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ABSTRACT

The ability of overparameterized deep networks to generalize well has been linked
to the fact that stochastic gradient descent (SGD) finds solutions that lie in flat,
wide minima in the training loss — minima where the output of the network is
resilient to small random noise added to its parameters. So far this observation has
been used to provide generalization guarantees only for neural networks whose
parameters are either stochastic or compressed. In this work, we present a general
PAC-Bayesian framework that leverages this observation to provide a bound on
the original network learned — a network that is deterministic and uncompressed.
What enables us to do this is a key novelty in our approach: our framework allows
us to show that if on training data, the interactions between the weight matrices
satisfy certain conditions that imply a wide training loss minimum, these conditions
themselves generalize to the interactions between the matrices on test data, thereby
implying a wide test loss minimum. We then apply our general framework in a
setup where we assume that the pre-activation values of the network are not too
small (although we assume this only on the training data). In this setup, we provide
a generalization guarantee for the original (deterministic, uncompressed) network,
that does not scale with product of the spectral norms of the weight matrices — a
guarantee that would not have been possible with prior approaches.

1 INTRODUCTION

Modern deep neural networks contain millions of parameters and are trained on relatively few samples.
Conventional wisdom in machine learning suggests that such models should massively overfit on
the training data, as these models have the capacity to memorize even a randomly labeled dataset of
similar size (Zhang et al., 2017 Neyshabur et al.,[2015). Yet these models have achieved state-of-
the-art generalization error on many real-world tasks. This observation has spurred an active line of
research (Soudry et al.,|2018; Brutzkus et al., 2018; L1 & Liang} 2018)) that has tried to understand
what properties are possessed by stochastic gradient descent (SGD) training of deep networks that
allows these networks to generalize well.

One particularly promising line of work in this area (Neyshabur et al., 2017; Arora et al., [2018) has
been bounds that utilize the noise-resilience of deep networks on training data i.e., how much the
training loss of the network changes with noise injected into the parameters, or roughly, how wide is
the training loss minimum. While these have yielded generalization bounds that do not have a severe
exponential dependence on depth (unlike other bounds that grow with the product of spectral norms
of the weight matrices), these bounds are quite limited: they either apply to a stochastic version of
the classifier (where the parameters are drawn from a distribution) or a compressed version of the
classifier (where the parameters are modified and represented using fewer bits).

In this paper, we revisit the PAC-Bayesian analysis of deep networks in [Neyshabur et al.| (2017}
2018) and provide a general framework that allows one to use noise-resilience of the deep network
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on training data to provide a bound on the original deterministic and uncompressed network. We
achieve this by arguing that if on the training data, the interaction between the ‘activated weight
matrices’ (weight matrices where the weights incoming from/outgoing to inactive units are zeroed out)
satisfy certain conditions which results in a wide training loss minimum, these conditions themselves
generalize to the weight matrix interactions on the test data.

After presenting this general PAC-Bayesian framework, we specialize it to the case of deep ReLU
networks, showing that we can provide a generalization bound that accomplishes two goals simul-
taneously: 1) it applies to the original network and ii) it does not scale exponentially with depth in
terms of the products of the spectral norms of the weight matrices; instead our bound scales with
more meaningful terms that capture the interactions between the weight matrices and do not have
such a severe dependence on depth in practice. We note that all but one of these terms are indeed
quite small on networks in practice. However, one particularly (empirically) large term that we use is
the reciprocal of the magnitude of the network pre-activations on the training data (and so our bound
would be small only in the scenario where the pre-activations are not too small). We emphasize that
this drawback is more of a limitation in how we characterize noise-resilience through the specific
conditions we chose for the ReLLU network, rather than a drawback in our PAC-Bayesian framework
itself. Our hope is that, since our technique is quite general and flexible, by carefully identifying the
right set of conditions, in the future, one might be able to derive a similar generalization guarantee
that is smaller in practice.

To the best of our knowledge, our approach of generalizing noise-resilience of deep networks from
training data to test data in order to derive a bound on the original network that does not scale with
products of spectral norms, has neither been considered nor accomplished so far, even in limited
situations.

2 BACKGROUND AND RELATED WORK

One of the most important aspects of the generalization puzzle that has been studied is that of the
flatness/width of the training loss at the minimum found by SGD. The general understanding is
that flatter minima are correlated with better generalization behavior, and this should somehow help
explain the generalization behavior (Hochreiter & Schmidhuber, 1997} |Hinton & van Camp,|1993;
Keskar et al.,[2017). Flatness of the training loss minimum is also correlated with the observation
that on training data, adding noise to the parameters of the network results only in little change in the
output of the network — or in other words, the network is noise-resilient. Deep networks are known to
be similarly resilient to noise injected into the inputs (Novak et al., 2018)); but note that our theoretical
analysis relies on resilience to parameter perturbations.

While some progress has been made in understanding the convergence and generalization behavior
of SGD training of simple models like two-layered hidden neural networks under simple data
distributions (Neyshabur et al., 2015} |Soudry et al.,[2018} Brutzkus et al.| 2018} |Li & Liang| 2018)),
all known generalization guarantees for SGD on deeper networks — through analyses that do not
use noise-resilience properties of the networks — have strong exponential dependence on depth. In
particular, these bounds scale either with the product of the spectral norms of the weight matrices
(Neyshabur et al.,|[2018; Bartlett et al.,|2017) or their Frobenius norms (Golowich et al.,[2018)). In
practice, the weight matrices have a spectral norm that is as large as 2 or 3, and an even larger
Frobenius norm that scales with \/H where H is the width of the network i.e., maximum number of
hidden units per layer. ['| Thus, the generalization bound scales as say, 2” or H”/2, where D is the
depth of the network.

At a high level, the reason these bounds suffer from such an exponential dependence on depth is
that they effectively perform a worst case approximation of how the weight matrices interact with
each other. For example, the product of the spectral norms arises from a naive approximation of the
Lipschitz constant of the neural network, which would hold only when the singular values of the

'To understand why these values are of this order in magnitude, consider the initial matrix that is randomly
initialized with independent entries with variance 1/v/ H. It can be shown that the spectral norm of this matrix,
with high probability, lies near its expected value, near 2 and the Frobenius norm near its expected value which

is vV H. Since SGD is observed not to move too far away from the initialization regardless of H (Nagarajan &
Kolter, |2017), these values are more or less preserved for the final weight matrices.



Published as a conference paper at ICLR 2019

weight matrices all align with each other. However, in practice, for most inputs to the network, the
interactions between the activated weight matrices are not as adverse.

By using noise-resilience of the networks, prior approaches (Arora et al., [2018}; [Neyshabur et al.,
2017) have been able to derive bounds that replace the above worst-case approximation with smaller
terms that realistically capture these interactions. However, these works are limited in critical ways.
Arora et al.| (2018)) use noise-resilience of the network to modify and “compress” the parameter
representation of the network, and derive a generalization bound on the compressed network. While
this bound enjoys a better dependence on depth because its applies to a compressed network, the
main drawback of this bound is that it does not apply on the original network. On the other hand,
Neyshabur et al.|(2017) take advantage of noise-resilience on training data by incorporating it within
a PAC-Bayesian generalization bound (McAllester, |1999a). However, their final guarantee is only a
bound on the expected test loss of a stochastic network.

In this work, we revisit the idea in|[Neyshabur et al.| (2017), by pursuing the PAC-Bayesian framework
(McAllester, |1999a) to answer this question. The standard PAC-Bayesian framework provides
generalization bounds for the expected loss of a stochastic classifier, where the stochasticity typically
corresponds to Gaussian noise injected into the parameters output by the learning algorithm. However,
if the classifier is noise-resilient on both training and test data, one could extend the PAC-Bayesian
bound to a standard generalization guarantee on the deterministic classifier.

Other works have used PAC-Bayesian bounds in different ways in the context of neural networks.
Langford & Caruana| (2001); Dziugaite & Roy|(2017) optimize the stochasticity and/or the weights
of the network in order to numerically compute good (i.e., non-vacuous) generalization bounds
on the stochastic network. |[Neyshabur et al.| (2018)) derive generalization bounds on the original,
deterministic network by working from the PAC-Bayesian bound on the stochastic network. However,
as stated earlier, their work does not make use of noise resilience in the networks learned by SGD.

OUR CONTRIBUTIONS The key contribution in our work is a general PAC-Bayesian framework
for deriving generalization bounds while leveraging the noise resilience of a deep network. While
our approach is applied to deep networks, we note that it is general enough to be applied to other
classifiers.

In our framework, we consider a set of conditions that when satisfied by the network, makes the
output of the network noise-resilient at a particular input datapoint. For example, these conditions
could characterize the interactions between the activated weight matrices at a particular input. To
provide a generalization guarantee, we assume that the learning algorithm has found weights such that
these conditions hold for the weight interactions in the network on training data (which effectively
implies a wide training loss minimum). Then, as a key step, we generalize these conditions over to
the weight interactions on test data (which effectively implies a wide test loss minimum) |} Thus,
with the guarantee that the classifier is noise-resilient both on training and test data, we derive a
generalization bound on the test loss of the original network.

Finally, we apply our framework to a specific set up of ReLLU based feedforward networks. In
particular, we first instantiate the above abstract framework with a set of specific conditions, and
then use the above framework to derive a bound on the original network. While very similar
conditions have already been identified in prior work (Arora et al., 2018} [Neyshabur et al., [2017)
(see Appendix [G]for an extensive discussion of this), our contribution here is in showing how these
conditions generalize from training to test data. Crucially, like these works, our bound does not have
severe exponential dependence on depth in terms of products of spectral norms.

We note that in reality, all but one of our conditions on the network do hold on training data as
necessitated by the framework. The strong, non-realistic condition we make is that the pre-activation
values of the network are sufficiently large, although only on training data; however, in practice a
small proportion of the pre-activation values can be arbitrarily small. Our generalization bound scales
inversely with the smallest absolute value of the pre-activations on the training data, and hence in
practice, our bound would be large.

“Note that we can not directly assume these conditions to hold on test data, as that would be ‘cheating’ from
the perspective of a generalization guarantee.
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Intuitively, we make this assumption to ensure that under sufficiently small parameter perturbations,
the activation states of the units are guaranteed not to flip. It is worth noting that|Arora et al.| (2018));
Neyshabur et al.| (2017) too require similar, but more realistic assumptions about pre-activation values
that effectively assume only a small proportion of units flip under noise. However, even under our
stronger condition that no such units exist, it is not apparent how these approaches would yield a
similar bound on the deterministic, uncompressed network without generalizing their conditions to
test data. We hope that in the future our work could be developed further to accommodate the more
realistic conditions from |Arora et al.| (2018); |Neyshabur et al.[(2017).

3 A GENERAL PAC-BAYESIAN FRAMEWORK

In this section, we present our general PAC-Bayesian framework that uses noise-resilience of the
network to convert a PAC-Bayesian generalization bound on the stochastic classifier to a generalization
bound on the deterministic classifier.

NOTATION. Let K L(+|-) denote the KL-divergence. Let ||, |-, denote the £ norm and the ¢,
norms of a vector, respectively. Let ||, ||z, ||l o, denote the spectral norm, Frobenius norm and
maximum row {5 norm of a matrix, respectively. Consider a K -class learning task where the labeled
datapoints (x, y) are drawn from an underlying distribution D over X x {1,2,---, K'} where X ¢ RY,
We consider a classifier parametrized by weights V. For a given input x and class k&, we denote the
output of the classifier by f (x; W) [k]. In our PAC-Bayesian analysis, we will use U ~ N'(0, %) to
denote parameters whose entries are sampled independently from a Gaussian, and VW + U to denote
the entrywise addition of the two sets of parameters. We use HWH; to denote Y2 Wy ||§, Given
a training set S of m samples, we let (x,y) ~ S to denote uniform sampling from the set. Finally,
for any v > 0, let £, (f (x;V),y) denote a margin-based loss such that the loss is 0 only when
f (W) [y] > maxj., f (x; W) [j]+7, and 1 otherwise. Note that L, corresponds to 0-1 error. See
Appendix [A] for more notations.

TRADITIONAL PAC-BAYESIAN BOUNDS. The PAC-Bayesian framework (McAllester, |1999a;b))
allows us to derive generalization bounds for a stochastic classifier. Specifically, let V¥ be a random
variable in the parameter space whose distribution is learned based on training data S. Let P be a
prior distribution in the parameter space chosen independent of the training data. The PAC-Bayesian
framework yields the following generalization bound on the 0-1 error of the stochastic classifier that
holds with probability 1 — ¢ over the draw of the training set .S' of m sample

By [E - Lo(f (x9) 1)1 < By [Eey-slLols (1), )]] + O (VELOV|P)jm)

Typically, and in the rest of this discussion, W is a Gaussian with covariance o1 for some o > 0
centered at the weights )V learned based on the training data. Furthermore, we will set P to be a
Gaussian with covariance o2] centered at the random initialization of the network like in|Dziugaite
& Roy|(2017), instead of at the origin, like in Neyshabur et al.|(2018). This is because the resulting
KL-divergence — which depends on the distance between the means of the prior and the posterior — is

known to be smaller, and to save a \/ H factor in the bound (Nagarajan & Kolter,2017).

