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ABSTRACT

Despite their ubiquity, it remains an active area of research to fully understand
deep neural networks (DNNs) and the reasons of their empirical success. We con-
tribute to this effort by introducing a principled approach to statistically character-
ize DNNs and their sensitivity. By distinguishing between randomness from input
data and from model parameters, we study how central and non-central moments
of network activation and sensitivity evolve during propagation. Thereby, we pro-
vide novel statistical insights on the hypothesis space of input-output mappings
encoded by different architectures. Our approach applies both to fully-connected
and convolutional networks and incorporates most ingredients of modern DNNs:
rectified linear unit (ReLU) activation, batch normalization, skip connections. '

1 INTRODUCTION

While the empirical success of deep neural networks is not disputed anymore, a full understanding
of these models is not yet achieved (Zhang et al., 2016; Dinh et al., 2017; Neyshabur et al., 2017).
As no exception to this rule, advances in the design of neural network architectures have more often
come from the relentless race of practical applications rather than by principled approaches. Con-
sequently many common practices and rules of thumb are still awaiting for theoretical validation.

An important obstacle in the characterization of neural networks is the complex interplay of
different sources of randomness. In that respect, despite winning successes both theoretically
(Poole et al., 2016; Schoenholz et al., 2016; Yang & Schoenholz, 2017; Pennington et al., 2018)
and empirically (Pennington et al., 2017; Xiao et al., 2018), the mean-field theory of neural
networks fails to distinguish between the randomness from input data and model parameters. As a
result, input data is only modeled in the rudimentary case of two correlated signals with Gaussian
pre-activation distribution. In Balduzzi et al. (2017) input data is similarly modeled using two
correlated signals with typical activation patterns. Another path of research considers input data as
a 1-dimensional manifold of evolving length and curvature (Poole et al., 2016; Raghu et al., 2017).
All cases are limited in their scope or simplifying assumptions.

In this paper, we introduce a novel approach to statistically characterize deep neural networks and
their sensitivity. Only mild assumptions are required and the usual simplifications of infinite width,
gaussianity or typical activation patterns are not made. Both fully-connected and convolutional net-
works are encompassed and the commonly used techniques of batch normalization and skip connec-
tions are incorporated. The key of our methodology is to consider statistical moments with respect to
input data as random variables which depend on model parameters. By studying how different archi-
tecture choices influence the evolution with depth of these moments, we provide statistical insights
on the corresponding hypothesis spaces of input-output mappings. Our findings span the topics of
pseudo-linearity, exploding sensitivity, exponential and power-law evolution with depth.

2 PROPAGATION

We start by formulating the propagation for neural networks with neither batch normalization
nor skip connections, that we refer as vanilla networks. The formulation will be slightly adapted
in section 6 with batch-normalized feedforward nets, and in section 7 with batch-normalized resnets.

!Code to reproduce all results will be made available upon publication.
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Clean propagation. Suppose that we are given a random tensorial input x € R *7XNo which
is spatially d-dimensional with spatial extent of n in each direction and Ny channels. We further
suppose that this input is not trivially zero such that Ey o c[x2 ] > 0, where a denotes the spatial
position and c the channel. This input is fed into a d- dlmenswnal convolutional neural network
with periodic boundary conditions and constant spatial extent n.> For each layer, we denote IN; the
number of channels or width, K the convolutional spatial extent, w! € RE:XXKixNi—1xNi the
weight tensors, b! € RM the biases, and x',y' € R *"*Ni the tensors of post-activations and
pre-activations. We further denote ¢ the activation function and we adopt the convention x° = x.
The propagation at each layer [ is given by x! = ¢(w' * x!'=! + ), where B! € R"* " *"*Ni j5 the
tensor with repeated version of b at each spatial position. From now on, we refer to the propagated
tensor x' as the signal.

Noisy propagation. Next we suppose that the input signal x is corrupted by a small white noise ten-
sor € € R™* XX No with independent and identically distributed components such that Ee [€;€;] =
aféij (0e < 1), with §;; the Kronecker delta. The noisy signal is propagated in the same neural
network and we keep track of the noise corruption with the tensor €' = ®'(x + €) — ®!(x), where
®! is the input-output mapping x' = ®!(x). Again with the convention € = ¢, the simultaneous
propagation of the clean signal x' and the noise €' is given by

y = whxx!i™ +,6l x! :¢>(yl), (1)
e =w ke~ Lo d(y ) 2)

where © denotes the element-wise tensor multiplication and Eq. (2) is obtained by taking the
derivative in Eq. (1). As shown by Eq. (2), for given x the mapping from € to €’ is linear. The noise
€' thus stays centered with respect to € during propagation with Ve, c: e [elayc] =0.

To get rid of the dependence on o, we introduce the random sensitivity tensor as the rescaling of
the noise with unit initial variance: s = s = € / 0. and s' = €' / 0. Due to the linearity of Eq. (2),
the sensitivity tensor s' is the result of the simultaneous propagation of x' and s' in Eq. (1) and (2).
We also have Eq [s;s;] = d;; and Vo, c: Eg [ Se c] = 0. The sensitivity tensor encodes derivative
information while avoiding the burden of increased dimensionality (see computation in Appendix
D.1 for an illustration). This will prove very useful.

Further scope. We restrict our analysis to the ReLU activation function: ¢(y') = max(y',0).
This is partly due to lack of space and partly because ReLU networks are the most widely used in
practice. Note however that the formulation with convolutional neural networks does not exclude
fully-connected networks, obtained simply as a subcase with n = 1.

3 INPUT DATA RANDOMNESS — MOMENTS, NORMALIZED SENSITIVITY

3.1 INPUT DATA RANDOMNESS

To understand the importance of the input data distributions Py(x') and Py s(s!), let us adopt a
geometrical perspective on Eq. (1) and Eq. (2) in the context of classification. The neural network
is fed a noisy point cloud with different classes spread throughout space. Its goal is layer after layer
to modify this point cloud in R™***"*Nt in order to better group points from the same class and
separate points from different classes. This continues until the point cloud reaches the final linear
separation. The evolution of the point cloud and its derivative across layers, Py(x') and Px (s'), is
of crucial importance since it characterizes the internal neural network machinery.

Note the distinction between Py(x!), Py s(s') on one side, and Py o, g(x'), Pxs.w g(s') on the
other side. As an illustration, consider a neural network which has shrunk its input x to a point
mass distribution Py (x!~1) = dp,_,. For given w' and B, the propagation of Eq. (1) maps this
distribution to another point mass Py (x') = &,,. On the other side, Px ., g(x') has density spreading
in the whole ambient space R™* "< Nt and misses the distributional pathology.

>Whenever « and ¢ are considered as random variables they are supposed uniformly sampled among all
spatial positions {1,...,n}? and all channels {1,..., N;}.

3The assumptions of periodic boundary conditions and constant spatial extent 7 are made for simplicity of
the analysis. Possible relaxations are discussed in section C.2.
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3.2 MOMENTS

In order to keep track of Py(x!), Py s(s'), our next challenge is the tensorial structure of x' and
s'. In a similar way as batch normalization, we consider feature maps at different spatial positions
as interwoven sub-signals of the tensorial meta-signal. Statistically, we work at the granularity
of sub-signals and we treat equally the randomness of the input tensors x, s and the spatial po-
sition . This brings the definition of the feature map vector and centered feature map vector of x' as
fm(xl, a) = xfl’:, fm(xl, a) = xfl’: —Ex.a [XZQJ,
where a is uniformly sampled in {1,...,n}% and the denotation f,,(x', &) reminds the randomness
of both x! and a. For any order p, the non-central moment and central moment of x' per-channel
and averaged over channels are defined as

z/p7c(xl) =Ex o [fm(xl, a)f], ppyc(xl) =

VP(XI) = Ex,a,c [fm(xla Oé)f] s ,LLp(Xl) =

The previous definitions are further extended to any random tensor.

3.3 NORMALIZED SENSITIVITY

Normalized sensitivity. Using the moments of x' and s' we finally define our key metric for the
statistical characterization of neural networks that we refer as the normalized sensitivity C':

Cl = <M2(sl)u2(xo)> 1/2’ (3)

pa(xt)

where 12(s!) measures sensitivity and po(x!), po(x°) measure signal informativeness. Again in
the classification task where the goal is to set apart different signals, informativeness is measured
by u2(x') since a constant shift applied to all signals is uninformative. This is summarized by the
property of ¢! to measure an expected sensitivity when neural network input and output signals are
rescaled to have unit variances (proof and visual illustration in Appendix D.2).

Normalized Sensitivity and Signal-to-Noise. Now let us push further the view of noisy propaga-
tion with the terminology of signal-to-noise ratio SN R' and noise factor F*:

2
SNER — aéignal _ pa(xh) pl— SNR° _ pi2(s') pa(x%) = (¢y?
ol w2 (€t)’ SNR! pa(xt) ’

where we used the definitions of u2(x'), p2(€') and pa(€) = o2pua(s!) and pz(€?) = o2. In

logarithmic decibel scale, SNR); = SNRY; — 20log,,¢'. The normalized sensitivity ¢! then
directly measures how the neural network degrades (¢! > 1) or enhances (¢! < 1) the input
signal-to-noise ratio. The factor of noise equivalence means that neural networks with high ¢! are
essentially noise amplifiers.

Normalized Sensitivity and Generalization. The relevance of ¢! is further supported by several
studies relating sensitivity and generalization for fully connected networks (Sokolic et al., 2017;
Novak et al., 2018; Philipp & Carbonell, 2018). Notably the coefficient defined in Philipp & Car-
bonell (2018) is equivalent to the normalized sensitivity ¢! in the fully-connected case (details on
equivalence and reasons for our change of terminology in Appendix D.1).

4 MODEL PARAMETERS RANDOMNESS

We now introduce model parameters as the second source of randomness. We only consider
untrained networks at initialization. Due to the randomness of the initialization point and its
independence from input data distribution, this can be seen as characterizing the hypothesis space
of input-output mappings encoded by the architecture. We assume that initialization is standard:
(i) weights and biases are initialized following He et al. (2015), (ii) when pre-activations are
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batch-normalized, scale and shift batch normalization parameters are initialized with ones and zeros
respectively.

Our methodology from now on is to consider all moment-related quantities such as ,up(xl),
pp(sh), vp(xh), vp(st), ¢! as random variables depending on (W1 bl ..., W' b!). We in-
troduce the notation ©' = (w', B3, ..., w!, @) for the full set of parameters and the notation

6" = ©'|0'"! for the conditional set of parameters, when (w', 3') are considered as random and
(wh, B, w!=t B'~1) as given. Furthermore we denote &1 (x) the geometric increments such that

log dp12(x') = log pi(x') — log pa (x'~1).

Evolution with Depth. We are now able to write the evolution with depth of p5(x!) as
log o (x') — log (%) = 3 log Egn[0y12(*)] + Y Fgn[log dp1a(x*)] — log By [3112(x*)]
+ Y loguz(x*) — Egellog Suz(x")), “)

where Eq. (4) is obtained using logua(x') — logua(x?) = 3, logdua(x*) and by de-
composing each term in the sum with telescoping terms. Let us define &,u2(x*) such that
Spa(xF) = 6, p12(x*) Egr [0p12(x*)], and denote 77, m, s the three different terms in Eq. (4):

[p2 (x*)] = log Egre [0 p2(x")], (5)
mps(x*)] = Egx [log Sp2(x*)] — log Egr [Sp2(x*)] = Egr [log 6,12 (x")], (6)
s[2(x")] = log 612 (x*) — Egi[log dpua (x")] = log 6,412(x*) — Ege log 6,2(x")],  (7)

where Eq. (6) is obtained by entering log Egx [12(x*)] into the conditional expectation and the
logarithm, and Eq. (7) is obtained using Egx [ Egx [log dpu2(x*)]] = Egr [log Sz (x*)].

Discussion. First we note that 72[uo(x*)] and m[u2(x*)] are random variables which depend on
©%~! while s[2(x*)] is a random variable which depends on ©*. We also note that m [ (x*)] < 0
by log-concavity and that s[us(x*)] is centered: Egx [s[u2(x*)]] = 0.

Under standard initialization, each channel provides an independent contribution to
E )2

po(xF) = Ex.a.c [f’m(x ,a)c]. As a consequence, for large Ny the relative increment 0,10 (xk)
has low expected deviation to 1, meaning with high probability that |logd,us(x*)] < 1,
Im[p2(x")]] < 1, |s[u2(x¥)]] < 1. In addition, s[us(x*)] is centered and non-correlated at
different % so its sum scales as v/, whereas the sums of 7[ug (x*)] and m[us (x*)] scale as [ (see
Lemma 10 in Appendix E.1). The term s[uso (xk)} is thus doubly negligible. In summary, the
evolution with depth is dominated by 77215 (x*)] when this term is non-vanishing and by [ (x*)]
otherwise. The exact same analysis can be applied to v5(x') and to sensitivity moments v (s!),
pa(sh). It can also be applied to the ratio jip(s') / pu2(x!) and thus to ¢*.

