditional entropy of a random variable X
given a random variable Y. We also use I (X;Y | Z) to denote the mutual informa-
tion of random variables X and Y given a random variable Z. Sometimes we write



CONDENSATION: A THEORY OF CONCEPTS 5

multiple random variables in such an expression using commas, so for example we
will use H (X,Y’) to mean the entropy of the product random variable (X,Y"). That
quantity is known as the joint entropy of X and Y. Other such expressions have
corresponding meanings.

We will also have need for the interaction information,

(2.4) IX;YV;2)=1(X;Y)-I1(X;Y | 2).
Note that this quantity is invariant under permutation of its arguments.

While many of our arguments readily generalize to more continuous settings,
where Halmos [Hal59] defines information-theoretic quantities in a more general
sense, we will generally assume here for simplicity that our probability spaces are
countable and discrete, and have finite entropy.

Proposition 2.4. Let X and Y be random variables with finite entropy and count-
able discrete range on a countable discrete probability space (2, P), and suppose
that H (Y | X) = 0. Then, then there is a measurable function f: RX — RY such
that Y = f(X) almost everywhere.

Proof. Let A C RX be the set of those x such that the singleton {z} has positive
measure under the pushforward X,P. Since RX is countable, A has probability
one. For all x € A, the conditional probability distribution P (- | X = z) is well-
defined:
P(BNX"!(z))

P (X1 (2))
From the definition of conditional entropy, for each such probability distribution
there is some y € RY such that P (Y =y | X =x) = 1, which lets us define a
function f: A — RY such that

(2.5) P(B|X=1)=

(2.6) Y = f(X)

almost everywhere. We can extend this to a function f: R X — RY, which is

automatically measurable since RX is discrete. (Il
3. IDEAS

In order to model intersubjectivity, we will consider ways of describing proba-
bility distributions in terms of latent variables. The central ideas here will random
variable models and latent variable models, which will provide a basic language for
discussing latent variables, and Theorems 5.15 and 6.8, which will give conditions
under which there must be an appropriate sort of correspondence between different
latent variable models. In this section, we will discuss these ideas in an informal
way, providing context and motivation, but not yet precise statements or proofs.

3.1. Latent variable models. A random variable model will express the idea of
a joint distribution on a family of random variables. Some nonrigorous definitions
here will anticipate the details to come in §4.

Definition 3.1 (Informal statement of 4.1). A random variable model is a prob-
ability space (2, together with a finite family of random variables X;: Q — R;,
satisfying certain analytic conditions.
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We might for example think of the random variables (X;),.; of a random variable
model as the observable variables predicted by some statistical model or some agent.
We want to interpret such predictions as well-described by means of some latent
variables. We start with a very general notion of latent variable model, which
encompasses a wide variety of statistical models.

Definition 3.2 (Informal statement of 4.2). A latent variable model for a ran-
dom variable model (€, (X;),.;) is an ordered triple consisting of a random vari-
able model (A, Yi)es)s
»C J x I of contribution, satisfying the following condition. For each random vari-
able X;, the pullback 7*X; must be almost everywhere a function of the random
variables Y; such that j » ¢. In other words, 7*X; is almost everywhere equal to
fi (Y; 5 € J,j » i) for some measurable function f; from the product of the ranges
of the random variables (Yj), ; 5, to the range of X;. We call the variables (Y}), ;
latent variables, and if j » i, we say that index j contributes to 7.

a probability-preserving map 7: A — €0, and a relation

As reflects usual statistical practice, a latent variable might represent something
that an agent cannot observe, but which helps account for their predictions. We’d
like latent variables models to give mathematical flesh to our discussion of inter-
subjectivity above. When we interpret some probabilistic models as latent variable
models in this sense, we in some cases suspect that these models are somehow “cor-
rect” or “canonical’—that we want to use these latent variables rather than any
others. The following examples elaborate on this.

3.2. Examples and related work.

Example 3.3. Let [ be a finite set, let Y7 be a random variable valued in [0, 1],
and let (X;),.; be a family of coins, conditionally independent given Y7, with bias
Yr. Then, (Xj);c; constitute the random variables of a random variable model.
If the appropriate analytic conditions hold, we can construct an associated latent
variable model by letting J = I U {I}, defining ¥; = X;, and then taking random
variables (Yj)jeJ and defining a contribution relation » so that I » ¢ and i » 7 for
all ¢ € I, and no other contribution relations hold.

There is something appealing about this random variable Y;, and we want to
capture this. The main results of this paper will say something about this, but for
this example, previously known methods are available.

De Finetti [Fin37] has shown that, in a setting like this one but with an infinite
sequence of variables (X;),.;, introducing a variable equivalent to Y7 is the only
way to write the joint distribution on (X;),.; as a mixture of distributions in which
the variables (X;),.; are independent and identically distributed. (We will be a
little loose with this talk of “equivalence” at first.) This uniqueness gives a sense
in which the choice to understand (X;),.; in terms of the latent variable Y is
“objectively” natural. Of course, uniqueness alone isn’t sufficient reason to believe
that an agent who wants to understand (X;),.; should think about Y7, but it does
give some argument in favor of this choice, and it shows that different agents may
make the same choices and end up using the same latent variables. The theory
of exchangeability has been extended from infinite to finite sets of variables, such
as in Kerns and Székely [KS06], though the corresponding kind of uniqueness then
becomes more subtle.
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Incidentally, this example also demonstrates the role of the expanded probability
space A and the measure-preserving map n: A — € in the definition of latent
variable models. The bias of a coin is not equal to any function of a finite number
of coin flips. While the bias can be estimated very well by a large number of coin
flips, it is not determined, so it order to represent it as a random variable, we must
work on a larger probability space. (The map 7 then connects variables defined on
A to those defined on (2.)

Here, we want ideas that can apply to settings more heterogeneous and diverse
than those to which de Finetti’s notion of exchangeability is suited. Exchangeability
is closely tied to the idea of random variables being independent and identically
distributed—it is suitable for modeling situations in which there is a particular kind
of repetition, as in our example of repeated coin flips. For a contrasting example,
we can modify the above construction so that instead of each coin having the same
bias Y7, the bias of each coin X is a different function f; (Y;) of the shared latent
variable, for some f;: [0,1] — [0, 1]. Note that the functions (f;),.; themselves are
here treated as known rather than random.

Given such an example, we cannot apply de Finetti-style notions of exchangeabil-
ity, since the distribution no longer has these symmetries. The work of Wentworth
and Lorell [WL23] is relevant. In particular, the variables (X;),.; are conditionally
independent given Y7, which is one of the hypotheses of their fundamental theorem
of natural latents. Suppose that Y; and Z; are two random variables such that
(1—mediation) the variables (X;),.; are conditionally independent given Y7, and
also conditionally independent given Z; and (2—redundancy) informally, for each
i9p € I, the variable X;, is approximately conditionally independent of Y; given
the joint variable (X; :4 € I —{ip}). Then, the fundamental theorem of natural
latents tells us that each of Y7 and Z; is approximately conditionally independent
of (X;);c; given the other.

If the hypotheses are satisfied, then we conclude that Y; and Z; are “equivalent”
with regard to the information that they carry about X, giving a sense in which it
positing Y7 is again a “natural” way to understand (X;),.;. We can observe that
condition (2) should hold in many interesting cases—often, we can approximately
recover Y from (X; : i € I — {ip}), just as we can estimate the bias of a coin given
a large number of flips.

The ideas studied here will have similar information-theoretic basis to those of
Wentworth and Lorell, but they will develop methods suitable for more general
configurations of latent variables, in line with our notion of contribution relations.
Here, we want to see in what sense there is something “objective” about a structure
of latent variables taken as a whole. Many kinds of probabilistic models would serve
as examples here. Many of those can be represented by Bayesian networks; they
satisfy the causal Markov condition for some directed acyclic graph [SGS01].

Definition 3.4. Let (V;),_; be a finite set of random variables on some probability
space, and let G be a directed acyclic graph with vertices {V} : j € J}. A vertex Vj
is a parent of V; if there is a directed edge from V; to V;, and Vj is a descendant of
V; if there is a directed path from V; to V;. Then, (Vj)jeJ and G satisfy the causal
Markov condition if for all j € J, the variable Vj is conditionally independent of
its nondescendants (taken jointly), conditional on its parents. In some contexts,
a subset of vertices may be designated as observed or measured, with the other
vertices being called latent or unmeasured.
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Example 3.5. Given a random variable model, we can posit a latent variable model
constructed from a Bayesian network. Calling the vertices of the Bayesian network
(Vj)je ;» the random variables of our random variable model would correspond to
a subset (V;),.; where I C J—the observed variables. Then, the whole family
(VJ)J c; Dot just the latent variables in the sense of Bayesian networks—will be
the latent variables of the associated latent variable model, and the contribution
relation » would be defined so that j » 7 iff 7 is a descendant of j. (The definition
of the descendant relation permits trivial directed paths, so in particular we have
iwiforalliel)

As before, we expect that some Bayesian networks are “objectively” appropriate
to a given random variable model. The theory of Bayesian networks offers certain
limiting facts here. For example, any probability distribution on a finite set of
variables with finite ranges satisfies the Markov condition for some trivial graphs,
such as for any fully connected directed acyclic graph on that set, and for many more
graphs if we allow latent variables. However, in some cases this can be overcome
by making further assumptions about the Bayesian networks. Peters, Janzing, and
Scholkopf [PJS17] discuss several versions of this in Chapters 4, 7, and 9, with
Chapter 9 discussing the problem of discovering probabilistic models with latent
variables, latent causal discovery. (They work in terms of structural causal models,
which are slightly different from the Bayesian networks discussed here.)

