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Abstract

Many applications in machine learning involve
data represented as probability distributions. The
emergence of such data requires radically novel
techniques to design tractable gradient flows on
probability distributions over this type of (infinite-
dimensional) objects. For instance, being able to
flow labeled datasets is a core task for applica-
tions ranging from domain adaptation to transfer
learning or dataset distillation. In this setting, we
propose to represent each class by the associated
conditional distribution of features, and to model
the dataset as a mixture distribution supported on
these classes (which are themselves probability
distributions), meaning that labeled datasets can
be seen as probability distributions over proba-
bility distributions. We endow this space with a
metric structure from optimal transport, namely
the Wasserstein over Wasserstein (WoW) distance,
derive a differential structure on this space, and
define WoW gradient flows. The latter enables to
design dynamics over this space that decrease a
given objective functional. We apply our frame-
work to transfer learning and dataset distillation
tasks, leveraging our gradient flow construction
as well as novel tractable functionals that take
the form of Maximum Mean Discrepancies with
Sliced-Wasserstein based kernels between proba-
bility distributions.

1. Introduction

Probability measures provide a powerful way to represent
many data types. For instance, they allow to naturally repre-
sent documents (Kusner et al., 2015), genes (Bellazzi et al.,
2021), point clouds (Qi et al., 2017; Geuter et al., 2025),
images (Sodini et al., 2025), or single-cell data (Persad et al.,
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2023; Haviv et al., 2024b). Remarkably, it has been shown
that one can embed any finite dataset with little or no distor-
tion (Andoni et al., 2018; Kratsios et al., 2023) in the Wasser-
stein space, i.e., the space of probability distributions (e.g.,
over a Euclidean space) equipped with the Wasserstein-2 dis-
tance from Optimal Transport (OT). This has motivated the
use of this space to embed many types of data ranging from
words (Vilnis & McCallum, 2015) to knowledge graphs
(He et al., 2015; Wang et al., 2022), graphs (Bojchevski &
Giinnemann, 2018; Petric Maretic et al., 2019), or neuro-
science data (Bonet et al., 2023). Therefore, it is essential to
develop tools to work on the space of probability measures
over probability measures, also known as random measures.
In particular, they provide a natural way to represent labeled
datasets as mixtures (Alvarez-Melis & Fusi, 2020).

A natural distance on this space is the Wasserstein over
Wasserstein distance (WoW) (Nguyen, 2016; Catalano
& Lavenant, 2024), also known as the Hierarchical OT
distance, which lifts the Wasserstein distance between prob-
ability distributions as a ground cost, to define a Wasserstein
distance between random measures. The latter has been used
for generative modeling applications (Dukler et al., 2019),
domain adaptation tasks (El Hamri et al., 2022), comparing
documents (Yurochkin et al., 2019) or multilevel clustering
(Ho et al., 2017). It has also been used to compare Gaussian
mixtures (Chen et al., 2018; Delon & Desolneux, 2020;
Wilson et al., 2024) or generic mixtures (Dusson et al., 2023;
Chen & Zhang, 2024). However, its poor sample complexity
has motivated the development of alternative distance mea-
sures, such as those based on Integral Probability Metrics
(Catalano & Lavenant, 2024). Nonetheless, this space pos-
sesses a rich Riemannian structure, enabling the definition
of concepts like geodesics. This has been leveraged recently
by Haviv et al. (2024a) to perform generative modeling over
the space of probability distributions with Flow Matchings.

While this space naturally supports a range of machine learn-
ing tasks, optimization methods tailored to it have received
limited attention. Yet, this is important for multiple ap-
plications, including variational inference with a Gaussian
mixture family (Lambert et al., 2022; Huix et al., 2024),
computing barycenters (Delon & Desolneux, 2020), or flow-
ing datasets (Alvarez-Melis & Fusi, 2021), e.g., for domain
adaptation, transfer learning (Alvarez-Melis & Fusi, 2021;
Hua et al., 2023) or dataset distillation (Wang et al., 2018).
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In this paper, we propose to leverage the Riemannian struc-
ture of random measures equipped with the WoW distance,
by defining and simulating gradient flows, i.e., paths of ran-
dom measures that follow the steepest descent of a given
objective functional.

Related works. An elegant and popular way to perform
optimization over probability distributions (over a manifold)
is to leverage the Riemannian structure of the Wasserstein
space (Otto, 2001), and to use Wasserstein gradient flows
(Ambrosio et al., 2008; Santambrogio, 2017). Several time
discretizations of these flows have been studied (Jordan
et al., 1998; Salim et al., 2020; Bonet et al., 2024), and
they have been applied to simulate the flow dynamics of
multiple objectives such as the Kullback-Leibler divergence
(Wibisono, 2018; Salim et al., 2020; Diao et al., 2023), the
Maximum Mean Discrepancy (MMD) (Arbel et al., 2019;
Altekriiger et al., 2023; Hertrich et al., 2024a;b) and variants
thereof (Glaser et al., 2021; Chen et al., 2024; Neumayer
et al., 2024; Chazal et al., 2024) or the Sliced-Wasserstein
distance (Liutkus et al., 2019; Du et al., 2023; Bonet et al.,
2025). Yet, all these works focus on the case where the prob-
ability distributions are defined over a finite-dimensional
manifold, e.g. R?. In practice, simulating these flows
often boils down to simulating a particle system in RZ.
Hence, these works do not address probability distributions
defined on infinite-dimensional spaces, such as the space
of probability measures, which is the focus of this work.

The closest works to ours are the ones of Alvarez-Melis &
Fusi (2021) and Hua et al. (2023). These papers cast labeled
datasets as measures over a product space of the features
and the conditional distributions (i.e., the distributions of
the features of a given class). However, they circumvent the
issue of designing gradient flows on this space by modeling
the conditional probabilities as Gaussian distributions, hence
parametrized by a mean and covariance, which are finite-
dimensional objects. While this enables them to leverage
standard Wasserstein gradient flows, this Gaussian modeling
of mixture components is a strong assumption that may not
capture the true shape of many labeled datasets in practice.

Contributions. In this work, we introduce a principled
framework for optimizing functionals over the space of
probability measures on probability measures, leveraging
the Riemannian structure of this space to develop Wasser-
stein over Wasserstein (WoW) gradient flows. We provide
a theoretical construction of the flows, and then a practical
implementation through time discretization using a forward
Euler scheme. We also propose a novel functional objective,
that writes as an MMD with kernel between distributions
based on the Sliced-Wasserstein distance, and whose gradi-
ent flow simulation is tractable. We then apply this scheme
to flow datasets viewed as random measures; specifically, as

mixtures of probability distributions corresponding to the
class-conditional distributions. We focus on image datasets,
and show that the flow enables structured transitions of
classes toward other classes, with applications to transfer
learning and dataset distillation.

Notations. For a Riemannian manifold M, d : M x
M — R, isits geodesic distance. For x € M, we denote
by T, M the tangent space at =, and by || - || the Rieman-
nian metric. We define by TM = {(z,v), © € M and v €
T, M} the tangent bundle. We define for (z,v) € TM
the projections 7™ (z,v) = z and 7V(z,v) = v. exp :
TM — M is the exponential map. For x € M, if
exp, : T, M — M is invertible, we note log, its inverse.
V and div refer to the Riemannian gradient and divergence
on M. For a metric space (X, d), P2(X) denotes the space
of probability distributions on X with second finite mo-
ments, i.e., P2(X) = {p € P(X), [d(z,0)?du(z) < oo}
with o € X some arbitrary origin. For any p € Pa(M),
L?(u, TM) is the set of functions v : M — TM
such that [ |lv(z)||2dpu(z) < oo. For a measurable map
T : M — M, we note by T the pushforward measure.
Id denotes the identity map on M. Py (M) C Pa(M) is
the space of measures absolutely continuous w.r.t. the vol-
ume measure on M. For p1, v € P(X), we denote p < v if
w is absolutely continuous w.r.t. v. II(p, v) = {y € P(X x
X), ﬂ%ﬂ =, Wi’}/ = v} with 7 : (z1,22) — x4, is the
set of couplings, and IT,(u, v) the set of optimal couplings.

2. Background

We begin by introducing some background on Optimal
Transport (OT) and on Wasserstein Gradient Flows. For the-
oretical purposes, we provide background on the geometry
of (P2(M), W2) with M a Riemannian manifold, as in the
next section, we will rely on results which hold on compact
Riemannian manifolds (without boundary). Nonetheless,
the applications will be done for M = R?. The reader may
refer to Appendix A for more details.

Optimal Transport. The Wasserstein distance between
W, v € Pa(M) is defined as

Wilsv) = inf

/Cl(wJ)2 dy(z,y). (D)

The metric space (P2(M), Ws) has a Riemannian
structure (Otto, 2001; Erbar, 2010). In particular, if
the log map is well defined p-almost everywhere (a.e.),
(constant-speed) geodesics between u, v are defined as
e = (exppo(tlog o772))#& with 5 € II,(u, v) an op-
timal coupling. If i € P3 5c(M), there is a map T, namely
the OT map, such that Txp = v and 4 = (Id, T)4p by
McCann’s theorem for a wide range of manifolds (McCann,
2001; Figalli, 2007). In particular, T = exprq o(=V,, )
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with ¢, , a Kantorovich potential between p and v,
and geodesics become p; = exprg o(—tV, . )pp. At
any € Pyac(M), we can define a tangent space

2

T P(M) = Ve, pec=M)) “™ with
C°(M) the space of smooth compactly supported
functions on M (Erbar, 2010; Gigli, 2011). This is
a Hilbert space endowed with the L?(u,TM) inner
product. The exponential map on Py (M) is then defined as
exp,, (v) = (expyq ov)gp for 1 € Po(M), v € T, Pa(M).
For instance, when M = R? with d(x,y)? = ||x—y||3, then
exp,(y) = x +yand log,(y) =y — z forall z,y € R%.

Let Po(TM) = {y € PIM), [(d(z,0)? +
lv]|2)dy(z,v) < oo} where o € M is any reference point.
Following (Gigli, 2011), we define for every p, v € Pa(M),

= {v € Po(TM), 77# Y=, eXpy Yy =V,
vl = Wi} @

exp,, u

the set of plans v € P2(T'M) such that (7™, exp) 7 is
an OT plan between ;1 and v. This allows one to avoid
using the logarithm map, which might not be well defined
everywhere, e.g. being multivalued. This space carries more
information than the set of optimal couplings as it precises
which geodesic was chosen to move the mass, as y; =
(exp7T M o(twv)) 4 are constant speed geodesics between

wand v (Gigli 2011 Theorem 1.11). On P2 (R%), this trans-

lates as exp, ' (v) = {(z', 7% — 7")47, 7 € Wo(p,v)}
(Gigli, 2004 Hertrich et al., 2024a). We show in the next
proposition, whose proof can be found in Appendix C.1, that
we can build a surjective map from exp,,* () to II,(u, /).
Proposition 2.1. Let p,v € Po(M). A surjective map from
exp,,H(v) to T ( ,v) is given by v — (7™M exp) . In
particular, exp,; (1/) is not empty, and if v € exp;l(u),
then d(xz,exp,(v)) = ||v||s for y-a.e. (z,v) € TM.

Additionally, if M is compact and connected, and 1 €
Pa,ac(M), then there exists a unique ~ € exp}, ' (v), of the
formy = (Id, =V, 1) 4t

Wasserstein Gradient Flows. Let 7 : Po(M) — R be
a lower semi-continuous functional. We briefly introduce
the differential structure on (P2(M), W), i.e., probabil-
ity measures on manifolds, inspired by (Erbar, 2010) and
(Lanzetti et al., 2025).

Let pu € Pa(M). We say that Vi, F (i) € L2(u, TM) is
a Wasserstein gradient of F at p if for any v € Py(M) and
any y € exp/jl (v), we have the Taylor expansion

Fv) = Flu) + / (Vwa F(42) (), v} dry(z,v)
+0o(Wa(i,v)). (3

If such a gradient exists, then we say that F is Wasser-
stein differentiable at p. There is a unique gradient be-
longing to T}, P>(M) and we restrict to this gradient. In-
formally, the Wasserstein gradient of F can be computed
as Vw, F(p) = V%(u), with %(u) the first variation
defined, when it exists, as the unique function (up to an
additive constant) such that, for y satisfying f dy = 0,
SFp+tx)|,_g = J %(u) dx (Ambrosio et al., 2008,
Lemma 10.4.1). Examples of differentiable functionals in-
clude potent1a1 energies V(u) = [ Vdp and interaction en-
ergies W(u ffoydu( )du(y) for V.: M — R
and W : ./\/l x M — R twice differentiable with bounded
Hessian, for which Vv, V(i) = VV and Vi, W(p)(x) =
[ (ViW (2, y)+ VoW (y, z))du(y). Moreover, if the func-
tional F : P2(RY) — R has a closed-form over dis-
crete measures, i.e., there exists F : (RY)" — R such
that F(2 3" 6,,) = F(x1,...,2,), then we can use
backpropagatlon on F' and find the Wasserstein gradi-
ent of F using the relation V,F(L 3"  6,,)(z;) =
nV,;F(z1,...,z,) (see Proposition A.9).

A Wasserstein gradient flow of a differentiable functional
F is a curve t — pu; which is a (weak) solution of the
continuity equation d;py = div(p Vw, F(pe)). A possi-
ble discretization is the Riemannian Wasserstein gradient
descent (Bonnabel, 2013; Bonet et al., 2025), defined as
k1 = exprq ( — TVWQF(uk))#uk For discrete distri-

butions p, = + L3 1 0.k, it translates as, for all k& > 0,

=1 "x;
ie{l,...,n}, :v"”'“ = expgr (= 7Vw, F (k) (xf)). For
M = R‘i this is simply l‘k+1 = If — vaz]'—(#k)(iﬁi )s

which corresponds to Wassersteln gradient descent.

3. Wasserstein over Wasserstein Space

We introduce in this section the Wasserstein over Wasser-
stein space (P2(P2(M)), Ww,), ie., the space of
probability distributions over probability distributions
P2 (P2(M)), endowed with the OT distance with the
squared Wasserstein distance on Py(M) as groundcost.
We first state some properties of this distance, and then
introduce a differential structure on this space which will be
used in the next sections to develop suitable optimization
methods. In the following, M is a compact and connected
manifold. The proofs can be found in Appendix C.

3.1. OT Distance and Riemannian Structure

The WoW distance is defined as the OT problem with the
squared Wasserstein distance on Py (M) as groundcost, i.e.,
for P,Q € Ps (PQ(M)),

WWQ(PaQ)2 = inf

2
reitt o) /Wz(u,V) dl(p,v). 4

This defines a distance (Nguyen, 2016). Analogously to
P2(M) and Brenier-McCann'’s theorem, it has been shown
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that there exists an OT map from P to Q under absolute
continuity of P with respect to a suitable reference measure
Po € P2(P2(M)) (Emami & Pass, 2025), which has no
atom and satisfies an integration by part formula (Schiavo,
2020). We refer to Appendix B for more details.

Now, let us denote for any v € Po(T' M), the projections
oM7) = mly, ¢7P(7) = expyy and ¢Y(7) = Ty
For any P, Q € P (P2(M)), let us also define

expgl(Q) = { € PQ(PQ(TM))JZS;;&A =P, (bj‘;(p =0Q,
/ [l dy(z,0)d (1) = W3, (P.Q)}. (5)

Relying on Proposition 2.1, we can define for any P,Q €

P3(P2(M)) a surjective map from expp ' (Q) to IL,(P, Q).

Proposition 3.1. Let P,Q € Py(P2(M)). Then,

(™M, ¢P) . is a surjective map from expg Q) 1

I1,(P,Q). In particular, expgl(Q) is not empty and if
IS explgl(Q), v E exp;idv(exp# v) for -a.e. .

Additionally, if P < Py, there exists a unique €
expp ' (Q), of the form (yu — (Id, —Vou () #1) 4P with
T the unique transport map from P to Q and ¢, 1(,) a
Kantorovich potential between i, T (1) € Pa(M).

The proof of Proposition 3.1 can be found in Appendix C.2.
The previous construction enables us to formalize the Rie-
mannian structure of (P (P2(M)), Wy, ), without having
to define a notion of logarithm map on Py (M), which might
be ill-defined when the OT plan is not unique. Between
P,Q € P2(P2(M)), we can define for € expp'(Q)
a geodesic t +— Py = expym o(t¢¥)y , which satisfies
for all s,t € [0,1], Ww,(Ps,P:) = |t — s|[Ww,(P,Q),
see Appendix B. For P <« Py, using Proposition 3.1,
the curve simplifies as Py = expy o(—tVra,r)xP.
Moreover, for M = R?, this reads as P, = (pu —

(Id - tv‘me(u))#M)#P'

3.2. Differential Structure

We now provide a differential structure to
(P2(P2(M)), Ww,), following the one of (Ambro-
sio et al., 2008; Erbar, 2010; Lanzetti et al., 2025) for
(P2(M), Wy). In this section, let F : Po(P2(M)) — R be
a lower semi-continuous functional. We define formally the
Hilbert space L?(P,TP2(M)) of functions from Py (M)
to TPz (M) in Appendix B.1. First, we define the notions
of (extended) sub- and super-differential.

Definition 3.2. ¢ € L%(P,TPy(M)) belongs to the sub-
differential 0~ F(P) of F at P if for all Q € P5(P2(M)),

F(Q) > F(P)+sup / / () (@), ) dy(zv)d ()
+0(Ww,(P,Q)), (6)

where the in the sup are selected in epr_,l(Q). Simi-
larly, ¢ € L?(P, TP2(M)) belongs to the super-differential
O+F(P) of Fat P if —€ € 9~ (—F)(P).

If the functional admits a sub- and super-differential, which

coincide, we can define a gradient.

Definition 3.3. F is Wasserstein differentiable at P €
P (Pa(M)) if 0TF(P) N9~ F(P) # (. In this case, we
say that £ € 9~ F(P) N 0T F(P) is a WoW gradient of F at
P, and it satisfies for any Q € Py (732(/\/1)), € exp;l(Q),

F(Q) = F(P) + / / () (@), 0) dy(0)d ()

+0(Ww, (P,Q). (7)
In the following, we note Vy,,, F(P) such a gradient.
We can also define a notion of strong sub- and super-

differential, as well as gradient, by allowing the coupling
to be non-optimal, in contrast with the previous definitions.

Definition 3.4. £ € L2(P,TP2(M)) is a strong subd-
ifferential of F at P if for all Q € Pa(P2(M)), for all
€ Py(Pa(TM)) st ¢t =P, ¢5" =Q,

F(Q) > F(P) + / / () (@), v)e dy(z,v)d ()

o N ] sty w)) . ®

Strong superdifferentials and gradients are defined similarly.

The latter definition is particularly useful when perturbing a
measure along a non-optimal direction, as in the case of the
forward Euler schemes we will compute in the next section.

We now turn to examples of functional on Py (P2(M))
that take the form of free energies. Given F : P2(M) — R,
we define a potential energy V : P(P2(M)) — R
as V(P) = [F(n)dP(u). Analogously to classical
Wasserstein gradients, its WoW gradient is obtained
as Vwy,V(P)(u) = Vw,F(pn). Given a kernel
W : P2(R?) x Py(R?) — R, we define interaction
energies as W(P) = [[W(up,v) dP(u)dP(v), and
their WoW gradients are obtained as Vi, W(P)(1) =
J (Vwa Wi, v) + Vw, 2W(v, 1)) dP(v). We refer to
Appendix B.4 for more details.

Let us now define cylinder functions, which provide a class
of Wasserstein differentiable functionals (von Renesse &
Sturm, 2009; Schiavo, 2020; Fornasier et al., 2023).

Definition 3.5. A functional F : Py(M) — R is a cylinder
if there exists k > 0, F € C®(R*) and Vi,...,V}, €
C2°(M) such that, for all ;i € Pa(M),

Flp)=F </ Vldu,...,/vkdu). )
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In this case, we note F € Cyl(P2(M)). Similarly,
for I an interval, we note 7 € Cyl(I x P2(M)), if
F(t,p) =F (¢, [Vidp,..., [ Vidp) forevery t € I and
p € P2(M), this time for some F' € C°(I x RF).