Further notation. From now on, the geometric increment of any quantity is denoted with §. The
definitions of m, m and s in Eq. (5), (6) and (7) are extended to other central and non-central
moments of signal and sensitivity as well as ¢! with m[¢!] = L(m[u2(s!)] — mlua(x)]),
m¢"] = 3 (mlp2(s")] — mpa(x)]). s[C'] = 5 (s[ua(s")] — slpa(x")]).

The approximation of dominating terms such as m[j2(x*)] in Eq. (4) is denoted with ~. To make it
precise, we write a ~ b when a(1 4 §,) = b(1 + &) with |d,| < 1, |0 < 1 with high probability.
We write @ < b when a(l + 0,) < b(1 + 0p) with |0,] < 1, |6p] < 1 with high probability. From
now on we further assume that the width is large. We stress that this assumption is milder than
mean-field since dominating terms such as [z (x*)] in Eq. (4) remain random variables and since
we do not require the signal x! to be Gaussian.

5 VANILLA NETWORKS

We are now fully equipped to statistically characterize neural network architectures. We start by
analyzing vanilla networks corresponding to the equations of propagation introduced in section 2.

Theorem 1. Moments of vanilla networks. (proof in Appendix E.2) Denote A; the event
{va(x') > 0} and Aj the complementary event {v>(x') =0} = {Px o [xfm =0] = 1}. Then:

4
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B Tl (1-2-%) < BlA] < [Ti, (1- 2538

(ii) There exist positive coOnstants Mmin, Mmax> Vmin, Vmax > 0 and sequences of random variables
(my), (my), (1), (s]) such that under A,, s, s} are centered and

log Z/Q(Xl) = —lmy + Vs, + log v2(x%),  Mmin <My < Minaxs  Vmin < Varg| 4, [s1] < Vmax,

l
log pa(s') = —Ilm; + \ﬂs;, Mumin < M) < Minax,  Vmin < Varg| 4, [57] < Vmax-

Discussion. (i) is related to the collapse of ReLU networks, which is studied in Lu et al. (2018). Any
vanilla ReLU network almost surely collapses to 0 but the number of required layer is exponential
in the width NNV;. In practice, it is not a real problem.

(ii) implies that moments of x’ and s' can be written v5(x') = vy(x°) exp(—Iim; + V/Is;) and
p2(s') = exp(—Im} + /Is}). This behaviour comes from the particularity of He et al. (2015)
to keep stable EgiEx o c[(x4 )% = Eeot[r2(x')] and EgiEx a.c[(sh )% = Eei[u2(s')] during

a,c
propagation, which results in vanishing 7, (x')] and 7 [uso(s')]. The dominating terms in Eq. (4)
are then m[vo(x*)] < 0 and m[us(s*)] < 0 (see Appendix E.3 for details). The small negative
drift and the increasing variance of log v5(x') and log ji»(s') is clear in Fig. 1d and Fig. le. It is
also clear that the distribution of log v5(x') and log ji2(s') is nearly Gaussian and therefore the
distribution of v5(x!) and po(s') is nearly lognormal. Since a lognormal distribution exp(u + o X)
with X ~ A(0,1) has expectation equal to exp(u + 02/2), the increasing variance of log vy (x!)
and log j12(s') must be compensated by small negative drift in order for their exponential v5(x!)
and 1 (s') to have stable expectations Eg; [v2(x')] and Eg: [112(s!)]. Note that the diffusion happens
in log-space since layer composition amounts to multiplicative random effect in real space.

As a consequence of (ii) and Chebyshev’s inequality, conditionally on A; the variables v5(x!') and
o (s!) still converge in probability to 0 (proof in Appendix E.4). He et al. (2015) thus manages
to stabilize expectations with respect to all realizations ©'. However in practice we only see a
single realization ©! and for large [ this leads with high probability to vanishing network signal
and sensitivity (i.e. activations and gradients). Note that this is a finite-width effect and the terms
m[ve(xh)], m[pa(s')], s[ve(x!)], s[u2(s')] also vanish in the limit of infinite width.

Theorem 2. Normalized Sensitivity increments of vanilla networks. (proof in Appendix F.1)
Under A;_1, the dominating term in the evolution of the normalized sensitivity is:

L LT -2
5<l ~ exp (mvanilla [Cl]) _ <1 — ]EC,QHAI,I [V1,c (y )Vl,c (y )]) » (8)

pr2(x=1)

where y't = max(y',0) and y~ = max(—y',0).

Discussion. An immediate consequence of Theorem 2 is that 6¢' > 1, meaning that normalized
sensitivity always increases with depth for ReLU vanilla networks. To further understand the
behaviour of ¢! we proceed by contradiction. Suppose that there is an event D with probability
P[D] > 0 under which log ¢! has a drift larger than the diffusion. Under D the ratio pz(x') / vo(x)
then converges in probability to 0 and the variance jz(x') becomes arbritrary smaller than the
average magnitude v(x') = Ey o[||x'[|3] / Ni (proof in Appendix F.2). All inputs x are then
mapped to a very localized region and the distribution of x! resembles that of a single point. In
turn, this implies that with high probability a given pre-activation channel will have all its values
concentrated around either a single positive or a single negative value. This means that with
high probability either y;lf = 0 for nearly all x, o, or yfjc_ = 0 for nearly all x, o, and thus
V1 (Yo P wie(yh™) / pa(xi1) < 1 and 6¢! ~ 1. This contradicts the presence of the drift larger
than the diffusion in log ¢'.

The previous argument shows that §¢! ~ 1 for large [ and small diffusion, i.e. large width.
This is further supported by the results of our experiments in Fig. la and Fig. 1b. A direct
consequence of 6¢' ~ 1 is that the ratio v1 ¢ (y"F)v1 o (y"7) / p2(x71) in Eq. (8) is constrained to
small values, which leaves two possibilities for the signal distribution that we illustrate qualitatively:

(1) If max (Vl)c(yl”*')7 Vl’c(yl’_))g/pg(xl_l) — 0,then vy (|y])? / p2(x!=1) — 0and first-
order standardized moments become ill-defined.
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(ii) If min (v c(y" ), z/Lc(yl’*))2 / pa(x!=1) — 0, then f,,(y', &) becomes concentrated on
the semi-line generated by its average vector (v .(y'))1<c<n, (proof in Appendix F.3). In
this case, the same pattern of activation is seen with probability one with respect to input
data and the neural network becomes linear.

The situation (ii) is clearly visible in Fig. lc. Our analysis provides a novel insight in this previously
observed phenomenon of coactivation (Balduzzi et al., 2017). Note that the distributional pathology
is severe since a 1-dimensional distribution at layer [ implies a 1-dimensional input when taking the
perspective of layers I’ > [.
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Figure 1: Illustration of the distributional pathologies of vanilla networks with N; = 128 and L =
200 layers. (a) Geometric increments of the normalized sensitivity 6¢* with rapid evolution towards
§¢! ~ 1. (b) The normalized sensitivity ¢! has sub-exponential evolution since it is limited by neural
network pseudo-linearity. (c) 2-dimensional cuts of preactivation feature maps f,(y2°°, o) using
the direction of average vector (11 .(y>°?)) and a random orthogonal direction (7 (y2°°))*. (d-e)
Evolution of the distributions of z2(x') and po(s') with depth showing clear lognormality.

6 BATCH-NORMALIZED FEEDFORWARD NETS

Next we incorporate batch normalization (loffe & Szegedy, 2015) which has the effect of subtract-
ing v1 ¢ (y') and normalizing by p .(y*)'/? for each channel c in y'. The equations of propagation
are given by
y'=wxx"1+ g, 2 =BN(y), x' = ¢(z'), ©)
t! =Wl u' = BN'(y) ot!, s =¢@E)od, (10)
where BN denotes batch normalization and where we introduced the tensors z', t' and u’. Note

that Eq. (9) and Eq. (10) explicitly formulate a finer-grained subdivision of three different steps
between layers [ — 1 and [ in the simultaneous propagation of (x!, s!).

Theorem 3. Normalized Sensitivity increments of batch-normalized feedforward nets. (proof
in Appendix G.1) The dominating term in the evolution of (' can be decomposed as the sum of a
term mpn [C'] due to batch normalization and a term M [C'] due to the nonlinearity ¢:

) )]
exp (mBN [Cl]) = ('u2> Ec)gl [MQ’C ‘| s (11

pra(x71) p2,¢(y")
exp (m [d]) - (1 —2E, 4 [yl,c (2 vr.c (zlf)D_l/2 , (12)
¢! ~ exp (mBN/FF [Cl]) = exp (mBN [¢'] +my [Cl])- (13)

6
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Figure 2: Illustration of the distributional pathology of batch-normalized feedforward nets with
N; = 384 and L = 200 layers. (a) Geometric increments 6¢! and their decomposition as the
product of two terms: a batch normalization term corresponding to the evolution from (x!~!, s!~1)
to (z',u') and a nonlinearity term corresponding to the evolution from (z',u’) to (x!,s!). (b)
The normalized sensitivity ¢! has exploding behaviour. (c) Effective ranks of signal and sensitivity
confirm that sensitivity is much better conditioned than signal. There is a clear inverse correlation
between 7¢(x!) and the batch normalization term in 6¢'. (d) z' becomes ill-behaved as v (|z!|)
vanishes and 114 (z') explodes. This explains the decay of the nonlinearity term in §¢’.

Effect of batch normalization. The term of Eq. (11) corresponds to the evolution of ¢! from
(x!=1,s!71) at layer [ — 1 to (z',u') just after BN. To understand this term qualitatively, the
pre-activation tensor y' can be seen as N; random projections of x/~!, and batch normalization
can be seen as an alteration of the magnitude for each projection. Given that batch normalization
uses uzc(yl)l/ 2 as normalization factor, directions of high signal variance are dampened while
directions of low signal variance are amplified. This preferential exploration of low signal directions
naturally deteriorates the signal-to-noise ratio and amplifies ¢! due to the factor of noise equivalence.

Now let us look directly at the quantity inside the expectation in Eq. (11). By spherical symmetry
under standard initialization, geometric increments from x'~! to y for the signal and s'~* to t! for
the sensitivity have the same expectation E. g [p12 ¢ (t')] / po.c (8'™) = Eq gt [p,c (y)] / pr2,c(x' ).
On the other hand, the fluctuation of these geometric increments depends on the fluctuation of
the signal and sensitivity in the N; random projections, i.e. on whether directions of signal and
sensitivity variances are rare in the ambient space. To measure this effect of conditioning, we adopt
the metric of effective rank r.g from Vershynin (2012):

Tr C (%, )]
1C [fa (!, )] 1]

Tr C[fa(s', )]
1C [fu(s", )] I

Tefr(x') refr(s') = (14)

whith C[f,(x!, )], C[(fn(s!, )] the covariance matrices of signal and sensitivity feature map
vectors and || - || the spectral norm. We further extend this definition to any random tensor. If we
assume that s’ has very good conditioning with Teff(slil) ~ N;_q, then po (tl) has small relative
deviation to its expectation E, g:[u2 o (t')] and this term can be treated as a constant. In turn, this
implies by convexity of x — 1/x that exp (m BN [C l]) > 1. The worse the conditioning of x'~1,
i.e. the smaller re(x'~1), the larger the variance of s c(y') / E i [p2,c(y')] at the denominator
and the impact of the convexity. Thus the smaller re(x' ') and the larger exp (M [¢ ! |)- This
argument is strictly valid for the first step of the propagation where the sensitivity has perfect
conditioning, which results in exp (WB N [C 1]) > 1 (proof in Appendix G.2). In Fig. 2c we confirm
experimentally that reff(sl) ~ N; > reff(xl). Together with Fig. 2a we also confirm that Teff(Xl) is
highly predictive of the batch normalization effect on 6¢’.
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Effect of the nonlinearity ¢. The term of Eq. (12) corresponds to the evolution of ¢! from
(z!,ul) after BN to (x!,s!) after ¢. The quantity inside the expectation can also be expressed
as vy ¢ (zl’+)1/1’C (zl7’) /,U,ch(Zl) since MQ_’C(ZZ) = 1 after batch normalization. We then find a
very similar expression as Eq. (8) for vanilla networks. The difference is that first-order moments
are now normalized using 2 (z!) instead of uo(x!~!). This implies that each random projec-
tion in y' is given the same importance in the sense of similar contribution to §¢'. On the con-
trary, Eq. (8) for vanilla networks gives more importance to random directions with high signal
since v1 ¢ (y" ") vie(yh ™) / p2(x'~1) is small for low signal directions. Note that v . (|z'|) =
vie(z"T) + v1c(2h7) implies 201 ¢ (25T ) 11 o (27) < v1,c(|2'])? when taking the square. The
term 74 [¢'] is thus limited by E. gt [11 c(|z'|)?] as shown by the joint examination of Fig. 2a and
Fig. 2d.