3.1 OUR FRAMEWORK

To extend the above PAC-Bayesian bound to a standard generalization bound on a deterministic
classifier VW, we need to replace the training and the test loss of the stochastic classifier with that of
the original, deterministic classifier. However, in doing so, we will have to introduce extra terms
in the upper bound to account for the perturbation suffered by the train and test loss under the
Gaussian perturbation of the parameters. To tightly bound these two terms, we need that the network
is noise-resilient on training and test data respectively. Our hope is that if the learning algorithm has
found weights such that the network is noise-resilient on the training data, we can then generalize
this noise-resilience over to test data as well, allowing us to better bound the excess terms.

3We use O(-) to hide logarithmic factors.
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We now discuss how noise-resilience is formalized in our framework through certain conditions on
the weight matrices. Much of our discussion below is dedicated to how these conditions must be
designed, as these details carry the key ideas behind how noise-resilience can be generalized from
training to test data. We then present our main generalization bound and some intuition about our
proof technique.

INPUT-DEPENDENT PROPERTIES OF WEIGHTS Recall that, at a high level, the noise-resilience of a
network corresponds to how little the network reacts to random parameter perturbations. Naturally,
this would vary depending on the input. Hence, in our framework, we will analyze the noise-resilience
of the network as a function of a given input. Specifically, we will characterize noise-resilience
through conditions on how the weights of the model interact with each other for a given input. For
example, in the next section, we will consider conditions of the form “the preactivation values of
the hidden units in layer d, have magnitude larger than some small positive constant”. The idea is
that when these conditions involving the weights and the input are satisfied, if we add noise to the
weights, the output of the classifier for that input will provably suffer only little perturbation. We
will more generally refer to each scalar quantity involved in these conditions, such as each of the
pre-activation values, as an input-dependent property of the weights.

We will now formulate these input-dependent properties and the conditions on them, for a generic
classifier, and in the next section, we will see how they can be instantiated in the case of deep
networks. Consider a classifier for which we can define R different conditions, which when satisfied
on a given input, will help us guarantee the classifier’s noise-resilience at that input i.e., bound the
output perturbation under random parameter perturbations (to get an idea of what R corresponds to,
in the case of deep networks, we will have a condition for each layer, and so R will scale with depth).
In particular, let the rth condition be a bound involving a particular set of input-dependent properties
of the weights denoted by {p,1 (W, x,y), pr2(W,%,y),--, } — here, each element p,.;(W,x,y) isa
scalar value that depends on the weights and the input, just like pre-activation Valuesﬂ Note that here
the first subscript [ is the index of the element in the set, and the second subscript r is the index of the
set itself. Now for each of these properties, we will define a corresponding set of positive constants
(that are independent of W, x and y), denoted by {A7;, A7, -}, which we will use to specify our

conditions. In particular, we say that the weights W satisfy the rth condition on the input (x,y) iiﬂ
Vl, pr,l(WaXay) > A:,l (1)

For convenience, we also define an additional R + 1th set to be the singleton set containing the margin
of the classifier on the input: f (x; W) [y] - max;., f (x; W) [j]. Note that if this term is positive
(negative) then the classification is (in)correct. We will also denote the constant A7, +1,1 88 Yelass-

ORDERING OF THE SETS OF PROPERTIES We now impose a crucial constraint on how these sets
of properties depend on each other. Roughly speaking, we want that for a given input, if the first r — 1
sets of properties approximately satisfy the condition in Equation[l] then the properties in the rth set
are noise-resilient i.e., under random parameter perturbations, these properties do not suffer much
perturbation. This kind of constraint would naturally hold for deep networks if we have chosen the
properties carefully e.g., we will show that, for any given input, the perturbation in the pre-activation
values of the dth layer is small as long as the absolute pre-activation values in the layers below d — 1
are large, and a few other norm-bounds on the lower layer weights are satisfied.

We formalize the above requirement by defining expressions A, ; (o) that bound the perturbation in
the properties p,.;, in terms of the variance o? of the parameter perturbations. For any » < R + 1 and
for any (x,y), our framework requires the following to hold:

*As we will see in the next section, most of these properties depend on only the unlabeled input x and not on
y. But for the sake of convenience, we include y in the formulation of the input-dependent property, and use the
word input to refer to x or (x,y) depending on the context

SWhen we say V1 below, we refer to the set of all possible indices  in the rth set, noting that different sets
may have different cardinality.
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if Vg <7V, pgi(W,x,y) > 0 then
and

AqJ(O') 1
2 | < RS N

Ar,l(U)
PTZ/{~N(0,0'2[) [VZ |pT,l(W + u7 X, y) - pT,l(W7 X, y)| > T

Vq<7’, vl |Pq,l(W + u7 X, y) - pq,l(Wa X, y)|<

Let us unpack the above constraint. First, although the above constraint must hold for all inputs (x, y),
it effectively applies only to those inputs that satisfy the pre-condition of the if-then statement: namely,
it applies only to inputs (x, y) that approximately satisfy the first  — 1 conditions in Equation in
that p, (W, x,y) > 0 (instead of p,; (W, x,y) > A;J). Next, we discuss the second part of the
above if-then statement which specifies a probability term that is required to be small for all such
inputs. In words, the first event within the probability term above is the event that for a given random
perturbation I/, the properties involved in the rth condition suffer a large perturbation. The second is
the event that the properties involved in the first r — 1 conditions do not suffer much perturbation;
but, given that these r — 1 conditions already hold approximately, this second event implies that
these conditions are still preserved approximately under perturbation. In summary, our constraint
requires the following: for any input on which the first » — 1 conditions hold, there should be very
few parameter perturbations that significantly perturb the rth set of properties while preserving the
first  — 1 conditions. When we instantiate the framework, we have to derive closed form expressions
for the perturbation bounds A,.;(¢) (in terms of only o and the constants A’ ). As we will see,
for ReLU networks, we will choose the properties in a way that this constraint naturally falls into
place in a way that the perturbation bounds A, ;(¢) do not grow with the product of spectral norms

(Lemma [ET).

THEOREM STATEMENT In this setup, we have the following ‘margin-based’ generalization guaran-
tee on the original network. That is, we bound the 0-1 test error of the network by a margin-based
error on the training data. Our generalization guarantee, which scales linearly with the number of
conditions R, holds under the setting that the training algorithm always finds weights such that on the
training data, the conditions in Equation []is satisfied forall » = 1,---, R.

Theorem 3.1. Let 0* be the maximum standard deviation of the Gaussian parameter perturbation
such that the constraint in Equationholds with Ay (0*) < A7, Vr < R+1and V. Then, for any
0 > 0, with probability 1 - § over the draw of samples S from D™, for any VW we have that, if W
satisfies the conditions in Equation|l|for all r < R and for all training examples (x,y) € S, then

Prix,y)op [Lo(f (W), 4)] SPr(x,yy~s [ Lo (f (5 W) )]
+0 R\l 2KL(N(W, (0*)21)|[P) +In 238t

m-1

The crux of our proof (in Appendix D) lies in generalizing the conditions of Equation [I] satisfied
on the training data to test data one after the other, by proving that they are noise-resilient on both
training and test data. Crucially, after we generalize the first » — 1 conditions from training data to
test data (i.e., on most test and training data, the » — 1 conditions are satisfied), we will have from
Equation [2] that the rth set of properties are noise-resilient on both training and test data. Using the
noise-resilience of the rth set of properties on test/train data, we can generalize even the rth condition
to test data.

We emphasize a key, fundamental tool that we present in Theorem to convert a generic PAC-
Bayesian bound on a stochastic classifier, to a generalization bound on the deterministic classifier.
Our technique is at a high level similar to approaches in|London et al.[(2016); McAllester| (2003).
In Section [C.1] we argue how this technique is more powerful than other approaches inNeyshabur]
et al.|(2018); |Langford & Shawe-Taylor (2002); Herbrich & Graepel (2000) in leveraging the noise-
resilience of a classifier. The high level argument is that, to convert the PAC-Bayesian bound, these
latter works relied on a looser output perturbation bound, one that holds on all possible inputs, with
high probability over all perturbations i.e., a bound on maxy | f (x; W) - f (x; W +U)|, w.h.p
over draws of . In contrast, our technique relies on a subtly different but significantly tighter bound:
a bound on the output perturbation that holds with high probability given an input i.e., a bound
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on |f(x;W) - f(x;W+U)|,, wh.p over draws of U for each x. When we do instantiate our
framework as in the next section, this subtle difference is critical in being able to bound the output
perturbation without suffering from a factor proportional to the product of the spectral norms of the
weight matrices (which is the case in Neyshabur et al.| (2018))).

4  APPLICATION OF OUR FRAMEWORK TO RELU NETWORKS

NOTATION. In this section, we apply our framework to feedforward fully connected ReLU networks
of depth D (we care about D > 2) and width H (which we will assume is larger than the input
dimensionality N, to simplify our proofs) and derive a generalization bound on the original network
that does not scale with the product of spectral norms of the weight matrices. Let ¢ (-) denote
the ReLU activation. We consider a network parameterized by W = (Wy, Wy, -, Wp) such that
the output of the network is computed as f (x; W) = Wp¢ (Wp_1---¢ (W1x)). We denote the
value of the hth hidden unit on the dth layer before and after the activation by g¢ (x; W) [h] and
F4(x; W) [h] respectively. We define JU? (x; W) = dg? (x; W) /g% (x; W) to be the Jacobian
of the pre-activations of layer d with respect to the pre-activations of layer d’ for d’ < d (each row in
this Jacobian corresponds to a unit in layer d). In short, we will call this, Jacobian d/d’. Let Z denote
the random initialization of the network.

Informally, we consider a setting where the learning algorithm satisfies the following conditions on
the training data that make it noise-resilient on training data: a) the /5 norm of the hidden layers are
all small, b) the pre-activation values are all sufficiently large in magnitude, c) the Jacobian of any
layer with respect to a lower layer, has rows with a small {5 norm, and has a small spectral norm.
We cast these conditions in the form of Equation[I|by appropriately defining the properties p’s and
the margins A*’s in the general framework. We note that these properties are quite similar to those
already explored in|Arora et al.| (2018); Neyshabur et al.|(2017); we provide more intuition about
these properties, and how we cast them in our framework in Appendix

Having defined these properties, we first prove in Lemma[E.T|in Appendix [E]a guarantee equivalent
to the abstract inequality in Equation 2} Essentially, we show that under random perturbations of the
parameters, the perturbation in the output of the network and the perturbation in the input-dependent
properties involved in (a), (b), (c) themselves can all be bounded in terms of each other. Crucially,
these perturbation bounds do not grow with the spectral norms of the network.

Having instantiated the framework as above, we then instantiate the bound provided by the framework.
Our generalization bound scales with the bounds on the properties in (a) and (c) above as satisfied
on the training data, and with the reciprocal of the property in (b) i.e., the smallest absolute value
of the pre-activations on the training data. Additionally, our bound has an explicit dependence on
the depth of the network, which arises from the fact that we generalize R = O(D) conditions. Most
importantly, our bound does not have a dependence on the product of the spectral norms of the weight
matrices.

Theorem 4.1. (shorter version; see Appendix|[Flfor the complete statement) For any margin ~eizss > 0,
and any § > 0, with probability 1 — § over the draw of samples from D™, for any W, we have that:

Prisay-p [£o(f (W) )] <Prsyy-s (£ (F (W) )] + O (DI = 23/ ((07)2m)

Here 1/0-* equals O( \ H maX{Bluyer-éz ) Bpreach Bourputa Bjuc-row-fza Bjuc-spec}), where

d * * d * *
a1 Cajarar-1 Zar=1 Sajar @1
Blayer—fg =0 max ———— 7Bpreacl =0 max —————

1<d<D aj 1<d<D \ /ny;
i1 $hyja®a Cictyar + [Waly oo Sintarca ¥iyjarC

d=15p/d%d-1 d-1/d’ dll2,00 Zud"=d'+1 ¥d-1/d"Sd"-1/d"

Boutput =0 —— 7Bjac-rgw-[z =0 HIIaX <
V H" 1455 1<d’<d<D gd/d,
d-1
Can_yyar + Wallo Xanzar o Yooy janSan—1jar

Bjac-xpec =0 n}ax "

1<d’<d<D wd/d,
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where, the terms o, etc., are norm-bounds that hold on all training data (x,y) € S as
follows: oy > Hfd (x,W)” (an upper bound on the {5 norm of each hidden layer output),
v; < miny, ’fd (x; W) [h]| (a lower bound on the absolute values of the pre-activations for each

layer), C;/d, > HJd/d’(X; W) H2 - (an upper bound on the row {5 norms of the Jacobian for each

layer), zb;/d, > HJd/d’(X; W)H2 (an upper bound on the spectral norm of the Jacobian for each
layer).

In Figure[T] we show how the terms in the bound vary for networks of varying depth with a small
width of H = 40 on the MNIST dataset. We observe that Biayer-¢, , Boutput, Biac-row-£5  Bijac-spec typically

lie in the range of [10°,102] and scale with depth as oc 1.57. In contrast, the equivalent term from
Neyshabur et al.| (2018) consisting of the product of spectral norms can be as large as 10% or 10° and
scale with D more severely as 2.157.

