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ABSTRACT

We consider the problem of unconstrained minimization of a smooth objective
function in R in setting where only function evaluations are possible. We propose
and analyze stochastic zeroth-order method with heavy ball momentum. In particu-
lar, we propose, SMTP, a momentum version of the stochastic three-point method
(STP) Bergou et al.| (2019). We show new complexity results for non-convex,
convex and strongly convex functions. We test our method on a collection of
learning to continuous control tasks on several MuJoCo [Todorov et al.| (2012) envi-
ronments with varying difficulty and compare against STP, other state-of-the-art
derivative-free optimization algorithms and against policy gradient methods. SMTP
significantly outperforms STP and all other methods that we considered in our
numerical experiments. Our second contribution is SMTP with importance sam-
pling which we call SMTP_IS. We provide convergence analysis of this method
for non-convex, convex and strongly convex objectives.

1 INTRODUCTION

In this paper, we consider the following minimization problem

min f(x), 1
z€R? f( ) b
where f : R¢ — R is "smooth" but not necessarily a convex function in a Derivative-Free Opti-
mization (DFO) setting where only function evaluations are possible. The function f is bounded
from below by f(z*) where z* is a minimizer. Lastly and throughout the paper, we assume that f is
L-smooth.

DFO. In DFO setting (Conn et al.| (2009); Kolda et al.|(2003), the derivatives of the objective function
f are not accessible. That is they are either impractical to evaluate, noisy (function f is noisy) (Chen|
2015)) or they are simply not available at all. In standard applications of DFO, evaluations of f are
only accessible through simulations of black-box engine or software as in reinforcement learning and
continuous control environments|Todorov et al.|(2012). This setting of optimization problems appears
also in applications from computational medicine Marsden et al.| (2008) and fluid dynamics |Allaire
(2001); Haslinger & Mickinen| (2003); Mohammadi & Pironneau| (2001)) to localization Marsden
et al.| (2004} 2007) and continuous control Mania et al.| (2018)); Salimans et al.|(2017) to name a few.

The literature on DFO for solving () is long and rich. The first approaches were based on deterministic
direct search (DDS) and they span half a century of work | Hooke & Jeeves|(1961);|Sul (1979); Torczon
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(1997). However, for DDS methods complexity bounds have only been established recently by the
work of Vicente and coauthors |Vicente| (2013)); [Dodangeh & Vicente| (2016)). In particular, the work
of Vicente |Vicente| (2013)) showed the first complexity results on non-convex f and the results were
extended to better complexities when f is convex [Dodangeh & Vicente| (2016). However, there
have been several variants of DDS, including randomized approaches Matyas| (1965); [Karmanov
(1974a;b); Baba| (1981); |Dorea) (1983); |Sarmal (1990). Only very recently, complexity bounds have
also been derived for randomized methods |Diniz-Ehrhardt et al.| (2008)); Stich et al.| (2011)); |Ghadimi
& Lan|(2013)); \(Ghadimi et al. (2016); Gratton et al.|(2015)). For instance, the work of Diniz-Ehrhardt
et al.| (2008); (Gratton et al.| (2015) imposes a decrease condition on whether to accept or reject a
step of a set of random directions. Moreover, Nesterov & Spokoiny| (2017) derived new complexity
bounds when the random directions are normally distributed vectors for both smooth and non-smooth
f. They proposed both accelerated and non-accelerated zero-order (ZO) methods. Accelerated
derivative-free methods in the case of inexact oracle information was proposed in Dvurechensky et al.
(2017). An extension of Nesterov & Spokoiny|(2017) for non-Euclidean proximal setup was proposed
by|Gorbunov et al.| (2018) for the smooth stochastic convex optimization with inexact oracle. In|Stich
(2014ajb) authors also consider acceleration of ZO methods and, in particular, develop the method
called SARP, proved that its convergence rate is not worse than for non-accelerated ZO methods and
showed that in some cases it works even better.

More recently and closely related to our work, Bergou et al.|(2019) proposed a new randomized direct
search method called Stochastic Three Points (STP). At each iteration k STP generates a random
search direction s according to a certain probability law and compares the objective function at three
points: current iterate xj, a point in the direction of s; and a point in the direction of —s;, with a
certain step size a;.. The method then chooses the best of these three points as the new iterate:

g1 = argmin{ f(xg), f(zr + agsk), f(zr — agsk)}

The key properties of STP are its simplicity, generality and practicality. Indeed, the update rule for
STP makes it extremely simple to implement, the proofs of convergence results for STP are short
and clear and assumptions on random search directions cover a lot of strategies of choosing decent
direction and even some of first-order methods fit the STP scheme which makes it a very flexible in
comparison with other zeroth-order methods (e.g. two-point evaluations methods like in Nesterov &
Spokoiny| (2017)),(Ghadimi & Lan|(2013)),|Ghadimi et al.|(2016)),|Gorbunov et al.|(2018)) that try to
approximate directional derivatives along random direction at each iteration). Motivated by these
properties of STP we focus on further developing of this method.

Momentum. Heavy ball momentunﬂ is a special technique introduced by Polyak in 1964 Polyak
(1964) to get faster convergence to the optimum for the first-order methods. In the original paper,

Polyak proved that his method converges locally with O (\ /L/ulogl/ e) rate for twice continuously

differentiable p-strongly convex and L-smooth functions. Despite the long history of this approach,
there is still an open question whether heavy ball method converges to the optimum globally with
accelerated rate when the objective function is twice continuous differentiable, L-smooth and p-
strongly convex. For this class of functions, only non-accelerated global convergence was proved
Ghadimi et al.| (2015)) and for the special case of quadratic strongly convex and L-smooth functions
Lessard et. al. [Lessard et al.| (2016) recently proved asymptotic accelerated global convergence.
However, heavy ball method performs well in practice and, therefore, is widely used. One can find
more detailed survey of the literature about heavy ball momentum in|Loizou & Richtarik (2017).

Importance Sampling. Importance sampling has been celebrated and extensively studied in stochas-
tic gradient based methods [Zhao & Zhang| (2015)) or in coordinate based methods Richtarik & Takac
(2016). Only very recently, Bibi et al.|(2019) proposed, STP_1IS, the first DFO algorithm with
importance sampling. In particular, under coordinate-wise smooth function, they show that sampling
coordinate directions, can be generalized to arbitrary directions, with probabilities proportional to the
function coordinate smoothness constants, improves the leading constant by the same factor typically
gained in gradient based methods.

Contributions. Our contributions can be summarized into three folds.

e First ZO method with heavy ball momentum. Motivated by practical effectiveness of
first-order momentum heavy ball method, we introduce momentum into STP method and

"We will refer to this as momentum.
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Algorithm 1 SMTP: Stochastic Momentum Three Points

Require: learning rates {7*};>0, starting point z° € R¢, D — distributionon R%, 0 < 8 < 1 —
momentum parameter
1: Setv™! =0and 20 = 2°
2: fork=0,1,... do
3: Sample s* ~ D

4 Letv% = Bv*~1 + s¥ and vF = okt — s
5: Let x’ffl =k — 'ykvi and 2" 1 = 2k — yruk
6 Let z_’f_“ = xf‘l - I’i—gv_’f_ and 2P = ghH1 I’igv’i
7 Set 21 = argmin { f(2*), f(z511), F(zFT1)}
xﬁ_‘*‘l, if ZhTl = SRl vf’l, if 2kt = zf_“
8: Set zF 1l = { gFHl  jf 2kl = L and bt = R jf 2Rt = SR
ab if R = ok vk, if 2Rt =

9: end for

propose new DFO algorithm with heavy ball momentum (SMTP). We summarized the
method in Algorithm[I} with theoretical guarantees for non-convex, convex and strongly
convex functions under generic sampling directions D. We emphasize that the SMTP with
momentum is not a straightforward generalization of STP and Polyak’s method and requires
insights from virtual iterates analysis from Yang et al.|(2016).