This example is intended to contextualize the use of latent variable models: the
methods developed here will give conditions under which a whole structure of latent
variables, like what we see in the example of a Bayesian network, is in a certain
sense a uniquely appropriate description of a random variable model.

In particular, these methods will apply to the case of Bayesian networks, using
the construction of Example 3.5 to translate Bayesian networks into latent variable
models. Then, we will be able to put some constraints on possible Bayesian network
structures.

3.3. Correspondence theorems. Our main theorem, Theorem 6.8, will state
that two latent variable models £, and L5 associated with the same random variable
model M stand in a kind of correspondence—to be explained—assuming that they
satisfy certain conditions. The statements and motivation of the components of
this theorem will take some further work here to make clear.

The key idea that will make this possible is that different latent variables in £
will be distinguished because they contribute to different variables in M. This will
let us line them up with those of £5. In more detail, suppose that M = (Q, (Xi)iel),
that £, = ((Al, (Y})jGJ) , 71, P), and that £y = ((AQ, (Zk)kEK) , T2, l>). This sug-
gests that we’d like to conclude that some pairs of corresponding variables Y and
Zy, reciprocally determine each other—that each is almost everywhere a determinis-
tic function of the other. Sometimes we will be able to conclude this, but in general
we will say something weaker. One of the problems with this statement will be
suggested if we consider the possibility that two latent variables indices j and j’
contribute to exactly the same indices of M: we won’t be able to distinguish them.
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Instead, we will compare £, and Lo using the index set I from M. If A is a
subset of the index set I, we can define

Ya=(Y;:Viel.ic A< jwi)
YQA:(YJ':ViEI.iGA*)jPZ')

(and we can make the analogous definitions Z4, Z54). This uses “tuple-builder”
notation to express these random variables. To be more explicit, the objects being
defined—Yy4 and Y54 on the left-hand sides—are random variables on A;, and the
ranges RY4 and RY5 4 are each a product space of the ranges RY; of the random
variables Y}, for j as indicated. In the case of Y4, this is the set of all those j that
contribute to exactly these 7 such that i € A—neither more nor fewer. We can see
how this relates to our problem above—if j and j’ contribute to exactly the same
indices of M, then there is some set A such that both Y; and Y} are among the
variables that are combined to make Yj4.

(In the formal definition of latent variable models (Definition 4.2), the latent
variables will be indexed by such subsets of I directly, instead of using a different
index set J as we are doing here. This choice is just a convenience.)

Ezact correspondence of latent variable models. Now, using these definitions, we
can start to approach the correspondence theorem. Theorem 5.15 is a special
case of the main theorem, Theorem 6.8, deriving an exact correspondence from
stronger assumptions, rather than an approximate correspondence from weaker
ones. Leaving out some details, it will state the following.

Theorem 3.6 (Informal statement of 5.15). Let M be a random variable model
with random variables (X;),.;, and suppose that L1 and Ly are both perfect con-
densations of M. Then, the random wvariable Y is a function of Z54 almost
everywhere, and reciprocally Z 4 is a function of Y54 almost everywhere.

Two minor points will be noted here. First, the families Y and Z of random
variables are defined on different probability spaces, so this statement does not
quite make sense. This will be addressed using standard ideas, which we adapt to
our setting using the notion of amalgamation (Definition 5.12). Second, we have
not yet mentioned perfect condensation—this will be defined in terms of entropy
at the beginning of §5.

We can regard the conclusion that Y, is a function of Z5 4 almost everywhere and
Z 4 is a function of Y54 almost everywhere as a kind of structural correspondence
between £; and Lo. This is a weaker notion than the property that Y, is a function
of Z 4 almost everywhere, and vice versa, would be. For reassurance that this notion
of correspondence is reasonably strong and natural, consider the following. We can
observe—from the definitions of latent variable models, the contribution relation,
and the variable Z54—that, in the following sense, whenever Z, is “available”, in
fact all of Z5 4 is “available”. In particular, for any ¢ € I, whenever k>4 for any of
those k € K that was used in constructing Z4, we in fact have ki for every ke K
used in constructing Z5 4. So, we can say that from the perspective of X, we have
no need to consider Z4 on its own, but only in the context of Z5 4.

For another related way to think about the conclusion of Theorem 5.15, notice
that it is equivalent to the statement that each of Y54 and Z5 4 is a function of the
other almost everywhere. This gives us an equivalent formulation which is more
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apparently something that we might describe as an equivalence. This is expressed
in Corollary 5.16.

Approximate correspondence of latent variable models. We will see that the as-
sumptions of the exact correspondence theorem are too strong to apply to most
interesting phenomena. In Theorem 6.8, we will weaken its conclusion in two ways
to get an approximate correspondence theorem. First, where we previously said
that Y4 is a function of Z54 almost everywhere, we will instead bound the con-
ditional entropy of Y54 given Z54 (and a fortiori the conditional entropy of Yy).
We can think of this as saying that Y, is “approximately a function of” Z5 4. Sec-
ond, instead of using Z54 to “approximately determine” Y4, we will use a set of
latent variables from L5 which may be larger, which in the context of the theorem
statement we will call Zg. Recall that Z5 4 is the family of those latent variables
from Lo that contribute to all those ¢ such that ¢ € A (as well as, possibly, other
i ¢ A). Very roughly, we can think of Zg as family of those latent variables of £,
that contribute to “most” of those ¢ such that ¢ € A, though we will see the exact
definition below. Together, we can say that instead of Y4 being exactly determined
by those latent variables of Lo that contribute to all of A, Theorem 6.8 will state
that Y, is approximately determined by the latent variables of Lo that contribute
to (at least) “most” of A.

The full statement of the approximate correspondence theorem is somewhat
involved, and will require a few more definitions before it make sense. In particular,
we need to introduce some combinatorial objects, the polar (6.5) and intersection
trees (6.6), in order to state the inequality. Instead, we’ll look at an informal
statement, which will try to illustrate the basic structure without yet going into
this detail.

Theorem 3.7 (Informal statement of 6.8). Let (X;),.; be the random variables
of some random variable model, and let (Ya) ycpr; and (Za)ocpiy e the latent
variables of two associated latent variable models. Consider any set A € PTI and
any collection F C PVI, let G = F° be the polar of F, and let L and R be certain
functions (also depending on F) from a certain set N to the set P (PVI) of all
subsets of PY1. Then,

+ Z I (Zew); Zrew) | Zew)nr @)

(3.1) H(Yoa | Zg) < [Z H (Y54 | Xp)
vEN

BeF

Let’s consider various aspects of this statement. We can observe that where
Theorem 5.15 states an implication—if two latent variable models are perfect con-
densations, then certain latent variables are functions of other latent variables al-
most everywhere—we instead have an inequality. This inequality generalizes an
exact implication—if the right-hand side is zero, then the left-hand side is zero—to
something more quantitatively forgiving. Thus, in particular, the right-hand side
here should be seen as the analogue of the hypothesis of perfect condensation, and
the left-hand side should be seen as the analogue of Y54 being a function of Z54
almost everywhere.

In particular, before we spoke about Y54 and Z54 each being a function of
the other almost everywhere. Here, Y54 is “approximately a function of” Zg. To
conclude that Z5,4 is approximately a function of Yy, we’d need to interchange
the roles of Y and Z on the right-hand side of (3.1). In each particular case, this
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may or may not give a bound of comparable magnitude; sometimes, this theorem
will allow us to conclude that Y54 is approximately determined by Zg, but not
vice versa. This exhibits a phenomenon already observed by Wentworth and Lorell
[WL23]. They define a natural latent to satisfy the conjunction of two (quantita-
tive) conditions, which they call mediation and redundancy. Two natural latents
approximately determine each other, but more generally they show that a redund
is approximately determined by a mediator. Thus, like here, the symmetric rela-
tion of two models being approximately equivalent arises as the conjunction of two
asymmetric statements of determination.

The polar in the approximate correspondence theorem. There is more to say about
the sets F and G. These cannot be chosen freely, but instead G is defined in terms
of F, as its polar. The polar of a collection is the set of all sets (in PTI) that
intersect every element of that collection:

(3.2) G=F°={BeP'I:VAe F.ANB#0}.

This represents a tradeoff—making G smaller comes at the cost of making F larger.
A larger set F makes the right-hand expression larger, since the sum will have more
terms, so it weakens the control that we have over how much Zg determines Y5 4.
However, when G is larger, the variable Zg gets “farther” from Z54. Then, Y54 is
not being determined by just Z- 4, but by a penumbra consisting of Z5 4 together
with other Z latents.

We can say a bit more about how this works, though this should be clearest when
balanced with the details in the proof of the theorem, and with examples. Since
Theorem 6.8 holds for every collection F, all these statements are true. That is, Y54
is approximately determined by Zx. for each set F, to differing quantitative extents.
The tradeoff is one of interestingness. We want F to be small enough that the bound
we derive from the right-hand side is meaningful. It ought to at least improve on
the trivial bound H (Y54 | Zg) < H (Y>a)! If Zg is close to Z5a, on the other
hand, then the latent variables better preserve their identities between the different
latent variable models, rather than having Y54 indiscriminately determined by all
the Z latents taken together.

In particular, we can consider what happens if many of the Z latents are con-
stants. This is a natural case to consider, since there are a priori 21/l — 1 latent
variables of the form Z 4, and many interesting latent variable models make use of
far less than this. Then, it may be that Zg = Zro is equivalent to Z54 for many
meaningfully different choices of F. In this case, we can adapt F to quantitatively
improve the right-hand side, while still controlling the same quantity,

(3.3) H(Y54|Zr)=H (Y>a|Z>a4).

