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Abstract

Heavy-tailed distributions naturally arise in many settings, from finance to telecom-
munications. While regret minimization under sub-Gaussian or bounded support
rewards has been widely studied, learning on heavy-tailed distributions only gained
popularity over the last decade. In the stochastic heavy-tailed bandit problem, an
agent learns under the assumption that the distributions have finite moments of
maximum order 1 + e which are uniformly bounded by a constant u, for some
e € (0,1]. To the best of our knowledge, literature only provides algorithms
requiring these two quantities as an input. In this paper we study the stochastic
adaptive heavy-tailed bandit, a variation of the standard setting where both € and u
are unknown to the agent. We show that adaptivity comes at cost, introducing two
lower bounds on the regret of any adaptive algorithm implying an higher regret
w.r.t. the standard setting. Finally, we introduce a specific distributional assumption
and provide Adaptive Robust UCB, a regret minimization strategy matching the
known lower bound for the heavy-tailed MAB problem.

1 Introduction

In this paper, we investigate the stochastic multi-armed bandit problem (MAB, Auer et al., 2002;
Lattimore and Szepesvari, 2020) under the assumption of heavy-tailed (HT) reward distributions. In
the classic stochastic multi-armed bandit setting Robbins (1952), an agent has access to a set of K
possible actions (i.e., arms). Each arm i € [K] := {1,..., K} is associated with a reward probability
distribution v;, having finite mean ;. At every round ¢ € [T}, being T a learning horizon, after an
action [ is selected, a reward X; is sampled from v;, and revealed to the agent. The goal of the agent
is to minimize its expected regret after T" rounds, defined as
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where A; := max;¢ k] f1; — s is the sub-optimality gap for all i € [K7] and the expectation is taken
w.r.t. the randomness of the reward and the possible randomness of the algorithm.

T
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Most of the existing works assume that the reward probability distributions v; are sub-Gaussian.
Under this assumption, the tails of the distribution present a strong decay (at least as fast as that of
the Gaussian distribution). An important implication is that every moment of finite order is finite.
While this assumption enables the application of powerful theoretical tools and, consequently, strong
regret guarantees, it is often limiting in many practical scenarios such as, for example, financial

37th Conference on Neural Information Processing Systems (NeurIPS 2023).



environments (Gagliolo and Schmidhuber, 2011) or network routing problems (Liebeherr et al.,
2012). In settings, where uncertainty has a significant impact, heavy-tailed distributions naturally
arise. In these cases, the tails decay slower than a Gaussian, and the moment-generating function is
no longer assumed to be finite. As a consequence, the moments of any finite order might not exist.

In this work, we investigate the regret minimization problem for MAB with heavy tails, according to
the setting introduced in the seminal work (Bubeck et al., 2013a). We assume moments of order up to
1+ €, with € € (0, 1] to be finite and uniformly bounded by a constant u, namely

Exow, [|[ X7 < u < 400, Vi € [K]. )
In (Bubeck et al., 2013a), the authors show that even if the variance is finite (i.e., ¢ = 1) but the
higher order moments are not, the same guarantees of order 3, ¢ (.4, >0 10A£ attained in the classic

sub-Gaussian stochastic bandit setting (Auer et al., 2002) can be achieved in the heavy-tailed bandit
problem. However, if ¢ < 1, then the dependency on the suboptimality gaps A; deteriorates and the

following upper bound on regret is of order ) _, C[K]:As>0 IZ%/TE. Finally, the authors show that the

dependency on Ail /€ s unavoidable, by deriving the corresponding lower bound. From a worst-case

perspective, this translates into a regret bound of order (apart from logarithmic terms) K T+ T T+
which degenerates to linear when € — 0.

In the heavy-tailed MAB problem, it is canonical to assume the knowledge of both € and u and, to
the best of the authors’ knowledge, every regret minimization strategy in the literature requires them
as an algorithm’s input.! The goal of this work is to answer the following question:

Is it possible to provide a novel regret minimization strategy in the heavy-tailed
bandit problem that does not require any prior knowledge on € nor u, but still
achieves comparable performances to other approaches knowing them?

In this work, we will show that in general it is not possible to achieve the same order of performance
while being adaptive to the aforementioned unknown quantities. Fortunately, we will show that under
a specific distributional assumption, the answer is, instead, affirmative. In particular, we will discuss
the role of the truncated non-positivity assumption (Huang et al., 2022), and show that when this
assumption is violated it is not possible anymore to guarantee the existence of an adaptive algorithm
w.r.t. € nor u achieving state-of-the-art performances. We introduce Adaptive Robust UCB, an
algorithm based on the optimism in the face of uncertainty principle that is capable of being fully
adaptive w.r.t. the two parameters e and u that characterize the reward distributions. In particular,
we propose a modification of the well-known Robust UCB algorithm from (Bubeck et al., 2013a),
showing that under our assumption we are able to attain the same theoretical guarantees.

2  Setting

We now introduce the stochastic heavy-tailed multi-armed bandit problem. Formally speaking, there
are K > 2 available actions and a sequence of T rounds. To each arm i; € [K|, we associate a
probability distribution v; satisfying (2). At each round ¢ € [T, the agent can choose an index
1 and subsequently collects a reward of X, which is an independent sample from »;. The agent
is allowed to make a decision at round ¢ by considering all history up to time £ — 1. We remark
that distributions {v; };c(x] only admit finite moments up to order 1 + ¢, with € € (0, 1], thus
distributions with infinite variance are allowed in this problem formulation. The goal of the agent is
to minimize the regret as defined in (1). In the heavy-tailed bandits literature, is customary to assume
the knowledge on both ¢ and the upper bound on the (1 + ¢)-th order moment u, which is assumed
to be common for all {v;};c[x] without loss of generality. The main contribution of this paper is
twofold: first, we show that in general it is not possible to achieve the same order of performance
of the state-of-the-art approaches while being unaware of these two quantities; then we propose
an algorithm, called Adaptive Robust UCB, that under a specific distributional assumption called
truncated non-positivty is able to match the order of the regret lower bound for the classic scenario
even when both € and u are unknown. Thus, in our setting, we will consider both quantities to be
unknown to the agent. From now on, we will refer to any algorithm operating without this knowledge
as adaptive w.r.t. € or u, depending on which one is unknown (possibly both).