To the best of our knowledge it is the first analysis of derivative-free method with heavy
ball momentum, i.e. we show that the same momentum trick that works for the first order
method could be applied for zeroth-order methods as well.

e First ZO method with both heavy ball momentum and importance sampling. In order
to get more gain from momentum in the case when the sampling directions are coordinate
directions and the objective function is coordinate-wise L-smooth (see Assumption , we
consider importance sampling to the above method. In fact, we propose the first zeroth-order
momentum method with importance sampling (SMTP_IS) summarized in Algorithm 2] with
theoretical guarantees for non-convex, convex and strongly convex functions. The details
and proofs are left for Section[d] and Appendix [E|

e Practicality. We conduct extensive experiments on continuous control tasks from the
MulJoCo suite Todorov et al.|(2012) following recent success of DFO compared to model-
free reinforcement learning Mania et al.|(2018)); [Salimans et al.|(2017)). We achieve with
SMTP_IS the state-of-the-art results on across all tested environments on the continuous
control outperforming DFO Mania et al.|(2018)) and policy gradient methods Schulman et al.
(2015); Rajeswaran et al.|(2017).

We provide more detailed comparison of SMTP and SMTP_IS in Section [E.4]of the Appendix.

2 NOTATION AND DEFINITIONS

We use || - ||,, to define ¢,-norm of the vector z € R%: ||z, &ef

d e
(Zi:l |xi|p> for p > 1 and
[12]) 0o &f max;¢q) || where ; is the i-th component of vector z, [d] = {1,2, ..., d}. Operator E[]
denotes mathematical expectation with respect to all randomness and E;..p[-] denotes conditional

expectation w.r.t. randomness coming from random vector s which is sampled from probability

U . f
distribution D on R?. To denote standard inner product of two vectors ,y € R% we use (z, y) &

d . . .. . d
> i1 Vi, €; denotes i-th coordinate vector from standard basis in R4 ie. x = > iq ziei. We use

|| - |I* to define the conjugate norm for the norm || - ||: [|z||* & max {(a, ) | a € RY, [|a|| < 1}.

As we mention in the introduction we assume throughout the papeIE] that the objective function f is
L-smooth.

>We will use thinner assumption in Section
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. SMTP Importance SMTP_1IS
Assumptions on f . Theorem P ) . Theorem
Complexity Sampling Complexity
2rolyp = L 2rod T, Ls
None R pi = ST I, =3
1 L’YDRg 279 L L; Rgdzr(,i—1 Li 2rg
Convex, Ryp < oo | 1 s In ( Pi = s - In (220)
L 279 - L; S L 27
p-strongly convex s In (220) Pi = s I (*22)

Table 1: Summary of the new derived complexity results of SMTP and SMTP_IS. The complexities
for SMTP are under a generic sampling distribution D satisfying Assumption 3.1 while for SMTP_IS
are under an arbitrary discrete sampling from a set of coordinate directions following Bibi et al.
(2019) where we propose an importance sampling that improves the leading constant marked in red.
Note that ro = f(z¢) — f(z.) and that all assumptions listed are in addition to Assumption
Complexity means number of iterations in order to guarantee E||V f(ZX)||p < ¢ for the non-convex
case, E [f(2%) — f(2*)] < e for convex and strongly convex cases. Ry < oo is the radius in
I - |I5-norm of a bounded level set where the exact definition is given in Assumption We
notice that for SMTP_IS |- |lp = - |1 and || - || = || - ||c in non-convex and convex cases and
|| “/lo =1 - |l2 in the strongly convex case.

Assumption 2.1. (L-smoothness) We say that f is L-smooth if
IVf(z) = ViW)lla < Lllz =yl Va,y € R 2

From this definition one can obtain
7w) ~ F@) ~ (VS @)y - ) < 2ly -l Yoy R, ®
and if additionally f is convex, i.e. f(y) > f(z) + (Vf(z),y — z), we have
IVF(@)lI3 < 2L(f(2) - f(z*)), VaeR™ )

3 STOCHASTIC MOMENTUM THREE POINTS (SMTP)

Our analysis of SMTP is based on the following key assumption.
Assumption 3.1. The probability distribution D on R? satisfies the following properties:

1. The quantity yp « E.p|s|3 is finite.
2. There is a constant jip > 0 for a norm || - ||p in R such that for all g € R?
E.~pl(g,8)| = ppllgllp- (5)

Some examples of distributions that meet above assumption are described in Lemma 3.4 from
Bergou et al.|(2019). For convenience we provide the statement of the lemma in the Appendix (see

Lemma [E.1).

Recall that one possible view on STP [Bergou et al.|(2019) is as following. If we substitute gradient
V f(2*) in the update rule for the gradient descent 2*+! = z¥ — /¥V f(2*) by +s* where s* is
sampled from distribution D satisfied Assumption [3.1{and then select z**! as the best point in terms
of functional value among 2*, z* — v*s* zF 4 4% sk we will get exactly STP method. However,
gradient descent is not the best algorithm to solve unconstrained smooth minimization problems and
the natural idea is to try to perform the same substitution-trick with more efficient first-order methods
than gradient descent.

We put our attention on Polyak’s heavy ball method where the update rule could be written in the
following form:

P = BT L Vf(ah), 2R =2k — ARk (6)
As in STP, we substitute V f(z"*) by +s* and consider new sequences {v* }>o and {v* };>o
defined in the Algorithm However, it is not straightforward how to choose next 2FtL and v* and
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the virtual iterates analysis|Yang et al.|(2016) hints the update rule. We consider new iterates zﬁ“

ah %vk and zk+1 ghtt - 28 gvk and define 25 *1 as arg min { f(z¥), f(511), f(2FT1)}.

Next we update 2**! and v ¥ in order to have the same relationship between z**1, 2%*1 and v* as

between 251, ’fl and v* and z*™ 2™ and v* . Such scheme allows easily apply virtual iterates
analysis and and generalize Key Lemma from |Bergou et al.| (2019) which is the main tool in the
analysis of STP.

F+1 we get that the sequence { f(2*)}x>0 is monotone:

fEEY < (2% vk>o0. (7)

By definition of z

Now, we establish the key result which will be used to prove the main complexity results and
remaining theorems in this section.

Lemma 3.1. Assume that f is L-smooth and D satisfies Assumption Then for the iterates of
SMTP the following inequalities hold:

1 ’Vk . L(Vk)2 112
FEH) € 7(5) = T HVAE). )+ 5 15 ®)
and
41 k V KD L(y*)*yp
Bun ()] < S5 = TEZIVAEo + 5255 ©)

3.1 NON-CONVEX CASE

In this section, we show our complexity results for Algorithm|T]in the case when f is allowed to be
non-convex. In particular, we show that SMTP in Algorithm [I| guarantees complexity bounds with
the same order as classical bounds, i.e. 1/ \/I? where K is the number of iterations, in the literature.
We notice that query complexity (i.e. number of oracle calls) of SMTP coincides with its iteration
complexity up to numerical constant factor. For clarity and completeness, proofs are left for the
appendix.