Using the chain rule, any 7 € Cyl(P2(M)) is Wasserstein
differentiable and for all y € Py(M),

k
Vo, F Z ( / Vidp, - / deu> vV,

(10)

This provides the main building block for defining a tangent
space, in which we will show that WoW gradients reside.

Definition 3.6. The tangent space at P € P (P2(M)) is

TpPo (PQ(M)) = {VW2<P7 P e Cyl(P2(M))}

where the closure is taken in the space L?(P, TPy(M)).

(11)

We now justify the definition of this tangent space. We
show the existence of velocity fields (v;); belonging to
the latter, associated to any absolutely continuous curves
(P¢):, such that the pair (v, P;); satisfy a continuity
equation. We recall that a curve (P;);c[o,1] is abso-
lutely continuous if there exists g € L*([0,1]) such that
Ww,(Ps,P) < [ gu
is |P'|(t) = hmh_>0 +Ww, (Ptn, Py), which exists a.e.
(Ambrosio et al., 2008, Th. 1.1.2).

Proposition 3.7. Let (P;)icr be an absolutely continuous
curve on Py(P2(M)). Then, for a.e. t € I, there ex-
ists vy € Tp, Po (732 (/\/l))
|P’|(t) and for all ¢ € Cyl(I x Pa(M)),

/ at SDt

The proof of Proposition 3.7 is deferred to Appendix C.3.
We leave the investigation of the converse implication to fu-
ture work, i.e. that satisfying the (weak) continuity equation
(12) implies absolute continuity of the curve (P;);. We then
have the following properties, which show that elements of
the tangent space are strong gradients and are unique. Their
proofs are deferred to Appendix C.4 and Appendix C.5.

Proposition 3.8. Let £ € 0~F(P) N TpP2(P2(M)). Then
& is a strong subdifferential of F at P.

u)du, and its metric derivative

(P, TP (M) =

+ (Vw, @i (1), ve (1)) £2()) dPi(p)dt = 0.

(12)

Proposition 3.9. There is at most one element in 0~ F(P) N

OTF(P) N TpPy (P2(M)).

As L?*(P,TP2(M)) and the tangent space are Hilbert
spaces, one can always decompose a WoW gradient with
a part in TpP> (P2(M)) and another part orthogonal to it.
We show in Appendix C.5 that under technical assumptions,

this orthogonal part has a null contribution in the Taylor
expansion given in (7). Thus, in this case, we can restrict
ourselves to the unique WoW gradient belonging to the
tangent space, in particular to write optimization schemes.

4. WoW Gradient Flows

In this section, we aim at minimizing F : Ps (PQ(Rd)) —R
some functional. We first show the existence of the WoW
gradient flow of this functional as the limit of the JKO
scheme (Jordan et al., 1998) for F convex along generalized
geodesics (Ambrosio et al., 2008). Then, building on the
differentiable structure of the space introduced earlier, we
propose a forward (explicit) scheme that is computationally
more efficient in practice than the implicit JKO scheme, and
tractable for relevant functionals.

4.1. Optimization Schemes on P, (P2 (R?))

JKO Scheme. Let Py € P2(P2,ac(R?)). The JKO sheme
of F is defined, for all K > 0 and 7 > 0, as

1
Pri1 € — Ww, (P,Pr)2+F(P). (13)

argmin
PGP? (Pac (Rd))

Its Wasserstein gradient flow is defined as the limit when
7 — 0. Leveraging (Ambrosio et al., 2008, Theorem
4.0.4), we show in the next Proposition the existence of
the flow for functionals F that are A-convex along gen-
eralized geodesics P, = (((1 — )T, + tTﬁ)#wl)#F
between Q,0 € P>(P2(R%)), where I' € II(P,Q,0)
satisfies 7’ € II,(P,Q), m;°’T € II,(P,0) with
b2 (2,y,2) = (z,y), 78 ¢ (2,9,2) = (z,2) and
P c 732(7927%(Rd)). Since P ¢ 732(77273C(Rd)), there
is always an OT map starting from p ~ P towards any
v € Pa(R?), which we write T}

Proposition 4.1. Let A > 0. Let F : Po(P2(R?%)) — R be
proper; coercive, lower-semi continuous and A-convex along
generalized geodesics, i.e., satisfying for all t € [0, 1],

At(1—t
—%W%\/Q(Poypﬁ
(14)
forP; = ((1 = t)T=, +¢T7, ) '), T € II(P,Q,0)
that satisfies 71'#21" € HO(P,Q), ’31" € II,(P,0) and

P € P2(P2,ac(RY)). Then, the gradientﬂow of F exists and
is unique.

F(Py) < (1—=1)F(Po)+tF(P1)

The proof of Proposition 4.1 can be found in Appendix C.6.
Examples of A-convex F on Py (P2 (R%)) include potential
energies for any F A-convex along generalized geodesics on
P, (R%), and interaction energies for A = 0 and W jointly
convex along generalized geodesics, see Appendix B.5.
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Forward Scheme. Given the existence of the WoW gradi-
ent of F, as established in the previous section, we propose
an alternative to the implicit JKO scheme: a forward scheme,
commonly referred to as Wasserstein gradient descent, de-
fined as follows

VEk >0, Pri1 = expp, (= 7Vwy,F(Pr)). (15

At the “distribution particle” level in Py (M), this means
that for each distribution pj, ~ Pj, we update it as

F(Pr) (i) (16)

Hlt1 = €XPyy, ( - TVWWQ

In practlce We w111 mostly focus on distributions of the form
P=243 6, with u® = 15" | 6, which notably
include labeled datasets (assuming for simplicity now that
all classes ¢ = 1,...,C contain n examples). Thus, we
apply to each particle in M = R? the update

2 pe1 = exye (= TV, F(PR) (1) (25,))
= »Tf,k - TVWw2 F(Pr) (1) (75 )

)

a7

We see that there are two levels of interactions for each
particle in M: one “intra-class” through the dependence
in the distribution p. and one “inter-class” between the
distributions u¢ ~ P through the dependence in Py, in the
gradient. Thus, we expect to observe an interaction between
particles of each distribution p¢, but also between each
distribution p°.

4.2. Examples of Discrepancies

Classical functionals in the study of Wasserstein gradient
flows are obtained as linear combinations of potential en-
ergies, interaction energies and internal energies (Santam-
brogio, 2015). We focus here on potential energies and
interaction energies. We leave the study of internal ener-
gies on this space for future works. We refer to e.g. (von
Renesse & Sturm, 2009; Sturm, 2024) for discussions of
entropy functionals on this space.

A classical discrepancy to compare probability distributions,
which can be written as a sum of a potential energy and
an interaction energy, is the Maximum Mean Discrepancy
(MMD) (Gretton et al., 2012). Given a positive definite
kernel K : P2(R?) x Po(R?) — R, P,Q € P2(P2(RY)),
let F(P) = $MMD?(P, Q) be defined as

/Km d(P - Q)(u)d(P — Q)(v)
P) + W(P) + cst,

(18)

WhereVP = [V(n) ), V(p) = — [ K(p,v)dQ(v),
= l ffK (p,v )dP( ) and the constant only
depends on Q that is ﬁxed For K, we will use kernels based

on the Sliced-Wasserstein (SW) (Rabin et al., 2012; Bonneel
et al., 2015), defined between p, v € Pg(Rd) as

W) = [ WHPhu Phr) do(®). (19
Sd—l

with S9! = {0 € R%, ||0||o = 1} the sphere, P?(z) =
(z,0) the coordinate of the projection of z € R? on the
line AR for # € S9!, and o the uniform measure on S%~1.
For instance, positive definite kernels include the Gaussian
SW kernel K (y1, v) = e=SW2()/h (Kolouri et al., 2016;
Carriere et al., 2017; Meunier et al., 2022). We also exper-
iment with the Riesz SW kernel K (u,v) = —SWy(p, v)
in analogy with the Riesz kernel (sometimes referred to as
negative distance kernel), k(z,y) = —||z —y||2 on R x R4,
which is not positive definite, but which has demonstrated
very good results in practice (Hertrich et al., 2024b) and
does not require tuning a bandwidth h.

WoW gradient of the MMD. Given v € Py(RY), if
K, : p— K(u,v) is a Wasserstein differentiable func-
tional, then F is differentiable, and its WoW gradient at
P € P2(P2(R?)) is of the form, for all 1 € P(RY),

Ve, F(P) (1) = / Vw, K, (1) d(P — Q)(v). (20)

For the Gaussian SW kernel K (1, v) = e~ 2nSW2(1) | de-
noting F(u) = %SVV%(/J7 v), its gradient can be obtained
by the chain rule as

1
—pe ENIVL G, e

vwz KV(:U) =
where Vw, F (1) = [ga—1 ¥4 ((x,0))0 do(0) with 1)y the
Kantorovich potential between Pz 1 and Pzﬁy (Bonnotte,
2013, Proposition 5.1.7). In practice, the Sliced-Wasserstein
distance, involving an integral over the sphere, is approxi-
mated through Monte Carlo. Moreover, for discrete mea-
sures P = Czcl en and Q = Czcl yen With
pen = L5 Lcandy = £ 37" 6y, we use au-
todlfferennatlon over X := (z7); . of F(x) = F(P), and
rescale the Euclidean gradient of F' by n x C to obtain
the WoW gradient Vi, F(P)(u9")(zf) = nCV; F(x).
This is analogous to the Wasserstein gradient case, and
coincides with the WoW gradient for functionals with a
closed-form over discrete measures (see Proposition B.7).

5. Applications

In this section, we minimize the MMD on P52 (P2(R%)) to
solve various tasks'. We represent 1abeled datasets with
C classes as distributions P = & EC 1 Ope.m, Where each

'Code available at https://github.com/clbonet/
Flowing_Datasets_with_WoW_Gradient_Flows.
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Figure 1: Minimization of F(P) = 1MMD?(P, Q) with Q a mixture of 3 rings, and with kernels either the Gaussian SW
kernel with bandwidth h = 0.05 or Riesz SW kernel, for a learning rate of 7 = 0.1. We observe that they first form a ring
for each distribution, and then each ring converges to a target ring.

pem = L 37" | 8ge is the distribution of samples belonging
to class c. We emphasize that we are the first to represent
labeled datasets this way. We first verify on synthetic data
and datasets of images that minimizing such distance allows
to transport classes between the source and target. Then, we
leverage this property on a dataset distillation and a transfer
learning task. We focus here on learning target distributions
of the form Q = £ 377, §,cn where v = LS 5,
are empirical distributions, each ™ has the same number
of particles n and the number of class C is supposed to be
known. Similarly as (Hertrich et al., 2024b), we add a mo-
mentum to accelerate the scheme for image-based datasets.
We refer to Appendix D for more details about the experi-
ments, as well as additional experiments using other kernels
and an ablation study for the number of projections to ap-
proximate SW. Related works (Alvarez-Melis & Fusi, 2021;
Hua et al., 2023) are described in detail in Appendix E.

Synthetic Data. We illustrate on Figure 1 the evolu-
tion of particles when minimizing the MMD with kernels
K (p,v) = e SWan)/Ch) and K (1, v) = —~SWa(u,v),
for a target being the three-ring dataset. Each ring repre-
sents a distribution ™ with n = 80, and the target is thus
a mixture of three Dirac, i.e., Q = % Zi:l 8,em. We learn
a distribution P of the same form, with the same number of
particles for each distribution. We observe for both kernels
that the particles of each distribution p“™ (i.e., the different
point clouds) form a ring early in the gradient flow dynam-
ics, and then move in a structured manner towards the target.
This illustrates the two level of interactions at the intra and
inter distributions levels. In Appendix D.2, we add compar-
isons with other hyperparameters and other kernels. Overall,
the kernel K (i, v) = —SWa(u, v) is the simplest to use, as
it does not require tuning a bandwidth, and converges well in
general. Thus, in the following experiments, we restrict our-
selves to this kernel, and name the resulting loss MMDSW.

Domain Adaptation. We now focus on the case where
both the source P and the target Q are distributions of im-
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Figure 2: Samples along the flow from MNIST to FMNIST
(Left), KMNIST (Middle) and USPS (Right).
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ages with C classes. Thus, we have Py = & Zle Sppem
and Q = % Zle dyem, and &7, u™ represent the em-
pirical distribution of images belonging to the class c. We
consider the *NIST datasets, i.e., MNIST (LeCun & Cortes,
2010), Fashion-MNIST (FMNIST) (Wang et al., 2018), KM-
NIST (Clanuwat et al., 2018) and USPS (Hull, 1994). These
datasets all have C' = 10 classes and are of size 28 x 28
(except for USPS which is upscaled to 28 x 28). We also
consider CIFAR10 (Krizhevsky et al., 2009) and SVHN
(Netzer et al., 2011) which are of size 32 x 32 x 3. We
first show in Figure 2 examples of trajectories starting from
MNIST to the other *NIST datasets (with step size 7 = 0.05,
momentum m = 0.9 and n = 200). We see that samples
from MNIST are sent to samples of the target dataset, i.e.
that the flow converges well. We also observe that images
from each class are mapped one-to-one to images within the
same class (see Figure 11 in the Appendix), without overlap
or collapse across classes.

To verify this quantitatively, we perform a domain adapta-
tion task as in (Alvarez-Melis & Fusi, 2021, Section 7.3).
Here, we first train a classifier on 5000 samples of MNIST
with n = 500 images by class. Then, we flow the other
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Table 1: Accuracy of the classifier on synthetic datasets. We compare Distribution Matching (DM) with the MMD with
Riesz SW kernel on MNIST and Fashion MNIST, using p € {1, 10, 50} synthetic images by class.

Dataset  p P =AY =1d P? =1d Av =1d AY 4 ? Baselines
DM MMDSW DM MMDSW DM MMDSW DM MMDSW Random  Full data

1 6l.li6s 665155 - 66.8. 5.3 878106 60.3134 877105 60.9133 55.842.0

MNIST 10 88.2i2_8 93~2i0.7 8847i3_3 93.8i0_7 97'0i0.1 96.410.2 97.0i0_1 96.4i0,3 92.211.1 994
50 959409 97.0x0.2 95.3+1.4  97.5101 98401  98.4.01 984101  98.4i01 97.610.2
1 5444320 60.014 - 60.6.3 6 58.7+04 609126 58.7+05 60.812.2 49.017.5

FMNIST 10 74.64109 76.7419 T4.7408  76.641 1 81.2.5 3 78.040.9 82.5. 03 78.941.2 75.3+0.7 92.4
50 81.3495 84.2101 8144109 85.0402 87.6102 87.6402 87.5+0.1  87.6410.2 83.240.2

FMNIST to MNIST

100 4 e E—— 100 §

SVHN to CIFAR10

95 1

—— MMDSW 501

OTDD (final)

Accuracy

90 1

85

5:10* 105 1.5-1052-1052.5-10°
Iterations

0 5-10* 105 1.5-1052-1052.5-10° 0
Iterations

Figure 3: Accuracy of the pretrained classifiers along the
flow from FMNIST (Left) and SVHN (Right) towards
MNIST and CIFARI10.

datasets to MNIST (with 7 = 0.1 and momentum m = 0.9),
and measure the accuracy of the pretrained classifier on the
flowed dataset. Note that while we use the class labels of the
flowed dataset to perform the gradient flow dynamics, we
do not know a priori which class in the flowed dataset cor-
responds to which class in MNIST, yet it is needed for the
evaluation of domain adaptation. To perform this alignment,
we solve an OT problem with W3 as groundcost between
P and Q (i.e., the WoW OT problem) with P the distribu-
tions obtained at the end of the flow dynamic and Q the
ones of the target dataset. Since these distributions have a
finite support of the same size (C'), solving this OT problem
provides such an alignment: we can associate a prediction
of the pretrained model to an image and a “true class” of
the flowed dataset. We also perform this experiment with
a pretrained neural network on CIFAR10, flowing SVHN
toward CIFAR10, with n = 100 samples by class, step size
7 = 0.1 and momentum m = 0.9.

On Figure 3, we report the accuracy of the pretrained clas-
sifier on the data flowed starting from FMNIST towards
MNIST and from SVHN towards CIFAR10, over the iter-
ations (averaged over 3 flows started at different splits of
the source data). We also report the value from (Alvarez-
Melis & Fusi, 2021) using OTDD on the MNIST dataset.
We observe that the classifier converges to 100% accuracy
for a sufficient number of iterations. This demonstrates
that the flow is able to perfectly match one class from the
source dataset with a class of the target dataset, on which
the classifier has been trained.

We note that in a realistic setting of unsupervised domain
adaptation, we would not have access to the labels of the

source dataset (Courty et al., 2016). Thus, to flow the data as
we did just earlier, we would need first to find pseudo-labels
on the source datasets, e.g. with clustering (Alvarez-Melis
& Fusi, 2021; El Hamri et al., 2022). However, this is not
the goal of the paper.

Dataset Distillation. Dataset distillation or condensation
(Wang et al., 2018) seeks to produce a compact synthetic
dataset derived from a large training set, such that training
a neural network on the synthetic data yields performance
close to that obtained with the full dataset. Zhao & Bilen
(2023) proposed to learn the synthetic dataset by performing
Distribution Matching, i.e., denoting v¢ the distribution of
each class c of the target dataset, they minimize

C
F((1%)e) = Epw | Y MMD} (G A5, 04 A%1%) | |

c=1 (22)
with k the linear kernel k(z,y) = (z,y), A* : R — R4
a random data augmentation (e.g. rotation, cropping, see
(Zhao & Bilen, 2021)) and ¥? : R? — R? withd’ < d a
randomly initialized neural network used to embed the data.

LetQ = & S2¢ | 8, be the target dataset, 7 (p) =
P4 A%p and P = %Ziléuc. Note that (bi’wP

1 C C .
G Demt 0y, 45 e~ We propose to minimize

F(P) = Eo. [MMDR (63°P,65°Q) . (23)
with Riesz SW kernel K between distributions. We com-
pare on Table 1 the accuracy of a classifier on a test set
of MNIST and FMNIST, trained on the synthetic dataset
with p € {1, 10, 50} samples by class, either generated with
MMD with Riesz SW kernel (MMDSW) or with Distribu-
tion Matching (DM), in 4 scenarios: in the ambient space
with (1) = Id) and without augmentation ()¢ = A¥ = Id),
and with an embedding with (A + v?) and without an
augmentation (A% = Id). We solve it with a stochastic gra-
dient descent, sampling one augmentation and embedding at
each step, for 20K iterations and initializing the samples on
true data. The results are averaged over 3 synthetic datasets
obtained initializing the flow at different samples, and 5
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Table 2: Accuracy of classifier on augmented datasets for
k € {1,10,10,100}. M refers to MNIST, F to Fashion
MNIST, K to KMNIST and U to USPS.

Dataset k  TrainonQ MMDSW OTDD (Huaetal., 2023)
26.045.3 405147 30.5440 36.4433
MioF 385467  61.5146 59.74138 62.7411
10 53.947.9 654115 640414 66.2.1 ¢
100 711415 74.7 108 - 73.540.7
1 184431 209120 18.8421 19449
Mito K 5 25.914.0 374400 313414 39.0410
10 30.9446 447115 341409 44.141 0
100 60.1+1.1 66.8.05 66.310.9 62.411 2
1 324479 374461 395479 35.0156
MitoU 5 51.4498 73.0410 733414 69.6.41.3
10 60.31100 772412 727427 75.6+1.2
100  87.540.7 89.710.4 - 88.140.6

training of the classifier. On a Nvidia v100 GPU, the flow
implemented in Jax (Bradbury et al., 2018) runs in around
10 minutes with the embedding and in 30 seconds without
it. The baseline “random” refers to the classifier trained on
data sampled randomly from the original training set, and
“full data” to the classifier trained on the full training set. We
observe on Table 1 that MMDSW consistently outperforms
DM when flowing in the ambient space, and is competitive
when adding an embedding. This indicates that adding inter-
actions between classes appears to improve the results, possi-
bly by distributing the samples more effectively and mitigat-
ing the presence of ambiguous samples near class borders.