7 BATCH-NORMALIZED RESNETS

We finish our exploration of DNN architectures with the incorporation of skip connections. We
now suppose that the width is constant, i.e. N; = N,* and following He et al. (2016) we adopt the
perspective of pre-activation units. The propagation inside residual units is given by

gl = b qb(BN(yl’h_l)) + bt (15)
ghh — by (tl,h—l o BN/(yl,h—l) ® ¢’(BN(yl’h_1))>7 (16)

where Eq. (15) and Eq. (16) hold for 1 < h < H, with H the number of layers in each residual
unit. Denoting (yl’h,tl’h) = ¢lh (yl’hfl,tl’hfl), the propagation between successive residual
units is given by

(yl7 tl) _ (yl—l’ tl—l) + (yl,H’ tl,H) _ (yl—l7 tl—l) + (I)Z,H o q)l,l (yl—l7 tl_l). (17)

For consistency reasons, we rename the inputs of the propagation as y° = y, t° = t. We further

adopt the convention that y% = y9 t0# = t0 such that Eq. (17) can be rewritten as
!

(v ) = (" 5. (18)

k=0

Theorem 4. Normalized Sensitivity increments of batch-normalized resnets.  (proof
in Appendix H.3) Suppose that for all depth | we can bound the effective ranks Tmin <

Teff(yl)ﬂ”eff(yl’H),Teff(tl)areff(tl’H), the second-order central moment s min < 2 (yl=H) <t max
and the feedforward increments inside residual units Omin < O6C"" < Gma.  Denote
Pmin = (((Smin)QH/Lz,mm B M2,max) /MQ,max and Pmax = ((5max)2HM2,max - N2,min) /M2,min,

and further consider Tuin, Tmax Such that Tumin < pmin / 2 and Tmax > pmax / 2.5 Then:
VI < N7 : (1+ Pmin )1/2 < 5t < (1+ pmax)1/2 (19)

min I+1 ~ ~ 11 s
1 1

Vi>1: 5 Pmin logl < log¢! < 2 Pmas log 1, (20)
Vi>1: [Tmin < Cl < [ @1

Discussion. The evolution in Eq. (19) remains exponential inside residual units since pmin and pmax
have an exponential dependence in H. However it is slowed down by the factor 1 / (I + 1) between
successive residual units. This comes from the dilution of the residual path (y'#t!#) in the skip
connection path (y!~!, t'~!) with ratio of signal variances pio(y"H) / pa(y'="!) scaling as 1 /1. If
we remove the dilution effect in Eq. (19) by replacing [ 4- 1 by 1 and if we set (12 min = 2, max>

“ Again this assumption is only made for simplicity of the analysis. In practice, it holds at least approxi-
mately since /V; is only modified by very few units.

>Note that Theorem 4 has very mild assumptions. The assumption on effective ranks is not required in
Eq. (20) and Eq. (21). Furthermore the assumption on 2 (yl’H ) is very reasonable since batch normalization
controls signal variance at the beginning of layer H.
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then we recover the feedforward evolution with (dpin)? < ¢! < (6max)™. The dilution is clearly
visible as a side effect of the layer aggregation in Eq. (18): each residual unit [ adds a new term of
increased sensitivity, but its relative contribution to the aggregation becomes smaller and smaller
with 1, so it gets harder and harder for the model to grow ¢’.

Since 6¢! becomes closer and closer to 1, its fluctuation eventually becomes dominant relatively
to its expected deviation to 1. This explains why Eq. (19) only holds for small [. It continues
however to hold statistically so that the bounds on log ¢! = 3 i log 0¢ *in Eq. (20) correspond
to the integration of the bounds in Eq. (19). A direct consequence of the dilution is thus the
power-law evolution of ¢! in Eq. (21) instead of the exponential evolution for feedforward nets.
Equivalently, when Eq. (21) is written as exp (7minlog!) < ¢! < exp (7max log!), the evolution
of ¢! for resnets is the same as the evolution of ('°%! for feedforward nets. In words, the evolution
with depth of resnets is the logarithmic version of the evolution with depth of feedforward nets.
Up to some factor, an evolution from 100, to 1000, and to 10000 layers for resnets is equivalent
to an evolution from 20, to 30, and to 40 layers for feedforward nets. Despite differences in the
underlying assumptions, our results are reminiscent of the results in Philipp et al. (2017) on the
role of the dilution to alleviate the exploding gradient problem, as well as the results in Yang &
Schoenholz (2017) on the power-law evolution of mean-field resnet gradients.

A shown in Fig. 3, the slow power-law evolution ensures that all statistical quantities remain well-
behaved. The exponent in the power-law fit in Fig. 3d is setto 7 = p /2 = (62 — 1) / 2, with dyy
the feedforward increment averaged over the whole evolution. This shows that the bound in Eq. (21)
is tight.

13 a (sgl,h o (P 5é1,lx — BN + 4) ’
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Figure 3: Illustration of the well-behaved evolution of batch-normalized resnets with N; = 384 and
L = 500 residual units of H = 2 layers. (a) Decomposing 6¢"" as the product of two terms: a batch
normalization term and a nonlinearity term. (b) The normalized sensitivity ¢! has power law evolu-
tion. (c) Effective ranks of signal and sensitivity indicate that many directions of signal variance are
preserved. (d) Moments v; (|z'|) and 14(z') indicate that z’ has nearly Gaussian distribution.

8 CONCLUSION

This paper introduced a novel approach for the statistical characterization of deep neural networks
and their sensitivity. Only very mild assumptions were required and most ingredients of modern
DNNs were incorporated. The main scope restriction comes from our focus on the rectifier activation
function. We expect however qualitatively similar results to hold for other activation functions.

Below is a summary of our key results:
— For vanilla networks, He et al. (2015) only stabilizes second-order moments of activation and
sensitivity in expectation. Depth propagation still induces an additive random walk with small
negative drift in log-space. This results in slowly vanishing activations and gradients and the
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inevitable convergence to a distributional pathology where the neural network becomes linear
and its signal shrunk to a single dimension.

— For batch-normalized feedforward nets, the exponential growth of sensitivity has two origins:
on the one hand batch normalization which upweights low-signal pre-activation directions, on
the other hand the nonlinear activation function ¢.

— Finally for resnets the sensitivity only grows as a power-law. Equivalently the evolution with
depth of resnets is the logarithmic version of the evolution with depth of feedforward nets.
The underlying phenomenon is the dilution of the residual path in the skip connection path
with ratio of signal variances decaying as 1 / k. This ingenious mechanism is responsible for
breaking the circle of depth multiplicativity which causes distributional pathology for vanilla
networks and batch-normalized feedforward nets.

We hope that our methodology will open new perspectives in the statistical understanding of deep
neural network architectures. We believe that it could also provide novel insights regarding model
trainability and generalization.

REFERENCES

David Balduzzi, Marcus Frean, Lennox Leary, J. P. Lewis, Kurt Wan-Duo Ma, and Brian
McWilliams. The shattered gradients problem: If resnets are the answer, then what is the ques-
tion? In International Conference on Machine Learning, 2017.

Laurent Dinh, Razvan Pascanu, Samy Bengio, and Yoshua Bengio. Sharp minima can generalize
for deep nets. ArXiv e-prints, 2017.

Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Delving deep into rectifiers: Surpassing
human-level performance on imagenet classification. In Proceedings of the 2015 IEEE Interna-
tional Conference on Computer Vision (ICCV), pp. 1026-1034. IEEE Computer Society, 2015.

Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Identity mappings in deep residual
networks. In Computer Vision — ECCV 2016, pp. 630-645. Springer International Publishing,
2016.

Sergey loffe and Christian Szegedy. Batch normalization: Accelerating deep network training by
reducing internal covariate shift. In Proceedings of the 32nd International Conference on Inter-
national Conference on Machine Learning - Volume 37, ICML’ 15, pp. 448-456, 2015.

L. Lu, Y. Su, and G. E. Karniadakis. Collapse of Deep and Narrow Neural Nets. ArXiv e-prints,
2018.

Behnam Neyshabur, Srinadh Bhojanapalli, David Mcallester, and Nati Srebro. Exploring general-
ization in deep learning. In I. Guyon, U. V. Luxburg, S. Bengio, H. Wallach, R. Fergus, S. Vish-
wanathan, and R. Garnett (eds.), Advances in Neural Information Processing Systems 30, pp.
5947-5956. 2017.

R. Novak, Y. Bahri, D. A. Abolafia, J. Pennington, and J. Sohl-Dickstein. Sensitivity and Gen-
eralization in Neural Networks: an Empirical Study. In International Conference on Learning
Representations, 2018.

Jeffrey Pennington, Samuel S. Schoenholz, and Surya Ganguli. Resurrecting the sigmoid in deep
learning through dynamical isometry: theory and practice. CoRR, abs/1711.04735, 2017.

Jeffrey Pennington, Samuel S. Schoenholz, and Surya Ganguli. The emergence of spectral univer-
sality in deep networks. In AISTATS, volume 84 of Proceedings of Machine Learning Research,
pp. 1924-1932. PMLR, 2018.

G. Philipp and J. G. Carbonell. The Nonlinearity Coefficient - Predicting Overfitting in Deep Neural
Networks. ArXiv e-prints, 2018.

George Philipp, Dawn Song, and Jaime G. Carbonell. Gradients explode - deep networks are shallow
- resnet explained. ArXiv e-prints, 2017.

10



Under review as a conference paper at ICLR 2019

Ben Poole, Subhaneil Lahiri, Maithra Raghu, Jascha Sohl-Dickstein, and Surya Ganguli. Exponen-
tial expressivity in deep neural networks through transient chaos. In D. D. Lee, M. Sugiyama,
U. V. Luxburg, I. Guyon, and R. Garnett (eds.), Advances in Neural Information Processing Sys-
tems 29, pp. 3360-3368. Curran Associates, Inc., 2016.

Maithra Raghu, Ben Poole, Jon M. Kleinberg, Surya Ganguli, and Jascha Sohl-Dickstein. On the
expressive power of deep neural networks. In ICML, volume 70 of Proceedings of Machine
Learning Research, pp. 2847-2854. PMLR, 2017.

Samuel S. Schoenholz, Justin Gilmer, Surya Ganguli, and Jascha Sohl-Dickstein. Deep information
propagation. CoRR, abs/1611.01232, 2016.

Jure Sokolic, Raja Giryes, Guillermo Sapiro, and Miguel R. D. Rodrigues. Robust large margin
deep neural networks. IEEE Trans. Signal Processing, 65(16):4265-4280, 2017.

Roman Vershynin. Introduction to the non-asymptotic analysis of random matrices. In Compressed
Sensing: Theory and Applications, pp. 210-268. Cambridge University Press, 2012.

L. Xiao, Y. Bahri, J. Sohl-Dickstein, S. S. Schoenholz, and J. Pennington. Dynamical Isometry
and a Mean Field Theory of CNNs: How to Train 10,000-Layer Vanilla Convolutional Neural
Networks. ArXiv e-prints, 2018.

Ge Yang and Samuel Schoenholz. Mean field residual networks: On the edge of chaos. In I. Guyon,
U. V. Luxburg, S. Bengio, H. Wallach, R. Fergus, S. Vishwanathan, and R. Garnett (eds.), Ad-
vances in Neural Information Processing Systems 30, pp. 7103—7114. Curran Associates, Inc.,
2017.

Chiyuan Zhang, Samy Bengio, Moritz Hardt, Benjamin Recht, and Oriol Vinyals. Understanding
deep learning requires rethinking generalization. ArXiv e-prints, 2016.

A DETAILS OF THE EXPERIMENTS IN FIG. 1, FIG. 2 AND FIG. 3

All three experiments of Fig. 1, Fig. 2 and Fig. 3 were made on CIFAR10 with a random initial
convolution of stride 2 reducing the spatial dimension to n = 16. In each case we considered the
convolutional extent K; = 3 and periodic boundary conditions. A few experiments with approxi-
mately statistics-preserving boundary conditions such as symmetric mirroring indicated qualitatively
equivalent behaviour.

Fig. 1 was obtained by considering width /V; = 128 and total depth L = 200. For 10 000 random
initializations we randomly sampled 1 024 images and computed the evolution with depth of v»(x!)
and pio(s'). The distributions of 5 (x!) and po(s') were estimated with the empirical distributions
on the 10000 computations, which are shown in Fig. 1d and Fig. le. As for Fig. lc, it was ob-
tained with 2-dimensional cuts of preactivation feature maps f,(y2°°, o) for 1 randomly sampled
point every 5 computations. Each time the cut was performed using the direction of average vector

(v1,¢(y?°?)) and a random orthogonal direction (17 (y2°%))=.

Fig. 2 was obtained by considering 1000 batches of 64 randomly sampled images. Due to less
demanding computations, we increased the width to a more realistic value N; = 384. For simplicity,
we always considered batch normalization in train mode. Solid curves correspond to the expectation
over the 1 000 batches and Fig. 2a, Fig. 2c, Fig. 2d additionally show 1o intervals.

Finally Fig. 3 was obtained by considering again 1 000 batches of 64 randomly sampled images with
N; = 384 and L = 500 residual units of H = 2 layers. Geometric increments 8¢ were computed
in the feedforward propagation from (y*"~1 t5"=1) to (y!", t"") at layer h = 2 in residual unit [.
Solid curves correspond again to the expectation over the 1 000 batches and Fig. 3a, Fig. 3c, Fig. 3d
additionally show 1o intervals.

We plan to release Jupyter notebooks to enable replication of our results upon publication.