Theorem 3.1. Let Assumpttonsnand - be satisfied. Let SMTP with v* = ~ > 0 produce points

{20, 21 , K=Y and Z¥ is chosen uniformly at random among them. Then
. 1 - B)(f(2°) — f(z*)) Lyyp
E[|VfEE < ( + . (10)
[IV£El] < Kypp 2up(1 — )
Moreover; if we choose v = \7} the complexity (10) reduces to
. 1 ((A-B)(f(=°) — f(=")) Lyovp
E[|Vf(EE < — ( + ) (11)
¥ FGE5l] VK YoUD 2up (1l — )
Then ~vo = \/2(1_@2(2:”;)_“1*)) minimizes the right-hand side of (L1)) and for this choice we have
V2(f z*)) Ly
E[|VfE")lp] < (12)
| |« DR

In other words, the above theorem states that SMTP converges no worse than STP for non-convex
problems to the stationary point. In the next sections we also show that theoretical convergence
guarantees for SMTP are not worse than for STP for convex and strongly convex problems. However,
in practice SMTP significantly outperforms STP. So, the relationship between SMTP and STP
correlates with the known in the literature relationship between Polyak’s heavy ball method and
gradient descent.

3.2 CONVEX CASE

In this section, we present our complexity results for Algorithm[I]when f is convex. In particular, we
show that this method guarantees complexity bounds with the same order as classical bounds, i.e.
1/K, in the literature. We will need the following additional assumption in the sequel.
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Assumption 3.2. We assume that f is convex, has a minimizer * and has bounded level set at z°:
RO max{Hx —z"||p | f(2) (:I:O)} < +o0, (13)

where HfHD max{(f, x) | ||z||p < 1} defines the dual norm to || - ||p
From the above assumption and Cauchy-Schwartz inequality we get the following implication:
f(@) < flxo) = flz) = fla) <(Vf(x), 2 —2%) < [Vf(@)[pllz — 27 [p < Ro[Vf(2)llp,
which implies

IVf(z)lp = Vo : f(z) < f(xo)- (14)

Theorem 3.2 (Constant stepsize). Let Assumptions . .and .be satisfied. If we set Y¥ = <

a MD)RO then for the iterates of SMTP method the following inequality holds:

k
Lyyp Ry
E[f(z%) — f(z* S(I—W> F@0) = fa") + 2020 (s
JE = 1e0) i-pk) VO I F 510 G
If we choose v = %]‘or some 0 < g < LLQR(Q’ and run SMTP for k = K iterations where
D L0 12233

K =

LIRS (2" -
e U3 €

then we will get E [ f(2%)] — f(z*) <e.

f(x*))> ’ (16)

In order to get rid of factor In w in the complexity we consider decreasing stepsizes.
Theorem 3.3 (Decreasing steps1zes) Let Assumptwns 271} [31) and 3.2] be satisfied. If we set
vk = akJra, where o = = ﬁ) and 0 > =, then for the iterates of SMTP method the following

inequality holds:

2L
max {f(:c°> — f), ae(lfpﬁ)?} : (a7

where 1 4 G- Then, if we choose yh =

2k+2 where o = = 0=BR, ﬁ)R and run SMTP for k = K

iterations where

K= L2 (0 92060 — s ) - 2 s g
ST HD

we get E [f(25)] — f(a*) <e.
We notice that if we choose 3 sufficiently close to 1, we will obtain from the formula (T8) that

K ~ QROL’)/D
EuD

3.3 STRONGLY CONVEX CASE

In this section we present our complexity results for Algorithm[I|when f is p-strongly convex.

Assumption 3.3. We assume that f is p-strongly convex with respect to the norm || - ||5:
[ .
F@) 2 F) + (F@)y— )+ 2y - allp), ey R (19)

It is well known that strong convexity implies

IVF(@)|B =20 (f(z) — f(z*)). (20)
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Theorem 3.4 (Solution-dependent stepsizes). Let Assumptions and[3.3|be satisfied. If we
set vk = %\/2#(]0(216) — f(x*)) for some 0y, € (0,2) such that § = %2%{291@ —ypbi} €

(0, L/(u% ), then for the iterates of SMTP, the following inequality holds:

Ouu\"
BIAGH) - ) < (1- L28) () - fa). 2
Then, If we run SMTP for k = K iterations where
K:GZ2 1n(f(‘”0);f(x*)), £>0, (22)
D

where 1 % ﬁ is the condition number of the objective, we will get E [ f ()] — f(z*) <.

Note that the previous result uses stepsizes that depends on the optimal solution f(x*) which is often
not known in practice. The next theorem removes this drawback without spoiling the convergence rate.
However, we need an additional assumption on the distribution D and one extra function evaluation.

Assumption 3.4. We assume that for all s ~ D we have ||s||2 = 1.
Theorem 3.5 (Solution-free stepsizes). Let Assumptions[2.1] .3 and[3.4| be satisfied. If addi-
tionally we compute f(z* + ts¥), set v¥ = 1=P)If (z"+ts")=F(z")/(Lt) for t > 0 and assume that D
is such that p2, < L/u, then for the iterates of SMTP the following inequality holds:
L?t?
8ppp’

2 k
E[f(zN)] - f(a") < <1 - ok ) (f") = f@) + (23)

Moreover, for any € > 0 if we set t such that

dep?
0<t<yf ’LZ’“, (24)

and run SMTP for k = K iterations where

th%%ﬂﬁ)fww>, 05)

25 €

where 1 % ﬁ is the condition number of f, we will have E [f(z5)] — f(z*) <e.

4  STOCHASTIC MOMENTUM THREE POINTS WITH IMPORTANCE SAMPLING
(SMTP_1IS)

In this section we consider another assumption, in a similar spirit to|Bibi et al.[{(2019)), on the objective.

Assumption 4.1 (Coordinate-wise L-smoothness). We assume that the objective f has coordinate-
wise Lipschitz gradient, with Lipschitz constants L1,...,Lq > 0, i.e.

L
f(z+ he)) < f(z) + Vif(x)h + ?th, Ve e R4 b eR, (26)
where V; f (x) is i-th partial derivative of f at the point .

For this kind of problems we modify SMTP and present STMP__IS method in Algorithm[2] In general,
the idea behind methods with importance sampling and, in particular, behind SMTP_ IS is to adjust
probabilities of sampling in such a way that gives better convergence guarantees. In the case when f
satisfies coordinate-wise L-smoothness and Lipschitz constants L; are known it is natural to sample
direction s* = e; with probability depending on L; (e.g. proportional to L;). One can find more
detailed discussion of the importance sampling in |[Zhao & Zhang| (2015)) and [Richtarik & Takac
(2016).