Transfer Learning. We now focus on the task of k-shot
learning. In this setting, we are interested in training a
classifier for datasets which have k& samples by class, where
k is typically small. Following (Alvarez-Melis & Fusi,
2021; Hua et al., 2023), we propose to augment the dataset
by generating new synthetic samples for each class. To
do this, we will flow a larger source dataset, with possibly
different classes, towards the small target dataset, and
then concatenate the synthetic and true samples to train
the classifier on it. More precisely, let Q = % 25:1 0ok
the target dataset, with %% = % Zle dye an empirical
distribution with k& samples, representing the distribution
of the class c. Let Py = & 25:1 0, be a source dataset,
with " = L 57" | 5, and n = 200. Then, the goal is to
flow Py towards Q by minimizing F(P) = JMMD?*(P, Q)
with kernel K (u,v) —SWy(p,v). We expect to
augment each class c of Q with n samples. Then, we train a
classifier with a LeNet5 architecture on the dataset obtained
as Q = 530 Gpemsn with ponth = LSRG
where z{ = zf for i < n and 2§ = yi , for i > n.
We report the results for MNIST as Py and FMNIST,
KMNIST and USPS as Q on Table 2 for k& € {1, 5, 10, 100},
compared with the baseline where we train directly on
Q, and the baselines where we trained on the synthetic

Table 3: Runtime in seconds for the transfer learning experi-
ment from MNIST to Fashion MNIST.

Dataset  k-shot MMDSW OTDD (Hua et al., 2023)
1 13.95 +£1.37 294.53 +5.21 131.77 £ 2
MtoF 14.12+0.30 1130.89 + 108 132.98 + 1.1
0 10 14.30 £0.29  2294.13 +48 134.35 £ 0.75
100 47.75+0.27 - 164.19 £ 0.6

data obtained by minimizing OTDD (Alvarez-Melis &
Fusi, 2021) or the MMD with product kernel as in (Hua
et al., 2023). The results are averaged over 5 training of
the networks, and 3 outputs of the flows. Both methods
have been reimplemented and we add more details in
Appendix D.6. We observe that all three methods improve
upon the baseline, with a slight advantage for MMDSW.

¢ 25:1 Open and Q =
L0 | 8,em with ™ and v*" discrete distributions with
n samples each, the MMD with a Sliced-Wasserstein based
kernel requires to compute C? Sliced-Wasserstein distances,
which has a total complexity of O(C?Ln(logn + d)) using
L projections to approximate SW. We report on Table 3
the runtimes for the transfer learning experiment, averaged
over 3 outputs of the flows and trained for 5K epochs for
each method. MMDSW is much faster than both OTDD
and the MMD with product kernel, at least with our imple-
mentations in jax detailed in Appendix D.6. Both OTDD
and the method of Hua et al. (2023) are implemented us-
ing a dimension reduction technique in 2D and a Gaussian
approximation to embed the conditional distributions.

Complexity. Given P =

6. Conclusion

This work provides the first theoretical framework and prac-
tical implementation of gradient flows of a suitable MMD
objective over the space of random measures, endowed with
the Wasserstein over Wasserstein distance. On the theoret-
ical side, we provided a rigorous differential structure on
that space and showed that these flows are well-posed. On
the numerical side, our results demonstrate that this novel
approach provides meaningful dynamics for interpolating
between random measures. There are many possible
extensions of our study. For instance, it would be interesting
to investigate the minimization of alternative functionals
over the space of random measures, e.g., MMD with other
kernels (Bachoc et al., 2023; Kachaiev & Recanatesi, 2024),
integral probability metrics (Miiller, 1997; Catalano &
Lavenant, 2024) or f-divergences (Csiszar, 1967). Future
work could also address the theoretical treatment of
non-compact manifolds or derive a continuity equation for
Wasserstein over Wasserstein (WoW) gradient flows. Then,
another topic of future research would be to provide quan-
titative guarantees on the convergence of these schemes.
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A. Background on Optimal Transport
A.1. Optimal Transport on P2 (M)

Let M be a Riemannian manifold, and denote by d : M x M — R, the associated geodesic distance. We recall that for
any u, v € Py(M), the Wasserstein distance is defined as

W3(p,v) = ae%ﬁ,ﬁ » /cl(:w)2 dy(z,y). (24)

Let o : M — R. Foracost ¢c: M x M — R, we recall that its c-transform is defined as p°(y) = inf e p c(x,y) — p(z).
( is said to be c-concave if there exists ¢ : M — R such that ¢ = ¢°. Here, we focus on ¢(z,y) = %d(:v, y)2. Then, the
Wasserstein distance can be written through its dual (see e.g. (Villani et al., 2009, Theorem 5.10)) as

W3(p,v) = sup / fdp+ / fedv, (25)

feLt(p)

with L*(u) = {f : M = R, [|f|dp < oo}. The optimal f is called the Kantorovich potential, is noted ¢,, ., and is a
c-concave map.

We now recall McCann'’s theorem, which provides a sufficient condition for the existence of an OT map provided that
is absolutely continuous with respect to the volume measure. We state the result for a connected compact Riemannian
manifold. But, note that this result was then extended to other manifolds, see e.g. (Figalli, 2007, Proposition 3.1) for a
similar result on complete Riemannian manifolds.

Theorem A.1 (Theorem 9 in (McCann, 2001)). Let M be a connected compact Riemannian manifold. Let pp € Pa ac(M)
and v € Py(M). Then, the optimal coupling 7 € II(p,v) is unique and of the form 4 = (Id, T)gxp with T(z) =
exp,, ( — Vgpw,(m)) forall x € M, where @, ,, is a Kantorovich potential for the pair i, v.

For any € M, recall that the exponential map exp : 7'M — M maps tangent vectors v € T, M back to the manifold at
the point reached at time ¢ = 1 by the geodesic starting at = with initial velocity v. Moreover, when it is well defined, its
inverse is the logarithm map log,, : M — M, which satisfies, for any « € M, y = exp,(v) where v € T, M, log,(y) = v.
However, the exponential map is not always invertible. For instance, on the sphere S?~!, there are an infinite number of
geodesics, and thus of directions v € T, M, between x € M and its antipodal point —x (see Figure 4). Therefore, the
logarithm map log,, (—=) is multivalued.

Let p, v € Po(M). When the exponential map is invertible at p-almost every z € M, then a (constant-speed) geodesic
between y and v can be defined for all ¢ € [0,1] as p; = exp,1 o(tlog,: om?) x5 where 7 € IL,(u, v), i.e. it satisfies
Wo(us, pir) = |t — s|Wa(u,v) for all s,t € [0,1]. However, the exponential map might not always be invertible, as
described in the last paragraph. One way to circumvent this problem is to consider the space

exp,,(v) = {7 € Po(TM), w4y = p, expyy =v, /Hvlli dy(z,v) = W3(u, v)}. (26)

This space carries more information than the set of optimal couplings as it precises which geodesic was chosen to move the
mass from g to v (Gigli, 2011). Indeed, regarding the previous example on the sphere, for z € S !, = §, and v = 6_,,
and any v € T, M such that —x = exp, (v), we have §(, .,y € exp;1 (v), while the optimal coupling would simply be given
by the map T'(z) = —x. Moreover, it allows to define geodesics as t +— py = exp, . o(tm") 47y for any v € exp, ' (v)
(Gigli, 2011, Theorem 1.11). By Proposition 2.1, if € P3 5c(M), then there exists a unique y € exp;1 (v), which is of
the form v = (Id, =V, ,,)» 1. In this case, the geodesic between p and v is of the form p; = expyg o(—tVp,, )4 .

A.2. Wasserstein Gradient Flows on P(M)

We provide in this Section some background on Wasserstein gradient flows on Py (M), with M a Riemannian manifold
with geodesic distance d. This presentations follows the one from (Lanzetti et al., 2025) on P5(R%), adapted to P2 (M)
using results of (Erbar, 2010).

Differential Structure. First, we recall sub- and super differentiability on this space.
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Figure 4: On the sphere, there are an infinite number of geodesics between x and —z (here 3 are represented). Thus, the
logarithm map would be multivalued.

Definition A.2 (Wasserstein sub- and super-differentiability). Let F : Po(M) — R a lower semi-continuous functional. A
map £ : M — TM € L?(u, T M) belongs to the subdifferential 9~ F (u) of F at y if for all v € Pa(M),

Fv)> Fw) +  sup / (), 0 dy(, v) + o(Wapt, ). @7)

yeexp, ' (v)
Similarly, £ € L?(u, T M) belongs to the superdifferential 9+ F () of F at p if =& € 07 (—F)(u).

Similarly as on Pg(Rd) (Bonnet, 2019; Lanzetti et al., 2025), we say that a functional is Wasserstein differentiable if it
admits sub- and super-differentials which coincide.

Definition A.3 (Wasserstein differentiability). A functional F : Py(M) — R is Wasserstein differentiable at 1 € Po (M)
if 0~ F(p) N O F (1) # 0. In this case, we say that Vi, F (1) € O~ F(u) N O+ F(u) is a Wasserstein gradient of F at p,
and it satisfies for any v € Py(M), v € exp;, ! (v),

Fv) = Flu) + / (Vs F () (), 0} dy(,0) + 0(Wa(js, ). 28)

If 4t € Pa ac(M), then by Proposition 2.1, v € exp;l(u) is unique and of the form v = (Id, —V,, ,,) % 4. Thus, in that
case, (28) translates as

Fw) = Flu) + / (Vs F (1) (@), —V gy (@)} () + 0(Wa(pt, ). 29)

which coincides with (Erbar, 2010, Definition 3.1) (for the subdifferential, and up to a sign as they use c-convex maps, and
we use ¢, , a c-concave map).

If we take t — p1p = (exp,a o(tm¥)) 47, for v € exp, ' (v), a geodesic between 11, v, then necessarily (7™M, t7V) 4y €
exp;l(,ut) (Gigli, 2011, Theorem 1.11), and thus

F(pe) = F(p) +t/<VW2]:<M)('T)’ )z dy(z,v) + O(W2(Mnut))a (30)

which implies & F(1u1)|,_, = [(Vw,F (1) (x),v). dy(z,v).

A priori, the Wasserstein gradient is not unique. Nevertheless, we can always restrict ourselves to a unique gradient
belonging to a tangent space whenever it is an Hilbert space. This is the case for y absolutely continuous (Gigli, 2011,
Corollary 6.6). So, we now focus on Py (M) C P2(M). In this case, the tangent space can be defined as T, Py (M) =

2
{Vp, pe Cx (M)}L (M7TM). This is a closed linear subspace of L?(u, TM) and we can uniquely decompose any
€€ L*(u,TM) as € = ¢ + ¢ with ¢ € T,Pa(M) and ¢ € T,Po(M)* (Rudin, 1986, Theorem 4.11). Since
i € Paac(M), then by Proposition 2.1, the optimal ~ is equal to (Id, =V, ,,)»p with ¢, ,, a Kantorovich potential
between p and v. In this case, it can be shown that

/ (W(), o) dy(z,0) = / (W), —Vop (@) da(r) = 0, 31)
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since Vo, ,, € T, P2(M) (Erbar, 2010, Lemma 2.6). Thus the only part of the gradient that matters is ¢, and we can show
that it is unique.

Proposition A.4. Let F : Py(M) — R. Its gradient at |1 € Pa ac(M), if it is exists, is the unique element of T, Po(M) N
OFF(u) N0~ F(u).

Proof. See Appendix C.7. O

Another interesting property of gradients belonging to the tangent space is that they are actually strong differentials, meaning
that they satisfy the Taylor expansion along any coupling, i.e., for any v € Py(M) and v € Py (T M) such that 77%‘[‘7 =pu
and expy v = v, Vw, F (1) € T, P2(M) satisfies

Fv) = Flw) + / (Vs F (1)), 0)s dy(z, 0) + 0 ( / loll2 dvy(e, v>> . (32)

Erbar (2010, Lemma 3.2) showed this property for couplings obtained through maps. We extend it for any coupling in
the next Proposition. First, for 1 € Pa(M) fixed, we define Po(TM),, = {y € P2(TM) \w;\{‘*y = p}. For every
v € Po(TM),, we define [|[y|)% := [ |lv]|2dy(z, v), and we further define its barycentric projection to be the unique vector
field B(vy) € L?(u, T M) such that for every £ € L?(ju, TM),

/ (€(x), v)dy(z,v) = / (@), B (@) du(z) = (€ Bz, (33)

(see (Gigli, 2011, Chapter 6)). Note that the barycentric projection satisfies || B(v)|[z2¢.) < ||/,
Proposition A.5. Let { € 0~ F(u) N T, P2(M). Then & is an (extended) strong subdifferential of F at p, i.e. for every
v € Po(TM),,

Flexpy v) = F(p) + /<£(w),v>dv(:v»v) +o([lvll,0)- (34)

By symmetry of the arguments, it also holds for superdifferentials and gradients.
Proof. See Appendix C.8. O

We now derive the Wasserstein gradients of well known functionals such as potential energies and interaction energies.

Proposition A.6. Let V : M — R be twice differentiable with Hessian bounded in operator norm by L for all © € M,
ie. [[HessyV(2)]| = maxyer, a,of.=1 [[HessaV(@)[v]||le < L, and V : p— [Vdp. Then 'V is differentiable with
gradient Vv, V() = VsV forany p € Pa(M).

Proof. See Appendix C.9. O

Proposition A.7. Let W : M x M — R be twice differentiable with Hessian for both arguments bounded in operator
norm, and W : pu — [[ W(z,y)dpu(z)du(y). Then W is differentiable with gradient Vyw,W(u)(z) = [ (ViW (z,y) +
VoW (y, x)) du(y) for any p € Po(M), z € M.

Proof. See Appendix C.10. [

We also introduce the notion of Hessian on the Wasserstein space, which will be useful to derive smoothness assumptions
for the WoW gradients to be well defined.

Definition A.8. Let F : Py(M) — R. Let u € Py(M). The Wasserstein Hessian of F at v € exp;,'(v) for some
v € Py(M), is amap HF, : TM — T M verifying %}—(“t”t:o = [(HF,(z,v),v); dy(z,v) for a constant-speed
geodesic 11y = (expm o(tﬂv))#'y with y € exp; ' (v).

18
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Wasserstein Gradient Flows. A Wasserstein gradient flow of F : Py(M) — R is defined as a curve ¢t — p; on an
interval I, which is a weak solution of the continuity equation

0t,ut = le(uth2f(,ut)), (35)
i.e., which satisfies for any o € C°(I x M),

/I /M (Brpn() — (V pape (&), Vs F (1) () ) dpag ()t = 0. (36)

Usually, such equation needs to be approximated by a scheme discretized in time. A common way to do it is through the
Jordan-Kinderlehrer-Otto (JKO) scheme introduced in (Jordan et al., 1998), which is of the form

W2
Vk >0, pr+1 € argmin M

+ F). (37)
LEP2 (M) 27 #)

Under suitable conditions, this scheme converges towards the Wasserstein gradient flow of F (Ambrosio et al., 2008; Erbar,
2010). However, this scheme is generally costly to compute, as it requires to solve an optimization problem at each iteration.
In practice, it is more convenient to rely on an explicit discretization, which can be seen as a Riemannian Wasserstein
gradient descent (Bonnabel, 2013; Bonet et al., 2025), which is of the form

Vk >0, pry1 = exp,, ( - TVW2f(ﬂk)). (38)

We note that this scheme can be obtained by linearizing the objective in (37). Indeed, if p, € P ac(M), (37) can be written
as

Teos = argminige g2 ) 25 I T2 o) + F((ex0 oT)run) )
prr1 = (exp oTry1) ik
Using the coupling v = (Id, exp oT)ypur € I(u, (exp oT) 4 i) and that Vg, F (1) is a strong differential, then we

have that

Fllexp o)) = F) + [ (Vo F () (@), Tla))s (o) + 0 <\/ [iz@ie duk<x>> . o)

Plugging this linearization in (39), we obtain

. 1
Tiy1 € argmin ?HTH%P(MC,TM) + (Vwo F (k) T) £z 7 M) - 41)
TeL?(ug,TM) 2T

Taking the first order condition, we recover (38) as T11 = —7Vw, F (1K)

Wasserstein Gradient Descent. In practice, we usually work with particles, i.e. we start at o = % S 0z > and
update each particle at each iteration k¥ > 0 as

Vie{l,....,n}, Tikt1 = exp,, , ( — TVWQ./_‘.(,U,]C)(.IZ',]C)) (42)
for py, = % Z?:l 5% .- In particular, for M = R<, the scheme is obtained as
Vi € {1, - ,n}, Tik+1 = Tik — vazf(ﬂk)(xz,k) 43)

Moreover, if the functional F : Py(R?) — R has a closed-form over discrete measures, i.e., there exists F' : (R4)” — R such
that F (2 37" | 6,,) = F(z1,...,2y), then we can use backpropagation on F' and use that Vi, F (L 37" | 6, ) (zik) =
nViF(z1,...,2p).
Proposition A.9. Let F : Po(R?) — R a Wasserstein differentiable functional, and F : (R")™ — R such that for any
x=(21,...,20) & Ay i={x € RN |3i # j,a; = a;} and pyy = 237, 00, Fpn) = F(21, ..., 20). Then, for all
ie{l,...,n},

Vw, F(pn)(zi) =nViF(x1,...,25). (44)

Proof. See Appendix C.11. O
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B. Wasserstein over Wasserstein Space
B.1. Function Spaces on Py (M)

In this section we fix P € Py
T, P2(M) = {Vyp, p € C(M)}

TP Py (M) by TP Po(M) :=T(M,TM) where I'(M, T'M) is the space of smooth vector fields on M, i.e.
smooth maps from M to T M. Our goal is to rigorously define the space L?(P, TPy(M)) and to show that it is indeed a
Hilbert space.

(P2(M)).  Recall that we define the tangent space to Pa(M) at p by
L?(u,TM

) for every u € Po(M). We also define the larger tangent space
L?(1,TM)

Let B C M open, then the map u € Pa(M) — p(B) is Borel, indeed, it is lower semicontinuous by (Ambrosio et al.,
2008, Equation (5.1.16)). Thus, the map i € X — p € Po(Y) with X = Py(M) and Y = M is a Borel map (in the sense
of measure-valued maps), and the formula

B(f) = /P " /Mf(uw)du(w)dp(u) (45)

defines a probability measure P on Pa(M) x M (we follow the same reasoning as in (Ambrosio et al., 2008, Section 5.3)).

We then define L?(P,T'M) to be the quotient of the space of measurable functions f : Py(M) x M — TM, such
that f(u,z) € T, M for every (u, z) € Pa(M) x M, by the equivalence relation corresponding to equality P-almost
everywhere, and we equip it with the norm || - || .2(py defined by

2, = 2, dP 46
11220 /P o 1709 P (46)

(we view f € L?*(P,TM) interchangeably as a function with signatures P2(M) x M — TM and
Po(M) — (M — TM), hence the notation f(p)). It is a Hilbert space: indeed, if M is an open set U C R",
then since TU = U x R™, L?(P, TU) is a Hilbert space as it is the direct sum of n copies of the Hilbert space L?(P), and
in the general case, we can show that L?(P, T M) is complete by showing that Cauchy sequences converge, by using local
charts and a partition of unity of M to fall back on the case where M is an open of R™.

We can now define L?(P,TP5(M)) as the space of functions f € L?*(P,T'M) such that f(u) € T, P2(M) for P-ae
. Itis closed in L?(P,T'M) and is therefore a Hilbert space. Indeed, if {f,}5°; C L?(P,TP2(M)) converges to
feL*P,TM),

lim / 1 ui2) = F()]13(y dP(12) = 0. 7)

n—oo

This implies that, up to extracting a subsequence, we have || f (1) — f(11)|| £2(,) — 0 for P-ae 1i*. But since the T, P2 (M)
are Hilbert spaces, this implies that f(u) € T, Po(M) for P-ae y1, and f indeed belongs to L?(P, TPy(M)). We define
similarly L?(P, TP*"Py(M)) and show that it is a Hilbert space. This latter space TP, (M) is useful in that it allows us
to define a notion of differential for Wo-Lipschitz functions on P (M), as we will see in the next subsection.

