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This work addresses the critical question of why and when diffusion models, de-
spite being designed for generative tasks, can excel at learning high-quality repre-
sentations in a self-supervised manner. To address this, we develop a mathemat-
ical framework based on a low-dimensional data model and posterior estimation,
revealing a fundamental trade-off between generation and representation quality
near the final stage of image generation. Our analysis explains the unimodal rep-
resentation dynamics across noise scales, mainly driven by the interplay between
data denoising and class specification. Building on these insights, we propose an
ensemble method that aggregates features across noise levels, significantly improv-
ing both clean performance and robustness under label noise. Extensive experi-
ments on both synthetic and real-world datasets validate our findings.

1. Introduction

Diffusion models, a new class of likelihood-based generative models, have achieved great empirical
success in various tasks such as image and video generation, speech and audio synthesis, and solv-
ing inverse problems [[IHI4]]. These models, consisting of forward and backward processes, learn
data distributions by simulating the non-equilibrium thermodynamic diffusion process [2}[15][16]].
The forward process progressively adds Gaussian noise to training samples until the data is fully
destroyed, while the backward process involves training the score to generate samples from the
noisy inputs [[16), 17]].

In addition to their impressive generative capabilities, recent studies [[I8-23]] have found the ex-
ceptional representation power of diffusion models. They showed that the encoder in the learned
denoisers can act as a powerful self-supervised representation learner, enabling strong performance
on downstream tasks such as classification [[19] [20]], semantic segmentation [[18]], and image align-
ment [22]]. Notably, these learned features often match or even surpass existing methods specialized
for self-supervised learning. These findings indicate the potential of diffusion models to serve as a
unified foundation model for both generative and recognition vision tasks—paralleling the role of
large language models like the GPT family in the NLP domain [24} 25]].

However, it remains unclear whether the representation capabilities of diffusion models stem from
the diffusion process or the denoising mechanism [26]]. Moreover, despite recent endeavors [21,23]],
our understanding of the representation power of diffusion models across noise levels remains lim-
ited. Asshown in Baranchuk et al. [[18]], Xiang et al. [[19]], Tang et al. [22]], while these models exhibit
a coarse-to-fine progression in generation quality from noise to image, their representation quality
follows an unimodal curve—indicating a trade-off between generation and representation quality
near the final stage of image generation. Understanding this unimodal representation curve is key
to uncovering the mechanisms underlying representation learning in diffusion models. These in-
sights can inform the development of more principled approaches for downstream representation
learning, including improved feature selection and ensemble or distillation methods. Furthermore,
understanding and balancing the trade-off between representation capacity and generative perfor-
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mance is essential for developing diffusion models as unified foundation models for both generative
and recognition tasks.

Summary of contributions. We introduce a mathematical framework for studying representation
learning in diffusion models using low-dimensional data models that capture the intrinsic struc-
ture of image datasets [27, 28]]. Building on the denoising auto-encoder (DAE) formulation [29-
31]], we derive insights into unimodal representation quality across noise levels and the representa-
tion—generation trade-off by analyzing how diffusion models learn low-dimensional distributions.
We further demonstrate how these theoretical findings enhance representation learning in practice.
Our main contributions are:

o Mathematical framework for studying representation learning in diffusion models. We in-
troduce the Class-Specific Signal-to-Noise Ratio (CSNR) to quantify representation quality and
analyze representation dynamics through the lens of how diffusion models learn a noisy mix-
ture of low-rank Gaussians (MoLRG) distribution [32]]. Our analysis reveals that the denoising
objective is the primary driver of representation learning, while the diffusion process itself has a
minimal impact. Based on these insights, we recommend using clean images as inputs for feature
extraction in diffusion-based representation learning.

e Theoretical characterization of unimodal curve and representation-generation trade-off.
Building on our mathematical framework, we theoretically characterize the unimodal behavior of
representation quality across noise levels in diffusion models. By linking representation quality
to the CSNR of optimal posterior estimation, we show that unimodality arises from the inter-
play between denoising strength and class confidence across varying noise scales. This analysis
provides fundamental insights into the trade-off between representation quality and generative
performance.

e Empirical insights into diffusion-based representation learning. Our findings offer practical
guidance for optimizing diffusion models in representation learning. Specifically, we introduce
a soft-voting ensemble method that aggregates features across noise levels, leading to significant
improvements in classification performance and robustness to label noise. Additionally, we un-
cover an implicit weight-sharing mechanism in diffusion models, which explains their superior
performance and more stable representations compared to traditional DAEs.

Relationship to priorresults. As discussed in Appendix[A.1} empirical developments of leveraging
diffusion models for downstream representation learning have gained significant attention. How-
ever, a theoretical understanding of how diffusion models learn representations across different
noise levels remains largely unexplored. A recent study by [23]] takes initial steps in this direction
by analyzing the optimization dynamics of a two-layer CNN trained with diffusion loss on binary
class data. Since their framework does not explicitly distinguish between timesteps, their conclu-
sions remain general across different noise levels. In contrast, our work characterizes and compares
representations learned at different timesteps, provides a deeper understanding of diffusion-based
representation learning and also extends to multi-class settings. A recent study by [33]] also investi-
gates the influence of timesteps in diffusion-based representation learning, but with a methodolog-
ical focus. Unlike our work, it does not provide a theoretical explanation or practical metrics for the
emergence of unimodal representation dynamics or the trade-off between representation quality
and generative performance.

2. Problem Setup

2.1. Preliminaries on Denoising Diffusion Models

Basics of diffusion models. Diffusion models are a class of probabilistic generative models that
aim to reverse a progressive noising process by mapping an underlying data distribution, pqata, to a
Gaussian distribution.
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Figure 1: Unimodal representation dynamic: using clean images as inputs improves represen-
tation quality. We train DDPM/EDM-based diffusion models on various datasets and evaluate
downstream performance using clean images (o) versus noisy images (x:). Both scenarios show
a unimodal performance trend, peaking at intermediate noise levels. While clean images perform
similarly to noisy inputs at low noise, they outperform as noise increases.

o The forward diffusion process. Starting from clean data x, noise is progressively added following
a schedule based on time step ¢ until the data becomes pure Gaussian noise. At each step ¢, the
noised data is expressed as x; = s;xo + sior€, where € ~ N (0, I) is Gaussian noise, and s, s;0¢
scale the signal and noise, respectively.

o The reverse diffusion process. We can run a reverse SDE [34] to sample from x; as:
dz; = (f(t)a:t — )V logpt(:ct)) dt + g(t)dw,

where {w;};c[o,1] is the standard Wiener process running backward in time from¢ = 1to ¢ = 0
and the functions f(t), g(t) : R — R respectively denote the drift and diffusion coefficients.