Now, we establish the key result which will be used to prove the main complexity results of STMP_IS.
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Algorithm 2 SMTP__IS: Stochastic Momentum Three Points with Importance Sampling

Require: stepsize parameters wy, .. ., w, > 0, probabilities p1, ..., p, > 0 summing to 1, starting
point 2° € R%, 0 < 8 < 1 — momentum parameter
1: Setv™! =0and 20 = 2°
2: for k=0,1,... do
3: Select ij, = ¢ with probability p; > 0

4:  Choose stepsize 7 proportional to ﬁ

50 Letovk = BoF~! ¢, and vF = BuFTt — e,

6: Let xiﬂ = z% — yFo* and gt = gk ykyk

7. Letzfitt = a2kt — I’f—gvi and 27T = gt ﬁ—gvﬁ

8 SetzFt!=argmin {f(zF), f(5T), F(FT1)}
xﬁ“, if 211 = zﬁ“ vﬁ“, if 2h 1 = zﬁ“

9: Set gk t1 = { gFHL if o4l = JEHL gpd ot = (kL f Rl = SR
b if R = gk vk, 2Rt = 2k

10: end for

Lemma 4.1. Assume that f satisfies Assumptiond.1| Then for the iterates of SMTP_IS the following
inequalities hold:

k k %ﬁ k Lik(%k)2
[z +1)§f(2)_1_6|vikf(z )|+m 27)
and
1 1
E.op [f(F] < F(2F) - 15 [VEIVa F(ZF) | 27] + WE [Li,(7F)? | 2¥] . (28)

Due to the page limitation, we provide the complexity results of SMTP__IS in the Appendix.

5 EXPERIMENTS

Experimental Setup. We conduct extensive experimentﬂ on challenging non-convex problems on
the continuous control task from the MuJoCO suit Todorov et al.|(2012). In particular, we address
the problem of model-free control of a dynamical system. Policy gradient methods for model-free
reinforcement learning algorithms provide an off-the-shelf model-free approach to learn how to
control a dynamical system and are often benchmarked in a simulator. We compare our proposed
momentum stochastic three points method SMTP and the momentum with importance sampling
version SMTP_ IS against state-of-art DFO based methods as STP_IS|[Bibi et al.[(2019) and ARS
Mania et al.|(2018)). Moreover, we also compare against classical policy gradient methods as TRPO
Schulman et al.| (2015) and NG [Rajeswaran et al.| (2017). We conduct experiments on several
environments with varying difficulty Swimmer-v1, Hopper-vl, HalfCheetah-v1l, Ant-vl,
and Humanoid-v1l.

Note that due to the stochastic nature of problem where f is stochastic, we use the mean of the
function values of f(z*), f(z%) and f(z*), see Algorithm over K observations. Similar to the
work in Bibi et al.| (2019), we use K = 2 for Swimmer-v1, K = 4 for both Hopper—-v1 and
HalfCheetah-v1, K = 40 for Ant—v1 and Humanoid-v1. Similar to|Bibi et al.| (2019), these
values were chosen based on the validation performance over the grid that is K € {1,2,4, 8,16}
for the smaller dimensional problems Swimmer-v1l, Hopper-vl, HalfCheetah-v1l and
K € {20,40,80,120} for larger dimensional problems Ant-v1, and Humanoid-v1l. As for
the momentum term, for SMTP we set 5 = 0.5. For SMTP_1IS, as the smoothness constants
are not available for continuous control, we use the coordinate smoothness constants of a 6 pa-
rameterized smooth function fe (multi-layer perceptron) that estimates f. In particular, consider
running any DFO for n steps; with the queried sampled {z;, f(x;)}?_,, we estimate f by solving

Ont1 = argming y . (f(x;) — f(x:;0))2. See Bibi et al.{(2019) for further implementation details

3The code will be made available online upon acceptance of this work.
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Figure 1: SMTP is far superior to STP on all 5 different MuJoCo tasks particularly on the high
dimensional Humanoid-v1 problem. The horizontal dashed lines are the thresholds used in Table
[2to demonstrate complexity of each method.

Table 2: For each MuJoCo task, we report the average number of episodes required to achieve a
predefined reward threshold. Results for our method is averaged over five random seeds, the rest is
copied from (Mania et al.} 2018)) (N/A means the method failed to reach the threshold. UNK means
the results is unknown since they are not reported in the literature.)

Threshold STP STP1g SMTP  SMTP;s ARS(VI-t) ARS(V2-t) NG-lin TRPO-nn

Swimmer-v1 325 320 110 80 100 100 427 1450 N/A
Hopper-vl 3120 3970 2400 1264 1408 51840 1973 13920 10000
HalfCheetah-vl 3430 13760 4420 1872 1624 8106 1707 11250 4250
Ant-vl 3580 107220 43860 19890 14420 58133 20800 39240 73500
Humanoid-v1 6000 N/A 530200 161230 207160 N/A 142600 130000 UNK

as we follow the same experimental procedure. In contrast to STP_IS, our method (SMTP) does not
required sampling from directions in the canonical basis; hence, we use directions from standard
Normal distribution in each iteration. For SMTP_IS, we follow a similar procedure as |Bibi et al.
(2019) and sample from columns of a random matrix B.

Similar to the standard practice, we perform all experiments with 5 different initialization and measure
the average reward, in continuous control we are maximizing the reward function f, and best and
worst run per iteration. We compare algorithms in terms of reward vs. sample complexity.

Comparison Against STP. Our method improves sample complexity of STP and STP_IS sig-
nificantly. Especially for high dimensional problems like Ant-v1 and Humanoid-v1, sample
efficiency of SMTP is at least as twice as the STP. Moreover, SMTP__IS helps in some experiments by
improving over SMTP. However, this is not consistent in all environments. We believe this is largely
due to the fact that SMTP_IS can only handle sampling from canonical basis similar to STP_IS.

Comparison Against State-of-The-Art. @ We compare our method with state-of-the-art
DFO and policy gradient algorithms. For the environments, Swimmer-v1l, Hopper-vl,
HalfCheetah-v1 and Ant-v1, our method outperforms the state-of-the-art results. Whereas for
Humanoid-v1, our methods results in a comparable sample complexity.

6 CONCLUSION

We have proposed, SMTP, the first heavy ball momentum DFO based algorithm with convergence
rates for non-convex, convex and strongly convex functions under generic sampling direction. We
specialize the sampling to the set of coordinate bases and further improve rates by proposing a
momentum and importance sampling version SMPT_ IS with new convergence rates for non-convex,
convex and strongly convex functions too. We conduct large number of experiments on the task of
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controlling dynamical systems. We outperform two different policy gradient methods and achieve
comparable or better performance to the best DFO algorithm (ARS) on the respective environments.
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A Stochastic Derivative Free Optimization Method with
Momentum

(Supplementary Material)

A PRELIMINARIES
We first list the main assumptions.
Assumption A.1. (L-smoothness) We say that f is L-smooth if:
IVf(z) = VWl < Lllz —yl2 Yo,y € RE (29)

Assumption A.2. The probability distribution D on R? satisfies the following properties:

1. The quantity yp L |s||3 is positive and finite.
2. There is a constant up > 0 and norm || - ||p on R? such that for all g € R?
E.~pl(g,8)| = pollgllp- (30)

We establish the key lemma which will be used to prove the theorems stated in the paper.

