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Abstract

The foundational capabilities of large language models are acquired during pretraining on internet-
scale, highly heterogeneous data mixtures. In this work, we investigate a geometric question
regarding the converged state of this pretraining process: Does the model converge to a common
minimizer across all data sources (e.g., Fig. 2 (b)), or merely a minimizer of the averaged loss (e.g.,
Fig. 2 (a))? We hypothesize that the geometric “closeness” of task-specific minima is intrinsically
linked to downstream generalization. However, we reveal that standard optimizers (e.g., AdamW)
often converge to points where task-specific minima are distant from each other. To address this,
we propose the Nexus optimizer, which encourages the closeness of these minima by maximizing
gradient similarity during optimization. Experiments across models ranging from 130M to 3B
parameters demonstrate that Nexus boosts downstream performance, despite achieving nearly the
same pretraining loss (see Fig. 1). On the 3B model, Nexus reduces the out-of-distribution loss by
0.012 and yields up to a 15.0% accuracy improvement on complex reasoning tasks (e.g., GSM8Kk).
Our findings challenge the reliance on pretraining loss as the sole proxy for model evaluation and
highlight the critical role of optimizer implicit bias in unlocking downstream generalization.

1. Introduction

Pretraining is the cornerstone of Large Language Models (LLMs). Accounting for over 95% of the
total computational budget and data, it serves as the indispensable engine for their capabilities [17, 41,

]. During pretraining, LLMs acquire foundational knowledge from an unprecedentedly massive and
diverse data sources, encompassing a vast array of domains such as general language, mathematics,
code, and complex reasoning [2, 54, 71]. To learn from such a heterogeneous corpus of K distinct
sources, the standard practice is to average the loss of each data source £ () and minimize the
averaged 1088 Lin(0) = % Zszl Lr(60).

In this work, we investigate an interesting geometric question: Does the model converge to a
common minimizer across all data sources Ly, or does it merely find a minimizer of the averaged
loss Liqin? To illustrate this, consider a simplified setting composed of two data sources (£ and
L5), yielding a training 1oss of Liain(0) = 2(L£1(0) + L2(0)). As depicted in Fig. 2, there exist two
distinct types of minimizers that achieve the exact same training 10sS Liin. The first corresponds to
the Average-type Minimizer (Sec. 1), where the converged parameter 0;;,;, successfully minimizes
the total training loss Lyin yet may remain geometrically distant from the minimizers of individual
tasks L. The second approaches the Intersection-type Minimizer (Sec. 1), where 6, is not only
a minimizer of L.y, but is also geometrically close to the minimizer of each individual task Ly.

We hypothesize that this geometric “closeness”’—the distance between task-specific minima—

is strongly correlated with downstream generalization. Even when achieving the exact same
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Figure 1: Illustration of “same pretraining loss, better downstream task”. The training loss of baseline
and our Nexus are nearly the same. However, our methods achieves better downstream generalization.

pretraining loss, these two types of minimizers yield drastically different downstream losses L1
(see the blue curve L7(0) in Fig. 2). Intuitively, if the training losses £ and downstream task £
are quadratic and i.i.d. distributed, the Intersection-type minimizer (Sec. 1) will strictly outperform
the Average-type minimizer (Sec. 1) on the downstream task L7, given the same pretraining loss
(see Theorem 2). Therefore, we posit that this intuition may generalize beyond quadratics to LLM
pretraining, and steering the optimization toward the Intersection-type minimizer would achieve the
“same pretraining loss, better downstream task”.

However, directly optimizing for this geometric “closeness” is computationally intractable, as
it requires knowing the exact minimizer of each £ at every training step. To overcome this, we
prove that the gradient similarity between tasks, CosSim(VL;, V.L;) = %HVVLZH’ upper bounds
the geometric closeness. The rationale is straightforward: if the gradient directions of each loss V L
are always exactly the same throughout optimization, their respective minimizers @; must be exactly
the same. Based on this insight, we propose the Nexus algorithm, which approximates the gradient
of gradient similarity VCosSim(VL;, VL;). Nexus is compatible with the existing optimization
techniques [30, 34, 77] to effectively maximize CosSim(VL;, VL;). In Appendix B.5, we show that
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Figure 2: Illustration of two types of minimizers. (a) Distant: Minimizers of each source are distant
from each other. (b) Close: Minimizers are geometrically close to each other. Although both
configurations achieve the same pretraining loss, they perform differently on downstream task L.

both gradient and geometric closeness generalize to downstream tasks, leading to lower downstream
loss and better downstream performance, even when achieving the same pretraining loss.