The bottleneck in our bound is Byreac» Which scales inversely with the magnitude of the smallest
absolute pre-activation value of the network. In practice, this term can be arbitrarily large, even
though it does not depend on the product of spectral norms/depth. This is because some hidden
units can have arbitrarily small absolute pre-activation values — although this is true only for a small
proportion of these units.

To give an idea of the typical, non-pathological magnitude of the pre-activation values, we plot two
other variations of Bpreact: a) 5%-Bpreact which is calculated by ignoring 5% of the training datapoints
with the smallest absolute pre-activation values and b) median-Bpreaee Which is calculated by ignoring
half the hidden units in each layer with the smallest absolute pre-activation values for each input. We
observe that median-Byeac is quite small (of the order of 10?), while 5%-Bpmct, while large (of the
order of 10%), is still orders of magnitude smaller than Bpreact.
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Figure 1: In the above figure, we plot the logarithm (to the base 10) of values of the terms occurring in
the upper bound of 1/c* for networks of varying depth, with H = 40. Additionally, we plot variations
of Bpreact, amely 5%-Bpreace and median-Bpreacr as discussed in the text. We also plot the equivalent

term from Neyshabur et al,| (2018) corresponding to maxy |x| D [T51 |Wall2/7etass- Note that if the
slope of the logy vs D graph is c, then the g oc (10°)?.

In Figure [2] we show how our overall bound and existing product-of-spectral-norm-based bounds
(Bartlett et al.L 2017; Neyshabur et al., 2018)) vary with depth. While our bound is orders of magnitude
larger than prior bounds, the key point here is that our bound grows with depth as 1.57" while
prior bounds grow with depth as 2.15” indicating that our bound should perform asymptotically
better with respect to depth. Indeed, we verify that our bound obtains better values than the other
existing bounds when D = 28 (see Figure [2]b). We also plot hypothetical variations of our bound
replacing Bpreact With 5%-Bpreact (see “Ours-5%) and median-Bipreae, (see “Ours-Median”) both of
which perform orders of magnitude better than our actual bound (note that these two hypothetical
bounds do not actually hold good). In fact for larger depth, the bound with 5%-Byreact performs better
than all other bounds (including existing bounds). This indicates that the only bottleneck in our
bound comes from the dependence on the smallest pre-activation magnitudes, and if this particular
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dependence is addressed, our bound has the potential to achieve tighter guarantees for even smaller
Dsuchas D =8.

—@— Ours ,\“"H
Al()O Ours-5% EZ %-25 §2
_g |~ Ours-Median S 3 3
S 75 m geyjhabu'ﬁvm R TR V5 005570 95 06570 75
o artlett+'17 log(Ours) log(Ours-5%) log(Ours-Median)
o0
)
5.0 w g2 g2
S 8
3 6 9 12 013 1 0 1
log(Neyshabur+'18) log(Bartlett+'17)
Depth

b) Distribution of bounds for H = 40, D = 28
a) Bound vs. Depth

Figure 2: In the left, we vary the depth of the network (fixing /' = 40) and plot the logarithm of various
generalization bounds ignoring the dependence on the training dataset size and a log(DH ) factor
in all of the considered bounds. Specifically, we consider our bound, the hypothetical versions of
our bound involving 5%—Bpreact and median-Bpe,c respectively, and the bounds from [Neyshabur et al.

D 2 D
(2018) e oDV [Wall . [ | INaZale and Bartlett et al|(2017) 22 Ty Il

D [ [Wa=Zalza \2/3 3/2 . . . . e
(Z =1 (W) ) both of which have been modified to include distance from initialization

instead of distance from origin for a fair comparison. Observe the last two bounds have a plot with a
larger slope than the other bounds indicating that they might potentially do worse for a sufficiently
large D. Indeed, this can be observed from the plots on the right where we report the distribution of
the logarithm of these bounds for D = 28 across 12 runs (although under training settings different
from the experiments on the left; see Appendix @ for the exact details).

We refer the reader to Appendix [F-3|for added discussion where we demonstrate how all the quantities
in our bound vary with depth for H = 1280 (Figure [3] @) and with width for D = 8,14 (Figures[5and
6.

Finally, as noted before, we emphasize that the dependence of our bound on the pre-activation values
is a limitation in how we characterize noise-resilience through our conditions rather than a drawback
in our general PAC-Bayesian framework itself. Specifically, using the assumed lower bound on the
pre-activation magnitudes we can ensure that, under noise, the activation states of the units do not flip;
then the noise propagates through the network in a tractable, “linear” manner. Improving this analysis
is an important direction for future work. For example, one could modify our analysis to allow
perturbations large enough to flip a small proportion of the activation states; one could potentially
formulate such realistic conditions by drawing inspiration from the conditions in Neyshabur et al.
(2017); Arora et al.[(2018).

However, we note that even though these prior approaches made more realistic assumptions about
the magnitudes of the pre-activation values, the key limitation in these approaches is that even under
our non-realistic assumption, their approaches would yield bounds only on stochastic/compressed
networks. Generalizing noise-resilience from training data to test data is crucial to extending these
bounds to the original network, which we accomplish.

5 SUMMARY AND FUTURE WORK

In this work, we introduced a novel PAC-Bayesian framework for leveraging the noise-resilience of
deep neural networks on training data, to derive a generalization bound on the original uncompressed,
deterministic network. The main philosophy of our approach is to first generalize the noise-resilience
from training data to test data using which we convert a PAC-Bayesian bound on a stochastic network
to a standard margin-based generalization bound. We apply our approach to ReL.U based networks
and derive a bound that scales with terms that capture the interactions between the weight matrices
better than the product of spectral norms.
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For future work, the most important direction is that of removing the dependence on our strong
assumption that the magnitude of the pre-activation values of the network are not too small on training
data. More generally, a better understanding of the source of noise-resilience in deep ReLU networks
would help in applying our framework more carefully in these settings, leading to tighter guarantees
on the original network.
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APPENDIX

A NOTATIONS (CONTINUED)

We will use upper-case symbols to denote matrices, and lower-case bold-face symbols to denote
vectors. In order to make the mathematical statements/derivations easier to read, if we want to
emphasize a term, say x, we write, x.

Recall that we consider a neural netork of depth D (i.e., D — 1 hidden layers and one output layer)
mapping from RY — R where K is the number of class labels in the learning task. The layers are
fully connected with H units in each hidden layer, and with ReLU activations ¢ (-) on all the hidden
units and linear activations on the output units. We denote the parameters of the network using the
symbol W, which in turn denotes a set of weight matrices W1, Wa,---, Wp. Here, W € RP*N "and
Wp € RE*H and for all other layers d # 1, D, W, e RF*H _'We will use the notation W to denote
the first d weight matrices. We denote the vector of weights input to the hth unit on the dth layer
(which corresponds to the hth row in W) as w.

For any input x € R™V, we denote the function computed by the network on that input as f (x; W) =
Wpo (Wp-1--¢ (W1x)). Forany d = 1,---, D — 1, we denote the output of the dth hidden layer after
the activation by f9 (x;V). We denote the corresponding pre-activation values for that layer by
g% (x; ). We denote the value of the hth hidden unit on the dth layer after and before the activation
by f¢(x; W) [h] and g% (x; W) [h] respectively. Note that for the output layer d = D, these two
values are equal as we assume only a linear activation. For d = 0, we define f° (x; W) = x. Asa
result, we have the following recursions:

fd(X;W) = ¢(gd(X;W)),d= 1,2,-,D-1
P W) =g” (W) = f (W),
g% (x; W) = Waf*t (s W), ¥d=1,2,-,D
gd (x; W) [h] = W;il : fd_l (W) [h]’ Vd=1,2,---,D

For layers d’, d such that d’ < d, let us define J% d' (x; W) to be the Jacobian corresponding to the
pre-activation values of layer d with respect to the pre-activation values of layer d’ on an input x.
That is,

Jd/d’(x;w) _ 89d, (W)

g% (x; W)
In other words, this corresponds to the product of the ‘activated’ portion of the matrices
Wari1, Warsa, -+, Wq, where the weights corresponding to inactive inputs are zeroed out. In short,
we will call this ‘Jacobian d/d"’. Note that each row in this Jacobian corresponds to a unit on the dth
layer, and each column corresponds to a unit on the d'th layer.

We will denote the parameters of a random initialization of the network by Z = (Z1, Zs, -+, Z4). Let
D be an underlying distribution over RY x {1,2,---) K} from which the data is drawn.

In our PAC-Bayesian analysis, we will use U to denote a set of D weight matrices Uy, Us, -+, Up
whose entries are sampled independently from a Gaussian. Furthermore, we will use U, to denote
only the first d of the randomly sampled weight matrices, and W + Uy to denote a network where
the d random matrices are added to the first d weight matrices in V. Note that W + Uy = W. Thus,
f(x; W +Uy) is the output of a network where the first d weight matrices have been perturbed. In
our analysis, we will also need to study a perturbed network where the hidden units are frozen to
be at the activation state they were at before the perturbation; we will use the notation W[+y] to
denote the weights of such a network.

For our statements regarding probability of events, we will use A, v, and - to denote the intersection,
union and complement of events (to disambiguate from the set operators).

12
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B USEFUL LEMMAS

In this section, we present some standard results. The first two results below will be useful for our
noise resilience analysis.

HOEFFDING BOUND

Lemma B.1. Fori=1,2,---,n, let X; be independent random variables sampled from a Gaussian
with mean p; and variance 01»2. Then for all t > 0, we have:

n 2
Pr[Z(XZv—m) Zt] Sexp(—2zi 02).
i=10;

i=1

PrlZ(Xi—ui)2\|2ZUfln§]§5
izl i=1

Note that an identical inequality holds good symmetrically for the event Y7 ; X; — p; < —t, and so
the probability that the event |Y1* ; X; — ;| > ¢ holds, is at most twice the failure probability in the
above inequalities.

Or alternatively, for § € (0,1]

PRODUCT OF AN ENTRYWISE GAUSSIAN MATRIX AND A VECTOR

Lemma B.2. Let U be a Hy x Ho matrix where each entry is sampled from N'(0,02). Let X be an
arbitrary vector in RH2. Then, Ux ~ N(0, |x|3021).

Proof. Ux is a random vector sampled from a multivariate Gaussian with mean E[Ux] = 0
and co-variance E[UxxTUT]. The (4,;)th entry in this covariance matrix is E[(ufx)(u?x)]
where u; and u; are the ith and jth row in U. When i = j, E[(uf x)(u] x)] = E[|u]x[*] =
Y12 E[u?,]z? = o?|x|%. When i # 4, since u; and u; are independent random variables, we will
have E[(ulTx)(u]Tx)] = fol Eluinzh] ijl Elujnxn] = 0.

O

SPECTRAL NORM OF ENTRY-WISE GAUSSIAN MATRIX The following result (Tropp, 2012)
bounds the spectral norm of a matrix with Gaussian entries, with high probability:

Lemma B.3. Let U be a H x H matrix. Then,

Proonoo2n) (U5 > t] < 2H exp(~t*/2Ho?)

2H
U], >0o\/2HIn 5] < 2H exp(~t*/2Ho?)

KL DIVERGENCE OF GAUSSIANS. We will use the following KL divergence equality to bound the
generalization error in our PAC-Bayesian analyses.

or alternatively, for any § > 0,

Pry.no,021)

Lemma B.4. Let P be the spherical Gaussian N'(p,,0%I) and Q be the spherical Gaussian
N (py,0%I). Then, the KL-divergence between Q) and P is:

g = o |
KL(Q|P) = %

13



Published as a conference paper at ICLR 2019

C PAC-BAYESIAN THEOREM

In this section, we will present our main PAC-Bayesian theorem that will guide our analysis of
generalization in our framework. Concretely, our result extends the generalization bound provided by
conventional PAC-Bayesian analysis (McAllester, 2003)) — which is a generalization bound on the
expected loss of a distribution of classifiers i.e., a stochastic classifier — to a generalization bound on
a deterministic classifier. The way we reduce the PAC-Bayesian bound to a standard generalization
bound, is different from the one pursued in previous works (Neyshabur et al.l 2018} [Langford &
Shawe-Taylor, 2002).

The generalization bound that we state below is a bit more general than standard generalization bounds
on deterministic networks. Typically, generalization bounds are on the classification error; however,
as discussed in the main paper we will be dealing with generalizing multiple different conditions on
the interactions between the weights of the network from the training data to test data. So to state a
bound that is general enough, we consider a set of generic functions p,.(W,x,y) forr=1,2,---R’
(we use R’ to distinguish it from R, the number of conditions in the abstract classifier of Section .
Each of these functions compute a scalar value that corresponds to some input-dependent property of
the network with parameters W for the datapoint (x,y). As an example, this property could simply
be the margin of the function on the yth class i.e., f (x; W) [y] - max;., f (x; W) [4].