The terms in the inequality of the approzimate correspondence theorem. The terms
of the form H (Y54 | Xp) measure the extent to which the latent variables Y54
can be recovered from the given X variables. If we think of the X variables as
observations, then this is an ordinary statistical problem of inferring parameters
from data. In other words, these terms are small if, given the joint distribution on
the random variables X and Y, the values of the variables Y54 can be estimated
up to a small amount of entropy given the values of Xpg.
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Terms of the form I (ZL(U);ZR(U) | ZL(U)QR(U)) measure mutual information;
they are large when different Z latent variables share the same information. How-
ever, this is conditional mutual information, so repeating information doesn’t con-
tribute to such a term if that information is also conditionalized on. We can exhibit
this in Example 3.3, where we had a latent variable for the bias of a coin, and an
additional latent variable for each flip of the coin. Here, there is mutual information
between flips of the coin, but there in no mutual information conditional on the
bias—the individual flips are conditionally independent.

In fact, when we define intersection trees, it will turn out £ (v) and R (v) are
defined in such a way that all such terms are zero for Example 3.3. This will also
hold of many other interesting latent variable models, such as those constructed
from Bayesian networks as in Example 3.5. In general, such terms may be large
when we repeat information in latent variables that contribute to different sets
of given variables without also stating that information in a latent variable that
contributes to many given variables.

In comparison to Wentworth and Lorell [WL23], the role played by the terms
H (Y54 | Xp) is analogous to the role of redundancy, and the terms

(3.4) I(Zewyi Zrw) | Zewynr@))

are analogous to mediation.

4. SET-UP

In this section, we will introduce the central concept of latent variable models.
We intend for latent variable models to organize the structure of random variable
models by positing additional latent variables, which cannot necessarily be defined
from the given random variables. However, our definition of latent variable models
will be rather weak. In this definition we ask that the given variables can be re-
covered from the latent variables, but we don’t yet do anything further in order to
ask that this serve any organizing role; we don’t yet ask that we attain an enlight-
ening perspective on the given variables. As discussed in §3, we want to establish
correspondences between different latent variable models associated with the same
random variable model, which could be used to understand intersubjectivity. So,
we will supplement the definition of latent variable models using scoring functions.
A latent variable model that gets a good score may more likely help us understand
the underlying random variable model.

Now, we can proceed with our objects of study.

Definition 4.1. A random variable model is a countable discrete probability space
Q with finite entropy, together with a finite family of random variables X;: Q — R;,
each of which has countable and discrete range.

Our aim here is to understand random variable models by means of auxiliary
random variables, which we’ll call latent variables. In particular, in a random
variable model (€2, (X;),c;), we want the random variables X; to be functions
of certain latent variables. We won’t necessarily define these latent variables on
Q; instead we might need an extension of the probability space. This leads to a
definition.

Definition 4.2. A latent variable model for, or associated with, a random vari-
able model (Q, (Xi)ic 1) is an ordered pair consisting of a random variable model
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(A, (Ya) gep+) with its random variables indexed by the collection P 1, together
with a probability-preserving map 7: A —  such that for each random variable
X; the pullback 7*X; is almost everywhere a function of the random variables Y4
such that A C I and A > i. In other words, 7*X; is almost everywhere equal
to fi (Ya:AC I, A>i) for some measurable function f; from the product of the
ranges of the random variables (Ya) 4c; 45, to the range of X;. We call the vari-
ables (Ya) gcp+; latent variables, and if i € A, we say that index A contributes to
i; we can then say that f; determines the random variable X; from those Y4 such
that A contributes to 1.

We can compare different latent variable models using scoring functions. Lower
scores should be “better”; we’ll see how later.

The more important of the scoring functions will be the conditioned score. The
simple score will serve as a simpler analogue, with broadly similar qualitative be-
havior. These scores represent two desiderata. We would prefer that latent variables
compress the random variables of a random variable model, which we can compare
to the idea that a good theory should help us compress observations. However, we
would also prefer that the latent variables condense information into separate parts
that contribute to different given random variables, rather than for example putting
all the information in a single latent variable, even at the cost of some degree of
compression.

We don’t make any strong claim that these scores represent “the best way” to
account for these desiderata, or admit a characterization in these terms. Instead,
these (or other) scores should be judged by their ability to pick out interesting
latent variable models, and by consequences such as the correspondence theorems,
Theorem 5.15 and, less directly, Theorem 6.8.

Definition 4.3. Let M be a random variable model, with random variables (X;),;,
and £ an associated latent variable model with latent variables (Ya),cpi;. The
simple score of L at A C I is

(4.1) op(A)= > H(Yp),
BePTI
BNA#D

and similarly, the conditioned score of L at A is

(4.2) xc (A) = Z H (YB | (YC)C;B> :
BNA#(

We can see how these quantities relate to our desiderata. Based on the idea of
compression, these scores penalize the entropy of the latent variables. By adding
together entropies of different variables instead of using the joint entropy, we can
penalize redundancy of information between different latent variables.

Because of the dependence of the scores on a set A C I, the scores are in some
sense local, measuring the complexity of the latent model as it pertains to the
product of the random variables (X;),.,. Varying A lets us look at only those
latent variables that contribute to a subset of the phenomena to be explained. As
we will see in more detail later, in Example 5.1, if we only considered o (I) or
X (I) rather than letting A C I vary, then we would give the best possible score
to latent variable models that put all of the information in a single latent variable,
rather than a multiplicity of variables serving as distinct conceptual parts. To score
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the latent model £ as a whole, we could perform an aggregation of these scores. For
example, for a latent model £ with latent variables (Y4),cp+;, and nonnegative
real-valued weights (Aa) ycp+, We could define

(4.3) or= Y Aoz (A)

> > MH(Yp)

AEP+I BNA#D

S D M| H(Ys)

BCI \ ANB#0

and the analogous statements holds for the conditioned score as well. We will not
pursue that route further here.

We can observe that all the scores are finite, since all the random variables of
the form X; and Y4 have finite entropy.

In order to work with the latent variable models, we define some notation for
random variables.

Definition 4.4. Let M be a random variable model with variables (X;),.,; and £
an associated latent variable model with variables (Ya) 4cp+ ;- We will write X and
Y with certain subscripts other than elements, respectively, of I and P71 to denote
certain products of the random variables in these families. If A C I, we write X 4
to denote the joint random wvariable at A, which is the product random variable
(Xi);ca- Similarly, for any F C P*I, we write Yr to denote the joint random
variable (Y4) 4 - The product random variable of the latents that contribute to
1 € I is defined as

(4.4) Ys;=(Yg:BePtl,i€B),

using “tuple-builder” notation to express a product random variable. Similarly, for
the latents that contribute to a set A C I,

(4.5) Yoa= (Ys:BePTI,BNA#D).

Given a set A C I, the product of those latent variables that contribute to all the
latents of A in common is

(4.6) You=(Yp:BeP'I,ACB),
and we also define

(4.7) You=(Ys:BePTI,AC B).
In particular, note that for any i € I,

(4.8) Y5i =Yy = Youu-

4.1. Morphisms. We will also define morphisms of random variable models. The
point of this is only to allow the use of satisfying language; in future definitions and
theorems, things that feel like maps will be called “morphism”; and things that feel
like equivalences will be called “equivalence”.

Informally, the idea of a morphism will be to introduce new distinctions. This
will be the case reading “from right to left”. That is, in a morphism (Q, (Xi)iel) —
(@, (Y])J c J), the left space 2 may make more distinctions—it may have “more”
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measurable sets—than the space ©. Equivalently, reading from left to right, we
could say that we forget measurable sets. This is similar to the situation in prob-
ability theory; if 7: Q — © is a probability-preserving map of probability spaces,
then 7! E is measurable for every measurable set F in ©, but not every measurable
set of Q need be of this form. We can think of 2 as an extension of ©. A morphism
of random variable models will thus be similar to a probability-preserving map, but
it will also account for the random variables named by our index set. In particu-
lar, we correspondingly let the random variables of the source model make more
distinctions than those of the target model. Now, we’ll say all this more precisely.

Definition 4.5. A morphism of random variable models has the form

(4.9) (7o )ses) + (2 (Xidier) = (0, (V) e5) -

where 7: 2 — © is a probability-preserving map, ¢ is a function J — I, and f;
is a function from the range of X,(;) to the range of Y;. We require that for all
j € J, we have Y; = f; (Xb(j)) almost everywhere on ). Note that the function
f; is automatically measurable, since these random variables have countable and
discrete range, and from the same premises that the condition Y; = f; (XL(j))
defines a measurable set.

Making the pullback explicit, we can write this as 7*Y; = f; (Xb(j)). Also, note
that this is equivalent to the condition that there exists a set E of probability one
in Q such that, for all j € J, we have Y; = f; (X,(;)) everywhere on E.

(We may observe that the map 7 in a latent variable model ((A,Y), ) is not
necessarily a morphism of random variable models here, since each random variable
X; may depend nontrivially on multiple latent variables.)

Definition 4.6. Given two morphisms

(4.10) (Wv by (fj)jej) (R (Xi)ier) — (97 (Yj)jeJ)

(4'11) (P, v, (gk)keK) : (@v (Yj)jej) - (Hv (Zk)lceK) ’

their composite is the morphism

(4.12) (p o, LoV, (Qk o fV(k))keK) : (Q, (Xi)iel) — (H, (Zk)keK) .

We can confirm that this is well-defined, checking in particular that Z; = gy o
) (qu(k)) for all k£ € K almost everywhere. We know that, for all & € K,

(413) p*Zk = gk (Yy(k))

almost everywhere, so since 7 is probability-preserving, we have almost everywhere
that

(4.14) (pow)* Zk = W*p*Zk = W*gk (Y,,(k)) = gk (TF*YV(k))
=gk ° fuik)y (Xoow(w)) -

as desired.