11
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B COMPLEMENTARY DEFINITIONS AND NOTATIONS

Receptive field mapping. Here we temporarily need to handle the mechanics of convolution.
Let us consider the convolution at layer [ of an input v € R™*>*"XNi—1 from layer [ — 1. The
output feature map of the convolution (w' * v) . at position a € {1,...,n}? is obtained by the
application of the convolution kernel w' over a local input region of size (K lle,l), with K ld the
spatial extent and NV;_; the extent in the channel dimension. The local input region is called the
receptive field of (w!  v) at spatial position c.

The receptive field mapping associates an input v from layer [ — 1 to RF(v). RF(v) is the tensor
of R~ xnxK{'Niex quch that RF (V)a,: is the reshaped vectorial form of the receptive field of
(w' * v) at spatial position cc. We denote R; = K;'N;_, the dimensionality of RF (V)4 . and Z! the
set of indices in RF'(Vv)q,: corresponding to elements in channel ¢ in the input v. Strictly speaking,
RF depend on [, but this is implied by the argument so we write RF for simplicity.

Receptive field vectors. The receptive field vector ry and centered receptive field vector T
associated with an input v from layer [ are random vectors which depend on v, « such that

r(v,a) = RF(V)q, and 1¢(v,a) =re(v, ) — Ey o[re(v, )],

where we kept the same denotation for the variable in the expectation, as a slight abuse of notation.
Again r¢ and 1y are strictly speaking dependent on [, but this is implied by the argument.

Statistics-preserving property. RF is statistics-preserving with respect to v if for any channel c
and any index i, € Icl, the random variables RF(V)q,;, and v . which depend on v, a have the

same distribution RF(V)a.i, = Veve-

B

Equation of Propagation. Using the definition of RF', the affine transformation from the receptive
field RF(x'~1) .. to the feature map in the next layer yfx: is written as

Yo =W'RF(x' ). +b, (22)
where W € RNt* £ jg the suitably reshaped matricial form of w!. To lighten notation, we write
y! = W!RF (xl_l) + b’ as a short for the affine transformation of Eq. (22) occuring at all spatial

positions cx. We have the following equivalence between the notations with receptive field and with
convolutions:

WI!RF(x'™1) + bl =W+ x!71 4 gL

For vanilla networks, the simultaneous propagation of x and s! is then written as

yi=W!RF'™) +b', x'=¢(yh), (23)
t! = WIRF(s'™), sl =¢'(y) ot (24)
For batch-normalized feedforward nets, the simultaneous propagation of x’ and s' is written as
y' = WIRF(x'"1) +bl, 2l = BN(y'), x! = ¢(2),
t! = WIRF(s'™), u =BN'(y) ot s =¢@E)ou.

Covariance and Gramian. The Gramian operator G and covariance operator C' associated with

a random vector v € RY are defined as
G[v]=E, [VVT] and C[v]=E, [VVT] —E, [v} E, [V]T.

Note that the gramian and covariance of feature map and receptive field vectors are related by

Glfn(v,a)] = Clfn(v, a)] = Clfn(v, @)] and Glif(v, a)] = C[#s(v, )] = Clre(v, a)].

Symmetric propagation for vanilla networks. We define additional tensors obtained by symmetric
propagation at each layer [. In the case of vanilla networks they are given by:

12
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v =-WRF(x'™") -bl, =o',

El — _WIRF(Sl_l), §l —_ ¢/(yl) @El
By spherical symmetry, tensor moments have the same distribution with respect to 6' for both
; l <l l )2 <l )2 1 \2
propaganons Furthermore Ve, ¢, x¢ o + X o = }ya_yc‘ and (Xavc) + (xa,c) = (ya_yc) since
xb, XL, . = 0. We deduce
Ve : vpo(xh) o (X) = vac(y), (25)

Now consider the second-order moments of the sensitivity tensor and suppose first that
x,s, a, ¢, 0! are fixed. We have the following identity:

(Sla,c)2 + (éix,c)Q = (tix,c)Qﬁb/(ya,C)Q + (Ela,c)2¢/(ya70)2 = (tla,c)z[ﬁb/(ya&)z + ¢/(ya70)2]'
There are two possible cases depending on y', <= w! .RF(xl’l)a .+ bl

— If ||RF(x!71)q..||2 # 0, then under standard initialization, Py [ya ¢ # 0] =1, and thus
Py [¢/'(y')? +¢'(3')% = 1] = Land Py [(85,.0)° + (84.e)? = (tao)?] = 1.

— If ||[RF(x!71)q..||3 = 0, then the element-wise tensor multiplication of Eq. (24) at layer
I — 1 implies || RF(s'™)q.:||3 = 0, and thus t., . = 0, s, . =0, 8, . = 0.

In all cases, Py [(sh.)* + (8h.)° = (th.)?] = 1. For given ¢, we now consider x,s, o as
variables again and we get by Fubini’s theorem:

EglEx,s, [ {( st, )2+ (8, (tfx,c)g}:| =h

Eg By s [1 (26)

{(sg,0)2+<sg,c>2¢(tg,6>2}} =0,
Py: [Px,s,a [(Sa.e)” + (Bhe)? # (ta)’] = 0} =1 @7)

where Eq. (27) is obtained by contradiction, since Py [Px,sa [(sla’c)2 + (élow)2 * (tla,c)z] > O} >
0 would imply that Eq. (26) does not hold. We can relate the moments of s!, §' and t! by

(vac(8") + vac(8') — 1o (th) ) =Exs.a L) —(t, )2]2

[(sa
= Bxsa [( Sece)” (tfm)Q) 1{(sg,c>2+(ég,c>2¢<t£,,c)2}}
< vae(8)? + () - <tl>2) Prs.al(she)? + (8he)? # (b))

where we used Cauchy-Schwarz inequality and the implicit assumption that the moment quantity is
well-defined. Combined with Eq. (27), we then get

Py [va,c(s') + v2c(8) = 1ao(th)] = 1.

2

Since s!, 8" and t! are centered, s ¢(s!) + vo.c(8') = p2c(s') + p2.(8") and vy ((t!) = a2 <(th).
So we ﬁnally get for the event intersection {Vc : poc(s) 4+ poc(8) = pac(th)} =
{Mzc )+ p2,e(8") = pac(th)}:
Py [{¥e i pacls!) + poeld) = pze(t)}] = 1. (28)

Symmetric propagation for batch-normalized feedforward nets. For batch-normalized feedfor-
ward nets, the symmetric propagation at each layer [ is given by

' = -W'RF(x'"!) - b!, ' = BN, x' = o(2"), (29)
—~W!RF(s'Y), ﬁl = BN'(3' () od. (30)
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BN in Eq. (29) and Eq. (30) use the statistics of 3/, so that tensor moments have the same distribu-
tion with respect to ' for both propagations. We then simply have

7zl = -2, al = —ul. (31)
The exact same analysis as before gives:
Ve : vpo(x)) + v (X)) = vao(2h), (32)

Py [{VC s pige(sh) + p2e(8Y) = ngc(ul)}:| =1. (33)

C STATISTICS-PRESERVING PROPERTY

C.1 CASE OF PERIODIC BOUNDARY CONDITIONS AND CONSTANT SPATIAL EXTENT n

Lemma 1. If convolutions have periodic boundary conditions and the global spatial extent n is
constant, then RF is statistics-preserving with respect to any input v.

Proof. Fix a channel c in v, an index i, € Ié, and consider the tensors v. . and RF(v).,; €
R™**" " The index i. corresponds to a given convolution kernel position & € {1,..., K;}%.
Furthermore under periodic boundary conditions, this fixed kernel position implies that each position
a in RF(V)q,, originates from a different position o' in the tensor v . Therefore the index
mapping f : a@ — o from {1,...,n}? to {1,...,n}? is bijective. We then have RF(V)q: =

[e3 . . .
Vi(a)e ~ Va,c When RE (V)a,i, and v ¢ are seen as random variables which depend on o and v is

given. In turn, this implies that RF'(v)q,;, & Va,c, When they are seen as random variables which

depend on v, cx.
O

Proposition 2. If convolutions have periodic boundary conditions and the global spatial extent n
is constant, then RF is statistics-preserving with respect to x! =1 and s~ 1.

Proof. This follows immediately from Lemma 1.

O
Corollary 3. For any ¢ and i. € 1I. we have ri(x' ™', ), < fo(x'', ) and
ri(si L), “RY fu(stl ). Since the cardinality |I!| = K{' is the same for all chan-

nels c, it follows that

1 1
I/Q(Xl_l) = m’I‘rG[fm(xl_l,a)] = & TrG[rf(xl_l,a)],

1

-1

fa(xY) = T Clfn(x ", )] = R%TrC[rf(xlfl,a)].

C.2 RELAXING THE ASSUMPTIONS ON BOUNDARY CONDITIONS AND CONSTANT SPATIAL
EXTENT

In this section, we detail possible relaxations of the assumptions on boundary conditions and con-
stant spatial extent n. The global spatial extent is denoted n; when it is not constant.

C.2.1 CASE OF STATIONARY INPUTS

xnxN js defined as

Periodic extension. The periodic extension v of a random tensor v € R"™*"
‘N’a1+k1n,~wad+kdn7c = Vai,..,aq,c5

with (ky,...,kq) € Z4, and where au,...,qq are the d components of the spatial position
a=(ay,...,aq) €{1,...,n}

Stationarity. The distribution of a random vector v is defined as stationary if, for any k and any
configuration of spatial positions (a1, ..., ay) and channels (cq,...,cg), the joint distribution of
Vatai,cis s Vatagcs 15 the same for all .

14
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Lemma 4. If convolutions have periodic boundary conditions and the inputs x and s have
stationary periodic extensions X and 8, then their periodic extension X' and §' remain stationary
during propagation.

Proof. First note that convolutions with periodic boundary conditions followed by periodic
extensions on v are equivalent to convolutions on v. This is also the case for componentwise
operations such as batch normalization, nonlinear activation and their derivatives. So we can restrict
our attention to periodic extensions.

Consider a given spatial shift a and define the translation operator Ty, such that T (a) = v
with V', ¢ : Voo = Uqta’,c- Itis easy to see that T, commutes with convolutions as well as
componentwise operations such as batch normalization, nonlinear activation and their derivatives.
It follows that T,, commutes with the input-output mapping ®' defined as (%',8') = ®!(x, ), and
thus we have

2l gl ! .

TC!(X »S ) =¢ (TC!(X’S))7 (34)
where we adopted the notation T (0,v) = (Tu(@),Ta(V)). Now consider a given k and
configuration of spatial positions (a, ..., ay) and channels (ci,...,c;) in X! and §'. Due to
limited convolutional spatial extent and due to Eq. (34), there exist a function ¢ and a configuration
of spatial positions (a, ..., a},) and channels (c/, ..., c},) in X and §, such that we can write

~1 ~1 ~ ~

XOL1,C1’ ce ’Xak,ck = CI)(XO/ REEEE ach;,,c;,)v (35)
) 2!
Xa+a1,017 cee Xa—l—ak,ck - (I)(Xa+al,clv . Xa—&-ak,, k,) (36)

~1 ~ ~

Sahcl ’nte almck = ( lvc ? cxl acl ° Xa;c/ ac;C/ ? Sa;c/ ;CL/ )’ (37)
~1 ,..l _ ~
SaJral,cla o 0é+0¢lka - ( a+a1,clv a+a1,c17 cee a+ak/,ck/ y Sa+a;",,c;,)~ (38)

By stationarity of X and s, the terms on the right-hand sides of Eq. (35), Eq. (36) have the same
distribution, and the terms on the right-hand sides of Eq. (37), Eq. (38) have the same distribution.
It follows that the terms on the left-hand sides of both pairs of equations have the same distribution,
meaning that X' and §' are stationary.

O

Lemma 5. If convolutions have periodic boundary conditions, then RE' is statistics-preserving
with respect to any input v which has stationary periodic extension v for any global spatial extent n.

Proof. If v has stationary distribution, it means in particular that for any channel c, the distribution of
Ve is the same forall € {1,...,m;_1}%. Fix a channel c and an index i, € Z! corresponding to a
given convolution kernel position x € {1, ..., K;}?. A given position cx in the receptive field tensor
RF(V)a,;, then corresponds to a given position o’ in the original tensor, such that RF(v)q,;, =
Voo Since the distribution of v/ . does not depend on ¢/, it follows that RF(v)q i, VS Va'c

for given a and random o, and thus that RF (V). ;. e Va,c for random .

O

Proposition 6. If convolutions have periodic boundary conditions and the input x has stationary
periodic extension X, then RF is statistics-preserving with respect to x' and s', for any global
spatial extent n.

Proof. This follows from Lemmas 4 and 5, and from the fact that the input sensitivity tensor has
stationary periodic extension s due to its definition as a white noise tensor with independent and
identically distributed components.

O

C.2.2 CASEn; > K|

Proposition 7. If the convolution stride is one in most layers (i.e. nj_1 = n; in most layers) and the
global spatial extent is much larger than the convolutional spatial extent n; > K in most layers,
then RF is approximately statistics-preserving with respect to X'~ and s'~*, for any boundary
conditions.