"Even if € and u are not requested for some estimators (e.g., median of means ), they are necessary for the
construction of the upper confidence bound.



3 Lower Bound on the Regret for Adaptive Heavy-Tailed Bandits

In this section, we state a lower bound on the expected regret that any adaptive algorithm (w.r.t. to
either u or €) can achieve in the heavy-tailed bandit problem. We start by stating the lower bound on
the regret when € and u are known.

Theorem 1 (Lower Bound on Regret for Stochastic Heavy-Tailed Bandit, adapted from Bubeck et al.
(2013a)). For any fixed T, there exists a set of K distributions satisfying (2) and such that for any
algorithm, one has

Ry > 0.01K T T're 3)

This result is independent of the problem instance and show how the dependency on 1" deteriorates as
€ — 0. In the particular scenario in which variance is finite, i.e. € = 1, the lower bound achieves the
same order as the one for classic stochastic multi-armed bandit problems (Lattimore and Szepesvari,
2020). The following results show that any algorithm unaware of € or u, respectively, cannot achieve
the same regret order as the one stated in 1. We start by stating the regret lower bound for any
algorithm adaptive w.r.t. u.

Theorem 2 (Lower Bound on Regret for Stochastic Adaptive Heavy-Tailed Bandit, unknown w). For
any fixed T, there exist two sets of distributions satisfying (2) with u and u' (assume u' > u without
loss of generality), respectively, and such that for any algorithm adaptive w.r.t. to the 1 + e-th order

moment, one has
/ N\ o2
max R(T)] ’ R (T)1 >0 (u) (+o) 7 @
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where R(T') and R'(T') are the regrets achieved by this algorithm in the two instances, respectively,
and C1 is a constant independent of u or u'.

Some remarks are in order. This result states that there exist two particular heavy-tailed bandit
problem instances s.t. no algorithm can match the lower bound on regret presented in (3) on both,
and instead some regret is accrued in a way that is proportional to the ratio of the two 1 + e-th order
moments of those instances. In our construction (more details can be found in Appendix A.1), the gap
between u and u’ can be taken arbitrarily large, and thus the regret gap with the non-adaptive lower
bound presented in (4) can be arbitrarily large. In particular, this result shows that is not possible to
be adaptive in u without the risk of incurring in an arbitrarily large regret bound.

Next, we present a similar result concerning adaptivity w.r.t. to the maximum finite order moment e.

Theorem 3 (Lower Bound on Regret for Stochastic Adaptive Heavy-Tailed Bandit, unknown €). For
any fixed T, there exist two sets of distributions satisfying (2) with € and €' (assume €' < € without
loss of generality), respectively, and such that for any algorithm adaptive w.r.t. to the order € of the
maximum order finite moment u = 1, one has

. { R(T) R/(T) } e
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where R(T') and R'(T') are the regrets achieved by this algorithm in the two instances, respectively,
and Cy is a constant independent of € or €.

Differently from Theorem 2, where u and v’ could take arbitrarily high values on the positive semi-
axis of real numbers, the values of € and € are known to belong to the set (0, 1] and thus, for any
fixed T', the term on the right-hand side of (5) cannot grow arbitrarily. Modern statistical literature
present methods to adapt to any unknown quantity for which lower and upper bounds are known
while controlling finite-time convergence (Lepskii, 1992), thus, to be adaptive w.r.t. unknown € is an
easier task than adapting to an unknown u. We can observe that by searching for the maximum value
of the right-hand side of (5), we get that fore = 1 and ¢’ = % the gap’s order is ~ T' 1.

Any algorithm adaptive w.r.t. either u or € has a higher regret lower bound than the one of the non-
adaptive heavy-tailed bandit problem. We remark that the two bounds introduced in this section refers
to adaptivity w.r.t. only one of the unknown quantities. It’s unknown if simultaneous adaptivity on
both implies an even higher lower bound, so we leave this as an open question for future investigations.



4 A Fully Adaptive Approach for Heavy-Tailed Bandits

In this section, we finally give an answer to our original research question, i.e. whether there’s an
algorithm adaptive w.r.t. both € and v matching the standard setting’s lower bound stated in (3). We
already shown how adaptivity has a cost, and thus the lower bound presented in (3) is not achievable
by any algorithm unaware of at least one of these quantities. Luckily, it is possible to restrict the set
of adaptive heavy-tailed bandit problem instances under analysis to a special set, that will be defined
in a short, on which our algorithm, namely Adaptive Robust UCB (shortly AdaR-UCB), is able to
achieve a regret order matching the lower bound for the standard heavy-tailed bandit problem.

4.1 The Truncated Non-Positivity Assumption

We start by stating a key assumption, namely the truncated non-positivity assumption.

Assumption 1 (Truncated Non-Positivity). Given a set of K distributions satisfying (2), let v, be the
distribution of the optimal arm, namely j11 > p; Vi > 1, then

E,, [X1{|X\>M}] <0 VM >0. 6)

Some remarks are in order. This assumption requires the optimal arm of a heavy-tailed bandit
instance to have more mass on the negative semi-axis, but still allows the distribution to have an
arbitrary support covering, potentially, all R. A similar version of this assumption, called fruncated
non-negativity, appeared in Huang et al. (2022) in the context of heavy-tailed bandits: the authors
discuss the weak nature of this assumption comparing it to more stronger assumptions that are
common in the literature. The two lower bounds (4) and (5) have been obtained by introducing two
instances that violate this assumption (see Appendix [A.1,A.2]), and thus the lower bound on regret
for the adaptive heavy-tailed bandit problem under the truncated non-positivity assumption can be
smaller than the ones presented in the previous section. However, it is possible to show (see Appendix
A.3) that forcing the truncated non-positivity assumption doesn’t result in an improvement of the
lower bound (3). In the next section, we show that under this assumption it is possible to be adaptive
w.r.t. both € and v while attaining the best regret order achievable in the heavy-tailed bandit problem.

