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Abstract

In this paper, we study error bounds for Bayesian quadrature (BQ), with an emphasis on
noisy settings, randomized algorithms, and average-case performance measures. We seek
to approximate the integral of functions in a Reproducing Kernel Hilbert Space (RKHS),
particularly focusing on the Matérn-v and squared exponential (SE) kernels, with samples
from the function potentially being corrupted by Gaussian noise. We provide a two-step
meta-algorithm that serves as a general tool for relating the average-case quadrature error
with the L2-function approximation error. When specialized to the Matérn kernel, we
recover an existing near-optimal error rate while avoiding the existing method of repeatedly
sampling points. When specialized to other settings, we obtain new average-case results
for settings including the SE kernel with noise and the Matérn kernel with misspecification.
Finally, we present algorithm-independent lower bounds that have greater generality and/or
give distinct proofs compared to existing ones.

1 Introduction

The integration of black-box functions is a fundamental problem with numerous applications, with Bayesian
inference being a prominent example. The method of Bayesian Quadrature (BQ) (O’Hagan,|1991; Rasmussen
& Ghahramanil 2003|) has particularly gained popularity, adopting Bayesian modeling techniques to model
the unknown function and reduce the required number of function evaluations. Mathematically, the goal is
to approximate the quantity

1(f) = / F)p(x)dx, (1)

where p(x) is a known weighting function, but we only have black-box access to f(x). It is common to study
this problem for worst-case functions in a given class, and with noiseless function queries and deterministic
algorithms (e.g., see (Novak, |1988}; Kanagawa et al.| 2016; [Kanagawa & Hennig] 2019))). However, this is also
substantial motivation to understand average-case performance measures, noisy queries, and randomized

algorithms (e.g., see (Novak, 1988} [Plaskotal, [1996; |[Novak, [2016])).

As an example motivating noisy settings, when performing integrals in Bayesian inference, function
evaluations themselves may be implemented using a randomized subroutine whose variations can be modeled
by introducing noise terms. As a rather different example, in the same way that noisy Bayesian optimization
(BO) can be used to find maximal sensor readings in a sensor network (e.g., see (Krause & Ong, 2011)),
noisy BQ methods could be used to find average (or weighted average) readings.

1.1 Overview of Contributions

In this paper, our focus is on kernel-based BQ methods, corresponding to functions lying in a Reproducing
Kernel Hilbert Space (RKHS). We focus on the widely-used Matérn and Squared Exponential (SE) kernels,



Under review as submission to TMLR

given by (Rasmussen & Williams, 2006])

i B (R (i)

(2)

x — X/ 2
ksg(x,x') = exp (— H212H>, (3)

where J, is the modified Bessel function, I is the gamma function, [ is the length-scale, v is the Matérn
smoothness parameter, and || - || denotes the Euclidean norm. Our main contributions are outlined as follows.

Meta-Algorithm. Our main algorithm is a “meta-algorithm” that builds on an idea originally used for
Sobolev (and other) functions in noiseless settings (e.g., (Novak, (1988, Sec. 2)). The meta-algorithm runs
any algorithm for estimating the function in L2-norm using the first half of the samples, runs a Monte Carlo
method using the remaining samples to estimate the residual, and then combines the two. We give a general
theorem relating the L2-error of the first step with the overall integration error, and show that this has broad
implications beyond the settings for which the idea was used previously, as outlined below.

Resulting Upper Bounds. Some specific applications of our general theorem are as follows:

o By using a maximxum-variance algorithm from (Vakili et al 2021a)) in the first part, we establish
that for the Matérn-v kernel, one attains an order-optimal error bound of @(7T~da~! + UT’%)
(with time horizon T, noise variance o2, Matérn smoothness v, and dimension d). This scaling
was previously derived in (Plaskotal [1996), but used a method based on repeatedly re-sampling a
carefully-chosen set of points many times to reduce noise, which may be undesirable in practice.

e We additionally provide corollaries of our main theorem providing results that appear to be new
(though related results with other settings or criteria do exist), including for the Matérn kernel with
misspecified smoothness, and average-case performance for the SE kernel in both the noiseless and
noisy settings.

Algorithm-Independent Lower Bounds. While our main contributions are those outlined above, we
also provide some results regarding algorithm-independent lower bounds. For the Matérn kernel with noise,
we provide an alternative proof of the Q(T~ ! 46T~ 2) lower bound from (Plaskota, 1996) that establishes
a single source of difficulty for both terms in the bound (which were previously handled separately), and we
slightly generalize to Matérn parameters such that v + % may be non-integer. Moreover, we establish that

the Q(UT*%) lower bound holds much more generally in noisy settings, including for the SE kernel.

Our results are summarized in Table [I} along with various existing results that we discuss in the following
subsection.

1.2 Related Work

Numerical Integration and Bayesian Quadrature. Extensive early work on numerical integration
appeared in the literature on information-based complexity, e.g., see (Bakhvalov, [1959; Novakl, 1988} |Traub;
2003; Novak & Wozniakowski, [2008) and the references therein. Function classes considered included
Sobolev, Holder, and others, with the Sobolev class being particularly related to the Matérn RKHS (see
Appendix . More explicit use of kernel-based methods appeared in (Narcowich & Ward, [2002; Wendland),
2004; [Wendland & Rieger} |2005; |Rieger & Zwicknagl, [2010), and Bayesian quadrature from a probabilistic
perspective (Rasmussen & Williams| 2006; |[Kanagawa et al., |2016; [2018; |Wynne et al., [2021) has gained
particular popularity due to its role in statistical machine learning.

Upper Bounds Under the Matérn Kernel. For d-dimensional Matérn-v RKHS functions with query
budget T, early literature such as (Bakhvalovl [1959; [Novakl |1988)) proved that in the noiseless setting, the
best possible worst-case (deterministic) error is ©(7~4~ 2 ), whereas by considering the average-case error of
a randomized algorithm, this can be reduced to ©(7~@~!). An extensive survey of the noiseless setting can
be found in (Novak, [1988)), where it is also noted that basic Monte Carlo sampling attains O(T _%) error;
this observation also extends immediately to the noisy setting with o = O(1) (Plaskotal 1996)).
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Table 1: Summary of some of the most related existing results and our results. Results with an underline
were partially or fully existing but are extended or re-derived in our work (e.g., results extended to fractional
v+ %, upper bounds based on distinct algorithms, or lower bounds via alternative proof techniques). Results
with double underlines are new to this paper, to our knowledge.

As we hinted above, the L?-error bounds for the Matérn kernel with noise in (Wynne et al., 2021) will be
particularly useful for our purposes, including in misspecified settings. Some implications of these results for
noisy BQ were also noted in (Wynne et al [2021), but they resulted in worse scaling (namely, ©(T —m)
with s = v + g) than that shown in Table |1} In fairness, however, several of the results in (Wynne et al.|
2021) can also be applied to settings with non-stochastic noise, whereas we only handle i.i.d. random noise.

Upper Bounds Under the SE Kernel. For functions in the SE RKHS, we observe in Table [1] that
there are non-minor gaps between lower and upper bounds. For a different setting in R? with p(x) in
being a Gaussian distribution, (Kuo et al.l |2017) gives a worst-case lower bound for linear algorithms, by
decomposing SE functions using an orthogonal basis in the L? space. This lower bound has been further
improved in (Karvonen et all |2021)) using another orthogonal basis in the native RKHS space, but it only
applies to (linear) Gauss-Hermite rules. Overall, research on the SE kernel appears to have mainly focused
on noiseless worst-case upper bounds.

A notable work related to ours is the adaptive BQ (ABQ) algorithm from (Kanagawa & Hennig),|2019)). While
their algorithm is adaptive, we see in Table [I] that our non-adaptive algorithm yields a slight improvement
over theirs, albeit with a weaker average-case guarantee. Similar observations also apply to Matérn functions,
where the ABQ algorithm only achieves O(T~4) scaling (Kanagawa & Hennig, [2019, Cor. C.4).

Equivalence between Random Features and Bayesian Quadrature. An interesting equivalence
between worst-case kernel-based quadrature and random feature based function approximation in L? norm
has once established in (Bach) [2017). While the main focus in (Bachl 2017) is the worst-case noiseless
setting, it is noticed in Sec. 3.1 therein that their methods are have a certain tolerance to noise. Noisy error
bounds can be obtained via this fact, but they are higher than ours, with the first of the two terms (e.g.,
see @D below) typically being a factor —= smaller in our work, and being order-optimal in several cases of

VT
interest. We crucially rely on randomization to achieve this, whereas the proposed algorithm in (Bachl 2017)

is deterministic. We note that for the SE kernel, one of our results (Corollary |3)) uses a result from (Bach,
2017) as an intermediate step.