B.2. Lipschitz Functions and Rademacher Property

For every smooth vector field w € T'(M, TM), let (v***);cr be its flow on M, that is, the diffeomorphic flow solution of

{V(m €RX M, yvi(z) = w(y(z)) (48)

wo = Id7
*We recall the argument. For every ¢ > 0, we have P[||f(u) — fo(llz2y > €] = 0as P[|[f(p) — fa(p)llz2qn = €] <

E% JIf(p) = fa (,u)||igw)dP(u). So, up to extracting a subsequence, we may assume that for every n, P[||f (1) — fa (1)l L2¢) >
n7l] < n—lz Then, we can check that the set A = (N U,,> v {IlF (1) = fa()ll L2y > n~'} has null P-measure and that for any

g A fa(p) = f(p)in L2 (p).
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and denote U*>! the map P2 (M) + P2(M) induced by the pushforward by "',

The following definition is taken from (Emami & Pass, 2025, Definition 9).

Definition B.1. (Emami and Pass, 2024) We say that a measure Py € P, (7?2(/\/1)) satisfies the Rademacher property
if for every Wy-Lipschitz function U : Po(M) — R, there exists Dp,U € L?(Pg, TP®*Py(TM)) such that for every
w € (M, TM),

lim U(quyt(.)) —U0)

t—0 t = <DP0U(')aw>L2(') in Lz(PO)' (49)

Thus, every time we have a reference measure Py € Py (732(/\/1)) satisfying the Rademacher property, we can define
for every Wy-Lipschitz function U a measurable section Dp,U of TDchQ(M) that acts as a “differential” of sorts, for
perturbations given by smooth vector fields on M.

B.3. Wasserstein Geometry of Py (P2 (M))
We recall that the WoW distance between P, Q € Py (732(/\/1)) is defined as

2 _ . 2
WW2(P?Q) - FEII_II(llf:;,Q) /WZ(/“Lv V) dF(/”'a V)' (50)

A natural question is to find the conditions under which this problem admits an OT map. Emami & Pass (2025) showed it is
the case for M a compact connected Riemannian manifold, for absolutely continuous measures w.rt a reference measure Pg
satisfying the following assumption:

Assumption B.2.

¢ Py has no atoms

* Py satisfies the following integration by parts formula: for any 7,G € Cyl(P2(M)), and any smooth vector field
w € I'(M, T M), there exists a measurable map . — V7,G () € T2P2(M) such that

/ (Vs F () ) 120 - G (1) dPo (1) = / Flu) - V4G () dPo(s). (51)
P2(M) P2(M)

* Py is quasi-invariant with respect to the action of the flows generated by smooth vector fields, i.e. for any smooth
vector field w € T'(M, T M), Py and Pg’w = \I/;i’tPO are mutually absolutely continuous for every ¢t € R, and the
Radon-Nikodym derivative

po _ AP @ dr
" dPy @ dr ’

satisfies, for Po-a.e. y1, £ — essinf,¢(s ) R (1) > 0 forall s, € R with s < ¢.

reR (52)

These assumptions were first proposed by Schiavo (2020), and we refer to (Schiavo, 2020) for examples of measures
satisfying them. By (Schiavo, 2020, Theorem 2.10), any P, satisfying Assumption B.2 also satisfies the Rademacher
property, which Emami & Pass (2025) leveraged to show the existence of an OT map. In all the following, we fix a
reference measure Py € Po (772(/\/1)) satisfying Assumption B.2, and when there is no ambiguity, the “differentials” of
a Wy-Lipschitz function U will be denoted DU. Moreover, by (Schiavo, 2020, Theorem 2.10 (2)), if U € Cyl(’Pg(M)) R
then its differential coincides with the usual Wasserstein gradient, i.e., DU = Vw,U.

Theorem B.3 (Theorem 13 in (Emami & Pass, 2025)). Let P € Pa(Pa,ac(M)) such that P < Pg and Q € Py (Pa(M)).
Then, there is a unique optimal plan T', which is of the form T' = (Id, T)4P with T : Py(M) — P2(M) satisfying
T 4P = Q. Moreover, T is of the form T (1) = exp ( — DpOU(u))#,u, where U is a (¥ W3-concave) Kantorovich potential

for P,Q. In fact, for P-a.e. pi, Dp,U(p) = Vo, (), where @, () is a (5d?-concave) Kantorovich potential for i, T (1).

Note that the last two statements on the form of T are not part of the statement of the theorem in (Emami & Pass, 2025), but
can be found in its proof.
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Geodesics on P, (772(./\/1)) We recall that a constant-speed geodesic between P,Q € P, (772 (/\/l)) isacurve t — Py
defined on [0, 1], which satisfies Po = P, Py = Q and for all s,¢ € [0, 1], Wy, (Ps,P:) = [t — s|Ww,(P,Q) (see e.g.
(Santambrogio, 2015, Box 5.2)).

As we work on manifolds, we introduce similarly as on Ps(M) a generalized inverse of the exponential map, which allows
to characterize geodesics even when the optimal coupling is not unique. The multivalued inverse of the exponential map
between P, Q € Py (P(M)) is then

exp;1<Q>:{ eP(PAT M), 4 =P, 03" =Q [[ ol drtz,o)d (7)=Ww2(P,Q)2}, (53)

where for any v € Po(T M), pM(v) = wﬁ/‘y and P () = expy 7.
Proposition B.4. Let € expp Y(Q). Then the curve t — P, = expym o(td)y  defines a geodesic between P and Q.

Proof. See Appendix C.12. O

B.4. Differentiability on 75 (P2 (M))

We recall that by Section 3.2, if F is Wasserstein differentiable at P, then the WoW gradient Vi, F(P) satisfies for any
—1
€ expp (Q),

F(Q) = F(P) + / / (Vawar, FP) (127 (2), v} dy(z, 0)d. (3) + o( Wy, (P Q)). (54)

Using this formula, we now derive the gradient of potential and interaction energies.

Proposition B.5. Let M be a compact and connected Riemannian manifold, F : Pa(M) — R a twice
Wasserstein differentiable functional with Hessian bounded in operator norm for all v € P2(TM), ie.
SUD (4 ) esupp(v), [olla=1 HF(Z,0)|z < L, and F(P) = [ F(u) dP(p) for P € P2 (P2(M)). Then, F is Wasser-
stein differentiable, and its gradient is V., F(P) = Vw, F.

Proof. See Appendix C.13. O

Proposition B.6. Let M be a compact and connected Riemannian manifold, W : Pa(M) x Pa(M) — R be
Wasserstein differentiable with respect to each of its argument and with bounded Hessian in operator norm for all
v € P2(T M) as in Proposition B.5. Let P € Pa(P2(M)) and F(P) = [[ W(u,v) dP(u)dP(v). Then, Vww, F(P) (1) =

f (Vw%lW(,u, V) + VWz,QW(Vv ,u)) dP(l/)
Proof. See Appendix C.14. O

Relation with first variation. The gradients of the potential and interaction energies derived in the last two propositions
are computed by showing that they satisfy the definition of the WoW gradients thanks to coupling arguments. Similarly
to the case on P2 (M), we expect that they can also be computed as the gradient of the first variation, which is a much
simpler way to compute Wasserstein gradient of generic functionals. Let F : P, (772(./\/1)) — R. Then the first variation
g—g (P) : P2(M) — R at P is defined as the unique function (up to a constant) satisfying
F(P —F(P oF
iy R0 FO) _ f

lim ; 5 (P) dx. (55)

where [dx = 0and P + ex € Pac (732(/\/1)) for € small. Then, we expect that the WoW gradient of F can be computed as

oF
Vi, F(P) = Vv, S5 (P). (56)

We leave for future work to show formally this formula. Nonetheless, we verify that it holds for potential and interaction
energies. Indeed, for V(P) = [ F(u) dP(p), we have %(P) = F since

V(P +ex) = /f(u)dp(u) +6/f(u)dx(u)7 (57)
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and thus the WoW gradient derived in Proposition B.5 coincides well with szg—g(P). Similarly, for W(P) =
JIW(p,v) dP(p)dP(v),

WP+ 1) - W) 1 [\,
=g

P) +1 / Wips,v) dP(u)dx(v) + ¢ / Wips,v) dx()dP(v)

+f2/ W, v) dx(u)dx(V)—W(P)> (58)

— (/W 11,v) dP(p /W )) dx(v).

Thus, the first variation is 2% (P)(v) = [ W(,v) dP(n) + [ W(v, 1) dP(u), and its Wasserstein gradient coincides well
with the WoW gradient derived in Proposition B.6.

Relation with Euclidean gradient. We provide now the analog of Proposition A.9 for WoW gradients, which we use in
practice to compute them.

We fix here a number of classes C' > 0 and a number of samples n > 0, and we consider the class of (fully) discrete
measures of P2(P2(R?)) defined by

Zéuxc, € RHM, e 1= Zéx . x“e R (59)

We also define the space
X = {x € RH*" Ve, x° ¢ A, and Ve # ¢, fixe 7 piyer }- (60)
where A, := {x € (R))"|3i # j,x; = x;} is the generalized diagonal of (R?)". Informally, X is the space of vectors x

such that the empirical measures fix. in the support of P, are all distinct, and are each supported on n distinct points of R?.

Proposition B.7. Let F : Py (P2 (R%)) + R a functional, and F : (R)*" s R such that for every x € X, F(Px) = F(x).
If F is Wasserstein differentiable at Py and F is differentiable at x for some x € X, then for every ¢ € {1,...,C} and

ie{l,...,n},
Vww, F(Px)(ixe ) (@7) = CnV F(x). (61)

Proof. See Appendix C.15. O

B.5. Convexity on P (P2(M))

In this section, we focus on P5 (’Pg’ac(Rd)) , and we show the convexity along generalized geodesics of potential energies
and interaction energies. Hence, Proposition 4.1 can be applied to these functionals.

We recall that on P2(R?), a generalized geodesic between 11, v € P2(R?) is of the form ¢ +— i = ((1 — ¢)mb? + t7r1’3)#7
with v € TI(n, p, v) such that ﬂ;ffy € I, (n, 1) and w;?’fy € I, (n,v). Then a functional F : Py(R?) — R A-convex along
this curve satisfies for all ¢ € [0, 1],

A(1—t

Fl) < (0= 0F ) +170) - 00wz ), (62

When 7 € Py .(R?), by Brenier’s theorem, there are OT maps T4 between 7 and p and T} between 7 and v, and the
generalized geodesic translates as p; = ((1 — t)T,‘,j + tTZ) 41

We define similarly a generalized geodesic between Q, 0 € Py (Pzac(R?)) as t — P, = (((1 — t)T;f + tTﬁ)#ﬂl)#F
where ' € TI(P,Q,0), 77;’21" € II,(P,Q) and 7@’31“ € II,(P,0). We provide sufficient conditions for potential and
interaction energies to be A-convex along generalized geodesics in Po ('PQ@C(Rd)).

Proposition B.8. Let )\ > 0 and F : Po(R?) — R be \-convex along generalized geodesics of P2(R®). Then, the potential
energy F(P) = [ F(u ) is A-convex along generalized geodesics on Po (7)2 ac(R d))
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Proof. See Appendix C.16. O

Proposition B.9. Let W : P2(R?) x P3(R?) — R be joint convex along generalized geodesics of P2(R?). Then, the
interaction energy W(P) = & [[ W (u,v) dP(u)dP(v) is convex along generalized geodesics on Pa (P2 ac(RY)).

Proof. See Appendix C.17. O

We can also show that F : Q — %sz (Q,P)? is 1-convex along particular generalized geodesics, which have as anchor
point P.

Proposition B.10. Let P,Q,0 € P, (732730(Rd)). Define the generalized geodesic t — Py = (((1 — t)Tﬁ —|—tTﬁ)#7r1)#F

where T' € TI(P, Q, 0), 7771#_1211 € I, (P, Q) and 7T;£’3F € I1,(P,0). Then F : Q — %WW2(Q, P)? is I-convex along this
generalized geodesic, i.e., it satisfies for all t € [0,1],

tH1—t)

F(Py) < (1-tF(Q) +tF(O) — W, (Q,0)?. (63)

Proof. See Appendix C.18. O

In particular, Proposition B.10 is the main result allowing to show Proposition 4.1, which can be applied for A-convex
potential energies with A > 0 (or more generally, for any A € R such that % 4+ A > 0, see (Ambrosio et al., 2008, Assumption
4.0.1 and Theorem 4.0.4)), and for convex interaction energies.

C. Proofs

C.1. Proof of Proposition 2.1

In the forthcoming proofs, we will make use of the following selection theorem, whose statement can be found in (Villani
et al., 2009, Chapter 5, Bibliographical notes) :

Theorem C.1. If f : A — B is a Borel surjective map between Polish spaces (i.e. separable complete metric spaces), such
that all the fibers f~1(y), y € B are compact, then f admits a Borel right-inverse.

This allows us to prove

Lemma C.2. There exists a measurable selection s : M? — T M of the map

£ { A= {(z,v) € TM, d(x,expw(v)) =|vll.} — M x M (64)

(z,v) — (x, expz(v)).

Proof. First, A C T M is a Polish space, as a closed subset of 7'M which is Polish. Second, for every (z, ) € M2, the
fiber f~1(z,y) is compact. Indeed, if we let {(z,,,v,)}3%; C f~1(x,y), then we have for every n, x,, = x, y = exp, (vy,)
and ||v, || = d(z,y), so by compactness of the spheres in the tangent space T, M, up to extracting a subsequence there
exists v € T, M such that v,, — v, and by continuity y = exp,(v) so that (z,v) € f~'(z,y). We can thus apply
Theorem C.1 to f to deduce the existence of s. O

Now, we can prove Proposition 2.1. If v € exp,'(v), we have (7™, exp)yy € II(y,v) by definition of exp, ' (v).
Furthermore

| e e @) = [ dieexp, @) (e0) (65)
M2 TM
< [ ol = Whs ), (66
M
so this transport plan is optimal. In particular the inequality is an equality, and we find that d(z, exp, (v)) = ||v||, for

~v-a.e. (z,v). The map is thus well defined. To show that it is surjective, take v € II,(u,v), and set 5 := s(m1, m2) 27,

24



Flowing Datasets with Wasserstein over Wasserstein Gradient Flows

where s : M2 — TM is the selection map defined in Lemma C.2. Then 7 € exp;l(y). Indeed, by construction,
(M, exp) ¥ = v € II(u, v), and also

W) = [ iy = [ 23(,0). a0

M

d(z, exp, (v))*d(z, v) = /

lv
M
This proves the surjectivity of the map.

Now, assume that (4 is absolutely continuous, and that M is compact and connected. Let v € exp;l(u) and ¥ :=

(M, exp)x7y € T1,(p, v). By Theorem A.1, 7 is of the form (Id, T')4u where T is the unique optimal transport map from
w to v. Furthermore T itself is of the form T'(z) = exp, (—V(x)) where ¢ is a c-concave function M — R (in fact a
Kantorovich potential for the pair y, v). Furthermore, we have, for u-a.e. z € M, T'(z) belongs to

p(x) :={y e M, o(x) + ¢°(y) = %d(%y)Q}- (68)

This implies, by (Gigli, 2011, Theorem 1.8), that for p-a.e. € M, exp, *(T(x)) C —dTp(x), where O p(x) is the
superdifferential of . However, since M is compact, ¢ is Lipschitz and is thus differentiable almost everywhere, so that
0% p(z) = {Vp(x)} almost everywhere (in particular this holds p-a.e. as p is absolutely continuous). From this, we
conclude that for y-a.e. (z,v), we have T'(x) = exp, (v) with exp, *(T(x)) = {—V(z)}, so that v = —V(x). Thus,
we have proved that

v=Id,—V)gp. (69)

This finishes the proof. O

C.2. Proof of Proposition 3.1

We first state and prove another selection result:

Lemma C.3. There exists a measurable selection s : Pa(M)? +— Po(T M) of the map

FiA= { {y € P2(TM)|y € exp;é\lﬁ(exp# N = Pe(M) x Pa(M) .

¥ = (', expy ).

Proof. We first prove that A C Py(T'M) is a Polish space. All we need to do is to prove that it is closed : indeed, since
T M is a connected Riemannian manifold (with the Sasaki metric), (P2(TM), Ws) is a Polish space. (See (Ambrosio
et al., 2008, Proposition 7.1.5). Similarly P5(M) is a Polish space.) Note first that if v € A, it is supported on the
compact set K = {(z,v) € TM, |jv|l, < diam(M)} C TM, as ||v|, = d(x,exp,(v)) y-almost everywhere. Let
{1 }52, C A converging to v € Po(T M) in the Wy metric. Then + is also supported on K, and for every n, since
Yn € exp;i,l% (expy yn), we have

/ ol () = W(r s 3D ). an

Letting n — oo, we find
[ IvlEdr(z,0) = Wy, exvy ). 72)

Indeed, W (7vy,7) — 0 implies weak convergence of v, to 7, and thus of 7r£[‘ Yn and exp vy, to respectively 7'('#/1’}/ and
exp 7, and since M is compact, weak convergence on P2(M) is the same as Wy convergence, which in turn implies the
convergence of the right-hand side. The left-hand side converges similarly in virtue of the weak convergence of v, to ~y
(recall that they are supported on the compact set K on which the function (x,v) — ||v||2 is bounded). Therefore, (72)
implies that v € exp;i,w(exp# ), so that v € A, and A is thus closed in P2 (T M), and a Polish space.

Now, we prove that the fibers of f are compact. Let p, v € Pa(M) and {7, }5°; C f~!(u,v). Since they are supported
on K, and P(K) is compact by compactness of K, there exists v € P(K) C P2(T'M) such that, up to extracting a
subsequence, -y, converges to 7, both weakly and in the W2 metric. We then check as above that v € A, with 71'?'/;/[’}/ =L
and exp v = v. This proves that the fibers of f are compact. Now, the existence of s follows again from Theorem C.1. [
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The proof of Proposition 3.1 is pretty much similar to the previous one. If € expp 1(Q), we have (M, PP)y € II(P,Q)
by definition of expp ' (Q). Furthermore,

/ W20, 1)d(6M, 67%), () = / W2 (i, expy 7). (7) 73)
Py(M)2 Po(TM)
< / / A, y)2d(man, exp) (2, 9)d () 74)
Pa(TM) J M2
S/ / d(%expw(v))gd’y(x,v)d () (75)
PQ(TM) TM
< / [ leRaeod o) =W @2 (6)
PQ(TM) TM

so this transport plan is optimal. In particular all the inequalities are equalities, and we find that for -a.e. -+,
W%(w%}["y, expyy) = [|lv]|2dy(z,v) hence v € expjﬁy(exp# ). The map is thus well defined. To show that it
i

is surjective, take € I1,(P,Q), and set := s(my,m2)4 , where s : Pa(M)? i Po(TM) is the selection map defined
in Lemma C.3. Then € expgl(Q) as, by construction, (¢, ¢°*P) 4 "= €II(P,Q), and also
Wi, (P,Q)* = / Wi, v)d (p,v) (77)
Pz (M)?2
= / W3 (my'y, expy 1)d (7) (78)
P2 (TM)
—[ s, 79)
Po(TM) JTM

This proves the surjectivity of the map.