4.2 A Fully Adaptive Algorithm: Adaptive Robust UCB

We are now ready to introduce Algorithm 1, namely Adaptive Robust UCB (shortly, AdaR-UCB),
an algorithm able to operate in the heavy-tailed bandit problem without any prior knowledge on e
nor u. AdaR-UCB is an optimism in the face of uncertainty based algorithm, built upon the Robust
UCB strategy from Bubeck et al. (2013a) using a modified version of the trimmed mean estimator.
Trimmed mean is a common estimator in the heavy-tailed statistics literature, where observations are
averaged while cutting-off values outside of a limited and bounded set of the form [— M, M], thus
being more robust w.r.t. empirical mean to extreme values. More formally, we define the trimmed
mean estimator for the mean of a set of observations X = {X1,... X} as

. 1
fs(X) = = Y XiLx,i<my Q)
JEls]
where M > 0 is a given threshold. In the Robust UCB algorithm, the trimmed mean estimator
replaces sample average in a standard optimism in the face of uncertainty strategy, by selecting at
each round ¢ the action ¢ maximising the sum of the estimator with a proper upper confidence bound.
AdaR-UCB operates in the same way, but while in Robust UCB the threshold choice is driven by the

values of e and u, AdaR-UCB computes a proxy threshold M for M without resorting to either € or u
(or any estimation of them).

AdaR-UCB operates over T rounds, however in Algorithm 1 we presented an interaction with the
environment lasting only L%J rounds. Indeed, for each round ¢, AdaR-UCB choose a single arm, but
collects two rewards from it instead of one, that’s the reason two different sets of collected rewards
have been introduced: X; and X/ for each arm ¢ € [K]. The reason behind this choice lies in the

fact that threshold M; s, ; and trimmed mean estimator ji; s, + need to be computed from independent
samples of data. This design choice will ensure that the concentration inequalities built on both

o~

M; s, + and [i; 5, + to hold properly (see Appendix A.4 and A.5 for more details) at the cost of a 2
factor in the final regret of the algorithm.
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Algorithm 1: Adaptive Robust UCB (AdaR-UCB)

Initialize s; + 0, X; 0, X<« 0, fii01+ +oo Vi€ [K].
fort € [|Z]] do

for i € [K] do

Compute threshold Z\//T” ;.t solving

1 min{(Xf,j)Q,]\Z‘Q,s,‘,,t} _ 9log(t*)

= =0
51 e M, e 5
Compute trimmed observations Y; < {X; 1 1{‘X1,1|§ﬁi,s,i,t}7 e ,Xi,si]l{‘xi’% \Sﬂi,si,t}}

Compute trimmed mean estimator i; s,,«(X;) ¢ = 2 jels Yii
end
Select an action

. 4 M. 4
’Z:t c arg max ﬁi,si,t + 2 ‘/51 (Yl) log(t ) + 19 MZ7Si7t log(t )
i€[K] Si Si

Play action ¢; and receive an observation X
Update samples X,;, + X;, U {X:}

Play action 4; and receive an observation X;
Update samples X;, < X;, U {X;}
Update number of pulls s;, < s;, + 1

end

We start by stating the main theoretical result about AdaR-UCB, i.e. its upper bound on regret.

Theorem 4 (Upper Bound on Regret for AdaR-UCB). Given a heavy-tailed bandit problem instance
satisfying Assumption 1, the regret of AdaR-UCB then satisfies:

Rr< Y (216 (iflf

: ;>0

) ’ logT + 10A¢> . 3

First, we point out that this result provides a positive answer to our initial research question. The
proof of Theorem 4 follows similar steps to the result provided by Bubeck et al. (2013a) concerning
the upper bound on regret for Robust UCB. To be adaptive w.r.t. both € and w brings additional
difficulties in constructing the algorithm and proving its theoretical guarantees (see Appendix A.2
and A.1 for more details). In particular, in the next paragraphs, we introduce a new form for
the concentration inequality of the trimmed mean estimator, which is explicitly dependent on the
threshold choice but not on € nor w. For this result, we discuss the role of Assumption 1, and finally

provide an adaptive way to compute M.

Finally, as customary in the bandit literature, we also provide an instance-independent version of the
upper bound on regret of AdaR-UCB.

Theorem 5 (Instance-Independent Upper Bound on Regret for AdaR-UCB). For any heavy-tailed
bandit problem instance satisfying Assumption 1, the regret of AdaR-UCB then satisfies:

Ry < 277 (216K log T) T+ (36u) 7+ . )

4.3 Concentration Inequality for Trimmed Mean Estimator

In this section we state a concentration inequality for the trimmed mean estimator (7), which is
explicitly dependent on the threshold value M. This concentration result is a key ingredient to prove
the theoretical performances of our approach.

Theorem 6 (Concentration Inequality for Trimmed-Mean Estimator). Given a set of i.i.d. observa-
tions X = {X1,...,Xs}, and given a threshold M > 0, under Assumption 1 we get that for any
given 6 > 0:

— —1
P(uﬁs(X)sz Vo) 0g(07) 4 M o800 )> >1-6 (10)



where Y = {X11¢x|<m}, - XsLgx|<nmy )} is the trimmed version of X and V,(Y) is its sample
variance.