Theorem C.1. Let P be a prior distribution over the parameter space that is chosen independent of
the training dataset. Let U be a random variable sampled entrywise from N'(0,02). Let p,.(-,-,-) and
A, >0forr=1,2,---R/, be a set of input-dependent properties and their corresponding margins. We
define the network VV to be noise-resilient with respect to all these functions, at a given data point
(x,y) if: A X

Prign(0,02) [37“ ClorOV,x,y) = pr (W + U %, y)| > 7] < T 3)

Let up({(pr, Ar) ﬁ,l, W) denote the probability over the random draw of a point (x,y) drawn
from D, that the network with weights W is not noise-resilient at (x,y) according to Equation

That is, let jip ({(pr, D)}y, W) 1=

A, 1
Prxy)~p [Pruw(o,fﬁ) [37" orOV,x,y) = pr (W + U, X, )| > 7] > \/W]

Similarly, let jus({(pr, Ar) Y, W) denote the fraction of data points (x,y) in a dataset S for
which the network is not noise-resilient according to Equation |3} Then for any 6, with probability
1= § over the draws of a sample set S = {(x;,y;) ~ D |i = 1,2,---,m}, for any W we have:

]. N !
Pr(x,y)~D [37’ : pr(W,x,y) <O:| = Z 1[37“ : pT(vavy) < AT] +NS({(pT7AT)}7i17W)
(x,y)es

2KL(N(W,02I)|P) +In 22 2
+ .
m-1 vm-1
The reader maybe curious about how one would bound the term pp in the above bound, as this term

corresponds to noise-resilience with respect to fest data. This is precisely what we bound later when
we generalize the noise-resilience-related conditions satisfied on train data over to test data.

+/'LD({(pT7 Ar)}levw) + 2\/

C.1 KEY ADVANTAGE OF OUR BOUND.

The above approach differs from previous approaches used by Neyshabur et al.[(2018)); |Langford
& Shawe-Taylor| (2002) in how strong a noise-resilience we require of the classifier to provide the
generalization guarantee. The stronger the noise-resilience requirement, the more price we have to
pay when we jump from the PAC-Bayesian guarantee on the stochastic classifier to a guarantee on the
deterministic classifier. We argue that our noise-resilience requirement is a much milder condition
and therefore promises tighter guarantees. Our requirement is in fact philosophically similar to
London et al.| (2016)); McAllester (2003)), although technically different.

14
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More concretely, to arrive at a reasonable generalization guarantee in our setup, we would need that
up and fig are both only as large as O(1/v/m). In other words, we would want the following for
(x,y) ~ D and for (x,y) ~ S:

A, 1
Prix.y) [Pru~/\f(0,02) [37“ ClorOV,x,y) = pe (W + U, X, y)| > 7] > ﬁ] = 0(1/v/m).

Previous works require a noise resilience condition of the form that with high probability a particular
perturbation does not perturb the classifier output on any input. For example, the noise-resilience
condition used in Neyshabur et al.| (2018)) written in terms of our notations, would be:

1

A,
Pryinr(0,02) [3X 23 oW, x,y) - pr (W + U X, y)| > 7] <35

The main difference between the above two formulations is in what makes a particular perturbation
(un)favorable for the classifier. In our case, we deem a perturbation unfavorable only after fixing
the datapoint. However, in the earlier works, a perturbation is deemed unfavorable if it perturbs
the classifier output sufficiently on some datapoint from the domain of the distribution. While this
difference is subtle, the earlier approach would lead to a much more pessimistic analysis of these
perturbations. In our analysis, this weakened noise resilience condition will be critical in analyzing
the Gaussian perturbations more carefully than in Neyshabur et al.|(2018)) i.e., we can bound the
perturbation in the classifier output more tightly by analyzing the Gaussian perturbation for a fixed
Input point.

Note that one way our noise resilience condition would seem stronger in that on a given datapoint we
want less than 1/ \/ﬁ mass of the perturbations to be unfavorable for us, while in previous bounds,
there can be as much as 1/2 probability mass of perturbations that are unfavorable. In our analysis,
this will only weaken our generalization bound by a In \/m factor in comparison to previous bounds
(while we save other significant factors).

C.2 PROOF FOR THEOREMI[C.I]

Proof. The starting point of our proof is a standard PAC-Bayesian theorem |[McAllester| (2003) which
bounds the generalization error of a stochastic classifier. Let P be a data-independent prior over the
parameter space. Let L(W, x, y) be any loss function that takes as input the network parameter, and
a datapoint x and its true label y and outputs a value in [0, 1]. Then, we have that, with probability
1 - § over the draw of S ~ D, for every distribution ) over the parameter space, the following
holds:

A ~ 2KL(Q|P) +In 2™
EVWQ []E(x,y)~D [,C(ngy)]] S]EVWQ [1 Z ﬁ(W,X,y)]+2\/ (Q[P) +1In S @

(xp)es m -1

In other words, the statement tells us that except for a § proportion of bad draws of m samples, the
test loss of the stochastic classifier W ~ ) would be close to its train loss. This holds for every
possible distribution ), which allows us to cleverly choose () based on S. As is the convention, we
choose @ to be the distribution of the stochastic classifier picked from A'(W, 021) i.e., a Gaussian
perturbation of the deterministic classifier W.

RELATING TEST LOSS OF STOCHASTIC CLASSIFIER TO DETERMINISTIC CLASSIFIER. Now our
task is to bound the loss for the deterministic classifier W, Pr(x ,y.p [3r | p, (W, x,3) < 0]. To this
end, let us define the following margin-based variation of this loss for some ¢ > 0:

1 3 pe(WV,x,y) <A,
LW,x,y) = {0 otherwise,

and so we have Pry ,,).p [37 | pr (W, %, 1) < 0] = E(x )~p [Lo(W, x,y)]. First, we will bound the
expected Lo of a deterministic classifier by the expected L, of the stochastic classifier; then we
will bound the test L1, of the stochastic classifier using the PAC-Bayesian bound.
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We will split the expected loss of the deterministic classifier into an expectation over datapoints for
which it is noise-resilient with respect to Gaussian noise and an expectation over the rest. To write
this out, we define, for a datapoint (x,y), 91(W, x,y) to be the event that JV is noise-resilient at
(x,y) as defined in Equation [3]in the theorem statement:

IE(x,y)ND [‘CO(W7 X, y)] = IE(x,y)~D [‘CO(Wv X, y)| m(wv X, y)] Pr(x,y)~D [m(W7 X, y)]
+ IE()gy)ND [‘CO(Wa X, y)| _‘m(wv X, y)] Pr(x,y)~'D [_‘m(wa X, y)]

<1 1o ({(pr ) YR W)
< ]E(XJJ)ND [‘CO(Wa X, y)| ‘)T(W, X, y)] Pr(xty)ND [m(w’ X, y)]

+ up({(pr A YE L W) (5)

To further continue the upper bound on the left hand side, we turn our attention to the stochastic
classifier’s loss on the noise-resilient part of the distribution D (we will lower bound this term in
terms of the first term on the right hand side above). For simplicity of notations, we will write D’ to
denote the distribution D conditioned on 9(W, x,y). Also, let (W, x, y) be the favorable event
that for a given data point (x,y) and a draw of the stochastic classifier, W, it is the case that for every
r, |or(W,x,y) - pr(i/i/7 x,%)| < A, /2. Then, the stochastic classifier’s loss L1/, on D’ is:

Ev.q [Ey-n [L1720V,%,9)]] = E x4y~ [EWNQ [£120V,%,9)]]

splitting the inner expectation over the favorable and unfavorable perturbations, and using linearity of
expectations,

= IE(x,y)~D’ [EWNQ [ﬁl/Q(W: X, y)| Ll(V~V7 X, y)] PrV\}NQ [L[(Wa X, y)]]
+ E(X7y)ND' []EVV~Q [‘cl/?(W» X, y)’ _‘LL(W’ X, y)]PrW~Q [ﬂﬂ(W, X, y)]]
to lower bound this, we simply ignore the second term (which is positive)

2 IE(x,y)~D’ [EWNQ [£1/2(W7 X, y)| u(wa X, y)] PrWNQ [u(wa X, y)]] :

Next, we use the following fact: if El/z(Wm,y) = 0, then for all 7, p,(W,z,y) > A,/2 and
if W is a favorable perturbation of W, then for all r, p,(W,z,y) > p,(V,x,y) = A./2 > 0
ie., Li1p(W,x,y) = 0 implies Lo(W,x,y) = 0. Hence if WV is a favorable perturbation then,

L2 (W, x,y) > Lo(W,x, ). Therefore, we can lower bound the above expression by replacing the
stochastic classifier with the deterministic classifier (and thus ridding ourselves of the expectation

over Q):

> B g)p [ LoV, %, 9)Pryi, o [UOV, x,9)]] .

Since the favorable perturbations for a fixed datapoint drawn from D’ have sufficiently high probability
(that is, Pry;,._ o [il()/\/7 X, y)] >1-1/y/m), we have:

> (1 - \/1%) B )~ [LoOV, x,)].

Thus, we have a lower bound on the stochastic classifier’s loss that is in terms of the deterministic
classifier’s loss on the noise-resilient datapoints. Rearranging it, we get an upper bound on the latter:

16



Published as a conference paper at ICLR 2019

E(x,y)~p [LoOV,%x,9)] < Eyy-o [Exy)~p [L1200,%,9)]]

(1-%) 7)
( \/—1 ) Yo [ By~ (L1207, %,9)]]
Es

<

<Eypq [Eepyo [L1720V,%,9)]]

. ﬁ Eyp-o [Ecxpy-pr [L120V,%,9)]]
<

<Eypg [Eceap [L12W,x,9)]] + \/n_i— 1

Thus, we have an upper bound on the expected loss of the deterministic classifier W on the noise-
resilient part of the distribution. Plugging this back in the first term of the upper bound on the
deterministic classifier’s loss on the whole distribution D in Equation[5| we get :

~ 1
E(x,y)~p [LoOWV,%x,y)] < (]EWNQ [E(x,y)~D’ [51/2(W,X, y)]] + \/ﬁ—l) Pr(x,y)op [V, x, )] +

o ({(prs AL W)

rearranging, we get:
< (]EVVNQ [E(x,5)~Dr [£1/2(W x,9)]]) Precgyp [V, x, )] +
o ({(prs D)L W) + ——=—— Pr(xe . [IUOW, X, 1)

<1

\/_ 1

rewriting the expectation over D’ explicitly as an expectation over D conditioned on Dt(W, x,y), we
get:

< (]EVVNQ [E(x,y)~D [[’I/Q(Wv X, Z/)| ‘JT(W, X, U)] Pr(x,y)~D [m(W7 X, y)]]) +

ND({(pra AT)}ﬁ;DW) +

1
vm—-1
the first term above is essentially an expectation of a loss over the distribution D with the loss set to

be zero over the non-noise-resilient datapoints and set to be L1/, over the noise-resilient datapoints;
thus we can upper bound it with the expectation of the £, /5 loss over the whole distribution D:

- / 1
<Epp.g [Exyy~p [L120V,%,9)]] + up ({(pr, A HEL, W) + NGBS
(6)
Now observe that we can upper bound the first term here using the PAC-Bayesian bound by plugging
in £, for the generic £ in Equation 4 however, the bound would still be in terms of the stochastic
classifier’s train error. To get the generalization bound we seek, which involves the deterministic
classifier’s train error, we need to take one final step mirroring these tricks on the train loss.