Relationship with Bayesian Optimization. The extensive literature on Bayesian Optimization (BO)
is also related to our work in the sense of iterating acquisition functions. However, BO turns out to be
a strictly harder problem. As surveyed in detail in the noiseless setting in (Novak, [1988)), noiseless BO is
closely related to estimating the function in L*° norm, and noiseless BQ is closely related to estimating it
in L? norm, with the former being strictly harder. Viewed differently, a key difficulty in BO is identifying a
single short and narrow “bump” (Bull, [2011} |Scarlett et al., 2017), whereas in BQ the same bump contributes
a negligible amount to the integral. We elaborate on this connection in Appendix [F] showing that BO-type
techniques yield suboptimal BQ bounds for the Matérn kernel. On the other hand, in Section [4 we will see
that this approach gives a fairly good result for the SE kernel in the noiseless (but not noisy) setting.



Under review as submission to TMLR

Other Variants of BQ. Finally, various works on BQ have explored more sophisticated techniques and
variations such as adaptive sampling (Kanagawa & Hennig, |2019)), active area search (Ma et al. 2014}, and
settings with multiple related functions (Gessner et al[2019) (among many others). We are not aware of any
(beyond those outlined above) that are directly related to our study of theoretical error bounds in relatively
standard settings.

2 Problem Setup

Let f: D — R be a real-valued function on the compact domain D = [0, 1]¢. By shifting and scaling, our
results readily extend to arbitrary rectangular domains. In addition, our upper bounds easily extend to
general compact domains.

We consider the class Hy(B) of functions whose RKHS norm || - |3, is upper bounded by some constant
B > 0. We focus in particular on the Matérn-v kernel (see (2)), whose function class Hy(B) is norm-
equivalent to the Sobolev class (see Appendix [A| for details). We also derive results for the SE kernel (see
(B)), where the function class is denoted as Hgg(B).

Let p(x) be a known and bounded density function, i.e., p(x) € [0, Pmax] for some pmax > 0, and [ p(x)dx = 1.
We define P (pmax) to be the set of all functions satisfying these conditions. Our goal is to estimate the integral
of an RKHS function f: D — R weighted by p(x), defined in . Before forming an approximation of this
integral, the algorithm takes T observations: At time step t, select x; € D, and observe y; = f(x¢) + €,
where €; ~ N(0,02) is Gaussian noise. The final approximate integral is denoted by 1.

As is commonly done for RKHS functions, we will use Bayesian methods based on a GP prior GP(0, k) and
a Gaussian noise model. After observing ¢ noisy samples, the posterior distribution is also a GP with the
following posterior mean and variance:

pe(x) = ke (x) T (K¢ + )\It)ilym (4)
o2(x) = k(x,x) — ke (x)T (K¢ + AL) "~k (x), (5)

where y; = [y1,...,u)7, ke(x) = [k:(xi,x)]::l, K; = [k:(xt,xt/)]t ., is the kernel matrix, I; is the identity
matrix of dimension ¢, and A > 0 is a hyperparameter.

We consider both adaptive algorithms (i.e., the algorithm observes y, ..., y;—1 before choosing x;) and non-
adaptive algorithms (i.e., all x;,...,x7 are chosen in advance). In fact, we will prove our lower bound for
adaptive algorithms and upper bounds for non-adaptive algorithms, thus establishing the stronger type of
result in both cases.

Using the shorthands Hy = Hi(B) (as well as Hy or Hgg when the kernel & is specialized as Matérn or
SE) and P = P(pmax), the settings in Table [I| are summarized as follows, the last of which is the one we
primarily focus on:

« Noiseless Worst-Case Error: £5(T) = sup,ep ren, | — 1.

« Noiseless Average-Case Error: £F (T) = sup,cp e, E[|I - fﬂ, where the expectation is over
the randomized algorithm.

« Noisy Average-Case Error: &F (T,0) = sup,cp reyy, E[|I — f|], where the expectation is over
the randomized algorithm and the noise.

We have omitted a notion of worst-case error for the noisy setting, since there are subtle issues in posing
such a setting in a meaningful manner (e.g., see (Plaskota) |[1996)). For instance, even if the algorithm is
deterministic given the noisy observations, it can still obtain randomness by taking digits after the 1000th
decimal point (say) of the observed values y;. That is, the randomness from the noise alone could still give
the same effect as using a randomized algorithm.



Under review as submission to TMLR

3 Lower Bounds

Our lower bounds for the noisy setting are stated as follows; note that we allow o to vary with 7.

Theorem 1. (Average-Case Noisy Lower Bounds) Consider our problem setup with constant parameters
(B,v,d,l), noise variance o*, and query budget T. Then, for any algorithm (possibly adaptive and/or
randomized) for estimating I, we have the following lower bounds on the average-case error:

1. For Matérn kernel with v + % > 1, we have

EM (T,0) = QT 471 4 0T~ %), (6)

avg

2. For any kernel such that maxx k(x,x) < co and f[o 14 k(x,x%)dx # 0 for some x' (e.g., the SE or

Matérn kernel with x* = 0), we have:

gk (T,0) = Q(oT"%). (7)

avg
Moreover, these lower bounds hold even under the fixed weight function p(x) = 1.

3.1 Proof of Theorem [1]

The first term in @ follows directly from noiseless average-case error bounds (see Appendix . The second
term can also be established by considering constant-valued functions (Plaskotal [1996)), or as a special case
of (which is proved below). On the other hand, it is also of interest to establish a single hard subset
of functions that yields both terms in @ in a unified manner, thus establishing a single source of difficulty
for both terms. We provide such an approach in Appendix considering functions composed of several
small “bumps”. The idea is that with too few samples the algorithm cannot reliably determine which bumps
are positive and which are negative, and if too many of these are uncertain, then a certain level of error is
unavoidable.

It remains to prove (7). To do so, we consider the function f(x) = k(x,x?), which is bounded and has a
non-zero integral by assumption. Moreover, since k(-,xh) is trivially in the RKHS class, we have that the
scaled function f.(x) = c¢f(x) has RKHS norm at most B for all ¢ > 0 below a suitably-chosen threshold.

We consider the sub-class of functions f, with RKHS norm at most B, and show that Q(O’T_%) queries are
needed even for this sub-class. To see this, we note that sampling any point x corresponds to observing
¢, scaled by f(x), with N(0,02) noise. Without loss of optimality, we can assume that the algorithm only
samples at the point(s) where |f(x)| is largest (so that ¢ is maximally scaled while the noise level is fixed),
and by assumption we have |f(x)| < co. Then, the noisy integration problem on this sub-class reduces to
the noisy estimation of ¢ with Gaussian noise, which is well known to incur @(UT_%) error (even when ¢ is
known to be below an arbitrarily small constant threshold), e.g., see (Plaskota), [1996).

4 Upper Bounds

In this section, we introduce our main meta-algorithm and derive upper bounds on the average-case error.
We follow the high-level idea of combining function estimation methods with Monte Carlo estimation on the
residual, previously proposed for the noiseless setting (Novak, [1988), but with different details to account
for the noise. The meta-algorithm is shown in Algorithm [I] and is described as follows. The samples are
performed in two batches, but still in a non-adaptive manner (i.e., the second batch can be chosen without
knowing the first batch) The first batch uses T'/2 samples to construct an approximation f of f, which
forms an initial estimate [; = In p(x)f(x)dx. The subroutine ESTIMATEFUNC for doing so is kept general for

1Our main theorem remains true when the first batch consists of adaptive sampling, but all of our corollaries will be based
on non-adaptive sampling.
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Algorithm 1 Two-batch integral estimation meta-algorithm

Input: Function f, domain D, time horizon T, function estimation algorithm ESTIMATEFUNC
Use ESTIMATEFUNC with % samples to produce a function estimate f
fort:%+1,...,Tdo

Sample x; ~ p(x) independently

Observe y; = f(x¢) + €
end for
Compute the approximate integral I, = Ip p(x) f(x)dx
Compute the residual R = 2 ZZ;T/QH(yt — f(x))

Output I =1, + R

Algorithm 2 Maximum variance sampling; can be used as ESTIMATEFUNC in Algorithm

: Input: Function f, domain D, GP prior (uo, ko), GP noise variance A, time horizon %
: fortzl,...,% do
Select x; = argmax,cp o¢—1(X)
Receive y; = f(x¢) + €
Update o using x1,...,X¢
end for
: Update pp/2(x) using Xu,. .., X7/2, Y1, - -, Y7/2
: Output pr/s

now, but by default, we will use maximum variance samplingﬂ as shown in Algorithm |2| with the estimated
f being given by the GP posterior mean ji7/3. Note that these 7'/2 samples are non-adaptive because the
posterior variance of a GP does not depend on any observations. The remaining 7'/2 samples estimates the
residual R between the difference of the true integral I and this value Ii:

R=T—1 = /D p() (f(x) — f(x))dx.

Having fixed f and hence | 1, we can refine our overall estimate of I by estimating the residual R. To do so,
we use the last T'/2 samples to construct a Monte Carlo estimator R of R, i.e.,

R=

Nl

T
ST (- fxe),
t=T/2+1

in which each x; is sampled from p(x). Hence, the approximated integral is simply I=1 1+ R.