For the algorithm’s execution we will set 5~! = 3. The result above can be obtained by decomposing
the gap between the true mean and the estimator in a bias-variance fashion by the means of the
trimmed variable Y then, noting that under Assumption 1 bias can be neglected, by bounding
the variance of Y (which is bounded by construction) using the well-known Empirical Bernstein
bound (Maurer and Pontil, 2009). More details can be found in Appendix A.4. Theorem 6 show that
trimmed mean estimator achieves a sub-Gaussian type concentration rate in function of M. This
bound is used at line 8 of Algorithm 1 to compute the upper confidence bounds over the trimmed
mean estimators, this allows AdaR-UCB to choose an action following the optimism in the face of

uncertainty paradigm. Our goal is now to seek for a proper value of M s.t. this concentration result is
powerful enough for AdaR-UCB to achieve an upper bound on regret matching the lower bound (3),
without requiring the knowledge of w nor e for the threshold’s construction.

4.4 Computing the Threshold

We now discuss the choice of the threshold M, showing that the chosen threshold M, ; depends
on both the number of observations and the round ¢ and thus being dynamic in time. In particular,
following a procedure which is similar to the one presented in Wang et al. (2021), for each round

t € [T] we compute the value of ]\//.75_,,5 as the solution (in M) of

1 min{X?, M?}  9log(t®)
oMy = 2 30—

=0. 11
JEls]

In line 4 of Algorithm 1 we make use of this procedure to choose the thresholds for all available
actions. Exploiting the fact that the first addendum is monotonically decreasing after some point,
and under the assumption that ) ;_, Ix,1>0 > 9log (t3), (11) admits a unique positive solution. A
reader might notice that we are solving the sample version of this equation instead of the population

version Ex [ fs,.(X; M)] = 0 (as in Wang et al. (2021)). The solution Ms’t to the population version
of (11) satisfies the following inequality:

M., <Ex[min{X2 M2}~ <Ex[| X" M7 —> — —udll7*—> (12
st = X[mln{ ) ‘S’t}]910g(t3)_ X“ | } st 9log(t3) UL g ¢ 910g(t3) (12)

and thus, by making explicit M, s,t>» we obtain the following bound:

~ us e
= (smgm) "

We point out that the upper bound presented above is the value that authors choose as threshold for

the trimmed mean Robust UCB algorithm in Bubeck et al. (2013a), however this choice of M ;
requires the knowledge of both u and €, making their estimator unfeasible in the adaptive heavy-tailed
bandit problem. It can be shown (see Appendix A.5) that the solution of the sample version can be
bounded (in high probability) the same way as in (13), and thus allowing us to perform a proper
analysis while dealing with this source of uncertainty.

5 Conclusions

In this paper we studied the adaptive heavy-tailed bandit problem, a variation on the classical heavy-
tailed bandit problem where the no information is provided to the agent regarding the moments of the
distribution, not even which of them are finite. The first results concern the intrinsic difficulty of the
setting, for which two novel lower bounds have been provided. In particular, we proved that without
any additional assumption no algorithm can match the performances of the non-adaptive setting.
Finally, we provided a novel algorithm, namely Adaptive Robust UCB, that under a specific
distributional assumption over the optimal arm is able to achieve the state-of-the-art performances
of the standard heavy-tailed bandit problem. Future directions of investigation regard the role of
the truncated non-positivity assumption: in particular, we wonder if is it possible to find a weaker
assumption ensuring this kind of performances for an algorithm.
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A Proofs of Theoretical Results

In this section, we prove the main theoretical results outlined in the paper.

We start by proving the two novel lower bounds provided for the adaptive heavy-tailed bandit problem,
namely Theorem 2 and Theorem 3.

A.1 Proof of Theorem 2

We start by constructing two heavy-tailed bandit instances with a common (and known to the
algorithm) maximum order of moment ¢, but where v’ > u.

Base Instance

v = do?, ”

vy = Alteuc6y + (1—A1+%u_%) 61,1, 19
where A € (O,uﬁ). Thus, we have iy = 0 and po = A. Furthermore, E, [|X|'T¢] = 0 and
E,,[|X|*T¢] = u. Therefore, optimal arm is arm 2.

Alternative instance
/o _ 1+L, -1 1+1 ., 1n\—1
{ i = (1 (2A)+E (o) )50+(2A) (W) 746,01 pa)- b s
2
where A € (0, 5(u/) ™). Thus we have yf = 2A and py, = A. Furthermore, B, [| X[*T¢] = v/
and E,, [| X|"*¢] = u. Therefore, optimal arm is arm 1.
Suppose that a matching, adaptive algorithms in v and v’ exist. In such a case (see (3)), we will

have that the expected regret of the base instance R(T") is of order (uT') <, while the regret of the
alternative instance R’ (T") is of order (v’ T)lfe. Thus, the following is satisfied for a constant c that

does not depend on T":
R(T R(T
(uT) T+ (W/T)T+e
We will prove that this is not the case and, specifically, that for any algorithm:
R(T R(T
max ( )] , ( )1 > f(T,e,u,u’),
(uT) T (W/'T)THe

being f a function increasing in 7". This suffices to show the inexistence of an algorithm adaptive in
u matching the minimax lower bound (3).

The proof is quite technical and merges the approach of (Bubeck et al., 2013b, Theorem 5) with that
of (Lattimore and Szepesvari, 2020, Chapters 14.2, 14.3).

First, we observe that:

R(T R(T R(T AE[N{(T
max § S0 @) L) AENT)] (16)
(uT) ™ (uw'T) T (uT)Te (ul) T+
where E[N; (T)] is the expected number of times arm 1 is pulled over the horizon 7.
Second, recalling which are the optimal arms in the two instances and that u’ > u, we have:
R(T R(T
RN AN
(uT)T+e  (W/'T)THe
AT AT
A .
> T )TETE (B(N(T) 2 T/2) + P (N(T) < T/2))
A1 e
> 3 (W) THTE exp (~E[Ny(T)]Dicr (]| ) -



where we used Bretagnolle-Huber inequality and divergence decomposition, together with
max{a,b} > %(a+b) for a,b > 0. Let us now compute the KL-divergence, noting that v, < v}:

141 (O)

v1(0)
! < c(20)H (/) "
@A ()T = AT

DKL(V1||I/£) = Vl(O) lOg

)

=lo
gl—

2e41
for A € (0, (1) ™ (u/)T+) and some ¢ to be calculated (we can take ¢ = 2).