Training with denoising auto-encoder (DAE) based objective. Since the score function
V log pi(x;) depends on the unknown data distribution pgat. and satisfies

st E [wo|xy] = @y + 5707V log py(x), (1)

we can estimate Vlogp:(x;) by training a network xg(x,t) to approximate the posterior mean
Elzo|x,] [19,21}135]. This is achieved by minimizing the loss £(8) via

N 1
: (@) 4y _ .00
min ;/0 At Ee ng(mt 1) — oy

where € ~ N(0,1,,), \; represents the weight associated with each noise level, and N denotes the

dataset size. Moreover, z\” “&" pgaca is the training sample and the corresponding noisy sample is

K2
given by w§’> = stwff) + sio€ for each ¢ € [N]. To simplify the analysis, we assume throughout the
paper that s; = 1 and ); remain constant across all noise levels, with the noise level denoted as o;.
It is worth noting if we only minimize the error at one specific timestep, we are exactly training a
single step DAE proposed in [31]], and in Section .2 we discuss the superiority of diffusion models

over DAEs.

1 dt, (2)

2.2. Representation Learning via Diffusion Models

Once the diffusion model x¢ is trained via , we extract and evaluate the representation from data
x( as follows:

e Using clean images as network inputs. We propose to use clean images, x, as inputs to the
network zg(xo,t) for extracting representation across different noise levels ¢. This is different
from existing approaches [[18, 19} 22]] that use noisy images «; for representation extraction.



e Layer selection for representations. Following the protocol in [[19], we freeze the entire model
and extract representations from the layer of the diffusion model xg(xo, ) that yields the best
downstream performanceE] Typically, we select a layer near the bottleneck layer of U-Net and the
exact midpoint layer of DiT to balance between data compression and performance.

e Evaluation of representation. Once the model is trained, we freeze the model and assess its rep-
resentation quality based on downstream performance metrics, such as accuracy for classification
and mean intersection over union (mloU) for segmentation tasks.

Remarks on network inputs. Beyond simplifying the analysis, our choice of using clean images
as network inputs xg(xo,t) (rather than x¢(x,,t)) for representation extraction is driven by two
primary considerations.

o Empirical performance gains. As demonstrated in Figure[l} using clean inputs outperforms using
noisy inputs x; on both classificaiton and segmentation tasks, a result further supported by our
studies on the posterior estimation; see Figure [10|in the Appendix. These findings imply that
the denoising objective is the primary driver of representation capabilities in diffusion models,
whereas the progressive denoising procedure has a relatively minor impact on representation
quality.

o Alignment with existing learning paradigms. Moreover, our approach is also consistent with stan-
dard supervised and self-supervised learning, where data augmentations (e.g., cropping [36]],
colorjittering, masking [[37]]) are applied during training to improve robustness, but clean, unaug-
mented images are typically used at inference. In diffusion models, similarly, additive Gaussian
noise serves as a form of data augmentation during training [21], while clean images are used for
inference.

3. Study of Representation Dynamics

With the setup in Section[2} this section theoretically investigates the representation dynamics of dif-
fusion models across the noise levels, providing new insights for understanding the representation-
generation tradeoff. Moreover, our theoretical studies are corroborated by experimental results on
real datasets.

3.1. Assumptions of Low-Dimensional Data Distribution

In this work, we assume that the input data follows
a noisy version of the mixture of low-rank Gaussians Noisy MoLRG (6 = 0.1) Noisy MoLRG (6 = 0.3)
(MoLRG) distribution [[32][38] [39]], defined as follows.

Assumption 1 (K-Class Noisy MoLRG Distribution).
For any sample x; drawn from the noisy MoLRG dis-
tribution with K subspaces, the following holds:

xo = Ura + 6Uj"e, with prob. 7, > 0, k € [K]. (3)
Figure 2: An illustration of MoLRG with dif-
Here, k represents the class of ¢ and follows a multi- ferent noise levels. We visualize samples
nomial distribution k ~ Mult(K,m;), Uy € ©O"*% drawn from noisy MoLRG with noise levels
denotes an orthonormal basis for the k-th subspace 6 =01, 0.3and K = 3.
with its complement Ui~ € O™*("=dx) 4, is the sub-
space dimension with d;, < n, and the coefficient

a'’ N (0, I,,) is drawn from the normal distribution. The level of the noise e N (0,I,,_q,) is
controlled by the scalar 6 < 1.

2 After feature extraction, we apply a global average pooling to the features. For instance, given a feature
map of dimension 256 x 4 x 4, we pool the last two dimensions, resulting in a 256-dimensional vector.
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Figure 3: Trade-offs between representation quality and generation quality. The

demonstrates the transition from fine to coarse granularity in posterior estimation as
noise levels increase, corresponding to the monotonic rise in FID. In contrast, the curve with square
markers reveals an unimodal trend in posterior classification accuracy, achieving peak performance
at intermediate noise levels. This occurs when high-level details are filtered out while essential
low-level semantic information is preserved, as illustrated by the posterior estimations according to
different noise levels shown at the bottom of the figure.

As shown in Figure [2| data from MoLRG resides on a union of low-dimensional subspaces, each
following a Gaussian distribution with a low-rank covariance matrix representing its basis. The
study of Noisy MoLRG distributions is further motivated by the fact that

o MoLRG captures the intrinsic low-dimensionality of image data. Although real-world image datasets are
high-dimensional in terms of pixel count and data volume, extensive empirical studies [27, 28} 40]]
demonstrated that their intrinsic dimensionality is considerably lower. Additionally, recent work
[41] 42]] has leveraged the intrinsic low-dimensional structure of real-world data to analyze the
convergence guarantees of diffusion model sampling. The MoLRG distribution, which models data
in a low-dimensional space with rank dj, < n, effectively captures this property.

o The latent space of latent diffusion models is approximately Gaussian. State-of-the-art large-scale diffu-
sion models [43] 44]] typically employ autoencoders [45] to project images into a low-dimensional
latent space, where a KL penalty encourages the learned latent distribution to approximate stan-
dard Gaussians [3]]. Furthermore, recent studies [21] 46]] show that diffusion models can be
trained to leverage the intrinsic subspace structure of real-world data.

o Modeling the complexity of real-world image datasets. The noise term U e; captures perturba-
tions outside the k-th subspace via the orthogonal complement U}, analogous to insignificant
attributes of real-world images, such as the background of an image. While this additional noise
term may be less significant for representation learning, it plays a crucial role in enhancing the
fidelity of generated samples.

Moreover, the noisy MoLRG is analytically tractable. For simplicity, we assume equal subspace di-
mensions (d; = --- = dx = d), orthogonal bases (UkT U, = 0 for k # [), uniform mixing weights
(m =+ =mg = 1/K), and define the noise space as U, = ﬂle Ul € 0"*(n=Kd) Then, we can
derive the ground truth posterior mean E [z |x;] for the noisy MoLRG distribution as:

Proposition 1. Suppose the data x is drawn from a noisy MoLRG data distribution with K-class and noise
level §. Let (; = T + o7 and & = 52‘i =, Where oy is the noise scaling in (ED Then for each time t > 0, the
optimal posterior estimator E ENED has the analytical form:

E [zo|z:] = Zwl ., 1) (U + &UUT) .

exp(gi(z¢,t))

S (o te ) is a soft-max operator for g;(z,t) = 2Ct||UT£cH2 gftH A2

where wi (x¢,t) =



The proof can be found in Appendix[A.4.T]and it is an extension of the result in [32]]. For x follow-
ing noisy MoLRG, note that the optimal solution &}(x,,t) of the training loss would exactly be
E [wo|2¢]. As such, as illustrated in Figure[3] the analytical form of the posterior estimation facilitates
the study of generation-representation tradeoff across timesteps:

o The generation quality. The generation quality of posterior estimation cam be measured by
&} (s, t) — xo||?. As shown in Proposition [1} this error is minimized at ¢t = 0 with oy = 0,
where the true class weight satisfies wj(x;) = 1, yielding &} (x¢,t) = xo. As t increases, higher
noise levels o; decrease wg(azt), causing a monotonic increase in FID, as seen in Figure

o The representation quality. The representation quality follows a unimodal trend across timesteps
[19} 22]], which can be measured through the posterior estimator @3 (x;,t) (see Section[3.2). As
shown in Figure 3} this unimodal behavior creates a trade-off between generation and represen-
tation quality, particularly at smaller ¢t when closer to the original image.