Lemma A.1. Assume that f is L-smooth and D satisfies Assumption Then for the iterates of
SMTP the following inequalities hold:

. . Ak L(y%)?
FET) < £ = 5V A, O+ 57— 11 (31
and . .
: ~ e : L(v*)*yp
Egop [f(ZF)] < f(2") - m”vf(zk)HD + 21— ) (32)

Proof. By induction one can show that

k
o 17_551/“*1. (33)

That is, for & = 0 this recurrence holds and update rules for z*, ¥ and v*~! do not brake it. From
this we get

k k
k+1 k+1 VB ok k. k Bk
Z+ = l'+ _1_ﬂ’0+—$ _7U+—mv+
k k k
_ kT k_k_Wﬁ k-1 _ 7 k
= 1_6v+—x 1—/5’0 1_53
& 7k
= 2 1—58'
Similarly,
k k
- xlj+1_7ﬂvli:xk_,ykvli_761}li
1-8 1-p
- gk 7 ok = gk V"B ol g 7 ok
1-5 - 1-5 1-5
k
Gk Y k
= =z +1*55'

12
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It implies that

FEE) Q) (T, A - ) + L - 2
_ SRy V" AN ﬂ Sk 12
= 169 = TSI )+ 5 15
and
7 L(y")?

FEEY < fEN) +
Unifying these two inequalities we get

L(7*)?

1 . 1 1\ _ Wk 2
FEMY < min{ (T, FEETDY = F(ER) - ml(W(zk%S’“H + mllsk\lm

which proves (31)). Finally, taking the expectation E«.p of both sides of the previous inequality and
invoking Assumption[A-2] we obtain

B 6] £ 65~ T2 5+ H1 000

B NON-CONVEX CASE

Theorem B.1. Let Assumptlons-and - be satisfied. Let SMTP with v* = ~ > 0 produce points

{29, 21 , 2K~ and Z¥ is chosen uniformly at random among them. Then
= (1 - B)(f(°) — f(z*)) Lyyp
E[|VfE" < - : 34
V5 E)e] Kypp 2up(1—B) Gd
Moreover, if we choose v = \'/Y—"? the complexity (34) reduces to
. 1 (=) — f(=)) Lyoyp >
E[|VfE" < — ( + . 35
[IV1EDle] < —= pow 2m(L— ) (35)
Then ~vo = \/2(17B)2(£(7i))7f(m*)) minimizes the right-hand side of (33) and for this choice we have
2(f(x L

/«LD\F

Proof. Taking full expectation from both sides of inequality (32)) we get

(1=-B)E [f(z") — f(z")] LD
YD 2up(1 - B)’

E[|Vf(z")lp] <

Further, summing up the results for k = 0, 1, ..., K —1, dividing both sides of the obtained inequality
by K and using tower property of the mathematical expectation we get

_ 20V f(g*
BV )lo] = 5 3 B{1vs(ehe] < LA IED oo

The last part where v = \;’% is straightforward. O

13
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C CoNVEX CASE

Assumption C.1. We assume that f is convex, has a minimizer * and has bounded level set at z°:
de, * || *
Ro < max { ||z — 2|5, | f(z) < f(2°)} < +oo, (37

where HfHD max{(f, x) | [|z||p < 1} defines the dual norm to || - || p.

Theorem C.1 (Constant stepsize). Let Assumptions and be satisfied. If we set v* =
v < (1;@, then for the iterates of SMTP method the following inequality holds:

k
kY p(* __ kD 0y _ f(g)) 4 L1DE0
BIAGH - 6] < (1- 7280 ) () - ) + 5a 250 )
for some 0 < e < LLD%RS and run SMTP for k = K iterations where
= LB, (2) )
e 3 5 ’

then we will get E [ f(25)] — f(z*) <e.

e(1-B)up
Lyp Ro

If we choose v =

(39)

Proof. From the (32) and monotonicity of { f(2*)} x>0 we have

L
1) = TSIV Ao + ﬁ

) Y p( Ly*yp

Taking full expectation, subtracting f(z*) from the both sides of the previous inequality and using
the tower property of mathematical expectation we get

E;~p [f(zk—i_l)}

IN

™@
<

B - 1) < (10 28 VB UG - fa)] + 5o 2 o)

the term 1 — (1 B) 7, 1s positive and we can unroll the recurrence (0):

<1_uj’g%)k(ﬂz0>—f<x*> =t ”szl( %)l
<1_(11“ﬂ1’)%>k(f<x°)—f<x*> LWEZ( WDRO)l

k
YD 0 X Ly*yp  (1—=B)Ro
< <1(1—6)Ro> VG =1+ 30 5p

k
_ (1. _opD 20— f(g*)) 4 LB
- <1 <1—ﬂ>RO> (@) =1+ 30 Bp

Lastly, putting v = % and k = K from (39) in (38) we have

: (1-B)Ro
Since v < s

E [f(2*) = f(2")]

IN

IN

B - 1) = (1072225 ) (6 - 1) +
Y TR
@ e 3
- 5 + 5 =E.

14
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Next we use technical lemma from Mishchenko et al.| (2019). We provide the original proof for
completeness.

Lemma C.1 (Lemma 6 from Mishchenko et al. (2019)). Let a sequence {a*} k>0 satisfy inequality
a*tl < (1—+Fa ) k4 (y¥)2N for any positive v* < ~y with some constants o > 0, N > 0,0 > 0.
F urther let 6 > and take C such that N < O‘OC and ay < C. Then, it holds

2
ak+0°

if we set Y* =

Proof. We will show the inequality for a* by induction. Since inequality ag < C'is one of our
assumptions, we have the initial step of the induction. To prove the inductive step, consider

2 0C 4 C
akt0)ak+0 Yokt 02

"t < (1 —~Fa)d + (F)2N < (1

To show that the right-hand side is upper bounded by W’ one needs to have, after multiplying
both sides by (ak + 0)(ak + a + 0)(0C) 1

2a ak+a+6
1— k 0 —— < ak+90
< ak+9)(a +a+0)+a pyanr +0,
which is equivalent to
ak+a+0 <0
ak+0
The last inequality is trivially satisfied for all £ > 0. O

Theorem C.2 (Decreasing stepsues) Let Assumptions [A.] [A.2] and [C 1| be satisfied. If we set

vk = akJra, where o = (1 )R and 0 > 3 then for the iterates of SMTP method the following

inequality holds:

o { %) - 1), 2 ] @

where 1 & G- Then, if we choose v =

iterations where

#03_2 where o = (1_”% and run SMTP for k = K

2 _ 2\2p2
K=L2R0 e (1= B2(F@) = fat)), o) - 2R 4
€ Hp HDp

we get E [f(25)] — f(a*) <e.
Proof. In we proved that
B - 1) < (1- 28 ) B UGN - 1) + 552,

Having that, we can apply Lemma [C.1|to the sequence E [f(z*) — f(z*)]. The constants for

the lemma are: N = Q(f Bz = ”BD)R and C = max{f(:ro) — f(z*), %} Lastly,

choosing v* = 2 %73 1s equivalent to the choice 6 = f. In this case, we have af = 2, C' =
2

max < f(z%) — f(z*), W} andn = § = 0‘72 = 2(1_7/;3)2}%3_ Putting these parameters and K

from (42)) in the (@T)) we get the result. O
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D STRONGLY CONVEX CASE

Assumption D.1. We assume that f is p-strongly convex with respect to the norm || - ||5:
F() > 5(@) +{VF @)y~ 3) + By alp)®, Vay e RY 3)

It is well known that strong convexity implies

IV @)D = 20 (f() = f(=7)). (44)
Theorem D.1 (Solution-dependent stepsizes). Let Assumptions[A.1} [A.2)and[D.1)be satisfied. If we
set yF = %\/Zu(f(zk) — f(x*)) for some 0, € (0,2) such that 0 = 111;%{2@ —ypbi} €

(O, rm ) then for the iterates of SMTP the following inequality holds:

2
Bl - ) < (1- 9"5“) (16" ~ 7). @s)
If we run SMTP for k = K iterations where
0y _ *
K:GZ?Dln<f(x)Ef(x)), e> 0, (46)

where r % % is the condition number of the objective, we will get E [ f(25)] — f(z*) <e.