RELATING THE STOCHASTIC CLASSIFIER’S TRAIN LOSS TO DETERMINISTIC CLASSIFIER’S TRAIN
LOSS. Our analysis here is almost identical to the previous analysis. Instead of working with the
distribution D and D" we will work with the training data set .S and a subset of it S’ for which noise
resilience property is satisfied by W. Below, to make the presentation neater, we use (x,y) ~ S to
denote uniform sampling from S.
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First, we upper bound the stochastic classifier’s train loss (£ ) as follows:

By [Eceu)-s [L1207:%,9)]] = Eeyyes [Eyipg [L17207:%,9)]]

splitting over the noise-resilient points S’ ((x,y) € S for which 9(W, x, y) holds) like in Equation|3]
we can upper bound as:

<E(x,p)~s [Eypn 0 [L1/20V,x,9) ]| Prie yy-s [(x,y) € S']
+ias({(prs AL W) )

We can upper bound the first term by first splitting it over the favorable and unfavorable perturbations
like we did before:

E(x.0)-5 [Bypeg [L1/20V,%,9)]]
= IE:(x,y)ms’ [EWNQ [£1/2(V~V7 X, y)| u(wv X, y)] PrVVNQ [u(w7 X, y)]]
+ E(x,y)~S’ []EV_\}NQ [£1/2(Wa X, y)| _'u(w7 X, y)]PrW~Q [_'u(wv X, y)]]

To upper bound this, we apply a similar argument. First, if £, /2(V~V x,y) = 1, then 37 such that
pT(W z,y) < A,/2 and if W is a favorable perturbation then for that value of r, p,(W, z,y) <
pr(W, x 2y) + Ar/2 < A,. Thus if W is a favorable perturbation then, £1(W,x,y) = 1 when-
ever El/Q(W x,y) = 1ie., El/Q(W x,y) < L1(W,x,y). Next, we use the fact that the unfa-
vorable perturbations for a fixed datapoint drawn from S’ have sufficiently low probability i.e.,

Pris_o [ﬂu(w, X, y)] < 1/\/m. Then, we get the following upper bound on the above equations, by
replacing the stochastic classifier with the deterministic classifier (and thus ignoring the expectation

over QQ):

< IE(x,y)NS’ ]EV\}NQ [‘Cl (Wa X, y)| u(wa X, y)] PrV\}NQ [H(W, X, y)]

L <1

- ~ 1
+IE(x.,y)NS’ EWNQ [£1/2(W5Xay)| _‘u(waxvy)]ﬁ

<Ex,yyes [L1OV,x, )] +

3=

Plugging this back in the first term of Equation[7} we get:
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~ 1 !
Ev.o [Ex.)-5 [L120V,%,9)]] < (]E(xyy%s’ [L10V, %, 9)] + \/ﬁ) Proca-s [(9) € 571
+is({(pr, AL W)
<E(x, gy~ [L10V, %, 9) [ Prxy)-s [(%,y) € 5]

. / 1 /
+ NS({(pr7Ar) ﬁ:law) + ﬁ Pr(x,y)~S [(X,y) €es ]

<1
, 1
SIE(x,y)'vS’ [ﬁl(wvxvy)] Pr(x,y)~S [(X7y) €S ] +—F=

Jm
+ s ({(or A YE W)

since the first term is effectively the expectation of a loss over the whole distribution with the loss
set to be zero on the non-noise-resilient points and set to £ over the rest, we can upper bound it by
setting the loss to be £1 over the whole distribution:

) : 1
< E(x,y)NS [‘Cl(vavy)] + N’S({(pMAr) ilaw) + ﬁ

Equationd]yields our result (Note that combining these equations would produce the term —= +

Applying the above upper bound and the bound in Equation [6] into the PAC-Bayesian result of
1
gﬂ Jm " Jm-1

2
m-1°

which is at most which we reflect in the final bound. ).

O

D PROOF FOR THEOREM 3.1

In this section, we present the proof for the abstract generalization guarantee presented in Section 3]
Our proof is based on the following recursive inequality that we demonstrate for all r < R (we will
prove a similar, but slightly different inequality for r = R + 1):

Pr(x,y)~D [aqS’l", 3l pq,l(Wa X, y) < O] < Pr(x,y)~D [3q<7‘, El) pq,l(W, X, y) < O]

+@(\/2KL(N(W,021)|P)) (8)

m-1

generalization error for condition r

Recall that the rth condition in Equation |lfis that VI, p,; > A7 ,. Above, we bound the probability
mass of test points such that any one of the first r conditions in Equation [T)is not even approximately
satisfied, in terms of the probability mass of points where one of the first  — 1 conditions is not even
approximately satisfied, and a term that corresponds to how much error there can be in generalizing
the rth condition from the training data.

Our proof crucially relies on Theorem [C.1]} This theorem provides an upper bound on the proportion
of test data that fail to satisfy a set of conditions, in terms of four quantities. The first quantity is
the proportion of training data that do not satisfy the conditions; the second and third quantities,
which we will in short refer to as jig and jip, correspond to the proportion of training and test data
on which the properties involved in the conditions are not noise-resilient. The fourth quantity is the
generalization error.

First, we consider the base case when r = 1, and apply the PAC-Bayes-based guarantee from
Theorem on the first set of properties {p1,1,p1,2,--} and their corresponding constants
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{A71,A] 5, First we have from our assumption (in the main theorem statement) that on all the
training data, the condition p1 ;(W,x,y) > A7, is satisfied for all possible /. Thus, the first term in
the upper bound in Theorem [C.1I|is zero. Next, we can show that the terms /i and fip would be zero
too. This follows from the fact that the constraint in Equation |2 holds in this framework. Specifically,
applying this equation for r = 1, for 0 = o*, we get that for all possible (x, y) the following inequality
holds:

Al,l(d*)]< 1

Pry,.. o+ Vi W+U,x,y) - W, x,y)| > < .
120N (0, )21)[ lp1.( x,y) = pri(W, x,y)| ) R/

Since, o* was chosen such that A;(c*) < A}, we have:

AT 1
Pry | VI W+U,x,y) - iV, x,y)| > 1]3—.
[ Iona OV U = o W)l > G| < o
Effectively this establishes that the noise-resilience requirement of Equation [3|in Theorem holds

on all possible inputs, thus proving our claim that the terms jig and fip would be zero. Thus, we will
get that

~ 2KL 2D\ P
ot 035 <010 B

m-1

which proves the recursion statement for the base case.

To prove the recursion for some arbitrary » < R, we again apply the PAC-Bayes-based guarantee
from Theorem [C.] but on the union of the first r sets of properties. Again, we will have that the first
term in the guarantee would be zero, since the corresponding conditions are satisfied on the training
data. Now, to bound the proportion of bad points /is and fip, we make the following claim:

the network is noise-resilient as per Equation [3|in Theorem [C.I]for any input that
satisfies the r—1 conditions approximately i.e., Vg < r—1and VI, pg (W, x,y) > 0.

The above claim can be used to prove Equation [§] as follows. Since all the conditions are as-
sumed to be satisfied by a margin on the training data, this claim immediately implies that
[is is zero. Similarly, this claim implies that for the test data, we can bound up in terms of
Pr(x y)~p [3q<r 31 pgi (W, %, y) < 0], thus giving rise to the recursion in Equation

Now, to prove our claim, consider an input (x,y) such that p, ;(V,x,y) >0forg=1,2,---,7r -1
and for all possible . First from the assumption in our theorem statement that Ay ;(0*) < A7}, we
have the following upper bound on the proportion of parameter perturbations under which any of the
properties in the first r sets suffer a large perturbation:

AX—
Pry, |:E|q <r 3l |pg W, x,y) = pga W+ U, x,y)| > 2“]

Agu(o”) ]

< PI'],{ |:E|q <rdl: |pq,l(WaXa y) - pq,l(w +U7X7y)| > 9

Now, this can be expanded as a summation over ¢ = 1,2,---,r as:

Ay(o")
2

Aq’(U*)
=5

< ZPT[HZ g (W + U, %, y) = pg i (W, %, y)[ > A
g=1

Vg <q, Apg iV, x,y) = pgra(V + U, x, )| <
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and because (x,y) satisfies p,;(W,x,y) > 0 for ¢ = 1,2,---,r — 1 and for all possible [, by the
constraint assumed in Equation |2} we have:

s 1 1
<X G < v

Thus, we have that (x, y) satisfies the noise-resilience condition from Equation [3|in Theorem C.1]if
it also satisfies pq ;(W,x,y) > 0 for ¢ = 1,2,---,7 — 1 and for all possible {. This proves our claim,
and hence in turn proves the recursion in Equation ]

Finally, we can apply a similar argument for the I + 1th set of input-dependent properties (which is
a singleton set consisting of the margin of the network) with a small change since the first term in
the guarantee from Theorem [C.1]is not explicitly assumed to be zero; we will get an inequality in
terms of the number of training points that are not classified correctly by a margin, giving rise to the
margin-based bound:

1
Pr(x,y)~D [EquR+1 Ellqu,l(wax7y) < O] < — Z 1[pR+1,1(W7X7y) < AR,I]
(x,y)eS

+ Pr(x,y)ND [Elq <R3 pq,l(Waxv y) < O]

~ 2KL(N(W,c21)|P)
+O(\/ 1 )

Note that in the first term on the right hand side, pr.+1,1 (W, X, y) corresponds to the margin of the
classifier on (x,y). Now, by using the fact that the test error is upper bounded by the left hand side in
the above equation, applying the recursion on the right hand side R + 1 times, we get our final result.

E PERTURBATION BOUNDS

E.1 OVERVIEW OF THE BOUNDS.

In this section, we will quantify the noise resilience of a network in different aspects. Each of
our bounds has the following structure: we fix an input point (x,%), and then say that with high
probability over a Gaussian perturbation of the network’s parameters, a particular input-dependent
property of the network (say the output of the network, or the pre-activation value of a particular unit
h at a particular layer d, or say the Frobenius norm sof its active weight matrices), changes only by a
small magnitude proportional to the variance o2 of the Gaussian perturbation of the parameters.

A key feature of our bounds is that they do not involve the product of the spectral norm of the weight
matrices and hence save us an exponential factor in the final generalization bound. Instead, the
bound in the perturbation of a particular property will be in terms of i) the magnitude of the some
‘preceding’ properties (typically, these are properties of the lower layers) of the network, and ii) how
those preceding properties themselves respond to perturbations. For example, an upper bound in the
perturbation of the dth layer’s output would involve the 5 norm of the lower layers d’ < d, and how
much they would blow up under these perturbations.

E.2 SOME NOTATIONS.

To formulate our lemma statement succinctly, we design a notation wherein we define a set of
‘tolerance parameters’ which we will use to denote the extent of perturbation suffered by a particular
property of the network.

Let ¢ denote a ‘set’ (more on what we mean by a set below) of positive tolerance values, consisting
of the following elements:
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1. Gy, foreachlayerd = 1,---, D — 1 (a tolerance value for the ¢5 norm of the output of layer d)

2. A4 for each layer d = 1,---, D. (a tolerance value for the magnitude of the pre-activations of
layer d)

3. éd/d, for each layer d = 1,2,---,D, and d’ = 1,---,d (a tolerance value for the £ norm of
each row of the Jacobians at layer d)

4, z/;d/d, for each layer d = 1,2,---, D, and d’ = 1, -, d (a tolerance value for the spectral norm
of the Jacobians at layer d)

Notes about (abuse of) notation:

* We call € a ‘set’ to denote a group of related constants into a single symbol. Each element
in this set has a particular semantic associated with it, unlike the standard notation of a set,

and so when we refer to, say éd/dr € €, we are indexing into the set to pick a particular
element.

* We will use the subscript %, to index into a subset of only those tolerance values corre-
sponding to layers from 1 until d.

Next we define two events. The first event formulates the scenario that for a given input, a particular
perturbation of the weights until layer d brought about very little change in the properties of these
layers (within some tolerance levels). The second event formulates the scenario that the perturbation
did not flip the activation states of the network.

Definition E.1. Given an input x, and an arbitrary set of constants % for any perturbation U of W,
we denote by PERT-BOUND(W+U, 6", x) the event that:

* for each & € %', the perturbation in the {5 norm of layer d activations is bounded as

7 G = [ W) | < &G,

* foreach ¥} € %', the maximum perturbation in the preactivation of hidden units on layer d
is bounded as maxy, |4 (x; W) [h] - £ (x; W+U) [R]] < 4.
* for each CAC'I Jar € %', the maximum perturbation in the 0y norm of a row of the Jacobian d/d’

is bounded as max, |HJd/d'(X; W)[h] ” - HJd/dl(X§ W+U)[h] H‘ < CA(’i/d"

e for each 1/;(; Jar € %', the perturbation in the spectral norm of the Jacobian d/d’ is bounded
as H‘Jd/d (X;VV)H2 - HJd/d (x;W+Ll)H2| <Yy

NOTE: If we supply only a subset of ¢ (say %, instead of the whole of %) to the above event,
PERT-BOUND(W + U, -,x), then it would denote the event that the perturbations suffered by only
that subset of properties is within the respective tolerance values.

Next, we define the event that the perturbations do not affect the activation states of the network.

Definition E.2. For any perturbation U of the matrices W, let UNCHANGED-ACTS;(W + U, x)
denote the event that none of the activation states of the first d layers change on perturbation.

E.3 MAIN LEMMA.

Our results here are styled similar to the equations required by Equation [2] presented in the main
paper. For a given input point and for a particular property of the network, roughly, we bound the the
probability that a perturbation affects the value of the property while none of the preceding preceding
properties themselves are perturbed beyond a certain tolerance level.

Lemma E.1. Let € be a set of constants (that denote the amount of perturbation in the properties
preceding a considered property). For any 6 > 0, define €' (which is a bound on the perturbation of
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a considered property) in terms of % and the perturbation parameter o, for all d = 1,2,---, D and for
alld =d-1,---,1 as follows:

Qb = adil ”,]d/d'(x; W)”F (Hfd'_1 (xW)| + @d'—l) 21In QgH

4= gdil |77 (e ) Hzm (IF=1 s W) + Gara ) /210 g
é;/d' ::J(defl/d'(x;W)HF+§d_1/d:\/ﬁ) 4111%
+ ad"dZd;lﬂ IWall3 o de—ud"(x; W) H2 (de”—l/d’(x; W) HF + fd,,_l/d,\/ﬁ) 41n %

Q%MH:G¢E(Wﬂ4m(xﬂvw2+¢¢Uw) 2m3%5

eV T Wl [ s, (7 ]+ a2 2o

dr=d'+
ah =0

f&/d =0

Yara =0

Let Uy be sampled entrywise from N (0, %) for any d. Then, the following statements hold good:
1. Bound on perturbation of of (> norm of the output of layer d. Foralld=1,2,---) D,

Pru[—‘PERT-BOUND(W +U, {ag},x) A

PERT-BOUND(W + U, %1 U{gd/d,}g,:l,x) A UNCHANGED-ACTS -1 (W +Z/l,x)] <

2. Bound on perturbation of pre-activations at layer d. Foralld=1,2,---, D,
Pry[~PERT-BOUND(W + U, {43}, %) A
PERT-BOUND(W +U, G-t | U{Cajar 141 U {@a},x) A UNCHANGED-ACTS 1 (W +U, x)] <
3. Bound on perturbation of (> norm on the rows of the Jacobians d/d’.