We empirically validate Nexus across various settings, including model scales ranging from
130M to 3B parameters [ 73, 77, 79], diverse pretraining data and mixtures [5, 70], learning rate sched-
ules [27, 46, 78], and training compute [31]. Experimental results demonstrate that, across nearly
all settings, Nexus reduces the downstream loss by over 0.02 compared to the base optimizers—a
substantial margin that typically requires doubling the pretraining compute [3 ] ][—while achieving
the exact same pretraining loss. For instance, on the 3B model, Nexus improves GSMS8K accuracy
by 15%, MATHS500 by 8% and HumanEval by 4%. These consistent downstream gains demonstrate
the importance of implicit biases in unlocking downstream generalization [43], particularly as the
current pretraining paradigm transitions from being compute-bound to data-bound [33, 51, 58, 67].

2. Closeness and Downstream Generalization

Formally, let the pretraining corpus be the union of K distinct data sources, and the total pretraining
objective be the average of these source losses Linin(0) = 7 Zszl L(0).

Our primary interest lies in how well the pretraining minimizer 6, € argming Lirain(0)
performs on an unseen downstream task 7. By applying a second-order Taylor expansion around the

local minimizer of the downstream task, 8-, the downstream loss £7(6;;,;,) can be bounded by:

* * 1 * *
ET( train) < ET(HT) + D) ||0train - 07'”% - Anax ”VZ‘CT(E)HQ : €]
~——— €[00,
Closeness
Flatness

The first-order term vanishes as 67 is a local minimizer. Eq. (1) reveals that the generalization gap is
controlled by two factors: the Flatness of the loss landscape and the Closeness between the converged
parameter and the task optimal. Therefore, a flatter local landscape and a closer converged parameter
naturally yield better downstream generalization. This bound may serve as an highly accurate proxy
rather than a loose upper estimation, since empirical loss landscapes often exhibit high quadraticity
along typical optimization directions [8, 35, 76], under which Eq. (1) becomes tight.

Appendix C.1 demonstrates that closeness will improve downstream generalization, even when
achieving the same pre-training loss, as long as the loss landscape is quadratic-like. Therefore,
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explicitly optimizing the closeness o2 to reduce the task variance may be beneficial for downstream
performance.

3. Nexus Optimizer: Enhancing Closeness via Second-Order Approximation
3.1. Gradient Similarity Upper Bounds Closeness

However, directly optimizing the closeness metric ||@—6; || involves finding the minimizer @, for each
task, which is itself a minimization problem and computationally prohibitive. Fortunately, we observe
that the gradient similarity between different source tasks, given by >, ~VLi(0)"VL,;(0),
provides a tractable upper bound for closeness. Intuitively, if the gradients of distinct tasks Ly,
consistently align in direction, their respective minimizers be exactly the same. Theoretically, both
the gradient dot product and cosine similarity serve as tight bounds for closeness:

Theorem 1 (Gradient Similarity Upper Bounds Closeness) Let 6 be a converged parameter sat-
isfying V Liain(0) = 0. For each task k, let 6} denote its closest local minimizer to . Assume the
loss is directionally strongly convex along the path [0, 0] with a minimum curvature Amin, > 0, and
let G = supy, ||[VLy(0)||2. Then, the closeness is bounded by:

K
1 * (|12 1 T G2 ;
K ];:1 160 — 05z < W?‘mn géj: (‘Vﬁi(g) Vﬁj(e)) < W?mn géj (1 — CosSim(VL;(0),VL;(0))) -