Proof. From (32) and v* = &“#\/ZM(f(x’f) — f(x*)) we have

k\2
B [[G] - S@) < f9) - 16 - TEBIvsG >D+m
@
2R - f) 1 _"Z\/2 (z%))
FIRIBR (k) f(a"))
k, 2
< PR - ) - ZEERE Ry )
FIRIBI (1) (o)
2
< (1= 00— 2 ) () - 16,
Using 6 = mf{29k—%9k} € (0 2 )and taking the full expectation from the previous inequality
we get
2
Bl - 1) < (1-224) BN - )
0 2 k+1
< (1-"21) () - )
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Assumption D.2. We assume that for all s ~ D we have ||s||2 = 1.

Theorem D.2 (Solution-free stepsizes). Let Assumpttons @ [D1) and [D2] be satisfied. If
additionally we compute f(2F + ts*), set yF = — U=AIFE" +ts =FE for ¢ > 0 and assume that D
is such that 2, < % then for the iterates of SMTP the followmg inequality holds:

L*¢?
Spipp

5 Nk
BIGH) - ) < (1- 221 ) (1) - 1a)) +

Moreover, for any € > 0 if we set t such that

dep?
0<t<yf 55“, (48)

and run SMTP for k = K iterations where

P (2(f(330) — f(l“*))> ’ (49)

I €

where k & % is the condition number of f, we will have E [f(zK)} — fz*) <e

(47)

Proof. Recall that from (31) we have

7 -
F(R) < F(2R) — m|(Vf(:<rk),8k>‘ o1 g2

If we minimize the right hand side of the previous inequality as a function of v*, we will get that
the optimal choice in this sense is fy(’fp[ = %ﬂzk)m However, this stepsize is impractical for
derivative-free optimization, since it requires to know V f(z*). The natural way to handle this is to
approximate directional derivative (V f(2*), s*) by finite difference M and that is what
k _ (l—ﬁ)\f(szersk)—f(zk)\ — (1—B)I<VLf(Z’“)7s Ol 4 (1 B (= Jers’“) G

we do. We choose v
U-DIVIED.S] & ok 4 5% From this we get
‘<vf(zk)73k>|2 L (6k)2.

< 6 - R 4 g

Next we estimate 5% :

4 = Co Db sy 1) - (91, 1)
< WDk i) — 1) — (V) 1)
& A-p) L, xp_(A-5)
= T allk=T
It implies that
k w (VIR 892 L (1-p)*t?
f(ZJrl) < f(E) - o7 +2(1_5)2' 4
kY Jk\[2 2
and after taking full expectation from the both sides of the obtained inequality we get
L 2
B [/(H) ~ f)] < B ~ f)] — op B [(VAH), )] + -
Note that from the tower property of mathematical expectation and Jensen’s inequality we have
E[[(Vf(z"),s)°] = E[Ewp [[(VF(ER), )] 2]
> E|(Byep [(VFGH), M) | 2])7]
(£} &
S E[BIVAEIR] S 2huE ()~ fa)].
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Putting all together we get

BIAGH - 16)] < (1- 222 BIAGH) - 1) +

Due to p% < % we have

E[f(:5) - f9)] < (1-F2F
2
< 1— HDpH
- L
2
_ _ HDH
= 1 17

Lastly, from 7)) we have

18
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E SMTP_TIS: STOCHASTIC MOMENTUM THREE POINTS WITH IMPORTANCE
SAMPLING

Again by definition of z¥*! we get that the sequence {f(2*)}x>0 is monotone:

fEY < (2% vE>o0. (50)

Lemma E.1. Assume that f satisfies AssumptionH.1} Then for the iterates of SMTP_1IS the following
inequalities hold:

k+1 N VY ) k Li,(7f)*
FE) < F) = IV )+ e 61
and
1 1
Egeop [f(ZTH] < F(2F) - mE (VI f(Z9)] | 2%] + WE [Li,(¥))? 1 %] . (52)
Proof. In the similar way as in Lemma[A-T|one can show that
k
ok gk 1'Yi_ﬂﬁvk*1 (53)
and
k
Z_IT_+1 _ Zk : ) ﬁeikv
k
=2k 4 1Y Béin
It implies that
k k2
k+1 B T k Li, (%)
and
k k2
k41 k i (K Li, (v7)
FEET) < R + ViR + e

Unifying these two inequalities we get
Lik 7116)2
2(1—-p)*

which proves (51)). Finally, taking the expectation E[- | z¥] conditioned on 2* from the both sides of
the previous inequality we obtain

k
FE) < minFEE), S = ) - TGV

B [f(z"1) | 4] < f(*) - ——E ¥V (5] | 2] +

— E[Li ()% | 2]

2(1 - pB)?

E.1 NON-CONVEX CASE

Theorem E.1. Assume that f satisfies Assumption Let SMTP_IS with 'yf = wi for some
i

v > 0 produce points {2°, 2, ..., 25~} and Z¥ is chosen uniformly at random among them. Then
d
- 1= B)(f(2°) — f(z*)) Y Lip;
E K < ( ) 54
[||Vf(z )”1] - Ky min P- + 2(1 - ) min 2L < w? (>4
i=1,...,d Wi i=1,...,d Wi =1
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Moreover, if we choose v = \'/Y‘L then

- ) — f(z* L Lipi
E[IV/E)] < = nlnndm (“ M >)+2(1”f6);f§>. 59)
i=1,...,d Wi =

Note that if we choose vo = \/2(1 ﬁ)z(f(zo) 1@ in order to minimize right-hand side of (33)), we

will get

\/2 (F(a9) - f(a*)) ﬁ Ly,

E[|VfE")|1] < 56
i=1,...,d Wi
Note that for p; = Li/>¢ L, with w; = L; we have that the rates improves to
2(f() — f@)d L, L
E [IVFE)Ih] < \/ ! (57)

VK

Proof. Recall that from (52) we have

1

E [f(zF1) | 24] < f(z5) — LE IV F(Z)] ] 2] + 2(1 - )2

1-5

Using our choice 7} = —~ we derive
ik

E [Li,(7})? | 2¥]. (58)

E [/¥[Va, f(2)] | 2¥] —WZ Vif () 2 Y195 ()l i L

=1,....d W;
and
d Lip;
E [Li,(v)* | ] =7 =5
i=1 ¢
Putting it in (38) and taking full expectation from the both sides of obtained inequality we get

pi

ol _mln -t
B[f()] < B[f(H)] - ~T=5—BIVAE)h + 5 QZ 3
whence
(1-8) (B[/(zH)] ~ B [f(5)) v ~ Lip:
IV£(zM)h < 7 min 2 DT Jmin B ol

Summing up previous inequality for k = 0,1, ..., K — 1 and dividing both sides of the result by K,
we get

1K y (1= B)(f(°) = f(a") v L Lipi
E[IV/GIh] < K~y min 2 + 2(1 - ) min 2- Z 2
k=0 i=1,...,d Wi i=1,...,d Wi =1

K-1
It remains to notice that - kZO E [|Vf(Z")11] = E[IVf(ZX)|1]. The last part where v = s

straightforward. O
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E.2 CONVEX CASE

As for SMTP to tackle convex problems by SMTP_IS we use Assumption[3.2]with || - [|p = || - [|1.
Note that in this case Ry = max {||z — 2* || | f(z) < f(2°)}.