In the following theorem, we establish the upper bound of the average-case integration error of Algorithm
in terms of the noisy L? distance between f and f , with an extra noise term. This theorem is general and
can be applied to a variety of kernel choices, noise settings, misspecified settings, etc., as we will see below.
In the following, all omitted proofs are deferred to Appendix [E]

Theorem 2. (Quadrature-L? Relationship) For any fized f € Hy and p € P(pmax), consider running
Algom'thm with T observations being corrupted by Gaussian independent noises N'(0,02), and obtain the
estimates f and I. Then, the average error satisfies

E“] - f|] < 2\/pmaXT_%]E[||f - f||L2] + 20’T—%7 (8)

where the expectation is averaged over the randommness of the points queried and the noise.

2We focus on maximum variance sampling for concreteness, but our analysis and results are unchanged when, at time ¢, an
arbitrary point satisfying o;—1(x) > 7|lot—1]/Lo is found for some v € (0,1) (e.g., v = %) This requirement is potentially
much easier to attain in practice, instead of insisting on the global maximum.



Under review as submission to TMLR

For the Matérn kernel, building on the results of (Wynne et all |2021, Thm. 4), we obtain the following two
corollaries.

Corollary 1. (Average-Case Noisy Matérn Upper Bound) For f € Hyp, consider the setup of Theorem@
where the subroutine ESTIMATEFUNC for producing f is mazimum-variance sampling (Algorithm @ with

v

parameter A = O(T~a). Then, the average-case integration error is upper bounded by

eV (T, 0) :o(T—%—1 +aT—%). (9)
As discussed in Section Corollary [1| matches the lower bound (Theorem (1)) up to constant factors, and
shows that the overall difficulty of noisy BQ is as roughly hard as either noiseless BQ or univariate Gaussian
mean estimation with variance o (whichever is harder). Since the algorithm used is non-adaptive but the
lower bound applies even to adaptive algorithms, we conclude that there is no adaptivity gap in terms of
scaling laws in this case.

Similarly to prior works such as (Kanagawa et all 2016} Teckentrupl [2020; |[Wynne et al.l 2021)), we now
consider the setting in which the smoothness hyperparameter v is unknown, and Algorithm [2]is accordingly
modified as follows:

o Instead of assuming that v is given (via the prior ko), we assume that the algorithm is given a
sequence of estimates {#;}7_;. These are kept generic, but could correspond to estimates that are
iteratively updated as more data is collected.

e When forming the GP posterior at time ¢, the parameter 7y is used.

Following (Wynne et al., 2021, given the time horizon T, we define v~ = inf;<r ; and v = sup,<p ﬁtﬂ
and we assume that the number of distinct values in {#;}]_; is upper bounded by fixed constant.
Corollary 2. (Average-Case Noisy Matérn Upper Bound — Misspecified Setting) For f € Hy, consider the
setup of Theorem@ where the subroutine ESTIMATEFUNC for producing f 1s the above-described modification
of mazimum-variance sampling with parameters {0,}L_| satisfying vT > v, and with A = O(T~"T). Then,
the average-case integration error is upper bounded by

min(v ™~ ,v) vir— —vt
Emg(T,0) = O(T‘id Sty aT‘%). (10)
As a special case of this result, when v~ = vT (and both are greater than v, in accordance with the

assumption vt > v), the scaling precisely reduces to that of Corollary|l} Thus, interestingly, over-estimating
the smoothness parameter is not harmful in terms of scaling laws; similar observations were made in prior
works such as (Kanagawa et all [2016) (Remark 2 therein). More broadly, Theorem [2| can be used to convert
other L? guarantees from (Wynne et al., 2021) (or from other works) to BQ guarantees, but for brevity we
only formally state Corollary [2]

We now turn to the SE kernel with noise, for which we follow the use of random features (Rahimi & Recht,
2007)). we specifically build on (Bach}|2017)), which analyzes weighted random Fourier features from a function
approximation point of view. The approximation requires sampling from a leverage function distribution
based on an infinite-dimensional integral operator. With the help of their analysis, we obtain the following
corollary.

Corollary 3. (Average-Case Noisy SE Upper Bound) For f € Hsg, under the setup of Theorem @ there
exists a random feature sampling algorithm that produces an approximation f in Algorz'thm such that the
average-case error is

avg

ESE(T,0) = O(e_c*(%)%T*% +0T*%)

for some constant C, > 0.

3This can be generalized so that these definitions also restrict ¢ > N for some finite N, but we simply take N = 1 to reduce
notation.
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In Section[I} we highlighted that BQ is related to RKHS-based optimization problems. We briefly note that
that the techniques from such works can also be used to obtain BQ bounds via Algorithm [2| (using it for
T observations rather than only the first half) or sampling on a uniform grid, but the resulting scaling is
typically highly suboptimal. Specifically, in Appendix [F] we show that this approach leads to the following:

EM(T.0) = O(T~ %5 (log T) 55 ), (11)
EM(T) = O(T ™), (12)
ESE(T,0) = O((1og T) ' T7H), (13)
e (m) =0( ), (14)

where and hold under the assumption that o = ©(1). These four results correspond to the Matérn
noisy/noiseless and SE noisy /noiseless settings respectively. Algorithm 2 can be used directly to obtain the
first three results, whereas is based on sampling on a uniform grid.

While the first three bounds above are weaker than our earlier results, (14) gives fast decay to zero for the
noiseless SE case. Moreover, in Appendix |[F| we additionally show that (14) can be slightly reduced by a
T2 factor using Algorithm |1} as summarized in the following corollary.

Corollary 4. (Average-Case Noiseless SE Upper Bound) For f € Hgg, consider the setup of Theorem@
where ESTIMATEFUNC is chosen to take samples on a uniformly-spaced grid and return pr, with A = 0.
Then, the average-case error is upper bounded by

£5E(T) = O(e‘gT%T_%). (15)

5 Experiments

In this section, we conduct simulation studies to compare our two-batch algorithm with its component parts,
maximum variance sampling (MVS) and Monte Carlo sampling (MC). These experiments serve to verify that
Algorithm [I] can be effective in practice, but we will also discuss some potential gaps between the theory
and practice. In particular, our goal is not to establish state-of-the-art practical performance.

We refer to Algorithm [2] as MVS-MAT or MVS-SE when the kernel is Matérn or SE, and similarly for
Algorithm [I] with MVS-MC-MAT or MVS-MC-SE. To attain a better understanding of how MVS-MC
performs with respect to time, we modify it to alternate between MVS samples and MC samples, instead of
doing all of one followed by all of the other. Mathematically, this does not change the behavior at the final
time step.

5.1 Setup

GP model. We adopt the common choice v = 3/2 for Matérn-v kernel, and the GP noise hyperparameter
A is fixed as 10~* for both kernels El The lengthscale is left as a free parameter, as is an additional scale
parameter that we introduce (multiplying ) to permit functions with varying ranges. Except where stated
otherwise, these two parameters are learned by maximizing the data log-likelihood (Rasmussen & Williams),
2006) using the built-in SciPy optimizer based on L-BFGS-B, which is also used for finding the maximum
variance point. We seek to solve the BQ problem with a constant weight function, i.e., p(x) = 1.

Evaluation. We compare MVS-MC against its two components, MVS and Monte Carlo. For MVS and
MVS-MC, we perform 100 trials, with each trial using a distinct set of 3 random initial points (but these
are common to both methods). For MC, since every round is already randomized, we simply run 100 trials
without initial points. For all functions, we consider a time horizon of T' = 250, and evaluate the performance

40ur theory uses choices such as \ = @(Tﬁﬁ) with unspecified implied constants, which makes it difficult to choose the
parameter in a way that exactly matches the theory. However, since the theory dictates choosing A to be small, we set it to be
small here accordingly.
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Figure 1: Results for synthetic functions.

using the mean absolute error, with the ground truth value (and also I, at Line 7 of Algorithm [1)) being
determined by trapezoidal rule with 10° uniformly-spaced grid points (without noise). Error bars in our
plots indicate +0.5 standard deviation with respect to the 100 trials.

Varying the split size. In our theoretical analysis, we let MVS-MC use half of the samples for each
component (MVS and MC). However, in practice, it may be beneficial to allow different splits. In our
experiments, we additionally explore the effect of the split fraction, i.e., the fraction allocated to the MVS
part, and plot the final error with respect to that fraction. A split of 0 corresponds to MC, and a split of 1
corresponds to MVS.

5.2 Results

We provide a selection of our results here, and give additional results in Appendix [G]

5.2.1 Synthetic Kernel-Based Functions

We first simulate on a set of synthetic functions following the method of (Janz et al.l [2020]), where each
function is constructed by sampling m = 30d points, X1 . ..X,,, uniformly on [0,1]¢, and @, ... a,, uniformly
on [—1,1]. The function is then defined as f(x) = Y..*, @;k(%;,x). The length-scale and v (in the case of
the Matérn kernel) are set to be fixed as 0.2 and 3/2 respectively.