Proposition 4.7. Random variable models and morphism form a category.
Proof. On a random variable model (€2, (X;),;
(4.15) (ido, id7, (idr x,)ser) »

), we have the morphism
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which we can see serves as an identity morphism. Further, we can see that compo-
sition is associative by checking associativity for any three morphisms
(4.16)

(Wva(fj)ng> (pﬂyv(gk)k,ej() (0'10»(}12)@61,)

(le (W) Q2, (X;) Qs, (Yk)keK) (94» (Zf)eeL) :

iel jeJ

The composite of the first two morphisms is
(4.17) (p oT, LoV, (gk o fV(’C))keK)
and that of the last two is
(4.18) (0’ o p,V oo, (hg o go(z))£€L> ,
so the triple composite, interpreted in either order, is
(4.19) (a opoTm, LoV OO0, (hg © Go(e) © fu(o(g)))eeL) .
O

Because of the phenomenon of equality almost everywhere, it will be convenient
to have available a notion of equivalence of random variable models that is more
general than isomorphism.

Proposition 4.8. A morphism of random variable models
(4.20) (70 (s ) (@ (Xidier) = (€.0%),0))

is an isomorphism if and only if © is an isomorphism of measurable spaces; v is a
bijection; and for every j € J, the map f; is an isomorphism of measurable spaces.

Proof. Tt is clear that isomorphisms have these properties. Conversely, if a mor-
vmH(d)

Since 7 is probability-preserving and is an isomorphism of measurable spaces, 7~
is also probability-preserving. For all i € I, we have

phism (777 L (fj)jeJ) has these properties, consider the triple (7‘('_1, L ( -1 ) 1>'
ic

1

(4.21) ™Y, 1) = [ (Xa)
almost everywhere, so

-1 —1\*
(4.22) P O) (Yir) = (7)) X3,

almost everywhere, and we see that our triple is in fact a morphism. It is immediate

that it is an inverse to (7r, L (fj)jeJ)’ so that map is an isomorphism. (I

Definition 4.9. Morphisms (71', L (fj)jeJ) and (p, v, (gj)j€J> from (2, X) to (©,Y)
are equal almost everywhere if

(1) the maps 7 and p are equal almost everywhere as measurable functions,
and
(2) the functions ¢ and v are equal.

Note that we put no further condition on f and g. It is possible that they are
unequal; by the definition of morphisms, we have for all j that

(4.23) fi (Xup) =Y =95 (Xoi) = 95 (Xu)
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almost everywhere (on ), but not necessarily everywhere. Even if f; (X,¢;)) =
g; (X,(j)) everywhere, we may have f; # g; since X,(;), considered as a measurable
function, may not be surjective.

Definition 4.10. Two random variable models M and N are equivalent if there
are morphisms

(4.24) = (w, . (fj)jg) ‘Mo N
(4.25) p= (.1, (9)ier): N = M

such that pom and 7 o p are, respectively, equal almost everywhere to the identity
morphisms on M and N. In this case, we also say that the pair (m,p) is an
equivalence.

We can say informally that an equivalence is an isomorphism almost everywhere.
To express this another way, suppose that (Q7 (Xi)iel) and (@7 (Yi)iel) are random
variable models, 7: @ — © and p: © —  are probability-preserving maps, and
fi: RX; — RY; and g;: RY; — R X; are measurable maps for every i € I.
We’d like to know when the obvious triples we can make from these are a pair of
morphisms constituting an equivalence. Laying out the definitions, we see that this
holds if and only if

(1) pom and 7 o p are respectively equal almost everywhere to idg and ide,
and
(2) fi (X;) =7"Y; and g; (Vi) = p* X, almost everywhere for all i € I.
We are taking a little more care by making the pullbacks explicit here, to avoid the
potential for ambiguity.

We can say a few things to establish that these notions behave as we expect. In
categorical language, the next proposition amounts to saying that random variable
models, morphisms of random variable models, and equality almost everywhere
together form a (strict) 2-category. We won’t use the language of 2-categories
further here though.

Proposition 4.11. Equality almost everywhere of morphisms of random variable
models is a congruence with respect to composition. That is,

(1) equality almost everywhere of morphisms of random variable models is an
equivalence relation, and
(2) given random variable models L, M, and N, and morphisms

(4.26) mp: L— M, o,T: M- N

such that 7 is equal almost everywhere to p, and o is to T, the composite
o o is equal almost everywhere to T o p.

Proof. (1) is immediate. To confirm (2), we will verify that the underlying measur-
able maps of the morphisms o o 7w and 7 o p are equal almost everywhere. Let’s use
lightface symbols to denote the underlying measurable maps of morphisms denoted
with corresponding boldface symbols. Then, 7= and p agree on a set £ C Q of full
probability, and ¢ and 7 similarly agree on such a set F' C ©. The set EN7~! (F)
has probability one, and for all w in this set

(4.27) corm(w)=7o7m(w)=T0p(w),
as desired. g
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Since we have a 2-category, it follows that equivalence of random variable models
is also an equivalence relation. We’ll spell this out a bit more.

Proposition 4.12. Fquivalence of random variable models is an equivalence rela-
tion.

Proof. Reflexivity and symmetry are immediate. Suppose (7, p) is an equiva-
lence between £ and M, and (o, T) is an equivalence between M and N. Then,
(o om,poT)is an equivalence between £ and N, since

(4.28) (poT)o(ocom)=pom=idg

and the opposite composite is similarly idas, so we see that equivalence is also
transitive. O

5. PERFECT CONDENSATION

In order to understand our scoring functions, we will ask some questions broadly
following two directions of inquiry. First, what is a “good” score? When is a score
good enough that we should be interested in a latent variable model that attains
that score? Second, what can we conclude about the structure of a latent variable
model that gets a good score? In this section, we will introduce the notion of perfect
condensation, characterizing when the conditioned scores of a latent variable model
are as low as reasonably possible. Under the hypothesis of perfect condensation, we
will prove that different latent variable models must correspond in an appropriate
sense in Theorem 5.15.

First, we note that we do indeed have uninteresting latent variable models with
bad scores.

Example 5.1. Let M = (Q, (Xi)iel) be a random variable model. Consider the
latent variable models £; and £, associated with M, defined as follows. First, £
and L5 have the same underlying probability space as M, that is,

(5-1) Ly = ((Qv (YA)AePH) ’idﬂ) Ly = ((Qa (ZA)AePH) 7idQ)
for some families Y and Z of random variables. We will set Yy;; = X; for i € I. For

A € PTI with |A] # 1, let Y4 be constant. Next, let Z; be the product variable
Zr = Xy, and let Z, be constant for A C I. We have

(5.2) op, (A)= > H(®Yp)=> H(X)

BNA#0) €A

(5.3) Xe, (A)= > H(Yp|Yop) =) H(X;)
BNA#0 i€A

(5.4) op, (A)= > H(Zp)=H(Z)=H (X))
BNA#0)

(5.5) Xe. (A)= > H(Zp|Zyp)=H(X)).
BNA#0D

Since we didn’t use anything about the structure of M to produce these latent
variable models, we expect that they don’t tell us much about M, at least in the
typical case. So, these should usually be “bad” scores. If we want to produce even
worse scores, we could add more entropy to the latent variables in a way that is
irrelevant to determining the variables Xj;.
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Now, we can establish some easy lower bounds on the simple and conditioned
scores. Since lower scores are “better”, this gives a bound on how “good” scores can
be.

Proposition 5.2. Let (Q, (X;),c;) be a random variable model and L an associated
latent variable model with latent variables (Ya) ocp+;. Then, for any A C I, we
have

(5.6) or(A) > xc(A) > H (Yna) > H(Xa).

Proof. Tt is immediate that o, (4) > xc (A). To see that xr (A) > H (Yra), we
proceed as follows. The set

(5.7) {B|BePTI,BNA+0}

is partially ordered by the inclusion relation By O B,. This extends to a total
order, i.e. there exists a total order < on this set such that whenever By D By, we
have B; =< Bsy. Thus, using the nonnegativity of mutual information, we have

(5.8) H (YB | (YC)CQB) > H (YB | (YC)C<B)'
Now we can establish the next inequality by a calculation:
(5.9) ve( =3 H(Yol(¥o)oos)
BNA#D
> > H(|(e)oss)
BNA#0D
== H (YﬂA) .

Finally, the random variable X 4 is a function of Y~ 4 almost everywhere by defini-
tion, so H (Yna) > H (X4) . O

This motivates a definition of perfect condensation. In addition, we will define
simple-perfect condensation, using the simple score in place of the conditioned score.
Perfect condensation will be the main object of study in this section, with simple-
perfect condensation serving as a simpler model—the things that we have to say
about it will all be analogous to things that we say about perfect condensation. It
follows from the previous proposition that simple-perfect condensation is a more
restrictive property than perfect condensation.

Definition 5.3. A latent variable model £ perfectly condenses a random variable
model M = (9, (Xi),¢;) if xz (A) = H(X4) for all A C I. Further, £ simply-
perfectly condenses M if oy (A) = H (X 4) for all ACI.

Example 5.4. Let I be an index set, and consider any random variable model
L= (Q, (YA)A6P+I)7 indexed by P*1I, such that the variables Y4 are jointly inde-
pendent. We will construct a random variable model M = (€, (X;),c;) such that
M is perfectly condensed by L, as associated with M via the identity map idg.
For each i € I, we define X; to be the product random variable

(5.10) Xi=VYs;=(Ya:i€cACI).
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Now, for any set A C I, we have
(5.11) H(XA)=H(X;:i€c A)=H(Yp: BNA#0)
= > H(s),
BNA#D

using the independence assumption in the last step. This is just the simple score,
so L simply-perfectly condenses M.