In other words, optimizing the training trajectory towards a regime where CosSim(VL;(6),VL;(8))
are consistently high guarantees high closeness (i.e., small ||@ — 67 ||2). This “gradient similarity
upper bound” also provides an intuitive understanding of why closeness improves downstream gener-
alization. Suppose the high gradient similarity achieved among training tasks Sim(VL;(0), VL;(0))
successfully generalizes to the similarity between the training objective and the downstream task
Sim(V Lirin(0), VL7 (0)). This similarity directly represents the reduction in downstream loss after
a single gradient descent step on the training set (in the first-order sense):

L7(0) = LT(8 — 7V Lirain(0)) =YVLiin(0) ' VLT(0) +O(7%). (2

decrease of downstream loss after one GD step on training set

Therefore, we view gradient similarity CosSim(V L;(0), VL;(0)) as a strong proxy for parameter
closeness: it not only provides an upper bound, but also leads to the same beneficial effects on
downstream generalization. Given this strong connection, in the remainder of this paper, we use the
term “closeness” to refer to both parameter closeness and gradient closeness.

3.2. Optimizing Gradient Similarity via Nexus

However, directly optimizing gradient similarity involves the Jacobian-vector product:

Vo CosSim(VoLi(8), VoL; (6)) = (Ve Veﬁz‘(e)H )T | VoL;(0) Voﬁj(e)n )T ‘ VoLi(0)

+ (v :
IVoLi(6) Ve L;(0)]2 <6|\Ve£j(9) IVeEi(O)HzG)

To address this challenge, we propose the Nexus optimizer, which approximates the gradient
in Eq. (3) through a dual-loop mechanism. The complete procedure is outlined in Algorithm 1.
Conceptually, one should view each step in the outer loop as a standard parameter update, while the
K steps in the inner loop serve as a gradient approximator for Eq. (3). Specifically, for each outer
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Figure 3: Illustration of Nexus Algorithm. ~ denotes expected equality over task permutations.

iteration, we perform K normalized SGD steps (inner loop) to accumulate the approximated gradient
g;. This g; is then passed to the outer optimizer (e.g., AdamW [34, 45], SGDM [49]) to perform the
actual update. Theorem 7 demonstrates that Nexus maximizes gradient similarity.

Intuitive Understanding of the Inner Loop. Consider a simplified scenario with two loss
functions, £1 and Lo, as illustrated in Fig. 3. At the current parameter state 6; 9, a conventional
optimizer (e.g., AdamW, Muon) would simply aggregate the gradients as V.L;(60y) + VL2(0: ) for
the update. In contrast, the Nexus inner loop operates sequentially: it first takes a step using VL1 (6; )
to reach an intermediate point 6, 1, and subsequently evaluates the next gradient VL2(6; 1) at this
displaced location. As shown in the figure’s equations, this sequential trajectory is mathematically
equivalent to a conventional update plus a “Nexus regularizer”. Crucially, this regularizer naturally

. . [
yields a Jacobian-vector product <V9t’0 HVV é 2((0:’00))”2) HVV EEI 1(590:60))||2
gradient similarity (in the first-order and expectation sense). Consequently, the nexus pseudo-gradient
g produced by the inner loop effectively serves as the sum of the gradient of the pretraining loss and
the gradient of the gradient similarity defined in Eq. (3).

We adapt Nexus to practical pretraining in Appendix B.1 such that it introduces no additional
computational overhead. Refer to Appendix B for the experimental results.

, which equals the gradient of the

4. Conclusion and Limitation

In this work, we investigate the geometric closeness of task-specific minimizers in LLM pretraining
and establish its strong correlation with downstream generalization. To optimize this closeness, we
propose the Nexus algorithm, which maximizes gradient similarity across tasks. We demonstrate that
this gradient consensus generalizes to unseen tasks, thus translating into reduced downstream losses
and superior benchmark performance. As the LLLM scaling paradigm transitions from compute-
bound to data-bound, we argue that explicitly engineering the implicit biases of optimizers to unlock
generalization serves as a critical frontier for developing more capable language models.

