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ABSTRACT

Out-of-distribution generalization capabilities of sequence-to-sequence models
can be studied from the lens of two crucial forms of generalization: length gen-
eralization — the ability to generalize to longer sequences than ones seen dur-
ing training, and compositional generalization: the ability to generalize to token
combinations not seen during training. In this work, we provide first provable
guarantees on length and compositional generalization for common sequence-to-
sequence models — deep sets, transformers, state space models, and recurrent neu-
ral nets — trained to minimize the prediction error. Taking a first principles per-
spective, we study the realizable case, i.e., the labeling function is realizable on
the architecture. We show that simple limited capacity versions of these differ-
ent architectures achieve both length and compositional generalization. In all our
results across different architectures, we find that the learned representations are
linearly related to the representations generated by the true labeling function.

1 INTRODUCTION

Large language models (LLMs), such as the GPT models (Achiam et al., 2023) and the Llama
models (Touvron et al., 2023), have led to a paradigm shift in the development of future artificial
intelligence (AI) systems. The accounts of their successes (Bubeck et al., 2023; Gunasekar et al.,
2023) as well as their failures, particularly in reasoning and planning (Bubeck et al., 2023; Stechly
et al., 2023; Valmeekam et al., 2023), continue to rise. The successes and failures of these models
have sparked a debate about whether they actually learn general algorithms or if their success is
primarily due to memorization and a superficial form of generalization (Dziri et al., 2024).

A model’s ability to perform well across different distribution shifts highlights its ability to learn gen-
eral algorithms. For models with fixed-dimensional inputs, considerable efforts have led to methods
with provable out-of-distribution (OOD) generalization guarantees (Rojas-Carulla et al., 2018; Rame
et al., 2022; Chaudhuri et al., 2023; Wiedemer et al., 2023b; Eastwood et al., 2024). For sequence-
to-sequence models, a large body of empirical works have investigated OOD generalization (Anil
et al., 2022; Jelassi et al., 2023) but we lack efforts that study provable OOD generalization guaran-
tees for these models. These provable guarantees provide a stepping stone towards explaining the
success of the existing paradigm and also shine a light on where the existing paradigm fails.

OOD generalization capabilities of sequence-to-sequence models can be studied from the lens of
two forms of generalization: length generalization — the ability to generalize to longer sequences
than ones seen during training, and compositional generalization — the ability to generalize to token
combinations not seen during training. While transformers (Vaswani et al., 2017) are the go-to
sequence-to-sequence models for many applications, recently, alternative architectures based on
state-space models, as noted by Gu et al. (2021), Orvieto et al. (2023b), and Gu & Dao (2023),
have shown a lot of promise. This motivates us to study a range of natural sequence-to-sequence
architectures, including deep sets (Zaheer et al., 2017), transformers, state space models (SSMs),
and recurrent neural networks (RNNs). We focus on the realizable case, i.e., the labeling function
is in the hypothesis class of the architecture. Further, in our theoretical analysis, we make certain
simplifications to permit tractable analysis, for instance, we study RNNs with a limit on hidden state
dimension. Our key contributions and insights are summarized below.
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e Simple limited capacity versions of the different architectures namely deep sets, transformers,
SSMs, and RNNs, provably achieve length and compositional generalization.

e In all our results across different architectures, we find that the learned representations are
linearly related to the representations generated by the true labeling function, which is also
termed linear identification (Khemakhem et al., 2020; Roeder et al., 2021).

o Through a range of experiments, we show the success in both forms of generalization, match-
ing the predictions of the theory and even going beyond.

To the best of our knowledge, our provable guarantees for length and compositional generalization
for sequence-to-sequence models are the first in the literature.

2 RELATED WORKS

Length generalization In the field of length generalization, many important empirical insights
have been synthesized over the last few years. Shaw et al. (2018) discovered the drawbacks of ab-
solute positional embeddings and suggested relative positional embeddings as an alternative. Sub-
sequent empirical analyses, notably by Anil et al. (2022) and Jelassi et al. (2023), explored length
generalization in different settings for transformer-based models. Key findings revealed that larger
model sizes don’t necessarily enhance generalization, the utility of scratchpads varies, and the effec-
tiveness of relative positional embeddings appeared task-dependent. In Kazemnejad et al. (2024),
the authors did a comprehensive study of different positional embeddings and provided evidence to
show that explicit use of positional encodings is perhaps not essential. In Delétang et al. (2022), the
authors conducted experiments on tasks divided based on their placement in the Chomsky hierarchy
and showed the importance of structured memory (stack, tape) in length generalization. In a recent
work, Zhou et al. (2023) proposed RASP conjecture, which delineates the tasks where transformers
excel or fall short in length generalization, emphasizing the necessity of task simplicity for the trans-
former and data diversity. Our work is inspired by the experimental findings of their work. While
Zhou et al. (2023) provide empirical evidence for the conjecture, our work formalizes and proves
simpler versions of the conjecture for a range of architectures.

On the theoretical side of length generalization, in Abbe et al. (2023), the authors showed an implicit
bias of neural network training towards min-degree interpolators. This bias was used to explain the
failures of length generalization on the parity task from Anil et al. (2022). In Xiao & Liu (2023),
the authors leverage directed acyclic graphs (DAGs) to formulate the computation in reasoning tasks
and characterize conditions under which there exist functions that permit length generalization. Our
results crucially differ, we show a range of conditions under which models learned via standard
expected risk minimization achieve length and compositional generalization.

Compositional generalization Compositionality has long been seen as a key piece to the puzzle
of human-level intelligence (Fodor & Pylyshyn, 1988; Hinton, 1990; Plate et al., 1991; Montague,
1970). Compositionality is a large umbrella term associated with several aspects (Hupkes et al.,
2020). In this work, we focus on systematicity, which evaluates a model’s capability to understand
known parts and combine them in new contexts. The breadth of research on compositional general-
ization, encompassing studies like Lake & Baroni (2018); Loula et al. (2018); Gordon et al. (2019);
Hupkes et al. (2020); Kim & Linzen (2020); Xu et al. (2022); Arora & Goyal (2023); Zhang et al.
(2024), is too expansive to address comprehensively here, refer to these surveys (Lin et al., 2023;
Sinha et al., 2024) for more detail.

In recent years, several works have taken first steps towards theoretical foundations of composition-
ality. We leverage the mathematical definition of compositionality from Wiedemer et al. (2023b),
which focuses on generalization to the Cartesian product of the support of individual features. In
Dong & Ma (2022), the authors analyze the conditions that provably guarantee generalization to the
Cartesian product of the support of individual training features. Dong & Ma (2022) studied additive
models, i.e., labeling function is additive over individual features. In (Wiedemer et al., 2023a), the
authors focus on a more general model class than Dong & Ma (2022), where the labeling function
is of the form f(x1, - ,zn) = C(¥1(x1), -+ ,¥n(x,)). However, to guarantee compositional
generalization, Wiedemer et al. (2023b) require that the learner needs to know the exact function C
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that is used to generate the data. In our work, we do not make such an assumption, our data gen-
eration is dictated by the architecture in question, e.g., RNN, and we constrain the dimension of its
hidden state. Lachapelle et al. (2023); Brady et al. (2023) extend these precursor results from Dong
& Ma (2022) from the supervised setting to the unsupervised setting. In particular, Lachapelle et al.
(2023); Brady et al. (2023) are inspired by the success of object-centric models and show additive
decoder based autoencoders achieve compositional generalization.

3 PROVABLE LENGTH AND COMPOSITIONAL GENERALIZATION

We are given a dataset comprising of a sequence of inputs {z1,--- ,z;} and a corresponding se-
quence of labels {y1,--- ,y:}, where each z; € R™ and y; € R™. Observe that this formulation
includes both standard downstream tasks such as arithmetic tasks, e.g., y; = Z;Zl T, Y = Hé-:lxj
etc., as well as next-token prediction task, where {y1,--- ,y:} = {x2, -+ ,2¢1+1}. We denote a se-
quence {s1,---,S;} as s<¢, X is random variable for token at Eth position and its realization is
x,. Consider a sequence {z; };?‘;1, which is sampled from Px, and a subsequence of this sequence

x<; = {z;}}_,, whose distribution is denoted as Px_,. The label y; = f(r<:), where f is the la-

beling function. The tuple of base distribution and the labeling function is denoted as P = {]P’ x, f }

and the tuple of base distribution up to length ¢ is denoted as P(t) = {IP’ X f } The support of

kth token X, in the sequence sampled from Py is denoted supp(X}). Given training sequences
of length T from P(T), we are tasked to learn a model from the dataset that takes a sequence z<;
as input and predicts the true label y; as well as possible. If the model succeeds to predict well on
sequences that are longer than maximum training length 7', then it is said to achieve length gener-
alization (a more formal definition follows later). Further, if the model succeeds to predict well on
sequences comprising of combination of tokens that are never seen under training distribution, then
it is said to achieve compositional generalization (a more formal definition follows later.). We study
both these generalization forms next.

Learning via expected risk minimization Consider a map h that accepts sequences of n-
dimensional inputs to generate a m-dimensional output. We measure the loss of predictions of
h, i.e., h(x<¢), against true labels as E(h(xgt), yt), where y; is the true label for sequence z<;. In
what follows, we use the /5 loss. Given sequences sampled from P(T), the expected risk across
all time instances up to maximum length 7" is defined as R(h;T) = Zthl E[¢(h(z<t),y:)]. The
learner aims to find an h* that solves

h* € argmin R(h; T), (D
heM

where H is the hypothesis class of models. We seek to understand the properties of solutions to
equation 1 through the lens of following questions.

When do common sequence-to-sequence models 7 succeed at length & compositional gener-
alization and when do they fail?

Definition 1. Consider the setting where a model is trained on sequences (x<y,y<) of length up
to T drawn from P(T). If the model achieves zero error on sequences (x<¢,y<) of length up to T
drawn from P(T),¥ T > 1, then it achieves length generalization w.r.t. P.

In the above definition of length generalization, we simply ask if the model generalizes to longer
sequences. We drop the phrase w.r.t P hereafter to avoid repetition. We now define a test distribution
that evaluates compositional generalization capabilities. We consider sequences of fixed length 7.
Define a uniform distribution Qx _,. such that the support of Qx_,. equals the Cartesian product of

the support of each token X from Py, we write this joint support as H};lsupp(X ;). In this case
as well, the labeling function continues to be f. Hence, we obtain the tuple Q(T') = {Qx_,., f}.
Definition 2. Consider the setting where a model is trained on sequences (x<y,y<¢) of length up

to T drawn from P(T). If the model achieves zero error on sequences (x<¢,y<i) of length up to T
drawn from Q(T), then it achieves compositional generalization.
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Figure 1: Illustrating support of train vs test distribution for (a) compositional generalization and (b)
length generalization.

This definition of compositionality above is based on Wiedemer et al. (2023b); Brady et al. (2023).
In this definition, we ask if the model generalizes to new combinations of seen tokens.

Illustrative example We teach the model multiplication on sequences of length 2 , where each
x; is a scalar, y; = II'_;x;. Say the support of the entire sequence drawn from Py is
{z | [(z1,22) — 31|11 < &, 2, € [0,1], V& > 3}. The support of training distribution Px_,
is {z |||(a:1, z9) — 31y < %} shown in the pink region in Figure la. In Figure la, we illustrate
compositional generalization, the model is trained on pink region and asked to generalize to the
yellow region. Further, if the model continues to correctly multiply on longer sequence lengths in
Px_, for T > T, then it achieves length generalization shown in Figure 1b.

A preview of the technical challenges Both notions of compositional generalization and length
generalization introduced above involve testing on distributions whose support is not contained in
the training distributions. The long line of work on distribution shifts (Sugiyama et al., 2007; David
et al., 2010; Ben-David & Urner, 2014; Rojas-Carulla et al., 2018; Arjovsky et al., 2019; Ahuja
et al., 2021) assume the support of test is contained in the support of train distribution. In recent
years, there has been development of theory for distribution shifts under support mismatch Dong &
Ma (2022); Abbe et al. (2023); Wiedemer et al. (2023b); Netanyahu et al. (2023); Shen & Mein-
shausen (2023). Our work is closer to the latter line of work but it comes with its own fechnical
challenges, which involve building new proofs different from the above line of work, as we study
a new family of models, i.e., sequence-to-sequence models, and a new form of generalization, i.e.,
length generalization.

RASP conjecture Zhou et al. (2023) propose a conjecture backed by empirical evidence, which
delineates the conditions that suffice for length generalization for transformers. The conjecture
places three requirements — a) realizability: the task of interest is realizable on the transformer, b)
simplicity: the task can be expressed as a short program in RASP-L language, c) diversity: the
training data is sufficiently diverse such that there is no shorter program that achieves in-distribution
generalization but not OOD generalization. We leverage assumptions similar to a) and b). We
assume realizability, which means labeling function f is in the hypothesis class H. As to simplicity,
we consider hypothesis class H with limited capacity, e.g., we study one block transformer, or RNNs
with a limit on hidden state dimension. We emphasize that the third assumption c¢) on diversity from
Zhou et al. (2023) is quite strong. In our setting, we do not invoke it and instead, we require that the
support of test distribution is not larger than the Cartesian product of the marginal distribution of the
tokens. We now move to proving simplified versions of this conjecture for different architectures.

3.1 DEEP SETS

Deep sets are a natural first choice of architecture to study here. These take sets as inputs and thus
handle inputs of arbitrary lengths. These were introduced in Zaheer et al. (2017). Informally stated,
Zaheer et al. (2017) show that a large family of permutation-invariant functions can be decomposed
as p( D owex qb(x)) . Consider the examples of the sum operator or the multiplication operator, which

take {x1, z2, - , Tk} as input, and return the sum y = Zle x; or the product y = H?lej. These
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operations are permutation invariant and can be expressed using the decomposition above. For
the sum operator p and ¢ are identity and for the multiplication operator p = exp and ¢ = log.
Consider another example from language. We construct a bag of words sentiment classifier, where
{z1,29, - ,x;} is the set of words that appear in the sentence, ¢(x;) is the feature embedding for
word j. Y i<i ¢(z;) is the representation of the entire sentence which is passed to the final layer
p that generates the sentiment label. In what follows, we aim to understand when such a classifier
generalizes to sentences beyond training lengths and to new sentences comprised of unseen word
combinations.

Assumption 1. Each function in the hypothesis class H takes a sequence {x1,- - ,x;} as input and
outputs h(xy,- -+, x;) = w ( qu 1/)(3@)) where w is a single layer perceptron with a continuously

differentiable bijective activation (e.g., sigmoid) and 1) is a map that is differentiable.

A simple mathematical example of a function from the above family when ¢ (z;) = [z, xi :r?] is
a polynomial map of degree 3 and each ; is a scalar — o(a DTt x5 + €Y i<i a:}g’)
In the assumption that follows, we assume that the support of the sequences is regular closed in the
standard topology, i.e., the set is equal to the closure of its interior.

Assumption 2. The joint support supp(X<;) is a regular closed set for all i < T.

In most of our results in the main body, we invoke Assumption 2. This assumption is satisfied in
many cases if the tokens are continuous random variables but it is not satisfied for discrete random
variables. In the Appendix, we extend several of our key results to discrete tokens.