In order to acquaint ourselves with perfect and simple-perfect condensation, and
to lay the ground for the theorem on the correspondence of perfect condensations,
we will prove a variety of statements about these concepts.

Lemma 5.5. Let M be a random variable model with random variables (X;),.;,
let L be an associated latent variable model with latent variables (Ya) ocp+;. Then,
for any A € PTI, the following are equivalent.
(1) H(Yna) = H(Xa) .
(2) For all i € A, there is some measurable function f: RX; — RY4 such
that Ya = f% (X;) almost everywhere.

Proof. (=) For each i € A, we have

(5.12) H(X;) = H (Ys:),

so since X is a function of Y5; almost everywhere,

(5.13) H(Ys | Xi) = H (Y5;) — H (X;) =0.

Hence, using Proposition 2.4, Y5, is almost everywhere a function of X;. Since
1 € A, it follows that Y, is almost everywhere a function of X; as well.

(<) We know that H (Yna) > H (X ) by Proposition 5.2. Further, fixing any
1 € A, the random variable Y4 is almost everywhere a function of X;, and is
therefore almost everywhere a function of X 4, so

(5.14) H(Yaa | Xa)=0
(5.15) H (Yna) < H(Yna, Xa)=H(Xa).

O
Corollary 5.6. Let M be a random variable model with random variables (X;),.;,

let L be an associated latent variable model with latent variables (Ya) qcpi; that
perfectly condenses M. Then, whenever we have i € A € PI, there is some mea-
surable function fi: R X; — RY, such that Y4 = f4 (X;) almost everywhere.

Proof. Using Proposition 5.2, this follows immediately. (I

We can also express the conclusion of this corollary in terms of an equivalence
of random variable models.

Proposition 5.7. Let M = (Q,(X;),c;) be a random variable model and L =
((A, (YA)AQ,H) ,7r) an associated latent variable model. Then, the following are
equivalent.

(1) For all i € T and A € PTI such that i € A, there is some measurable
function f7: R X; — R Y4 such that Y4 = f4 (X;) almost everywhere.
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(2) (A, (Xi),er) and (A, (Ysi),c;) are equivalent as random variable models,
via an equivalence of the form (ida,id;, (9i);c;) and (ida,idy, (hi);c;) for
some families of functions g and h.

Proof. (=) By hypothesis, for each i € I and each A C [ satisfying i € A, we
have Y4 = f (X;) almost everywhere. Define g;: R X; — RY5; to be the product

(5.16) 9;i(2) = (fiy(z): AC i€ A);

we can see that (ida,idy, (¢i);c;) is a morphism. Also, by the definition of latent
variable model, we have functions h;: RY5; — R X; such that

(5.17) X =h; (Y3i)

almost everywhere, so (ida,idy, (h;);c;) is also a morphism. Now, it is immediate
that we have an equivalence.
(<) Take any i and A satisfying i € A C I. Since (idA,idl,(gj)jel) is a

morphism, we have

(5.18) Ysi = gi (Xi)
almost everywhere. Let p’, be the coordinate projection
(5.19) RYsi = [[RYs — RYa.
B3i
Then,
(5.20) Ya = pl (Yzi) = pla (9: (X2)),
so pY o g; has the desired property. [

Corollary 5.6 tells us something about perfect, and hence simple-perfect, conden-
sations. By imposing further conditions, we can define stronger properties, which
will give us equivalent characterizations of perfect and simple-perfect condensation.
First, we give a definition about probabilistic independence, which can be seen as
a form of the Markov condition from the theory of Bayesian networks [SGS01].

Definition 5.8. Let I be a finite set, and suppose that (Y4),.p+; are random
variables on some probability space. The family Y satisfies the ordered Markov
condition if the following statement holds.

e For any A € PTI, let F C PTI be the collection of all B € PTI such that
B is incomparable in the inclusion order to A, i.e. B is neither a subset nor
a superset of A. Then, the random variables Y4 and Yr are independent
conditional on Y5 4.

We can also state this in a more global equivalent way.

Proposition 5.9. Let I be a finite set, and suppose that (Ya) ,cp+; are random
variables with finite entropy on some probability space. Then, the following are
equivalent.

(1) The family Y satisfies the ordered Markov condition.
(2) For any two upward-closed sets F,G C PTI, the random variables Y and
Yg are independent conditional on Yrng.
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Proof. (1 =>2) Let F,G C P*I be two upward-closed sets. We want to show that
(5.21) H(Yg |Yr)=H(Yg | Yrng,Yr) = H (Yg | Yrng) .

As in the proof of Proposition 5.2, we will choose a linear order < on P*I such
that whenever A O B, we have A < B. We can expand

(5.22) H(Yg|Yr)= Y HYa|Yr,(Ys:Be€G—F,B=A)
AeG-F
H(Yg|Yrag)= Y, H(Ya|Yrng,(Ys:B€G—F,B=<A)),
AeG-F

so it would suffice to show that the corresponding terms are equal. Now, for each
A€ G—F,let Ty C P*TI be the set of all such sets incomparable with A, and
S4 C PTI be the set of strict supersets of A; we know by hypothesis that Y} is
conditionally independent of Yz, given Ys, = Y54. From what we know about F,
g, A, and =<, we have both

(5.23) SACFU{BEG—F|B<A}CS1ULs
and

(5.24) S4C(FNG)U{BEG—F|B <A} CSAULn,
SO

(5.25) HYa|Yr,(Yp:B=<A))=H(Ya|Y3a)

ZQH(YA|}&thYb:£3<44»

as desired.

(2= 1) Let A € PTI, let F C P*I be the collection of all such sets incom-
parable to A, and let S be the collection of strict supersets of A. Statement (2)
tells us that FUS is conditionally independent of SU{A} given S, from which the
conclusion follows. O

Now, we can use the ordered Markov condition to characterize perfect condensation.

Theorem 5.10. Let M = (,(X;),c;) be a random variable model and L =
((A, (YA)A6P+I) ,71') an associated latent variable model. The following are equiv-
alent.

(A1) L is a simple-perfect condensation of M.

(A2) For alli € I and A € PTI such that i € A, the latent variable Y4 is a
function of X; almost everywhere. Further, the latent variables (Ya) ycp+
are jointly independent.

(A3) L is a perfect condensation of M and the latent variables (Ya) ycp+; are
jointly independent.

Further, the following are also equivalent:

(B1) L is a perfect condensation of M.

(B2) For alli € I and A € PTI such that i € A, the latent variable Y, is a
function of X; almost everywhere. Further, the latent variables obey the
ordered Markov condition.
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Proof. (A1 = A3) Since L is a simple-perfect condensation, it follows from Propo-
sition 5.2 that for each A C I,

(5.26) Z HYp)=o0r(A) > xc(A) > H((Yaa) > H(X4) =0, (A)
BNA#D

so all these quantities are equal. In particular,

(5.27) Xc (A) = H (X4),

so L is a perfect condensation of M. Further, it follows from
(5.28) > H(Yp)=o(I)=H(Yn)
BeP+I

that the latent variables (Ya) 4.p+; are jointly independent. To spell this out a bit
more, consider any two disjoint families F,G C P71, and let

(5.29) H=PI-F-¢G.
Then, we can calculate
(5.30) H (Ynr) < H (Yrug) + H (Yn)
H (Yr)+ H (Yg) + H (Yn)

> H(Yp)=H(Ynr),
BeP+1I

<
<

IN

so all these are equal, and so
(5.31) I(Yr;Yg) = H (V) + H (Yg) — H (Yrug) = 0.

(A3 = A2) This is immediate from Corollary 5.6.

(A2 = A1) Each latent variable Y4 for A € P*1 is almost everywhere a function
of X; for any ¢ € A, and therefore is almost everywhere a function of Xp for any
B C I with BN A # (). Taking the product random variable over all such A for a
fixed B, we see that Ynp is a function of X g almost everywhere, and so

(5.32) H (Yng) < H(Xp).
Now, using also the independence hypothesis,
(5.33) oc(B) > H(Xp) > H(Ynp) =0, (B),

so L is a simple-perfect condensation of M.

(B1 = B2) The first part of this is simply the statement of Corollary 5.6.
Next, choose a linear order < on P*t1I such that whenever B D C, we have B < C.
Consider any A € P*I and let F be the collection of sets incomparable in the
inclusion order to A. In this case, in order to demonstrate the ordered Markov
condition, we want to choose < so that every set in F precedes A. We can do this
starting with the partial order <,, defined so that B <, C if and only if either (1)
B D C or (2) B is incomparable to A in the inclusion order and A D C. It is
straightforward to see that <, is indeed a partial order, and any extension of =<,
to a linear order gives an order < with the desired property.
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Using the perfect condensation hypothesis, we have

(5.34) H(Ypir)= » H(Yp|Yo:C<B)
BePTI
< > H(Yp|Yon)
BeP+I
=xc () =H (Yp+p),
and in particular corresponding elements of the sums here are equal. Looking at
the terms in the sums corresponding to B = A, we have

(5.35) H(Ya|Ye:C=<A)=H(Ya|Yoa),
and since

(5.36) {C|C<A}D>DFU{D|D2D A},
it follows that

(5.37) H(Ya|Yr,You)=H(Ya|Y54).

This is equivalent to the desired independence statement.