Limitations. Despite its empirical success with AdamW, Nexus is currently incompatible with
the Muon optimizer. Specifically, Muon-Nexus underperforms AdamW-Nexus on downstream tasks
due to optimization deceleration (in contrast to the slight acceleration observed with AdamW, see
Appendix C.2). We hypothesize this stems from numerical sensitivities involving the pseudo-gradient
coefficient v (Eq. (57)) or complex interactions with Muon’s Newton-Schulz iterations. Resolving
this challenge remains an active direction for future work.
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Appendix A. Extended Background and Setup
A.1. Related Work

Pretraining Optimizers. Various optimizers have been proposed for LLM pretraining, such as
AdamW [34, 45], Muon [30], Lion [9], SOAP [74], Sophia [42], MARS [83], Adam-mini [36],
Cautious [40], and Scion [56]. Most of these optimizers primarily focus on achieving faster opti-
mization and accelerating the convergence of the pretraining loss. In contrast, our work focuses on
the generalization aspect, aiming to achieve better downstream task performance under the same
pretraining loss. Since Nexus serves as a gradient approximator prior to the optimizer update, our
method is largely orthogonal to the choice of the base optimizer and may be used in conjunction with
these existing optimization algorithms.

Implicit Biases. Implicit bias is a well-studied topic in deep learning theory, as it is closely
related to downstream generalization, especially under the zero training loss or same pretraining
loss [3, 21, 24, 28, 37, 39, 43, 47, 66]. Our work differs from previous studies in two main aspects.
First, we focus on gradient and parameter closeness, whereas previous studies primarily investigate
sharpness and margins. Second, we evaluate our method in modern auto-regressive LLM pretraining
settings, as opposed to standard CNN, DNN, BERT or adversarial attack [7]. A concurrent work [75]
also demonstrates improved downstream performance at the same pretraining loss in auto-regressive
LLMs, but their approach relies on flatness rather than closeness.

Meta-Learning and Decentralized Learning. The nested inner-outer loop optimization struc-
ture utilized by Nexus has been extensively explored in fields like meta-learning [19, 20, 38, 52, 60]
and decentralized learning [32, 36, 48, 68]. However, rather than aiming for few-shot fast adapta-
tion during SFT or communication efficiency, our work repurposes this structure with two distinct
contributions. First, we provide a rigorous mathematical characterization demonstrating that this
inner-outer loop mechanism inherently optimizes gradient similarity (Theorem 7 and Appendix C.5).
Second, we apply this mechanism to LLLM pretraining, demonstrating its empirical value in achiev-
ing better downstream task performance under the same pretraining loss. Due to these different
objectives, the practical algorithmic designs also diverge. For instance, while some meta-learning
methods can flexibly incorporate momentum in the inner loop, the inner update in Nexus must strictly
remain a memory-free step (such as vanilla or normalized SGD, see Appendix C.5); otherwise,
historical momentum would unequally weight the first-order loss gradients from different steps. We
believe other structural algorithms from the meta-learning literature, such as meta-optimizers [1, 61],
hypernetworks [23], and meta-learned data weighting schemes [63, 64], might also yield unexpected
implicit regularization benefits when applied to large-scale pretraining, which we leave as an open
direction for future work.

A.2. Notations

The primary mathematical notations for data mixtures, loss functions, geometries, and optimization
dynamics are summarized in Tab. 1.

A.3. Assumptions

The main assumptions used in our analysis are outlined below [11, 78]. Additional assumptions
required for specific analyses will be stated in the respective theorems.
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Table 1: Summary of key notations used in this paper.

Notation Description
Data and Loss Functions
K Total number of distinct pretraining data sources (tasks).
g Sampling probability (data mixing ratio) for the k-th data source.
L(0) The expected / empirical loss on the k-th source task.
Lirain(0) The averaged pretraining loss: Zle Lr(0).
L7(0) The loss on an unseen downstream evaluation task 7.

Geometric and Statistical Variables

The converged parameter state that minimizes Lyqin.

train
Sk, ST The set of local minimizers for task & and downstream task 7, respectively.
0;,03 The specific local minimizer in Sy or S7 closest to the current parameter.
m The statistical center of task-specific minimizers: E[6}].
o? The intrinsic variance (Closeness) of task-specific minimizers: E[||0} — p||3].