We let MVS and MVS-MC know the kernel hyperparameters exactly (i.e., they match the ones used to
produce the functions). Some results for d = 4 and o € {0.1,0.5} are shown in Figure [} and further (d, o)
pairs are shown in Appendix [G] We observe that MC performs well at the higher noise level, but performs
poorly at the lower noise level, which aligns with the theory. At the final time step, MVS in fact performs
well in both cases, though it can perform poorly in the low-query regime (e.g., Matérn 4D). While MVS-MC
is not universally best, it is generally able to capture the benefits of both MVS and MC in this experiment.

5.2.2 Benchmark Functions and Sensor Measurement Function

We consider a variety of well-known benchmark functions, namely, Ackley, Alpine, Gramacy-Lee, Griewank
and Keane; see (Bingham)| 2013]) for the descriptions. We also consider an experiment for sensor measurement
data, which is described in Appendix [G] A small selection of the results are shown in Figure 2] and the rest
are shown in Appendix [G]

These results again indicate that MC is better suited to higher noise levels, but they provide a somewhat less
clear picture for MVS and the ideal MVS-MC split. In general, the error as a function of the split fraction
can increase, decrease, or exhibit “U-shaped” behavior, though we again found the choice of 0.5 to usually
be a good one (even if not always optimal).

Notably, in both the synthetic and benchmark experiments, the error can drop suddenly at 1.0, as this is
where the MC component is no longer used and MVS-MC simply becomes MVS. This indicates that the
theoretical benefits of MVS-MC over MVS may not always be observed in practice (e.g., because the theory
hides important constant factors, or only captures the behavior for very large T'). It may be of interest to
seek refined theory addressing these findings in future work.
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Figure 2: Results for benchmark and real data functions.

6 Conclusion

We have developed a framework for relating average-case quadrature error with L2-function approximation
error, allowing us to derive a number of both existing and new results. In addition, we explored algorithm-
independent lower bounds with greater generality and/or distinct proofs compared to existing ones. In future
work, it may be of interest to address some of the remaining gaps, such as those between the upper and
lower bounds for the SE kernel (see Table[I).
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Supplementary Material

On Average-Case Error Bounds for Kernel-Based Bayesian Quadrature

Under review for TMLR

A Connections Between Matérn RKHS and Sobolev Class

We briefly summarize some definitions and properties of the Sobolev function class, as stated and used in
the work (Wynne et al.l|2021) that we will later build on.

For integer-valued s, the Sobolev function class of order s on a domain D is defined as

Wi(D) = {f e L3 D): " [0%fllss < oo}, (16)

a:|al<s

and the associated norm is given by

s = (3 0 r12.) " a7)

lal<s

where each a is a d-dimensional multi-index with || = 25:1 a;, and 0% f(x) is the weak derivative of order
a. For a fractional (i.e., non-integer) order s € R with s > ¢ (i.e., v > 0), the Sobolev function class of
order s is defined as

wi(o) = {r e (D) [

x€E

(1+ [xI3)°1F€)2dx < oo |, (18)
D

where f (&) is the Fourier transform of f(x). The associated norm is given by
2\s| f 2 1/2
Ihws = ([ IxBrf@Pax) " (19)
x€E

In the following, we will use W3 as a shorthand for W3 (D). Here we state a known result that characterizes
the equivalence between Sobolev space and RKHS of Matérn kernels.

Lemma 1. (Sobolev Space & RKHS of Matérn kernels (Teckentrupl 2020, Prop. 3.3)) Let Ha be the RKHS
of the Matérn-v kernel on D = [0,1]? (with any fized positive length scale), and let s = v + d/2. Then, the
Matérn RKHS is norm-equivalent to the Sobolev space W3. That is, Hym = W3, and there exist constants
c1,c2 > 0 such that for any f € Hy (or equivalently, f € W5 ) we have

allfllws < 1 fllww < c2llfllw;- (20)

B Existing Results for the Noiseless Setting

The following lower bound for the noiseless setting (i.e, 02 = 0) is a slight extension of (Novak, 1988, Thm. 1
& 3), where we have generalized their results to fractional Sobolev spaces where s = v + g may be non-
integer. For completeness, we translate it into our notation and present the proof in Appendix [C] Here and
subsequently, the kernel parameters v, [, dimension d, and RKHS norm B are all treated as constants, and
we consider the limit 7" — oo.

Theorem 3. (Noiseless Lower Bound) Consider the noiseless problem setup with constant parameters
(B,v,d,l) satisfying v + % > 1, and time horizon T. Then, we have the following lower bounds for the
Matérn kernel in the noiseless setting:

13
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1. For any algorithm (possibly adaptive), the worst-case error satisfies

EMT) = QT 3),

wst

EM (T) = QT a7 1h).

avg
Moreover, these lower bounds hold even under the fixed weight function p(x) = 1.

These scaling laws are known to be order-optimal, since matching upper bounds (using non-adaptive
algorithms) have been established, e.g., see (Novak, [1988) for a detailed summary. For the average-case
criterion, see also Corollary [I] with o = 0.

C Proof of Theorem 3| (Noiseless Lower Bounds)

While Theorem [3| is already known for Sobolev spaces with integer-valued s (Novakl [2016), it is useful to
present a self-contained proof for the purpose of (i) completeness in handling the non-integer case, and (ii)
introducing tools that will be re-used in the noisy setting (Appendix E[) We generally follow the analysis
of (Novak, 1988]|), while adapting the notation to match ours, and making some minor adjustments in the
analysis.

C.1 Function Class Construction for the Matérn Kernel

We first describe a bounded-support class of functions consisting of multiple bumps. The following lemma
introduces the associated function and some useful properties.

Lemma 2. (Bounded-Support Function Construction (Bull, 2011, Lem. 5), (Cai & Scarlett], |2021} Lem. 4))
Let h(x) = exp (ﬁ)ﬂ{”xﬂg < 1} be the d-dimensional bump function, and let go(x) = ﬁh(%‘), i.e.,
a rescaled version of h for some w > 0 and ¢ > 0. Then, gy satisfies the following properties:

e go(x) =0 for all x outside the l2-ball of radius w centered at the origin;

o go(x) €10,¢] for all x, and go(0) = e.

o llgollan < Clﬁ( L) | hll3y when k is the Matérn-v kernel on R?, where c; is constant.

w

In accordance with this lemma, let go(x) = ﬁh(%") be the rescaled bump function with values in
[0,¢] and radius § (i.e., diameter w). For suitably-chosen M, we consider M such bumps with disjoint
supports by shifting, and accordingly consider 2™ functions, one for each possible sign pattern of the bumps.
Mathematically, all functions of the form f(x) := Zi\il 0;9:(x) are contained in Hyi, where §; € {+1,—1}
and g¢;(x) is the shifted version of go(x). Since the bumps form a d-dimensional grid of step size w in each
dimension and the domain is D = [0, 1]¢, we have

M= FJd. (21)

In fact, since the bumps have spherical support instead of rectangular, we could fit more of them into [0, 1]¢,
but doing so would only impact the constant factors, which we do not seek to optimize.

A 1D example of f(x) is illustrated in Figure
Letting Iy := I\IXH<H go(x)dx denote the integral of gy, we have
)

Iy > Q(wle), (22)

which follows from the fact that the integral of h(x) is constant, the vertical scaling shrinks the integral by
¢, and the horizontal scaling shrinks the integral by ©(w?).

14
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€

0 w ’ 1

Figure 3: 1D illustration of a function in the restricted Matérn function class.

To evaluate the RKHS norm of each f, we use the equivalence of the RKHS norm of f and the Sobolev norm,
as stated in Lemma [I| Since each f is a sum of M disjoint-support functions, we can define these disjoint
regions as Di, ..., Dys. First considering the case of integer-valued s (see for the relevant definition),
we have:

1/
> o ||L2) 2

|| <s

Ifllwg =

ZZ / 0910 ) (23)

where holds since the regions Dy, ..., Dy are disjoint.

For non-integer values of s = v+ g, there always exists n € NT such that n < s < n+1, and we can proceed
analogously to the analysis in (Hessel 2006). Note also that our assumption v + g > 1 ensures that n > 1.
From the definition of fractional Sobolev norm in and using Holder’s inequality, we can “interpolate” the
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fractional Sobolev norm between two integer Sobolev norms (we specify the constants A, 1, p, and ¢ below):
I = [ I3 IF@) P
xED
= / D(l +1x[3)° AP (1L + [1x15)* £ (€)]"dx
xXE
<(/ a+ IxIB) 1@ rax) " - ( / (1+ X3 f@)max)" (25)
xeD

= 122 I (26)
WZ
= M -llgoll3;™ 7" - lgoll 35 2%

gl ol 222 ) (27)

n,,

2n+2 2s 625—271

o

=M s (o) (28)
(
(

where:

o In (25)—(26), we have chosen A = (n+ 1)(s —n), n = 2(s —n) € (0,2), p = n+11_s > 1 and
1
1=5> (;+3=1.