Putting together Equations (16), (17) and (18), we have:

- { R(T) _R(T) }>
: >

uT) 7 (WT)Te
(uT) ™ '8

>3 (E[N VDL Ly exp (—emIN (7)) (28) (u'>-i)>

2 max {AEUVI(N A(Ul)_ﬁiﬁTﬁ exp (—CIE[N1(T)}(2A)1+%(u/)_%) }

Zg[loiflT] {(ungli + é(u’)feflTE%1 exp (—cm(ZA)% (u’)fﬁ) } = g(x)
The latter is a convex function of = and the minimization can be carried out in closed form vanishing
the derivative choosing x* s.t.

1 c

with simple calculations, we obtain

1+4e

W)~ (FHTH 20) " exp (—ea” (28) () 7F) =0,

1
14 Tyt 14e
" = ¢ (28) 7 ()¢ log <8”1+1c<2A> : ) 7

which leads to:

u’)?+s+1
! %-4—51
4 AL B TTET o)k
28 Tyt
A N _lde, 1 Tuﬁ%l 1te
— ) e 28 () Jlog | —— T coa)tE ) 41
2 8(u/)2+e+1
1
A 1 1+e Tyt 14e
= (uT)_ETlc_l(QA)_%(u’)%log %ec(ZA) = .
2 8(u/)F+6+1

We take A (which is < (3) ™ (u/) T+ for sufficiently large T) as:

Tue+t c
U en) =,
8(’11/) ctem

resulting in:

2e—1 2 e _—_€ _ 1+2¢
A =27Fc e (¢T) "1y 02 (u) 407,

This imply, after some calculations, that:

. . "\ @2
g(z*) = cFT2TET (1 + e)e Ty @02 (o) 0% > O - (Z) A



where C] is a value independent of T" and both u and «’. Finally, we have that

R(T R(T "\ oz
max ( )1 ’ ( )1 2 Cl : (u) .
(uT) T  (W/'T)THe u
Since v/ > wu can be taken arbitrarily large, we have that the right-hand side of this inequality can be

arbitrarily large. We conclude the proof by noting that, when ¢ = 0, the gap vanishes: however, this
is irrelevant since for this scenario no sublinear regret can be achieved by any bandit algorithm.

O

A.2 Proof of Theorem 3

We now prove the lower bound for adaptivity w.r.t. e.

We start by constructing two heavy-tailed bandit instances with different maximum orders of moment
e and €, where 0 < ¢ < e < 1. For the sake of simplicity, but without loss of generality, we will
assume a common (and known to the algorithm) maximum moment of u = 1.

Base Instance

{ vy = 60) (19)
vy = (1+ Ay =495 + (v'¢ = Av)dy 4,

where A € [0, 3] and y = (2A)%. Thus, we have ;11 = 0 and iy = A. Furthermore, E,, [|z]%] = 0
l—« lte—a

and E,,[|z|*] =27 A~ , which are guaranteed to be bounded by constant only if o < ¢ + 1.
Thus, this instance admits moments finite only up to order € 4 1. Therefore, optimal arm is arm 2.

Alternative instance

h (20)

1

where A € [0, 3] and v = (2A) 7. Thus, we have p1 = 2A and po = A. Furthermore, E,, [|z]*] =

1€’ —a l—a , l4e—a

(2A) 7 andE,,[|z|*] =2 < A~ <, which are guaranteed to be bounded by constant only if
a < € + 1. Thus, this instance admits moments finite only up to order ¢’ 4 1. Therefore, optimal
arm is arm 1.

Suppose that a matching, adaptive algorithms in € and ¢’ exist. In such a case (see (3)), we will have
1
that the expected regret of the base instance R(T) is of order T'7+<, while the regret of the alternative

instance R'(T') is of order T, Thus, the following is satisfied for a constant c that does not depend
onT:

R(T) R(T
aX{ (1)7 (1)}§c7
Ti+e Tiwe
We will prove that this is not the case and, specifically, that for any algorithm:
R(T) R(T
e { BT D
Tt T+

b2 i)

being f a function increasing in 7. This suffices to show the non-existence of an algorithm adaptive
in € matching the minimax lower bound (3).

The proof is quite technical and emulates the analyses and steps performed to prove Theorem 2.

First, we observe that:

w{ D) R)Y, RE)_ AT on

() 1 = 1 1
Ti¥e Tixe T T+ T T+

where E[N; (T)] is the expected number of times arm 1 is pulled over the horizon 7.

10



Second, recalling which are the optimal arms in the two instances and that ¢’ < ¢, we have:
T (T
w{BD KDY,
Tite Tite
1 AT T\ AT T
> 7o max{ P (Nl(T) > 2) =P (Nl(T) < 2)}
A T T
> ZTW (IP’ <N1(T) > 2) +P (Nl(T) < 2))

A
> §T6’+1 exp (=E[Ny(T)|Dkr(v1]v1)) -

(22)

where we used Bretagnolle-Huber inequality and divergence decomposition, together with
max{a,b} > %(a + b) for a,b > 0. Let us now compute the KL-divergence, noting that vy < v7:

Dic (%) = 11(0) log 2O
v1(0) 23)
— IOg (1)1“ C(2A> 1+<
2A

for A € [0,1/4] and some ¢ to be calculated (we can take ¢ = 2).
Putting together Equations (21), (22) and (23), we have:

14+e’
€/

A (BN, 1,0
> — | —2= —TTe+1 — o7
> 5 ( o T exp( CE[N, (T)](2A) )
> a min { + 1Te/ejrl ex (—c:c(?A)lJr’d)} = g(x)
= 2 zejor) | T 8 P = 9%

The latter is a convex function of = and the minimization can be carried out in closed form vanishing
the derivative choosing x* s.t.