Theorem E.2 (Constant stepsize). Let Assumptionsand be satisfied. If we set v = L such
1k

that 0 < v < % then for the iterates of SMTP_1S method the following inequality holds:

v min £-

ky % _ i=1,...,d Wi 0y « ’)/Ro d Lipi
E[f() = f@)] < [1- == | (F(°) = @) + >

— — i Pi
(]‘ ﬁ)RO 2(1 ﬂ) izr?’l}/.l’d wi j=1 i
(59)
d
c(1-6) min Zi R 3 St
Moreover, if we choose ¥ = ————2" for some 0 < ¢ < Lpz and run SMTP_1IS for
Ro 3, SF min
k = K iterations where
2 d L
R} 3 L
1 =1 Wi 2(f(2%) — f(z*
K== 1=1 p2 hl( (f( ) f( )))7 (60)
9 i i 9
min
i=1,...d Wi

we will get E [ f(25)] — f(z*) < . Moreover, for p; = Li/s>? L with w; = Lj, the rate improves
to

e

d *
K = iRﬁd;Li In (Q(f(xo) @ ))) . 61)

Proof. Recall that from (32) we have

1 1
k+1 k k k k k k2 | Lk
B[S | 4] < 74— 7B DAV GO 2]+ grgnB L 0E 1 4] 6
Using our choice v* = - we derive
i

2 Pi bi

k k Kl _ LI (SR k in 2%

BRIV 1] = v SV 2 VAR i

and

Putting it in (62)) and taking full expectation from the both sides of obtained inequality we get

3 Pi
Yy min -
i=1,...,d Wi

E [f(zk-H) - f(x*)] S 1- m

2 d L:n:
BN = S0 + 5y gm 2 g 6
i=1 4
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Due to our choice of v < =22 we have that the factor ( 1 — =—%+ min £¢ | is non-
min -t (1-B)Ro i=1,...,d Wi

negative and, therefore,

N\ F
BN -6 = (1- g i, 2) U6 - 16)
k

7 Lvi\ g pi\'
- (2(1 — B2 ; w? ) s (1 ~(1-B)Re i—?l.?,dwi)
N\ F
(1 0 AR jﬂ)Ro in Z) (f(°) = f(z"))
PP Lipi | o g AN
" <2<1 —B)? L w? ) 2:: (1 ~(1-B)R, i—r?,l.?,dwi)
d

) ~Ry Lip;
(f(ZO) _ f(q; )) + 2(1 - p) ':r{lind% ; ,w12 .

IN

- K
2
BIf(:5)) - f) = |1- 2200 (P - f) + 5
R2 Lipi
0 'IU2
i=1 "
a‘jllﬁndﬁz €
< expq K (F() = f(2") + 5
ThE
=1 ¢
@ €,°_
= 2—|—2 E.

Theorem E.3 (Decreasing stepsizes). Let Assumptions and be satisfied. If we set fyf = Tj
1k

Pq

1,...,d "

and v* = ﬁ, where o = LZ*W and 6 > %, then for the iterates of SMTP_1S method the

following inequality holds:

B[/ S 0 . 2y~ L 64
[f(z )]—f(x)_nk+1max f(@”) = f(x )’049(1—5)2; w? [ (64)

min Pi
. w

where o = = Oi and run SMTP_1S for

d
where 1) “ G- Moreover, if we choose vk = O=A Ry

k = K iterations where

1 2R2 " d Lii 217 2R2
=1 20 - R0 - ), S L 20O
€ min & o1 Wi ‘min %

)
i=1,...,d Wi i=1,...,d Wi

2c
a?k+2

=

(65)
we will get E [f(25)] — f(a*) <e.

Proof. In (63) we proved that
v min 2t

1Y =l ™
E[f(") - fa")] < [1 TR

2 L
=1 g
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Having that, we can apply Lemma to the sequence E [f(z*)— f(z*)]. The con-

d ~ min :—f
stants for the lemma are: N = 2(1i6)2 > Lu’;é“, a = % and C =
=1 0
d
max {f(mo) — f(z*), aa(f_ﬁ)Q > Lwé’ } Lastly, note that choosing v* = #”jﬂ is equivalent
=1

w.

d
to choice § = 2. In this case we have af = 2 and C' = max {f(mo) — f(z*), ﬁ > Lié”‘
i=1 i

S
WP

2 min

a a i=1,..

andn = § =% = m Putting these parameters and K from (63) in the (64) we get the
result. =

wz

s

E.3 STRONGLY CONVEX CASE

Theorem E.4 (Solution-dependent stepsizes). Let Assumptions[3.3|(with || - |lp = | - |1) and
(1-pB)6) . min %
be satisfied. If we set vF = ;:1;““1 “2u(f(2F) — f(a*)) for some 6y, € (0,2) such that
iPq
Wiy 24 7,2
i Lip;
0= Iir;f(’){?@;g — 62} e |0, % , then for the iterates of SMTP_1S method the following
- ® z:rlnmd ﬁ
inequality holds:
k
2
Ou _7nllin . 5)12
E[f(z")] - fz*) < |1 - —= (f(2°) = f(z"). (66)
Z Ligi
=1 i
If we run SMTP_1S for k = K iterations where
d
> Lip; .
= 1n(f($o)_f(x)) £>0 67)
Op min 25 €
i=1,...,d Wi

we will get E [f(25)] — f(a*) <e.

Proof. Recall that from (52) we have

B[ | 2] < 1) = T25E DV I 2] + g (B 052 1] @)
Using our choice 7% = m\/2u(f(zk) — f(z*)) we derive
(1—15)6k ‘_r{nnd%’i s
E [V, /(5] ] = e 2R - f@) YD BV )
> ng i=1 ¢
i=1
2
(1- B)on (,m 3;)
> ) = HE) IV
iPi
z; wi
2(1— B)f; min 2
(0} i=1,. w;
> p =L () — )
iDi
;:1 w]
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and

B[L, ()] ] = S U R DI

p min
E[f("h) = f(aM)] < [ 1-(20 - 0°)——— | E[f(z") - f(")].
i=1 i
Lip;
w?
Using 6 = inf {20, — 03} € | 0, —=1—"— | we obtain
k>0 © . min p—iz
i=1,...,d w2
Op min 5}22
E[f(z") = f(a")] < |1-—FF E [f(z") = f(«")]
> Ly
i=1
k+1
2
. P;
Op, min s o .
< |1-— (f") = f(a"))
Lipi
i=1 K
Lasrtly, from (66) we have
K
2
Ou g{lin . f;g
E[f(z)] - f(z*) < |1-—2 (f(a°) = f(z))
i=1 i
Ou min p—z
i=1,...,d Wi 0 *
< expd —K—r (f(%) = f(="))
Lip;
1=1 w?
(67)
< e

The previous result based on the choice of v* which depends on the f(z*) — f(z*) which is often
unknown in practice. The next theorem does not have this drawback and makes it possible to obtain
the same rate of convergence as in the previous theorem using one extra function evaluation.