15
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Proof. Fix alayer [ —1 such that n; _; = n; and n; > K. Denote RF®) the receptive field mapping
at layer [ associated with periodic boundary conditions. Since n;_1 = n; > K] the receptive fields
RE(x*"Y)q., RF(s'™ ). and RF® (x!1),, ., RF®(s'~1),, . do not intersect boundary regions
for most c, implying that RF(x!"1),. = RF® (x'71), ., RF(s' )y, = RF®P(si1),.
for most «v. If we denote with F' the cumulative distribution functions of any random vari-
able, this implies for any index ic that Fy o [RF(x' Vas] =~ Fxa|RF®(x'"1)a,.] and
Fx,s,a [RF(Slil)a,iJ = Fx,s,a [RF(D) (Slil)a,ic] .

Since RF®) is statistics-preserving with respect to x'~' and s~ by Lemma 1, it follows
that for any channel ¢ and index ic € Z!, we have Fyo|[RF® (x'"V)o,] = Fral|x5!]

a,c
and Fyso[RFP (s o] = Fusalshi]. We then deduce that Fy o [RF (X' )a,i] ~
Fx o [xf;&] and Fy g o [RF(slfl)a,iJ ~ s [sf;&], meaning that RF' is approximately
statistics-preserving for x'~! and s'~!.

O

D DEFINITION AND PROPERTIES OF THE NORMALIZED SENSITIVITY

D.1 EQUIVALENCE WITH PREVIOUS DEFINITIONS

In the fully-connected case n = 1, Philipp & Carbonell (2018) recently introduced the following
coefficient:

(39)

(Ex [HJlH%] E. [Varx[xg]] ) 12
N, E. [Vary[x!]] '

Let us prove the equivalence between the definitions of Eq. (3) and Eq. (39). In the fully-
connected case, the spatial position a can be ignored and tensors and feature map vectors

coincide as x! = f(x!), s = fu(s!) = fu(s'). When x is fixed, the input-output Jacobian
J = g—;‘é € RN*No directly summarizes the propagation of the noise €/ = J'e, and thus the
sensitivity s' = J's. Due to the white noise property Es [s;s;] = 65,
1
Bea| S(607] = Ex[I1F]. Bxael(s)?] = Ex[I'I17):
C

Here we clearly see the advantage of the sensitivity tensor to encode information on the Jacobian
while avoiding increased dimensionality. Going back to our calculation, the definitions

H2 (Sl) = ]Ex,s,c [fm (Sl)?] = Ex,s,c [fm(sl)?] = Ex,s,c [(Sé)ﬂa
pa(x') = Ey [fm (Xl)g] = Ec [Varx [X.l:]]v

finally give the equivalence between the two definitions:

= (m(slm(x%)”z _ (E [17"]17:] Ee [ Var [xm)”_

M2 (Xl) Nl Ec [Varx [Xu ]
Philipp & Carbonell (2018) chose the terminology of nonlinearity coefficient for this metric. While
our analysis unveils a strong relationship between ¢! and the nonlinearity ¢, it also reveals a strong

relationship with batch normalization which is still a linear operation. So we chose instead the
terminology of normalized sensitivity.

D.2 PROPERTY OF NORMALIZED SENSITIVITY

Proposition 8. The sensitivity tensor and the tensor Vxxflﬁc containing for given o, c the deriva-
tives of X%, . with respect to x are related by Es [(sl, .)?] = ||VxxL, .|[3.
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Proof of Proposition 8. Due to the definition of € as a small corruption to x', €., .

. l . .
as a function of Vxx,, . and the input noise €,

€, .= (Vixl, . €),

o,c e

can be written

where (.) denotes the standard dot product in input space. It follows from the definition of s! =
€'/ oc thatsl, . = (VyxL, .,s). Due to the white noise property Es [s;s;] = d;;, we then get

Es [(Six,c)g] = Hvaa,CH%'

O

Proposition 9. Define v the rescaling by a constant factor of x with unit variance

Ex.aclfn(v,a)?] = 1, and v' the rescaling by a constant factor of x' with unit variance
2

Ex,a,c[fm(vla «

)2] = 1. When V! is considered as a function of v, ¢! measures an expected
sensitivity of fm(

A 1/2
Vl, a) as Cl = ]Ev,a,c[vafm(vlv a)CH%] / :

Proof of Proposition 9. First we work with the non-normalized x and x'. We can express the
second-order central moment of s as

f12(s") = Ex,acEs [Fun(s', @)2] = Ex.aEs [(sh.o)?] (40)
=Exac [Hvxxa oll2 } (41)
fExaC[HVf (%!, ) H]

where Eq. (40) follows from s’ being centered and Eq. (41) follows from Proposition 8. Now for
given ¢ and a, the difference fy,(x!, ). — — £ (x! ) is constant with respect to x', and thus with

respect to x. The derivatives of f, (x o). and £, ( a) with respect to x are then equal for all x,
« and c. Together with the definition of yo(x!), we deduce the following:

NZ(SI) =Ex,a,.c [Hvxfm(xlv a)¢||§]7
,LLZ(Xl) =Exac [fm(xlﬂ a)cﬂa

o (2l nax) P B[V (6 @)l 3] Ex e [ 2] ) )
1) Erc v [En(x!, @)2] '

Defining v! = x' / By o c[f‘ (%!, a)z} 1/2 ,v=%/Exac [f'm(x, a)?] 172 e get Vyfn (v, a) =

fo'm(xl,a) / Ex.ac [f (x!, ar)? ] and V, f ( a) = fom(vl,a)Ex,a,C [fm(x7a)f]1/2. It
follows that

Ev ac [fm(vl,a)f] =1,

Evac[fn(v,@)?] =1,

EX,a,C[Hvxfm(Xlaa)cng] xaC[f (Xva)g]
Ex ac [fm (xt, a)cz] .

Eva.c [vafm(vlv a)CH%] = (43)

Finally combining Eq. (42) and Eq. (43), we get ¢! = Ey o ]| |V fn (v, a)|3] 2,
O

Illustration. Let us consider the case of fully-connected networks with L layers, and with 1-
dimensional input Ny = 1 and 1-dimensional output N;, = 1. Denote x* = ®(x) the original
input-output mapping and v* = ®(v) the rescaled input-output mapping. Proposition 9 then sim-
ply becomes ¢ = E, [®'(v)?] /2 1n Fig. 4 we show the resut of the propagation vZ = ®(v) of
an input v having a mixture of Gaussians distribution in three different cases:

— In Fig. 4a the input v is propagated through L = 1 layer with sigmoid activation. Af-
ter propagation, the expected derivative is low since each mode of the Gaussian mixture
appears in a relatively flat region of the sigmoid activation. This is clearly shown by the
input-output data points and by the histogram of the outputs.
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— In Fig. 4b the input v is propagated through L = 1 layer with linear activation.

— InFig. 4c the input v is propagated through L = 25 randomly initialized layers, with ReLU
activation in the L — 1 first layers and linear activation in the final layer. After propagation,
the expected derivative is high due to the erratic behavior of the input-output mapping.

=052 .| ¢ =1.00 ¢t =3.56

10

05

0.0

() (b (©

Figure 4: Illustration of the normalized sensitivity for fully-connected networks of L layers, with
1-dimensional input Ny = 1 and 1-dimensional output N, = 1. The distribution of the input v is a
mixture of two Gaussians. We show the result of the propagation in three different cases: (a) L =1
layer with sigmoid activation, (b) L = 1 layer with linear activation, (c) L = 25 randomly initialized
layers, with V; = 100 channels and ReLLU activation for 1 < [ < L, and linear activation in the final
layer [ = L. Top: full input-output mapping (blue curve) and randomly sampled input-output data
points (red circles). Bottom: histograms of inputs and outputs.

E MOMENTS OF VANILLA NETWORKS

E.1 LEMMA ON THE SUM OF INCREMENTS

Lemma 10. Let X, be a sequence of random variables which depend on ©F, and denote
Yi = Egu[Xy] and Z, = Xy — Egu[Xy]. If there exist constants Muypin, Mmax, Umin, Vmax With
Vk <1 mpin < Yy < Mipax and vin < Varge [Zk] < Umax, then:

(i) The increments Zy, are centered and non-correlated:
Vk <1: Egr[Zk] =0, Vk £ K <I: Egumaxerr) [ZxZiy] = 0.

(ii) There exist random variables m; and s; such that s; is centered and
1

ZXk = lml + \ﬁsla Mmin < MYy S Mmax, Umin S VarQl [Sl] S Umax -
k=1

Proof of (i). First we show that Z;, is centered:
Egr [Z1] = Egr [Xi] — Egr [Xi] = 0, (44)
Eor[Zk] = Egr-1[Egr[Z1]] = 0.

Now consider k < &/, which implies k¥ < &’ — 1 and thus that Z, is a random variable which only
depends on ©% ~1. Then we can write

18



Under review as a conference paper at ICLR 2019

Eow [ZkZi] = Egr -1 Egr [Z1Z1]
= Bou1 [Zc Egw [Z1]]
=0, (45)
where Eq. (45) follows from Eq. (44).

Proof of (ii). Denote M; = >4, Vi, and S; = YL, Z).. We then have
Eo[Si] = Zk Eo:[Z1] = 0,
Eo [S7] = ZM Eo! [Z1 2w ],
Varg: [S1] =) Eor[Z7] =) Varer[Zi], (46)

where Eq. (46) follows from (i). The hypothesis then gives Immm, < M; < Impu and
{Vmin < Varg:i[S)] < lvmax. If we define m; = M; /land s; = S; / V1, then s; is centered and the
telescoping sum 22:1 X = ka:l Yi + 22:1 Zy. can be written as required:
l
Zxk =M+ 8 =1Im; + \[lsla Mmin < My < Mimax,  VUmin < Varg [Sl] < VUmax-
k=1

E.2 PROOF OF THEOREM 1

Theorem 1. Moments of vanilla networks. Denote A, the event {v5(x') > 0} and Aj the
complementary event {I/Q(Xl) = O} = {]P’xa’c [Xfx,c = O] = 1}. Then:
(i) Ty (1= 27%) < P[A] < TTy (1 - 27N )

(ii) There exist positive cOnstants Mmin, Mmax> Vmin» Vmax > 0 and sequences of random variables
(my), (my), (1), (s}) such that under Ay, s, s are centered and

logva(x') = —lmy + Vis; +1ogva(x"),  Mumin < 1y < Mimax,  Vmmin < Varer|a, [51] < Vma,

IOg ,u2(sl) = —lmf + \ﬁsfa Mmin < m; < Mmax;  VUmin < Var(~)1|Al [SE] < Umax-

Proof of (i). We use the definitions and notations from section B. We further denote (e, ..., eg,)
and (A1, ..., AR, ) respectively the orthogonal eigenvectors and eigenvalues of G[r¢(x!~!, )], and
W!=Wl(ey,...,er,). We then get

Ve voe(y!) = Bxal(Vhe)?] = Bxa| (Wiri(x'™,@))’]
= > (Wh)A 47

Given the assumption of standard initialization, biases are initialized with zeros and weights are

1 ~ 1
initialized as W! & W' L N(0,1/2/RI). Under A,_i, it follows from Corollary 3 that

Tr Gre(x' 1, a)] = Rjra(x'71) > 0 and thus Tr Gre(x' 1, )] = >, A; > 0. Combined with
Eq. (47), we get

Ve : PQL‘A171 [ngc(yl) = O] =0. (48)

Now we introduce the symmetric propagation from section B and we denote A4; . = {zxg,c(xl) #* O},
Ao = {mno(x') # 0} and A} = {1nc(x') = 0}, A}, = {1n(X') = 0} the complementary
events. It follows from Eq. (48) and Eq. (25) that Pgi 4, _, [4] . N flgc] = 0. Furthermore by spher-

L ~
ical symmetry of the propagation, 5 ¢ (x!) L vao(X') and thus Pyi 4, , [A] ] = Porja, , [A] ]. We
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then get
Ve: Poya,, [A] UA
<

;+1,C] = ]P}GllAl—l [A;,C] + P01|A,,1 [A2+1,c} <1,
Ve : P9l|Az—1[ 270] .

Since A; = ﬂc A;,c and since the events ALC are independent conditionally on ©'~1and A;_;, we
conclude that Pgi| 4, , [A]] = [T, Py, ,[4] ] <27

The other side of the inequality is easier. If Vc,i.: Wl < 0, it follows that Vx, &, c: yfx,c <0,

xbe = (Yho)T = 0, and thus 1p(x') = 0. Therefore Pyija, o [A]] > 9—K!'NiiNi - gince
Klle,lNl = R, N, is the number of elements in W'. We finally get

1-27M <Py, [A] <1 - 27 KN, (49)
Since P[Ao] = 1, due to the assumption v5(x) = Eyqac[x3.] > 0, it follows that

1—-27M <P[A]<1— 9~ K{NoN1 This proves (i) for [ = 1.
Now we proceed by induction and suppose that (i) is true for given [ — 1. Using Eq. (49), we get

l

l
H (1—27M) <Pei [A)] = Peir [A11] Porya,_, [A] <[] ( Q_KgN""lN"'),
pai k=1

meaning that (i) is true for [. (i) is thus true for all .

O
Proof of (ii) for v5(x!). Again we denote (ey,...,er,) and (A1,...,\g,) the eigenvectors and
eigenvalues of G[ri(x! 71, )], and W! = Wl(ey, ..., er,). We further define
e () () > 0
é — Voo (xD)+ra o (X)) I Vg (X Vo (X
0 otherwise.