Optimization and Nexus Variables

0% The inner learning rate (step size) used in the Nexus gradient approximator.
ag; The Nexus pseudo-gradient (displacement) passed to the outer optimizer.
CosSim(x,y) The cosine similarity between two vectors: m
Sii(0) Shorthand for gradient similarity: CosSim(VL;(0), VL;(8)).

Assumption 1 (Bounded Gradients) For all tasks i € [1, K] and parameters 6 along the opti-
mization trajectory, the gradient norm is strictly bounded from below and above:

0 < Guin < [|VLi(0)]2 <G
This ensures that the Normalized SGD step in Nexus is always well-defined and numerically stable.

Assumption 2 (Smoothness and Bounded Curvature) The loss function L; is L-smooth, mean-
ing its Hessian spectral norm is bounded from above. Furthermore, within the local basin of
attraction [0, 0], the curvature is strictly lower-bounded by \pin > 0:

Mnin < 0t (@ V2Li(€)u) < [V2L(O)]2 < L
£€(6,6;]

where w is any unit vector. Prior literature extensively characterizes the local loss landscape of

deep neural networks as exhibiting high quadraticity, particularly along meaningful optimization

trajectories [8, 35, 76]. Consequently, under the standard premise that the loss landscape can be

locally and directionally approximated by a quadratic function, this bounded curvature condition

should not be viewed as a restrictive assumption.

Assumption 3 (Hessian Lipschitz Continuous) The Hessian matrix is p-Lipschitz continuous. For

anyparameters r,y.
IV2Li(x) — V2Li(y)ll2 < plle — yll2
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Algorithm 1 Standard Pretraining Algorithm 2 Nexus (Engineering Adaptation)
Require: model, loader Require: model, loader, opt_outer, accum_steps
Require: opt_outer (e.g., AdamW) 1: inner_model < model.clone ()
Require: accum_steps 2: opt_inner <~ NSGD (inner_model)

1: for i, batchin loader do 3: for i, batchin loader do

2: {Mini-batch Step} 4: L < inner_model (batch)

3 L < model (batch) 5: L.backward ()

4 L.backward () 6: opt_inner.step/()

5 if 1 % accum_steps == 0 then 7. ifi % accum_steps == 0 then

6 { Accumulation Step} 8: g < inner_model — model

7 opt_outer.step() 9: opt_outer.step (grad=—g)

8 opt_outer.zero_grad() 10: inner_model < model.clone ()

9 end if 11:  endif

10: end for 12: end for

Figure 4: Comparison of Standard Pretraining and Nexus Engineering Adaptation. Left:
Standard training accumulates gradients over multiple mini-batches before performing a single
optimizer update (at the micro-batch/accumulation step). Right: We adapt Nexus from Algorithm 1
to pretraining by keeping an auxiliary inner_model. It performs immediate updates on the
inner_model at every mini-batch step. At the accumulation boundary, the total displacement
(inner_model — model) serves as the pseudo-gradient g for the outer optimizer.

Appendix B. Experiments

In this section and Appendix I, we validate that Nexus achieves nearly the same pretraining loss
while delivering better downstream performance through comprehensive experiments across various
datasets, learning rate schedules, model scales, token scales, and SFT. Due to page limits, extensive
additional results and ablation studies are presented in Appendix 1.

B.1. Adapting Nexus to Practical Pretraining

Motivation. While Nexus effectively maximizes gradient similarity, directly applying Algorithm 1
to pretraining requires computing gradients for every data source to perform a single effective outer
update. In pretraining, the number of data sources is typically large (e.g., K > 50), which would
result in an effective batch size that differs significantly from standard settings [31, 77]. This prevents
us from leveraging established hyperparameters, thereby increasing tuning costs and preventing the
wide application. To address this, we propose an engineering adaptation. As shown in ??, standard
pretraining can be viewed as a gradient accumulation workflow: it computes gradients in every
mini-batch and performs an optimizer update in every accumulation step.