« In addition, uses the identities (s — A\)p = n, (2 —n)p = 2, and Aq¢ = n + 1, which follow from
direct substitutions and simplifications.

. uses the norm equivalence in Lemma

. substitutes the RKHS norm bound for go, i.e., ||go[|#y = O(5%), as demonstrated in Lemma

. cancels (w"™£)2725 with (w"™%)2572"_ 50 that the exponent to w becomes (2n—d)+(2s—2n) =
2d — s.

. usess:y—&—%.

Again using the norm equivalence between Sobolev function and the Matérn RKHS, we can bound the RKHS

norm of f as follows in view of and :
€
7l = O(S27 ) (31)

Equating the right-hand side of with B and rearranging, it follows that || f||7,, < B with a choice of €
satisfying

B
C.2 Completion of the Proof of Theorem [3]

The finite function (sub-)class described in Section is denoted by Hy C Hy. We first consider the
worst-case criterion. Suppose there is an algorithm estimating I for a function f € Hyy, and the algorithm
has a budget of T' = % The best this algorithm can do is determine the signs of % out of the M bumps.
For the unexplored regions, being in the worst-case setting, we can make an adversarial argument: The
adversary either makes all of these bumps negative or all of them positive, whichever leads to a higher error.
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This leads to two feasible values of I that differ by ©(M 1), which in turn implies that adversarially choosing

the worse of the two must give |I — I| = Q(M1I,). Hence, when T = A we have
M
EMUT) 2 (5 Do) (33)
= Q(Mwe) (34)
= Q(e), (35)

where uses , and uses . Substituting and T = % into , we obtain

Eun(T) Q((QT)%) =(757)

which establishes the desired worst-case lower bound.

For the average-case criterion, we proceed slightly differently. We first note that the supremum in Exg (T) =

SUD f ey E[|I -1 |] can be lower bounded by the average with respect to f drawn uniformly from Hy; (and
also still averaged over any randomness in the algorithm). Again considering a budget of T = %, there
must be at least % regions with no samples, and for each such region, the associated integral is +1y or —I
with equal probability. Thus, conditioned on the observed samples, the posterior distribution of I can be

expressed as a sum of two independent random variables, one of which is of the form
Su =Y &I, (36)

where for notational convenience, we assume (without loss of generality) that it is the first % regions that

have no samples. That is, S% is a random variable expressing the posterior uncertainty in the 2 non-

2
sampled regions. There may also be additional uncertainty due more than % regions being non-sampled,
but for proving a lower bound, it suffices to consider the case that there is no additional uncertainty beyond

Su.
Since §; is equiprobable on {+1, —1}, we have E[S i, ] = 0. Moreover, the variance of is given by

M/2 M
05y =D Var(di o) = 15, (37)
2 i=1
since d11g, - ,6%10 are ii.d. random variables each having variance I3. In the limit of large M, if we
consider the normalized sum
Su —E[Su]
Zs, = —2—— 2"
2 USM
2

then by the central limit theorem (CLT) (Feller, 1957, Ch. VIII), as M — oo, Zs,, convergences in
2
distribution to the standard normal distribution A(0,1). In other words S M s asymptotically distributed
as N(0, J%M ). When estimating a Gaussian (or an asymptotically Gaussian quantity), an average absolute
2

error proportional to the standard deviation is unavoidable; for instance, if we know that Z ~ N (070%),

then our best guess of Z is Z = 0, but this still gives E[|Z — Z|] = E[|Z]] = 0\/% Thus, the lower bound for

the average case regret is En, (T') > Q(os,, ) = Q(VMI), and by substituting [21)), (22), (32), we obtain
2

25 =0 7) =)
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D Unified Derivation of Both Terms in Theorem (1| (Lower Bound)

In this appendix, we show that analyzing a suitably chosen hard subset of functions provides an alternative
derivation of both terms in Theorem (1| in a unified manner. Specifically, we consider the same class Hy
that was used in the noiseless case in Appendix [C] but the analysis requires substantial modifications and is
much more technical. We proceed in several steps.

Step 1: Reduction to a simpler problem. Similarly to the noiseless setting above, we start by
lower bounding N, (T, 0) = sup ey, E[|I — I[] by E[|I — 1], whereEOW the average is taken over three
sources of randomness: the uniform distribution over 2™ functions in Hyy (with parameters M and e), the
randomization in the algorithm, and the noise. Moreover, once f is randomized, letting the algorithm be
deterministic is without loss of optimality, so we assume this is the case (this is simply an instantiation of

Yao’s minimax principle).

We claim that in order to attain a lower bound with the preceding prior, it suffices to attain a lower bound
in the following simplified setup:

o There exists an unknown collection of signs S; € {—1,4+1} for i = 1,..., M, each taking either value
independently with probability %

o The goal of the algorithm is to estimate Iy Zi\il S;, where I is the integral of a single (positive)
bump in the original BQ problem.

o At time ¢, the algorithm may select an index i; (possibly in an adaptive manner) and observe
yr = €S;, + € with independent noise ¢; ~ N (0, 02).

We observe that this problem is exactly equivalent to our original problem in the case that the BQ algorithm
is constrained to select midpoints of the bumps, where the bump takes its highest absolute value (i.e., ).
Intuitively, this is without loss of optimality because such points have the highest signal, and are thus the
most informative.

To make this more formal, we note that sampling a point with absolute value |f(z)] = ¢ € (0,€) gives
yr = ¢S, + € with S;, being the associated bump sign, and this is information-theoretically equivalent to
observing y; ¢ = €S;, + S€;. Since £ > 1, this simply amounts to still observing €S;,, but with more noise,
and this extra noise could always be artificially added anyway. Hence, sampling at the midpoint is without
loss of generality or optimalityﬂ

We proceed by studying this simplified problem.

Step 2: Establish hardness of estimating most sign values. As a stepping stone to characterizing
the difficulty of estimating I Zi\il S;, we provide an auxiliary result on the hardness of estimating S =
(S1,...,Sn) to within a certain Hamming distance. Although estimating each individual sign is a harder
problem than estimating their sum (which may appear concerning from the perspective of proving a lower
bound), this will turn out to be a useful intermediate step. We let S = (§17 . S ) denote an estimate of
S based on the queries.

Lemma 3. In the simplified setup with discrete queries iy € {1,..., M} (rather than x; € D), consider any

(possibly adaptive) deterministic algorithm that produces an estimate S of S. Then, there exists a sufficiently
small constant ¢ such that we require a time horizon of

o2
TZc-M-maX{l,GQ} (38)

in order to obtain IEZ[dH(S7 §) < %. Here dy denotes the Hamming distance, and the expectation is with
respect to S uniform on the 2 possibilities, as well as the random noise.

5The locations with | ()] = 0 carry no information, so we can assume without loss of generality that they are never sampled.
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Proof. By a standard variant of Fano’s inequality with approximate recovery (e.g., see (Scarlett & Cevher,
2019, Thm. 2)), we have

P[dH<s,§> > M I(S;8) +1 (39)

>1-
4 ] - log(2M) —log(Nmax)’

where I(-;-) denotes the mutual information (Cover & Thomas|, [2006), and Np.x is the number of

vectors in {—1,1}* within Hamming distance % of any fixed vector (e.g., the all-ones vector). We
have Npax = Z?i{;l (fj) < M (1\% 4), from which a standard bound on the binomial coefficient gives

Npax < eMH2(/90+e) with Hy(q) = qlog% + (1 —¢q)log %_q being the binary entropy function. Since
Hy(1/4) is strictly smaller than log 2, substitution into gives

M] 21_I(S;S)+1

P[dﬂ(s,§> > = S0

: (40)

Moreover, following standard steps, we can upper bound the numerator as follows (Scarlett & Cevher], [2019,
Sec. 3):

o Use the data processing inequality to write I(S; §) < I(S;1,Y), with (I,Y) being the length-T
collection of sampled inputs and observed outputs by the algorithm.

o Use the chain rule for mutual information to upper bound I(S;I,Y) by a corresponding sum over
time indices: 1(S;LY) < 3., I(S; Yi|I,).

To simplify the last expression, we note that given I;, the only entry of S that impacts Y; is S7,, so we can
further write I(S; Y;|I;) < I(Sy,; Yi|Iy).

Recall that when Sj, equals some value s € {—1,1}, the corresponding observation is y; ~ N(sly,c?).
Hence, by the relation between mutual information and KL divergence (Scarlett & Cevher] [2019, Sec. 3.3),
the preceding mutual information is further upper bounded by the KL divergence between N(+e, c?) and

N(0,02) (this is the same regardless of whether € has a +1 or —1 coefficient), which is %
Substituting the preceding findings back into the preceding inequality I(S;I,Y) < Zle I(S; Y |I}), it follows

that I(S;1,Y) < % Hence, if T' < c¢- Nif with a small enough constant ¢, then the right-hand side of
exceeds % The fact that dy(S, §) > % with probability exceeding % then implies that E[dH(S, §)] > %.