Combining the definition of u! with Eq. (25) and Eq. (47), we get

Ve vpo(xh) =ul Vgc(yl),

Ve vgo(x!) =ul Z )\ = Rivo(x!"1)ul Z (Wcll)zj\l, (50)

where we defined \; = \; / > Ajandused )00\ = TrGr(x' ", )] = Rywp(x'™1) due to
Corollary 3. The symmetric propagation gives

Vo mo(®) = Rim(x =) (1—ul) 30 (= WE)%A,,
Ve vao(x!) + () = Rie(x' ™) Y (WA 51)

By symmetry of the propagation v . (x!) 2 V2o (X!). Combined with Eq. (51) and the assumption
of standard initialization, we deduce

QEW\AZ—l [VQ,C(Xl)} :Egl\Az 1[]/20( l)+V2°(~l)]
=Egia, , [Riva(x Z

2 ~
= Rl I/Q(Xlil)ﬁl Zi )\1 = 21/2(Xl71).

We then obtain Ve : Egija, , [v2.(x!)] = v2(x!1), and thus

E9l|Al—1[V2(Xl)] = V2(Xl_1)a E0l|A1_1[5V2(Xl)] =L (52)
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Both logz and (logz)? are integrable at zero since [logzdz = zlogz — x and
[(log z)?dx = z(logx)? — 2zlogx + 2. Combined with Eq. (50), we deduce that log v (x!)
has well-defined conditional expectation and variance under A;. Furthermore by Eq. (49), A; has
probability exponentially low in /V;, which gives

B4, [6r2(x"T1)] — 1] < 1, Egi) 4, [log dva(x"1)] < 0, (53)

where Eq. (53) is obtained by log-concavity. We now write the evolution of v5(x!) as
log uz( — va(x Z log dvo(x

Let us define X = logdup(x¥), Yi = Egia[logdre(xF)] and Z, = logdws(x¥) —
Egr 4, [log dvy(x*)] and apply Lemma 10 for each [ conditionally on A;. Suppose there exist 7yin,
Mumax»> Umin> Umax» SUch that for each [ we have conditionally on A; that Vk < I, mpi, < —Yi < Mpax
and vpin < Varge|a, [Zk] < Umax Which implies vmin < Vargr|4,[Zk] < Uma. Then we have
Vk <1, —mmax < Y < —mmin and by Lemma 10 there exist sequences of random variables (m;)
and (s;) such that VI under A, s; is centered and

log vy (x!) —log 1o (x°) = Imy + Vis;, —Mimax < My < —Mimin,  Vmin < Varg:| 4, [81] < Vmax-
By simply changing the variable m; to —m;, we get

log va(x') — log 1o (x%) = —lmy + VIs;,  Mmin < My < My, Vmin < Varer|a,[81] < Umax-

To obtain the bounds Mmin, 7max> Umins Vmax» We consider extreme cases for v’ and Zz(Wcll)Qj\l
in Eq. (50). Denoting x2(N) the chi-square distribution with N degree of freedom, we ob-

1 ~ ~ 1
tain minimum bounds by considering v\ % 1/2 and S(WED)2N £ X*(R)). This leads to
1
log dva(x!) ~ Z x%(N,R;). Denoting Bern(l /2) the Bernouilli distribution with p = 1/2, we obtain

maximum bounds by considering u, -8 Bern(1/2) and Z )2\ 2 x?(1). The conditionality
on A; has highly negligible impact in practice.

Let us give an example in the fully connected case with constant width N; = 100. We then find
numerically My, >~ 9.7x10™ % and vmin ~ 2.0x10~* as minimum bounds and Mimax =~ 2.5x1072
and Vmax ~ 5.2x1072 as maximum bounds. The length scale is experimentally close to L,y =
1/Mimax = 40 for vy (x!).

O

Proof of (ii) for 1i5(s'). Let us denote B; = {Vk < l Ve : ﬂzc( F) + poc(8%) = pac(t')} and

= {Hk < l Jde : M2,C(Sk) + /~L27c(§k) 7& M2c } - Uk 1 {HC : /’ch )+ M2,c(§k) 7é
Mgc( *)} the complementary event. Eq. (28) gives Vk: Ppi[{3c : poc(s®) + poc(5%) #
p2,c(t*)}] = 0. Since By is the union of probability zero events, it follows that Py (B]) = 0,
Py (B;) = 1, and thus Pg: (B)) = 0, Peu(B;) = 1.
Since B has probability 1, the conditionality on B; leaves moments of random variables unchanged.
To see this, consider the moment of order p of a random variable x:

2 1 2
(Eerja,[2"] = Eerja,,5,[27])" = (E@)’\AL [zP] = mﬂz@lml 18, mp])
= 1
= E@l'Al [13[/.%17]2
< Eerja, [27] Por 4, [B] = 0, (54)

where Eq. (54) is obtained with Cauchy-Schwarz inequality and the implicit assumption that z
has well-defined moment of order 2p. It follows that all arguments used in the proof of (i) remain
valid, in particular regarding the distribution of W'. Conditionality on B;, the proof then proceeds
identically by simply replacing v5(x') by ua(s!), y! by t!, G by C, and using the identity with zo
instead of v5 in Corollary 3. In particular, we have
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Eoija,_y,5 [12(s")] = pa(s'™1), Eoi\a,_y,5,[612(s")] = 1. (55)
Furthermore under A; N By, for the same positive constants M min, Mmax» Vmin> Umax > 0 as previously
defined, there exist sequences of random variables (m}) and (s)) such that VIl under A; N By, s} is
centered and

l
log p1a(s') = —lm} + VIs}, Mumin < M) < Mypax,  Vmin < Varor|a, 5,[57] < Vmaxs

where we used the fact that 2 (s”) = 1 by the definition of s. Now we extend m] and s to B, by set-

ting m] to any value between M iy and M,y and s} such that log 12 (s!) = —Im) +V1 s;. The reason-
ing of Eq. (54) then ensures that Egi| 4, p,[57] = Eera, [s;] and Egi |4, p,[(57)?] = Eer|4,[(57)],
and Varg:| 4, g, [5)] = Varei 4, [s)]. It means that VI under A;, s; is centered and

l
log M2(S ) = —lmf + \[1527 Mppin < m; < Mmaxy  Vmin < Var@l|Al [52] < Umax-

E.3 RELATION TO THE TERMS 2, m, 0 DEFINED IN SECTION 4

Here we relate Theorem 1 to the terms m, m, s defined in section 4. By Eq. (52),
[Egr|a, [0v2(x*)] — 1] < 1, and thus:

[ (x")]| = [log Egra, [0v2(x")]| = [Egrya, [0r2(x")] - 1] < 1.

As in the proof of Theorem 1, we denote B; = {Vk <, Ve : ppc(s¥) + piac(8%) = piac(t') } and
B the complementary event. Then conditionally on Ay, and By;:

|1og B, 5, [612(x)]| 2 [Ege|a, b, [6r2(x")] — 1] < 1.

The reasoning of Eq. (54) can be applied to dvp(x"), which results in Egr 4, [6r2(x")] =
Egr |5, [0v2(x")]. Therefore we also get

[l ()] = [log Egra, [6p2(s")]| < 1.

The terms 777[vo (x*)] and 77 (o (s*)] are thus vanishing and the evolution is dominated by the terms
mve(xF)] < 0, m[ua(s®)] < 0. These terms correspond to Y}, in the proof of Theorem 1 (ii).

E.4 CONVERGENCE IN PROBABILITY TO ZERO

Corollary 11. Conditionally on A, the variables vo(x') and po(s') still converge in probability to
zero:

Ve: Poig, [ra(xh)| > €] =0, Ve: Poia, [|u2(sh)] > €] — 0.

Proof. Consider a given ¢ and the evolution of 1/2(xl). From theorem 1 (ii), we can write
under A;: logva(x!) = —Imy + Vis; + log vo(xY), with s; centered and mmin < M; < Mmays
Umin < Vargi| 4, [51] < Umax. Therefore:

Por|a, [[12(x')] > €] = Poia, [logva(x') > loge] = Peuja, [Vis > lmy + log e — log va(x°)]

1
< Poi)a, [sl > \ﬁ(lml + log e — log I/Q(XO)):|
1
< Poia, [|sl| > %(lmmm + loge — log uz(xo))}. (56)

Chebyshev’s inequality on the centered random variable s; then gives:
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l
P ! < ,
L S i L LA O
< l 1 Umax
> Umax 1 m2

‘min

(lmmin + loge — log vy (xo))2

where ~ denotes the equivalence for large [. It follows that Pgy| 4, [[v2(x')| > €] — 0. The same

analysis applied to i5(s') gives Per| 4, [|2(s)] > €] — 0.
L]

F NORMALIZED SENSITIVITY INCREMENTS OF VANILLA NETWORKS

F.1 PROOF OF THEOREM 2

Theorem 2. Normalized Sensitivity increments of vanilla networks. Under A;_1, the dominat-
ing term in the evolution of the normalized sensitivity is:

. LT 12
5l ~ exp (mvam“a [Cz]) _ <1 ~Eega,, [um (ym(z:}; )(y )D : (57)

where y't = max(y', 0) and y*~ = max(—y',0).

Proof. The dominating term in the evolution of ¢! is % (M[ua(s')] — M[u2(x')). The terms

(2 (st)] and iz (x!) are simply obtained by considering Eq: [d2(s')] and Egi [6p2(xY)].

By Eq. (53) in the proof of Theorem 1: Egi|4,_, 5, [§u2(s!)] = 1. By replicating the reasoning of
Eq. (54), this further gives Egi 4, , [6p2(s")] = 1, and thus m[uz(s")] = log Egi 4, , [6p2(s")] = 0.

Next we turn to the term 7[ua(x!)]. Again we use the definitions and notations from section B.

We further denote (ey,...,eg,) and (A,...,AR,) respectively the orthogonal eigenvectors and
eigenvalues of C[r¢(x!~1, )] and W' = W!(ey, ..., eg,). Using these notations, we get
P N 2
Ve pioe(y) = Exa[fnly'. 2] = Exa[(WLax ™ )]
=20, (W) (58)

l ~ l
Then due to W' & W L N(0,/2/ RiI);
2 2 _
]EQL‘A171 [‘LL27C(yl)] = Ez Z )\1 = ﬁl TI' C[rf(xl 17 a)]

= 2us(x'71). (59)
where Eq. (59) follows from Corollary 3. Furthermore the symmetric propagation gives:

NQ,C(Xl) + /~L2,C(5{l) = Ex,a[(yg-;)Q] - Ex,a[ygﬁ;]Q + Ex,a[(yg,_c)z] - Ex,a[yg,_c]2~
=vo oy ) — w1y T)2 10 (yhT) = vre(yhT)?
= 120(y") = (115" ) + 115" 7)?) (60)

We have v1.c(y') = v1,(y"") = vie(y"”) and thus v1c(y)? = v1c(y"")* + vie(y"™)? -

2v1 o(y" T )v1.e(yh ™). We can then rewrite Eq. (60) as

fiae(X) + p2,e(K) = v2,0(y") = v1.0(¥")? = 201 (y" P rne(y" )

= p2,e(y") = 2v1c(y" e (y" ) (61)
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Combining Eq. (59) and Eq. (61):

Egja,_, [p2.e(x") + pa (X)) = 22 (x'1) = 2Bgia,_, 11, (y" ) (" 7)),
24, [2.e(x)] = 2p2(x'7") = 2Bgi1a,  [11.e(y" e (y" )], (62)
_ ve(yh velyh )
Egl‘Al—l [/“LQ,C(Xl)] = :u2(xl 1) (1 - ]E91|Az—1 [ M2(Xl_1) :

where Eq. (62) is obtained by spherical symmetry of the propagation. We finally get
Egrja,_y [12(x")] = Egija,_, [Eclpo e (x)]] = Ec [Egrya,_, [12,6(x)]]
1+ l,—
_ V1,e\Y7 )V1,e\Y”
i 1)(1%'% Loy el >D

M2(Xl_1)

ul,c<ylv+>m,c<ylv>] |

-1\ _
Egtja,_, [0pa ()] = 1 = Eegrya,_, [ (1)

Combined with Egi 4, , [6pa(s")] = 1,

<Eezml_l[éu2<sl>1>”2

Egi(a, , [0p2(x")]

It - —1/2
A LTI

5¢t ~ exp (mvaniua IS l])

pa(x1)

F.2 IF ¢! HAS DRIFT LARGER THAN DIFFUSION, THEN s(x') / v2(x!) CONVERGES IN
PROBABILITY TO ZERO

We only need to slightly adapt the reasoning of section E.4. From theorem I, we can write
under A;: logvy(x!) = —Imy + Vis; + log vo(x"), with s; centered and Mmmin < My < Mimax,
Umin < Vargi|4,[51] < vmax. We can also write log pa(st) = —im) + \ﬁsf, with s} centered and
Mumin < M) < Mgy and vpin < Varge| 4, [5]] < vmax. We further suppose that there is an event D

with P(D) > 0 under which ¢! has drift larger than diffusion. To make it precise, this means that
dm > %(mmalx — Mimin) such that for [ large enough: log 6(l > m, and thus d¢ € R such that for

Vi: log ¢t > ¢+ Im.
The ratio po(x!) / v9(x!) can be expressed as

pa(x')  pa(x')  pa(sDpa(x") 1 pa(s')pa(x?)
va(xt)  pa(shua(x0)  va(xt) (€ ra(xh

)

which gives with logarithms,
log 12(x') — log va(x) = —2log ¢' + log jz(s') — log va(x!) + log iz (x°)
< —2¢ — 2lm — Imyyn + \/lsg + Immax — V1s; — log v2(x°) + log po(x)
<C—IM + Vs,

where we denoted C = —2c — logva(x°) + log p2(x°), M = 2m + Mmin — Mmax > 0 and
s = 32 — ;. The variance of s; is bounded as

Eot|4, [s7] = Vargia,[s1] + Vargia, [s7] — 2E e 4, [s157]
< Vargi 4, [s1] + Varer| 4, [s)] + 2Varg 4, [s1]'/2 Varg:|a, [7]12 < 4
1 1
Varer|a, p[si] = Eeta, plsi] = WE@'A’ [1psi] < W‘“’maw
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Now for given e:

!
o (x
Peta,,p [z/j((xl)) > 61 = Por|a,,p [ log pa(x") —log pa(x') > log €]
< Poija, p|s > LM oge - o)]
’ Vi

Chebyshev’s inequality on the centered random variable s; further gives

! l
Poija,,p M(Xl) >e€| < 5 Varei 4, plsi
va(x') (IM +loge — C)
l 1 1 4vmax

IN

4Umax ~

(lM+loge—C)2 P(D) Ysz(D)’

proving that under D the ratio po(x') / v2(x!) converges in probability to zero.