Adapted Nexus. Leveraging this structure, we adapt Nexus as illustrated in Fig. 4. Specifi-
cally, we introduce an auxiliary inner_model. For each mini-batch, we perform an immediate
Normalized SGD (NSGD) update on this inner model to approximate the hessian-gradient product.
Upon completing the accumulation steps, we compute the displacement between the inner model
and the frozen main model, using this displacement as the pseudo-gradient g for the outer optimizer.
Therefore, our adapted Nexus actually maximizes the cosine similarity between mini-batches within a
single accumulation step. Since the pretraining corpus is typically vast and the mixing ratio for each
source is typically low, two consecutive mini-batches are highly likely to be sampled from different
sources. Thus, this approach effectively achieves the objective of Algorithm 1.
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Table 2: Main Results. Nexus achieves nearly identical pretraining losses compared to the base
optimizers, yet demonstrates superior performance across downstream losses and benchmarks.

Model Optim. Metric Loss Metrics (/) Gen. Reasoning Math Code Avg.
Pretrain. OOD MMLU GPQA GPQA-D BBH GSMS8k MATH HumanEval MBPP  All

Acc. (1) 321 250 218 296 180 130 190 170 219

AdamW ooy 1826 14335563 0001 2124 1640 1429 1204 1270 2.035 1786

1B Acc. (1) 335 304 218 293 200 130 190 220 236
Nexus ) oy 826 1428 5316 2201 2102 1638 1396 1176 1261  1.977 1.758
e, ACe (D - 414 54 00  -03 420 00 0.0 +5.0 +17
MPTOY Y oss (1) 0.000 +0.005 +0.047 +0.020 +0.022 +0.002 +0.033 +0.028 +0.009  +0.058 +0.027

Acc. () 478 328 226 366 440 320 430 380 37.1

AdamW ) ooy 1006 1302, oes 2005 1910 1534 1250 1054 1116 1922 1.633

3B Acc. () 489 296 234 366 590 400 470 380 403
Nexus ) oy 1602 12905100 1981 1881 1504 1227 1.026 1086 1921 1.601

; Ace. () - - 411 32 408 00 +150 +8.0  +4.0 0.0 +3.2
MPTOV:- 1 oss (1) +0.004 +0.012 +0.086 +0.024 +0.029 +0.030 +0.032 +0.028 +0.030 +0.001 +0.032

Clarification on NSGD Normalization. Note that we apply per-param normalization rather than
normalizing the globally flattened gradient vector. Mathematically, this adapted Nexus maximizes the
sum of per-matrix gradient similarities ), CosSim (V) Li, Vi) L) (see Appendix C.5), rather
than the global gradient similarity CosSim(VL;, Vg L;). This design choice is primarily motivated
by the theoretical insights of P [80-82] and recent practical wisdom [44] on controlling the RMS
norm of each update, which potentially enables more stable optimization and better hyper-parameter
transfer across different model scales.

Remark. Our adapted Nexus incurs almost no extra computational cost. The total number of for-
ward and backward passes remains exactly the same as standard pretraining. The only computational
overhead comes from the copy and update of the inner model, but this is negligible compared to the
forward-backward pass [31]. The only memory overhead comes from the inner model, but this can
be reduced to nearly zero through techniques like CPU offloading and asynchronous processing.

We employ Fig. 4 for all experiments, with the exception of specific ablation studies. Readers
may proceed directly to Appendix B. In Appendix C, we also provide a theoretical analysis of
Nexus’s convergence speed and discuss its implications for standard Normalized SGD.

B.2. Experimental Settings

Our experimental setup strictly follows the protocols in Wen et al. [77]. We train Llama-architecture
models ranging from 130M to 3B parameters. We mainly pretrain on a strictly cleaned, high-quality
in-house corpus for experiments on other datasets). For evaluation, we track the OOD validation loss
alongside 8 benchmarks. To ensure fair comparison, Nexus and all base optimizers strictly use the
exact same optimal hyperparameters identified in Wen et al. [77] without any Nexus-specific tuning.
See Appendix 1.1 for detailed configurations.