The preceding argument proves the lemma when ‘:—j > 1. On the other hand, if ‘6’—22 < 1, then the requirement
in simply becomes T' > ¢M, which we claim to be trivially necessary for attaining E [dH(S7 S)] < %7 as
long as ¢ < %. To see this, note that with any smaller number of samples, a quarter (or more) of the indices
cannot even be sampled once. When this is the case, the algorithm cannot do any better than guessing the
corresponding S; values, getting each one correct with probability % O

The contrapositive statement of Lemma (3| is that if T' < ¢ - M - max{l, z—j}, then it must hold that

E[du(s, §)] > %. Furthermore, by writing the Hamming distance as a sum of indicator function 1{S; # §Z},
the preceding inequality can be written as

1
i Z P[S; # 8i] > 2 (41)

Step 3: Characterize the posterior uncertainty. In the argument that follows, we are not directly
interested in P[S; # S;], but instead P[S; # S; | D], where D = (I,Y) contains the T pairs of the form (i, y¢)
collected throughout the course of the algorithm. This conditional probability can be viewed as representing
the posterior uncertainty of .S;, with a value of % meaning complete uncertainty, and a value of 0 or 1 meaning
complete certainty.
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The probability in is taken with respect to the joint randomness of S and the noise (which enters via D).
While the decomposition P[S]P[D|S] is most natural, it is useful to consider the opposite form P[D]P[S|D],
so that we can analyze the posterior distribution P[S|D].

With this in mind, we claim that the following holds with probability at least 1—16 with respect to D (i.e., the
equation to follow depends on D but still contains randomness via P[S|D]):

1 < 1
MZPS #S\D]>1—6 (42)

To see this, assume by contradiction that this were only to hold with probability less than 5. Then, letting
A denote the event that . holds, we would have

MZPS # 53] { ZPS¢SID]}
_]E{AZZP[SHAEW]]I{DEA}} +JEU4 ZP[Si # SiDI D ¢ A} |.

where the first line uses the tower property of expectation. Then, the two terms are bounded as follows:

« Using what we assumed by contradiction and upper bounding 7 Zz L PS; # S; | D] < 1, the first
term is at most 1

o Using the opposite inequality to for D ¢ A, and upper bounding 1{-} < 1, the second term is
also at most %

Thus, we obtain <+ El L P[S; # 5] < %, which contradicts (41)), and we conclude that must hold with
probability at 1east L (with respect to D).

We now apply a similar argument to the preceding one, but considering the uniform distribution over M
implicit in (as opposed to the distribution of D). Omitting the details to avoid repetition, it follows

that at least 22 of the indices in {1,..., M} have P[S; # S;|D] > 2; any smaller number than 22 would
contradict .
The above findings are summarized in the following lemma.
Lemma 4. Under the setup of Lemmal[3, if
o2
T<C~M~max{1,€2} (43)

for sufficiently small ¢ > 0, then with probability at least  (with respect to D), there exist at least 35 indices
such that P[S; # S;| D] > 35

Step 4: Central limit theorem. We now return to the problem formed in Step 1, where the goal is
to estimate Iy El 15, and the algorithm does not necessarily form any entry-by-entry estimate S. We
continue to let D denote the samples collected, and we let D; denote the subset of D corresponding to times
when 7; = 1.

Lemma 5. Under the uniform prior on S = (S1,...,Sm), conditioned on any collection of samples D, we
have that the signs (S1,...,Sm) remain conditionally independent.

Proof. This is immediate from the fact that we consider an independent prior (namely, the uniform prior
over all 2M sign patterns) and assume that the noise terms between times are independent. Thus, whenever
some index 4, is selected, the resulting observation y; bears information about S;,, but bears no information
about any of the other Sj. O
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By Lemma |5, conditioned on D, the posterior distribution of Z ._1 5 is a sum of independent +1- Valued
random varlables Moreover, by Lemma l when T satisfies it holds with probability at least 1z that
at least 55 fraction of these indices have strictly positive posterlor variance. This, in turn, 1mphes that

Iy Z S has a posterior variance of Q(M12).

Having a constant fraction of strictly positive-variance terms is sufficient for applying the central limit
theorem for independent but non-identical random variables (Feller} (1957, Ch. VIII). By doing so, we find
that Iy Zf\il S; is asymptotically Gaussian; the mean is inconsequential for our purposes, and the variance
scales as Q(MI2), i.e., the standard deviation is Q(v/M - Ip). As highlighted in Appendix |C} when we have
a posterior standard deviation of Q(v/M - I)), we incur Q(v/M - I) error. Since we have shown that this is
the case with constant probability, it follows that the average error is Q(v/M - Iy).

Step 5: Simplification. Recall from Appendix |C| that in our function class, we have M = {%Jd, Iy =
O(wle) = O(57), and € = @(W) Hence, the scaling Q(v/M - Iy) can be expressed as Q(—=). We
now complete the proof by considering two cases:

o If the maximum in is achieved by the first term, then we have M = O(T) (supposing that T is
as high as possible subject to ) Moreover, the above-established fact gives an Q( 2 +1) lower
bound.

e If the maximum in is achieved by the second term, then we get M = @(7;—22), or equivalently
\/LM = @( Z ) Hence the lower bound is Q( ) for both kernels.

Combining these two cases, we obtain a final lower bound of Savg(T, o) = Q(max {%, #}) This is

equivalent to (T4~ + ¢T %), and the proof of Theorem I is complete.

E Proofs of Average-Case Upper Bounds

E.1 Proof of Theorem 2] (General Guarantee for Algorithm [I))

Our first result establishes that R is an unbiased estimator of R.

Lemma 6. Condition on arbitrary fized values of y1,...,yr/2 (and hence, fized I and R), and consider the
resulting distribution of R due to the randomness in XT/241, > XT and €r/o4q,-..,€7. We have
E[R] = R. (44)
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Proof. Recalling that f is the initial estimate of f based on the first % samples, we have

T

E[R] = E[% > (w- f(xt))}
t=T/2+1
=23 Eln fx)
t=T/2+1
T A
> E[f(xi) = f(xe) + €]
t=T/2+1
2 ; 2\
-z E[f(x) = faxol+ 7 D Elel
t=T/2+1 t=T/2+1

where the second and fourth equalities are due to the linearity of expectation, and the fifth equality holds
since x; ~ p(x) and E[e;] = 0. O

In addition, the variance of the residual estimator R is bounded according to the following.

Lemma 7. Under the setup of Lemmal6, we have

4pma.x 4 2
VarR] < P f iR + 5 (45)
where the variance is with respect to the randomness in Xpa41, .., X1 and €7/241,- -, €T
Proof. We have
5 I
Var[R] = Var[f Z (ye — f(xt))}
t=T/2+1
4 T
_ ﬁVar{ S (k) — flxo) + et)}
t=T/2+1
3 T
< ﬁ\/ar Z (f(xe) f(Xt))} + 72 Var Z €t
t=T/2+1 t=T/2+1
= Z Var[f(x¢) — f(x¢ Z Var|e]
t=T/2+1 t=T/2+1
L 402
< Z Var[f(x¢) — f(x¢)] + T (46)
t=T/2+1

where on the third line we use the fact that Var[X + Y] < 2Var[X] + 2Var[ ], on the fourth line we use the
independence of x; and ¢, across t, and the last line is due to Var[e;] = o2. Moreover, by the definition of
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variance, we have

(Xt)]2

o)

< Pmax|lf — f”%% (47)

where the last inequality is due to our assumption that p(x) € [0, pmax] for all x. Substituting into ,
we obtain as desired. O

We can now analyze the error of our algorithm averaged over all samples, including the first 7'/2. Let Eq[]
(respectively, Eq[-]) denote averaging with respect to the randomness from the first (respectively, second)
batch. We first note that conditioned on the first 7'/2 samples, we have

\/EQ (1-h-R)’]

= /B[ (R~ R)?]

- - N2
- \/EQ_(]EQ[R] —R) }
= \/Var[}] (48)
< 2/l 2| f = fllze 420772, (49)

where the first inequality follows from Jensen’s inequality, the third line holds due to Lemmal6] and the last
two steps are due to Lemma [7|and the elementary inequality /= +y < /x4 /y.