1
Tlie

with simple calculations, we obtain

8Tf+1(2A) = exp( o (20)

TaT e .
2 = e (2A)" 8” c20)F ] |
which leads to:
A € eJ%IJrLT-/e/ ‘
g(z") = ST e H(2A)7 log c20)7F | +
Al ¢’ Te‘*l'1+1+5' 1te -
ZZra E
tog T g 28)
1
A e/ Te+1+1+e
= S e 2A) 0 |log 3 A | +1
A T T o
= 5T*¢%c—1(m)— 3 ec(2A) e

11



We take A (which is < 1/4 for sufficiently large T') as

Tt "
—c(2A) 7 =1
8 )
resulting in:
e/ — e _ e (o
AZQ%C_WT 1+e/(€+1+1+£’).
This imply, after some calculations, that:

’

g(x*) _ 2(215;;/1 —1—3) C(—ﬁ;,—l-l—l) T[_ﬁ (ﬁ%-l‘ ljrlf/)-l‘ﬁ-ﬁ- ligz —ﬁ}

—2¢/—5 ¢ _ e 1y e’ -1
= 271+ ¢ T+ T 1+ \eFI T 14

_2¢/ 5 e'(e=€)) el(e=€)

E,
= Q71+ ¢ 1+ T (+eH2(+e) > 02 T +eN2(+e) |

where C'; is a value independent on 7. Finally, we have that:

/ e (e—€
aX{R(T) R(T)} ZCQ~TWQ<1L>.

1

T T
We conclude the proof by noting that the dependence on T' vanishes when ¢’ = 0. This is correct,

since even when knowing that ¢’ = 0 the regret lower bound is necessarily linear. Thus, we can just
focus on e.

O

A.3 Regret Lower Bound under Assumption 1

One may wonder whether enforcing the truncated non-positive assumption (Assumption 1) leads to
a strictly smaller lower bound on the regret in the heavy-tailed bandit problem. In this section, we
show that this is not the case.

We employ the same construction as in Lattimore and Szepesvari (2020), but replace the Gaussian
distributions with mixtures of Dirac deltas. We define:

va =AY+ (1= AR ), (24)

o=

A

The two instances are constructed by the means of (24).

Base Instance 1

Alternative Instance 1’

/

V) = V2A,

/

V; = VA,

; . .
Vj*VBAa j%l,l,

where i € argmin;_;E,,[N;(T)].
Both instances satisfy Assumption 1.

We have:

R(T)+ R(T) > 5T (Pu <N1 < :g) Ew <N1 g Z»

Using the Bretagnolle-Huber inequality, we get

R+ R(1) > 2L exp (—éDmmw)) |

12



We develop the Kullback-Leibler divergence between the two instances:

k
Dicr(ulli') =Y EIN;(T) D (vy]|v})

L1 1— (3A) ey
+ (1= (3A) ey )10
(=64 Jog | T Ayt
T 1+ 1 141
< ——(3A) T uT < log(377F),
k—1
where the step marked by () follows from the fact that 7 is the least pulled arm in instance p.

Plugging this result, we finally get:
AT 1

R(T)+ (1) 2 Sl e (< Dicalul)

AT < 1 T

SR

5 3A)1+%u_% 10g(31+1)) .

We conclude the proof by noting that max{z,y} > 3(z + y) and setting A =

THe
1(k=1,1 1
e—1 .
2\ T log(3' T £)

Finally, we have:
max{R(T), R'(T)} > cu* T
for some constant ¢ independent of 7'

This proves that even under Assumption 1 is not possible to further improve the regret lower bound
from Bubeck et al. (2013a).

A.4 Proof of Theorem 6

With probability at least 1 — §:

. 1<
p— s (X) = E[Xq] — 3 ;Xﬂhxt\gzwsyt

1 — 1
== (B -E[Xidx <))+~ Y (B [Xilxgen,, ] = Xelix<u, )
t=1 t=1
1 & 18
=~ > EXelix,sar,] + - ST(E [Xelix,<an,] — Xeljx, <.,
t=1 t=1
()1
< =) (B[Xelx, <n, ] — Xelix, <, )

S
t=1

52 \/ZVS(Y)log(Zé—l) 14 M, log(2671)
- s 3(s—1)
- \/41/;(Y) log(6—1) L 56Me log(671)

s 3s

13



Note that in step (x) we used Assumption 1 to make the first term vanish. In step (x:), instead,
we used Empirical Bernstein Inequality (Maurer and Pontil, 2009). We also use the facts that
log(2671) < 2log(6~") for § < 1 and -5 < 2 in the last step.

O

A.5 Properties of Empirical Adaptive Threshold M\ 5.t

In Wang et al. (2021), the authors provide an upper bound on the solution M&t to the population
version of (11):

E[min{X?, M?}] log(61)
M? s

The result is reported in (13): unfortunately this bound is unknown in the adaptive heavy-tailed
bandit problem, since it includes both € and u. However, neither computing the solution of (25) in
feasible, since it would require the knowledge of an expected value, which is a theoretical quantity.
Furthermore, approximating the expected value with a sample mean would not have a straightforward
effect on the equation’s solution. The goal of this section is to study the behavior of the solution to
the sample version of (25), namely (11).

—0. (25)

In particular, we will provide an high-probability upper bound on its value. This result is particularly
important to prove Theorem 4, since it lets us provide another concentration inequality (which is

dependent on both € and u, but independent on M, ;) on the trimmed mean estimator.

We start by recalling an important result from Wang et al. (2021).

Proposition 7 (Uniqueness of Solution for (11)). Let X = (X1,...,X;) be independent and
identically distributed random variables, and § > 0, if

0<9log (67") < Z 1ix,1>0, (26)
i=1

then Equation (11) admits a unique positive solution.

This result is crucial to establish a well-posed computation of the empirical threshold M, , since it
excludes ambiguities.

However, the most important goal, is to bound M, s,+ the most similarly to Ms,t. Luckily, the following
result states that, in fact, the solution to (11) can be bounded the same way as the solution to (25).