Pru[—'PERT-BOUND(W FUACY 0} dm1, %) A

PERT-BOUND(W +U,%4_1,x) A UNCHANGED-ACTS 1 (W +U, x)] )
4. Bound on perturbation of spectral norm of the Jacobians d/d’.

Pru[ﬁPERT-BOUND(W U Dl b, %) A

PERT-BOUND(W + U, %y_1,%) A UNCHANGED-ACTSd_l(W+Z/{,x)] <6

Proof. For the most part of this discussion, we will consider a perturbed network where all the hidden
units are frozen to be at the same activation state as they were at, before the perturbation. We will
denote the weights of such a network by W[+U/] and its output at the dth layer by 9 (x; W[+U4]).
By having the activations states frozen, the Gaussian perturbations propagate linearly through the
activations, effectively remaining as Gaussian perturbations; then, we can enjoy the well-established
properties of the Gaussian even after they propagate.
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PERTURBATION BOUND ON THE {5 NORM OF LAYER d. We bound the change in the {5 norm of
the dth layer’s output by applying a triangle inequalityE] after splitting it into a sum of vectors. Each
summand here (which we define as v for each d’ < d) is the difference in the dth layer output on
introducing noise in weight matrix d’ after having introduced noise into all the first d’ — 1 weight
matrices.

7 s wlstaD | = [ £ W) < £ e Wistda]) = £ (s W) |
because the activations are ReLLU, we can replace this with the perturbation of the pre-activation

lg® (s W[+Ua]) - g% (x; W) |

IA

IN

d
> |9t s W+lhar]) - g (s W[+Uar-1])

d'=1

=V

d d
<Y lval=  [2v5, ©9)
d’=1 d’=1 h

Here, vy 5, is the perturbation in the preactivation of hidden unit & on layer d’, brought about by
perturbation of the d'th weight matrix in a network where only the first d’ — 1 weight matrices have
already been perturbed.

Now, for each h, we bound vy p, in Equation E} Since the activations have been frozen we can rewrite
each vy p, as the product of the hth row of the unperturbed network’s Jacobian d/d’ , followed by
only the perturbation matrix Uy, and then the output of the layer d’ — 1. Concretely, we hav'l
1xH g HyxHy_, Hgr_x1
’ — ’
van = JYE(WY)R] Up fE (WU -1])

spherical Gaussian

What do these random variables vy j, look like? Conditioned on Uy _1, the second part of our expan-
sion of vy p,, namely, Uy f -1 (x; W[+Ugr—1]) is a multivariate spherical Gaussian (see Lemma
of the form N (0, 02| f4 " (s; W[+Ugz_1]) |*I). As a result, conditioned on Ug_1, var j, is a uni-
variate Gaussian A (0, o2 | JUY (x; W)[R]|2 | f4 " (s W[+ Uz -1])|?).

Then, we can apply a standard Gaussian tail bound (see Lemma[B.T)) to conclude that with probability
1-0/DH over the draws of Uy (conditioned on any Uyr_1), v p, is bounded as:

/ I_ 2DH
joar] < o |7 G W) 1717 G Wt D 210 == (10)

Then, by a union bound over all the hidden units on layer d, and for each d’, we have that with
probability 1 -4, Equation@is upper bounded as:

®Specifically, for two vectors a, b, we have from triangle inequality that |b|| < |al| + |b - a| and |a| <

[b| + [la=-Db]. As aresult of this, we have: — Ja—Db| < |a| - |b| < |a-b]|. We use this inequality in our
proof.

"Below, we have used Hy to denote the number of units on the dth layer (and this equals H for the hidden
units and K for the output layer).

¥Note that the succinct formula below holds good even for the corner case d’ = d, where the first Jacobian-row
term becomes a vector with zeros on all but the hth entry and therefore only the hth row of the perturbation
matrix Uy will participate in the expression of vg/ j,.
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d " ' 2DH
Y 2vE < Y o [T W) T e W)l [2m T A
a \ w7 da=m F o

Using this we prove the probability bound in the lemma statement. To simplify notations, let us

denote ‘fd_l U{CAd /d/}g,zl by Cfprev. Furthermore, we will drop redundant symbols in the arguments
of the events we have defined. Then, recall that we want to upper bound the following probability
(we ignore the arguments WV + U and x for brevity):

Pr[(~PERT-BOUND ({&}})) A PERT-BOUND(%prev) A UNCHANGED-ACTS 1 |

Recall that Equation [IT]is a bound on the perturbation of the ¢, norm of the dth layer’s output
when the activation states are explicitly frozen. If the perturbation we randomly draw happens to
satisfy UNCHANGED-ACTS4_; then the bound in Equation [I1]holds good even in the case where

the activation states are not explicitly frozen. Furthermore, when PERT—BOUND(CfpreV) holds, the
bound in Equation (11| can be upper-bounded by &/, as defined in the lemma statement, because

under PERT-BOUND (%fprev ), the middle term in Equation |11|can be upper bounded using triangle

inequality as | f% ! (s; W[+Ua—1])| < [ f4 " (x;W)| + dar—1. Hence, the event above happens
only for the perturbations for which Equation |1 1|fails and hence we have that the above probability
term is upper bounded by 4.

PERTURBATION BOUND ON THE PREACTIVATION VALUES OF LAYER d. Following the same

analysis as above, the bound we are seeking here is essentially maxy, Zg,ﬂ |vgr 1| The bound follows
similarly from Equation [I0}

PERTURBATION BOUND ON THE {5 NORM OF THE ROWS OF THE JACOBIAN d/d’. We split this
term like we did in the previous subsection, and apply triangle equality as follows:

maX|HJd/d G W)[R]| - |74 (s Wi+t ]|

< max HJd/d (x; W)[R] - T (x; W[+ud])[h]H

< | S5 [ s Whsthan DR - 544 (s Wstar 1 DAY

dr=1

ar
=Y

<max Z Hyh

= max Z \ /Z(yd" hoht) (12)
d’=1 d’=1

Here, we have defined nyN to be the vector that corresponds to the difference in the hth row of the
Jacobian d/d’ brought about by perturbing the d''th weight matrix, given that the first d”’ — 1 matrices
have already been perturbed. We use h to iterate over the units in the dth layer and k' to iterate over
the units in the d'th layer.

Now, under the frozen activation states, when we perturb the weight matrices from 1 uptil d’, since
these matrices are not involved in the Jacobian d/d’, fortunately, the Jacobian d/d’ is not perturbed
(as the set of active weights in d/d’ are the same when we perturb W as W[+Uy ]). So, we will only
need to bound yg p, v for d” > d'.

What does the distribution of yg j, n look like for d” > d’? We can expancﬂ Yar b, as the product
of 1) the hth row of the Jacobian d/ d’ ii) the perturbation matrix Uy~ and ii1) the h'th column of the
Jacobian d’/d" -1 for the perturbed network:

° Again, note that the below succinct formula works even for corner cases like d” = d’ or d” = d.
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1><Hd//
—_——

—
Yar o = JYT (W)R] U IV Y (W Ugr 1 )] B

H x1
HdHXHd1171 d’-1

spherical Gaussian

Conditioned on Uy_1, the second part of this expansion, namely, Uy J d’-1/ d'(x; W[+Uar1])[:
,h'] is a multivariate  spherical Gaussian (see Lemma [B.2) of the form

N0, TV (x; W[+Ugr 1 )5, B']|2).  As a result, conditioned on Ugr_1, Yarpp is
a univariate Gaussian N0, 02| J%?" (s; W) [R]|| 2| J& M (x; W[+Ugn 1 1)[:, 2] H2)

Then, by applying a standard Gaussian tail bound we have that with probability 1 — D2 7z over the
draws of Uy~ conditioned on U4;#_1, each of these quantities is bounded as:

7" "_ ’ D2H2
e < o177 (W) (Wt DE W 20 2 13)

We simplify the bound on the right hand side a bit further so that it does not involve any Jacobian of
layer d. Specifically, when d” < d, ‘J 44" (x; W) [h] H can be written as the product of the spectral

norm of the Jacobian d’ — 1/d" and the ¢5 norm of the hth row of Jacobian d — 1/d. Here, the latter
can be upper bounded by the ¢, norm of the hth row of Wy since the Jacobian (for a ReLU network)

JH (x; W)[h] H is essentially 1

is essentially W but with some columns zerod out. When d = d”,

as the Jacobian is merely the identity matrix. Thus, we have:

o Jwil |41 (x; W)H [ (e W D WA B @ < d

|yd”,h,h,| S " /
ol T s WsUar-a ] [z ]y f4 T 2

By a union bound on all d”, we then get that with probability 1 — 5 over the draws of Uy, we can
upper bound Equation [T2] as:

DH
max Z \/Z(yd"hh') <UHJd Y (o W +Ugr-y )H /41 =+
d'’=1
DH

d-1
Y oma fwi | [ e |14 e Wlth )|, 410
dr=d'+1 d

By again applying a union bound for all d’, we get the above bound to hold simultaneously for all d’

with probability at least 1 — 6. Then, by a similar argument as in the case of the perturbation bound
on the output of each layer, we get the result of the lemma.

PERTURBATION BOUND ON THE SPECTRAL NORM OF THE JACOBIAN d/d'. Again, we split this
term and apply triangle equality as follows:

77 cem |, = |7 s wita ||

< |7 Wy = T s Wi ta) |
d /! !

<SS T (e WU ]) = TYE (6 W[+ Ua-1])

d’=1

:=Ydu 2

d
<0 Yarlly (14)

d=1
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Here, we have defined Yy~ to be the matrix that corresponds to the difference in the Jacobian d/d’
brought about by perturbaing the the d”th weight matrix, given that the first d”” — 1 matrices have
already been perturbed.

As argued before, under the frozen activation states, when we perturb the weight matrices from 1
uptil d’, since these matrices are not involved in the Jacobian d/d’, fortunately, the Jacobian d/d’ is
not perturbed (as the set of active weights in d/d’ are the same when we perturb W as W[+Uy ]). So,
we will only need to bound Yy~ for d” > d'.

Recall that we can exapnd Yy~ for d” > d', yqr p n as the product of i) Jacobian d/d"” ii) the
perturbation matrix Uz~ and iii) the Jacobian d’/d" — 1 for the perturbed networkp—_ct

HdXHd” Hdlliledl

—_—~

rr s 4
Ygr = JYY (W) Ugr JE MY (WU ])

HdHXHd1171

spherical Gaussian

Now, the spectral norm of Yy~ is at most the products of the spectral norms of each of these
three matrices. Using Lemma the spectral norm of the middle term Uy~ can be bounded by

o\/2H In 2BH with high probability 1 - & over the draws of Ugs.

We will also decompose the spectral norm of the first term so that our final bound does not in-
volve any Jacobian of the dth layer. When d” = d, this term has spectral norm 1 because the

Jacobian d/d is essentially the identity matrix. When d” < d, we have that HJ W (x; W)Hg <
HJd/dfl(X; W)H2 HJ‘ifl/d"(x;W)HQ. Furthermore, since, for a ReLU network, J¥4(x; W) is

effectively W, with some columns zerod out, the spectral norm of the Jacobian is upper bounded by
the spectral norm W.

Putting all these together, we have that with probability 1 — % over the draws of Uy, the following
holds good:

o [Wally | 744" (; W)H2 (EASANE W[+ud,,,1])H2 V2HWZBE 47 < g

o |74 (x W[+udu_1])H2 \/2H n 2BE d"=d

[Yar |, <

By a union bound, we then get that with probability 1 — & over the draws of Uy, we can upper bound
Equation[T4]as:

Zd: HYd, H2 <o ”‘]d”_l/d/(X; W[+ud//—1:|)”2 2H In 2I)AH
=1 3
HORL |7 ey, |74 s Whtda D), /2H In 21()§H
A=+

Note that the above bound simultaneously holds over all d’ (without the application of a union bound).
Finally we get the result of the lemma by a similar argument as in the case of the perturbation bound
on the output of each layer.