Now, assume that P is absolutely continuous with respect to Py, and that M is compact and connected. Let € expp 1Q)
and = (¢pM,¢>P), € II,(P,Q). By (Emami & Pass, 2025, Theorem 13), is of the form (Id, T)4P where T is
the unique optimal transport map from P to Q. Furthermore, for -a.e. 7y, we have v € exp;wl(uv), with 1, = ﬂ'Q’t’y,

and v, := expy~y. Since T = (Id, T)%P and P is concentrated on absolutely continuous measures (as P < Py),
we also have that for -a.e. 7, p is absolutely continuous and v, = T'(u,). Thus, by Proposition 2.1, we have
v =(Id, =V, 1wty = (0 = d, =V, 1)) 0 ¢ (7) for -ae. y. Therefore, we have proved that

= (“ — (Id, *V%L’T(u)))#d’g = (“ — (Id, *V@M,T(u))#ﬂ)#P' (80)

This finishes the proof. ]

Remark C.4. As a side note, there exists a more explicit expression for the unique € expp 1(Q). Letindeed U : Py(M)
R be a Kantorovich potential for P, Q (i.e. a %W%—concave function solving the dual problem). Then, by the same reasoning
as in the proof of (Emami & Pass, 2025, Theorem 13), for P-almost every p € P2(M), we have Vo, () = DU(p).
Thus, we have

= (1 — (1d, =DU (1)) 1) ,,P. (81)

C.3. Proof of Proposition 3.7
The proof is inspired from (Erbar, 2010, Proposition 2.5) and (Ambrosio et al., 2008, Theorem 8.3.1).

First, fix ¢ € Cyl(P2(M)), such that p(p) := F ([ Vidp,..., [ Vidp) with F € C2°(R™) and V4, ..., V;, € C(M).
Let us define H : Pa(M) x Pa(M) — Ras

lew)—o)| i
H(p,v) =< Welwy) 1 p#F v )
IVw, o)z ifp=v.

We show in Lemma C.5 that H is upper semicontinuous. We want to prove that t — P.(p) = [ ¢dP, is absolutely
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continuous and bound its metric derivative. For every s,t € I,let 'y ; € I, (Ps, P;). Then

P0) ~Po@ < i [ elh) — )] )

i)
< — Wa(p, v)H (p,v) dUspp s (1, v
] oy 2(p, V) H (p, v) AL yp,s (1, v) (83)

Ww, (Psin,
S W2 th / ,U/7 dFerh S(/’(‘a )
Al 7>(M)2

Now, we have I's ., s — (Id, Id)# Ps when h — 0, so, since H is upper semicontinuous, by (Ambrosio et al., 2008, Lemma
5.1.7), we have

lim sup / H?(p,v) dDgpps(p,v) < / H? (1, p) P () = / IVw, e()l 720 dPs(p),  (84)
P(M)? PM) PM)

h—0

and thus s — Pg () is absolutely continuous, with metric derivative bounded from above by

P 1()IVw,ll 2P, 75 (Pa (M) - 85)

Let now ¢ € Cyl(I X 732(./\/1)), Q = I x Py(M), and \ = f[ dP;dt. Then, for any interval J C I such that

spt(p) C J x P2(M),
’/ Ao d)\‘ lim / el “)_f(t_h”‘) d/\(t,u)‘

h—0t

P.(p:) — P

< limsup / nen) t+n (1) dt’
h—0+ J h

S / hm sup |Pt(90t) - Pt+h(80t)| dt (86)
J h—0%t ‘h’|

< / PO Vwae |l 2(ey) dt
J

< \/ [P dzv [ 19watlage,
J J

L(Vw,p) / Orp dA (87)

L2(X\,TP2(M))

From this, we infer that the linear form

is well-defined and Lipschitz continuous. In particular, there exists v € {Vw, ¢, ¢ € Cyl(I x P2(M))}
such that for every ¢ € Cyl(I x Py(M)),

L(Vwa@) = (0, Vs @) 12(n) = / /P o B0 )y AP (88)

and we have the continuity equation.

L?(P:, TP2(M)) . .
Moreover, fora.e. t € I, v € {Vw,p, ¢ € Cyl(I X 792(./\/!))} , and for every interval J C I, there exists a

sequence (Vy, @n ), supported in J x Py (M) such that Vi, ¢, — v;1;. For all n,

3
L(Vwaon) _( AL dt) ( [ 19wsnlEae, mscany dt) (89)

and letting n — oo, we find

1 1

2 2
[ TolBap, s cany t < ( [ P2 dt) ( [ Wl rminmy dt)
J J J (90)
/J loxl2 0, s ay A < /J P|(1)? d
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We thus conclude that for a.e. t € I,

el L2, TPacat)) < IPYI(2).
We now show that H is upper semicontinuous.
Lemma C.5. Let ¢ € Cyl(P2(M)). The function H : Po(M) x P2(M) — R defined as

lo(p) =)l ;
H(p,v) = Wa(p,v) l.f“ F v
||VW290( )||L2(;4) lf,u =V,

is upper semicontinuous.

Proof. We want to show that the function H : Po(M) x P2(M) — R defined by

le(w)=e()] .
H(p,v) =< W) fﬂ#v
HVWQSD(M)HLQ(#) lfu:y

oD

92)

93)

is upper semicontinuous. Let 1, v € Py(M), and let (p1):c[0,1] be the constant speed geodesic from 1 to v with velocity

field v; € L?(p¢). Then, we have

o)~ pl) = / diw(ut)dt

VW2 ( )Ut>L2(#,)dt

1
¢ / o2 W | 19w,
0
swaw,uv [ 19580,
0

1
H(p,v) < \// IVwa ()l 2(,,)dt < oo
0

Hence,

</V1d,ut,.. /V dHt) %/Vid/it dt
8;{; </V1d,LLf,,/de’U,f> /<v%,ﬂt> dufdt

(94)

95)

(96)

o7)

(98)

99)

(100)

(101)

as the right-hand side is finite because the F', V; have compact support. Note that this inequality is also true when p = v as

we = p for every t.

Furthermore, notice that the map f : u — ||Vw, (1) H%Z( ) is continuous. Indeed, we can check that we have

f(w) :/G </V1du,...,/deu,x> du(z)
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for some Lipschitz function G with Lipschitz constant L, so that if 4™ — u, we have

o= (v f s~ o i [z
< ‘/G( Vldu”,...,/deu",x) dp"(x) f/G </ Vld,u,...,/vmdu, 1:) dp™(x)| (104)

+‘/G< Vidp, ... /v dp, )du / (/Vldu,...,/deu,x> dp(x) (105)

Vid(u" u‘ ’/ ( Vldu,...,/deu,x>d(u”u)(x) — 0. (106)

Now, if u™ — pand v™ — p, then pt — p for every ¢ (indeed Wo (u, p1) < Wo(uft, ™) + Wa(u™, ) = tWa (™, u™) +
Wo(u™, 1) — 0), and thus by what precedes ||V, o (u" )||L2 A s ||VW2<P(M)||%2(H) for every t. Therefore, by (101),
we deduce

lim sup H(p",v") < [Vw,o(w)l[2u) = H(p, p). (107)

This proves the upper semicontinuity of H. O

C.4. Proof of Proposition 3.8

Let P € Py(P2(M)), and define Py (Po(TM)), :={ € Pa(P2(TM)),¢%' =P} Fix € Py(Po(TM)),, we
define

|3 = / lol2dy(z,v)d (). (108)

By the disintegration theorem (see for example (Ambrosio et al., 2008, Theorem 5.3.1)), there exists a P-a.e. unique family
of probability measures ( ,,),ep,(a) such that , is supported on Py (7' M),, and, for every measurable test function

f: PQ(TM) — RT,
/ Fod () = / / SO L (7)dP (). (109)

We can use this family of measures to define the barycentric projection of :
Definition C.6. The barycentric projection of is the vector field B( ) € L?(P,TM) defined by

/B ) € L*(u, TM). (110)

Note that we work here in the space L2 (P, T M), which is defined in Appendix B.1. Itis a larger space than L?(P, TPy (M)),
with which it should not be confused. The barycentric projection satisfies the following properties:

Proposition C.7. For every ¢ € L?(P, T M), it holds
/ / () (@), v)adr(z,0) (1) = / (€G1). B )12y dP (1) = (€, B( ) ao). (111
Furthermore || B( )||z2py < || |lp.

Proof. For every £ € L?(P, T M), we have

[[emm@ oo o) = [[[Emn@ et o (112)
= [[[tcw @) vr@na o) (113)

— [[ €t BN u)aP ) (114)

= [ BO))1200P ) = (6.0 sy (115)
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Furthermore,
5O e = [ | [ 50 160 idm)dpw (116)
< [[[ 180w L0)duta)api) (117)
< [ 1801z snaPin) (118)
< [[[ 1@ e (119)
< [[ lareod =1 12, (120)
where we used [|B(7) |12z, < 112 = [ [lv]2dy(z, v) to obtain the fourth line. 0

‘We now show Proposition 3.8.

Assume by contradiction that £ is not a strong subdifferential of F at P. Then, there exists § > 0 and a sequence

{ n}oZy © Pao(Pa(TM)), suchthate,, := || ,|lp — 0, and, for every n,
FPa) ~ FP) — [ [tetmt).ohadr(z,o)d o(a) < b2, (121)

with P, := (b;fp »- Now, for every n, fix ,, € expp ' (Py,). Since & € 9~ F(P), there exists N > 0 such that for every
n>N,

F(Pa) — FP) = [ [ (e @) o)ada(o0)d u() = §Wor, (P, P) (122)
Denoting ¥,, := B( ,) and ®,, := B( ,,), we have, combining (121) and (122), that
(6, W) 2Py — 0en > (&, Pn) 12(p) — ngz(Pm P). (123)
Furthermore, we have Wy, (P, P) < ¢,,, since
W, (Pn, P)? < / Wiy, expy 7)d n(7) (124)
< [[ @ @.exp.)ir(a 0 1) (125)
<[] lelar 0w =1 alp =22 (126)

Thus, we find for every n > N
)
<€a ®, — \I}n>L2(P) < _§5n- (127)

Now, since || W, ||z2py < || nllp = €, and (by optimality of ) [|Py[|z2py < || nllp = Ww, (Pn,P) < &, for every
n, it ensues that, up to extracting a subsequence, there exists ¥, ® € L?(P,TM)) towards which ¢, '¥,, and ¢, 1®,,
respectively converge weakly in L2(P, T'M). Therefore, dividing (127) by &,, and passing to the limit, we find

5
(£, 2= W)r2ppy < —5 (128)

Now, fix F € CyI(Pz(M)). By applying Lemma C.8 to ,, and ,,, we find
/]-"dPn . /]—‘dP (VB e + O(2), (129)

/ FdP,, = / FAP + (Vw, F, ¥,) r2(p) + O(2). (130)
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Subtracting these two equations, dividing by ¢,, and passing to the limit, we thus find
<VW2]:7 o — \I/>L2(p) =0,

and this holds for any F € Cyl(Pg (M)) However, by assumption, £ € TpP5 (PQ(M)), and we recall that

L2(P,TP2(P2(M)))
TpP2(P2(M)) = {Vw,F, F € Cyl(P2(M))} :

This implies immediately that (£, ® — W) >py = 0, which contradicts (128).
Lemma C.8. Let F € Cyl(P2(M)), then, for every P € P2(P2(M)) and € P2 (P2 (TM))P,

’/}'d ¢e"p —/}'dp—/ (Vw, F (' y) (), v)adry(@,0)d ()| <Ol B
for some constant C depending only on F.

Proof. Let F € C*(R™) and V4, ..., V,, € C°(M) be such that

Since F' is compactly supported, there exists C' > 0 which only depends on F' such that for every z, h € R™,

|F(x +h) = F(x) = (VF(2), h)| < C||h]|*.

(131)

(132)

(133)

(134)

(135)

Fix v € Po(T M), and let p := Ter*y and v := expy 7. Since the V; are compactly supported, we know by Lemma C.12

that there exists some constant L > 0, which depends only on the V;, such that for every ¢,

‘/Vidl/—/Vidﬂ_/<vvi(x)7v>d,y(x’v)

|f<u> ~F) - / (Vs F() (&), ) o (2, 0)

< LllylI3-

Now, we have

= ‘}'(1/) - axz / VVi(x),v)dy(x,v)

m

sz(/vw /vw)
— SSZ (/ Vidy_/Vidﬂ_/<V‘/i($),v>mdfy(w,v))'
gcii/m@/mwz .
sci /mdy_/x/idMQ
< Cé /VidV_/VidN—/(V%(:v)7v>d»y(x,u)

<l + ClIZ,

Vidv —

Vidp — /(VVi(x),wd'y(x,v)

2
+ O,

2 2

.4/wm@mwﬂaw

2
+ ClIll

(136)

137)

(138)

(139)

(140)

(141)

(142)

(143)

(144)

where we used (135) in the fifth line, with z; = [ Vidpand h; = [ V;dv — [ V;du, we used (136) in the sixth and eighth
lines, and we used the Cauchy-Schwarz inequality in the eight line. Throughout the derivation, C' denotes a constant that
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may change between lines but which only depends on F' and the V;. In particular, there exists a constant C' which only
depends on F and the V; such that for every v € Po(T M) with = w%}["y and ||y, < diam(M),

‘f(exp# D= )~ [T F (@), e o.0)

< Clvlz. (145)

Now, if v € Py(T'’M) is such that ||y||, > diam(M) with p := w;}f’y, let v := expyy and n € exp,'(v). Since
[l = Wa(, v) < diam(M), this implies

F0) = 0 = [ (TG00 0o (0] < |F0) = F) - [T F @ a4
" \ [ F @), v i =) @0) (147)
< Clnll2 + KVw, F (1), B(n) = B(y)) 2| (148)
< Clnllz + CUIBM) 2wy + 1B 2(a)) (149)
< CUlZ + lInll + lI711.) (150)
< CUNIEZ + 11,0 (151)
< Clhl2, (152)

where we used (145) in the third line, and we obtain the fourth line using the Cauchy-Schwarz inequality and the fact that
Sup,ep, (M) IV, F (1) L2y < 400 (since the F' and V; are compactly supported). Again the C’s denote a constant
depending only on F and the V; (and diam(M)). Thus, we have shown that there exists a constant C' depending only on F
such that for every v € Po(T'M),

‘f(exp# 9 = Fp) - [(w. Py @), eldr(zo)| < . (153)
Hence for every € Py (Pa(T'M)), noting P := ¢ and Q := ¢3* |

‘/]-‘dQ /]-"dP — //(VWQ}'(WQ&AV)(@,v)xd’y(x,v)d (7)‘ (154)

—| [ Flexpy ) - Frg) - (Tw Fr ) o). v)ar (o) () (159)

< [Ihlzg,d () =cl I (156)
This finishes the proof. O

C.5. Proof of Proposition 3.9, and existence of gradients in the tangent space

First, we prove Proposition 3.9. Let £;, & € 0~ F(P) N 91 F(P) N TpP2(P2(M)). Using Proposition 3.8, we know that
they are also strong gradients of F at P. Therefore, letting £ = & — &, for every ¥ € L?(P, TP2(M)), we have

/ (EG1), V(1)) 120y AP () = o[ T 2 ey). (157)

that is, (§, V) z2p)y = o(||¥||z2(p)). Considering ¥ = &£, we obtain 6||£||2L2(P) = o(e) that is H§||i2(P) = o(1), and this
implies £ = & — & = 0, and this finishes the proof. O

Now, a natural question is to ask whether there is a gradient in TpP, (792 (M)) whenever there exists a gradient £ €
O~ F(P) N OTF(P). While a complete answer to this question is out of the scope of this article, a partial answer can be
provided using results laid out in (Schiavo, 2020). First, we consider the following assumption:

Assumption C.9. (Smooth transport property, (Schiavo, 2020, Assumption 2.9)) We say that M satisfies the smooth
transport property if, whenever u, v € P2 (M) are absolutely continuous with smooth nowhere vanishing densities, then
there exists a smooth optimal transport map 7" : M +— M from p to v (in the sense of Theorem A.1).
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This is a relatively restrictive assumption on M. By (Schiavo, 2020, Theorem 5.9), it holds whenever M satisfies the strong
Ma-Trudinger-Wang condition MTW (K) for some K > 0 (we refer to (Schiavo, 2020, Section 5.2) for further details).
Under this assumption, we can prove the following result on the existence of a gradient in the tangent space:

Proposition C.10. Assume that M satisfies Assumption C.9, and that P satisfies Assumption B.2. Then, if F admits
a WoW gradient at P (i.e. 0~F(P) N OYF(P) is not empty), then it admits a WoW gradient in Tp P (732(/\/1)) (ie.,
O~ F(P) N OTF(P) N TpP2(P2(M)) is not empty).

Proof. All we need to do is to prove that for every £ € TpPs (732 (M)) L, Qe P (732(./\/1)) and € exp;1 Q).

/ / (6 ) (@), v)sdy(z,0)d () = 0. (158)

Indeed, this ensures that if ¢ € 9~F(P) N 0TF(P) is a WoW gradient of F at P, then its orthogonal projection on

TePo (772(./\/1)) is also a WoW gradient.

We thus fix £ € TpPs (PQ(M))J_, Q € P2(P2(M)) and € expp ' (Q). Since P satisfies Assumption B.2, by Remark C.4,
is of the form (u +— (Id, —DpU) )P where U is a Kantorovich potential for the pair P, Q. However, since M satisfies

Assumption C.9, and U is Ws-Lipschitz (by (Emami & Pass, 2025, Lemma 12)), (Schiavo, 2020, Theorem 2.10(3)) implies

that DpU € TpPs (792 (./\/l)) (as a limit in L?(P, TP2(M)) of functions of the form Vy, F, F € Cyl(Pg(/\/l))), so that

/ / () (@), v)adr (@ v)d () = — / (1), DeU (1)) 12 dP (1) = 0. (159)
This finishes the proof. O

Note that for this proposition to hold, P must not simply be absolutely continuous w.r.t Pg, but must itself satisfy Assump-
tion B.2. According to (Schiavo, 2020, Proposition 5.2), this is the case whenever, for instance, P = 2Py where ¢ is a
strictly positive Wo-Lipschitz function on Py (M).

C.6. Proof of Proposition 4.1

We aim at applying (Ambrosio et al., 2008, Theorem 4.0.4). Since by hypothesis, F is A-convex along the curve P, =
((1- t)T;ﬁ + tTﬁ)#wl)#F forI' € II(P,Q,0) and P € P5(P2,ac(R?)), we need to show that G : Q — $ Wy, (Q,P)?
is 1-convex along P; (see e.g. (Ambrosio et al., 2008, Lemma 9.2.7)). This is well the case by Proposition B.10.

Now, let Py, € P2 (P2,ac(R?)) and I(P) = 5= Wy, (P, Px)? + F(P) the functional solved at each step of the JKO scheme.

Then, we have

1
J(P,) = EWWQ(P“ Pr)? + F(P,)

= ZG(P) + F(P)

N

tH1—t)
2

< =((1 - 1)G(Q) +tG(0) — Ww,(Q,0)?) (160)

M(1—1)

2
AT+ 1
T

+ (1 —t)F(Q) + tF(0) — Ww,(Q,0)?

=(1-t)J(Q) +tI(0) — t(1 — t)Ww, (Q,0).

Thus, we conclude that J satisfies well (Ambrosio et al., 2008, Assumption (4.0.1)), and then apply (Ambrosio et al., 2008,
Theorem 4.0.4). O]
C.7. Proof of Proposition A.4

Let £,& € T,P2(M) NIt F(u) N O~ F(n). By density, for any ¢ > 0, there exist ¢., . € C°(M) such that
1€ = VeoellL2(urmy < §5and |€ = V' | 2 (uram) < 5
We rely on the following Lemma, which provides an OT map for any ¢ € C2°(M) for s small enough.
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Lemma C.11. Let pp € Po(M) and op € C°(M). Then, there exists § such that x — exp,(sVi(x)) is an OT map
between i and ( exp O(svw))#ﬂfor all s €] — 5, 3].

Proof. Suppose 1» # 0. Lete > 0 and 5 = m. It exists as 1 is supported on a compact. Then, for any

s € (—5,3), |sV2| < 5||V?| < e. Then, by (Villani et al., 2009, Theorem 13.5), s is d? /2 convex, and by McCann’s
theorem, exp(sV)) is an OT map. O

By Lemma C.11, there exists s > 0 such that y = (Id, sV )4 € exp,*(v) and v’ = (Id, sVl )y € exp,, (') with
v = (expo(sVy.)) yhand v = (expo(sVel)) 1t Thus, we have using the definitions of sub-differentials that

]-"(u’) > .7: + Sf (a: 7V<p6(a:)>w du(z) + o(s).
Likewise, by the definition of the super-differentials, we have
ﬂ><f'+wf 4 V(o) dute) +o(0) 162
F) < F(u)+s [(€(x), Voo (), du(z) + ofs).
Dividing by s > 0 and rearranging the terms, we have
FOTW > (¢, Ve) 2 ran) + 0(1)
M > <§I VSDE>L2(/J. TM) + 0(1) (163)
Fw)— f( 1)

> (=& VL) r2uany + o
M > (—€, V) 12 + o(1).