F.3 LIMITS OF SIGNAL DISTRIBUTION

Proposition 12. Suppose that
P, o [{ min (ul,c(yl"*),ul’c(yl’_)) = 0} N {max (ulﬁc(yl*)?ul}c(yl’_)) > O}} =1.

Then £, (y', o) concentrates on the semi-line generated by its average vector (1 o(y'))1<c<n,-

Proof. Let us consider the feature map vectors f;,(x! 1, «) and receptive field vectors ry(x!~!, o).
Due to the statistics-preserving property of Corollary 3, for each channel ¢ and index i, € Z,

xlojc1 Y RF(x!71) 4 4, and thus Ey o[fn (X7, @) = Ex o[re(x' "1, o) ].

Now let us reason by contradiction and suppose that there exists a direction e which is orthogonal
o (Ex,alri(x'"1 a)i]), ..<r, and with non-zero variance v > 0. Consider the weight matrix
W which projects on direction e for given channel c. For this direction, we have v; .(y!) = 0,
vac(y') > 0. In turn, this implies v o(y" ") = v1c(y" ™) and vy o (y") + v1c(yh ™) > 0, which
further gives min (v1(y""),v1.(y"")) > 0. By continuity, min (v1,c(y" "), v1(y"7)) > 0

in a small neighborhood for the sampling of the weights W, which contradicts the hypothesis. It

follows that r(x', cr) concentrates on the direction generated by (Ey o [ri(x'~!, a);.]), <R

Now consider the weight matrix W' which projects on the direction generated
by (Exva[rf(xl717a)ic])1§ i<p for given channel c. A similar argument gives
min (v1,(y""), v1.(y"7)) = 0, and thus that f,(y',a)c either concentrates in Rt or
concentrates in R~. It follows that ry(x'~! ) concentrates on the semi-line generated by
(Ex.alri(x' 1 @)i]), - i<, Under standard initialization, the image fu(y!, a) of re(x!~1, @)

by the affine transform f,(y', ) = Wiry(x'~!, o) + bl = Wiri(x!~! a) thus concentrates on
the semi-line generated by its average vector (1 ¢(y'))1<c<n,- O

G NORMALIZED SENSITIVITY INCREMENTS OF BATCH-NORMALIZED
FEEDFORWARD NETS

G.1 PROOF OF THEOREM 3
Theorem 3. Normalized Sensitivity increments of batch-normalized feedforward nets. The

dominating term in the evolution of ' can be decomposed as the sum of a term mpy|C'] due to
batch normalization and a term T (¢ Y due to the nonlinearity ¢:
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sl_l 2 c tl v
oot - (24) e 245]
1/2

o (7€) = (1 80t ct)])

8¢t ~ exp (mBN/FF [Cl]) = exp (mBN [¢"] + g [Cl])~
Proof. First let us decompose the dominating term as the product of two terms:
1/2 172
Bt [p2(2')]
Sl 1) fi2(x-1) ’
1/2 —-1/2
exp (m Eg [ua(s")] Egi [p2(x")]
¢ Eo: [ Bt [p2(2")] ’

1/ . -1/2
exp (mBN/FF ( sl 1 > (EZ;[('lj;()i))]>
(men [¢']) exp (5 [¢']).

mpn [¢'] is a dominating term in the evolution of ¢! from (x'~*,s' 1) to (2!, u'), while 4 [¢'] isa
dominating term in the evolution of ¢! from (z!, u') to (x, s'). These terms can be seen as the contri-
bution to mpy,/rF [C l} of respectively batch normalization and ¢. Now let us explicitate both terms.

exp mBN

Term exp (mpn [¢']). First we note that batch normalization directly gives p2(z') = 1 and thus
Eg: [p2(2')] = 1. Now let us explicitate Eg: [po(ul)]:
t!

Lol — 5HC . h —
Ve : u. . = W; Ve pge(u’) = ———=%

Egi [12(0)] = B gi iz o (0)] = Eq g

All together, we get

1/2 —1/2
exp (v [¢']) = (Eel [uz(_ul))]> (Eal [uz(zl)]>

fia (st 1

(e [
p2(x!1) 7 p2e(yh)

Term exp (m¢ [C l]) We consider the symmetric propagation for batch-normalized feedforward
nets and again we denote Bl = {Vk <1, Ve: poe(sh) + poe(3) = pac(u))} = Mo, {Ve :
H2.c(s )+ 2, (3% = 2. } and Bj the complementary event. By Eq. (33): Pei(B;) = 1,
Pei(Bj) = 0, and rephcatmg the reasoning of Eq. (54) we deduce

Eoi[pi2(s")] + B [2(8")] = Egr g, [12(s")] + Egr g, [112(8")] = Egr g, [pa(u')] = Egr [ua(u')],
2B [a(s')] = Egi [2(u')], (63)

where Eq. (63) follows from spherical symmetry of the propagation. Now we turn to the symmetric
propagation of the signal:

fia,e(x1) + pi2o (%) = Exa[(255)%] — Ex,alzhh]? + Ex.al(250)%] — Exalzh ). (64)
= 1y o(2"F) = 1o (2" )2+ 1 o(257) — 1y o (207)2

e (5t

26



Under review as a conference paper at ICLR 2019

where Eq. (64) follows from Eq. (31). Due to the constraints imposed by batch normalization,
v1 (z!) = 0 and v .(2!) = 1, it follows that

poe(x) + po (X)) =1 — (yl)c(zl7+)2 + Vlyc(zl’*)z). (65)
Vl_rc(zl) = I/LC(Zl’J’_) - Vlyc(zl’_) =0,
(l/lwc(zl"") — 1/170(21’_))2 = l/lvc(zl’Jr)2 + VLC(ZZ’_)2 — 2V1,C(zl’+)1/17¢(zl’_) =0. (66)

Using Eq. (65), Eq. (66) and the symmetry of the propagation,
pae(x') + pe(X') = 1= 201 (2" v o(2"),
2Eqi [u2(x')] = 1 — 2E, g [VLC (zl’+)ulﬁc (zl’_)] . (67)
We finally combine Eq. (63) and Eq. (67):

o Egi [p12(sY)] i Egt [112(x")] o
exp(m¢[5]):<E€,[u2(ul)]> (Ml[ﬂz(zl)]) ’
S P )

G.2 exp (mpn[¢']) > 1IN THE FIRST STEP OF THE PROPAGATION

Let us explicitate the second-order moment in channel ¢ of t:
ﬂQ,c(tl) = II':':x .S, |:fm<t1, a)?:| = IEx,s,oz |:fm(t17 a)(2::| = x s, |:(W I‘t(S a))2:| (68)
= Z W WEE alri(s, a)ire(s, a);] = ZZ (Wclz) = ||[W2I]5. (69)

where Eq. (68) follows from t! being centered and Eq. (69) follows from the white noise property

Eg[s;s;] = d;;, which implies for any « that Eq[r¢(s, a);r¢(s, a);] = d;; under periodic boundary
conditions.

Now we turn to the second-order moment in channel ¢ of y!. Denoting (ey,...,er,) and
(M,...,ARr,) respectively the orthogonal eigenvectors and eigenvalues of Cfr¢(x, )], and

W' =Wl(ei,...,er,), we get
5 N 2 512
N2,C( 1) =Exa [fm(ylv a)g} = Ex,a [(Wcl,:rf(xa a)) } = Zz (Wclz) Ai
< 112 < 182
S IWLIEY, (W) = naclt) Y, (W)
where we defined W such that Ve: WC{: = VAVCI,: /|[WZ.]] and we used Eq. (69). Under standard

initialization, the distribution of W is spherically symmetric, implying that for all ¢ the distribution
of WC{: is uniform on the sphere of R?:. In turn, this implies

Vi: B [(W2)'] —Ril,

Ve - JEGI[Z (W2,)? } i Z Ai, Ec,el[zi (ng)%} - R%Zi A (70)

Finally we can write exp (mB N [C 1 ) as

—1/2
S0
exp (WBN[C1]> — 522(()(0))) E¢ o1

1/2
NZ,C(tl)
poc(y?h)
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where Eq. (71) is obtained using 1i5(s”) = 1 and pa(x°) = 7= TrClri(x, )] = 7= >, A by
Corollary 3 while Eq. (72) is obtained using the convexity of © — 1/z and Eq. (70).

H NORMALIZED SENSITIVITY INCREMENTS OF BATCH-NORMALIZED
RESNETS

H.1 ADAPTATION OF THE PREVIOUS SETUP TO RESNETS

Before proceeding to the analysis, slight adaptations and forewords are necessary. Let us denote
okt = (wht ght .. Wb gLH wl 1 ,Bl o1 whh, gh h) for the full set of parameters
up to layer & in residual unit [ and §l-h —
h in residual unit /. We further denote @l @l H and 0! = ©LH|©!=1.H respectively the full and
conditional sets of parameters at the granularity of the residual unit.

We now clarify to what extent Theorem 3 on batch-normalized feedforward nets still apply. First
let us rewrite the propagation at layer 1 < h < H inside residual unit [ with the pre-activation
perspective:

h — BN(yl,h—l)’ Xl,h — QS(Zl’h), yl N _ wl ﬂl h (73)

h — BNI(yl,hfl) @ tl,hfl, Sl,h — ¢/(Zl’h) @ ul,h’ tl,h — wl,h * Sl’h, (74)
In the pre-activation perspective, each layer starts with (y’"~1 t""=1) after the convolution and
ends at (y"", t") again after the convolution. The concrete effect is that in the first layer h = 1 of
each residual unit [, batch normalization and ¢ are completely deterministic conditionally on ©'~1.
This occurs again for h > 2 since batch normalization and ¢ are random conditionally on ©'~! but
completely deterministic conditionally on ©!"~1, At even larger granularity, due to the aggregation

(y', th) = Zzzo(yk’H,tk’H), the input signal (y'~!,t!~!) of each residual unit becomes more
and more correlated between successive / and less and less dependent on the parameters §'~* of
individual previous units.

Since batch normalization and the nonlinearity ¢ are the drivers of the evolution of ¢!, this shift
can be thought as attributing the parameters and thus the stochasticity of layer h to the layer h — 1.
A possible strategy is thus to consider the evolution from (x!"~1 sth=1) to (x"" sb") for layers
2 < h < H. This strategy however does not work for the first layer A = 1, since the input signal
(y'=%,t!~1) depends on the whole sequence of parameters ©'~! and not only on #!~ . Another
strategy consists in treating all moment-related quantities as deterministic instead of random. Sym-
metric propagation does not occur strictly in this case, but it still occurs in a mean-field sense when
averaging over channel. So we expect Theorem 3 to remain valid.

H.2 LEMMA ON DOT-PRODUCT

Lemma 13. For any random tensor u of R" > XnXN .
B [Ewm [fm(u’ a)cfm(yl’H, a)c]] =0,
£ P 2 1
Eg: []Ey,a,c [fn (0, @) (y"", )] ] < el 1o (WEg [a(yH)],
Eq [Ey’t’a’C [fm(u, a)Cfm(tl7H> a)c]] =0,
g P 2 1
Eot [Ey e [fn(w, a)fn(t"7, )] < Ny 2 (Bt [2(61)]
Proof. By spherical symmetry, moments of fm(yl’H,a)c and —fm(yl’H,a)c _ fm(—yl’H,a)c

have the same distribution with respect to 6. It follows that

]EGI [ [f ( )cf‘m(yl,H7a)C]] = Egl [EYaa,c [fm(u7a)c( _ f‘m(yl,H’(x)c)]]7
Eg: [EW,C [ (W, @) el (y", @)e]] = 0.