Theorem E.5 (Solution-free stepsizes). Let Assumptions[3.3|(with || ||p = |- ||2) and}.1|be satisfied.

_ K ite. Vo (5
If additionally we compute f(z* + te;, ), set vF = A=A)lf(= Lttet”“) 1(=0)l fort > 0, then for the

iterates of SMTP__1S method the following inequality holds:

Di k
B [f(:4)] - /(") < (1 4 min ) (7 - fa) +

i=1,...,d Lz
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Moreover, for any € > 0 if we set t such that

45,ul min Pt
0<t< R (70)
> pil
i=1
and run SMTP_TIS for k = K iterations where
1 2 0y _ *
b min B :

we will get E [ f(25)] — f(a*) < e. Moreover, note that for p; = Li/s>¢ L; with w; = Lj, the rate

improves to
D Y'Y 7 <2<f<x°> - f(x*))) _ )
Iz

3

Proof. Recall that from (51) we have

k k)2
FEH) < £64) = P51 AER + 5T,

If we minimize the right hand side of the previous inequality as a function of ¥, we will get that
the optimal choice in this sense is m’fm = %M However, this stepsize is impractical for
derivative-free optimization, since it requires to know V;, f(z*). The natural way to handle this is to

k Ny k
w and that is what
(I=B)|f (" +tei ) —FF)

approximate directional derivative V;, f(2*) by finite difference
_ (A=BIf " ey )~ F(=")] (A=B)|Viy (")

we do. We choose 7F = T = I, + Lot
_ . 2k . .
% def Ve 4 0F. From this we get
ik
k|2
k1) Vi f(zY)] Li (st

Next we estimate |§F|:

08 = O ) — 1R - 19

< DDk pie,) - )~ Vi sG]

® (1-p) L _ (-

- Lt 2 2

It implies that
k %1 G P T B s
FEMY < FER) - 2L, +2(175)2' 4

_ w Vi fGR? | Lt
= S s

and after taking expectation E [ | zk] conditioned on z* from the both sides of the obtained inequality
we get

) k)2 2
E [f("t) | 2F] < f(zF) - 1E [W | zk] + “g [Li, | 2¥].

2 Li, i
Note that
E[ Ly, |2 B ;Liwlﬂz !
> I3 min 7
2 VDI min >
@ *
= 2u(f(z") — /@) min =,



Published as a conference paper at ICLR 2020

since || - ||p = || - ||2, and

zk|z sz Qe

Putting all together we get

, 2 4
B[J(HY) |4 < fG5) = min 2 (165 = @) + 5 YomiL

i=1,...,d L;

Taking full expectation from the previous inequality we get

BIAGH - 160)] < (1-n min ) B[R - 6] + 5 SomiL

Since u < L; foralli =1, ..., d we have

N
B[/ - f)] < <l—u i pl) (F°) - (=)

i=1,. ,dLi

IN

<1—M min pl) (£ - 1))

Di
1— v
(1 pim, )

Lastly, from (69) we have

K 9 d
" Di * l
E [f(zK)] —fz") < (l—ulnlrnndLl) (f(ajo) — f(x )) + SHi:Hll,i?’d%i Z:ZIPJM
’ .
exp{ Kuz_rguf}dg} (f(a°) = f(=%)) +g
e €
S 5"'5 = £.

E.4 COMPARISON OF SMTP AND SMTP_1IS

Here we compare SMTP when D is normal distribution with zero mean and é covariance matrix
with SMTP_ IS with probabilities p; = Li/>>¢ | L,. We choose such a distribution for SMTP since
it shows the best dimension dependence among other distributions considered in Lemma[F.1} Note
that if f satisfies Assumption it is L-smooth with L = max L;. So, we always have that

i=1,...,d

Zle L; <dL. Tablesummarizes complexities in this case.

We notice that for SMTP we have || - ||[p = || - ||2. That is why one needs to compare SMTP with
SMTP_IS accurately. At the first glance, Table [3]says that for non-convex and convex cases we
get an extra d factor in the complexity of SMTP_IS when Ly = ... = L; = L. However, it is
natural since we use different norms for SMTP and SMTP_IS. In the non-convex case for SMTP
we give number of iterations in order to guarantee E [||V f(2%)||2] < e while for SMTP_Is we

provide number of iterations in order to guarantee E [||V f(z")||1] < . From Holder’s inequality
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. SMTP Importance SMTP_1IS
Assumptions on f . Theorem P . . Theorem
Compleixty Sampling Complexity
dL L; 2rgd 3¢ | Ly
None g = | mEen
R 0L r L; 0,000 32 0=1 Li 27,
Convex, Ry < oo 22— In (220) A < In (%)
L 2 L L 2
u-strongly convex ST (20) pi = s L~ In (22)

Table 3: Comparison of SMTP with D = N (0 1) and SMTP_IS with p; = Li/s>9_ ;. Here

ro = f(2°) — f(x*), Ro s, corresponds to the Ry from Assumption with || - ||[p = || - ||2 and
Ry ¢, corresponds to the Ry from Assumptlongwnh l-lo=I" |

| - 1 < Vd| - ||2 and, therefore, in order to have E [||V f(z%
that E |V £(z9)2] < <.
distribution needs to perform

)l1] < e for SMTP we need to ensure
That is, to guarantee E [||V f(z%)]||1] < e SMTP for aforementioned

”Tod L jterations.

Analogously, in the convex case using Cauchy-Schwartz inequality || - |2 < v/d|| - ||oo We have that
Ry, < \/&Ro’gw. Typically this inequality is tight and if we assume that Ry, > C R%2 , we will
get that SMTP__IS complexity is

2 d
RG,0, 205
£

b (222) up to constant factor.

That is, in all cases SMTP__IS shows better complexity than SMTP up to some constant factor.

F AUXILIARY RESULTS

Lemma F.1 (Lemma 3.4 from Bergou et al[(2019)). Let g € R%.

1. If D is the uniform distribution on the unit sphere in R?, then

1
=1 and E,~ ,S) |~ — . (73)
Hence, D satisfies Assumption Ao =112 and pp ~ ﬁ.
2. If D is the normal distribution with zero mean and identity over d as covariance matrix (i.e.
s~ N(0,1)) then
V2
=1 and E,up|(g,s)|=——=]|gll- 7
D o (g1 = T==lgllz (74)
. . . _ _ _ ﬁ
Hence, D satisfies Assumpttonwzth yw=L1|lp=1"2and up = T
3. If D is the uniform distribution on {ey, ..., eq}, then
1
=1 and Es.p|(g,5)|= Zllgll. (75)
Hence, D satisfies Assumption o =" and pp = 3.
4. If D is an arbitrary distribution on {e1, ... ,eq} givenby P {s = e;} = p; > 0, then
d
def
=1 and Bep (g s)]=lglo =D pilgil- (76)

i=1

Hence, D satisfies Assumption[3.1|with yp = 1 and pp = 1.

5. If D is a distribution on D = {uy, . . .,
R? and P {s = d;} = p;, then

uq} where uy,. ..,

uq form an orthonormal basis of

’Y’D = ]_ and ESND |<gv | - HgHD - Zpl|gl

27
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Hence, D satisfies Assumption[3.1|with yp = 1 and pp = 1.
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