Summing them, we get,
0> (=& Vo) r2(urm + (& =&Vl L2gurm) +0(1) = (€ =&, Vo — VL) 2 ram) +o(1). (164)

Then, we have

”5 5 ||L2(;¢ TM) < \/”5 5 ||L2 (4, TM) <§ - flaV(Ps - v‘pz/s>L2(,u,TM) + HVSDE - v@é||%2(u,TM)

= [|€ =& = (Ve = VoDl L2 (urm) (165)
< HE Vel rm + 1€ = VoLl L2 (urm

| /\

Taking the limit e — 0, we conclude that £ = &', O

C.8. Proof of Proposition A.5

We assume by contradiction that £ is not an extended strong subdifferential. Then there exists a sequence {7,}22; C
P2(TM),, and 6 > 0 such that ¢, := ||y, [|,, — 0 and for every n, denoting j1,, := exp_ Y,

F(pin) — F(p) — /<§(x),v>xdvn(x,v) < —dep. (166)

Now, let n,, € exp;1 (1r). Since £ is a subdifferential, there exists N such that for every n > N,

Fla) = Flo) = [ {6€a): hachin(i,0) = ~5Walp o). (167

Since, by optimality of 7,,, we have ||n,, ||, = Wa(u, ttn) < ||7n||x = €n, combining these inequalities, we find

/<§(x)’v>zd77n(xvv) - /<£(x)av>xd7n(m7v) < _ggn (168)
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that is

)
<£7<I)n - \I/n>L2(p,) S _5571 (169)
for every n > N, where we have defined W¥,, := B(7,) and ®,, := B(7,,). Since we have || ¥,,|| 12,y < [|[Vnllp = €n and
likewise ||Dy, | 22(,) < [[7nll < €ns up to extracting a subsequence we can assume that there exists ¥, & € L?(u, TM)
towards which ., ' W,, and €, ' ®,, respectively converge weakly in L2 (i, TM). Thus, dividing (169) by &,, and passing to
the limit, we find

)
(£, @ — W)y < —5 (170)

Now, fix some ¢ € C°(M). By Lemma C.12, we have

/wdun /tpdwr/ Ve (@), v)adna(2,v) + O||nn|) (171)
= /gpd,u—l— (V,®n)r2( + O(en), (172)

and similarly
/wdun = /sodu +(Vo, W) p2(u) + O(ed). (173)

Subtracting these two equations, dividing by ¢,, and passing to the limit, we find

(Vio,® — W) 120,y =0 (174)

2
and this holds for any ¢ € C2°(M). However, by assumption, { € T, Po(M) = {Vp,p € C’g’O(M)}L T This

implies immediately that (£, ® — ¥) r2(w) = 0, which contradicts (170). O]
Lemma C.12. Let ¢ € C°(M), then, for every p € Po(M) and v € Po(TM),,

’/wd expy ) /wdu /Vw )ady(z,v)| < LIIWHQ (175)
where L := maX; vyer M, |jv]|,=1 || Hessa () [v]]| < oc.

Proof. Let (z,v) € TM. Applying (Boumal, 2023, Exercise 5.40) to the geodesic given by ¢(t) = exp,(tv), it ensues that
there exists ¢ € (0, 1) such that

p(exp, (v)) = ¢(x) + (Ve(), v)a + %<HGSS P B, ¢ ®)ew) (176)

so that, since ||’ ()[c) = [|v]|2»

[plexp, (1) — () = (Vo(a), v)al < 3Ll (a7)

This immediately implies

‘/@dexp#v /wdu /Vw v)dy(z,v)

_ ] [ olesp.0) - pla) = (Veto) hant)| @78)

IN

1 1
oL [ Ioldr(a) = SLip 2. (179)
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C.9. Proof of Proposition A.6

Let v, ;i € Po(M), and v € exp,, ! (v). Forany 2 € M, v € T, M, let us note ¢, ,(t) = exp, (tv) the geodesic starting
from a with direction v. By (Boumal, 2023, Exercise 5.40), we have that there exists ¢ € [0, 1] such that

V(0x,(0) = V(&) + (TaaV (), 0)e + 5 (HessV (e (1)) 6, (0] ¢ (e (150
Then,
V() = V(i) = / (V(exp, (v)) — V(2)) dy(z,v)
=/Ghﬂﬁmwh+%®$ﬂW%AﬂW&AMwLﬁD%mﬂh@w) (181)
— [TV @) dr(o0) + 5 eSS fers () (Ol O, 0 1 (020),

Moreover, using that V' has bounded Hessian and that geodesics are constant speed and thus satisfy ||c}, ,()|lc, , ) =
¢y »(0)lle, o 0) = llv]lw (Lee, 2006, Lemma 5.5), we have that the last term is bounded by W3 (1, v) as

[ SV (e O) e O (e 0 (220

<L [l Ol (a0
(182)

—L / loll? dry(z,v) = LW3(u, ).

Thus, we conclude

szwm+/WMwwwnmmw+dwmww. (183)

Now, let us verify that V¢V € L?(u). We denote by PT,_,, the parallel transport between T, M and T};M along the
geodesic between x and y (see (Boumal, 2023, Definition 10.35) for the definition). By (Boumal, 2023, Corollary 10.48, 3.),
V having its Hessian bounded in operator norm by L is equivalent with having for all z,y € M, for all (z,v) € TM,

IV V() = PTexp, ()2 VaV (exp,(0)) |l < Llv]|a. (184)
Thus, let 4 € Po(M), o some origin, and v € exp;l(éo). Then, we have by using sequentially the definition of ~,

|z + yl|? < 2[|z]|® + 2||y||%, (184), that for any (x,v) € supp(¥), exp,(v) = o and PT,_,, is an isometry (Boumal, 2023,
Proposition 10.36), and y € Pa(T M),

ViV 320 = [ 190V (@) du(o)
- / IV MV ()2 doy(z, 0)

<2 [ 1914V () = PTa, 0 VotV (exp, (0)) 2 iz 0)

(185)
42 [ 1P Ty, 0V aV (050, (0) 2 o)
<2 [ Lol dr(a,v) + 2 VaV O
< 4o00.
Therefore, we can conclude that Vw,V(u) = VoV by Definition A.3. O
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C.10. Proof of Proposition A.7

Let v, 1 € Py(M), and v € exp,'(v). First, we recall that the product space M x M is a Riemannian manifold
with tangent space T M x T'’M. For any (z,v), (z',v") € TM and note ¢, (t) = exp, (tv), ¢y v (t) = exp, (tv') and
Ca,a w (£) = (€0 (t), Car v (t)) the geodesics startlng at (z, z") with direction (v, v"). Then, by (Boumal, 2023, Exercise
5.40), there exists ¢ €]0, 1] such that

)+ (VW (z,2"),0) 5 + (VoW (2, 2"),0") 1

W (exp,(v), exp,, (v)) = W(a,
" (186)
t3

(HessW (ca,v (), car v (1)) (), o o (D], [€50 (8), Cor o (D)])e, 1)

Moreover, by the same argument as (182) in Proposition A.6, we have

\ / / (HessTV (€200 (D) (8 ar ()] (€ (s s (D ey (s )by (o) | < 2EW3 (). (187)

Then, we have

W(v /Wyy ) dv(y)du(y /Wxxdu 2)du(@)
— [ Wexp,0)exp, () - Wiaa") daa. )i’ o)
- / (VW (2, 2"),0) 0 + (VoW (z,2"), 0"}
g (HeSSWV (e (1) 0t (D)0, . (0] 6 (1), 2 () (o, )y (a0
= [ VW e du@), o daeo) + [ FaW (@) uo). 0 ol 0) + 0(Was )
=/</(V1W(m,x’)+V2W(x',x)) d,u(x’),v> dy(x,v) + o(Wa(p, 1))

x

(188)
Now, let Vi, W(p) = [ (ViW (-, x) 4+ Va(z,-)) du(z). Using that by Jensen’s inequality,
2
z (189)

<2 [ [ (190 (o) 2 + V20 (@02 dua)du(o'),

and a similar reasoning of (185), we find that Vi, W € L?(u), and we can conclude that Vyy, W is a Wasserstein gradient
by Definition A.3. O
C.11. Proof of Proposition A.9

Letv € Py(R%) and y,, = % > 0z, Since F is Wasserstein differentiable, the Wasserstein gradient Vyy, F (1, ) satisfies
for any coupling v € II(u,, v) (Lanzetti et al., 2025, Proposition 2.12),

F(v) = F(un) + /<Vw2f(un)(x) — ) dy(z,y) <\// [z —yll3 dy(z y)) (190)
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Let h1,...,h, € R, v, = %Z?:l 8u;+n; and v, = %L S O(ziwithi) € I(tin,vn). Then, since F(zy,...,2z,) =
F(upn)and F(z1 + by, ..., 20 + hy) = F(vy), we get

F(xl—f—hl,,l‘n—‘rhn):]:(l/n)

= Flun) + / (Voo Flpin) @),y — ) dynl ) W / Iz — 913 da (e, y>)

n

1 191
= Flun) + D (TwaF () (w5), hi) + 0 (b
i=1
= F(z1,.. +Z sz W)@, hi) o | Y [1hll3
i=1
Thus, by definition of the gradient of F', we deduce that V; F(x1,...,2,) = %VWQJ-'(M”)(M). O

C.12. Proof of Proposition B.4

Let € expp'(Q). Lets,t € [0,1], and ¢°(7y) = (exprm o(s7V)) 47 for v € Po(TM). Then, (¢°,¢')x € TI(Ps, Py).
Therefore,

W, (s, Po)? /W2 )6t ) d (). (192)

Moreover, since for -a.e. 7, (exp am o(sm"), exp,m O(tﬂ'v))#’)/ € (4% (), ¢ (7)), we have the following inequality:

W (PP < [ WH(@'(0).60)) d (3)
< [ a(exp.(s0), expe (1) dr(w o) ()

82 / Joll? dy(z, v)d ()
— [t — W, (P, Q).

(193)

where we used that € expp ' (Q) and that d(exp,, (tv), exp, (sv)) = [t — s[[|v]|-

For the other inequality, we have for any 0 < s < ¢ < 1, using the triangle inequality and the previous inequality,

sz(P’ Q) S WW2 (P’ PS) + WW2<P87 Pt) + sz(Pt> Q)

194
< W (P, Q) + Waw, (P, Py) + (1 — ) Wag, (P, Q). (159

This is equivalent with
(t_ S)sz(PaQ) < WWz(Psvpt)- (195)

Thus, we can conclude that Wy, (P, P;) = |t — s|Ww, (P, Q) and thus ¢ — P; is a constant-speed geodesic between P
and Q. O
C.13. Proof of Proposition B.5

We first state a lemma showing a relation between v € exp,, ' (v) and a specifically constructed ; € exp;:( " (v), with
t — . (t) a geodesic between p and v.

Lemma C.13. Let 1,v € Py(M), v € exp,'(v) and the geodesic between i and v defined for all t € [0,1] as
p~y(t) = (expﬂM O(tﬂ'v))#’}/. Let v = (expTrM o(trv), (1 — t)PTWM_>exp Mo(trv) O T )#’y Then, ~; € expu (t)( v),
and, for every s € [0, 1], j1,,(s) = (expprm o(swv))#% = py(t+ (1 —1)s).
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Proof. First, we verify the equality f, (s) = p(t + s(1 —t)). Fix s € [0,1] and let A : M — R be a bounded measurable
map. Then,

[ 1) () ) = [ Blexps, (s01)) il

= /h(expexpm(tv) (8(1 - t)PTxﬁexpm(w)(v))) dy(z,v).

Fixing (z,v) € TM, let ¢(t) = exp,(tv), t € [0, 1] be the unique geodesic starting from z with ¢(0) = v. Then, we have
PT,_,ct)(v) = ¢(t) by the properties of the parallel transport®. Furthermore, by definition of the exponential map, for
every u € [0,1],

(196)

eXpexpw(tU) (’U’PTrﬂexpz(tv) (U)) = ech(t) (’LLC(t)) = CQ(U) (197)

where c¢; is the unique geodesic such that c2(0) = ¢(t) and ¢2(0) = ¢(t). By uniqueness of the geodesics, we thus have
ca(u) = c(t + u) = exp,((t + u)v) for every 0 < u < 1 — ¢. From this, we obtain

/h(y) d(/”L’Yt (S)) (y) = /h(expexpz(tv) (3(1 - t)PTx%epr(tv) (’U))) d’y(x,v)
= /h(exp$((t + s(1 = t))v))dy(z,v) (198)
= [ ) e e+ 51 - 0) ),

and thus we have proved g, (s) = p,(t + (1 — s)t). In particular, we have Wﬁﬁ’l% = py, (0) = py(t), and exp, ¢ =
fr, (1) = 1y (1) = expy v = v, 50 7; has the correct marginals. Moreover, it is optimal as

J 1, vt = [ 10~ OPTas 100 sy o0y d1(0)

(199)
— (1t / Joll? dy(a,v) = (1 — W3 (1, v) = W31 (1), ),

where we used in the last line that y € exp,, ' (1) and p, is a geodesic such that 41, (0) = s and 1, (1) = v, and in particular,
W3 (15 (8), 1) = W3 (1 (1), 1y (1)) = (1 = 1) W3 (115/(0), p15(1)). 0

Now, we state a second lemma providing a Taylor remainder theorem on Py (M).

Lemma C.14. Let F : Py(M) — R a twice Wasserstein differentiable functional, ji,v € Py(M) and y € exp, ' (v), and
note i, : [0, 1] = M the geodesic between pu and v defined as i (t) = (exp,rM o(tﬂv))#v, and vy € exp;:(t) (v) given
by Lemma C.13. Then, there exists t €]0, 1[ such that

1

Fv) = F(p) + /<Vw2f(#)(fv)»v>x d@v) + 555

/(H]:% (Tt,vt), V), dye(Tt, 1) (200)

Proof. First, let us note that

Floy (1) = Fy0)) = [ G oy 1) a
d Lrd d
E‘F(/‘v(t))|t:0+/o (dt]:(ﬂv(t)) - dt]:('u’Y(t))’t_O> dt

d 1 t d2
= SR 1)) + /0 /O CF iy (s)) dsds
1 2

- %f(ﬂw(t))|tzo +/0 (1-— 5)%}'@7(5)) ds.

(201)

3Recall that a vector field X along a smooth curve c is said to be parallel if D; X = 0, where D; is the covariant derivative along
¢, and that for every s, ¢, the parallel transport operator PT'c(¢)_,c(s) sends every v € T )M to X (s) where X is the unique parallel
vector field along ¢ such that X (¢) = v. Then, since the condition for ¢ to be a geodesic is that D.¢ = 0, if ¢ is a geodesic, we have
PT o (t)—e(s)€(t) = ¢(s) for every s, t.
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For the first term, we get by the chain rule (see (30)) %}—(#7 (t)) |t:0 = [(Vw, F(u)(z),v), dy(z,v).

For the second term, using the mean value theorem (since s — 3 }" (u,y( )) is continuous, and 1 — s > 0 for all s € [0, 1]),
there exists ¢ €]0, 1[ such that

/O (1—3)51;(,@(5)) ds:cigf(m(t))/o (1—s)ds = 2L 7 ). 202)

Since, by Lemma C.13, we have p., (s) = p(t + s(1 — t)) for every s € [0, 1], we have by Definition A.8

d2
/(H]-'% (@t, ve), V), dye (e, 02) = @}—(Mvt(s))h:o (203)

d2
= @}"(M(t—i- (1=1)9)|,_, (204)

p 42

= (1= 1)’ 57y (9)) - (205)
This finishes the proof. O
Let P,Q € P3(P2(M)). Let F : Po(M) — R a Wasserstein differentiable functional, F(P) = [ F(u ) and

€ expp 1(Q). Let v in the support of , then we know that ( -almost surely), y € exp,, v ) where u = 7r# 7 and
v = expy 7. In particular, by Lemma C.14, there exists some ¢ €]0, 1[ and v; € exp;j( 4 (V) such that

F0) = F)+ [P )@ 0)e dr(o0) + 5oy [ (v ) dlon). Q06)
so that, by the assumption on the Hessian of F,
‘f(v) =)~ [T F @) 0)e o) < g [P oo, vdol dnlaro) @01
< st [ Il donGer.a) 08
< 1%t)LWQ(m( )ov) = 5 IW3 (1, v) (209)
<z /llvll2 dy(z,v) (210)
From this, we deduce that
FQ - ) - [[(Fw.F )@ e () @i
=| [ (Flexpum - Frt) - (0w e @) ohti(a) ) d ) @12)
<5 [[Ielaod ()= FWw.e.0" @13
Thus, we can conclude that
P +/ (Vw, F(r'7)(2),0)s dy(z,0)d (1) + o(Ww, (P, Q)). (214)

Moreover, as we assumed M compact, Vy, F(p) is bounded for any 4 and thus | ||VW2-7:(N)H%2(N) dP(u) < +oo.
Therefore, by Definition 3.3, Vi, F(P) = Vw,F € L*(P). O
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C.14. Proof of Proposition B.6

Let P,Q € P2(P2(M)). Let W : Pa(M) x Po(M) — R a Wasserstein differentiable functional, W(P) =
[ W(p,v) dP(u)dP(v) and € expp ' (Q). Let v and 4/ be in the support of , then y € exp;,*(v) and o € exp;,l(z/)
where p = 71';;/1’}/, w = w%"‘v’ and v = expy v, V' = expy 7'. For notation simplicity, we write V; and V; instead of
Vw,.1 and Vy, 2. By the remainder Taylor theorem (Lemma C.14) applied on the product space P2 (M) x Pa(M), we
get that there exists ¢ €]0, 1] such that

2

W) = Wi )+ [TV ), 1, 0)+ [ (T2 (o)), 0)2 0 (010) 5 S i 0, 0 (1)

215)

The last term s a Hessian term, which can be written as W (uy(t), 1y (1)) =

oz JEW,, (@ o), (2, 0)], (00, 00)) (2 ,2) dye(e, ve)dyg (2, vf), where we define HW, o« TM x TM —

TM x T M the Hessian operator at (vy,~’) similarly as in Definition A.8. By the assumption on the Hessian, we thus have
\wm V)= Wiaas') = [ (WG ), 0)a (o) = [ (T2 o)) 0 ()

S /| %'y xtvvt)7(147“2)]’(Utavg»(fct,r;)'d’yt(xt’vt)d’%(x;avg)

WL (102, vtaneon + [ 12, avitatoon) @16)

_ ﬁ(ww ), v) + W3, (), 1))

=5 ([ arwo+ [ 101z are.).

Then, let us bound
W) - wi / [ ([ @@ n@ + 9w e ).o) dieod 0)
<|[] s a6 - Wit e a e ()
-/ / (VW (M (), 1) (@), v)adP(n)dy( 0)d (3)
- [ st @) ) Py @ ()
=| [] v @) - Wit a e )
~ ][ @0 M) @0 + T M) @) (a0 (e () ()
< [[ e anem) -wetm, et m)

IN

= [ ). 6M @) @) v)a da0) = [T M) 640) @), )r o' d (0 ()
<5 (Jf 1 aeor o+ [[IEaena m) e
= LW%,(P,Q) since € expp'(Q)
217)
This allows to conclude by Definition 3.3 that
Vo, W) = [ (TiW(.0) + V2 (o ) dP(). @18)
O

41



Flowing Datasets with Wasserstein over Wasserstein Gradient Flows

C.15. Proof of Proposition B.7

We note P := Px and p° = fo for every c. Let h € (R)©*™ for every t € R, we define P; := Py, and for every
c, uf '= fixctthe, s that Py = & ZC d,¢. We also consider the transport plan vf = % e O(ze they (Which satisfies
w# 7§ = p© and expy, v = pf), and the plan ¢ = & ZCCZI d¢ (which satisfies qﬁid =Pand ¢,° =Py).