O

10 Again, note that the below succinct formula works even for corner cases like d” = d’ or d” = d.

" Although Lemmaapplies only to the case where Uy is a H x H matrix, it can be easily extended to the
corner cases when d”’ =1 ord” = D. When d” = 1, Ug» would be a H x N matrix, where H > N; one could
imagine adding more random columns to this matrix, and applying Lemma([B.3] Since adding columns does
not reduce the spectral norm, the bound on the larger matrix would apply on the original matrix too. A similar
argument would apply to d” = D, where the matrix would be K x H.
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F PROOF FOR THEOREM 411

Below, we present our main result for this section, a generalization bound on a class of networks that
is based on certain norm bounds on the training data. We provide a more intuitive presentation of
these bounds after the proof in Appendix [F.3]

Theorem. @.1| For any & > 0, with probability 1 — & over the draw of samples S ~ D™, for any W,
we have that:

Pr(x,y)~D [[-'O(f (X; W) ’y)] SPr(x,y)~S [‘C'leam (f (X; W) ’ y)] +

1 D 2 1 Dm
O|D- | —-|2 Waq-2 In —
. \}m_l(d@ -2l g o 5

where U% is O ( \ . \/ In (DH\/E) X maX{Blayer-Zga Bpreact; Bjac-row-fz ’ Bjac-speca Bourput}): where:

d * *
Ydr=1 Cd/d,ozd,_l
Blayer—fz = 0| max - %
1<d<D Qg

d * *
5 o V-1 Cd/d,ad,_l
preact = max ————————
1<d<D VHY

d-1
Ciorgar + IWallg,co Zar=arsr -1 janCn -1 jar

Bjac-row-ég =0 max max *

1<d<D 1<d’<d<D Cd/d,

d-1
¢2,1/dr + HWdH2 Zd”:d’+1 1/};71/d~¢:pr,1/d/

B... =0 | max max
jac-spec
1<d<D 1<d’'<d<D 11[}(:/(1’

Boulpm‘ =0

D * *
2a=1Cpjaa1
\/ﬁ’Yclass

where,

a;; = max (max(x’y)és ||fd (xW)|, 1) is an upper bound on the {5 norm of the output of each
hidden layer d = 0,1,---, D — 1 on the training data. Note that for layer 0, this would correspond to
the €5 norm of the input.

g 1= Mingy y)es ming, |fd (x; W) [h]| is a lower bound on the absolute values of the pre-activations
for each layer d = 1,---, D on the training data.

<(§/d’ = max (max(x,y)es HJd/d,(x;)/V)H2 ,1) is an upper bound on the row {5 norms of the

Jacobian for each layer d =1,2,---, D, and d’ = 1,---,d on the training data.

Vg = max (max(xﬂ)es ‘ JU (x: W)
bian for each layer d =1,2,---, D, and d' = 1,---,d on the training data.

. 1) is an upper bound on the spectral norm of the Jaco-

F.1 NOTATIONS.
To make the presentation of our proof cleaner, we will set up some notations. First, we use ¢~

to denote the ‘set’ of constants related to the norm bounds on training set defined in the Theorem
above. (Here we use the term set loosely, like we noted in the previous section.) Based on these
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training set related constants, we also define € to be the following constants corresponding to
weaker norm-bounds related to the test data:

1. al'l := 20y, for each hidden layer d = 0,1, ---, D — 1, (we will use this to bound ¢ norms of
the outputs of the layers of the network on a test input)

2. 7; := 7 /2 for each layer d = 1,---, D, (we will use this to bound magnitudes of the
preactivations values of the network on a test input).

3. le'/d, = 2(;/(1, for each layer d = 1,2,---, D, and d’' = 1,---,d (we will use this to bound ¢
norms of rows in the Jacobians of the network for a test input)

4. z/zlz/d, = 2¢;/d, for each layer d = 1,2,---, D, and d’ = 1,---,d (we will use this to bound
spectral norms of the Jacobians of the network for a test input)

Note about (abuse of) notation: We reiterate a point about our notation which we also made in
Appendix [EL We call €* and €™ a ‘set’ to denote a group of related constants by a single symbol.
Each element in this set has a particular semantic associated with it, unlike the standard notation of a
set.

Now, for any given set of constants %', for a particular weight configuration W, and for a given input
x, we define the following event which holds when the network satisfies certain norm-bounds defined
by the constants % (that are favorable for noise-resilience).

Definition F.1. For a set of constants €, for network parameters VW and for any input x, we define
NORM-BOUND(W, €, x) to be the event that all the following hold good:

1. forall ag €€,

(W) ” < g (Output of the layer does not have too large an £o norm).

2. forall v4 € ¥, miny, |fd (x; W) [h]| > 4. (Pre-activation values are not too small).

3. forall Cqyq € €, maxy, HJd/d’(x; W)[h] H < Cqjar (Rows of Jacobian do not have too large
an {y norm).

4. for all g4 € €,
norm).

J d'(x; W) H2 < Yqja (Jacobian does not have too large a spectral

NOTE: (Similar to a note under Definition A subtle point in the above definition (which we
will make use of, to state our theorems) is that if we supply only a subset of € to the above event,
NORM-BOUND(W, -, x) then it would denote the event that only those subset of properties satsify
the respective norm bounds.

F.2 PROOF FOR THEOREM [4.1]

Proof. To apply the framework, we will have to first define and order the input-dependent properties
p and the corresponding margins A* used in Theorem 3.1} We will define these properties in terms

of the following functions: | £ (x; W)|, £ (x; W) [R], |79 (x;W)[h] H and HJd/d’(x; W) H2
Following this definition, we will create an ordered grouping of these properties.

Definition F.2. For ReLU networks, we enumerate the input-dependent properties (on the left below)
and their corresponding margins (on the right below) denoted with a superscript A:

2a[§—||fd(x;W)|| ajy=a;  ford=0,1,2,--,D-1
4 (x; W) [h]|—% vy = 77‘; ford=1,2,---,D -1 forall possible h
2y = |11 oW G = Gy for d=1,D d' =1,,d =1 for all possible h
2050 = [T G W), e = Vi for d=1,-,D d' =1, d =1
and for the output layer D:
F s W)yl - max f (xW)[j] VD = Yelass
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We will use the notation € to denote the sets of all margin terms defined on the right side above,
and €* |2 to denote the values in that set divided by 2.

ON THE CHOICE OF THE ABOVE FUNCTIONS AND MARGIN VALUES. Recall that for a specific
input-dependent property p and its margin A*, the condition in Equation requires that p(W, x,y) >
A*. When we generalize these conditions in Theorem|[C.1] we will assume that these are satisfied on
the training data, and we show that on the test data the approximate version of these conditions, namely
p(W,x,y) > 0 hold. Below, we show what these conditions and their approximate versions translate

W) T, |70 (s W) [h] | and [ 7 (W)
we encapsulate our statements in the following fact for easy reference later in our proof.

to, in terms of norm-bounds on ||fd (x; W)

2;
Fact F.1. When p, A* correspond to 2c; — Hfd (x; W) || and o, the conditions translate to upper
bounds on the {5 norm of the layer as:
pW,x,y) > A" = (x; W) | <
p(W,x,y) > 0= Hfd (x;W)| <20 = a

When p, A* correspond to |fd (x; W) [h]| - and v} := 2, then the conditions translate to lower
bounds on the pre-activation values as:

pOW,x,y) > A" =[f4 (x; W) [R]| > 7,
POV, x,y) >0 =|f* (x; W) [h]| > 73 /2 =]

When p, A" correspond 1o 2¢} ;- HJd/d’(x; W)[h] H and Cg/d,, the conditions translate to upper
bounds on the row {5 norm of the Jacobian as:

POV, %) > A" =77 e W) [A]| < G
POV, x,) > 0 =77 e WA < 2G50 = Gy

When p, A* correspond to ng/d, - HJd/d,(x; VV)H2 and ws/d,, the conditions translate to upper
bounds on the spectral norms of the Jacobian as:

pW.x.y) > A = 10 (W) |, < i

p(W,x,y) >0= HJd/dl(X5 W)H2 > 21/);/(1' = wjl/d’

When p, A* correspond to f (x;W)[y] — max;., f (x;W)[j] and ~},, the conditions translate to
lower bounds on the margin:

pW,x,y) > A" =f (x; W) [y] - r?%Xf (x;W)[j]>0

pPW,x,y) >0=f (x;W)[y] - n]f.lgyXf (s W)[] > Yelass

GROUPING AND ORDERING THE PROPERTIES. Now to apply the abstract generalization bound in
Theorem [3.1] recall that we need to come up with an ordered grouping of the functions above such
that we can realize the constraint given in Equation 2] Specifically, this constraint effectively required
that, for a given input, the perturbation in the properties grouped in a particular set be small, given
that all the properties in the preceding sets satisfy the corresponding conditions on them. To this end,
we make use of Lemma[E.T| where we have proven perturbation bounds relevant to the properties we
have defined above. Our lemma also naturally induces dependencies between these properties in a
way that they can be ordered as required by our framework.

The order in which we traverse the properties is as follows, as dictated by Lemma[E.T} We will go
from layer O uptil D. For a particular layer d, we will first group the properties corresponding to the
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spectral norms of the Jacobians of that layer whose corresponding margins are {1} / d,}g,zl. Next, we

will group the row £ norms of the Jacobians of layer d, whose corresponding margins are {(} Ja }g,:l.
Followed by this, we will have a singleton set of the layer output’s {5 norm whose corresponding
margin is c;. We then will group the pre-activations of layer d, each of which has the corresponding
margin +;. For the output layer, instead of the pre-activations or the output ¢, norm, we will consider
the margin-based property we have defined above. E]E] Observe that the number of sets R that we
have created in this manner, is at most 4D since there are at most 4 sets of properties in each layer.

PROVING CONSTRAINT IN EQUATION[Z]  Recall the constraint in Equation [2]that is required by
our framework. For any 7, the rth set of properties need to satisfy the following statement:

if Vg <7, Vi, pg (W, x,y) >0 then

and

A(o
PTZ/INN(O,O'ZI) I:VI |pT,l(W + u7 X, y) — Prl (W7 X, y)| > #

AqJ(U) 1
Va<r, Y1 o1 (W + U x.) = pga (W, x, )l <=2 ]s(RH)m. 2)

Furthermore, we want the perturbation bounds A,.; (o) to satisfy A,.;(0*) < A, where o* is the
standard deviation of the parameter perturbation chosen in the PAC-Bayesian analysis.

The next step in our proof is to show that our choice of ¢*, and the input-dependent properties, all

satisfy the above requirements. To do this, we instantiate Lemma [E.T|with o = 0* as in Theorem[4.1]

(choosing appropriate constants), 6= ﬁ and € = €* /2. Then, it can be verified that the values

of the perturbation bounds in %' in Lemma can be upper bounded by the corresponding value in
% * /2. In other words, we have that for our chosen value of o, the perturbations in all the properties
and the output of the network can be bounded by the constants specified in €* /2. Succinctly, let us
say:

¢ <C*)2 15)

Given that these perturbation bounds hold for our chosen value of o, we will focus on showing that a
constraint of the form Equationholds for the row ¢ norms of the Jacobians d/d’ for all d’ <d. A
similar approach would apply for the other properties.

First, we note that the sets of properties preceding the ones corresponding to the row ¢, norms
of Jacobian d/d’, consists of all the properties upto layer d — 1. Therefore, the precondition for
Equationwhich is of the form p(W, x,y) > 0 for all the previous properties p, translates to norm
bound on these properties involving the constants ‘5;_1 as discussed in Fact Succinctly, these

norm bounds can be expressed as NORM-BOUND(W + U, (5;1>X)-

Given that these norm bounds hold for a particular x, our goal is to argue that the rest of the constraint
in Equation 2] holds. To do this, we first argue that given these norm bounds, if PERT-BOUND(W +
U,%; ,/2,x) holds, then so does UNCHANGED-ACTS,_1 (W + U, x). This is because, the event
PERT-BOUND(W + U, %;_,/2,x) implies that the pre-activation values of layer d — 1 suffer a
perturbation of at most v5_,/2 = 7;;_, /4i.e., maxy, |[f&! (x; W +U) [h]-f27 (3, W) [R]| < 75, /4.
However, since NORM-BOUND(W, %;_1 ,x) holds, we have that the preactivation values of this layer
have a magnitude of at least 72_1 =}, /2 before perturbation i.e., miny, | f*! (x; W) [h]] 2 7}, /2.
From these two equations, we have that the hidden units even at layer d—1 of the network do not change
their activation state (i.e., the sign of the pre-activation does not change) under this perturbation. We
can similarly argue for the layers below d — 1, thus proving that UNCHANGED-ACTS_1 (W + U, x)
holds under PERT-BOUND(W + U, €, /2, x).

Then, from the above discussion on the activation states, and from Equation [I5] we have that
Lemma E.1|boils down to the following inequality, when we plug o = o'*:

"ZFor layer 0, the only property that we have defined is the £ norm of the input.

Note that the Jacobian for d/d is nothing but an identity matrix regardless of the input datapoint; thus we do
not need any generalization analysis to bound its value on a test datapoint. Hence, we ignore it in our analysis,
as can be seen from the list of properties that we have defined.
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d-1
d’=1’

x) A PERT-BOUND(W +Z/l,<5(§_1/2,x)] <!

Pru[—\PERT-BOUND(W +UAC /2 NG

First note that this inequality has the same form as the constraint required by Equation 2]in our frame-
work. Specifically, in place of the generic perturbation bound A(c*), we have ¢ Jar Furthermore,
recall that our abstract generalization theorem in Theorem 3.1 required that the perturbation bound
A;,1(0") be smaller than the corresponding margin A ;. Since the margin here is (; /- this is indeed
the case. Through identical arguments for the other sets of input-dependent properties that we have
defined, we can similarly show how the constraint in Equation 2] holds.