(B2 = B1) We want to show that x. (A) = H (X4) for all A € P*I. Take
any such A. First, whenever B € P*I with BN A # (), the latent variable Yp is a
function of X 4 almost everywhere, so the variable YA 4 is a function of X 4 almost
everywhere, and so we have

(5.38) H (Yna) = H(Xa).
Next, let < be a linear order on the set of those B € PTI which intersect A, such
that B < C whenever C O B. Writing our usual sum, we now have
(5.39) H(Xa)=HYoa)= » H(Ys|Yo:C<B)
BNA#D

For each B in this sum, the set {C | C < B} contains all sets C € P*I which are
strict supersets of B. Further, all its elements that are not strict supersets of B are
inclusion-incomparable to B. So, by the ordered Markov condition,

(5.40) H(Yp|Ye:C<B)=H((Yp|Yp:D2B)
for each such B. Hence,
(5.41) H(Xa)= Y H(Yp|Yp:D2B)=yxc(A4)
BNA#0D
as desired. (I

Theorem 5.10 gives a strong characterization of perfect condensation, suggesting
that it is a rare and rigid property. We expect that many random variable models
have no perfect condensation, and that those that do have few, in some appropriate
sense. In this way perfect condensation, the condition that x (A) = H (X 4) for all
A, contrasts with the weaker condition that H (Yn4) = H (X4), which we charac-
terized in Lemma 5.5. We can always construct latent variable models satisfying
H (Yna) = H(X4) for all A, as we did in with the latent variable model £ from
Example 5.1, in which Yj;; = X; and Yy is constant for all other A.

Further, we can see that there are meaningfully different latent variable models
satisfying the condition H (Yn4) = H (Xa). We could for example construct a
random variable model M with random variables X and an associated perfect
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condensation with many nontrivial latents Y, using Theorem 5.10. Then, M would
admit a very different random variable model as in Example 5.1 with latents Z,
and both these latent variable models would satisfy the same condition:

(5.42) H (Yna) = H(Zna) = H(Xa)

for all subsets A of the index set.

Theorem 5.15 on the correspondence of perfect condensations will express this
rigidity of perfect condensations. Given a random variable model M and associated
latent variable models £ = (Al, (YA)A6P+1) and Ly = (Ag, (ZA)AQ,H), both of
which perfectly condense M, we want to say that £; and Lo are essentially the
same. It would be straightforward to express this by asserting the existence of an
equivalence between £; and Lo satisfying certain properties. Unfortunately, the
condition of an equivalence £; ~ L5 would be too strong, for multiple reasons. As
discussed in section 3.3, we will instead say that Y, is a function of Z5 4, and vice
versa, but this will only make sense if we can interpret Y and Z as defined on the
same probability space.

It may be that the underlying measure spaces of our two latent variable models
differ in a way that does not interact with the random variables of interest, but that
already provides an obstacle to the existence of an equivalence. Maybe different
points of A; can always be distinguished by some latent variable, but A5 is the
product of A; by a space with a Bernoulli distribution (i.e. a coin flip), for example.
In order to regard such a difference as inessential, we should be willing to extend
our latent variable models by arbitrary morphisms. That is, we should be satisfied
with studying latent varlable models Ll and Lg, together with morphisms Lk — L
for each k, and comparing £1 and Eg rather than £; and L,. If these new latent
variable models share an underlying measurable space, then we can pull back both
the Y and Z variables to that space, and thus make sense of the statement that Y4
is a function of Z5 4. The definition of amalgamation will do all this.

Definition 5.11. Let 2, A;, and Ay be probability spaces, and 7g: Ay —
probability preserving maps for k € {1,2}. An amalgamation of the diagram

Ay
(5.43) lm
Ag L} Q

is a countable discrete probability space Ay together with probability-preserving
maps pi: Ag — Ag such that the diagram

Ao~ Ay
(5.44) lpg l’”
Ay —25Q
of probability-preserving maps commutes.
Definition 5.12. Let M = (Q,(X;),;) be a random variable model, and let

Ly = ((Al, (YA)AGPH) 77r1) and Lo = ((AQ, (ZA)A€P+I) ,7r2) be latent variable
models associated with M. An amalgamation of L1 and L4 consists of

(1) a probability space Ag;
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(2) two latent variable models £1 and Ly, both of which have underlying prob-
ability space Ay and associated random variable model M; and

(3) two morphisms, pi: Lp — Ly for k € {1,2}, which each act as the iden-
tity on the respective index sets of the latent variable models and on the
respective ranges of all the latent variables, that is, they have the forms

(545) P = (017 idp+[, (idRYA)AeP+I) : ZI — Ly
(5.46) P = (pg, idp+], (idRZA)A€P+I) : Z; — L.

Lemma 5.13. Let M = (9, (X;),c;) be a random variable model, and let £, =
((Al, (YA>Ae7>+I) ,7r1) and Lo = ((Ag, (ZA)AQ)H) ,7r2) be latent variable models
associated with M. Then, there is a probability space Ay with maps py: Ay — Ay for
k € {1,2}, which is an amalgamation of the diagram made by m; and 5. Further,

there is an amalgamation of L1 and Lo, consisting of Ay together with the objects
(5.47)

Ly = ((AOv (pIYA)AeP+1) » 10 p1) Z; = ((on (P;ZA)Aepﬂ) , T O P2)
and
(5.48) p1 = (p1.idp+r, (idRy,) acp+1)
(549) P2 = (p27id73+1a (idRZA)AeP+])~

Proof. First, we construct Ag. The plan is to construct a measurable space for Ag
(this construction is a pullback in the category of measurable spaces), and then to
construct a probability measure using a conditional-independence idea. Consider
the set

(550) S = {(/\1,)\2) | Al E Al,)\g S A2,7T1 (/\1) = To (/\2)}

This is a subset of the product measurable space A; X Ay, so we can view it as a
countable discrete measurable space. We define the (measurable) maps pg: S — Ag
by

(5.51) pr (A1, A2) = Ak,
and we define mp: S — Q by
(5.52) Ty = 71 O p1 = T2 © Pa.

Now, let P be the probability measure on €2, and let P; and P5 be those on
A; and Ay, respectively. For any w €  with Pg ({w}) > 0, since

(553) PQ ({W}) = P1 (7T1 = W) = P2 (’/TQ = UJ) s

we can define the conditional probabilities w — P1 (- | 11 = w) andw — Py (- | 11 = w).
Since 2 is discrete, we can thus define the integral

659 PoB)= [ [Pr(Im=w)]x [Pa(|m =] (B) dPy
for every set E C Ay x Ay. The integrand
(5.55) [Py ([ m =w)] x [Py (-] m2 = w)]

denotes a probability measure for almost all w, so the function l3v0 is nonnegative
and satisfies Py (A1 x Ay) = 1. We also have countable additivity; we can apply
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Tonelli’s theorem since the summand is nonnegative.

(5.56) P, (U Ek> = QZ [Py (| m1 = w)] % [P2 (- | m2 = w)] (Ex) dPg
k=1 k=1

=Y [P Im =) x [P | 72 =) (B) dPg
k=17

=P, (QlEk>

Hence, 1,;0 is a probability measure on A; X As. Further,

(5.57)  Po(S) = /Q Py(-|m =w) x Py(- | m=w)] (SN (w) dPg

:/QPl(Wfl(w)|7r1:w)P2(7r§1(w)|7r2:w) dPg

:/1dPQ:17
Q

so, letting Py (E) = Py (E N S), we see that Py is a probability measure on S. We
can now define Ag to be the countable discrete probability space (S, Py).

Next, we confirm that the maps pg, interpreted as maps Ay — Ay of probability
spaces, are probability-preserving. For any £ C A;, and any w € €,

pit (B) Nt (w) = {(A, h) [ M € Eymi (M) = m2 (A2) = w}
= (Enn’ (W) xm3 't (W),
which is a rectangle, so
(5.58)

Py (1" (E)) = /Q Pi(|m=w)xPy(-|m=w)(py" (E)Nmy " (w)) d(m), Py

:/Qpl (Enm' (@) [m=w)-1d(m), Py
=P, (F),

and so p; is probability-preserving. The same reasoning tells us that p, is probability:
preserving as well. It is immediate from definitions that the diagram (5.44) com-
mutes. N

Having defined Ag and the maps py, we have also defined Ly, for k € {1,2}. It
is immediate that they are indeed latent variable models for M, it is immediate
that p; and p, are morphisms, and the other conditions in the definition of an
amalgamation in the sense of latent variable models are also immediate. (]

We need one more lemma in order to prove the correspondence theorem.

Lemma 5.14. Let X, Y7, Y5, and C be random variables on some countable dis-
crete probability space (2, P), and suppose that C has discrete range. Suppose
further that Y1 and Yy are conditionally independent given C, that X is almost
everywhere a function of (C,Y1), and that X is also almost everywhere a function
of (C,Y3). Then, X is almost everywhere a function of C.



CONDENSATION: A THEORY OF CONCEPTS 28

Proof. Fix any ¢ € C such that P (C = ¢) is positive; working on the measurable
subspace

(5.59) Qo={weQ|C=c

equipped with the probability measure P. = P (- | C = ¢), we will see that X is
almost everywhere constant.

Let A C Q. be the set of points with positive mass. By hypothesis, there are
functions f;: RY; = R X for i € {1,2} such that

(5.60) X=fM)=/f2(Y2)

almost everywhere, and therefore in particular everywhere on A. For any two points
wp,w € A, if there is some v € A with

(561) Y1 (U) = Y1 ((.4)0) YQ (U) = }/2 (w) 5
then
(5.62) X (w) = f2(Ya(w)) = f2 (Y2 (v))

= 1 (Y1 (v)) = fi (Y1 (wo))

= X (wo)

We know that Y; and Y5 are conditionally independent given C, so they are in
particular independent on €2.. Thus,

P. (Y1 = Y1 (wo) AY2 = Y3 (w)) = Pe (Y1 = Y1 (wo)) - Pe (Y2 = Y2 (w))
> P.(wo) - Pe(w) >0,

so we can indeed always pick such a point v. Hence, X is constant on A, and so
almost everywhere on €)..