3.2. Measuring Posterior Representation Quality

For understanding diffusion-based representation learning, we introduce a metric termed Class-
specific Signal-to-Noise Ratio (CSNR) to quantify the posterior representation quality as follows.

Definition 1 (Class-specific Signal-to-Noise Ratio). Suppose the data x, follows the noisy
MoLRG introduced in Assumption [1] Without loss of generality, let & denote the true class of .
For its associated posterior estimator &g,

Ea, [[ULU #o (20, )] | k]

CSNR(zg,t) :=E =
o, 1) =B | g S [0 oo, O] [ A

Here, U}, represents the basis of the subspace corresponding to the true class to which x, belongs
and the U;s with | # k denotes the bases of the subspaces for other classes.

Intuitively, successful prediction of the class for x( is achieved when the projection onto the correct
class subspace, |[U Ul g (xo,1)||, preserves larger energy than the projections onto subspaces of
any other class, |[U;U/ #¢(xo,t)||. Thus, CSNR measures the ratio of the true class signal to irrel-
evant noise from other classes at a given noise level ¢, serving as a practical metric for evaluating
classification performance and hence the representation quality. In this work, we use posterior rep-
resentation quality as a proxy for studying the representation dynamics of diffusion models for the
following reasons:

o Posterior quality reflects feature quality. Diffusion models &g are trained to perform posterior esti-
mation at a given time step t using corrupted inputs, with the intermediate features emerging
as a byproduct of this process. Thus, a more class-representative posterior estimation inherently
implies more class-representative intermediate features.

o Model-agnostic analysis. Our goal is to provide a general analysis independent of specific network
architectures and feature extraction protocols. Posterior representation quality offers a unified
metric that avoids assumptions tied to particular architectures, making the analysis broadly ap-
plicable.

3.3. Main Theoretical Results

Based upon the setup in Section[3.1]and Section 3.2} we obtain the following results.

Theorem 1. (Informal) Suppose the data x follows the noisy MoLRG introduced in Assumption [I|with K
classes and noise level 6, then the CSNR of the optimal denoiser &; takes the following form:

2

L 1+ Zh(if,0)
CSNR(w97t) - (K — 1)52 . (1 + %gh(w;ad) ' (4)




Here, h(w,d) := (1 — 6*)w + 62 is a monotonically increasing function with respect to w. Additionally,
h(w;", 6) and h(w; , §) denote positive and negative class confidence rates with

{wf(atﬁ) = Ex[Ea, [wi(20,1) | K],
Wy (01,0) = Ex[Eq,[wi(o,t) | k 7 1],
whose analytical forms can be found in Appendix[A.4.2]

We defer the formal statement of Theorem [I|and its proof to Appendix In the following, we
discuss the implications of our result.

The unimodal curve of CSNR across noise lev-
els. Intuitively, our theorem shows that uni- 0.0
modal curve is mainly induced by the the in-
terplay between the “denoising rate" 7 /6% and
the positive class confidence rate h(i; ,d) as
noise level o; increases. As observed in Fig-
ure 4] the “denoising rate" (c7/6?) increases 00

. . . . 0.05 024 043 065 09 121 1.6 212
monotonically with o; while the class confi- Time step ()
dence rate h(w;", §) monotonically declines. Ini-
tially, when o is small, the class confidence rate  Figure 4: Illustration of the interplay between the
remains relatively stable due to its flat slope, denoising rate and the class confidence rate.
and an increasing “denoising rate" improves
the CSNR, resulting in improved posterior estimation. However, as indicated by Proposition
when o becomes too large, h(1;", §) approaches h(w; , §), leading to a drop in CSNR, which limits
the ability of the model to project x( onto the correct signal subspace and ultimately hurts posterior
estimation.
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Alignment of CSNR with posterior representation quality. Although our theory is derived from
the noisy MoLRG distribution, it effectively captures real-world phenomena. As shown in Figures
and [} we conduct experiments on both synthetic (i.e., noisy MoLRG) and real-world datasets (i.e.,
CIFAR and ImageNet) to measure CSNR(&g, t) as well as the posterior probing accuracy. For pos-
terior probing, we use posterior estimations at different timesteps as inputs for classification. The
results consistently show that CSNR(&g, t) follows a unimodal pattern across all cases, mirroring the
trend observed in posterior probing accuracy as the noise scale increases. This alignment provides
a formal justification for previous empirical findings [[18} 19, 22]], which have reported a unimodal
trajectory in the representation dynamics of diffusion models with increasing noise levels. Detailed
experimental setups are provided in Appendix

Explanation of generation and representation trade-off. Our theoretical findings reveal the under-
lying rationale behind the generation and representation trade-off: the proportion of data associated
with J represents class-irrelevant attributes. The unimodal representation learning dynamic thus
captures a “fine-to-coarse" shift [47, 48], where these class-irrelevant attributes are progressively
stripped away. During this process, peak representation performance is achieved at a balance point
where class-irrelevant attributes are eliminated, while class-essential information is preserved. In
contrast, high-fidelity image generation requires capturing the entire data distribution—from coarse
structures to fine details—leading to optimal performance at the lowest noise level o, where class-
irrelevant attributes encoded in the d-term are maximally retained. Thus, our insights explain the
trade-off between generation and representation quality. As visualized in Figure [3|and Figure
representation quality peaks at an intermediate noise level where irrelevant details are stripped
away, while generation quality peaks at the lowest noise level, where all details are preserved.

4. Practical Insights

We examine the practical implications of our findings in Section[4.1} leveraging feature information
at different levels of granularity to enhance robustness. Additionally, we discuss the advantages of
diffusion models over traditional single-step DAEs in Section [4.2]



65.0

12.0
1001 —- CSNR(Ze,t) —
1.0
% ] —w- conr(ES,Y) S
<§ 59 ~ ;q‘)<
] ’ M2
\2 —e— Posterior Acc. b4 )
38 548 ©
% '/’/_*-“‘"—’\ @
© .’4'* ‘\ 5140
——-y-F
1.8 : , \ —143.0
00 005 018 037 058 082 148 196

Time step (oy)

Figure 5: Posterior probing accuracy and associated CSNR dynamics in MoLRG data. We plot the
posterior probing accuracy and CSNR with the posterior estimations obtained from a learned esti-
mator £g. both of which exhibit a consistent unimodal pattern. Additionally, we include the optimal
CSNR , calculated from the ground truth posterior function &} defined in Proposition [I} as a ref-
erence. The estimator is trained on a 3-class MoLRG dataset with data dimension n = 50, subspace
dimension d = 15, and noise scale 6 = 0.5.