It is not difficult to see that for ¢ small enough, for every c, 7y is actually optimal between ;1€ and pf (thatis, v € exp;,;1 (1)),
and therefore

Whe, ) = [ ol o, Znhcw @19)
Moreover, it is also the case that for ¢ small enough, ; € exps'(P;). Indeed, since for every ¢, ¢/, W3(u¢, u¢) =
IR
W2 (¢, u€") which is zero if and only if ¢ = ¢/, it ensues that for ¢ small enough, for every c,
W3, ) = min W3 (", if). (220)
Thus, for any I' € II(P, P;), represented by the matrix (I'c /)¢,c'=1,....c, We have
c
[ W) = 57 WG g T @21)
c,c’'=1
c
> Z W3 (e, )T e er (222)
e
== ZW (1, 15) (223)
42 C n
o Sl = [[ lParte o ) 24)

c=1i=1

so that, by taking the minimum over I', we find [/ [jv]|?dy(x,v)d +(7) < Ww,(P,P;)?. Since the reverse inequality
always hold, we find that

tz C n .
Wana (PP = [ [ olPdatzo)d 1) = 5 D0 e, (25)
c=11

1

and we conclude that  is optimal, with Wy, (P, P¢) = O(t). Plugging . into the definition of the WoW gradient, we
find that

F(Py) =F(P) + / (Vwy, F(P) (1) (), z)dvy(z,v)d ¢(x,v) + o(t), (226)
that is (since x + th € X for ¢ small enough),

C n
1 .
Fx+th) = F(x) + —= > > (Vww, F(P) () (), 1) + o(t). (227)
c=11=1
From the definition of the gradient, we deduce that for every c, ¢,

Vww, F(P)(1)(27) = CnV i F(x). (228)

This finishes the proof. O
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C.16. Proof of Proposition B.8
Let Py = (((1 —)TT, +¢T7,) ,w') T where T € TI(P, Q, 0), 7;°T € IT,(P,Q) a.d m;°T' € TI,(P, 0). Then, we have

V(P;) = /.7:(((1 - )Ty thTZ)#n) dr'(n, p,v)

= /.F([Lt) dl(n, p,v)  for py = exp, ((1 — )T +tTy) = (1 —t)Th + tTZ)#n

1—t/]—' ) dQ(u —s—t/]—' ) do(w) — ML= )/Wg(,u,u)dl“(n,u,u)

At(1 — t)
2

(229)

< (1 -1)V(Q) +tV(0) — Ww, (Q,0)?,

where we used in the last two lines that F is A-convex along ¢ + i, and Wy, (Q,0)% < [[W2(u,v) dT'(n, p, v). O

C.17. Proof of Proposition B.9
Let P, = (((1 — #)T7 +¢T7, ) ') I where T' € TI(P, Q, 0), m;°T € ,(P,Q) a.d m;°T € II,(P, 0). Then, we have

= 1 //W(((l — t)T” + tT”)#n, ((1 — t)T“,/ —i—tT”:) 17') dl(n, p,v)dl (', 1, V")

<(1-t)= //Wuu dQ(u)dQ(p/) +t= / W(v,v") dO(rv)dO(v') (&0

= (1 —t)W(Q) + tW(0).

C.18. Proof of Proposition B.10

Let P,Q,0 € P2(P2,ac(RY)). Define the generalized geodesic ¢ — P, = (((1 — t)Tﬁ + tTﬁ)#wl)#F where I €
(P, Q,0), 7T71¥2F € I1,(P,Q) and 77;31" € I1,(P,0). Let us show that F : Q — %sz (Q, P)? is convex along this curve.

To do this, first note that T’ = (mt, ((1— t)Tﬁ + tTﬁ)#ﬂl)#I‘ € II(P, P;). Then, we have

1
F(P;) = §WW2(Pt, P)?
) (231)
<5 | WA (= 0T+ 17000 D),

Note that T = (1 — t)T7r + tT”1 is an OT map by Brenier’s theorem since it is the gradient of a convex function (as
a nonnegative weighted sum of convex functions). Thus, for I'-almost every (u, v, 1), W3 (,u, (L =)T), +tT]) 4 u)
(1 =T}, +tT} — Id||%2( . Then, applying the parallelogram identity on the Hilbert space L?(u), we get

1 v
FP) < 3 [0~ 0T+ £~ 1l AU vi)
1
_1 / (1= H)(T% — 1d) + H(T7 — 1) [25,) AT (s, 1)
- 1|2, AT (s, v, 1) / IT% = 1|2, (s, 7)
(232)
- TZH%Q(M) dF(/’(ﬂ v, 77)
_ 0= Dwo P w P,0)? T2,, | dT"
= 9 W2( 7Q) + Wz( [LHLZ(II,) (MaVﬂl)

= (1-1)F(Q) +tF(0) —

- TZ”%Q(M) dF(M, v, 77)
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Finally, since (T}, T}}) x4 € I1(,7), we also have W3(v, n) < [T}l — T};[172(,,)- Thus, we have

wr

/ ”T/,VJ, - TZ”%%,U,) dF(M» v, 77) > /W%<Va 77) dF(/’% v, 77) > WW2 <Q7 0)27 (233)

where we applied that ﬂ'i’BF € TI(Q, O) for the last inequality. Plugging this result in (232), we get

F(P.) < (1 - F(Q) +1F(0) — 1Dy, (0,02 234

D. Additional Details and Experiments
D.1. Minimization of the MMD

We want to minimize F(P) = 1MMD?(P,Q) for P,Q € PQ(PQ(Rd)) and a kernel K : P2(RY) x Py(RY) — R.
Recall that F(P) = V(P) + W(P) + cst with V(P) = [V(p) )and V(u) = — [ K(p,v) dQ(v), and W(P) =
L[ K(p,v) dP(p)dP(v). If K, (u) = K(u, ) 1s a dlfferentlable functlonal, then the gradient of F is given for all
P e Py (PQ(Rd)), n e PQ(Rd) by

Vww, F(P) (1) = Vwy, V(P) (1) + Viwy, W(P) (1)
= Vw, V(1) + (Vw, W * P) (1) (235)

/Vw2 V)-I-/ngKu(H) dP(v).

We can choose different kernels, giving different discrepancies. We compare here different kernels based on the Sliced-
Wasserstein distance (Rabin et al., 2012). Let p > 1. We recall that the Sliced-Wasserstein distance is defined between
p,v € P2(RY) as

SWP(u,v) = - WE(Plp, Phv) do(0), (236)

where S9! = {§ € R?, ||§]|2 = 1} is the sphere, P?(z) = (0, z) and o is the uniform measure on the sphere. The

Sliced-Wasserstein distance allows defining a Gaussian positive definite kernel K (u,v) = e 3SWi(1v)/h (Kolouri et al.,
2016; Carriere et al., 2017) and a Laplace positive definite kernel K (p1, v) = e=SW1(#:)/7 (Meunier et al., 2022). We also
propose in practice to use the Riesz SW kernel K (u,v) = —SWs(u, )" for r € (0,2) and inverse multiquadric kernel
IMQ) K = ——1 ___ Noteh that the Ri W kernel is not positive definite (but conditionall iti

(IMQ) K (u, v) NESTH) ote however that the Riesz SW kernel is not positive definite (but conditionally positive

definite), and that showing that the IMQ kernel is positive definite is an open question.

The Wasserstein gradient of the Sliced-Wasserstein distance F (1) = 3SW3(y, v) can be computed as (Bonnotte, 2013,
Proposition 5.1.7)

Vw.F) = | vt 0)0 do(6), (237)

with ¢y the Kantorovich potential between PJy and P v, and thus ¢ (u) = u — F;i” (FP; ,.(u)) for all u € R. For the
Gaussian kernel, by the chain rule, we have Vi, K, (1) = — e SWE)/hgy F(p).

In practice, the integral w.r.t. ¢ is approximated using a Monte-Carlo approximation, i.e., we draw 01,...,0; ~ o L
independent directions, and approximate the Sliced-Wasserstein distance and its gradient as

L

_—2 1
SW,(p, v) = ZZW (P, Ptv), Vw. F Z% (x,6))0;. (238)
(=1

The Wasserstein gradient can also be computed using backpropagation as shown in Proposition A.9.
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Figure 5: Gradient flow of MMD with SW Gaussian kernel K (11, v) = e~ SW3()/(2h),
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Figure 6: Gradient flow of MMD with SW Laplace kernel K (i1, v) = e~ SW1(#2)/h
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Figure 8: Gradient flow of MMD with SW Riesz kernel K (u,v) = —SWa(u, v
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Figure 9: Gradient flow of MMD with Riesz kernel k(x,y) = — ||z — y/|2-
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Figure 10: Ablation of the number of projections L for the approximation of the Sliced-Wasserstein distance (with the SW
Riesz kernel and r = 1).
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Figure 11: Images along the trajectory of the flow from MNIST to Fashion MNIST. We see that images belonging to the
same class in the source dataset are flowed towards images from the same class in the target dataset.
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D.2. Ablation of Hyperparameters on Rings

Additionally to Figure 1, we compare in the following figures trajectories of the minimization of the MMD with various
kernels and with different hyperparameters. To recall the setting here, the target is a mixture of rings (Glaser et al., 2021),

and each ring is seen through an empirical distribution 7¢" = L Zl 1 Oye. Thus, the target is a mixture of three Dirac:
Q= 15,,1 + 5 52 + 5,,3 Each d1str1but10n ¢ contains n = 80 samples We learn a distribution P = 15 14 15 2 + 6 3,
modehng each pucaspt =21 Zl 1 0z¢. In practice, the distributions Q and P are seen as tensors of size (3 80 2)

To compute the gradients of the MMD, we use L = 500 projections, and 7 = 0.1 as learning rate. We plot on Figure 5
results with the Gaussian SW kernel K (11, v) = e~SW3(1)/(2h)_on Figure 6 results with the Laplace SW kernel K (1, v) =
e~ SWilw)/h o Figure 7 results with the IMQ kernel K (11, v) = (¢ + SW3(u, )~ and on Figure 8 results with the
Riesz SW kernel K (1, v) = —SWq(pu, v)". We also add on Figure 9 a comparison with the flow of the MMD with Riesz
kernel k(z,y) = —||z — y||2 as in (Hertrich et al., 2024b), where the structure of the rings is not taken into account.

On Figure 10, we report an ablation of the the trajectories with different number of projections for the SW Riesz kernel.
More precisely, we show the results for L € {1,5, 10,100, 500}. This demonstrates that for low dimensional problems such
as 2d rings, L = 100 projections already provides good results. However, the scheme is more sensitive to the number of
projections in higher dimension as we show on Figure 14.

D.3. Domain Adaptation

We first add on Figure 11 more samples of the flows of the MMD with K (u,v) = —SWy(p, v) between MNIST and
FashionMNIST. In this experiment, we recall that the flow starts from Py = é ZC e where ,uc '™ is the uniform

empirical distribution of samples belonging to the class ¢ € {1,...10} of MNIST, and targets Q = & ZC 1 0pen. We used
n = 200 samples for each class of the datasets. The Sliced—Wasserstem distance is approximated with L = 500 projections.
To speed up the flow, similarly as (Hertrich et al., 2024b), we add a momentum m € [0, 1), i.e., at each iteration k& > 0, the
update for each particle i € {1,...,n}inclass c € {1,...,C} is of the form

Vi k1 = Vi, F(Pe) (") (25 ) + mui g (239)
T g1 = T g — TV k41,

with v; o = 0. We choose a step size of 7 = 0.05 and m = 0.9.

Complementary to Figure 2, we see on Figure 11 that images from a same class are flowed towards images from a same
class in the target dataset. To verify this intuition, we applied a domain adaptation experiment which we describe now.
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Figure 12: Samples of trajectories starting from Gaussian noise towards MNIST (Left) and CIFAR10 (Right).
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Figure 13: Samples of trajectories starting from Gaussian noise towards MNIST with momentum m = 0.9 (Left) and no
momentum (Right). We run the flow for 100K steps, and plot samples every 6667 steps.

We first train a classifier on the training set of the MNIST dataset (using n = 500 samples by class). The classifier is the
CNN used in the examples of the equinox library* (Kidger & Garcia, 2021). It is trained for 5000 steps with the AdamW
optimizer (Loshchilov & Hutter, 2019) and a batch size of 64. After the training, it has an accuracy of 96% on the test set,
and of 100% on the training set.

Then, we flow the dataset FMNIST towards MNIST by minimizing the MMD with kernel K (i, v) = —SWa(u, v). We run
the scheme for 500K steps with a step size of 7 = 0.1 and a momentum of m = 0.9. To match the labels of the flowed
dataset with the labels of MNIST, we solve an OT problem between P the flowed dataset and Q the target dataset with the
squared 2-Wasserstein distance as groundcost, i.e. with P = & Zc 10pcn and Q= & ZC 1 Oyen, we solve the problem

min ((W% (,uk’", Ve’"))

D)p (240)
Tell(P,Q)

1<k <0

using the Python Optimal Transport library (Flamary et al., 2021).

We plot on Figure 3 the accuracy of the pretrained classifier along the flow starting from FMNIST. We observe that the
accuracy converges to 100% for a sufficient number of iterations. Thus, it shows that the classes of the sources datasets
are perfectly flowed towards classes of the target dataset, on which the pretrained neural network is trained, and thus has
perfect accuracy.

On Figure 3, we also replicate this experiment from SVHN to CIFAR10 which are composed of 32 x 32 x 3 dimensional
images. The neural network used is the same convolutional network used in Appendix D.5, and is pretrained on CIFAR10
during 5000 steps with the AdamW optimizer and a batch size of 64. We use here n = 100 samples by class, and run the
scheme for 500K steps with a step size of 7 = 0.1 and m = 0.9. We also observe that the accuracy converges to 100%,
indicating that it also works in moderately high dimensions.

D.4. Generative Modeling

In this experiment, we generate samples from different datasets starting from Gaussian noise.

We show on Figure 12 trajectories starting from Gaussian noise towards MNIST and CIFAR10. For both datasets, we use a

*nttps://docs.kidger.site/equinox/examples/mnist/
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Figure 15: Synthetic data for the dataset distillation task on MNIST (Left) and FMNIST (Right) with or without embedding.

momentum of m = 0.9 and a step size of 7 = 1. For MNIST, we run the flow for 18K steps, and plot samples every 1200
step, while for CIFAR10, we run it for 150K steps and plot samples every 10K step. We used n = 200 samples for each
class for MNIST and n = 50 for CIFAR10. We also compare trajectories on Figure 13 with using a momentum m = 0.9 or
no momentum for MNIST, running the flow for 100K steps and showing samples every 6667 step.

In Figure 14, we present an ablation study over the number of projections used to approximate the Sliced-Wasserstein
distance on the MNIST dataset (with the same setting with momentum, i.e. m = 0.9, 7 = 1 for 18K steps). We observe that
to generate sufficiently clear images, we need at least 300 projections. This may be because a higher number of projections
provides a better approximation of the gradients.

D.5. Dataset Distillation

In this task, we aim at generating a new dataset allowing to approximate a target distribution Q = % D ey Open With a

distribution P = % 200:1 due.» for p < n, in order to be able to train more efficiently neural networks on it. In Table 1, we
take Q as the MNIST and Fashion MNIST dataset, with n = 5000 samples by class, and C' = 10 classes, and report the results
forp € {1,10,50}. We report the accuracy of a ConvNet trained on the synthetic dataset and evaluated on a test set, averaged
over 5 trainings of the neural network, and 3 synthetic datasets. We use a similar architecture as (Zhao & Bilen, 2023), i.e.
the ConvNet includes three repeated convolutional blocks, and each block involves a 128-kernel convolution layer, instance
normalization layer, ReLU activation function and average pooling. This forms the backbone part of the network, and the full
classifier is followed by a linear layer. For the initial distribution Py = % 25:1 Oye.p, €ach P is chosen as a random subset
of the samples of v“". The results reported in the column “Random” correspond to the ConvNet trained on the initial data.

Zhao & Bilen (2023) proposed to solve the problem by minimizing

- éEe,w [H [0 (@) atu - vy

with linear kernel k(x,y) = (2, ), where A“ : R? — R? is some data augmentation and ¢? : R¢ — R? with d’ < disa
randomly initialized neural network used to embed the data. This loss does not take into account the interaction between
the classes and just learn any set of synthetic samples for each class. In this work, we propose to take into account the
interaction between the classes, and thus minimize

2 C
] = Eg.,, [Z MMD3, (% A% ¢, 05 A% | (241)
c=1

- 1
F(P) = 5Eo.w [MMD (6P, 65°Q)] (242)
with K (u,v) = —=SWa(u, v).

In practice, for 1%, we use the backbone part of the ConvNet, and for A%, we follow the same strategy as (Zhao & Bilen,
2021) (i.e. we sample one augmentation among color jittering, cropping, cutout, scaling and a rotation for MNIST, and also
add flipping for Fashion MNIST). We optimize (241) by stochastic gradient descent over the particles, sampling one random
network and one random augmentation at each step. We trained it for 20K iterations, a learning rate of 7 = 1 and a momentum
of m = 0.9. In practice, we observed numerical instabilities when optimizing in the ambient space with augmentations.
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To optimize (242), we also performed a stochastic gradient descent, sampling one random neural network and one random
augmentation at each step. We used also 20K iterations, a learning rate of 7 = 1 and a momentum m = 0.9. Then, we
assign the classes using an OT matching as explained in Appendix D.3. We add on Figure 15 samples learned with this
loss, with and without embedding. We observe that images are slightly clearer when using an embedding. To compute the
gradient of Fin practice, we use autodifferentiation.

D.6. Transfer Learning

We describe the details for the experiment of transfer learning. We recall that the target dataset is of the form Q =
% Zle 8, with v%* a uniform empirical distribution of k samples of the class c. In Table 2, the targets datasets
are Fashion MNIST, KMNIST and USPS. Thus, C' = 10, and we choose k € {1,5,10,100}. For the source dataset
P=5 ZC Oyen, we used the MNIST dataset with n = 200 samples in each class.

We augment the target dataset by flowing the samples of MNIST on the target. For MMDSW, we minimize F(P) =
iMMD% (P, Q) with kernel K (1, ) = —SW(p, v), by running the forward scheme for 5K steps for k € {1,5,10} and
20K steps for k = 100, with step size 7 = 1 and momentum m = 0.9. Finally, we align the labels using an OT matching
between the flowed samples P and the target Q, as for the dataset distillation experiment.