Thus, the input-dependent properties we have devised satisfy all the requirements of our framework,
allowing us to apply Theorem [3.1] with R < 4D. Here, we use a prior centered at the random
initialization Z; Lemma [B.4]helps simplify the KL-divergence term between the posterior centered at
W and the prior at the random initialization Z.

COVERING ARGUMENT. To complete our proof, we need to take one more final step. First note that
the guarantee in Theorem 3.1|requires that both o* and the margin constants A} ; in Equation 1| are
all chosen before drawing the training dataset. Thus, to apply this bound in practice, one would have
to train the network on multiple independent draws of the training dataset (roughly O(1/§) many
draws), and then compute norm-bounds on the input-dependent properties across all these runs, and
then choose the largest 0* based on all these norm-bounds. We emphasize that theoretically speaking,
this sort of a bound is still a valid generalization bound that essentially applies to a restricted, norm-
bounded class of neural networks. Indeed, the hope is that the implicit bias of stochastic gradient
descent ensures that the networks it learns do satisfy these norm-bounds on the input-dependent
properties across most draws of the training dataset.

But for practical purposes, one may not be able to empirically determine norm-bounds that hold
on 1 — § of the training set draws, and one might want to get a generalization bound based on
norm-bounds that hold on just a single draw. We take this final step in our proof in order to derive
such a generalization bound. We do this via the standard theoretical trick of ‘covering’ the space of
all possible norm-bounds. That is, consider the set of < 4D? different constants in €* (that bound
the different norms), based on which we choose ¢*. We will create a ‘grid” of constants (independent
of the training data) such that for any particular run of the algorithm, we can find a point on this grid
(that corresponds to a configuration of the constants) for which the norm-bounds still hold for that
run. These bounds will be looser, but only by a constant multiplicative factor. This will ensure that
the bound resulting from choosing o* based on this point on the grid, is only a constant factor looser
than choosing ¢* based on the actual norm-bounds for that training set. Then, we will instantiate
Theorem [3.1] for all the points on the grid, and apply a union bound over all of these to get our final
bound.

We create the grid based as follows. Observe that the bound we get from Boypy is at least as large as
042,1/(\/H’Ydass)- Then, for any value of a;_; = (\/ﬁ’yclass ﬁ), we will choose a value of 1/c*
that is 2 (\/ﬁ), rendering the final bound vacuous. Also note that ;_; > 1. Thus, we will focus
on the interval [1, O (\/ﬁ%lass\/ﬁ)], and grid it based on the points 1,2,4,8, -+, O (\/ﬁ%lass\/ﬁ).
Observe that any value of a;_; can be approximated by one of these points within a multiplicative

factor of 2. Furthermore, this gives rise to at most O (log2 VH %lass\/ﬁ) many points on this grid.
Next, for a given point on this grid, by examining Biayer-¢, and Boypui, We can similarly argue how the
range of values of (} Jdr is limited between 1 and a polynomial in terms of H and ~.j,; this range of
values can similarly be split into a grid. Then, by examining Bpreact, We can arrive at a similar grid for
the quantity 1/+;; by examining Bijc-row-¢,, We can get a grid for 1) /¢ 100. In this manner, we can

. . . . 2
grid the space of all possible configurations of the constants into at most (poly(H, D, m, Yeass ) )*2
many points (since there are not more than 4D? different constants).

For any given run, we can pick a point from this grid such that the norm-bounds are loose only by a
constant multiplicative factor. Finally, we apply Theorem [B.1]for each of these grids by setting the

failure probability to be &/(poly(H, D, m, Yeiass) )P *, and then combine them via a union bound.
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2
Note, that the resulting bound would have a \/ log 2 Oly(H’D’;n’%‘““))w /+/m term, that would only

: D2 log poly (H, D11, Yeims . .
result in a \/ OBDO y(m’ M%) term that does not affect our bound in an asymptotic sense.

O

F.3 ADDITIONAL EXPERIMENTS.

In this section, we provide more detailed demonstration of the dependence of the terms in our bound
on the depth/width of the network. In all the experiments, including the ones in the main paper
(except the one in Figure[2] (b)) we use SGD with learning rate 0.1 and mini-batch size 64. We train
the network on a subset of 4096 random training examples from the MNIST dataset to minimize
cross entropy loss. We stop training when we classify at least 0.99 of the data perfectly, with a margin
of Yelass = 10. In Figure[Z] (b) where we train networks of depth D = 28, the above training algorithm
is quite unstable. Instead, we use Adam with a learning rate of 10> until the network achieves an
accuracy of 0.95 on the training dataset. Finally, we note that all logarithmic transformations in our
plots are to the base 10.

In Figure |3| we show how the norm-bounds on the input-dependent properties of the network do not
scale as large as the product of spectral norms.
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Figure 3: In all these plots, we train a network with D = 11, H = 1280. Left: Each black
point corresponds to the maximum row /5 norm of the Jacobian 10/d. Observe that for any d,
these quantities are nowhere near as large as a naive upper bound that would roughly scale as
15 [Wal2 = 2'9-¢. Right: Each black point corresponds to a particular training example x, and
has y-value equal to the ¢ norm of the output of layer d for that datapoint. A naive upper bound on
this value would be |x| 1% _, [Wal2 ~ 10 - 27, which would be at least 100 times larger than the
observed value for d = 10.

For the remaining experiments in this section, we will present a slightly looser bound than the one
presented in our main result, motivated by the fact that computing our actual bound is expensive as
it involves computing spectral norms of ©(D?) Jacobians on m training datapoints. We note that
even this looser bound does not have a dependence on the product of spectral norms, and has similar
overall dependence on the depth.

Specifically, we will consider a bound that is based on a slightly modified noise-resilience analysis.
Recall that in LemmalE.1| when we considered the perturbation in the row ¢ norm Jacobian d/d’, we
bounded Equation [13|in terms of the spectral norms of the Jacobians. Instead of taking this route, if
we retained the bound in Equation[I3] we will get a slightly different upper bound on the perturbation
of the Jacobian row /5 norm as:

G 3, [0 G, ] e fo

By using this bound in our analysis, we can ignore the spectral norm terms ), Ja and derive a

generalization bound that does not involve these terms. However, we would now have O(D?)
conditions instead of O(D). This is because, the perturbation bound for the row norms of Jacobian
d/d’ now depends on the row norms of Jacobian d/d”, for all d"” > d’. Thus, the row ¢ norms of
these Jacobians must be split into separate sets of properties, and the bound on them generalized one
after the other (instead of grouped into one set and generalized all at one go as before). This would
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give us a similar generalization bound that is looser by a factor of D, does not involve Bijac-spec, and
where Bijac.row-¢, is redefined as:

Biacrow-¢, = O max max
Jac-row-t2 12d<D 1<d’<d<D

d
Zd”=d’+1 C;_l/dn C;//_l/dr
C;/d/

All other terms remain the same. In the rest of the discussion, we plot this generalization bound that
is looser by a D factor, but still does not depend on the product of the spectral norms. In Figure 4]
we show how the quantities in this bound and the bound itself varies with depth, for a network of
H = 1280, wider than what we considered in Figure([T}
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Figure 4: In the above figure, we plot the logarithm (to the base 10) of values of the terms in our bound
and in existing bounds for H = 1280. Again, we observe that Bjac_row-¢, » Blayer-£5 s Bouput typically lie
in the range of [10°, 10%]. In contrast, the equivalent term from Neyshabur et al.|(2018) consisting
of the product of spectral norms can be as large as 10° for D = 10. Unfortunately, for large H, due
to numerical precision issues, the smallest pre-activation value is rounded off to zero and hence
Bpreact becomes undefined in such situations. However, as noted before, the hypothetical variations
5%—Bpmct and median-Byac; are bounded better and achieve significantly smaller values. Finally,

observe that our overall bound and all its hypothetical variations have a smaller slope than previous
bounds.

In Figure 5] and Figure [] we show log-log (note that here even the x-axis has been transformed
logarithmically) plots of all the quantities for networks of varying width and D = 8 and D = 14
respectively. Here, we observe that Bjac.row-¢, 1S Width-independent. On the other hand Byayer-¢, and
the product-of-spectral-norm term mildly decrease with width; Boypu decreases with width at the

rate of 1/ H.

As far as the term Byreqct i concerned, recall from our discussion in the main paper that the minimum
pre-activation value +y; of the network tends to be quite small in practice (and can be rounded to zero
due to precision issues). Therefore the term Byea can be arbitrarily large and exhibit considerable
variance across different widths/depths and different training runs. On the other hand, interestingly,
the hypothetical variation median-Byyeac decreases with width at the rate of 1/ V'H, while 5%-Bhpreact
increases with a /H dependence on width.

Theoretically speaking, as far as the width-dependence is concerned, the best-case scenario for
Bpreact can be realized when the preactivation values of each layer (which has a total £, norm that is
width-independent in practice) are equally spread out across the hidden units. Then we will have that
the smallest pre-activation value to be as large as Q(1/V/H).
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Figure 5: Log-log plots of various terms for D = 8 and varying H. Note that if the slope of the logy
vs log H plot is ¢, then y o< HC.
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Figure 6: Log-log plots of various terms for D = 14 and varying H.

G COMPARISON OF OUR NOISE-RESILIENCE CONDITIONS WITH RELATED
WORK

Recall from the discussion in the introduction in the main paper that, prior works
2017} [Arora et al, [2018) have also characterized noise resilience in terms of conditions on the
interactions between the activated weight matrices. Below, we discuss the conditions assumed by
these works, which parallel the conditions we have studied in our paper (such as the bounded /5 norm
in each layer).

There are two main high level similarities between the conditions studied across these works. First,
these conditions — all of which characterize the interactions between the activated weights matrices in
the network — are assumed only for the training inputs; such an assumption implies noise-resilience
of the network on training inputs. Second, there are two kinds of conditions assumed. The first kind
allows one to bound the propagation of noise through the network under the assumption that the
activation states do not flip; the second kind allows one to bound the extent to which the activation
states do flip.

CONDITIONS IN[NEYSHABUR ET AL.|(2017)) Using noise-resilience conditions assumed about
the network on the training data, Neyshabur et al.|(2017) derive a PAC-Bayes based generalization
bound on a stochastic network. The first condition in |Neyshabur et al.|(2017) characterizes how the
Jacobians of different parts of the network interact with each other. Specifically, consider layers d, d’
and d"' such that d” < d’ < d. Then, consider the Jacobian of layer d’ with respect to layer d’’ and the
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Jacobian of layer d with respect to d’. Then, they require that ” JU (x; W) HF H JE (x W) H .

O( H JU (x; W) HF) This specific condition allows one to bound how the noise injected into the

parameters propagate through the network under the assumption that the activation states do not flip.
In our paper, we pick an orthogonal approach by assuming an upper bound on the Jacobian ¢ norms
and the layer output norms, which allows us to bound the propagation of noise under unchanged
activation states.

The second condition in|Neyshabur et al.|(2017) is that under a noise of variance o2, the number of
units that flip their activation state in a particular layer must be bounded as O(Ho) i.e., smaller the
noise, the smaller the proportion of units that flip their activation state. This condition is similar to
(although milder than) our lower bounds on the magnitudes of the pre-activation values (which allow
us to pick a sufficiently large noise that does not flip the activation states).

Note that a bound on the Jacobian norms corresponds to a bound on the weights input to the active
units in the network. However, since Neyshabur et al.[(2017) allow a few units to flip activation states,
they additionally require a bound on the weights input to the inactive units too. Specifically, for every
layer, the maximum row ¢s norm of the weight matrix W; is upper bounded in terms of the Frobenius
norm of the Jacobian J%471 (x; W).

CONDITIONS IN|ARORA ET AL.[(2018) In contrast to our work and Neyshabur et al.|(2017), Arora
et al.| (2018)) use their assumed noise-resilience conditions to derive a bound on a compressed network.
Another small technical difference here is that, the kind of noise analysed here is Gaussian noise
injected into the activations of each layer of the network (and not exactly the weights).

The first condition here characterizes the interaction between the Jacobian of layer d with respect to
d’ and the output of layer d’. Specifically, this is a lower bound on the so-called ‘interlayer cushion’,
which is evaluated as

|77 Wy (W)
744 e W), 12 (s W)

Essentially when the interlayer cushion is sufficiently large, it means that the output of layer d’ is
well-aligned with the larger singular directions of the Jacobian matrix above it; as a result it can be
shown that noise injected at/below layer d’ diminishes as it propagates through the weights above
layer d’, assuming the activation states do not flip. Again, our analysis is technically orthogonal to
this style of analysis as we bound the propogation of the noise under unchanged activation states
assuming that the norms of the Jacobians and the layer outputs are bounded.

Another important condition in|Arora et al.| (2018) is that of “interlayer smoothness” which effectively
captures how far the set of activation states between two layers, say d’ and d, flip under noise. Roughly
speaking, the assumption made here is that when noise is injected into layer d’, there is not much
difference between a) the output of the dth layer with the activation states of the units in layers d’
until d frozen at their original state and b) the output of the dth layer with the activation states of the
units in layers d’ to d allowed to flip under the noise. As stated before, this condition is a relaxed
version of our condition that essentially implies that none of the activation states flip.
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