Ep[|1 - I - ]

IN

Then, incorporating the randomness from the first 7'/2 samples, we obtain
E[[1-h - R =E {EQUI - R|H

< 2/ EE[||f = fllz2] + 20T 3, (50)

where we applied the tower property of expectation, followed by (note that Eq [||f—fH%2] =E [||f—f||L2]
since no quantities from the second batch are present). This concludes the proof of Theorem

E.2 Proofs of Corollaries (1| and |Z| (Noisy Matérn Upper Bounds)

It remains to upper bound the average-case L?-error E[H f—f I Lz} between the true function f and the
estimate f. To do so, we will use results from (Wynne et al.l 2021) on the L? estimation error for functions
in Sobolev spaces, and adapt them to our problem for functions in the Matérn RKHS. These results depend
on various technical assumptions made in (Wynne et all [2021)), some of which are trivially satisfied in our
setting: our domain [0, 1]¢ implies their Assumption 1, our Matérn-v functions with finite RKHS norm
implies their Assumptions 2, 4 and 5. Moreover,their Assumption 3 only pertains to the misspecified setting,
imposing the requirement that {;};>r has finitely many values (as we also assume for Corollary .

We consider the commonly-used notions of fill distance hx and separation radius qx, which are widely
used (e.g., see (Wynne et al. 2021; Rieger & Zwicknagl, 2010)) and the associated convergence rates for
kernel-based interpolation methods. For a point set X C D, the two distances are defined as

min  |x —y]. (51)

h inf [x - ] !
= sup inf ||x —y|, ==
X xe.l):)( yeD Y 1x 2 x,yEX ,x#£y

Intuitively, sufficiently small fill distance implies that X covers the whole domain D. It is known that quasi-
1
uniform point sets achieve the optimal order of hx and gx, at O(T ) (see, e.g. (Novak & WozZniakowski,
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2008, Thm. 4.17)). Moreover, (Wenzel et al., 2021, Thm. 11) shows that greedily minimizing the GP posterior
variance leads to asymptotically uniform points, which in turn achieves a small fill distance. Considering
maximum-variance sampling (Algorithm [2) in the first batch in our meta-algorithm (Algorithm , we are
able to directly make use of the following results from (Wynne et al.| 2021)).

Lemma 8. (L2-Error Result from (Wynne et al., [2021, Thm. 4)) Let f be any function in Hy, and X =
{x:}L_| be the sequence of points selected by Algom’thm@ which outputs pup with parameter A. Then, there
exists a constant hy > 0 such that VX C D with hx < hg, and when v is known, the average noisy L?-error
18

4 4 _
B[S = prllze] = O (R (W% + VIS I + B3 (W5 + 1)E[e]]). (52)
where € = (ey1,...,€er) is the vector of noise terms

Moreover, under the modified version of Algorithm |4 for the misspecified setting (described just above
C’orollary@ where v~ and v are also defined), we have

2 min(v,v +u+—u v—ut v—yt d v v —
B[ — prllee] = O(hd (0 D g g )l + (5 AT+ DELel)). (59)
To obtain this lemma from (Wynne et al., 2021, Thm. 4), we substitute s — 0, 77 — v + g, T,:'_ — v+ %,
7, = v+ % g—2and m(-) = 0 in the notation therein. Setting A =7~ and hy = o(T~ 1), can
be simplifed as

r __

Elllf = prllse] = O(T~ 44 B + T-3E[ e]]). (54)
Similarly, by setting A = T-*T, hyx = @(T_%), and gx = G)(T_%)7 reduces to

V+IJ_7V+ 1

7 BN ’§B+T’%E[||e||]). (55)

min(v~ ) +v T —v—vt 4o
a

B[S - prllzz] = O(7~

Note that since the noises are i.i.d Gaussian with zero mean, we have

Ellel] < Vel = \/BI]+ -+ Elya] = y/Varlea] + -+ Varlerya] = 1/ 5

For f € Hy and known v, substituting and into , we obtain

o. (56)

E(I1 - hi = | = O(VowaxT 3 (T4 B+ T ¥EJle|]) + 0T %)
- O(T*%*1 + JT’%)7
which yields Corollary [1}

For the misspecified setting, we substitute (55)—(56) into (50), and obtain

min(v~ ,)+v Tt —v—vt 4o v4r~ —vt
a

B4 T T B T HEel]) + 0T )

IE:[|I - 1%\] - o(mr% (T~

min(v ™ ,v v+v

o min(v=,v) | — *"Jr,l _1
=0(T 7 +T 7 +0oT72),

which yields Corollary

E.3 Proof of Corollary [3] (Noisy SE Upper Bound)

The bulk of this subsection is devoted to introducing definitions and results from (Bach| |2017)). Although we
are working towards the noisy setting, all results stated are for the noiseless setting until stated otherwise.

It is often useful to study an RKHS through an integral operator X, which leads to an isometry with L?(dp)
space with measure dp:

(=)0 = /X SOk, )dp(x).
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For the moment, we consider any kernel (including SE) that can be written in the form
boxx) = [ olx, )6, w)dp(w),

for some ¢(x,-) : L*(dp) — L?(dp). Let {x;}_, be i.i.d samples drawn from density ¢ with respect to
measure dp, and pick weights 8 such that the approximation of f is

é(%i, ),

which belongs to the Hilbert space H* formed by the approximated kernel k through T random features
{w;}L | with the same density g¢:

) 1~ 1
Fo0Y) = 7 2 gy o0 woy, @)

The weights B are chosen to solve the following minimization problem with Lagrange multiplier A > 0:
min [ f — Fllz2(ap) + TAIBI?,

with the solution

B= a7 (zee” £ X1) f 817 < 7 (57)
where @ : RT — L2(dp) is an operator:
~_ B
®B = ; oo
The quantity ®®7 in turn defines th following empirical integral operator 3 : L2(dp) — L?(dp):
1z
=7 ; o(w iy ) L2 (dp) (Wi -).
This allows us to write f as
F=S28E+ ) Inm2, (58)

where $'/2 is the unique positive self-adjoint square root of ¥, and forms a bijection from L?(dp) to the
RKHS Hy, (Bachl 2017).

With the above definitions, it was shown in (Bach, 2017) that the noiseless L2-error between f and f
corresponds to the eigenvalue decay of the integral operator ¥ if ¢ is the optimized distribution:

Hi 2
g(x) X €;(X)", 59
% X e (59

where p; is the i-th largest eigenvalue of ¥, and e;(x) is the corresponding eigenfunction. Specifically,
Ilf = fll2(dp) has a geometric error (e.g., exp(fﬁ)) if p; decays geometrically /exponentially. The guarantee
that we make use of is formally stated as follows.

Lemma 9. (Bach| 2017, Prop. 2) For the optimized distribution defined in , and the estimate f defined
in (58)), let 6 > 0 and dy = TrX(Z + AI)~', and assume that T > 5d, 1og(%). Then, it holds with
probability at least 1 — § that

inf sup || f — fHLz(dp)<2\f
Il <2 £ <2
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Note that dy represents a notion of effective dimension or effective degrees of freedom. For the SE kernel
integral operator, the eigenvalue decay satisfies the following (e.g., see (Santin & Schaback| [2016, Thm. 15)):

pi = O(exp(—Ceit)), (60)

for some constant C, > 0. Moreover, (Sun et al., |2018, Lem. 6) shows that, for u; decaying according to
(60), it holds that dy = O((log 3)9). Rearranging T' = ©(dlog(dy)) in Lemma |§| gives us that

dA:(a(%).

) with (log %)d and rearranging, we obtain

Vi=o(en (- (mr)")) (61)

for some constant C, > 0. This determines the L?-error between f and f in Lemma |§| in the absence of
noise.

_T_

Then, by equating @(1ogT

To account for the effect of noise, we use the following lemma to extend Lemma [9}

Lemma 10. (Bach, [2017, Sec. 5) Under the preceding setup, if each function query is corrupted by
independent noise with variance not exceeding q(x;)o? in the i-th entry, then we have

inf  sup E[|f — fllzeeap] <2VA+ 0B8]
HfHHkSIHfHﬁkSQ

While the presence of ¢(x;) in the preceding statement seems complicated, it is fortunately considerably
simplified in our case due to the following.

Lemma 11. (Bach, 2017, Sec. 4.4) For shift-invariant kernels in [0,1]% (including SE), the optimized
distribution q is the uniform distribution when the uniform measure dp is used.

Therefore, we have ¢(-) = 1 (i.e., the uniform distribution over [0,1]¢), and the additional noisy term in
1

Lemma is at most o||B|| < 2672 due to the upper bound on ||B|| given in (57). Combining with (61)),

the noisy L? guarantee becomes

1

sup  E[|If — fllr2(ap)] —O(GXP<CT( a )d)JrUT;),

in —
Hf”?-tk§1 HfHHkSQ 10gT

and substituting into our general BQ guarantee (Theorem 7 we obtain Corollary

F Alternative Analysis Based on Confidence Bounds

In this section, we present an analysis based on constructing confidence intervals of the true function on each
time step, which is a popular strategy in the analysis Bayesian optimization (BO) algorithms. Our analysis
is most closely related to that of the BO simple regret in (Vakili et al |2021a).