Time step (oy)

60.5

0.056

Time step (o¢)

61.5

0.123
= 54.0 = 568 o
-~ Q - Q
<§ . 47.5<-C <E$ 52.1 f
LIS A 3 NS A 3
~ 0.122 —— N = ~ 0.055 k.r -\ =
Z — \ 4108 Z. —— A —b \ 474 9
N —4- CSNR(Zg,t) . 3 2] —& - CSNR(Zg,t) s 2
© ) \ 345, © ) \ 071a,
—e— Posterior Acc. ‘ —e— Posterior Acc.
0.121 = 28.0 0.055 38.0
0.0 0.02 0.14 0.59 1.92 532 0.0 0.02 0.14 0.59 1.92 5.32

(a) CIFAR10 (b) MinilmageNet

Figure 6: Dynamics of posterior probing accuracy and associated CSNR on CIFAR10 and Mini-
ImageNet. Posterior probing accuracy is plotted alongside CSNR (&g, t). Probing accuracy is eval-
uated on the test set, while the empirical CSNR is computed from the training set. Both exhibit
an aligning unimodal pattern. We use released EDM models [49] trained on the CIFAR-10 [50]]
and ImageNet [51]] datasets, evaluating them on CIFAR-10 and MinilmageNet [52]], respectively.
To compute CSNR , we apply PCA on the original CIFAR-10/MinilmageNet images to extract the
basis Uys. Further details can be found in Appendix[A.3]

4.1. Feature Ensembling Across Timesteps Improves Representation
Robustness

Our theoretical insights imply that features extracted at different timesteps capture varying levels
of granularity. Given the high linear separability of intermediate features, we propose a simple
ensembling approach across multiple timesteps to construct a more holistic representation of the
input. Specifically, in addition to the optimal timestep, we extract feature representations at four
additional timesteps—two from the coarse (larger ¢;) and two from the fine-grained (smaller o)
end of the spectrum. We then train linear probing classifiers for each set and, during inference, apply
a soft-voting ensemble by averaging the predicted logits before making a final decision. (experiment
details in Appendix

We evaluate this ensemble method against results obtained from the best individual timestep, as
well as a self-supervised method MAE [37]], on both the pre-training dataset and a transfer learn-
ing setup. The results, reported in Table[l|and Table [2, demonstrate that ensembling significantly
enhances performance for both EDM [49]] and DiT [43]], consistently outperforming their vanilla
diffusion model counterparts and often surpassing MAE. Moreover, ensembling substantially im-
proves the robustness of diffusion models for classification under label noise.



Method MinilmageNet* Test Acc. %

Label Noise Clean 20% 40% 60% 80%
MAE 73.7 703 674 628 515
EDM 67.2 629 59.2 532 40.1
EDM (Ensemble) 72.0 678 64.7 60.0 482
DiT 77.6 724 684 620 473

DiT (Ensemble) 784 751 719 66.7 56.3
Table 1: Comparison of test performance across different methods under varying label noise
levels. All compared models are publicly available and pre-trained on ImageNet-1K [51]], evaluated
using MinilmageNet classes. Bold font highlights the best result in each scenario.

Method Transfer Test Acc. %

CIFAR100 DTD Flowers102
Label Noise Clean 20% 40% 60% 80% | Clean 20% 40% 60% 80% | Clean 20% 40% 60% 80%
MAE 63.0 588 547 50.1 384 | 614 543 499 405 241 | 689 552 403 276 9.6
EDM 62.7 585 53.8 48.0 35.6 54.0 49.1 451 364 212 62.8 482 372 241 97
EDM (Ensemble) 67.5 642 604 554 439 557 495 452 371 220 67.8 539 415 250 104
DiT 642 587 535 464 326 | 652 59.7 530 438 270 | 789 652 524 347 133

DiT (Ensemble) 664 618 576 513 392 | 653 60.6 561 463 30.6 | 79.7 67.0 546 36.6 14.7

Table 2: Comparison of transfer learning performance across different methods under varying
label noise levels. All compared models are publicly available and pre-trained on ImageNet-1K
[51]], evaluated on different downstream datasets. Bold font highlights the best result in each sce-
nario.

4.2. Weight Sharing in Diffusion Models Facilitates Representation Learning

Second, we reveal why diffusion models, despite sharing the same denoising objective with clas-
sical DAEs, achieve superior representation learning due to their inherent weight-sharing mecha-
nism. By minimizing loss across all noise levels (2)), diffusion models enable parameter sharing
and interaction among denoising subcomponents, creating an implicit "ensemble" effect. This im-
proves feature consistency and robustness across noise scales compared to DAEs [21]], as illustrated
in Figure[7]

To test this, we trained 10 DAEs, each specialized for a single noise level, alongside a DDPM-based
diffusion model on CIFAR10 and CIFAR100. We compared feature quality using linear probing
accuracy and feature similarity relative to the optimal features at o = 0.06 (where accuracy peaks)
via sliced Wasserstein distance (SWD) [53]].

The results in Figure [/ confirm the advantage of diffusion models over DAEs. Diffusion models
consistently outperform DAEs, particularly in low-noise regimes where DAEs collapse into trivial
identity mappings. In contrast, diffusion models leverage weight-sharing to preserve high-quality
features, ensuring smoother transitions and higher accuracy as noise increases. This advantage is
further supported by the SWD curve, which reveals an inverse correlation between feature accu-
racy and feature differences. Notably, diffusion model features remain significantly closer to their
optimal state across all noise levels, demonstrating superior representational capacity.

Our finding also aligns with prior results that sequentially training DAEs across multiple noise
levels improves representation quality [54-56]]. Our ablation study further confirms that multi-scale
training is essential for improving DAE performance on classification tasks in low-noise settings

(details in Appendix Table[3).

5. Discussion

In this work, we develop a mathematical framework for analyzing the representation dynamics of
diffusion models. By introducing the concept of CSNR and leveraging a low-dimensional mixture
of low-rank Gaussians, we characterize the trade-off between generative quality and representation
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Figure 7: Diffusion models exhibit higher and smoother feature accuracy and similarity com-
pared to individual DAEs. We train DDPM-based diffusion models and individual DAEs on the
CIFAR datasets and evaluate their representation learning performance. Feature accuracy, and fea-
ture differences from the optimal features (indicated by «) are plotted against increasing noise levels.
The results reveal an inverse correlation between feature accuracy and feature differences, with dif-
fusion models achieving both higher /smoother accuracy and smaller/smoother feature differences
compared to DAEs.

quality. Our theoretical analysis explains how the unimodal representation learning dynamics ob-
served across noise scales emerge from the interplay between data denoising and class specification.