Linear identification Each architecture that we study in this work relies on a hidden represen-
tation that is passed on to a non-linearity to generate the label. Under the realizability condition
for deep sets, the labeling function takes the form f(X) = p(>_, . ¢#(x)), where ¢(z) is the hid-
den representation. If the learned deep set is denoted by w(} . %(x)), then the learned hidden
representation is ¢ (x). If ¢(x) = A¢(x), then the learned representation is said to linearly iden-
tify the true data generating representation ¢(z). We borrow this definition from the representation
identification literature (Khemakhem et al., 2020; Roeder et al., 2021).

Theorem 1. If H follows Assumption 1, the realizability condition holds, i.e., f € H, supp(X;) =
[0,1]", V§ > 1, and the regular closedness condition in Assumption 2 holds, then the model
trained to minimize the risk in equation 1 with {5 loss generalizes to all sequences in the hyper-
cube [0,1]™, Vt > 1 and thus achieves length and compositional generalization.

The detailed proof is in Section C.1. In the above result, we require the support of the marginal
distribution of each token to be [0, 1]™. The support of 7" token length sequence under the joint
training distribution can still be a much smaller subset of [0, 1]"7, as illustrated in Figure 1a (and
Figure 4 in the Appendix). Despite this the model generalizes to all sequences in [0, 1] for all ¢.
An important insight from the proof is that the hidden representation learned by the model is a linear
transform of the true hidden representation, i.e., it achieves linear identification ) = A¢ (Further
details are in Corollary 1).

Extensions of Theorem 1 In Theorem 8, we extend Theorem 1 to w from C' 1-diffeomorphisms'.
As a by product, we obtain length & compositional generalization for multiplication operator. In
Theorem 7, we extend the above result to discrete tokens. Further, most results in this work translate
to settings where we do not observe labels at all lengths from 1 to 7" (further discussion in Appendix).

High capacity deep sets In the above results, we operated with some constraints on the deep
sets. In Theorem 1, we used limited capacity w that are represented via a single layer perceptron.
In Theorem 8, we used w that are represented via C''-diffeomorphisms, which implies the output
dimension of 1 equals label dimension m and cannot be larger. What happens when we work with
deep sets with arbitrary capacity, i.e., no constraints on w and ¥? These models then express a large
family of permutation invariant maps (Zaheer et al., 2017). Suppose H is the class of all permutation
invariant maps and the labeling function f € . Consider a map h such that h = f for all sequences
of lengthup to 7', and h = f + c otherwise. Observe that / is permutation invariant and also belongs

!'C!-diffeomorphism - a continuously differentiable map that has a continuously differentiable inverse.
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to H. h achieves zero generalization error on training sequences of length 7" but a non-zero error on
longer sequences. Thus in the setting of high capacity deep sets, there exist solutions to equation 1,
which do not achieve length generalization. We can construct the same argument for compositional
generalization as well and say h = f on the training distribution (pink region) in Figure 1a and
h = f + c on the testing distribution (yellow region) in Figure la. In order to show successful
generalization (length or compositional) in Theorem 1, we require all solutions to risk minimization
in equation 1 to match the predictions of true labeling function on data beyond the support of the
training distribution. In order to show that high capacity models are not guaranteed to succeed,
we focused on showing that there exists a solution to equation 1 that does not generalize beyond
the support of training distribution. A more nuanced argument for failure should show that there
exist solutions reachable via gradient descent that do not generalize. We leave a rigorous theoretical
exploration of this to future work. However, we conduct experiments with high capacity models in
the Appendix (Section D.3) to illustrate failures in high capacity regime.

3.2 TRANSFORMERS

Ever since their introduction in Vaswani et al. (2017), transformers have revolutionized all domains
of AL In this section, we seek to understand length generalization for these models. Transformer
architectures are represented as alternating layers of attention and position-wise non-linearity. We
drop layer norms for tractability. Following similar notation as previous section, we denote position-
wise non-linearity as p and attention layer as ¢. We obtain the simplest form of causal transformer

model as p( 22:1 % -¢(z4, ;) ). This decomposition captures linear attention, ReLU attention, sig-
moid attention, ReLLU squared attention, which were studied previously in Wortsman et al. (2023);
Hua et al. (2022); Shen et al. (2023) and found to be quite effective in several settings. This decom-
position does not capture softmax-based attention and developing provable length generalization
guarantees for the same is an exciting future work. Other works (Bai et al., 2023) also replaced soft-
max with other non-linear attention for a more tractable analysis. We illustrate the sigmoid-based
transformer from Wortsman et al. (2023) below. Let W, € REx W, € REX™ and W, € RF*"™ be

the query, key and value matrices. p is parametrized via a multi-layer perceptron denoted as MLP.

Tk 1
@i = Wezi, kj = Wiaj,v; = Wz, ¢4, ) = U(qi/i)Up MLP(Z 7 ¢($i7$j))- 2

In the above feedforward computation, the output of attention for the current query is computed and
sent to the MLP to generate the label.

Assumption 3. Each function in the hypothesis class H takes a sequence {x1,--- ,x;} as input
and outputs h(zxq, -+ ,x;) = w(ZjQ % - (ay, :UJ)) where w is a single layer perceptron with

continuously differentiable bijective activation (e.g., sigmoid) and <) is a map that is differentiable.

We denote the joint support of two tokens X;, X; as supp(X;, X).

Theorem 2. If H follows Assumption 3, the realizability condition holds, ie, f € H,
supp(X;, X;) = [0,1]*", Vi # j and the regular closedness condition in Assumption 2 holds,
then the model trained to minimize the risk in equation 1 (with T > 2) with {5 loss generalizes
to all sequences in the hypercube [0,1]™, ¥Vt > 1 and thus achieves length and compositional
generalization.

Similar to Theorem 1, we observe linear identification here too, i.e., learned attention representation
denoted 1 is a linear transform of the true attention representation denoted ¢, i.e., ¥(x;, ;) =
C¢(z;,x;), (details in Section C.2, see Corollary 2). We now extend Theorem 2 from single layer
perceptron w to C'!-diffeomorphism. We also extend Theorem 2 to discrete tokens in Theorem 10.

Assumption 4. Each function in H takes {x1,--- ,x;} as input and outputs h(zy, -+ ,x;) =
w(Z;;ll 5 (@i, x5)), where w is a C'-diffeomorphism, w(0) = 0.

The reader would notice that the summation is up to ¢ — 1 and hence it computes attention scores
w.r.t all other terms in the context except x;. We conjecture that the theorem that we present next
extends to the more general case where summation includes the i*" term.
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Assumption 5. The joint support supp(X<;) is a regular closed set for all i < T'. The support of
all pairs of tokens is equal, i.e., supp(X;, X;) = [0, 1)?", where i # j, i > 1,7 > 1. The support
of [6(X1, X2), (X1, X3)] is R?™, where ¢ is the embedding function for the labeling function

/)(ngyt o(xi, 2;5))-

Theorem 3. If H follows Assumption 4, the realizability condition holds, i.e., f € H, and a further
assumption on the support (Assumption 5) holds, then the model trained to minimize the risk in
equation 1 (with T > 3) with {5 loss generalizes to all sequences in [0,1]"",Vt > 1 and thus
achieves length and compositional generalization.

Multiple attention heads and positional encoding While the discussion in this section used a
single attention head ¢, the results extend to multiple attention heads as shown in Section C.2. The
model of transformers discussed so far uses the current query and compares it to keys from the
past, it does not distinguish the keys based on their positions. For many arithmetic tasks such as
computing the median, maximum etc., the positions of keys do not matter but for other downstream
tasks such as sentiment classification, the position of the words can be important. In Section C.2, we
adapt the architecture to incorporate relative positional encodings and show how some of the results

extend. We modify the model as P(Z;‘:l 1. ¢;_j(x;,2;)), where ¢;_;(x;,z;) computes the query
key inner product while taking the relative position ¢ — j into account. We show that if ¢;,_; = 0 for
1 — j > Thax, 1.€., two tokens sufficiently far apart do not impact the data generation, then length

generalization and compositional generalization are achieved.

High capacity transformers In the above results, we operated with constraints on transformers,
which limit their capacity. Similar to the setting of deep sets, observe that Assumption 3 constrains
w to single layer perceptron, Assumption 4 constraints w to C'!-diffeomorphisms. What happens if
we work with transformers with no constraint on w and ¥? If ¢ (z,y) = ¢ (Z,y), Vo # Z, then the
decomposition for the causal transformer w( Z;‘:l 1 (ay, J;j)) becomes w ( 23:1 1. w(a:j)>,
which is very similar to deep sets. In such a case, we can adapt arguments similar to that of arbitrary
capacity deep sets and argue that there exist solutions to equation 1 that do not achieve length and
compositional generalization. We now move to state-space models and RNNs.

3.3 STATE SPACE MODELS

In recent years, state space models Gu et al. (2021); Orvieto et al. (2023b) have emerged as a
promising competitor to transformers. In (Orvieto et al., 2023a;b), the authors used the lens of linear
recurrent layer followed by position-wise non-linearities as the main building block to understand
these models. We illustrate the dynamics of these models to show the generation of x<; and y<;
next. Given the current input x;, we combine it linearly with the hidden state from the past to obtain
the current hidden state. The hidden state is input to p, which generates the label as follows

hy = Bxy; hy = Ahy + Bxg; --- ,hy = Ahy_1 + By,
y1 = p(h1); ya = p(ha); - » e = plhe),

where h; € R* is hidden state at point ¢, A € R¥*¥ B € R**™ and p : R¥ — R™. We can
succinctly write hy = Z;;(l) A Bxy_j.

3)

Assumption 6. Each function in the hypothesis class H takes a sequence {x1,- - - ,z;} as input and
outputs h(xy,--- ,x;) = w( Z;;é AjBxi,j), where w : R¥ — R™ is a C*-diffeomorphism, B
and A are square invertible. As a result, m = k = n.

Assumption 7. The joint support supp(X<;) is a regular closed set for all i < T. The support of
Xy is R"™. For some length 2 < i < T an there exists in sequences x<; such that their concatenation
forms a in X in matrix of rank in.

Theorem 4. If H follows Assumption 6, and the realizability condition holds, i.e., f € H, and a
further condition on the support, i.e., Assumption 7, holds, then the model trained to minimize the
risk in equation 1 with Uy loss (T > 2) achieves length and compositional generalization.
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The proof is provided in Section C.3. Similar to previous theorems, the hidden state estimated by
the learned model, h;, and the true hidden state, h;, bear a linear relationship (Corollary 4), i.e.,
linear identification is achieved. We extend Theorem 4 to discrete tokens in Theorem 12.

High capacity SSMs In the above result, we operated with certain constraints on SSMs, i.e., the
input dimension, output dimension, and the hidden state dimension are equal. These constraints limit
their capacity. What happens if we put no constraints on A, B and w? Orvieto et al. (2023a) showed
that SSMs with appropriately large A and B matrices can approximate a sequence-to-sequence map-
ping up to some length with arbitrary precision. Consider the true labeling function f and another
function h, which is equal to f for all sequences of length up to 7" and f + c for larger lengths. If we
use such arbitrary capacity SSMs as our hypothesis class, then this hypothesis class contains both f
and h. As a result, h is a solution to equation 1 and it does not achieve length generalization. We
can extend the same argument to compositional generalization as well.

3.4 VANILLA RECURRENT NEURAL NETWORKS

Standard RNNs have a non-linear recurrence unlike the linear recurrence studied in the previous
section. We use the same notation as the previous section and only add an activation for non-linear
recurrence. We illustrate the dynamics to show the generation of z<; and y<; below.

hi = U(BZ‘1); hy = O'(Ahl —|—BJZ2); <o hp = O'(AhT_l + BZ‘T)

y1=p(h1);  ya=plha); oo . yr = p(hr),
Assumption 8. Each function in the hypothesis class H is a vanilla RNN of the form equation 4,
where the position-wise non-linearity is a single layer perceptron o o A, and A, B govern the hidden
state dynamics (equation 4). A, A, B are square invertible matrices, and o is the sigmoid activation.

4)

Theorem 5. If H follows Assumption 8, and the realizability condition holds, i.e., f € H and
regular closedness condition in Assumption 2 holds, then the model trained to minimize the risk in
equation 1 with £y loss (with T > 2) achieves length and compositional generalization.

The hidden state estimated by the learned model, i.e., Bt, and the true hidden state h;, bear a linear
relationship (See Corollary 5 in Section C.4 for details), where the linear relationship is a permuta-
tion map. We extend Theorem 5 to discrete tokens in Theorem 13.

High capacity RNNs In our result above, similar to previous sections we showed that limited ca-
pacity RNNs can achieve length and compositional generalization. How about RNNs with arbitrary
capacity, i.e., no constraint on A, B and p? These systems can approximate sequence-to-sequence
models to arbitrary precision (Sontag, 1992; Giihring et al., 2020). Hence, we can use the same
argument as previous sections to argue that if H corresponds to RNNs with arbitrary capacity, then
there exist solutions to equation 1 that do not achieve length and compositional generalization.

Remark on proofs Finally, we would like the reader to appreciate that our proofs follow different
strategies in comparison to Wiedemer et al. (2023b); Dong & Ma (2022), due to the fact that we cater
to sequence-to-sequence models. Consider the proofs in Wiedemer et al. (2023a), which reduce
the solutions of equation 1 to solutions of set of ordinary differential equations, which under their
assumptions are unique. That leads to exact identification in contrast to linear identification.

3.5 FINITE HYPOTHESIS CLASS

In the discussion so far, we have focused on different hypothesis class H of infinite size. In this
section, we focus on finite hypothesis class, i.e., the set H has a finite size. We can construct such
a finite hypothesis class for any architecture by restricting the parameter vectors (weights, biases
etc.) to assume a finite set of values. Each possible parameter configuration denotes one distinct
element in H. Unlike the previous sections, we do not impose any futher restrictions on H other
than the finite size. This allows us to consider arbitrary sequence to sequence models — RNNs, deep
sets, transformers (e.g., with hard-coded positional encodings as in (Vaswani et al., 2017)) without
restrictions on the depth and width as seen in the previous sections.



Under review as a conference paper at ICLR 2025

x10-5  Deep Set «10~6 Transformer x10~4 SSM %1077 RNN
3
25 6 6
. 2.0
g2 4 5
A
Z 15 T T
=
4
! 1.0 2
0.5
0 0 3
25 50 75 100 25 50 75 100 25 50 75 100 25 50 75 100
Sequence Length

Figure 2: Length generalization: Test {5 loss on sequences of different lengths. The models are
trained only on sequences of length up to 7' = 10. All models achieve small error values ~ 10~% —
107 at all sequence lengths and thus length generalize. Since the error values are already quite
small, the increasing or decreasing trends are not numerically significant.

Theorem 6. [f H is a finite hypothesis class, the realizability condition holds, i.e., f € H, then
3 Ty < oo such that the model trained to minimize the risk in equation 1 with {5 loss and T > T
achieves length generalization.

The above theorem states that for a finite hypothesis class, length generalization is provably achieved
provided the training length is sufficiently large. Observe that the above theorem only focuses on
length generalization and does not apply to compositional generalization. In the above result, the
value of the threshold on 7', i.e., Tp, can be very large, and future work should consider quantifying
bounds on 7. In previous sections, where we had more structural restrictions on H, the threshold
on 7" was two.