Theorem 8 (Bounds for J\//.Ts’t). Let X = (X1,...,X;) be independent and identically distributed

random variables satisfying (2), and let ]/W\m be the (random) solution of (11), then we have that,
with probability at least 1 — 0:

o~ us %ﬂ
< | —— .

s < (i) 0
and:

< 4910g(5_1)-

P (X, > M) < (28)

S

Proof. This proof makes use of the concentration inequality for self-normalizing random variable
(Maurer, 2006; Maurer and Pontil, 2009).

Let X = (X1,...,X,) be independent and identically distributed random variables satisfying (2),

and M > 0, we then introduce
frx
Ui, p = min { (M) , 1}

3In (11) we set 6~ = ¢3, from now on we will refer to it considering the version with a generic 6 ~* > 2.

14



random variable in [0, 1]. Furthermore, let
Zu(X) =Y Uin,
i=1
random variable in [0, s] and such that U; »; = 1 Z(X) for all i € [s].

We start by showing that Z;(X) satisfies the assumptions of Theorem 13 from Maurer (2006), in
particular, let a > 1:

ZM(X) — inf Z]w(XyJC) <1 Vke [S}, 29)
yeR
S 2
> <ZM<X) ~ Inf ZM(Xy,k)> < aZy(X), (30)

k=1
where X, 1, is obtained by substituting y to the k-th element of X.
Equation (29) follows from

. . . Y \2
Zu(X) — ;2& Zy(Xy k) = Ui — ;Ig{mln { (M) ,1} =Uim <1 VEkels].

Similarly, we set a = 1 and obtain (30) as follows:

S

3 <ZM(X) - ;g&ZM(Xy,k)f = i (U’“M ~ Ipf min { (%f ’ 1}>2

k=1 k=1

S
2
< Z Ui, m
=1

< Z Ui, M
k=1
— Zu(X).

Using Theorem 13 from Maurer (2006) with a = 1, for the right tail of the distribution, the following
holds:

262
P(E[Zn (X)) — Zn(X) > se) < exp <2E[ZM(X)]>

which implies

P(E[Uim] — Ui > €) < ex s =ex s Vi € [s]
METELM = =S\ 9/ ) T O\ 2E[U ] '

2E[U; 1 261
By letting € := 2\/ [Us.ar] Log ) for all i € [s], we get that
s

P (E[Ui)M] Uiy > \/Z]E[Ui,M] log(25—1)> < g Vi € [S],

S

which implies

P (Ve - T > 22D ) <2 i

A similar inequality holds for the left tail:

P (Zp(X) — E[Za(X)] > se) < exp (‘6252> ,

15



with similar steps, we get

(o

Using a union bound over the two inequalities on the left and the right tail, we finally get

P(’,/E[Ui,M]—m’ >2\/1°g(jl)> <65 Viels 31)

Let us now define ]\/Z random variable such that

clog(6—1)

IA

1)
) € [s].

where ¢ > 0.

We now plug U 77 in (31) and get that, with probability at least 1 — 0, and for all i € [K],

which implies that, with probability at least 1 — §:

VB (1% > 7)< (Ve + 47 log( 1080071 v, ¢ (4.

On the other side, plugging U 77 in (31) also yields that for every i € [K]:

clog(6—1)
Ve Ve

log(6—1!

< \E[U, 5] +4 Og(s )
-1

< /\u i log(é )’
M1+e S

which implies

M < ((ﬁ 4>uzslog<61>> i

Choosing ¢ = 9 concludes the proof. O

A.6 Threshold-Independent Concentration Inequality for Trimmed Mean Estimator

In this section we provide another concentration inequality for the trimmed mean estimator defined
in (7). Differently from the concentration inequality (10), this result is independent on the chosen
threshold, but instead have an explicit dependency on both € and w. This result will play a key role in
the regret analysis of Adaptive Robust UCB.

Theorem 9 (Threshold-Independent Concentration Inequality for Trimmed-Mean Estimator). Given
a set of i.i.d. observations X = {X1, ..., X} satisfying (2), the following holds:

—1\7 75
P (ﬁs(X) — < 18uTH [bg(‘”} " ) >1-06. (32)

S
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Proof. With probability at least 1 — g:

. 1¢
ps(X) —p =~ > Xilix,<m,, — E[X)]
i=1

1< 1<
=3 ; (Xilixi<nm,, —E [Xilix<m,,]) = 3 ; (E[X1] - E [X:1x,1<n..))
1 1<
=3 > (Xilix<an, —E[Xilix <, ,]) — 5 > EXilix,sum,,]
(= =1

1o 1o
<3 > (Xilxem., — B [Xilix, <., ]) + B > E[Xl1 x5 0,,]
=1 =

() 1

=3 Zl (XiTxa<nr,, — B [Xilix <an,]) +

1 Z( [+ ™) (E [<1Xi>M5,t>1?‘}1L)

() [2M Y ulog (26—1) log (2071 1< .
2[R | Mobal0) L5 ) o )

2M ! fulog (26-1) M, log (2071 N :
S \/ ,t g( ) + ,t g ( ) + ulJlrs (8 ZP(|X1| > Ms,t) 1+e .
i=1

S 3s

Step (x) follows from Holder inequality, while step (x:) is a consequence of Bernstein Inequality for
bounded random variables.

To proceed further, we make use of Theorem 8 with a confidence level of %.

In particular, with probability at least 1 — § (by union bound):

oM ¢ulog (26-1) M, log (261
ﬁs(X)—ué\/ ulog(71) | MealoB (207) |

S 3s

ws 1+4€ _ us 14+€ _
(2<7) 2 (71%(25,1)) ulog (26—1) . (71%(2571)) log (26 1)

=1
1—e 1
us I+e — us Ite
8 |2 (71%(25,1)) ulog (26—1) (log(26*1)) log (25 1)
< 3 +
S S
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A.7 Proof of Theorem 4
We now prove the upper bound on regret for AdaR-UCB under Assumption 1.
We define for every arm 7 € [K] and every ¢ € [T, the upper confidence bound as

~ VN,(t,l)(Yi)log(t?’) J\Z N;i(t—1) t10g<t3)
B; n.(i— = i N, (t— 2 * 19—— -
’L,N,L(t 1),t /’L’L,Nl(t 1),t + \/ NZ(t o 1) + Nz(t _ 1) ’

where N;(t — 1) is the number of times arm ¢ has been pulled up to time ¢ — 1. Note that N; (¢t — 1)
is a random variable for every ¢ and every ¢, where the randomness is inherited from the stochastic
nature of the environment.