Next we note that
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A N 1 R R
Ey e [fn(w, @)efn(y" 7, )] = 3 Byafa(u, @)dn(y", ),
C

1 . .

= v (Ba(u )fa(y", )] (75)
where (-) denotes the standard dot product in RY. Let us denote (e, ...,ex) and (A1,...,Ay)
respectively the orthogonal elgenvectors and eigenvalues of C [ m(u, a)]. We further denote w;
the unit-variance components of fy,(u, a) in the basis (e1,...,ey), and ; the components of
fu(y"", «) in the basis (e, . .., en). This gives

a) = Z vV )\iuiei, Ey,a [uz] = 0, Ey’a [u?] = 1,
i
" a) = Zyiei.
i
Now we decompose each component y; of y'!
Vi i = By alyiugl, yi = Zai,juj + z,
From this definition, we get

Vi Eyalziu] =0, Eyo [yiti] = aig, Eyolyi] = Za?,j +Eyal#],
1
/~L2(yl7H) = NEy,a [<yl7H L ZEy a yz (Z OZZ T ZEy a Z ) (76)

The dot product can be computed in any orthogonal basis, so we use the basis (e1,...,ex):
Ey o [<f'm( )f' , Q) } Z VAEy o [yiu;] Z VA

Spherical symmetry implies that moments of y1e; + --- + y;e; + --- + yyen and y1e1 + -+ —
y;e; + - - - + ynen have the same distribution with respect to 6. 1t follows that

1

Vi#i: Eya [yi“i]Ey»a [yj“j] X Ey o [ - yl“Z} Ey o [yjuj]7

. 6!
Vi gy~ (—aia)ag g,
VJ 7é 7 Egl [ozmajJ-} =0.

‘We deduce that
R . 2
Egi [Ey@ [<f (u, )ty (yl’H,Oé)ﬂ ] = Z)\iEgl [04721]

Spherical symmetry also implies that the distribution of c; ; with respect to 6! is the same for all i.
Denoting (f3;) such that Vi, j: 8; = Eq: [} ], we get combined with Eq. (76):

Egt [a(y" (Zﬁg) =35

Ey o {<f' (u, )fn(y H7a)>}21 _ Z)\iﬁi < )\max(zﬂi) < AmaxBot 12 (7" )]

Eq:
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Finally combining with Eq. (75):

) . 1
Ey: []Ey,a,c [En(1, @)ein(y" 7, )] 2] ~ 7B

Ey [<Am<u,a>Am<yl’H,a>>}2]

IN

1
ﬁ )\maerl [MQ (yl7H)]

1

mm(u)ﬂzol [2(y"™)],

IN

where we used Apaxrer(1) = Y. A\j = Nug(u). The same analysis can be applied to fn(u, ) and
£ (th7, ).
O

Corollary 14. Let us denote the dot products for k,l > 0 as
Yk,l = Ey,a,c [fm (yk’H, O4)cf‘m (yle; a)c] y Tk,l = ]Ey,a,c [f‘m(tkﬁHa a)cfm(tl’Ha a)c] ,
which combined with Eq. (18) implies

-1
> Vit =By ae[fn (' a)eku(y" 7, )],
k=0
-1
D Tt =By aclfn(t' ™" a)fn (", a)].
k=0

Then by spherical symmetry Yk,l, Yj; and Ty, are centered, and Y{k,l} # {k' U}:

E@max(k,l,k’,l’) [Yk:,lYk:’,l’} =0, E@max(k,l,k’,l’) [Tk,lTk’,l’] = 0. Furthermore:
!
vk <l: Be [V < Eorr | 5y ie(y™ ) Ea [m(y“ﬂ]k (77)
€
[
Vk <1 ]E@l [T]il} S E@L—l Nr ff(tk,H)'UQ(tk’H)EQZ [MQ(tl7H)]] , (78)
€
-1 9 - 1
VL Eo [( Vir) | S Bors | ey mly'™ By [Mz(yl’H)]], (79)
—o |V TefflY
-1 9 B 1
vi: Ee ( Tk,l) <Eer1 |+ (tl_l)uz(tl*)Eez [uz(tl’HM]. (80)
k=0 L eff

H.3 PROOF OF THEOREM 4

Theorem 4. Normalized Sensitivity increments of batch-normalized resnets. Suppose that for
all depth | we can bound the effective ranks rmin < reff(yl),reff(yl’H )7reff(tl)7reff(tl7H ), the
second-order central moment (g min S ug(yl’H ) S po,max and the feedforward increments inside
residual units Oy < schh < Omax- Denote pyyn = ((5min)2H,u27mm — uz’max) / h2,max and
Pmax = ((5max)2Hﬂ2,max - /142,min) //~L2,min, and further consider Tmin, Tmax SUch that Timin < Pmin / 2
and Tmax > Pmax / 2. Then:

. pmin \V2 Pmax \ 1/2
VI < Ny (1+—l+1) < ac N(1+7l+1) , &1
1 1
Vi>1: 5 Pmin logl < log ¢! < 2 Pmas log 1, (82)
Vi>1: [ <L < T (83)
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Proof. First we introduce the additional constants Yinin = (min)** and Ymax = (Smax ), so that we
can write ppin = <7minﬂ2,min - M2,max) /,u2,max and P2,max = ('Ymax/JQ,max - N2,min) /M2,min~
We also remind that the symbols < in Theorem 4 denote inequalities up to small non-dominating
terms. We write a < b when a(1 + d,) < b(1 + dp) with |d,| < 1, |d| < 1 with high probability.
We write @ ~ b when a(l + d,) = b(1 + ) with |6, < 1, |dp] < 1 with high probability.
Denoting A for the logical and, the following rules are easily verified:
(@<b)A(aZh) < (a=b),
(a$b) — (—a2-b),
(asb) — (1/a21/b),
(aSb)A(eSd) = (ac S bd),
(aSHANbBSe) = aSec
Finally (a Sb) A (¢ S d) = (a+c¢ < b+ d) under the condition that {|a + ¢| < |a| + |c|} and
{|b+d| < |b] + |d|} are very small probability events. We keep these rules in mind in the course
of this proof.

Proof of Eq. (81). Adopting the same notations as Corollary 14 and using y! = Y4 _ y*# by
Eq. (18), we get

1) = Byac S " a)dn e =0 Vi
H2 (tl) Ey,a C[Zkk, fm(tk’Ha a)cfm(tk }Ha a)c} = Zk & Tk,k’-

Now using the hypotheses (12 min S pa(yhH) < H2 max and Tmin S reff(yl’H ), combined with
Eq. (77) from Corollary 14,

U+ Dpzmin + > Yiwr Sp2(y) S0+ 1D p2m+ Y

k#k’ kK ,k’)
1
Eor (Zk;ﬁk, Yk,k') <S4+ 1)—— N s maxe
1
]E@z[ Zk#, Yk,k/H <@+ 1)\/mﬂ2,maxv (84)

where Eq. (84) is obtained using Cauchy-Schwarz inequality. It follows that for large width N > 1,
with high probability | 3, 4 Yeuwr| < (1 + 1tz min and | Sy e Yiewr| <€ (1 1) iz, which
then gives

(l + 1)/1*2 min ~> /142( ) (l + 1),“’2 max - (85)

We can write (¢')? as

(@ = P20t oy ma(E' ) + T 230 T

p2(yt) w2 (y=1) + Y, +2Z§€;10Y ’
-1 p2(y®) p2(y°%) -1
(CZ)Q _ (<171)2 N2(y ) + (cr-1)2 Tl,l + 2(41—1)2 k=0 Tk,l' (86)

po(yt=1) + Y, +2 22;10 Yi

Let us denote Vk < I: Tk,l = (CL( 1))2 Tpiand Y; = Z;;lo Y}, and ’f’l = Zig;lo Tk,l- Eq. (86) then
gives
(¢h? po(y' =) + Tiy + 2T,

O = @ ey Ve 7

Furthermore we can bound 7} ; as

- p2(y®) I,H p2(y - 1y2 lh o b2(yh")
T'l,l = M2 t C C 77
(Cl*1)2 ( ) (Cl 1 H yO)
'Ymin,u2,min S n,l S, 'Ymax,UQ,ma)v (88)
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Combining Eq. (79) and Eq. (80) from Corollary 14 with Eq. (85), we get for the variance of the
terms 71; and Y;:

Eo [V’] S 57— U3 mans (89)
min
p2(y°) 2l 1 p2(YO)p2(t' ) o | p2 (Y pa(t8)
or| (e et t) | 5 o Bor | g2 |||
" 1
Ee: [T, Egi-1 "DEa[T14]] < Ymax =1 90
o [T7] S Nro e (2 (y' "Bt [T14]] < ma N 15, ma- (90)

It follows that |V;| < 1 and |T;| < 1 with high probability when { < N7p;,. Combined with
Eq. (87) and Eq. (88),

N2(y ) + ’Ymm,LLQ min < (5C )2 < ﬂ2(y ) + ’Ymax,u2 max

M2< ) + M2, max M2< ) + 12, min
’Ymm,UQ min ,U2 max Ymax 2, max — M2 ,min
1+ N 1+ ’ —.
(l + 1)#2 max ( C ) (l + 1)/'L21min

Finally for | < Nry;,, we find that §¢ "is bounded as

Pmin 1/2 1 Pmax 1/2
1 ) st s (1 )
(1+727) soc s+

I+1
O
Proof of Eq. (82). Using Eq. (89) and Eq. (90) we apply Cauchy-Schwarz inequality on Y; and T:
Eer[|i]] < V2 max
o ] = m iz
Eeor “Tl ” Vv Ymax m\/ﬁQ max -

Combined with Eq. (85), we deduce that for large width ]Yl| < pe(y') and |T1’ < oy ) always
hold with high probability. Due to 142,min < Y S po,max and to Eq. (88) we also have with high

probability that Yi; < ps(y') and T} < pa(y ) when [ > 1. Now let us take the logarithm in
Eq. (87):
Ty +

9 .
210g 8¢ = log (1 n Tl)Tl) “log (1 +

1 1
pa(y'=1) pa(y p2(yt=1)

When [ > 1, all the terms added to 1 in the logarithm are < 1 with high probability. Therefore for
[ > lp > 1, we can write

2
Yii+ ———¥i).
pa(y'=")

1 - 2 . 1 2
2log ¢t ~ Ty + T, — Y, - ——Y,.
go¢ po(y ) T T (DT ey Y eyt
l l !
1 5 9
3 b _ 3
2 log 6" = uz(y’H)(Tk’k Yk’k)+ uz(y’“*l)(Tk Yk)

k=lo+1 k=lo+1 k=lo+1

Let us bound the first term:
l l l

’Ymin,U2k;min - ,U2,max Z (Tk v — Y k) < ’Ymax,qu,max _ 2 min 7
k=lo+1 F2,max k lo+1 'u2 k=lo+1 42, min
h1
Pmin Z (Tk E— Yk k) 5 Pmax ;dﬂ?,
. o1 M lo
l
Pmin IOg ( ) Z (Tk k — Yk k) 5 Pmax IOg (r) (91)
—lo+ 0
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Now we consider the second term. By spherical symmetry, Yy, / po(y*~1) and Y/ / o (y’“/_l) are
non-correlated for k # k’. So we get combined with Eq. (89) that for [ > [y > 1,

! 2 ! 2
E@’“ > e | =, 2 B (™)

k—1
k=lo+1 p2(y*=) k=lo+1
2 l 2
M2,max ﬁ < ﬂ2,max log (i)
~ NTmimug,min k=lp+1 k2 N?“min/.t%mm lo

b

A similar calculation for T}, gives

(2 )

2
/~L2,max l
k=lp+1

2
Nrmin/’l/27min

For large width and [ >> 1, these terms are very small with high probability compared to the term
of Eq. (91). It follows that for [ > [y > 1,

Pmin l0g (i) < 2log (go) < Pmax log (i)

—_

1
§pmin logl 5 log gl S/ S Pmax IOg L.

()

O

Proof of Eq. (83). As a consequence Eq. (82), for [ > 1 there exist 6, ¢’ with |§| < 1, |§'| < 1
with high probability and

1 1
(1+ 6)§pmin logl <log¢' < (1+ (5’)§pmax log ,
1 1
exp (5(1 + 0) Pmin 1ogl> < (¢ <exp (5(1 + &) Pmax logl).
Now consider Timin, Tmax such that 7, < % Pmin aNd Tax > % Pmax- Then

1 1 1
5(1 + 6)pmin IOgl - (ipmin + §Pm1n5 - 7_min) logl + Tmin IOglv

1 1 1
5(1 + 5/)pmax logl = (§pmax + §pmax5/ - Tmax) logl + Tmax logl

The terms % Pmin + % Pmind — Tmin and % Pmax + % Pmaxd’ — Tmax are respectively positive with high

probability and negative with high probability. Therefore with high probability, exp (Tmin log l) <
Ql < exp (Tmax log l) and thus for [ > 1:

exp (Tmin log l) S Sexp (Tmax log l),
lein S Cl SJ leax'
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