4 EXPERIMENTS

We present the empirical evaluation of compositional and length generalization capabilities of the
architectures from the previous section. All the experiments are carried out in the realizable case
where f € H, i.e., depending on the architecture in question, we use a random instance of the
architecture to generate the labels. We train a model h from the same architecture class to minimize
the £ loss between h and f. Under different scenarios, we ask if & achieves length generalization
and compositional generalization. We also seek to understand the relationship between the hidden
representations of & and hidden representations of f.

4.1 LENGTH GENERALIZATION

We sample sequences x<; of varying length with a maximum length of T" = 10. Each token x; ~
Uniform|0, 1]™, where n = 20. The sequences are then fed to the labeling f, which comes from the
hypothesis class of the architecture, to generate the labels. We minimize the empirical risk version of
equation 1 over the same hypothesis class with ¢5 loss. For evaluation, we present the ¢5 loss on the
test datasets. We also evaluate R? of linear regression between the learned hidden representations
denoted v(z;) and true hidden representations ¢(x;) forall z; € x<, from the test dataset sequences.
This metric is often used to evaluate the claims of linear identification (Khemakhem et al., 2020), i.e.,
the higher this value, the closer the linear relationship. We present results averaged over five seeds
for models with rwo hidden layer MLPs for p (¢ is two hidden layer MLP for deep sets). Figure
2 shows a very small test loss of models on increasing sequence lengths when only trained with
sequences of up to length 7" = 10, which is in agreement with Theorem 1-5. Further, in Figure 3,
we show an exemplar sequence from test set and how the trained transformer tracks it. Table 1
shows the average of R? score of ¥(x;), ¢(x;) across different positions i at test time. These results
demonstrate a linear relationship between learned and true hidden representations, which agrees
with our theoretical claims. In Section D, we show that when realizability condition does not hold,
i.e., f € H, then length generalization is not achieved. We also present additional experiments with
discrete tokens, failures in the high capacity settings, and other experimental details in Section D.
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Model R?(t=20) R?(t=100) Model Test Loss x10° R?
Deep set 0.97+0.01 0.97£0.01 Deep set 0.08 £0.02 0.96 £0.01
Transformer 0.99 £0.01  0.99 £0.01 Transformer 3.06 +£1.11 1.00 £0.00
SSM 0.99£0.01 0.99+0.01 SSM 5.92 £ 247 1.00 £ 0.00
RNN 0.99£0.01 0.99+0.01 RNN 0.35+£0.17 0.96 £0.01
Table 1: Average test R? of true and learned Table 2: Compositional generalization: Test
hidden representations v (z;), ¢(z;) across £5 loss and R? score for models with rwo hid-
all positions ¢ at various lengths unseen dur- den layers on sequences of length 7' = 10. A
ing training. A strong linear relationship is strong linear relationship is observed for all
observed for all models across lengths. models for new sequences made of unseen

token combinations.

071 ai X
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Figure 3: A transformer model with softmax attention with rwo hidden layer MLP for w trained on
sequences of length up to 7" = 10 length generalizes to sequences of length up to 100.

4.2 COMPOSITIONAL GENERALIZATION

For compositional generalization, we generate data following the illustration in Figure la. During
training, we sample each component k of a token from Uniform[0, 1] and accept the sampled se-
quences that satisfy the following for all components i: —0.5 < Z};l (:L'éc —0.5) < 0.5 Vk, where
sz is the k*" component of token j. During testing, we sample x <, from the complementary set of
the training set, i.e., corners of hypercube [0, 1]™¢. We present the ¢5 loss on the test dataset, as well
as the mean R2, where the results are averaged over 5 seeds. The rest of the details are the same as
the previous section, i.e., 7' = 10, n = 20, p is a two hidden layer MLP (¢ is also a two hidden layer
MLP for deep sets). Table 2 shows the test £ loss and R? scores for linear identification.

5 DISCUSSION AND LIMITATIONS

Our work is a step towards theoretical foundations of successes and failures of length and composi-
tional generalization in sequence-to-sequence models. We prove simplified versions of the recently
proposed RASP conjecture under weaker data diversity assumptions. In our analysis, we make cer-
tain simplifications, e.g., on the architectures considered, which motivates some of the important
conjectures for future work. The main conjectures go as follows — a) Conjecture 1: Theorem 2
and 3 currently incorporate different non-linear attentions but not the softmax attention. We believe
these guarantees on transformers extend to softmax attention given the experimental evidence in
Section 4. b) Conjecture 2: Theorem 2 and 3 use one block of attention and one block of non-
linearity. We believe that it is possible to extend these results to more expressive H, e.g., with more
alternating blocks. c) Conjecture 3: Our results focus on the generalization properties of all the
possible solutions to risk minimization equation 1. However, in practice the optimization procedure
may be biased towards a subset of those. Does accounting for the bias of optimization procedure
give way to explaining the success of generalization in even higher capacity architectures?

10
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Figure 4: Illustration of observed support and its Cartesian product. These examples illustrate the
support of the observed training data distribution can be much smaller than the Cartesian product of
the support of the individual tokens.

A TLLUSTRATION OF THE TEST SUPPORT FOR COMPOSITIONAL
GENERALIZATION

The notion of compositional generalization we study requires us to evaluate the model on the Carte-
sian product of the support of individual token distributions. In Figure 4, we give some additional
examples besides the ones shown in Figure la to illustrate the difference between the Cartesian
product set and the observed support. These examples illustrate the support of the observed training
data distribution can be much smaller than the Cartesian product of the support of the individual
tokens.

B SUPPLEMENT ON RELATED WORKS

We briefly discuss some other relevant works here, which could not be mentioned in the main body
due to space constraints. In Schug et al. (2023), the authors exploit compositionality in the context
of meta learning, where each task parameter is specified via a linear combination of some basis
module parameters. They construct an approach that achieves provable compositional guarantees
and outperforms meta-learning approaches such as MAML and ANIL. In a concurrent work Hou
et al. (2024) propose an interesting scratch pad strategy inspired from the operation of Turing ma-
chines. They call this strategy Turing programs. The scratch pad emulates the operation of a Turing
machine. The authors argue that there exist short RASP program (O(n) length) that can simulate
the operation of a Turing machine for sufficiently long number of steps (O(exp(n))). Our current
framework does not incorporate scratchpad strategies into it, and it is a promising future work to
investigate provable length generalization guarantees with scratchpad.

C PROOFS

In all the results that follow, we work with standard topology in R™, where 7 is dimension of each
token and ¢ is the sequence length. We remind the reader of the definition of a regular closed set
— if a set is equal to the closure of its interior, then it is said to be a regular closed set. In all the
results that follow, we either work with continuous random variables for which the Radon-Nikodym
derivative of X< is absolutely continuous w.r.t Lebesgue measure V¢ or we work with discrete
random variables for which the Radon-Nikodym derivative of X< is absolutely continuous w.r.t
counting measure V.

Lemmal. Let X CR™ If f : X — R™and g : X — R™ are continuously differentiable functions
that satisfy f(x) = g(x) almost everywhere in X, where X is a regular non-empty closed set, then
f(z) =g(z),Vx € X and V f(z) = Vg(z),Vax € X, where V is the Jacobian w.r.t x.
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Proof. Let us consider the interior of X’ and denote it as X", We first argue that the two functions
f and g are equal at all points in the interior. Suppose there exists a point x € X' at which
f(x) # g(x). Consider a ball centered at x of radius  denoted as B(x,r) C X™™ (such a ball exists
as this point is in the interior of X’.). We argue that there exists at least one point x; in this ball at
which f(z1) = g(x1). If this were not the case, then the equality will not hold on the entire ball,
which would contradict the condition that the equality f(x) = g(«) can only be violated on a set
of measure zero. Note this condition holds true for all » > 0. Suppose the distance of z; from z is
r1 < r. Consider another ball with radius o < r1 and let zo € B(z,r2) where the equality holds.
By repeating this argument, we can construct a sequence {zy }ren that converges to x, where N is
the set of natural numbers. On this sequence, the following conditions hold.

flar) = g(zk), Yk €N Q)
Further, from the continuity of f and g it follows that
Jm f(zx) = f(z), im g(wy) = g(z) (6)
—00 k—o0

Combining the above two conditions, we get that f(x) = g(x). This leads to a contradiction since
we assumed that f(x) # g(x). Thus there can be no such z in the interior at which f(x) # g(x).
From this it follows that f(z) = g(z) for all z € X™™. Now let us consider the closure of X',
which is A& itself since it is a regular closed set. Every point x € X in the closure can be expressed
as limit of points in X™™. Consider an x € X’ and from the definition of regular closed set it follows
that limy,_, o z = x, where zj, € X'". We already know from the fact that f and g are equal in the
interior

flag) = g(zk),Vk € N 7

From the continuity of f and g it follows
Jim f(ay) = f(z), lim g(zy) = g() (8)
—00 k—oo

Combining the above two we get that f(z) = g(x) for all z € X. After this we can use Lemma 6
from (Lachapelle et al., 2023) to conclude that V f(z) = Vg(z), Vo € X. We repeat their proof here
for completeness. For all points in the interior of X, it follows that V f(z) = Vg(x),Vz € X'™.

Now consider any point x € X. Since & is a regular closed set, limg_, -, 1, = x. Since each xy, is
in the interior of X it follows that

Vf(xx) = Vg(zk), vk € N 9)

From the continuity of V f and Vg it follows that
lim Vf(zx) = Vf(z), lim Vg(zr) = Vg(z) (10)
k—o0 k—o0

Combining the above conditions, we get that V f(x) = Vg(x). This completes the proof.

C.1 DEEP SETS

In this section, we provide the proofs for length and compositional generalization for deep sets. We
first provide the proof for Theorem 1, followed by Corollary 1, where we establish linear identifica-
tion. We then present the discrete tokens counterpart to Theorem | in Theorem 7. In the next part of
this section, we extend Theorem 1 with w from C 1-diffeomorphism in Theorem 8.

We restate the theorems from the main body for convenience of the reader. In what follows, we
remind the reader that we denote the labeling function f(X) = p(}_, .y (7)) and the function
learned is denoted as h(X) = w(}_, cx V().

Theorem 1. If H follows Assumption 1, the realizability condition holds, i.e., f € H, supp(X;) =
[0,1]™, V5 > 1, and the regular closedness condition in Assumption 2 holds, then the model
trained to minimize the risk in equation 1 with {5 loss generalizes to all sequences in the hyper-
cube [0,1]™, ¥t > 1 and thus achieves length and compositional generalization.
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Proof. Consider any h that solves equation 1. Since £ is /5 loss and realizability condition holds,
f is one of the optimal solutions to equation 1. For all z<7 € supp(X<7r) except over a set of
measure zero the following condition holds

h(z<r) = f(z<T). (11)

The above follows from the fact that h solves equation 1, i.e., E[||[h — f||?] = 0 and from The-
orem 1.6.6. (Ash & Doléans-Dade, 2000). Since supp(X<7) is regular closed, f,h are both
continuously differentiable, we can use Lemma 1, it follows that the above equality holds for all

x<r € supp(X<r). From realizability condition it follows that true f(x<r) = p( doj<r ¢(mj)).
We substitute the functional decomposition from Assumption 1 to get

(Y wlan) = (D o). (12)

J<T J<T

w and p are both single layer perceptron with a bijective activation ¢. We substitute the parametric
form of w and p to obtain

(AN wley) =a(BY o)) = AD vley) =B o). (13)

J<T J<T J<T J<T

The second equality in the above simplification follows from the fact that the activation o is bijective,
the inputs to o are equal. We take the derivative of the expressions above w.r.t z,. to get the following
condition and equate them (follows from Lemma 1). For all z,. € supp(X,), i.e., z, € [0,1]™,

Va, (A Z T/J(xj)) =V, (B Z ¢(35j))~ (14)

J<T Js<T

We drop the subscript 7 to simplify the notation. Therefore, for all « € [0, 1]™

where V;1(x) is the Jacobian of ¥ (x) w.r.t  and V¢ (z) is the Jacobian of ¢(x) w.r.t x. We now
take the derivative w.r.t some component z* of vector x = [z!,--- ,z"]. Denote the components
other than k as =% = x \ 2*. From the above condition, it follows that for all z € [0, 1]"

OUx) _ L00(a) 6

4 Oxk oxk

Using fundamental theorem of calculus, we can integrate both sides for fixed ™% and obtain the
following for all z* € [0, 1],

Ap(z® 27%) = Bop(z®, 27F) + Cr(z7%) = Ay(x) — Bo(x) = Cp(z™"). (17)

The above condition is true of all k € {1,--- ,n}. Hence, we can deduce that for all € [0, 1] and
for k # j, where j, k € {1,--- ,d},

AY(x) — Bo(x) = Cy(a™) = Cj(a™7). (18)

Take the partial derivative of C(x~*) and C;;(z~7) w.r.t 27 to obtain, for all 27 € [0, 1],

18
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0Cy, (x_k) . 8Cj ((E_j)
oxI  Oxd

—0. (19)

In the above simplification, we use the fact that Va7 € [0, 1], % = 0. Therefore, C, (%)

cannot depend on /. We can apply the same condition on all j # k. As a result, Cy, (") is a fixed
constant vector denoted as C'. We write this as

A(z) = Bo(z) + C. (20)
Substitute the above into A}, 7 ¥ (2;) = B ;1 ¢(z;) to obtain

BY ¢(z;)+CT=B> ¢(x;) = C=0. (21)
J<T i<T
Therefore, we get
Vz € [0,1]", AY(x) = Bo(x). (22)

We now consider any sequence 4 from [0, 1]"T. The prediction made by h is

Woer) = o(AY u) = o (B é)) = flaey). @)
J<T j<T
We use equation 22 in the simplification above. From the above, we can conclude that h continues
to be optimal for distribution Px_ ..

O

Corollary 1. If H follows Assumption 1 with the condition that the output layer weight matrix is
left invertible, the realizability condition holds, i.e., f € H, supp(X;) = [0,1]", Vj > 1, and the
regular closedness condition in Assumption 2 holds, then the model trained to minimize the risk in
equation 1 with {5 loss achieves linear identification. Further, under the stated conditions linear
identification is necessary for compositional and length generalization.

Proof. We follow the exact same steps as in the previous proof of Theorem 1 up to equation 22. We
restate equation 22 below.

Va € [0,1]", Ay(x) = Bo(x)
P(x) = A7 Bo(x)

The above condition establishes linear identification, i.e., the learned model’s representation for a
token is a linear transform of the true model’s representation. From the above, we can write that

z ¢ from [0, 1T

(24)

> w(z;)=A"T'B> () (25)
J<T J<T
The above shows linear relationship holds for the entire sequence as well.

Now let us turn to the part on necessity. From the proof of previous theorem, we know that

Vacr € supp(X<r), o4 v(ay)) =o(BY 6le;)) — Ve [0,1]", Av(x) = Bo()
J=<T J<T

(26)

Thus if Vo € [0,1]", A¢(z) = Bé(x) is not true, then a(A Y er ¢(xj)) - U(B Yer ¢(g:j))

cannot be true either. Therefore, in the absence of linear identification neither length nor composi-

tional generalization are achievable. O
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Remarks A few remarks and observations from the proof are in order. Firstly, observe that we do
not require ¢ and 1) to have the same output dimension for the above proof to go through. Secondly,
in Theorem 1, we observe all the labels from ¢t = 1 to T, i.e., y; to yr. The result continues to hold
if we only observe label at length 7', i.e., yr. Finally, we make an observation in this result, which
would apply to all the subsequent theorems. The definition of compositional generalization requires
generalization to the Cartesian product over sequences of length 7', where T is the training length.
Since our model generalizes to the hypercube [0, 1]™, V¢, we achieve compositional generalization
even beyond the training lengths.