Each time an arm ¢ is chosen, AdaR-UCB pulls it two times in a row in order to collect independent
samples for estimator and threshold. Since the two collections of samples are independent and never
used jointly, we consider N; (¢ — 1) as the number of times arm ¢ has been chosen, and not the number
of times it has been effectively pulled (which would be the double).

We now show that if i; = ¢, for any ¢ such that A; > 0, then one of the following four inequalities is
true:

either B n,. (t—1),t < p1°, (33)
R 1 log 3 e
or i Ny (t—1),t(Xi) > pi + 15uT+e L\a(t(—)l)] ’ G4
1
36u © 3
2 log (%)

or \/VNz‘(tfl)(Yi) > \/E[VNi(tﬂ)(Yi)] +2M; N1y (36)

N;(t—1)

Indeed, assume that all four inequalities are false. Then we have

(33)
Biv Na(t—1),6 > 1= i+ A
(34) R lo t3 Tte
> ,LLi,Ni(t—l),t(Xi) — 15u 1Jlr€ |:ZV(gt(—)1):| + Al
) Viie—1)(Yi) log(t3) M, w,(o—1) log(t%)
> T a1 (X)) + 2 : 19—ol= b,
> i Ny (-1t (Xi) + \/ Nii—1) + Nt - 1)

= Bi,Ni(tfl),t

The step marked with (x) is a consequence of the fact that both (35) and (36) are false. In particular,
we need to show that

A; > 15uTH [Nlo(gt(t_“)l)} A 2\/ VNmt]—Vli)((:?Sg(tg) 1 MN;\ZEtlfolg)(ts) ()
To do so, we make use of Theorem 8 and the following fact:
E[Vi,o-1(Ya)] = E[Y]] —EY.J° <E (X7, 57, )
= E (1% XYy, o7, )
<E (|Xt\1+61\/4\t1_8)
E[Viy, -1y (Y3)] < ub}e. 37)

Now, we make use of the fact that (35) and (36) are false together with inequalities (27) and (37):

@ L [ log(t3) 1T
Ai > 367+ (36u)T+e | ——————
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B e 10g(t3) 1 T+
- Sour l:Ni(t —1)]
v [ log(t?
= (154 2+ 19)uth | Og( )1)
(t-1)) (t=1)\ T
uN t—1 +e ulN;(t—1 €
T log(t?) T log(t*)u 1og<t3> ) ( Tog(7) ) log(¢?)
= 15uTFe | —2> 72 + 19
N(t—l) Nt —1) N(t—1)
3 Arl—e¢ Tr
(2>7) LB log(3) log(t “M, N, (t—1),t +19Mi,N7‘,(t—1),t10g(t3)
Ni(t—l Nt —1) Nt —1)
(37 1 | log t3 E (t—1) Yl)] log(t3) @N-(tfl)tbg(tg)
S ) 19 MiNi(i—1),
[m—(t—l - ¢ NE-1 T NGE-1)
[ log(t?) log(t3) 21og(t3)
= 15uT+ | ————— 24 ——— E[Vy. -1 (Y oM, —_
! Lvi(t—n A -y |V T 2 v )
J/\IN(t—l) log(t?)
19"—
" Ni(t—1)
GO 4 [ log(t?®) 17 V. (t—1) (Y3) log(t3) M N, (1-1,¢ log(t%)
> 1but+e | —————— 2 . 19—— 7
= |:N1i(t -1) " Ni(t—1) " Ni(t—=1) )

Finally, as a consequence of (), we have

()
B« Ny (t=1),t > BiN;(t—1),t
but this is a contradiction to the fact that ; = 7. Thus, statements (33) to (36) cannot be false
simultaneously.

‘We make use of a union over all the poss1ble values of N;(t — 1) and of the previously introduced
concentration inequalities to bound w1th 5 the probabilities of events (33), (34) and (36) to be true:

t
1
P ({(33) is true} or {(34) is true} or {(36) is true} VN;(t —1) Z 5= —2.
To proceed, we introduce the quantity
1
36u) =
- {108(1@5 log T
It’s now time to bound the expected number of times each arm is pulled:
T T
E[Ni(T)] =E lz u=i] SOFE| D Limiuma{es)is false}‘|
t=1 t=v+1
T
<v+E Z (T4, =i and {(33) or (34) or (36)is tme})] 18
t=v+1 ( )
T
3
<v+ Z 2
t=v+1
<v+5

We can now conclude the proof using the regret decomposition (and considering that the effective
number of pulls is doubled):

Rr< Y (216 (Alf )elogTJr 10Ai> .

:A; >0
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A.8 Proof of Theorem 5

1
€

1+e
The result can be proven by assuming log 7" > max;¢ k] % (%)

‘We have: . 1
Ry = Z 20E[N;(T)| = E[N;(T)] =

:A; >0
1>

(38) , 36u ) * S
< Z 20E[N;(T)] 7+ 108<A1+€) logT + 5

:; >0

—~

*

, 36u \ ©
< ) 2ME[N(T)] (216 (A“) logT>

1:A; >0

=

£
1

= (216(36u)%1ogT) ST 2R N(T)]

:A;>0

(%) . . I+e
< 2167 (36u) T (logT)1+sK1+€2< > E[Ni(T)}>
;>0

< 2T (216K log T) 7= (36u) T+
The step marked with () follows from the starting assumption on log 7". The step marked with (s)

follows from Holder inequality.
O
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