Beyond theoretical insights, we propose an ensemble method inspired by our findings that enhances
classification performance in diffusion models, both with and without label noise. Additionally, we
empirically uncover an inherent weight-sharing mechanism in diffusion models, which accounts for
their superior representation quality compared to traditional DAEs. Experiments on both synthetic
and real-world datasets validate our findings. Additionally, our findings also open up new avenues
for future research that we discuss in the following.

e Principled diffusion-based representation learning. While diffusion models have shown strong
performance in various representation learning tasks, their application often relies on trial-and-
error methods and heuristics. For example, determining the optimal layer and noise scale for
feature extraction frequently involves grid searches. Our work provides a theoretical framework
to understand representation dynamics across noise scales. A promising future direction is to
extend this analysis to include layer-wise dynamics. Combining these insights could pave the
way for more principled and efficient approaches to diffusion-based representation learning.

e Representation alignment for better image generation. Recent work REPA Yu et al. [57]]
has demonstrated that aligning diffusion model features with features from pre-trained self-
supervised foundation models can enhance training efficiency and improve generation quality.
By providing a deeper understanding of the representation dynamics in diffusion models, our
findings could further advance such representation alignment techniques, facilitating the devel-
opment of diffusion models with superior training and generation performance.
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A. Appendix

The Appendix is organized as follows: in Appendix[A.T} we discuss related works; in Appendix[A.2}
we provide complementary experiments; in Appendix we present the detailed experimental
setups for the empirical results in the paper. Lastly, in Appendix we provide proof details for
Section[3

A.1. Related Works

Denoising auto-encoders. Denoising autoencoders (DAEs) are trained to reconstruct corrupted
images to extract semantically meaningful information, which can be applied to various vision
[129,130]] and language downstream tasks [58]]. Related to our analysis of the weight-sharing mecha-
nism, several studies have shown that training with a noise scheduler can enhance downstream per-
formance [54-56]]. On the theoretical side, prior works have studied the learning dynamics [59, 60]]
and optimization landscape [[61]] through the simplified linear DAE models.

Diffusion-based representation learning. Diffusion-based representation learning [26]] has
demonstrated significant success in various downstream tasks, including image classification
(19, 20} 62]], segmentation [[I8]], correspondence [22]], and image editing [[63]]. To further enhance
the utility of diffusion features, knowledge distillation [64-67]] methods have been proposed, aim-
ing to bypass the computationally expensive grid search for the optimal ¢ in feature extraction and
improving downstream performance. Beyond directly using intermediate features from pre-trained
diffusion models, research efforts has also explored novel loss functions [[68,169]] and network modi-
fications [[70}71]] to develop more unified generative and representation learning capabilities within
diffusion models. Unlike the aforementioned efforts, our work focuses more on understanding the
representation learning capabilities of diffusion models.

A.2. Additional Experiments

Influence of data complexity in diffusion representation learning Our analyses in the main body
of the paper are based on the assumption that the training dataset contains sufficient samples for the
diffusion model to learn the underlying distribution. Interestingly, if this assumption is violated by
training the model on insufficient data, the unimodal representation learning dynamic disappears
and the probing accuracy also drops severely.

As illustrated in Figure |8 we train 2 different UNets following the EDM [49]] configuration with
training dataset size ranging from 2° to 2'°. The unimodal curve emerges only when the dataset
size exceeds 22, whereas smaller datasets produce flat curves.

The underlying reason for this observation is that, when training data is limited, diffusion models
memorize all individual data points rather than learn the true underlying data structure [32]]. In this
scenario, the model memorizes an empirical distribution that lacks meaningful low-dimensional
structures and thus deviates from the setting in our theory, leading to the loss of the unimodal
representation dynamic. To confirm this, we calculated the generalization score, which measures
the percentage of generated data that does not belong to the training dataset, as defined in [[72]]. As
shown in Figure[J} representation learning only achieves strong accuracy and displays the unimodal
dynamic when the generalization score approaches 1, aligning with our theoretical assumptions.

Posterior quality decides feature quality Diffusion models &¢ are trained to perform posterior
estimation at a given time step ¢ using corrupted inputs, with the features for representation learning
emerging as an intermediate byproduct of this process. This leads to a natural conjecture: changes
in feature quality should directly correspond to changes in posterior estimation quality.

To test this hypothesis, we visualize the posterior estimation results for clean inputs (Zg(xo,?)) and
noisy inputs (Zg(x;, t)) across varying noise scales o in Figure[10} The results reveal that, similar to
the findings for feature representation, clean inputs yield superior posterior estimation compared to
corrupted inputs, with the performance gap widening as the noise scale increases. Furthermore, as
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Figure 8: The influence of data complexity in diffusion-based representation learning. With the
same model trained in Figure[9] we plot the representation learning dynamics for each trained model
as a function of changing noise levels.
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Figure 9: Better representations are learned in the generalization regime. We train EDM-based
[49] diffusion models on the CIFAR-10 dataset using different training dataset sizes, ranging from 2°
to 21°. (a) The change in the generalization score [72] as the dataset size increases, where regions
with a generalization score close to 0 are labeled as the memorization regime, and those close to
1 are labeled as the generalization regime. (b) The peak representation learning feature accuracy
achieved as a function of dataset size.

illustrated in the Figure 3] if we consider posterior estimation as the last-layer features and directly
use it for classification, the accuracy curve reveals a unimodal trend as noise level progresses, similar
to the behavior observed in feature classification accuracy. These findings strongly validate the
conjecture.

Building on this insight, we use posterior estimation as a proxy to analyze the dynamics of diffusion-
based representation learning in Section @ Moreover, since the unimodal representation dynamic
persists across different network architectures and feature extraction layers, analyzing posterior es-
timation also enables us to study the problem without relying on specific architectural or layer-
dependent assumptions.

Additional representation learning experiments on DDPM. Apart from EDM and DDPM* mod-
els pre-trained using the framework proposed by [49], we also experiment with the features ex-
tracted by classic DDPM models [2] to make sure the observations do not depend on the specific
training framework. We use the same groups of noise levels and also test using clean or noisy images
as input to extract features at the bottleneck layer, and then conduct the linear probe. The DDPM
models we use are trained on the Flowers-102 [73]] and the CIFAR10 dataset accordingly. Different
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Figure 10: Using clean images as inputs improves posterior estimation quality. We use a pre-
trained DDPM diffusion model on CIFAR10 to visualize posterior estimation for clean inputs and
noisy inputs across varying noise scales o;. Clean inputs produce smooth and descriptive estima-
tions even at high noise levels, whereas noisy inputs result in blurry and lossy estimations at large
o, making it difficult to extract meaningful representations.
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Figure 11: Performance comparison: clean vs. noisy inputs. We use pre-trained DDPM/EDM
model on the CIFAR10/CIFAR100 datasets and Flowers-102 [[73]]. The feature probing accuracy is
plotted to compare the performance when using clean versus noisy inputs.

from the framework proposed by [49]], the input to the classic DDPM model is the same as the input
to the UNet inside. Therefore, we calculate the scaling factor /&, = 1/+/02(¢) + 1, and use /& xo
as the clean image input. Besides, for noisy input, we set &; = \/@;(xo +n), withn ~ N (0,0(¢)%I).
The linear probe results are presented in Figure [T} where we consistently see an unimodal curve,
as well as compatible or even superior representation learning performance of clean input xy.