C.1.1 EXTENDING THEOREM 1 TO DISCRETE TOKENS

In our discussion, we have focused on settings where the support of each token has a non-empty
interior (Assumption 2). In practice of language modeling, we use discrete tokens and hence As-
sumption 2 does not hold anymore. In this section, we discuss the adaptation of results for deepsets
to setting when the the support of tokens is a finite set.

Assumption 9. The marginal support of token for all positions is the same and denoted as X. The
Jjoint support of first and second token is X x X.

Theorem 7. If H follows Assumption 1, the realizability condition holds, i.e., f € H, and Assump-
tion 9 holds, then the model trained to minimize the risk in equation 1 with {y loss generalizes
to all sequences in the hypercube [0,1]™, ¥Vt > 1 and thus achieves length and compositional
generalization.

Proof. Consider any h that solves equation 1. Since £ is /5 loss and realizability condition holds, f
is one of the optimal solutions to equation 1. For all z<7 € supp(X<7)

hMr<r) = f(z<T). (27)

The above follows from the fact that A solves equation 1, i.e., E[||[h — f||?] = 0 and the fact that
tokens are discrete random vectors. From realizability condition it follows that true f(z<r) =

p( > j<T o(x ])) We substitute the functional decomposition from Assumption 1 to get

(Y wlan) = p( D o). (28)

J<T Jj<T

w and p are both single layer perceptron with a bijective activation o. We substitute the parametric
form of w and p to obtain

(AN wley) =a(BY o)) = A blw;) =B o). (29)

J<T j<T J<T J<T

The second equality in the above simplification follows from the fact that the activation o is bijective,
the inputs to o are equal.

From Assumption 9, it follows that for all 1,22 € X X X

Ag(x1) + Ag(x2) = Byp(21) + By (x2) (30)
Set z; = x2 = = (we can set this value due to Assumption 9) we get
Vo € X, AY(z) = Bo(z). 31

We now consider any sequence x4 from & T The prediction made by h is
h(mgi‘) = U(A Z w(%)) = U(B Z (b(xj)) = f(xgi‘) (32)
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We use equation 22 in the simplification above. From the above, we can conclude that h continues
to be optimal for distribution Px_ .

O

C.1.2 EXTENDING THEOREM | TO w FROM C'-DIFFEOMORPHISMS CLASS

Assumption 10. Each function in H is expressed as h(zx1, -+ ,x;) = W(Z;:I (x;)), where w is
a C-diffeomorphism.

Assumption 11. The joint support supp(X<;) is a regular closed set for all i < T. The support of
all tokens is equal, i.e., supp(X;) = [0,1]", where j > 1. The support of [$(X1), (X>)] is R*™,
where ¢ is the embedding function for the labeling function f(X) = p(3_ c » ¢(x)).

We provide a remark on the assumption and where it is used following the proof of the next theorem.

Theorem 8. If H follows Assumption 10, the realizability condition holds, i.e., f € H, and a
further assumption on the support (Assumption 11) holds, then the model trained to minimize the
risk in equation | (with T > 2) with {5 loss generalizes to all sequences in [0,1]"*,Vt > 1 and thus
achieves length and compositional generalization.

Proof. We start with the same steps as earlier proofs and equate the prediction of i and f. We first
use the fact h(x<;) = f(z<;) everywhere in the support. For all z<; € supp(X<;)

w(w) = (o) = Pwim) =wop(3otw) =

J<i J<i J<i J<i

> ula) =a( Y olwy)),

J<i Jj<i

(33)

where a = w™! o p. In the above simplification, we used the parametric form for the true labeling
function and the learned labeling function and use the invertibility of w. Let us consider the setting
when 7 = 1. In that case summation involves only one term. Substitute x;1 = x. We obtain
Yz € [0,1]7,

() = a(p(x)). (34)

The above expression implies that ¢ bijectively identifies ¢. Let us consider the setting when i = 2.
Substitute 1 = x and x5 = y. We obtain

a(d(x)) + a(p(y)) = a(o(x) + 6(y))- 35)

We now use the that assumption [¢(z), ¢(y)] spans R?™, where ¢(x) and ¢(y) individually span
R™. Substitute ¢(z) = « and ¢(y) = 5. We obtain Vo € R™, V3 € R™

ala) +a(B) = a(a + [3) (36)

Observe that ¢(0) = 0 (substitute & = 5 = 0 in the above).

We use equation 36 to show that a is linear. To show that, we need to argue that a(ca) = ca(a) as
we already know a satisfies additivity condition.

From the identity above, we want to show that equation 70 a(pa) = pa(a), where p is some integer.

Substitute 8 = —« in a(a + 8) = a(a) + a(B). We obtain a(0) = a(a) + a(—a) = a(—a) =
—a(a). Suppose p is a positive integer. We simplify a(pa) as follows a(a + (p — 1)a) = a(a) +
a((p — 1)a). Repeating this simplification, we get a(pa) = pa(a). Suppose p is a negative integer.
We can write a(pa) = a(—p X —«a) = —pa(—«). Since a(—a) = —a(a), we get a(pa) = pa(w).
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Suppose ¢ is some rational number, i.e., ¢ = p/q, where p and ¢ are non-zero integers. We already
know a(pa) = pa(«). Further, we obtain

a(q%a) = qa(%a) = a(%a) = %a(a), where ¢ is some integer.

Now combine these a(p/qer) = pa(1/qa) = La(a). We have established the homogeneity condi-

tion for rationals.

We will now use the continuity of the function a and density of rationals to extend the claim for
irrationals. Suppose c is some irrational. Define a sequence of rationals that approach c (this follows
from the fact that rationals are dense in R).

a(ca) = a(limy, o gna) = lim,, o0 a(gna).

In the second equality above, we use the definition of continuity (a is continuous since composition
of continuous functions is continuous). We can also use the property that we already showed for
rationals to further simplify

lim;, s 00 a(gra) = a(@)limy, o0 ¢ = cala).

Observe that a : R™ — R™ and for any o, 8 € R™ a(a + 8) = a(a) + a(B) and a(ca) = ca(a).
From the definition of a linear map it follows that « is linear. As a result, we can write Vz € [0, 1]"

P(x) = A(o(x)) (37)

Observe that a is invertible because both p and w are invertible. As a result, we know that A is an
invertible matrix. From this we get

p(x) = A p(x) = C(ih(x)) (38)

For all z € R™, we obtain

a(z) =p ltow(z)=Cz = w(z)=p(C2)

Let us consider any sequence = _; € [0, 1]”T. We use the above conditions

w3 w(ay) = p(C Y w(ay) = p( > o(x)))

J<T J<T J<T

Thus we obtain length and compositional generalization.
O

Remark on Assumption 11 In Assumption 11, we require that the support of [¢(X1), #(X2)] is
R?™, This assumption is used in the proof in equation equation 36. We used this assumption to
arrive at a(a+ ) = a(a) +a(p), Va, f € R™. We then used continuity of a to conclude a is linear.
Now suppose [¢(X1), ¢(X2)] is some subset Z C R?*™. We believe that it is possible to extend the
result to more general Z, it might still be possible to arrive at a is linear. We leave this investigation
to future work.

Remark on expressivity under Assumption 10 and Assumption 11 Assumption 11 requires w
is a C''-diffeomorphism. Suppose the label is one dimensional, i.e., m = 1. From Assumption 11
output dimension of ¢ is restricted to be one dimensional. Consider the map h(xy,- - ,2;) =
P> <; ¢(x;)). The output dimension of ¢ is required to grow with sequence length to express all
permutation invariant maps (See Theorem 7 in (Zaheer et al., 2017)). Thus by restricting the output
dimension of ¢ to one, we cannot express all the permutation invariant maps.
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Multiplication operator Consider the multiplication operator y; = Hj»:lxi, where each z; > 0.

Observe that we can rewrite this as y; = exp(3_’_, log(;)). This operator is realizable on deep sets
from hypothesis class described by Assumption 10 with w = exp and ¥ = log. In Assumption 11,
we require the support of [¢(X1), ¢(X2)] to be R2. We let the support of X; and X5 be (0, 00). In
Assumption 11 we require that the support of each token was equal to [0, 1]. However, the proof of
Theorem 8 still goes through even if support is (0, 00). Hence, we can use Theorem 8 to conclude
that deep sets trained to predict the output of multiplication can multiply longer sequences and also
multiply new token combinations.

C.2 TRANSFORMERS

In this section, we provide the proofs for length and compositional generalization for transformers.
We first provide the proof for Theorem 2, followed by Corollary 2, where we establish linear iden-
tification. We present an extention of Theorem 2 to incorporate positional encoding in Theorem 9.
We then present the discrete tokens counterpart to Theorem 2 in Theorem 10. In the next part of this
section, we extend Theorem 2 with w from C!-diffeomorphism in Theorem 3. Theorem 11 adapts
Theorem 3 to incorporate positional encodings.

We restate the theorems from the main body for convenience of the reader. In what follows, we want
to remind the reader we denote the labeling function f(z1,---, ;) = p(3_;<; #(2i,z;)) and the
function learned is denoted as h(z1, -+, ;) = w(}_;<; ¥(@i, 25)).

Theorem 2. If H follows Assumption 3, the realizability condition holds, ie., f € H,
supp(X;, X;) = [0,1]*", Vi # j and the regular closedness condition in Assumption 2 holds,
then the model trained to minimize the risk in equation 1 (with T > 2) with {5 loss generalizes
to all sequences in the hypercube [0,1]", Vt > 1 and thus achieves length and compositional
generalization.

Proof. Consider any h that solves equation 1. Since / is /5 loss and realizability condition holds, f
is one of the optimal solutions to equation 1. For all i < T, z<; € supp(X<;) except over a set of
measure zero the following condition holds

h(z<i) = f(z<i)- (39)

The above follows from the fact that h solves equation 1, i.e., E[||[h — f||?] = 0 and from The-
orem 1.6.6. (Ash & Doléans-Dade, 2000). Since supp(X<;) is regular closed, f,h are both
continuously differentiable, we can use Lemma 1, it follows that the above equality holds for all

x<; € supp(X<;). From realizability condition it follows that true f(z<;) = p( > k<i O, xk))
We substitute the parametric forms from Assumption 3 to get

w(z%-w(l‘i,l‘k)> :p(Z%w(m,xk))- (40)

k<i k<i

Since w and p are single layer perceptron with bijective activation o. We substitute the parametric
form of w and p to obtain the following condition. For all x<; € supp(X<;),

(AN 1 va) =0 (BY T o)) = A bl = BY oo o).
k<1 k<t k<i k<t
(41)

The second equality follows from the fact that the activation o is bijective and hence the inputs to o
are equal. We take the derivative of the expressions above w.r.t z; to get the following (follows from
Lemma 1). For j < i (there existsa j < ias 7" > 2 and we can set > 2) and for all z; € supp(Xj;),
ie., z; €0,1]",
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Vo, (AD vlwian)) = Vo, (BY élwi ) —
k<i k<i

< (42)
Aijw(mi? xj) = BV$J¢(xlv J?j),

where V. 1(xi,2;), Ve, ¢(xi, ;) are the Jacobians of ¢ and ¢ w.rt x; for a fixed z;. Note

that AV, Y(xs,25) = BV, ¢(xi, ;) holds for all z; € [0,1]",2; € [0,1]" (here we use the

fact that joint support of every pair of tokens spans 2n dimensional unit hypercube assumed in

the Theorem 9). In this equality, we now consider the derivative w.r.t some component xf of

2. Denote the remaining components as xj_k From the above condition it follows that for all
x; € [0,1]",z; € [0,1]™,

A3¢($i7$j) _ Ba¢($i, ’Ij).

Oxk oxk

J J

(43)

Using fundamental theorem of calculus, we can integrate both sides for fixed :cj_k and obtain the
following for all z¥ € [0, 1],

A (2, [2%, 27 %)) = Bo(as, [:cf, Ij_k]) + Ck (JCZ',CCj_k) =

177

. (44)
Ap(x, x5) = Bo(wi, x5) + Cr(xi, ;7).

The same condition is true of all k. Hence, Va; € [0,1]¢,Vz; € [0,1]¢ and for k # ¢, where
qake {17 7d}7

Ap(xi,x5) — Bd(ws, x5) = Clws, a7 %) = Cylas, 279). (45)
Take the partial derivative of both sides w.r.t = to obtain, V2§ € [0, 1],

OCy(xi, ;") C(xi,2;7)

=0. 46
81“;— 81‘? 0 (46)

Therefore, C(z;, sc;k) cannot depend on 37;1-. We can apply the same condition on all ¢ # k. As

a result, Cy(z;, m;k) is only a function of z; denoted as C(z;). Therefore, for j < ¢ and for all
x; € [O, 1}",3}]‘ S [O, 1}"

A’(/J(J}i, l‘j) = B¢($Z, CI?j) =+ C(l‘l) “n
If we substitute x; = x; = x, then the above equality extends for 7 = j and thus we get
Ay (i, 2;) = Bo(zi, i) + C(w). (48)

Substitute the above equation 47, equation 48 into A > >, . ¥(ws, 7x) = B>, o; #(xi, vx) to obtain
BZ d(zi,xp) + (1)C(x;) = B Zq’)(mi, xp) = C(z;) =0. (49)
k<i k<i

Thus we obtain
V$i S [07 l]n,.’bj S [07 ].}n A’(/J(LL'Z,.’E]) = B¢((E“(E]) (50)

We now consider any sequence = € [0, 1]"T. The prediction made by h is
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h(r z) = O'(A Z Y(xg, x])) = U(B Z (b(xT,xj)) = f(x.f) (51)

J<T J<T

We use equation 50 in the simplification above. From the above, we can conclude that & continues
to be optimal for all sequences in [0, 1]"T.

O

Corollary 2. If H follows Assumption 3 with the condition that the output layer weight matrix is
left invertible, the realizability condition holds, i.e., f € H, supp(X;, X;) = [0,1]*", Vi # j and
the regular closedness condition in Assumption 2 holds, then the model trained to minimize the risk
in equation 1 (with T > 2) with {5 loss achieves linear identification. Further, linear identification
is necessary for both length and compositional generalization.

Proof. We follow the exact same steps as in the previous proof of Theorem 2 up to equation 50. We
restate equation 50 below.
Vr; € [0, 1]”,37]‘ S [0, 1]” Aw(x“x]) = qu(l‘i,l‘j)
V(@i x) = AT Bo(ay, )

In the second step above, we use left invertibility of A. The above condition establishes linear
identification, i.e., the learned model’s representation is a linear transform of the true model’s repre-

(52)

sentation. From this we obtain that for any sequence x4 € [0, 1]"T
3 (g, ;) :A_IB(Zw(xT,xj)) (53)
J<T G<T

The above establishes a linear relationship between the learned representation of the sequence and
the representation of the sequence under the true model. Now let us turn to the part on necessity.
From the proof of previous theorem, we know that

w(z %d’(fwfk)) = p(Z %qﬁ(xi,xk)) = Vz; €[0,1]",z; € [0,1]" A¢(x;,x;) = Bo(xs, ;)

k<i k<i
(54)
Thus from the above it follows that in the absence of linear identification neither length nor compo-
sitional generalization are achievable. O

On the absence of labels at all lengths from ¢ = 1tot = 7" A few important remarks are to
follow. In the proof above, we do not require to observe all the labels from ¢ = 1 to ¢ = T, where
T > 2. The proof goes through provided we observe data at two different lengths.