We compare it with training directly on the small dataset, and with two other methods. The first one, called OTDD (Alvarez-
Melis & Fusi, 2020), represents the dataset as a probability distribution on R x PQ(Rd), where the labels are embedded
in P2 (R%) by considering the conditional distribution, i.e., a feature-label pair (z, ¢) is represented as (x, 11¢). Then, they
compare datasets using Optimal Transport with cost d((z, c), (z/, c’))2 = ||z — 2'||3 + W3(u®, u<). The flow of OTDD
then minimizes the OT distance with this cost, i.e., the objective is F(p) = 20TDD(u, v) for p, v € P2(R? x P2(R?)),
with

OTDD(,v) = ﬁf)/UM—M@+W%ﬁMMdW@@A%&) (243)
ot v

For big datasets, the conditional distributions (. can be approximated by Gaussian distributions. Alvarez-Melis & Fusi
(2021) proposed several schemes to optimize this loss using Wasserstein gradient flows. We did not manage to replicate
their results with their code. Thus, we reimplemented it with some differences. First, similarly as (Hua et al., 2023), we used
an embedding in dimension 2 of the data to approximate the conditional distributions with Gaussian distributions. Thus, we
model the datasets as distributions over R? x R? x S5 ™ (R), with S5 ™ (R) the space of symmetric positive definite matrices.
This helps avoiding memory issues and scaling to higher dimensional datasets as it reduces a lot the dimension of the samples
to flow. For this embedding, we used a Principal Component Analysis (but note that we could use other embedding methods
such as TSNE (Hua et al., 2023) or Multidimensional Scaling (Liu et al., 2025)). In practice, we approximate OTDD using
an entropic regularization, which we compute using the Sinkhorn algorithm (Cuturi, 2013) and ott -jax (Cuturi et al.,
2022). We optimize it using AdamW with a learning rate of 7 = 1e~2 and run it for 5K iterations for k € {1, 5,10, 100}.
To get the labels, we use an OT matching as in (Hua et al., 2023), which we solve using POT (Flamary et al., 2021). More
precisely, for each class ¢ € {1,...,C} of the target distribution, we can compute a mean 77, and a covariance %, and a
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weight w. = “¢ with n the number of samples in the target dataset, and n. the number of samples belonging to class c.
After flowing n samples, we have tuples (x;, m;, 3;)"_; and we want to associate to each sample a class. To do this, they

propose to solve the discrete OT problem between Q = Zil WeOA (., 5,) and P = L ON (s

n C
i Picw2 N (2 El 7N cy EC ) 244
pduin ; ; SN (mi, £0), N (me, £e)) (244)

and then use as distribution " = 1 3" | &, ) withy; = ZCCZI cl{p: —max Pr}-

The second baseline we use is the one proposed in (Hua et al., 2023). In this work, they first observe that the Gaussian
approximation for high dimensional datasets might not scale well in memory. Thus, they propose to use an embedding in a
lower dimension space of the conditional distributions, before doing the Gaussian approximation. The datasets are then
represented as probability distributions on R? x RP x S;r T(R) with p < d. Instead of using an OT cost to compare the
datasets, they used the MMD with a kernel obtained as a product of Gaussian kernel. Then, they applied a Wasserstein
gradient flow of the MMD (Arbel et al., 2019) to minimize it, with a Bures-Wasserstein gradient descent step (Altschuler
et al., 2021) for the symmetric positive definite covariance matrix. We note that in contrast with our proposed MMD, it
requires many hyperparameters to tune (3 bandwidth of Gaussian kernels and noise to add to make the flow converge). We
reimplemented it in jax (Bradbury et al., 2018), used p = 2 and a Principal Component Analysis (using scikit-learn
(Pedregosa et al., 2011)) for the lifting of the conditional distribution (instead of TSNE in (Hua et al., 2023)). The Gaussian
of each class is then obtained by computing the mean and variance of each class. We used as bandwidth h = 100 for the
feature part, h = 50 for the mean part and i = 1000 for the covariance part. We ran the flow for 20K steps with a step size
of 7 = 10, and momentum m = 0.9. To get the final labels, we solved (244) as explained in the last paragraph.

In Table 2, we report the accuracy obtained by training a LeNet-5 neural network for 50 epochs with a AdamW optimizer
and a learning rate of 3 - 10~%. Moreover, we average the results for 5 trainings of the neural network, and 3 outputs of the
flows. We add on Figure 16 examples of images returned at the end of the flow of the MMD with K (u, v) = —SWa(u, v).

D.7. Handling Different Number of Distributions between the Source and Target

LetP = & Zgzl e and Q = 4 22/1:1 d,kn With M < N. In this situation, the flow might not converge well towards
the target distribution since they have a different number of Dirac. This is illustrated on Figure 17, where the target is
composed of M = 3 rings V%™ and the source is initialized with N = 4 distributions, and we minimize the MMD with a
Gaussian SW kernel K (u,v) = e~ SWa()/h*  We see that the flow does not converge to 3 rings, as it cannot split the
mass because the Wasserstein gradient descent allow only changing the position of particles.

This problem could be solved by different solutions. For instance, one could use a Wasserstein-Fisher-Rao gradient flow
instead of a Wasserstein gradient flow (Gallouét & Monsaingeon, 2017). This flow can be approximated e.g. by using Birth
death Langevin algorithms (Lu et al., 2019; 2023) where the Langevin step approximates the Wasserstein gradient flow part,
and the Birth death part approximates the Fisher-Rao gradient flow part. The birth death consists at killing and duplicating ran-
domly particles at each step. Another solution to approximate the Fisher-Rao flow is to change the weights (Yan et al., 2024).

We propose to perform the Wasserstein gradient flow, but allowing to change the weights of the particles, which is not
possible for the Wasserstein gradient descent. Ideally, one would want to solve directly the JKO scheme

{’Yk-i—l = argminwePQ(Rded), TLY= 1 f |z — :UH% dy(z,y) + T]:(W;QM) (245)

Hk+1 = 7T;2¢’Yk+1-
However, if we do not fix the support, it is not possible to directly solve this problem, except if we use neural networks.

Note that (245) can be seen as a semi-relaxed unbalanced optimal transport problem, where the first marginal is fixed. This
has been leveraged to solve the JKO scheme e.g. in (Choi et al., 2024).

We propose instead to alternate between a Wasserstein gradient descent step, which allows moving the particles without
changing the weights, and a backward step for which we optimize over the coupling while fixing its support, which allows
then to change the weights.

For simplicity, let us describe the procedure more precisely on P(R?). Let v € P5(R?) be a target distribution, and suppose
atstep k, u, = Y 5, akd,, withalf > 0,37 | af = 1. Let D be a divergence we want to minimize w.xz. v, i.e. we want

52



Flowing Datasets with Wasserstein over Wasserstein Gradient Flows

Iter 0 Iter 2 Iter 25 Iter 50
® Target
Iter 100 Iter 200 Iter 250 Iter 500

Figure 17: MMD with Gaussian SW kernel and 4 distributions flowed towards 3 rings. The flow does not converge to the 3
rings.

to minimize F (1) = D(u, v). Then, our update is

pegy = (1d = 7Vw, Fpx)) 1
Vk+1 = arglnin'yEP(Rd><Rd),supp(’y)Csupp(,u,kJr%)><supp(p‘k+%)7 w%w:uwr% % f HJ? - y”% d’Y(ZIT, y) + TD(ﬂ-;Q#’Ya V)

Hi+1 = 773#'7%+1~
(246)
The first step is a regular forward step, which moves the position of the particles. The second step learns a coupling
v € Po(R? x RY) which satisfies 7T71¢’y = Hpq s and such that W;&’Y is supported on the same set of particles. This step can
be seen as solving a semi-relaxed Unbalanced Optimal Transport problem if the support for both distributions is the same.
Suppose that v = Z? =1 Pij0(z,,2,)> and note C € R™*™ the matrix distance. Then, the second step can be rewritten as

min (C,P)+ 71D (Z P 1,,]1»5“,1/) ) (247)

PeRY*™ (Plinxny)=1,Pl,=a =1

For D(p,v) = KL(u||v), this can be solved using the Sinkhorn algorithm for the semi-relaxed UOT problem, i.e. with
1 = 11y (S€journé et al., 2023). For D = MMD?, one can use different algorithms to solve it such as a Projected
Mirror Descent or an Accelerated Gradient Descent (Manupriya et al., 2024). Here, we propose to use the half step of the
Mirror Sinkhorn algorithm (Ballu & Berthet, 2023), which performs first a Mirror Descent step with Bregman potential
#(P) = (P,log P) (for which Py, 1 = V¢*(Vo(Py) — TV f(Py)) = Pr ® e~ "V/(Px)), and then perform a (Sinkhorn-like)
projection on the constraint, i.e., noting

n

i=1

f(P) = (C, P) + TMMD? ( [PT1,):0.,, u> (248)

the objective, the algorithm becomes

(249)

Pl =P,oe VI
Py gy = diag(a @ (P{110)) Py

We show on Figure 18 the results on the rings experiment. We observe that the weight of the 4th ring is set to 0, and thus
that the scheme converges to the target.
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Figure 18: MMD with Gaussian SW kernel and 4 distributions flowed towards 3 rings using the proposed algorithm. The
flow converges to the 3 rings by setting the weights of one of the ring to 0.

E. Related Works

E.1. Optimal Transport Distance for Datasets

Alvarez-Melis & Fusi (2020) first proposed to compare datasets with a dedicated discrepancy, which takes into account
features and labels. They proposed to do it by representing datasets as uniform empirical distributions over R x P, (R%),
embedding the labels in PP (R?) by considering the conditional distributions, i.e., a feature-label pair (z, c) is represented as
(2, u©) with p€ the distribution of samples belonging to the class c. They proposed to compare datasets using an optimal

transport distance with cost d((z, c), (2/, c’))2 = ||z — 2/||2 + W2(u¢, u<'). To summarize, they consider as distance
between ji, v € Po(R? x Py (R?)),
OTDD(u ) = _int [ (o = o/ + W3r,v) da (2.0 (o). (250)
~yell(p,v

In practice, Alvarez-Melis & Fusi (2020) approximated the conditional distributions . by Gaussians to be able to compute
the Wasserstein distance in closed-form, which leads to a complexity of O(Cnd? + C?d* 4+ n*C?log(nC)) as it requires
to estimate C' means and covariance matrices from n samples, to compute C'? Bures-Wasserstein distances, and an OT
problem between C'n samples. The final OT problem can be approximated using an entropic regularization, which reduces
the complexity to O(Cnd? + C?d® + e~2n2C?log(nC')) (Dvurechensky et al., 2018).

Liu et al. (2025) instead embedded the labels in R? using a Multidimensional Scaling, and further approximated the resulting
squared Wasserstein distance with a Wasserstein embedding. Bonet et al. (2025) proposed to embed the labels in a hyperbolic
space, and used a Sliced-Wasserstein distance to compare distributions on the product space R? x H. Nguyen & Ho (2024)
used a similar embedding, and a hierarchical hybrid Sliced-Wasserstein distance. More recently, Nguyen et al. (2025)
introduced a sliced optimal transport dataset distance using a dedicated projection from R% x P, (R?) to R.

Concerning the task of flowing datasets, Alvarez-Melis & Fusi (2021); Hua et al. (2023) both modeled conditional
distributions as Gaussian, and solved flows on R% x RP x S;r *(R). More precisely, Alvarez-Melis & Fusi (2021) minimized
OTDD on R? x R? x S7(R), while Hua et al. (2023) minimized an MMD over R? x R? x S5 (R) with a product of
Gaussian kernels, and using an embedding on R2 for the conditional distributions. In contrast to these works, we encode the
labels directly into the discrepancy by using a MMD on the space of probability distributions with a suitable kernel.

Alvarez-Melis & Fusi (2021) proposed several ways of minimizing F () = OTDD (i, v) for = = 37" | §(, uei). Let
us note p = % > 5(% ) the dataset at step k, and assume ¢; € {1,...,C}. For small datasets for which the
Wasserstein distance between conditional distributions can be computed efficiently, they just proposed to flow the samples,
i.e. computing &; 1 = Z; ; — TV, OTDD(ug, v) and updating the conditional distributions at each step. When using the
Gaussian approximation, they proposed to update the mean and covariance at each step (feature driven), or to do a gradient

descent step for the C' means and covariances (joint-driven-fixed-label). They also considered the joint-driven-variable-
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label, where they decoupled at time O the Gaussian, and flowed one mean m; and covariance X; by Gaussian, i.e., for all
1€{l,...,n}and k > 0,
Tikt1 = Tikp — TV, OTDD (g, v)
My k1 = Mk — TV, OTDD(ug, v) (251)
Yikt1 =i — 7Vs,OTDD(ug, v).

This however requires to cluster the pairs (m;, 3;) to recover labels.

Hua et al. (2023) observed that the embedding of the conditional distribution as Gaussian can be very costly in practice for
high-dimensional datasets. Thus, they first proposed to embed the features in R? using TSNE, in order to embed the labels as
Gaussian in R?, and therefore represented the datasets as empirical distributions over R¢ x R? x S5 ™ (R). Then, they proposed
to minimize the MMD on this space with kernel k((z,m, %), (z/,m’, %)) = e~ lle=a"13/he g=llm=—mll5/hum o= B=X"[I3/hx
For p,v € Po(R? x R? x S T(R)), let F(u) = sMMD?(u,v) = [Vdu + & [[ k(z,y) du(z)du(y), with V(z) =
— [ k(z,y)dv(x). Its Wasserstein gradient is then for all (x, m, X),

Vw, F (1) ((z,m, %)) = VV ((z,m, X)) +/ Vik((z,m, %), (', m/, %)) du((2',m/,2)) € RTxR? x S>(R). (252)
Using the Bures-Wasserstein geometry for the covariance part, their updates are given by
Tipr1 = ik — T[Vwo F () (@0, mi g, Zie)) 1
M k1 = Mk — T[Vwy F () (@, mi g, Bike) ) ]2 (253)
Bikt1 = exps, (= 7IVw, F () (i g, mi g, Zik))]3),

with expy,(S) = (I4 + S)S(I4 + S) for £ € S;T(R), S € S4(R) the exponential map on the Bures-Wasserstein space,
see e.g. (Altschuler et al., 2021, Appendix A.1).

E.2. Variational Inference with Mixture of Gaussians

Lambert et al. (2022) considered to do Variational Inference with a family of Gaussian mixtures. Let’s note BW (R%) C
Pg(Rd) the Bures-Wasserstein space, i.e., the space of Gaussian distributions endowed with the Wasserstein distance.
Observing that there is an identification between BW(R?) and R? x ST (R) (Chen et al., 2018; Delon & Desolneux, 2020),
this amounts at solving the problem, for w € PQ,aC(Rd),

min KL (/pedM(Q)Hﬂ') ) (254)
)

HEP2(RIXSTT(R

where pp = N'(-;m, 3) for = (m, ) € RY x ST (R). Equivalently, it can be framed as an optimization problem over
Po(BW(R?)), by solving

min : KL </,u dP(y)||7r) . (255)

PeP.(BW(R4)
Note that the KL here is the usual Kullback-Leibler divergence, defined between p1, v € Pa c(R?) as

KL(ullv) = [ 1og (ggg) ap(z), (256)

where we note p, and p, the densities of i and v w.r.t the Lebesgue measure.

They address the problem by solving an ODE on the means and covariances, which characterizes the trajectory of the
gradient flow in (P (BW(R?)), Wgw, ). Alternatively, they propose to solve the JKO scheme between particles by solving
forall k > 0,

(1) () \ _ : 1 ¢ 1o [(1¢ 1o
Brirr-- i) = ol (n 2 5N<m“’72“>>> Wi <n 2 o0 5 2 o |+ 257

We now derive the gradient of this functional using our framework, and make the connections with the formula derived in
(Lambert et al., 2022, Appendix F).
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Computation of the gradient. Let P € P5(P2(R%)) and £ € TpP2(P2(R?)). We want to do the Taylor expansion of
Fexpp(t€)) = F((p — (Id + t&(1)) 1) #P):

F(expe(t9) = KL [ 1d(expolt)) ol
=KL [ 10+ ) n Pl s8)
tew)) v (@) dP(v
_ //bg (fp(1d+ 5(pl)(x)( ) dP( )) Puasien)on(@) dP(L)dz.

By a Taylor expansion, we can write for all z € R?,

p(Id-&-t&(u))#u(I) = pu(x) + tatp(ld-i—t&(u))#u(x) + O(t) = p'u(zli) - tdiv(p,u(x)g(.u')(x)) + O(t)a (259)

where we used (Villani, 2003, Theorem 5.34) for 0;p(1at¢(u)),p = —tdiv (puf (u)) Plugging this in (258), we get

(expelic) //log<fpy 2)dP(v) — t [ div(p,(2)€(v)(x)) dP<v>+o(t>> Dttt () AP

pr(2)
[ o ) L

- logpﬂ'(w)) P(1d+te(p)) yu(T) AP (p)da
// ( (fp” (x) V)> fdw(pfypl,)gx( d)lﬁfg) S + O(t)> P(1d+t¢(u)) (@) AP(p)d.

(260)
Performing the Taylor expansion of the second density, we get
o) - (12200 S
(pu(w) — tdiv (pu(2)é(p) () + ot)) dP(u)dz
_EP) -t / / log (W) div (p,, (@)€() (2)) dedP(p) 61
[ LB [ wyapiaz + ot

—#@) -+t [ (viog (LADE) c()w)) du(a)ap) + o0

Pr(T)

We used in the last line the integration by part formula, and [ div(p,(z)¢(v)(z)) dz = 0. We can conclude that
Vww, F(P)(1) = VVp, where Vp(z) = log ([ pu(x)dP(v)) —log pr(x).

Computation with 1st variation. We now verify that we would recover the same result by computing the first variation,
as conjectured in Appendix B.4.

Let 7 € Paac(R?), 7 o eV with V : R? — R a potential. Denote F : Paac(R?) — R, Fr (1) = KL(p||7) for all
€ P2.ac(R?), and for all P € P, (Pac(Rd)),

F(P) = KL (/u dP(,u)Hw) — F, </u dP(u)) . (262)

We will now derive the 1st variation of F. First, recall that %(u) =1+logu —logm =1+logu+ V. Thus, we have,
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noting fi = [ pdP(p), pa(z) = [ pu(x )and x = [ pdx(p),
it (P46, = d;” (/u dP (1) +t/udx(u)) L:o
= di” (7 + 1) =
6;: (r)(x) dx(z) by definition of the 1st variation of JF
(263)
— [ 1+ 10gpa(a) = log s () i)
= / (1+log (/ p(2) dP(p )) log pr (1)) /732(Rd)pu(x) dx(p)dz
= [ o (08 ([ 000 0P 0)) <o) ) o) ax
Therefore, the first variation of F at P is,
e PoRY. S PI) = [ (14108 ([ o) 2P 0)) = 108 (0)) ). (264)

We note that this coincides with the formula of the 1st variation provided in (Lambert et al., 2022, Appendix F) (in the
particular case of mixture of Gaussian).

Now, noting Vp(z) = 1 +log ([ p,(z) dP(v)) — log px (), the first variation is a potential energy 25 (P)(n) = [ Vb dp.
Thus, the gradient of F at P € P»(P2(R?)) is obtained by the conjecture in Appendix B.4 as, for all 1 € P2(R?) z € RY,

Vo, FPY()(2) = Vv, 36, (P) (1) () = TVo(). (265)

This is well the same formula obtained by computing the Taylor expansion.

If we want to compute the gradient on Ps (BW(Rd)), we can take the Bures-Wasserstein gradient of the first variation instead
of the Wasserstein gradient. Since it is a potential energy, by (Diao et al., 2023, Lemma 3.1), for any P € P, (BW(Rd)) and
u € BW(RY), z € RY,

VwewF(P) (1) (z) = Vng—E(P)(u)(x) = /VVP dp + (/ V2V du) (. —my), (266)

with m,, = [adu(z). Since the tangent space of the Bures-Wasserstein space is of the form 7,BW(R?) = {z ~—
m+ S(x —my), m € R?, S € S4(R)} (see e.g. (Diao et al., 2023, Appendix A)), then we can identify the mean and
covariance part of the gradient as ([ VVp dy, [ V?Vp du), which coincides well with the formula derived in (Lambert
et al., 2022, Appendix F).

Lambert et al. (2022) experimented with F in practice by evolving Gaussian particles. Note however that they observed that,
even though the KL divergence is (geodesically) convex in P2 (R?) for V convex, F is not convex in Py (BW(Rd)) as the
negative entropy is not.

Also related, Huix et al. (2024) considered optimizing the KL over mixtures of Gaussian, but with fixed covariance observing
that the objective can be seen as the KL between a mollified distribution and the target. They minimized it using Wasserstein
gradient flows over the means of each mixture. Moreover, their scheme in that case can be seen as a particular case of the
one of (Lambert et al., 2022), as described in (Huix et al., 2024, Appendix B).

Also to solve Variational Inference problems, Lim & Johansen (2024) considered the family gg , = f ko(- ) with
parametric kernels kg satisfying [ kg(z|z)dz = 1 for all z € R%. They solved this problem by mlmmlzmg the KL
divergence with a regularizer, using a gradient flow over R% x P,(R%). Rgnning et al. (2025) considered a mixture family
of the form q(z|pm) = = 377" k(z|z¢) with g, = = 377", 6,, and minimized an ELBO using the Stein Variational
Gradient Descent.
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