Extend CSNR on feature representations. In the main body of the paper, we define CSNR with
respect to the posterior estimation function. Given that the intermediate representations of diffusion
models exhibit near-linear properties [74]], we extend the definition of CSNR to feature extraction

functions:

Ea, [|URUY fo(zo,t)]* | K]
Eao X1k 1UU] fo(xo, )| | K]

CSNR(t, fo) :=
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Figure 12: Dynamics of feature probing accuracy and associated CSNR on MoLRG data Feature
probing accuracy is plotted alongside CSNR( fg,t). Probing accuracy is evaluated on the test set,
while the empirical CSNR is computed from the training set. Both exhibit an aligning unimodal
pattern.
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Figure 13: Dynamics of feature probing accuracy and associated CSNR on CIFAR10 and Minilm-
ageNet. Feature probing accuracy is plotted alongside CSNR(fy, t). Probing accuracy is evaluated
on the test set, while the empirical CSNR is computed from the training set. Both exhibit an aligning
unimodal pattern.

Here, fo(-,t) represents a diffusion feature extraction function that includes all layers up to the fea-
ture extraction layer of a diffusion model. The matrix U, denotes the extracted basis corresponding
to the correct class of the features, while U, (I # k) represents the bases of incorrect classes.

We validate this extension of CSNR as a measure of feature representation quality. Using the same
models from Figure5|and Figure[6] we extract intermediate features at each time step and evaluate
classification performance on the test set via linear probing. For CSNR calculation, we compute the
basis using features extracted at each time step and subsequently calculate CSNR for the extracted
features, denoted as CSNR(fg, t). The results are presented in Figureand Figure for synthetic
and real datasets, respectively. As shown in the plots, CSNR( fe, t) consistently follows a unimodal
pattern, mirroring the trend of feature probing performance as the noise scale increases.

approx
posterior estimation function & using 27,,,,, by taking the expectation inside the softmax with

respect to xy. To validate this approximation, we compare the CSNR calculated from &} and from
Zprox USING the definition in Propositionand in Appendix respectively. We use a fixed
dataset size of 2400 and set the default parameters to n = 50, d = 5, K = 3, and § = 0.1 to generate
MoLRG data. We then vary one parameter at a time while keeping the others constant, and present
the computed CSNR in Figure[14] As shown, the approximated CSNR score consistently aligns with
the actual score.

Validation of & approximation in Appendix In Theorem we approximate the optimal

Visualization of the MoLRG posterior estimation and CSNR across noise scales. In Figure [5| we
show that both the posterior classification accuracy and CSNR exhibit a unimodal trend for the
MoLRG data. To further illustrate this behavior, we provide a visualization of the posterior estima-
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Figure 14: Comparison between CSNR calculated using the optimal model 23 and the CSNR cal-
culated with our approximation in Theorem[I} We generate MoLRG data and calculate CSNR using
both the corresponding optimal posterior function @3 and our approximation &, from Theo-
rem Default parameters are setas n = 50, d = 5, K = 3, and § = 0.1. In each row, we vary one
parameter while keeping the others fixed, comparing the actual and approximated CSNR.

tion and CSNR at different noise scales in Figure In the plot, each class is represented by a
colored straight line, while deviations from these lines correspond to the J-related noise term. Ini-
tially, increasing the noise scale effectively cancels out the J-related data noise, resulting in a cleaner
posterior estimation and improved probing accuracy. However, as the noise continues to increase,
the class confidence rate drops, leading to an overlap between classes, which ultimately degrades
the feature quality and probing performance.

Mitigating the performance gap between DAE and diffusion models. Throughout the empiri-
cal results presented in this paper, we consistently observe a performance gap between individual
DAEs and diffusion models, especially in low-noise regions. Here, we use a DAE trained on the
CIFARI10 dataset with a single noise level ¢ = 0.002, using the NCSN++ architecture [49]. In the
default setting, the DAE achieves a test accuracy of 32.3. We then explore three methods to improve
the test performance: (a) adding dropout, as noise regularization and dropout have been effective
in preventing autoencoders from learning identity functions [[60]; (b) adopting EDM-based precon-
ditioning during training, including input/output scaling, loss weighting, etc.; and (c) multi-level
noise training, in which the DAE is trained simultaneously on three noise levels [0.002, 0.012, 0.102].
Each modification is applied independently, and the results are reported in Table [3l As shown,
dropout helps improve performance, but even with a dropout rate of 0.95, the improvement is mi-
nor. EDM-based preconditioning achieves moderate improvement, while multi-level noise training
yields the most promising results, demonstrating the benefit of incorporating the diffusion process
in DAE training.

A.3. Experimental Details
In this section, we provide technical details for all the experiments in the main body of the paper.

Experimental details for Figure
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Figure 15: Visualization of posterior estimation for a clean input, higher CSNR correspondings
to higher classification accuracy. The same MoLRG data is fed into the models; each row represents
a different denoising model, and each column corresponds to a different time step with noise scale
(0+). The box indicates the best generation quality and The red box indicates the best represen-
tation quality.

Table 3: Improve DAE representation performance at low noise region. A vanilla DAE trained on
the CIFAR-10 dataset with a single noise level of ¢ = 0.002 serves as the baseline. We evaluate the
performance improvement of dropout regularization, EDM-based preconditioning, and multi-level
noise training (o = {0.002,0.012,0.102}). Each technique is applied independently to assess its
contribution to performance enhancement.

Modifications | Test acc.
Vanilla DAE 32.3
+Dropout (0.5) 35.3
+Dropout (0.9) 36.4
+Dropout (0.95) 38.1
+EDM preconditioning 49.2

+Multi-level noise training 58.6

e Experimental details for Figure[I|(a). We train diffusion models based on the unified frame-
work proposed by [[49]]. Specifically, we use the DDPM+ network, and use VP configuration
for Figure([T|(a). [49] has shown equivalence between VP configuration and the traditional
DDPM setting, thus we call the models in Figure 3|(a) as DDPM* models. We train two
models on CIFAR10 and CIFAR100, respectively. After training, we conduct linear probe
on CIFAR10 and CIFAR100. At a specific noise level o(t), we either use clean image x or
noisy image x; = o + n as input to the DDPM* models for extracting features after the
"8x8_block3’ layer. Here, n represents random noise and n ~ N (0,0(¢)?I). We train a
logistic regression on features in the train split and report the classification accuracy on the
test split of the dataset. We perform the linear probe for each of the following noise levels:
[0.002, 0.008, 0.023, 0.060, 0.140, 0.296, 0.585, 1.088, 1.923, 3.257].

o Experimental details for Figure[I(b). We exactly follow the protocol in [18]], using the same
datasets which are subsets of CelebA [[75] and FFHQ [76]], the same training procedure, and
the same segmentation networks (MLPs). The only difference is that we use a newer latent
diffusion model [3] pretrained on CelebAHQ from Hugging Face and the noise are added
to the latent space. For feature extraction we concatenate the feature from the first layer of
each resolution in the UNet’s decoder (after upsampling them to the same resolution as the
input). We perform segmentation for each of the following noise levels:[0.015, 0.045, 0.079,
0.112, 0.176, 0.342, 0.724, 2.041].
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Experimental details for Figure 3, We use a pre-trained EDM CIFAR10 model from the official
GitHub repository [49] and extract 10 sets of posterior estimations corresponding to o, values rang-
ing from 0.002 to 8.401. MLP probing is applied to these posterior estimations to evaluate posterior
accuracy, and FID [77]] is computed relative to the original CIFAR10 dataset. For the posterior visu-
alizations in the bottom figure, we randomly select a sample and display its posterior estimations
according to the same o; schedule.