C.2.1 EXTENSION OF THEOREM 2 TO INCORPORATE POSITIONAL ENCODINGS

In what follows, we extend the above result (Theorem 2) to incorporate positional encoding. We
start with extension of the hypothesis class to incorporate positional encoding.

Assumption 12. Each function in the hypothesis class H used by the learner is given as
h(zy, -, 2) =w ngi %Z/Ji—j(fi, xj)), where w is a single layer perceptron with continuously

differentiable bijective activation (e.g., sigmoid) and each 1y, is a map that is differentiable. Also,
P, = 0 for k > Thayx i.e., two tokens that are sufficiently far apart do not interact.

In the above assumption, we incorporate relative positional encodings by making the function 1;_
depend on the relative positional difference between token x; and token x;. We would like to
emphasize the reasons why we assume that the tokens that are sufficiently far apart do not interact.
Suppose Tax = 00, which implies tokens at all positions interact. As a result, during training since
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we only see sequences of finite length 7', we will not see the effect of interactions of tokens that
are separated at a distance larger than 7" on the data generation, which makes it impossible to learn
anything about ¢;_;, where ¢ — 5 > T" — 1.

In the theorem that follows, we show that we can achieve length and compositional generalization
for the above hypothesis class.

Theorem 9. If H follows Assumption 12, the realizability condition holds, i.e., f € H,
supp(X;, X;) = [0,1]>", Vi # j € {1,--- , 00}, the regular closedness condition in Assumption 2
holds and T' > Tpax > 2, then the model trained to minimize the risk in equation 1 with £y loss gen-
eralizes to all sequences in the hypercube [0,1]™, Yt and thus achieves length and compositional
generalization.

Proof. Consider any h that solves equation 1. Since ¢ is {5 loss and realizability condition holds, f
is one of the optimal solutions to equation 1. For all ¢ < T" and for all z<; € supp(X<;) except over
a set of measure zero the following condition holds

hr<i) = fla<i)- (55)
The above follows from the fact that h solves equation 1, i.e., E[||A — f||?] = 0 and from Theorem

1.6.6. (Ash & Doléans-Dade, 2000). Since supp(X<;) is regular closed, f,h are both continu-
ously differentiable, we can use Lemma 1, it follows that the above equality holds for all z<; €

supp(X<;). From realizability condition it follows that true f(z<;) = p( Y pei Gimk (@i, :ck)) . We
substitute the parametric forms from Assumption 3 to get

w(z%-m_k(@,mk)) ZP(Z%'@—k(xivxk)) (56)

k<i k<i

Since w and p are single layer perceptron with bijective activation o. We substitute the parametric
form of w and p to obtain the following condition. For all x<; € supp(X<;),

U<AZ % i gz, mk)) = O’(B Z % . ¢i—k(1‘i7wk)) ==
k<i k<i

(57)
A (@i, zk) = BY | ik, wp).
k<i k<i
The second equality follows from the fact that the activation o is bijective and hence the inputs to

o are equal. We take the derivative of the expressions above w.r.t x; to get the following (follows
from Lemma 1). The equality holds true for all 7 < T'.

From the above, we can use 7 = 1 and obtain

A¢0(I1,$1) = BQZ)O(Il,Il),VIl S [0, l]n

From 7 = 2, we obtain

Atpo(z2, 22) + AY1(72, 1) = Boo(T2, 72) + Bd1(z2,21), Va1 € [0,1]", 22 € [0, 1]
Combining the two conditions we get

A1/11($2,351) = B¢1(.’E2,.’E1),V.’L’] S [07 1]n7x2 S [07 1}71

We can use this argument and arrive at

A1 (x5, 21) = Boi—1 (x4, 21), Vo, € [0,1]", 21 € [0,1]",Vi < T.
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Thus we obtain
Vi —j < T— 1,V{Ei S [O, 1]”,£L'j S [O, 1]”, Awi,j(xi,xj) = qui,j(fbi,fbj). (58)

From Assumption 12 and T' > T},,.x, we already know that

Vi —j > T,Vil?l S [0, 1]",xj S [0, 1]”7 Az/;i,j(xi,xj) = qui,j(xi,xj) =0. (59)

If A is left invertible, then the above condition implies that linear representation identification is
necessary for both compositional and length generalization.

We now consider any sequence = _+ € [0, 1]”T. The prediction made by h is

hoer) =o(AY v y@ra) =o(BY ¢r_,(@ra) = feer) (g0
J<T G<T
We use equation 50 in the simplification above. From the above, we can conclude that A continues
to be optimal for all sequences in [0, 1]"%.

O

C.2.2 EXTENDING THEOREM 2 TO DISCRETE TOKENS

In the above result we used Assumption 2. In practice of language modeling, we use discrete tokens
and hence Assumption 2 does not hold anymore. In this section, we discuss the adaptation of results
for transformers to setting when the the support of tokens is a finite set.

Assumption 13. The marginal support of token for all positions is the same and denoted as X. The
Jjoint support of first three tokens is X X X X X.

Theorem 10. If H follows Assumption 3, the realizability condition holds, i.e., f € H, and As-
sumption 13 holds, then the model trained to minimize the risk in equation 1 (with T > 2) with
0y loss generalizes to all sequences in the hypercube [0,1]™, Vt > 1 and thus achieves length and
compositional generalization.

Proof. Consider any h that solves equation 1. Since £ is /5 loss and realizability condition holds,
f is one of the optimal solutions to equation 1. For all i < T,z<; € supp(X<;) the following
condition holds

h(z<i) = f(r<i). (61)
The above follows from the fact that  solves equation 1, i.e., E[||h — f||?] = 0 and from the
fact that the tokens are discrete random vectors. From realizability condition it follows that true

flz<i) = p( > k<i O, xk)) We substitute the parametric forms from Assumption 3 to get

w(Z%d;(xq,zk)) :p<2%¢(l’ul’k)> (62)

k<i k<i

Since w and p are single layer perceptron with bijective activation o. We substitute the parametric
form of w and p to obtain the following condition. For all z<; € supp(X<;),

(4307 o)) =o(BY 7 otesa) = 4D i) = BY ol

k<i k<i k<i k<i

(63)

The second equality follows from the fact that the activation o is bijective and hence the inputs to o
are equal.
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From Assumption 13, it follows that for all z1, 22,23 € X X X x X
Ap(xs, x1) + A (xs, 22) = Bod(xs, x1) + Bo(ws, x2) (64)

Set z; = x2 (we can do so owing to Assumption 13).
Thus we obtain
Va,; € X,.’Kj eX Az/;(xl,xj) = B(;S(xl,xj) (65)

We now consider any sequence z . € X T The prediction made by A is

h(ng“) = U(A Z Yz, CEJ)) = U(B Z ¢($Taxj)) = f(mgi“) (66)

We use equation 65 in the simplification above. From the above, we can conclude that h continues
to be optimal for all sequences in [0, 1]"7.

O

C.2.3 EXTENDING THEOREM 2 TO w FROM C'!-DIFFEOMORPHISMS

Theorem 3. If H follows Assumption 4, the realizability condition holds, i.e., f € H, and a further
assumption on the support (Assumption 5) holds, then the model trained to minimize the risk in
equation 1 (with T > 3) with {3 loss generalizes to all sequences in [0, l]m,Vt > 1 and thus
achieves length and compositional generalization.

Proof. We start with the same steps as earlier proofs and equate the prediction of h and f. We
first use the fact h(r<;) = f(z<;),Vi < T almost everywhere in the support. We can use the
continuity of h, f and regular closedness of the support to extend the equality to all points in the
support (follows from the first part of Lemma 1) to obtain the following. For all z<; € supp(X<;)

w(zl_% @/J(xl,xj)) :p(zzil ¢($1,$J)) =

Jj<i j<i
1 _ 1
;m%”(wﬁ:“ 1""(;2'_1 D)) = (67)
S ) = o b)),
7—1 7 —1
7<i j<i

where a = w™! o p. In the above simplification, we used the parametric form for the true labeling
function and the learned labeling function and use the invertibility of w. Let us consider the setting
when ¢ = 2. In that case summation involves only one term. Substitute ;1 = y and o = . We
obtain Vz € [0,1]™,y € [0,1]™,

Y(z,y) = a(o(z,y)). (68)

The above expression implies that ¢/ bijectively identifies ¢. Let us consider the setting when ¢ = 3
(this is possible since 7' > 3). We substitute z3 = x, 9 = y, 1 = 2 and obtain

3 a6 0) + a6z, 2] = a(5(6(w.9) + 9l 2))). (©9)

Substitute ¢(z,y) = « and ¢(z, z) = [. In the simplifcation that follows, we use the that assump-
tion [¢(z, y), ¢(z, 2)] spans R?™, where ¢(z,y) and ¢(x, ) individually span R™.
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1 1
5(a(@) +a(B) = a(5(a+ 8)). (70)

Observe that a(0) = 0 because w ™! o p(0) = 0 because w~1(0) = p(0) = 0.

1 1
i(a(2a) +a(0)) = a(§(2a +0))

(71)
a(2a) = 2a(a)
Next, substitute o with 2« and 3 with 23 in equation 70 to obtain
*(a(20) + a(28)) = a(3 (20 +2))
9 a\ szt a =a B (6% (72)

alo+ B) = a(a) +a(B)
We use equation 72 to show that a is linear. To show that, we need to argue that a(ca) = ca(a) as
we already know a satisfies additivity condition.
Suppose ¢ is some rational number, i.e., ¢ = p/q, where p and ¢ are non-zero integers.

From the identity it is clear that a(pa) = pa(«), where p is some integer.

1
q

1

a(gga) = qa(za) = a(;a) = ;a(a), where g is some integer.

Now combine these a(p/qer) = pa(1/qa) = La(a). We have established the homogeneity condi-
tion for rationals.

We will now use the continuity of the function a and density of rationals to extend the claim for
irrationals. Suppose c is some irrational. Define a sequence of rationals that approach c (this follows
from the fact that rationals are dense in R).

a(ca) = a(limy,— oo gna) = limy, s 00 a(gn ).

In the second equality above, we use the definition of continuity (a is continuous since composition
of continuous functions is continuous). We can also use the property that we already showed for
rationals to further simplify

lim,, 00 a(gna) = a(@) lim,, o0 ¢, = ca(a).
Observe that ¢ : R™ — R™ and for any o, f € R™ a(a + 8) = a(a) + a(B) and a(ca) =
ca(a). From the definition of a linear map it follows that a is linear. As a result, we can write
Vo € [0,1]",y € [0,1]"

bz, y) = A(d(z,y)) (73)

Observe that a is invertible because both p and w are invertible. As a result, we know that A is an
invertible matrix. From this we get

vz € [0,1]",y € [0,1]", ¢(z,y) = A~ Y(z,y) = C(Y(z,y)) (74)

For all z € R™, we obtain

a(z)=plowz) =Cz = w(z) =p(Cz)

Let us consider any sequence 7 € [0, 1]"7. We use the above conditions

w( Y W(xg,x) =p(CD Plag,z;) = p( Y dxs, ).

i<T j<T j<T
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Thus we obtain length and compositional generalization.
O

Corollary 3. If H follows Assumption 4, the realizability condition holds, ie., f € H, and a
further assumption on the support (Assumption 5) holds, then the model trained to minimize the risk
in equation 1 (with T > 3) with {5 loss achieves linear identification. Further, under the stated
conditions linear identification is necessary for both length and compositional generalization.

Proof. We follow the exact same steps as in the previous proof of Theorem 3 up to equation 74. We

restate equation 74 below.

Vo €[0,1]",y € [0,1]", ¢(z,y) = C(y(x,y)) (75)
The above condition directly implies linear identification. We can use this to obtain that for any
sequence = € [0, 1]""

> vlera) =) dlag.z;) (76)
j<T j<T
To show necessity of linear identification, from the proof of Theorem 3 observe that

Vi < T,Va<; € supp(X<;), w(z ; i 1 '¢($m$j)) = P(Z : i 1 '¢($i7$j)) =
j<i j<i (77)

Ve € [0,1]",y € [0,1]", ¢(z,y) = C(¢(z,y))

Thus from the above it follows that in the absence of linear identification neither length nor compo-
sitional generalization are achievable.

On absence of labels at all lengths from 1 to 7' We argue that the above proof can be adapted
to the setting where we do not observe labels at all lengths from 1 to 7T". Suppose we only observe
label at length T". Take equation equation 67 and substitute z; = x and z; = y for all j < 7 to
obtain the same condition as equation equation 68. Suppose 7" is odd and larger than or equal to 3.
Fixx; = o, 2951 =y,Vj € {1,--- , (T —1)/2}, x9; = 2,Vj € {1,--- , (T — 1)/2}. We obtain
the same condition as equation equation 69. Rest of the proof can be adapted using a similar line of
reasoning.

Remark on Assumption 4 We require that the support of [¢(X1, X2), #(X1, X3)] is R?™. This
assumption is used in the proof in equation equation 72. We used this assumption to arrive at
ala + B) = ala) + a(B),Va, 8 € R™. We then used continuity of a to conclude a is linear.
Now suppose [¢(X1, X2), (X1, X3)] is some subset Z C R?*™. We believe that it is possible to
extend the result to more general Z, it might still be possible to arrive at a is linear. We leave this
investigation to future work.

C.2.4 EXTENDING THEOREM 3 TO INCORPORATE POSITIONAL ENCODINGS

We next present the result when w is continuously differentiable and invertible.

Assumption 14. Each function in the hypothesis class H used by the learner is given as
hzy, -, 2) = w(zjgiwi,j(xi,mj)), where w is a C'-diffeomorphism. Also, 1;_; = 0 for
i — 3 > Tmax — 1, i.e., two tokens that are sufficiently far apart do not interact. For all k < T — 1
each xz € [0,1]", 3y € [0, 1]™ we ¢y (x,y) = 0.

In the theorem that follows, we require the support of training distribution under consideration is
already sufficiently diverse and hence we only seek to prove length generalization guarantees.

Assumption 15. The joint support supp(X<r) = [0,1]7. The support of
[01(X1, X2), ¢2(X1, X3)] is R?*, where ¢;_; is the embedding function for the labeling
function p(3y<, 6 (w1, 5)).
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Theorem 11. If H follows Assumption 14, the realizability condition holds, i.e., f € H, Assump-
tion 15 holds and T' > Tiax, then the model trained to minimize the risk in equation 1 (with T > 2)
with €o loss achieves length generalization.