Since this holds for almost every ¢ € RC, we now know that there is a function
g: RC — RX such that X = g (C) almost everywhere. Since RC' is discrete, this
function is automatically measurable, as desired. (|

Theorem 5.15 (Correspondence of perfect condensations). Let M be a random
variable model with random wvariables (X;);.;, and suppose that L, and Lo are
both perfect condensations of M. Then, we can put the latent variables of £, and
Ly into correspondence in the following sense. There is an amalgamation of Ly
and La, and for any such amalgamation, letting L1 = ((Ao, (YA)A6P+I) ,%1) and

Z; = ((Ao, (ZA)A€P+I) ,%2) be the latent variable models, the random variable Y4
is a function of Z54 almost everywhere, and reciprocally Z 4 is a function of Y54
almost everywhere.

Proof. We know that such an amalgamation exists by Lemma 5.13. We want to
deduce that Y, is a function of Z54 almost everywhere; using the symmetry of the
situation to interchange Y and Z, the result would then follow.

Consider any i € A. By Theorem 5.10, Y}, is a function of X; almost everywhere,
and by the definition of latent variable model, X; is a function of Z5; almost
everywhere, so Y4 is a function of Z5; almost everywhere.

From here, we will apply Lemma 5.14 repeatedly, using induction. Consider any
two upward-closed sets F,G C PtI. That lemma tells us that if Y, is a function
of Zr almost everywhere and is a function of Zg almost everywhere, and if Zx is
conditionally independent of Zg given Zrng, then Yy, is a function of Zz~g almost
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everywhere. The conditional independence condition follows from the hypothesis
that Lo is a perfect condensation, using Proposition 5.9. Since

(5.63) () Fi={B:B2 A},
€A
we can conclude that Y, is a function of Z54 almost everywhere, as desired. [

This theorem gives a precise meaning to the idea that perfect condensations are
rigid. We have concluded that perfect condensation is such a strong condition that
any two perfect condensations have to resemble each other.

However, a disadvantage of rigidity, revealed in Theorem 5.10, is that perfect
condensation is rare. This will be addressed in §6, where Theorem 6.8 will consider
approximate correspondences, which will giving us meaningful control over latent
variable models even when the associated random variable models do not admit
any perfect condensations.

We can also reformulate Theorem 5.15 as an equivalence.

Corollary 5.16. Let M be a random variable model with random variables (X;),;,
suppose that L1 and Lo perfectly condense M, and let Zvl = ((Ao, (YA)A6P+I) ,771)
and Z; = ((AO, (ZA)A€P+I) ,%2) be the latent variable models of an amalgama-
tion of L1 and Lo. Then, there is an equivalence between the latent variable mod-
els a = ((AO, (YQA)AGPH) ,%1) and Z; = ((Ao, (ZQA)AePH) ,%2) consisting of
morphisms of the form (idAO, idp+7, (fA)AeP+I) and (idAU,idP+], (gA)AePH)'

6. CORRESPONDENCE OF LATENT VARIABLE MODELS

6.1. Suggestive examples. We can generalize the ideas of the correspondence
theorem, Theorem 5.15, beyond the hypothesis of perfect condensation. As we have
seen in results like Theorem 5.10, perfect condensation is a significant constraint on
the structure of a latent variable model. However, we will see in Theorem 6.8 that
an analogue of Theorem 5.15 in a more general setting does exist, if we are willing
to exchange a few of the objects in its statement for appropriate approximations.
To begin to suggest an idea, consider the following examples.

Example 6.1. Let L be a random variable with range [0,1], and let (X;)!"; be
conditionally independent coins with bias L. That is, the X; are 2-valued random
variables, which are conditionally independent given L, and which, conditional on
L, take the value 1 with probability L and 0 with probability 1— L. This determines
a random variable model with random variables (X;)""_;. We would like to consider
an associated latent variable model with latent variables

(6.1) Y, =1L
Y = X, (i =1 ton),
but L does not have a countable range, so we can instead consider
Yii,..ny =b(L)
Y, =X;

for some bucketing function b. That is, we pick a finite set of disjoint intervals with
union [0, 1], and define b to assign to each number the unique interval containing
it.
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Without yet posing a definite sense, one might suspect that the latent variable
model constructed here is approximately the only “reasonable” latent variable model
associated with the given random variable model, up to some notion of approxi-
mation. Indeed, we have constructed a number of different latent variable models,
depending on our choice of bucketing function b, which we can regard as approxi-
mating each other, as long as the intervals are sufficiently small. A precise form of
the idea that such models are approximately unique will be realized in Theorem 6.8.
We will also mention some more diverse examples before continuing.

Example 6.2. Suppose that we have some coins with different unknown but in-
dependent biases. We cannot observe flips of the coins directly. Instead, two coins
are chosen at a time—we know which two—and we are told the number of heads,
which may be zero, one, or two.

Formally, let (Lj)j < be a family of independent random variables with range
[0,1]; let ¢1,ca: I — J be (deterministic) functions; for i € I, let C%, C% be Bernoulli
random variables C}, ~ Bern (L., (;)), conditionally independent given L; and define
X; =Ci+Ci.

We can construct an associated latent variable model with latent variables (Ya) 4 cp+
as follows. For each A with |A| > 1, let S C J be the set of all j € J such that
¢k (i) = j for some i in A and k € {1,2}—informally, this is the set of j € J that
contribute to X 4. Then, let

(6.2) Ya=((L;):j€S9),
for some bucketing function b, and let
(6.3 Yo = X

We will see that this is in some sense approximately the only reasonable latent
variable model when the buckets are sufficiently small and the sets of observations
X; to which each coin L; contributes are sufficiently large and sufficiently different
as j varies.

We can also revisit Example 3.5, using the real definition of latent variable models
now.

Example 6.3. Given a Bayesian network [SGS01; PJS17] in which each variable
has finite entropy, we can produce a corresponding latent variable model in our
sense as follows. Let G be a causal graph with vertices { X }j o and with a subset
of those vertices, corresponding to indices I C J, designated as observed. We can

view the joint distribution as a random variable model M ; = ((Q, P), (Xj)jeJ)

such that G and P satisfy the causal Markov condition, and we can also consider
the random variable model M; = ((€,P), (X;);c;) on only the observed variables.
The problem of latent causal discovery is concerned with recovering information
about M ; and G from M, generally under reasonable further hypotheses, or
with similar questions involving more general sorts of graphical structures. In our
language, we can represent M ; by a latent variable model £ with latent variables
(Ya) gcp+ g as follows. For all j € J and i € I, we denote by j « i the relation that
there is a directed path from X; to X; in the graph G. Then, let

(6.4) Ya=(X;:3ieAjai).

It is common in the theory of latent causal discovery to have failures of iden-
tifiability, wherein the desired information about such a pair (M, G) cannot be
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Y Ya
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B (Yi;Y2; X[0)

FIGURE 6.1. Information diagrams for Lemma 6.4

recovered from M;. Thus, we cannot expect an analogue of Theorem 5.15 to apply
to a latent variable model like £ without further assumptions. But when such a
theorem does apply, we can hope to use that fact to derive an identifiability result
for Bayesian networks.

6.2. Comparison of latent variable models. We now proceed toward Theo-
rem 6.8, starting with a quantitative variant of Lemma 5.14.

Lemma 6.4. Let X, Y1, Yo, and C be random variables on some probability space,
each of which has finite entropy. Then,

(65)  H(X|C)<H(X|%,0)+H(X|Y50)+1(%:Y:|C),

and further, we can make the exact statement

(6.6) HX|C)=HX|"1,C)+H(X|Y,,C)—H (X |Y1,Y,,C)

+I(Y1;Y2; X[ C).

Proof. We can verify (6.6) with a straightforward if unenlightening calculation.

This can be clarified to a certain extent pictorially, as in Figure 6.1.

(6.7)  H(X|Yi,0)+H (X |Ys,0) — H(X | Yi,Y2,0) + 1 (Vi3 Y X | C)
=H(X|1O+I(X;71|Y,C)+1(X;Y;Y2|C)
=H(X|Y,C)+1(X;Y1|0)
=H(X|C).

To deduce the inequality form, we use the nonnegativity of entropy and mutual
information.