Experimental details for Figure[5land Figure[l5| For the MoLRG experiments, we train a 3-layer MLP
with ReLU activation and a hidden dimension of 1024, following the setup provided in an open-
source repository [78]. The MLP is trained for 200 epochs using DDPM scheduling with 7" = 500,
employing the Adam optimizer with a learning rate of 5 x 10~%. For feature extraction, we use
the activations of the second layer of the MLP (dimension 1024) as intermediate features for linear
probing. For CSNR computation, we follow the definition in Section 3.2 since we have access to the
ground-truth basis for the MoLRG data, i.e., Uy, Us, and Us € R**!5 | For probing we simply train a
linear probe on the posterior and estimations, noting that we take the absolute value of the posterior
estimations before feeding them to the probe.

For both panels in Figure 5| we train our probe the same training set used for diffusion and test
on five different MoLRG datasets generated with five different random seeds, reporting the average
accuracy and CSNR at time steps [1, 5, 10, 20, 40, 60, 80, 100, 120, 140, 160, 180, 240, 260, 280]. In
Figure we switch to a 3-class MoLRG with d = 1,n = 10,6 = 0.3 and visualize the posterior
estimations at time steps [1, 20, 80, 200, 260] by projecting them onto the union of Uy, Us, and Us
(a 3D space), then further projecting onto the 2D plane by a random 3 x 2 matrix with orthonormal
columns. The subtitles of each visualization show the corresponding CSNR calculated as explained
above.

Experimental details for Figure[6| We use pre-trained EDM models [49] for CIFAR10 and Ima-
geNet, extracting feature representations from the best-performing layer and posterior estimations
as the network outputs at each timestep . For the ImageNet model, features are extracted using im-
ages and classes from MinilmageNet [52]. Feature accuracy is evaluated via linear probing, while
posterior accuracy is assessed using a two-layer MLP, where posterior estimations pass through a
linear layer and ReLU activation before the final linear classifier. The bases for the CSNR metric on
features are computed via singular value decomposition (SVD) on feature representations at each
timestep for each class, followed by CSNR calculation using its definition in Section For poste-
rior estimation, we directly use bases U}, derived from raw dataset images. In all cases, the first 5
right singular vectors of each class are used to extract Uy,.

Experimental details for Figure[7, We train individual DAEs using the DDPM++ network and VP
configuration outlined in Karras et al. [49]] at the following noise scales:

0.002,0.008,0.023, 0.06, 0.14, 0.296, 0.585, 1.088, 1.923, 3.257].

Each model is trained for 500 epochs using the Adam optimizer [[79] with a fixed learning rate of
1 x 10~%. For the diffusion models, we reuse the model from Figure ( d). The sliced Wasserstein
distance is computed according to the implementation described in Doan et al. [53]].

Experimental details for Figure [§ and Figure [9] We use the DDPM++ network and VP config-
uration to train diffusion models[49] on the CIFAR10 dataset, using two network configurations:
UNet-64 and UNet-128, by varying the embedding dimension of the UNet. Training dataset sizes
range exponentially from 2° to 21°. For each dataset size, both UNet-64 and UNet-128 are trained on
the same subset of the training data. All models are trained with a duration of 50K images following
the EDM training setup. After training, we calculate the generalization score as described in Zhang
et al. [[72], using 10K generated images and the full training subset to compute the score.

Experimental details for Table[Ijand Table[2] For EDM, we use the official pre-trained checkpoints
on ImageNet 64 x 64 from [49], and for DiT, we use the released DiT-XL/2 model pre-trained on

ImageNet 256 x 256 from [43]]. As abaseline, we include the Hugging Face pre-trained MAE encoder
(ViT-B/16) [37].
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For diffusion models, features are extracted from the layer and timestep that achieve the highest
probing accuracy, following [[19]. After feature extraction, we adopt the probing protocol from
[21]], passing the extracted features through a probe consisting of a BatchNorm1d layer followed
by a linear layer. To ensure fair comparisons, all input images are cropped or resized to 224 x 224,
matching the resolution used for MAE training.

For ensembling, we extract features from two additional timesteps on either side of the optimal
timestep. Independent probes are trained on these timesteps, yielding five probes in total. At
test time, we apply a soft-voting ensemble by averaging the output logits from all five probes for
the final prediction. Specifically, let W; € R¥*? be the linear classifier trained on features from
timestep ¢, and let h, € R denote the feature representation of a sample at timestep ¢. Consid-
ering neighboring timesteps ¢t — 2,¢ — 1,t 4+ 1, and ¢ + 2, our ensemble prediction is computed as:

§ = arg max (é 2225_2 Wtht) .

We evaluate each method under varying levels of label noise, ranging from 0% to 80%, by ran-
domly mislabeling the specified percentage of training labels before applying linear probing. Per-
formance is assessed on both the pre-training dataset and downstream transfer learning tasks. For
pre-training evaluation, we use the images and classes from MinilmageNet [52]] to reduce compu-
tational cost. For transfer learning, we evaluate on CIFAR100 [50]], DTD [[80], and Flowers102 [[73]].
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A.4. Proofs

A.4.1. Proof of Proposition/l]

Proof. We follow the same proof steps as in [32]] Lemma 1 with a change of variable. Let ¢, = {Z: ]

and U, = U, 6U;t], we first compute

pe(x|Y = k)
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where we repeatedly apply the pdf of multi-variate Gaussian and the second last equality uses
det(s?U UL + s2PULULT + 471,) = (s7 + 42)4(s20% + 4P and (s7ULUT + s20°UFUET +
VL) = (I, — s/ (s} + ) URUL — s36%/(s36% + v UL UET) [} because of the Woodbury ma-
trix inversion lemma. Hence, with P (Y = k) = 7, for each k € [K], we have

K K
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24



Now we can compute the score function
S N (@30, s ULUL + s76°Ui- UJ'T—&-%?I )
Vn@) _ (e e Ul + e Ul U
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(FLUU] 2) + 55U U )
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Vlogpi(x) =

According to Tweedie’s formula, we have
x; + 7V log py(a4)
St
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with ¢ = s2/(272(s7 + 7)) and ¢ = s76%/(272(s76% + ~?)). The final equality uses the pdf of
multi-variant Gaussian and the matrix mverswn lemma discussed earlier.