Proof. We start with the same steps as earlier proofs and equate the prediction of h and f. We first
use the fact h(x<;) = f(x<;) almost everywhere in the support. We can use the continuity of A, f
and regular closedness of the support to extend the equality to all points in the support (follows from
the first part of Lemma 1) to obtain the following. For all z<; € supp(X<;)

W(Z - i 1wi_j(xi, xj)) = p(Z ﬁ@—j(xi,xj)),

j<i j<i
1 _ 1
mei,j(mi,mj) =w 10,0(2—2,71@,%@,36]‘)), (78)
j<i j<i
1 1
Z.iwifj(xiaxj) = G(Zf ¢i*j(xia‘rj))v
— 5 —1 — 4 —1
7j<t 1<t

where a = w™! o p. In the above simplification, we used the parametric form for the true labeling
function and the learned labeling function. We also used the invertibility of p. Let us consider the
setting when ¢ = 2. In that case summation involves only one term. Substitute 1 = y and x5 = .
We obtain Vz € [0,1]",y € [0,1]",

1/’1(%?/) = a((bl(xvy))' (79)

For ¢ = 3, substitute 1 = x, x5 = z and set 3 = y in such a way that ¢; (z, y) = 0 (follows from
Assumption 14). Thus we obtain

1/’2 (I‘, y) = a’(¢2 (Qf, y)) (80)
Similarly, we can obtain the following. For all k£ < T4

The above expression implies that v bijectively identifies ¢. Let us consider the setting when ¢ = 3
(this is possible since 7' > 3). We substitute x5 = x, 2 = Yy, 1 = 2 to give

(a61(2,)) + a(6a(z,2))) = a5 (61(2,1) + 6a(z,2). (52

N | =

We now use the that assumption [¢1(z, %), ¢2(z, 2)] spans R?* and substitute ¢ (z,y) = a and

¢2(x72) = ﬁ

1 1
5(a(@) +a(B) = a(5(a+ 8)). (83)
Rest of the proof follows the same strategy as proof of Theorem 3. O

C.2.5 EXTENDING THEOREM 3 TO INCORPORATE MULTIPLE ATTENTION HEADS

Our choice of the archictecture did not invoke multiple attention heads. If we include multiple at-
tention heads, then also we can arrive at the same length generalization guarantees. The model class
with two attention heads 1,1y can be stated as follows w(ZKi Al (x4, Ij)’QZJQ(gji’gjj)]T)’

where A combines the outputs of the attention heads linearly. Following the same steps of proof of
Theorem 3, we obtain the following.
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W(Z Al (x5, wj)v%(%ﬁj)ﬂ) = P(ZB[%(%»%% ¢2($i7$j)]T)7

w(Z&(%,xﬁ) = p(ZdNJ(xi,xj)), 84)
ZZZJ(:E“J:J) = a(Zd;(zi,zj)),

where a = w™! o p. In the above simplification, the RHS shows the labeling function and the RHS
is the function that is learned. We can follow the same strategy as the proof of Theorem 3 for the
rest of the proof. We set ¢ = 2 and obtain a condition similar to equation 68 and for 7 = 3 we obtain
a condition similar to equation 69. Following a similar proof technique, we obtain a is linear and
the proof extends to multiple attention heads.

C.3 STATE SPACE MODELS

In this section, we first provide the proof to Theorem 4. We then provide Corollary 4, where we
describe how the learned representations linearly identify the true representations. In Theorem 12,
we present the discrete tokens counterpart to Theorem 4.

Theorem 4. If H follows Assumption 6, and the realizability condition holds, i.e., f € H, and a
further condition on the support, i.e., Assumption 7, holds, then the model trained to minimize the
risk in equation 1 with U5 loss (T > 2) achieves length and compositional generalization.

Proof. We start with the same steps as earlier proofs and equate the prediction of h and f. We first
use the fact h(x<;) = f(z<;), Vi < T almost everywhere in the support. We can use the continuity
of h, f and regular closedness of the support to extend the equality to all points in the support (from
first part of Lemma 1) to obtain the following. For all z<; € supp(X<;).

flz<i) = h(z<i) =

Jj=0 Jj=0
. i—1 . i—1 _ (85)
w op(z N Bz;_j) = NBx;_; =
Jj=0 Jj=0
i—1 i—1
C(Z NBzr;_j)=Y A Bz,
Jj=0 Jj=0

Fori = 1,Vz, € R, ¢(Bx;) = Bx;. Substitute Bz, = x, we obtain Vz € R", ¢(z) = BB~ 'z =
C'z, where we use the fact that Bz, spans R™ as B is invertible.

From linearity of c, we obtain

wlop(z) =Cz = p(z) =w(Cz),¥z € R" (86)
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We use this linearity of ¢ to simplify

i—1
ZAJB(EZ J ZA]B{EZ',]' —
7=0

i—1
ZA Bz, _ 7 ZZ\JBQH_J' -
7=0

x; T
. —2 ~ o~~~ o~ Ti—2

[CB,CAB,CA’B,--- ,CA"'B] —[B,AB,A’B,--- A7'B]| .| =0 =
i) x'l

[CB,CAB,CA®B,--- ,CA"'B] — [B,AB,A’B,--- ,A'""'B]| X =0,
(87)

T

Denote R = {[C’B,C’AB,C’AQB7 ... ,CAN7'B] — [B,AB,A*B, - - ,Ai_lé]}. We collect a set

of points X+ = [X () ... X O] where | > ni and rank of X+ = ni (from Assumption 7). Since
the matrix X T is full rank, we have

RXT=0 = R=0.

This yields

CB=B,CAB=AB,--- ,CA'B = \'B. (88)

Observe that from the second equality, we get A = CAC . Given the parameters (A, B), the set of
parameters (A B) that solve the first two equalities are — {B is an arbitrary invertible matrix, A =
CAC~"', where C = BB~'}.

Take any solution of the first two equalities and compute

ANB=CANC'B=CA'B,Vi>1 (89)

From equation 89 and equation 86, we obtain that for all z<; € R™

1 i—1 i—1
h(z<)) =w(> MNBz, j)=w C’ZJVB:):Z —j —pZAJBx, i) = flz<i) (90)

J Jj=0 Jj=0

%

I\
o

This establishes both compositional and length generalization.
O

Corollary 4. If H follows Assumption 6, and the realizability condition holds, i.e., f € H, and a
further condition on the support, i.e., Assumption 7, holds, then the model trained to minimize the
risk in equation 1 with {5 loss (T > 2) achieves linear identification. Further, under the stated
conditions linear identification is necessary for both length and compositional generalization.

Proof. We follow the same steps as proof of Theorem 4 up to equation 89. From that we obtain that
forall z<; € R™

iAjBxi—j = C(ZX_:AJBQL‘L_]) (91)
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Recall that 3'_( A7 Bx;_; = h; and Y_'_ A/Bx;_; = h;. From this it follows that h; = Ch;,
which proves that learned hidden state are a linear transform of the hidden state underlying the
labeling function. This establishes linear identification.

To show the necessity of linear identification, from the proof of Theorem 4 it follows that

Vi < T,Va<,; € supp(X<,), Z:AJBmz j)=w X:AJB;UZ _j) = ©2)

Vi > 1,VZSZ‘ S an,hj = Chj

If the latter conditon in the above implication does not hold, then the former condition cannot hold.
Hence, linear identification is necessary.

O

C.3.1 EXTENDING THEOREM 4 TO DISCRETE TOKENS

In our discussion, we have focused on settings where the support of each token has a non-empty
interior (Assumption 2). In practice of language modeling, we use discrete tokens and hence As-
sumption 2 does not hold anymore. In this section, we discuss the adaptation of results for SSMs to
setting when the the support of tokens is a finite set.

Assumption 16. Each function in the hypothesis class H takes a sequence {x1,--- ,x;} as input
and outputs h(zxq, - ,z;) = w ( Z;;E AjBxi_J), where w : R® — R™ is a single layer percep-
tron denoted as o o A. A, B and A are square invertible. As a result, k = m = n.

Assumption 17. For some length 2 < i < T an there exists in sequences r<; such that their
concatenation forms a in X in matrix of rank in.

Theorem 12. If H follows Assumption 16, and the realizability condition holds, i.e., f € H, and a
further condition on the support, i.e., Assumption 17, holds, then the model trained to minimize the
risk in equation 1 with Uy loss (T > 2) achieves length and compositional generalization.

Proof. We start with the same steps as earlier proofs and equate the prediction of i and f. We first
use the fact h(z<;) = f(z<;), Vi < T almost everywhere in the support. We can use the continuity
of h, f and regular closedness of the support to extend the equality to all points in the support (from
first part of Lemma 1) to obtain the following. For all z<; € supp(X<;).

f(?’gi) = h(r<;) =

i—1
p(z AjBIi_j) = w(z ]\jBIi_j) -
” =0
i—1 i—1

o(AY N Bw_;)=0(AY NBx_j) =

j=0 j=0

i—1
ZA Bacl ] Zﬁjél‘i_j,
=0

(93)

where C = A= A.
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We simplify the last identity in the above further.

i—1 i—1
C(Z AJBil'i,j) = ZA]BLL'Z',]' -
i=0 i=0

€T, T
. i— ~ e~ o~ ~ Xi—

[CB,CAB,CA’B,--- ,CA"'B| —[B,AB,A’B,--- ,A""'B] =0 =
1 1

[CB,CAB,CA®B,--- ,CA*B] — [B,AB,A’B,--- , A" 'B]| X =0,
(%94)

Ti—2
where X =

1

Denote R = {[CB,CAB,CAQB, ... ,CAN"7'B] — [B,AB,A*B, - - ,IN\"'_lé]] We collect a set

of points X+ = [X™) ... X "] where I > ni and rank of X+ = ni (from Assumption 7). Since
the matrix X T is full rank, we have

RXT=0 = R=0.

This yields

CB=B,CAB=AB,---,CA'B=A"B. (95)

Observe that from the second equality, we get A = CAC~!. Given the parameters (A, B), the set of
parameters (A, B) that solve the first two equalities are — { B is an arbitrary invertible matrix, A =
CAC™!, where C = BB~ '}.

Take any solution of the first two equalities and compute

NB=CANC 'B=CA'B,Vi>1 (96)

From equation 96, we obtain that for all x<; € R
i—1 i—1 i—1
h($<i) = OJ( Ajé.%‘i,j) = w(CZAjB.’Ei,j) = p(z AjB.%‘i,j) = f(xgl) (97)

J

I
=)

=0 =0

This establishes both compositional and length generalization.

C.4 VANILLA RNNS

In this section, we discuss RNNs and present the proof of Theorem 5. We first build some lemmas
in the form of Lemma 2 and 3 that are used to prove Theorem 5. In Corollary 5, we explain the
learned hidden state are a permutation transform of the true hidden state and also show that its a
necessary condition for length and compositional generalization. Finally, in Theorem 13, we present
the discrete token counterpart to Theorem 5.

9" o(s)

Lemma 2. The k' derivative of sigmoid function denoted = is not zero identically.

Proof. The first derivative of the sigmoid function 82—25) =o(s)(1—0o(s)). We argue that the %

is a polynomial in o(s) with degree k + 1. Consider the base case of k¥ = 1. This condition is true
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as 32—(55) = o(s)(1 — o(s)). Now let us assume that 8;‘;,@ is a polynomial of degree at most k + 1
denoted as Py11(o(s)). We simplify
oFa(s) G ;
2 = Pralo(s) = 3 ajlo(s))
j=1

‘We take another derivative of the term above as follows.
k+1 ( Skl

ktlg(s 1 L
0 (s) _ (’9Pk+ Zaﬂ Zaj]cr Yo (s)(1 = o(s)))

Osk+1

Observe that the 2 5aF +(1 %) is also a polynomial in o(s). Observe that the degree k + 2 term has one

term with coefficient —agy1-(k+1). Since ag+1 # 0, the coefficient of degree k+2, —ag+1-(k+1),

. . P)
is also non-zero. Since ;(S)

zero identically.

is a polynomial in o(s) with degree k + 1 and hence, it cannot be

O

Lemma 3. Let x € R™ and A € R" ™. Suppose Ax = 0,Vx € X, where X has a non-empty
interior. Under these conditions A = (.

Proof. Since X' has a non-empty interior, we can construct a ¢, ball centered on 6, defined as
follows — X = {9+27 1€ ||lalloc < amax }, Where e; is a vector that is zero in all components
and one on the j** component. Suppose A was non-zero. One of the columns say a; is non-zero.

Consider two points in the ball X such that j" coefficients are non-zero but rest of the coefficients
are zero. We denote the j*" components for the two components as «v; and &, where a; # &;. We
now plug these two points into the condition that Az = 0

A(Q—I—ajej) =0 = A0 = Q;ag,

A0+ aje;) =0 = A0 = aja,, ©8)
We take a difference of the two steps above and obtain
(aj —dj)a; =0 = a; =0
This is a contradiction. Hence, A = 0. O

Theorem 5. If H follows Assumption 8, and the realizability condition holds, i.e., f € H and
regular closedness condition in Assumption 2 holds, then the model trained to minimize the risk in
equation 1 with {5 loss (with T > 2) achieves length and compositional generalization.

Proof. We start with the same steps as earlier proofs and equate the prediction of 4 and f everywhere
in the support of the training distribution (using first part of Lemma 1). We start with equating label
atlength 1, i.e., y;. For all x; € supp(X;)

0(Ao(Bzxy)) = 0(Ao(Bx1)) = Ao(Bzy) = Ao(Bx,) = ©99)
o0(BB™'Bz,) = A~ Ao(Bx)

Say y = B:z:l, ATA=U , BB™! = V. We substitute these expressions in the simplificaction
below. We pick a y in the interior of B - supp(X7).

o(Vy) =Ua(y) (100)
Take the first row of V and U as v and u " to obtain
o(v'y) =ulo(y) (101)

Suppose there is some non-zero component of v say ¢ but the corresponding component is zero in u.
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_ oulio(y-)

a 0. YT ,
U(Uzyz +v_y z) =0 (Uiyi + 'Ufiyfi)vi = 5
Yi

= 102
i 0 (102)

From the above we get o (vTy) = 0. But sigmoid is strictly monotonic on R, o (z) > 0,Vz € R

and vy € R. Hence, o (vTy) = 0is not possible. Similarly, suppose some component is non-zero
in u and zero in v.

30(1}Ly_i) O(uio(ys) + ULU(y—i))
_— = O =
Jy; 0y;

Since the derivative of o cannot be zero, the above condition cannot be true.

= wio (1;) (103)

From the above, we can deduce that both u and v have same non-zero components.

Let us start with the case where p > 2 components of w, v are non-zero. Below we equate the partial
derivative w.r.t all components of y that have non-zero component in u (since y is in the interior of
the image of Bz, we can equate these derivatives).

a(vTy) =u'a(y),
OPo(s)

OPo(s) (HU#OUZ-) =0 = 9er 0

OsP

(104)

s=vTy

Since support X has a non-empty interior, the set of values v " 4/ takes also has a non-empty interior

in R. Hence, the above equality is true over a set of values s, which have a non-empty interior.
P P

Since o(s) is analytic, g aiﬁf) is also analytic. From (Mityagin, 2015), it follows that aa“’isgf) =0

everywhere. From Lemma 2, we know this condition cannot be true.

We are left with the case where u and v have one non-zero component each.

1 U

- -y _ —vy
4o  1te9 = 1l+4+e Y =u+mue

In the simplification above, we take derivative w.r.t ¥ to obtain e~(v=y =1 Juv. We now again
take derivative again w.r.t y to get v = 1 and substitute it back to get v = 1. Note that no other
row of U or V can have same non-zero element because that would make matrix non invertible.
From this we deduce that U and V' are permutation matrices. From o(Vy) = Uo(y) it follows that

U=V =1L Thus B = II1B and A = AIl.