F.1 Noisy Setting

Different from our earlier results, this result is stated with high probability, rather than in expectation.
However, we can easily convert to the latter by choosing é small enough, e.g., § = m, and noting that
low-probability failure event contributes an asymptotically negligible amount to the average.

We first provide several existing results that we use to prove results in and .

Lemma 12. (Lee et al| [2022, Prop. 1 & Remark 5) Let Hy, be the set of functions whose RKHS norm is
upper bounded by a constant B > 0. Then f is L-Lipschitz continuous with some constant L depending only
on the kernel parameters.
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In the following, we use the shorthand notation x;.7 = (x1,...,X7r), and similarly for other quantities
indexed by t. Recall also the posterior mean and variance defined in 7, with parameter A > 0.

Lemma 13. (Confidence Intervals (Vakili et al.| 2021a, Thm. 1)) Fiz a function f satisfying || fllun, < B,
and assume Gaussian noises with variance o°. Assume further that x1.7 are independent of €1.7, i.e., the
points are chosen non-adaptively. For a fized x € D, for any t € [T], define the upper and lower confidence
bounds as

with B(8) = $4/2log 3, and § € (0,1). Then, we have for any x € D that

f(x) <U(x) w.p. at least 1 -6 (62)
f(x) > Lo(x) w.p. at least 1 — 6. (63)
Lemma 14. (Adaption of (Srinivas et al} 2010, Lem. 5.4)) Letting vy = sup,, .cp [(y1.1; fr.T), where
fir = (f(x1.7)) € RT denotes the function values at the points X1, ...,Xr, we have
T o
2 T
oi (%) € ———~- (64)
tz_; log (1 + /\17)

Let D be a finite subdomain of D = [0,1]% with T%?2 points, with equal spacing of width % in each

dimension. For any x € D, let [x]5 = argmin_, _5 [[x — x/||2. By construction, we have, for any x € D that
Vd 1
x — [x|~ S—:O(—). 65
I x5, JT JT (65)
By Lemma the function f is L-Lipschitz. Thus we have for any x € D that
L
1769 = f(Bp)l < Ll = bzl = 0( ) (66)

J

For any fixed x € 5, applying Lemma (13| gives the following with probability at least 1 — 215 :

F(x) = pr(x) - (B+5(|g|)>w(x>. (67)

By a union bound over all x € 5, we have, for all x € D simultaneously that

69 2 1) = (B+5( ) Jor0: (63)

with probability at least 1 — % Similarly, we have, for all x € D that

69 2 ) + (B+5( ) Jor o, (69)

with probability at least 1 — g. Combining and 7 and again applying the union bound, we have, for
all x € D that

769 (9 < (B +5(5.) Jort0) (70)
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with probability at least 1 — §. We now extend the above upper bound to any point x in the domain D:

() < |76 = £(x5) + £ - uT<[x1~>+uT<[x1~>fuT(x>\
‘ ‘ ’f — pr([x] ‘+‘MT 5) — ur(x )‘

O(\%) + (B—FB(@))UT([X]B)-FO(\/LT), (71)

where the second inequality is by applying the triangle inequality, and the third inequality is due to
and .

We will now show an upper bound on the posterior variance or(x). Due to the decreasing property of
posterior variance, we know that os41(x) < o¢(x) for all x and t. Furthermore, due to the maximum
variance sampling strategy, we have o;_1(x;) > 041 (x). Thus, we have

or(x]z) < or1(X|p) < o1 () (72)

for all x and ¢ < T. Squaring and averaging over t € [T gives

IN

IN

T
1
) € L3002 (), 73)
=1
and applying Lemma [T4] we obtain

2y
Tlog (1+ %)

Substituting and |D| = T2 into (71), and recalling the definition of 3(-) in Lemma [13] we obtain
2yr

|f(x)uT(X)|SO<\/LT)+(B+iq/dlogT+2log§) m
° 32
:0<\/¥(d10gT+1og;)>. (76)

Finally, the absolute error of the above algorithm can be upper bounded by

| [ 06 ) = g oy < ma | x) = )] [ plx)ix =0 (\/}?(dlogmmg;)). (77)

with probability at least 1 — §. For the Matérn-v kernel, vy = O(Tﬁid (log T)#id), and for the SE kernel,
vr = O((log(T))***) (see (Vakili et al,[2021b)). Thus, we obtain the noisy upper bounds in and
upon setting § = as outlined at the start of this subsection.

poly(T)
F.2 Noiseless Setting

For the noiseless setting, we first state two usefull lemmas, the first giving a standard deterministic confidence
bound, and the second relating the posterior variance and the fill distance hx (see )

Lemma 15. For any f € Hy, with || f|ln, < B, we have with probability one that Li(x) < f(x) < Uy(x) for
any t and x € D, where

Ui(x) = pe—1(x) + Bop—1(x),
Li(x) = pu—1(x) — Boy-1(x),

and where py—1(-) and o,_1(-) are given in (@) with A = 0.
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Lemma 16. (Adaption of (Santin & Haasdonk, 2016, Thm. 3)) Consider the set of points X = {x;}}_,
obtained by Algorithm[4 Then:

1. For functions in the Matérn RKHS, we have

max or(x) = O(h%). (78)

2. For functions in the SE RKHS, there exists C, > 0 such that

Cp

max or(x)=0 (eiW) . (79)

For the Matérn kernel, as discussed in Appendix it is known that maximum-variance sampling leads to
1

the fill distance being hx = ©(T'~7), which is the best possible. Hence, the desired upper bound (12]) for

the Matérn kernel follows directly from (78] along with Lemma [I5] and similar steps to (75)—(77).

For the SE kernel, the scaling of hx induced via maximum variance sampling is not clear; see the discussion
in (Santin & Haasdonk} 2016} Sec. 4.1). To overcome this, we adopt the simpler approach of sampling on a
uniformly-spaced grid to ensure that hx = @(T‘é) (e.g., see (Kanagawa & Hennig), 2019, Thm. 4.3)) and
applying the following recent result.

Lemma 17. ((Xu et al. 2022, Eq. (32))) Consider the domain D = [0,1]? and a grid-based subset X C D,
ie, X ={(&, .. %)k € {0,...,N —1}}. Then, letting T denote the size of X, sampling each point once
yields the following upper bound on the noiseless posterior standard deviation (with A =0):

max or(x) = O(e_%TE). (80)

Since we consider a bounded domain, the point-wise guarantee immediately implies the L? guarantee

E[||f — prll2] = O(e_%TE). Then, combining with Lemma |15 and proceeding similarly to (77)), we obtain
the noiseless upper bound in (14).

Moreover, in Algorithm |1} we can let ESTIMATEFUNC be f = pg/2 with a uniform grid, and substitution
into Theorem [2] readily yields Corollary 4

G Additional Experimental Results

G.1 Further Synthetic Experiments

In Figures [4] 5} and [6] we present additional results on synthetic kernel-based functions and benchmark
functions. Overall, while there is no definitive ordering between the methods in general, we observe similar
findings to those discussed in Section In particular, for the plots of error vs. split fraction, the trend
can be decreasing (particularly at low noise), increasing (particularly at high noise), or “U-shaped”, but 0.5
is generally a reasonable choice. As we already discussed in Section [5.2] there is often a sudden drop at 1.0.

We note that some of the MVS curves exhibit non-monotone behavior (e.g., for Alpine-2D). We believe that
this is because the only randomness in MVS is in the noise and the 3 initial points, whereas MC and MVS-MC
have much more randomness due to being randomized algorithms. When there is limited randomness and
few queries have been made, the algorithm is essentially outputting an uncertain guess, and it can happen
that this guess luckily has a low error, but then this luck diminishes as more samples are taken. In contrast,
MVS-MC and MC have enough internal randomness to “average out” the lucky and unlucky scenarios.

G.2 Sensor Measurement Data

We consider the problem of estimating an average sensor reading from limited queries, which each query
consists of reading the value at a given time instant. Note that since the algorithms we consider are non-
adaptive, the query times can be pre-computed. The data set consists of energy consumption readings for
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Figure 4:

(d) Keane-2D
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Figure 5: Comparison of different MVS-MC splits, i.e., the fraction of rounds for which MVS is used.
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Figure 6: Comparison of different MVS-MC splits, i.e., the fraction of rounds for which MVS is used.
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Figure 7: Time-series function for energy measurements.
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Figure 8: Results for time series energy data.

London Households that took part in the UK Power Networks led Low Carbon London Project, between
November 2011 and February 2014E|

We construct a time-series signal (shown in Figure E[) of length 19,548 by sampling the data at intervals of
one hour. Our goal is to estimate the average energy consumption during this period. Although the domain
is now discrete, we let MVS and MVS-MC work on the continuous space, and round the selected decimal
value to the nearest point in the data set. To create a noisy BQ problem, we artificially add Gaussian
N(0,02) noise to each query, with o € {0,0.1,0.5}. The results are shown in Figure in this case, we found
the various methods to perform relatively similarly to each other.

6The data can be downloaded at data.london.gov.uk.
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