Ezo|z:] =

9

Now since 7, is consistent for all k¥ and s; = 1, we have
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where wj (x;) :=

A.4.2. Proof of Theorem/dl

We first state the formal version of Theorem/[ll

To simplify the calculation of CSNR as introduced in Section [3.2| on posterior estimation, which
involves the expectation over the softmax term w}, we approximate & as follows:

" = 52 I
:Bupprox Zw l1+o UkUk + 52 + Uk Uk z

— exp (Ewo [gk(moat)])
D P (Bay g5 (0, 1)
In other words, we use ty, in (B]) to approximate wj (xo ) in Proposition[I|by taking expectation inside

the softmax with respect to . This allows us to treat «;, as a constant when calculating CSNR, mak-
ing the analysis more tractable while maintaining E[||U,U;" &} (0, 1)[|?] ~ E[||U.U}" 2}, (€0, )[|?]

(5)
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foralll € [K]. We verify the tightness of this approximation at Appendix|[A.2] (Figure[14)). With this
approximation, we state the theorem as follows:

Theorem 2. Let data xo be any arbitrary data point drawn from the MoLRG distribution defined in Assump-
tion [T and let k denote the true class xq belongs to. Then CSNR introduced in Section [3.2)depends on the
noise level o in the following form:

1 1+ % h(dy, 8)
N = : 0
Cs R( Lapproxs t) (K — 1)52 ( 14 %gh<wl7 5) ) (6)

where h(w, §) := (1—8§2)w+ 2. Since § is fixed, h(w, §) is a monotonically increasing function with respect
to w. Note that here § represents the magnitude of the fixed intrinsic noise in the data where o, denotes the
level of additive Gaussian noise introduced during the diffusion training process.

Proof. Following the definition of CSNR as defined in Section 3.2} Lemma [I]and the fact that & ~

Mult(K, 7)) with m = -+ = mx = 1/K, we can write
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where h(w,d) := (1 — §%)w + 62 O

Lemma 1. With the set up of a K-class MoLRG data distribution as defined in (3)), and define the noise space
asU, = ", Ut € 0"<(=Kd) (e mutual noise for all classes). Consider the following the function:
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26



Le., we consider a simplified version of the expected posterior mean as in Proposition[I|by taking expectation
of gi () prior to the softmax operation. Under this setting, for any clean x from class k (i.e., o = Uga; +
bUte;), we have:

2
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Eﬂ:o[||UkUEwupprox(w07t)||2] = (1 ¥ o2 + 52 + o2 d (10)
t i
" 82+ (K — 2)i) \?
B 107 @ 1] = (g + 02 ) an)
t t
Y §%(n — kd)
Emo[”ULUIa:uppmx(a:Ovt)Hﬂ = m (12)
t
dr (K =164\
- _
[Hwapprox(w()?t)H ]_ <1+O’2 + 52 +0—§ ) d
EHU}GU}@ ﬂpwov(woﬂt)”z] (13)
a8 (g + (K = 2)dy)\° §8(n — Kd)
K-1 6“d —
+ )(lJrcrf 62 +o? + (02 + 02)2
E[S 1k UtUT 0 (0, 2] E[|ULUT &, (0,)]|2]
and
PO o €xp (20 Z2(1403) + 207 ( 52+a' )
Wy, := Wy (x0) = 4 54D K 52d 52d+64(D d)\’
xp 2701707 T 307 4en) ) T (B — D exp o2y 202(0%+07) (14)

52d 82d+6*(D—d)
eXp( 207 (1+o7) T 2078 10D)

54D 52d 02d4-64(D—d)
exp (20,2(1+0 7y + 202(52+02)) + (K - 1) exp (202(1+g 7y + 207 (6% +07) )

for all class index | # k.

If}l = ’lf)l(x0> =

Proof. Throughout the proof, we use the following notation for slices of vectors.
e;la:b]  Slices of vector e; from ath entry to bth entry.

We begin with the softmax terms. Since each class has its unique disjoint subspace, it suffices to
consider gy (o, t) and g;(xo,t) for any | # k. Let a; = m and ¢; = Wj)’ we have:
t t

Elat||U} 2o|* + ¢ |U " o]

Ela:|U; (Ukai + 0U )|’ + Ele.||U; " (Ura; + bUj;€)||°]
Eoqllail] + EfceJbes] |

azd + ;62D

E[gk(xo,1)]

4.

where the last equality follows from a; KRN (0,1,) and e; KN (0,Ip).
Without loss of generality, assume the j = k + 1, we have:
Elgi(zo,t)] = Elae|U] @o||* + || U} o)
= Ela,||U] (Upa; +bUj €)|*] + Ele|Ui-" (Upai + bUj e))|1?]

= Bfalpes 1 )+ E o] g ¢ io-s] + |15y ||

= a;0%d + c;(d + 6*(D — d))
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Plug a; and b; back with the exponentials, we get W, and ;.

Now we prove (T0):

52

UkUk approx(w07t) = wkUkUg < UkUk + 52 1 Uk U]j'T) €T

1+o

. 1 52
+ ZwlUkUkT (HO’?UIUIT + WUZJ_UZJ_T> =0

= Wy, <1 o UkUk :130> Zwl ( UkUk :L’0>

12k
Wy, L+ (K —1) 6%y
1+ o7 62 +o?

de (K —1) 5%y
U.a;
A K

) U,U! (Uka; + bUjte;)

Since U, € O™*%:

A K /UA] K_]_ 527]] 2
E[IIUkUEwa,,,,,,,x(mo,t)||2]—( K ( ) z) J

1+02 ' 2102
and similarly for (TI)): X .
U &pn(0.) = 00 (55U + 5T ) o
N 52
+wlUlUlT (1 +o UlUl + 5 Ul UlJ_T> xr
52
+ 6. U UL UUr + UJ_UJ_T>
j;c:le e <1+ 62 +02 7 7Y To
52 52
= Wy, (52 s UIU; :L’o) + Wy <1+ s UIU; wo) Z 0 ((52 sULU; m0>
J#k,l
w 52(% + (K — 2)u;)
- (1 + o2 52 + o2 2 ) UU] (Uga; + bUje;)
t t
1y 82 (g, + (K — 2)iy)
= bU, i 1:d
<1+a§ 32+ o? e[l : d]

where the third equality follows since w; = 1, for all j # k, l. Further, we have:

i 82 (g + (K — 2)ay) 2(52d
1+ o? 52 +o?

E{JUUT &0, 1)) = (

Next, we consider ([12)):
- N 52
ULUImapprox(mmt) = wkULUf (HO_?UICU]? + MU¢U¢T> xr

1 52
+Y UL UT <2 U + ——UrUH ) xo

1k 1+Ut 62+Ut
(8 52
l#k
52
52 ULUL (Ukal + bUk e,)
53
T2 io 2Uiez[( —1)d: D]
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Hence:
~ 65(n— Kd)

]E[||UJ-UJZ:§3;pprox(m07t)”Z] m
t

Lastly, we prove (I3). Given that the subspaces of all classes and the complement space are both
orthonormal and mutually orthogonal, we can write:

E[Hi;pprox(wOat”P] = E[||UkUg:%;pprox(w07t)”z] + E[Z ”UlUl j:;pprox(w()vt)”Q] + E[||UJ-UJ,15®;pprox(w0at)||2]
12k

Combine terms, we get:

a, (K - 1)52131)2
2 2 2 d
1+o0; 0% + o}
i, Pt (K= 2i)\* o, 8°(n— Kd)
1+ 07 62 + o? (624 02)? "

E{l&%oe (o, )] = (
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