Next, we equate predictions for ys to the ground truth (label y, exists as 7' > 2). For all z; €
supp(X1)

0(Ac(Ao(Bzy) + Bxs)) = 0(Ac(Ao(Bx1) + Bxy)) —
Ao (Ao (Bxy) + Bxy) = Ao(Ao(Bxy) + Bxy) = (105)
AO’([\O’(Bxl) + Bl‘g) = AHO’([\HTO'(Bxl) + HTB.TQ) = AO’(H[N\HTO‘(Bajl) + Bxs).

We use the simplification in the second step to equate to LHS in the first step as follows.

Ac(TIAIT " o(Bx1) 4+ Bxy) = Ao(Ao(Bzy) + Bxs)

- 106
— (IIAII" — A)o(Bz;) = 0. (100

Since o(Bz1) spans a set that has a non-empty interior, we get that A =TI AT (from Lemma 3).

From the above conditions, we have arrived at A = IITAII, B =11' B, A = AIl.
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‘We want to show that forall £ > 1

hi = Hhg, (107)
where hy, = o(Ahg_1 + Bxy) and hy = U(Aﬁk,l + Bxk) and ho = ho = 0. In other words, we
define T}, as a mapping that takes x<y, as input and outputs hy, i.e., Typ(r<g) = hy. Similarly, we
write T, (z<y) = hi. We want to show

T, = T}, Vk (108)

We show the above by principle of induction. Let us consider the base case below. For all ;1 € R™

/ICT(BZL’l) = AHJ(HTBl'l) = AJ(BZL’l) = Ahl = hy = HiLl — Tl(il'l) = HTl(l'l)
(109)

Suppose Vj < k,T; = HTJ-.

Having shown the base case and assumed the condition for j < k, we now consider the mapping
Tyt1

Ty i1 (2<py1) = Ho(Ahp+ By i) = Ho (11T ATTh, 411" Bxy,) = o (Ahg+Bay) = Thy1 (T<pi1)-
(110)

The prediction from the model (/Nl,i&, E’) at a time step k is denoted as gy and it relates to Ry

as follows g5 = o(flﬁk). We use the above condition in equation equation 126 to arrive at the
following result. For all <, € R™*

gk = o(Ahy) = o(AT(2<y)) = o(ANIT (2<y)) = o (AT (2<k)) = yk
This completes the proof. O

Corollary 5. If H follows Assumption 8, and the realizability condition holds, i.e., f € H and
regular closedness condition in Assumption 2 holds, then the model trained to minimize the risk in
equation 1 with U5 loss (with T > 2) achieves permutation identification. Further, under the stated
conditions permutation identification is necessary for both length and compositional generalization.

Proof. We follow the exact steps from the proof of Theorem 5 up to equation 128. From equa-
tion 128 it follows that for all z<j, € Rk

Tk($<k) = HT({L‘<k) = h = H]NI]C (111)

The above implies permutation identification. To show the necessity of permutation identification,
from the proof of Theorem 5 observe that

Vi < T, ngi S supp(Xgi), O'(AO'(B.TZ'—FAhi_l)) = U(AO’(Bxi—i-Aili_l)) - Tk(.’lfgk) = HT(x<k)

(112)
The latter condition implies permutation identification. If it does not hold, then the condition in LHS
cannot hold and hence neither length nor compositional generalization can be achieved. O

C.4.1 EXTENDING THEOREM 5 TO DISCRETE TOKENS

In our discussion, we have focused on settings where the support of each token has a non-empty
interior (Assumption 2). In practice of language modeling, we use discrete tokens and hence As-
sumption 2 does not hold anymore. In this section, we discuss the adaptation of results for vanilla
RNNSs to setting when the the support of tokens is a finite set.

Define § = {y = Bz | © € X'}, where X is the marginal support of each token.
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Assumption 18. a) For each component i of y, S contains two pairs where the first coordinate

differs by the same amount. Mathematically stated, the two pairs are ((y“ y—i), (yi +9, y_,'))) and
(v i+ 0.40))-

b)For every pair of components i,j of y, S contains a point y that satisfies the following. There
exists three points in S such that they only differ in y;,y;, and form a rectangle, (y;,y;), (y;, Yi),
(Yis y;)7 (y;, y;) Similarly, there exists another set of points where vy, < y; and y; < yj.

Theorem 13. If H follows Assumption 8, and the realizability condition holds, i.e., f € H and

regular closedness condition in Assumption 2 holds, then the model trained to minimize the risk in
equation 1 with £y loss (with T > 2) achieves length and compositional generalization.

Proof. We start with the same steps as earlier proofs and equate the prediction of h and f everywhere
in the support of the training distribution. We start with equating label at length 1, i.e., y;. For all
r1 € supp(X1)

0(Ao(Bzxy)) = 0(Ao(Bx,)) = Ac(Bx,) = Ao(Bz,) =

X : (113)
A7'Ao(Bzx,) = 0(BB™'Bx)

Say y = Bxy, A7'A = U, BB~' = V. We substitute these expressions in the simplificaction
below. We pick a ¥ in the interior of B - supp(X}).

o(Vy) =Ua(y) (114)
Take the first row of V and U as v" and u ' to obtain
a(vly) =u'o(y) (115)

Say v; # 0 and u; = 0. We consider a (y;,y_;) and (y;,y_;) satisfying Assumption 18 a. We
substitute these points in equation 115 and take the difference of the LHS and RHS in equation 115
to obtain.

U(viy; +o_y—;) —o(vy; +v_iy—;) =0 (116)

o is strictly monotonic and thus the above cannot be true. Similarly, we can rule out the case when
u; # 0 and v; = 0. Thus we can deduce that both » and v have same non-zero components.

Let us start with the case where p > 2 components of u, v are non-zero. Without loss of generality
say the first two components are among coordinates that are non-zero. Pick a y € S that satisfies
Assumption 18 b. Suppose v "y > 0. We select the neighbors of y that form the rectangle such that
each coordinate is greater than y. We substitute these points in equation 115 and the simplification
procedure works as follows. Let

81 =01Y; + VayYy + - UnYn, S3 =V1Y; +V2Y2 +  UnYn (117)

S2 =U1Y1 +V2Yy + - UnYn, S4 = V1Y1 + V2Y2 + - UnYn

Observe that s;1 > so > s4 and s; > s3 > s4. It is possible that so > s3 or s3 > So. Suppose
S9 Z S3.

We can write

o(s1) = wo(y;) +uso(ys) + - + w0 (yn), 0(s2) = uro(y1) + w20 (ys) + -+ + U0 (yn)

o(s3) = u10(yy) +u20(y2) + - + uno(yn), 0(s1) = w10 (y1) + u20o(y2) + -+ - + wno(yn)
(118)

We take a difference of the first two and the latter two, and subtract these differences to get
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(0(81) - 0(32)) - (0(53) - 0(54)) =0 (119)

From mean value theorem, we get that o (5) = o (s'), where o is the derivative of o, § is a value
between s1 and s, and s' is a value between s3 and s4. Since 51 > 83 > 83 > 84 > 0,5>s">0.
Since o strictly decreases on posmve values, the above equality o ( §5) =0 (ST) is not possible.
Similarly, we can tackle the case v 'y < 0.

We are left with the case where v and v have one non-zero component each. From Assumption 18a,
we select two pairs that differe exactly in the non-zero component. We can resort to dealing with
scalars as follows. We start with first pair (y,y + 9).

1 U
o(vy) =uo(y) = = = l—u=ue "W —e"
( y) (y) 14+ ey 1+eY (120)

o(w(y+0)) =uo(y+96) = 1 —u=ue W) _ =W+

By equating the RHS in the above, we obtain

1— -4
17676 = Ue_(v_l)y (12])
— e v
For the second pair (g/7 y/ + 9), we obtain
1—e? '
176_6 = e~ =1y (122)
— e v

If we compare the RHS of equation 121 and equation 122, we obtain ue~(*~1¥ = we= =1y
Since w is non-zero, we obtain that v = 1. Substituting this into o(vy) = wuo(y), we also obtain
u=1.

Note that no other row of U or V' can have same non-zero element because that would make matrix
non invertible. From this we deduce that U and V' are permutation matrices. From o(Vy) = Uo(y)

it follows that U = V = II. Thus B = I1B and A = AIl.

Next, we equate predictions for yo to the ground truth (label yo exists as 7" > 2). For all z; €
supp(X1)

0(Ao(Ao(Bzy) + Bxy)) = 0(Ac(Ao(Bzy) + Bxs)) =
Ao (Ao (Bxy) + Bxg) = Ao(Ao(Bx)) + Bry) — (123)
Ao(Ao(Bzxy) + Bxy) = Allo(AIl T o(Bzy) + 1" Bxy) = Ao (IIAIL o(Bzy) + Bxs).

We use the simplification in the second step to equate to LHS in the first step as follows.

Ao (AL 0(Bxy) + Bxy) = Ac(Ao(Bx1) + Bxy)

- 124
— (ITAITI" — A)o(Bz;) = 0. (124

Since o(Bz1) spans a set that has a non-empty interior, we get that A = IIT AII (from Lemma 3).

From the above conditions, we have arrived at A = I[IT AII, B =1I1" B, A = AIL
We want to show that for all k > 1

hy = Ilhy,, (125)
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where hy, = o(Ahg_1 + Bxy) and hy = a([\ﬁk,l + Bxk) and ho = ho = 0. In other words, we
define T}, as a mapping that takes x<y, as input and outputs hy, i.e., Tp(x<g) = hy. Similarly, we
write Ty (x<j) = hi. We want to show

T, = 1T, Vk (126)

We show the above by principle of induction. Let us consider the base case below. For all z; € R"

AU(B%l)::AILTaTrBﬁl):RAJ(Bwl):RAhl — hlziﬂﬁl — jl(ﬁl)::Hja(ﬁﬂ
127)

Suppose Vj < k,T; = HTj.

Having shown the base case and assumed the condition for j < k, we now consider the mapping
Tyt1

HTk+1(x§k+1) = HG‘([\iLk-i-Bkarl) = HO’(HTAH;L;C-I-HTB.%‘;C) = U(Ahk—i-B:L‘k) = Tk+1(l‘§k+1).
(128)

The prediction from the model (A, A, B’) at a time step k is denoted as g and it relates to Ry

as follows g5, = a(flﬁk). We use the above condition in equation equation 126 to arrive at the
following result. For all z<), € X"

i = o(Ahy) = 0(AT (v<p)) = o (AT (v<k)) = o(AT(x<k)) = Y&
This completes the proof. O
C.5 FINITE HYPOTHESIS CLASS

Before we present the proof of Theorem 6, we revisit some basics of convergence of sets. Consider
a sequence of sets (A,,) which are a subset of 2, i.e., A,, C 2. We define the lim inf first and then
the lim sup.

taiaf A, = U (14

n>1j>n
limsup 4,, = ﬂ U A;
oo n>1j5>n

The limit of this sequence of sets exists provided the lim inf and lim sup are equal, i.e.,

dim A= (4= U4

n>1j>n n>1j>n

If the sequence comprises of non-increasing sets, i.e., 4,41 C A,, then the limit exists. For this
non-increasing sequence observe that
4 =()4

i>n j>1
U 45 =4,
j>n

We combine the above two observations to see both lim inf and lim sup are equal and thus the
limit of non-increasing sets exists. There is another way to define the limit of sets using indicator
functions that goes as follows. 1 4 () is the indicator function that checks if input belongs to the set
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or not and takes the value of one if the input is in the set and zero otherwise. We define the limit
using indicator functions as follows.

lim A, ={weQ, lim 14, (w) =1},

n—oo n—oo

where 14, (w) is one if w € A,, and zero otherwise. The limit of sequence of sets A,, exists if and
only if lim,,_, 14, (w) exists for all w € €.

Theorem 6. [f H is a finite hypothesis class, the realizability condition holds, i.e., f € H, then
d Ty < oo such that the model trained to minimize the risk in equation 1 with {5 loss and T > T
achieves length generalization.

Proof. Let Hr be the set of solutions to equation 1, where 7" is the maximum length of the sequence
in the training distribution. Observe that each Hr can take one of the possible values in the power
set 27, i.e., the set of all the possible subsets of 7{. Since the objective at length 7" in equation 1
evaluates the model at all lengths up to length 7" we obtain that Hy1 C Hyp. Since the sequence
‘Hr indexed by 7' is non-increasing, the limit of the above sequence exists and is denoted as H*.
From the indicator function definition of the limit, we can write H* as

H* = {h €, lim 14, (h) =1}
T— 00

Since the limit of the sequence H exists, for each h € H, the limit lim7_, ., 19, (k) exists denoted
as p(h). Each element of this sequence 14,..(h) indexed by T takes a value of one or zero. From
the standard definition of limit, we know that for each e, there exists T'(h, €) such that T > T'(h, €),
|17, (h) —p(h)| < e. Both 14,.(h) and p(h) can only take a value of 0 or 1 (for p(h) if there is any
other value it takes, then the distance of sequence terms 14,.(h) from p(h) will be bounded away
from zero, which is not possible). If € < 1, then for all ' > T'(h, €), 13.(h) = p(h).

Define Ty = supy,c T'(h, €). Since H is finite, Ty < oo.

We can write the set Hr as
Hr ={h € H,1y,(h) =1}

If T' > T}, then
Hr = {h € Hop(h) = 1} = {(h € H, lim Ty, (h) =1} = H*
—00

We now argue that 7{* contains all length generalizing solutions. Since f € H; for all t > 1,
f € H*. Now let us suppose that there is a g € H*, which does not length generalize. In other
words, this g leads to a non-zero error for some finite length T. Thus g cannot be in H . From the
definition of limit, it follows that H* C H; for all . This leads to contradiction. Hence, such a ¢
cannot exist. Thus all the solutions in H* the set length generalize, which proves the claim.

O

D EXPERIMENTS
Here we provide additional experimental results as well as the training details.

Model Architecture In all the architectures, there are two types of non-linearities, w that generates
the target label, 1/ that operates on inputs (used in deep sets and transformers). We use MLPs to
implement these non-linearities. We instantiate MLPs with [ hidden layers, and the input, output,
and hidden dimensions are all the same m = n = k. Recall that under the realizability assumption
f € H. Therefore, we need to select the labeling function from #. To do so, the weights of MLP
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Figure 5: Length generalization: Test /5 loss on sequences of different lengths. The models are
trained only on sequences of length up to 7" = 10. All models achieve small error values ~ 10~° —
1079 at all sequence lengths and thus length generalize. Since the error values are already quite
small, the increasing or decreasing trends are not numerically significant.

are initialized according to N'(p, 02), where = 0.0, = 0.6. For RNNs and SSMs, A, B, A are
initialized separately for the learner and true generating process as orthogonal matrices. All hidden
layers, as well as the output layer are followed by a sigmoidal activation function.

Training Details and Hyperparameter Selection We train all models with AdamW optimizer
(Loshchilov & Hutter, 2019) with a learning rate of 1073, weight decay of 0.01, e = 108, b1 =
0.9, B2 = 0.95. We reduce the learning rate by a factor of 0.8 if the validation loss is not improved
more than 1076 for 1 epoch. This drop is followed by a cool-down period of 1 epoch, and the
learning rate cannot decrease to lower than 10~7. For all datasets we use a streaming dataset where
each epoch contains 100 batches of size 256 sampled online from the specified training and test
distributions, and we train all models for 100 epochs. Therefore, the size of the training dataset is
256 x 10* and the size of the testing dataset is 256 x 102. Since our models are generally small,
running the experiments is rather inexpensive, and we carried out each experiment on 4 CPU cores
using 20 GB of RAM. For inference, specially for SSM and RNN with very long sequences, we use
RTX8000 GPUs.