(6.8)  H(X|C)=H(X|Yi,C)+ H (X | Ya,C)— H (X | V1,Ys,C)
+1(Y1;Y2;X|0)
<H(X |Y,,C)+ H (X | Y2, C)
+I(YY2 |C)—1(Yi;Y2 | X,0)
<SH(X|Y,0)+H(X|Y2,0)+1(Y1;Y2|C).
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In order to state Theorem 6.8, we still need a few more definitions, but we
can outline the main ideas, which will also show where these definitions will en-
ter. Suppose that (X;),.; are the random variables of a random variable model,
and (Ya) cp+y and (Za) 4cp+ g are the latent variables of two associated latent
variable models. Form an amalgamation of these two latent variable models; by
abuse of notion, we’ll refer to the latent variables of the amalgamated models with
the same symbols Y and Z. In order to compare the two latent variable mod-
els, as we discussed informally in 3.3, we we will choose certain sets of indices
F,G,L(v),R(v),Z(v) C P*TI, subject to some constraints, and state an inequal-
ity
+ Z I (Zew)i Zrw) | Zowynrw)) | -

(6.9) H(Yoa | Zg) < [Z H(Yoa | XB)
vEN

BeF

We can compare this inequality to Theorem 5.15 to better understand what it is
claiming. To analogize an inequality to an exact statement, we can think of it as
saying that if each of the terms on the right-hand side is small, then the left-hand
side is small as well. Starting on the right-hand side, we will have two kinds of
terms. The terms of the form H (Y54 | Xp) being small is an approximate form
of Ynp being a function of Xp almost everywhere, assuming that A N B # (.
That property would be a consequence of perfect condensation. So, the analogy is
strongest when AN B # () for every B € F. Next, the term I (ZL(U); ZR(v) | ZI(U))
being small is an approximate form of the statement that Z.(,) and Zz(,) are in-
dependent given Zz(,). Because of how we will define these sets £ (v),R (v), T (v),
this exact statement would follow from the ordered Markov property by Proposi-
tion 5.9, and thus it would follow from the hypothesis that the latent variable model
with variables (Z4) 4cp+; is a perfect condensation. On the left-hand side, we con-
clude that a quantity H (Y54 | Zg) is small. This contrasts with the conclusion
of the exact statement Theorem 5.15 by replacing Z54 with Zg. Again, consider
the case A € G. Then, every set containing A is also in G, so when we say that
H (Y54 | Zg) is small, we are saying that the information in Y5 4 is not necessarily
in Z54, but it is mostly in the larger Zg. In the case of perfect condensation, we
will be able to choose G = {B : B D A}, and we would again recover the analogous
exact statement. In our more general setting, we can think of G as a penumbra
around {C : C' D A}. For example, if F consists of all n-element subsets of A, then
we will see that G consists of all sets that contain at least all but n — 1 elements of
A. We can make G better approximate {C' : C' D A} by picking a larger F, though
when we define all these objects we will see that this comes at a cost in the form
of extra terms on the right-hand side.

The relation that we need to hold between F and G can be expressed using the
notion of a polar—the set G is the polar of F.

Definition 6.5. The polar of a subset F of PTI is the collection
(6.10) F°={BeP'I:VAe F.ANB #0}.

The families of sets £ (v),R (v),Z (v) will come from an inductive construction,
which we can organize with the concept of an intersection tree, as follows.

Definition 6.6. An intersection tree T on an intersection-closed collection of sets
M is a triple (V, E, £) of vertices, edges, and labels, satisfying the following condi-
tions.
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(1) (V,E) is a directed binary tree; every vertex either has no parents—and
so is a leaf—or exactly two parents—and so is internal—and there is one
vertex, the root, to which every vertex has a unique directed path.

(2) ¢is a function from V to M.

(3) For each internal vertex u, with parents v and w, we have

(6.11) C(u)=L(w)NL(w).

For each internal vertex v of T', suppose that a, and b, are the labels of its parents.
Then, we call the family

(6.12) v = ({ay, by}, L (v)),

indexed by internal vertices v of T, the family of intersections of T', and we corre-
spondingly call each element ({a,,b,},¢ (v)) an intersection of T. Be warned that
the same intersection may appear more than once in the family of intersections,
assigned to different internal vertices.

Proposition 6.7. Let (V,E) be a directed binary tree, let M be an intersection-
closed collection of sets, and let ? be a function from the set of leaves of V' to M.
Then, there is a unique extension onto a function £: V. — M such that (V, E,{)
is an intersection tree. That function ¢ assigns to each internal vertex the meet of
all the labels of the leaves which are its ancestors.

Proof. Induction.
O

Now, we are ready for Theorem 6.8. Using these ideas, we can prove not only
the inequality (6.14), but also the equation (6.15) from which it follows. This is
in some sense stronger, but it has a less clear interpretation, without the analogy
to Theorem 5.15. The merit of (6.14) is that it controls a quantity relating Y and
Z using terms that each depend only on one of the two specified latent variable
models. Thus, this theorem establishes that if each of those two latent variable
models has a certain property, then a certain relation between them follows. In
contrast, (6.15) has both Y and Z in each of its terms, so it merely reasons from
some properties relating Y and Z to other such.

Theorem 6.8 (Approximate correspondence of latent variable models). Let (X;),;
be the random wvariables of some random variable model, and let (Ya) ocpy; and
(ZA) gcp+1 be the latent variables of two associated latent variable models. Form
an amalgamation of those latent variable models with some underlying probability
space MNg; in the sequel, when we write random variables X, Y, or Z, we will mean
their pullbacks to Ay under the appropriate maps. Next, consider any set A € PTI
and any collection F C PTI; let G = F° be the polar

(6.13) G={CePTI:VBeF.BNC #0};

let T = (V,E,T) be an intersection tree on the lattice of upward-closed subsets
of PTI such that T restricts to a bijection between the leaves of T and the set
of sets {C € PTI| BNC # 0} ranging over B € F; and write the set of leaves
of T as L, its set of internal vertices as N, and its family of intersections as
({£(),R(v)},Z(v)),en- Then, we have

+ 1D 1 (Zew)i Zrw) | Z2w))

(6.14) H (Yoa | Zg) < lz H (Y54 | Xp)
veEN

BeF
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Further, we can make the exact statement

Z H (Y54 | ZL‘(U)UR(W))]

(6.15) H(YQA | Zg) = [ZH (Y;A | Zz(v))
vEN

veL

+ Z I(Zew)i Zr(w): You | Zz(w)

vEN

Proof. We will first prove (6.15), which we can do following the inductive idea of
Theorem 5.15, but now repeatedly applying Lemma 6.4. For any vertex v of T,
let T, be the subgraph of T" which contains those vertices which are ancestors of v.
Then, T, is itself an intersection tree, which has root v. Write the set of leaves of
T, as L (v) and its set of internal vertices as N (v).

For each v € T, we will establish an analogue of (6.15) for T,,, which will be

(6.16)

H(Yoa | Zzw) = | D H(YoulZzw)| = | D H(Yoa | Zeaworw)
weL(v) weN (v)

+ Z I (Zew)s Zrewy: You | Z1(w))
weN (v)

If v is a leaf, then both sides of this equation are equal to H (YQA | Zz(v))- If vis
internal, we can use Lemma 6.4—Ilet s and ¢ be the parents of v.

(6.17)

H(Yoa | Zz(y) = H (Yoa | Zzs)) + H (You | Zzgy) — H (You | Zzsyoze)
+ I (Z1(5); Z1(1); YoA | Z1(v))

= | > HulZrw) || Y, H 24l Zewormw)
weL(v) wEN (s)UN(t)

+ Z I (Zﬁ(wﬁZR(w);YQA | Zz(w))
wEN (s)UN(t)

— H (Yoa | Zzsyozew) +1 (Zz(s): Zz(t); You | Z1()

> HYoalZzw)| = | Y. H (Y24l Zewyorw))
weL(v) weN (v)

+ Z I (Zgw)s Zrewy: You | Z1(w))
weN (v)

Specializing this equation to the root, we establish (6.15).
Equation (6.15) follows by a term-by-term comparison. We have

(6.18) Y H(You|Zrw) =Y H(Yoa | Zas),
vEL BeF
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and for all B € F,

(6.19) H(Y>a | Znp) < H(Yoa | XB)

since X g is a function of Znp almost everywhere. For all v € N,
(6.20) —H Y>a | Zz,ur,) <0

and

(6.21) I (ZL(U); ZR(w); Yoa | ZI(v))
= 1(Zew) Zrw | Z1w) = 1(Zew)i Zre) | You: Zow)
<I(Zew)i Zrey | Z1(wy) -
(Il

6.3. Variation. To better understand what the comparison theorem is saying, and
to develop its consequences, we will look at a few variants of it.
First, we can consider the following simplified forms of Theorem 6.8.

Corollary 6.9. Let (X;);c; be the random variables of a random variable model, let
(Ya) gepi1 and (Za) yep+ be latent variables of associated latent variable models,
and form an amalgamation of the latent variable models. Take A € PTI and
F CP*I, and suppose that every set B € F is a subset of A.

Then, if we let G be the polar of F and we pick an intersection tree with leaves

L labeled by F and intersections ({£ (v),R (v)},Z (v)),cn, we have

+ 1D T (Zewyi Zrw) | Z2m) | -

(6.22) H(Yoa|Zg) < [Z H(Y>p | XB)
vEN

BeF

In particular, if Z satisfies the ordered Markov condition, then we have simply

(6.23) H(Ysa|Zg) <Y H(Ysp|Xp).
BeF

Proof. The first form follows from 6.8 since, whenever B C A,

(6.24) H(Youa | Xp) < H(Yop | XB).

The second form follows from the definition of the ordered Markov condition. O

We can also consider an example of how the polar of a family serves to approxi-
mate the upward cone of a set.

Corollary 6.10. Let (X;),.; be the random variables of a random variable model,
let (Ya) gcpi and (Za) gcp+ g be latent variables of associated latent variable mod-
els, and form an amalgamation of the latent variable models. Suppose that H (Y>¢ | X¢) <
o for all C € PTI with cardinality k. Now, let A be an element of PY1I and k € N,
and define F to be the collection of all those C' C A with cardinality k. Then, if we
let G be the polar of F and we pick an intersection tree with leaves L labeled by F

and intersections ({L£ (v) , R (v)},T (v)),ecn, we have
(6.25) G={C CI|C contains at least all but k — 1 elements of A},
and
A
(6.26) H(YQA ‘ Zg) < <|k|) so Z I (Zg(v)?ZR(U) | ZI(u)) .
veEN
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In general, the structure of a latent variable model may lead us to apply The-
orem 6.8 to whichever pairs (A, F) we find appropriate, but the form chosen in
Corollary 6.10 gives us a simple characterization of the structure of the polar.
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