D.1 LENGTH GENERALIZATION

In Figure 5, we present additional findings for length generalization capability of all architectures
when both the learner and the generating process MLPs all consist of one hidden layers with input,
output, and hidden size matching n = m = k = 20.

To complement Figure 3, in Figures 6, 7 we present the prediction behaviour of SSM and RNN
architectures with two hidden layer MLPs for w trained on sequences output by two hidden layer
MLPs for p.

Figures 8, 9, 10, 11 present the prediction behaviour of deep set, Transformer with softmax attention,
SSM, and RNN architectures with one hidden layer in p (and one hidden layer MLPs for the learner
w). Training procedure remains the same. We can observe that all models length generalize.

Additionally, to support the theory on other types of attention, Figures 12, 13 demonstrate the loss
and prediction of a Transformer with ReL U attention and one hidden layer MLPs for w, v trained
on output sequences of a Transformer with ReLLU attention and one hidden layer MLP for p, ¢.
Similarly, all these models were trained to predict sequences of length up to 7' = 10 output by a
true labeling function f in their respective hypothesis classes #, and were tested with sequences
of length up to 100. As a reminder, the output tokens y; € R™, where m = 20, and the figures
below show only one representative dimension for illustration. All models demonstrate strong length
generalization capacity.

Discrete Tokens In Table 3 we present the results for successful length generalization of the dif-
ferent architectures when the inputs are discrete. We sample all components from [0, 1] interval and
discretize the values to one of the 5 levels in [0.0,0.2,0.4,0.6,0.8]. Note that the small scale of
values of loss at longer lengths indicate successful generalization. For a visual depiction of results,
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Model Test Loss x10° (t = 10) Test Loss x10° (¢ = 90)
Deep set 3.48£0.15 92.7 £ 0.88
Transformer 1.72 £ 0.27 48.8 +2.44

SSM 0.2+0.0 4.06 £ 0.0

RNN 0.22+0.0 1.3£+0.0

Table 3: Length generalization of different architectures when the input tokens are discrete. Models
are trained in sequences of length up to 7' = 10 and show successful generalization on much longer

sequences.
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Figure 6: A SSM model with two hidden layer MLP for w trained on sequences of length up to
T = 10 length generalizes to sequences of length up to 100.

please see Fig. 14. Also note that in all architectures p in f and w in h are comprised of two hidden

layers.

D.2 COMPOSITIONAL GENERALIZATION

Here we present the prediction behavior of different architectures on the test sequences that consist
of unseen token combinations during training. This helps us better interpret qualitatively how the
model actually performs in following the true labels. Figures 16- 19 show the prediction trajectories
for different architectures. We can observe that not only do these models perform quite well on
unseen sequences of length up to 7' = 10, but they also length generalize and continue to remain
consistent with the true labels on unseen combinations at longer lengths than the training. Table 4
presents the test loss and R? on the test set when the model is only trained on the red region in
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Figure 7: A RNN model with rwo hidden layer MLP for w trained on sequences of length up to
T = 10 length generalizes to sequences of length up to 100.
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Figure 8: A deep set model with one hidden layer MLP for v, w trained on sequences of length up
to T' = 10 shows perfect generalization to sequences of length up to 100.
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Figure 9: A Transformer model with softmax attention and one hidden layer MLP trained on se-
quences of length up to 7' = 10 shows perfect generalization to sequences of length up to 100.
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Figure 10: A SSM model with one hidden layer MLP for w trained on sequences of length up to
T = 10 length generalizes to sequences of length up to 100.
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Figure 12: Test loss of a transformer model with ReLU attention and one hidden layer MLP for w, ¥
trained on sequences of length up to 7' = 10 length generalizes to sequences of length up to 100.

The results are averaged over five seeds.
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Figure 13: A transformer model with ReLLU attention and one hidden layer MLP for w, v trained on
sequences of length up to T" = 10 length generalizes to sequences of length up to 100.
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(a) (b) (© )

Figure 14: Successful length generalization of different architectures (with 2 hidden layers for p)
when the input is discrete. From the left: Deep set, Transformer, SSM, RNN.

Model Test Loss x10° R?

Deep set 1.27+0.24 0.96 £0.01
Transformer 4.50 + 3.28 1.00 £ 0.00
SSM 11.00 £10.92  1.00 4 0.00
RNN 1.22 +0.12 0.99 4+ 0.00

Table 4: Compositional generalization: Test £ loss and R? score for models with one hidden layers
on sequences of length 7' = 10. A strong linear relationship is observed for all models for new
sequences made of unseen token combinations.

Figure 15. All models generalize to unseen combination of tokens and the learned representations
linearly identify the true hidden representations.

Figures 20, 21, 22, 23 present the prediction behaviour of deep set, transformer with softmax at-
tention, SSM, and RNN architectures with two hidden layers in p (and two hidden layer MLPs for
the learner w) when trained on sequences of length up to 7' = 10 sampled from the red region in
Figure 15. We can observe that all models continue to generalize to unseen combinations beyond
their training length.

Discrete Tokens Evaluating compositional generalization with discrete tokens introduces addi-
tional challenges. This is because we have to sample the training and test distribution according
to Fig. 1 (and 15). There are multiple ways to achieve this but they become infeasible with long
sequences of interest in practice:

* We could continuously sample from the regions in Fig. 1 and 15 and then round up or down
the components to one of the predefined set of values. However, with longer sequences
this translates to sampling and then rounding values in a high-dimensional hyper-diamond
where points are increasingly spread out toward the boundaries. Rounding up results in
corners becoming part of the training samples, corrupting the test set. Rounding down will
result in a training set in which the support of tokens no longer follows Fig. 1 (i.e., does not
cover the discrete set of values predefined in [0, 1]).

* We could instead sample continuously and then discretize based on finding the nearest
neighbour of each point to the points in a discrete grid of values in R”. Having as few as
5 discrete levels renders this sampling procedure impossible for long sequences due to the
complexity of finding nearest neighbours.

» Lastly, one could construct the set of discrete points in R”" that satisfy the constraints in
Fig. 1 and then sample from this set, however, this enumeration also proves infeasible as
the search space grows exponentially.

Therefore, evaluating compositional generalization in the discrete case is not straightforward beyond
very short sequences.

Practical Considerations For training and evaluating compositional aspect of generalization, we
follow the sampling procedure described in Figure 1 with a slight modification that allows for faster
sampling and easier training. This procedure is illustrated in Figure 15, and results in a more difficult
testing strategy, as the test set spans a smaller area than the complement of the training set.

We opted for such a procedure because rejection sampling from the complement of the training set
given in Figure 1 is extremely slow. In particular, given our batch size of 256, token dimension n =
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Figure 15: Illustrating the modified support of train vs test distribution for compositional general-
ization. This enables speed up in the sampling procedure, while keeping the challenging aspect of
generalization to the corners.
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Figure 16: A deep set model with one hidden layer MLP for w, 1) trained on sequences of length
up to T' = 10 sampled according to Figure 15 can generalize to unseen test sequences (Figure 15).
Additionally, the compositional generalization holds even beyond the training length.

20, and having 100 batches per epoch, constructing the full test set requires finding 256 x 100 x 20
sequences of length ¢ < T’ that are rejected by the original constraints. This becomes quite inefficient
and slow specially in higher dimensions as the sum of the sequence along each component tends to
concentrate more around /2, therefore it becomes harder to find such sequences (the sum follows
Irwin-Hall distribution since the components come from the Uniform distribution). To improve
the speed of sampling the test dataset, we sample token dimensions z¥ from the smaller corners
shown in Figure 15 which allows for parallel sampling. These corners correspond to sampling % ~
Uniform[0, 1/27] or z¥ ~ Uniform[1/2 + 1/2T,1]. This way we can sample token components
independently and in parallel without having to reject any samples, since by construction no test
sequence coincides with the training set. This procedure leaves a gap (see Figure 15) that will not
be sampled neither during training nor testing.

D.3 FAILURE CASES

Although most of our focus has been on the success scenarios for length and compositional gener-
alization, here we provide examples to show how a model might fail.
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Figure 17: A Transformer model with softmax attention and one hidden layer MLP for w trained
on sequences of length up to 7' = 10 sampled according to Figure 15 can generalize to unseen
test sequences (Figure 15). Additionally, the compositional generalization holds even beyond the
training length.
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Figure 18: A SSM model with one hidden layer MLP for w trained on sequences of length up
to T' = 10 sampled according to Figure 15 can generalize to unseen test sequences (Figure 15).
Additionally, the compositional generalization holds even beyond the training length.
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Figure 19: A RNN model with one hidden layer MLP for w trained on sequences of length up
to T' = 10 sampled according to Figure 15 can generalize to unseen test sequences (Figure 15).
Additionally, the compositional generalization holds even beyond the training length.
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Figure 20: A deep set model with two hidden layer MLP for w, v trained on sequences of length up
to T' = 10 sampled according to Figure 15 can generalize to unseen test sequences. Additionally,
the compositional generalization holds even beyond the training length.
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Figure 21: A Transformer model with softmax attention and two hidden layer MLP for w trained
on sequences of length up to 7' = 10 sampled according to Figure 15 can generalize to unseen test
sequences. Additionally, the compositional generalization holds even beyond the training length.
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Figure 22: A SSM model with two hidden layer MLP for w trained on sequences of length up to
T = 10 sampled according to Figure 15 can generalize to unseen test sequences. Additionally, the
compositional generalization holds even beyond the training length.
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Figure 23: A RNN model with two hidden layer MLP for w trained on sequences of length up to
T = 10 sampled according to Figure 15 can generalize to unseen test sequences. Additionally, the
compositional generalization holds even beyond the training length.

f is not realizable in 7{ In Figures 25, 26, 27, 28, we present the predictions of learned models
from different architectures initialized in their respective 7 that does not contain the true f. In
particular, we have the following for the different architectures:

* Deep set: The true labeling function f is a deep set with one hidden layer MLPs for p, ¢,
but the learner uses h, a deep set model for which the MLPs 1, w have no hidden layers.

* Transformer: The true labeling function f is a Transformer with 1 hidden layer in p, but
the learner uses h, an RNN with 1 hidden layer in w.

* SSM: The true labeling function f is an SSM with 1 hidden layer in p, but the learner uses
h, an RNN without any hidden layers in w.

e RNN: The true labeling function f is an RNN with 1 hidden layer in p, but the learner uses
h, a Transformer with 1 hidden layer in w.

In each case, the learner is trained on sequences of length up to 7" = 10 and its performance on the
test set at longer lengths indicates whether generalization is possible or not. For a visual illustration
of such failures beyond the training length, see Figures 25, 26, 27, 28. We can observe that the
model can predict the test sequence well up to the length it has learned during training, but starts to
diverge from the true labels beyond that. This demonstrates a failure case in which the realizability
condition is violated.

f is realizable in a high capacity 7 For a given #, if all solutions to 1 achieve length generaliza-
tion or compositional generalization, then we can guarantee length or compositional generalization
regardless of the training procedure. When the capacity of H becomes very large, it continues to
contain the right solutions but it starts to contain many incorrect solutions that match the true solu-
tion only on the support of training distribution. In such a case, there is no reason to presume that
our learning procedure picks the right solution to 1 that also achieves length and compositional gen-
eralization. Figure 24 show experiments illustrating the above. We experiment with the following
scenarios for deep sets and transformers:

* Deep set: We use the labeling function that takes the following form f = p(>,, #(x;))
fort <Tand f = p(> <, d(x;)) + cfort > T with ¢ = 0.2,T = 5. We use 1 hidden
layer MLPs for p, ¢ (with no activation on the output of p). We use 2 hidden layer MLPs
for w, ) for h so that it can express the above labeling function. The input, hidden, and
output dimensions are all equal m = n = k = 20 for f, h. We train on sequences of
length longer than 7" to demonstrate this expressivity claim. When the model is trained on
sequences of length less than T, due to the simplicity bias of the training procedure model
learns p(} ", ., #(x;)) and uses it on longer sequences and hence fails.

* Transformer: We use the labeling function that takes the following form f
p(Xiy §0(ws,x;)) for t < T and f = p(3j_ jo(xi,2;)) + ¢ for t > T with
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Deep set Loss (t < Tp) Loss (t > Tp)
Fig 2-a 0.001 £10=*  0.002+3 x 10~*
Fig 2-b 0.0007 £ 104 0.007 £ 0.001
Transformer Loss (t < 1g) Loss (t > 1})
Fig 2-c 0.0006 +10"* 0.006 4+ 3 x 1073
Fig 2-d 1075 +£10°° 0.01 £ 0.003

Table 5: Length generalization of different architectures when the hypothesis class H is highly
expressive. For further details see Fig. 24
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Figure 24: A failure case of length generalization under arbitrary expressive generative model with
(a,b) Deep sets, (c,d) and Transformer. The generative function on both cases introduces an offset
to sequences longer than some critical length (7p). The learner is once trained on sequences longer
than Ty and successfully generalizes (a,c), and once is trained only on sequences shorter than T
where the offset never appears, and hence fails to generalize beyond that.

c = 0.1,7 = 10. We use 1 hidden layer MLPs for p (with no activation on the output of
p). We use a Transformer with 3 hidden layer MLPs for w so that it can express the above
labeling function. The input, hidden, and output dimensions are all equal m = n = k = 20
for f, h. We train on sequences of length longer than 7" to demonstrate this expressivity
claim. When the model is trained on sequences of length less than 7', due to the simplicity

bias of the training procedure model learns f = P(E;ﬂ %gi)(xi, x;)) and uses it on longer
sequences and hence fails.

The failures of such degenerate solutions can be visualized in Figure 24 (right), where the predic-
tions diverge from the true values when the model is only trained on sequences shorter than 7Tj.
Figure 24 (left) shows that when the model is trained on sequences longer than T}, it can success-
fully generalize to longer lengths. Table 5 further validates this observation numerically. It presents
the test loss of each model at lengths shorter and longer than T} under the two training schemes: a)
When trained only on sequences of length shorter than T (rows corresponding to Fig 2-b and 2-d
which result in failure due to degenerate solution), b) when trained on sequences of length longer
than Tp (rows corresponding to Fig 2-a and 2-c¢ which result in successful generalization).
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Figure 25: A failure case of length generalization in the unrealizble setting: The predictions come
from a deep set with linear layers for v, w trained to predict the sequences (of length up to T°) output
by a deep set with 1 hidden layer MLPs for ¢, p. In this case the realizability condition does not
hold, and the learner fails to length generalize.
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Figure 26: A failure case of length generalization in the unrealizble setting: The predictions come
from an RNN with 1 hidden layer in w trained to predict the sequences (of length up to 7' = 10)
output by a Transformer with 1 hidden layer in p. In this case the realizability condition does not
hold, and the learner fails to length generalize.
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Figure 27: A failure case of length generalization: The predictions come from an RNN without any
hidden layers in w trained to predict the sequences (of length up to 7" = 10) output by an SSM with
1 hidden layer in p. In this case the realizability condition does not hold, and the learner fails to
length generalize.
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Figure 28: A failure case of length generalization: The predictions come from a Transformer with
1 hidden layer in w trained to predict the sequences (of length up to 7" = 10) output by an RNN
with 1 hidden layer in p. In this case the realizability condition does not hold, and the learner fails
to length generalize.
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