B.3. Main Experimental Results

Settings. We train 1B models by 4 x Chinchilla and 3B models for 2x Chinchilla tokens using the
standard AdamW baseline and AdamW equipped with our Nexus regularizer (Nexus).
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Figure 5: Performance across Model Scales. The relative gains of Nexus amplify as model capacity
increases, growing from +0.8% on the 130M model to +3.2% on the 2.3B model.

Nexus achieves Same Pretraining Loss, Better Downstream Task. As detailed in Tab. 2,
Nexus strictly satisfies the “same pretraining loss” condition, showing an immaterial difference
of 0.004 compared to the baseline. Despite this parity in pretraining loss, Nexus demonstrates
substantial improvements across nearly all evaluated out-of-distribution and downstream metrics.
Specifically, it reduces the OOD validation loss by 0.012 and yields significant accuracy gains on
complex reasoning benchmarks, including a +15.0% improvement on GSM8k, +8.0% on MATH, and
+4.0% on HumanEval. These consistent gains across diverse domains validate our core hypothesis:
optimizing closeness unlocks downstream generalization in the same pretraining loss regime.

Comparison of Muon and Nexus. Compared to the standard AdamW baseline, Muon reduces
the pretraining loss by 0.029 and improves the average downstream accuracy by 2.3%. In contrast,
Nexus achieves a negligible 0.004 reduction in pretraining loss yet yields a 3.2% improvement in
average downstream accuracy, reaching a downstream performance level comparable to Muon (see
Tab. 10). This observation indicates a divergence in their optimization pathways: while Muon’s
downstream improvements rely primarily on achieving a lower pretraining loss, the gains from Nexus
stem from its implicit bias despite maintaining a nearly identical pretraining loss as AdamW.

Output Analysis. Compared to the AdamW baseline, Nexus improves accuracy by 15.0% on
GSMB8k, 8.0% on MATH, and 4.0% on HumanEval. To investigate these improvements, we analyze
the model outputs on these benchmarks. We observe that the set of correctly answered questions by
Nexus is almost a strict superset of those answered correctly by AdamW. Specifically, on GSM8k and
HumanEval, Nexus retains a >95% retention rate on the questions already solved by AdamW, while
the 15.0% net improvement stems entirely from exclusively solving previously failed questions. This
behavior indicates that the performance gain provided by Nexus over the base optimizer is stable,
expanding the capability boundaries without regressing on previously learned knowledge.

B.4. Scaling Analysis

Motivation. We investigate the scalability of Nexus on model size and training duration (tokens).
Prevailing literature suggests that implicit regularization becomes more prominent with overparame-
terization and extended computational budgets, since sufficient expressive power and optimization
steps grant the model the flexibility to satisfy the geometric implicit bias without compromising
the minimization of the pretraining loss [0, 47, 50, 57, 66, 76, 84]. Since Nexus operates via such
implicit bias, we hypothesize that its downstream benefits will also amplify at larger scales.
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Table 3: Gradient Similarity, Loss, and Benchmarks. Nexus achieves higher gradient similarity
between the pretraining and downstream corpus. Consistent with Eq. (2), this first-order gradient sim-
ilarity translates to lower zero-th order downstream losses, yielding better downstream performance.

Pretrain Set OOD Set GPQA-D GSM8k Math500 HumanEval MBPP

Metric Optim.
Grad Sim. (1 AdamW  0.4499 02228 00824  0.0374  0.0422 0.0367  0.0091
. Nexus 0.4661 02464  0.0924 00325  0.0427 0.0382  0.0092
P a () AdamW 1.452 2812 4500 3418 3775 4472 3.645
aram. tloseness. Nexus 1.441 2.806 4.482 3326 3.766 4.444 3.648
Loss (1) AdamW 1.606 1.302 1.910 1.259 1.054 1.116 1.922
088 Nexus 1.602 1.290 1.881 1.227 1.026 1.086 1.921
AdamW R - 2.6 44.0 32.0 43.0 38.0
Benchmark (1) Nexus - - 234 59.0 40.0 47.0 38.0

Settings. We evaluate models across five distinct sizes ranging from 130M to 2.3B as outlined in
Appendix 1.1. To evaluate scalability with respect to tokens, we extend the training duration of the
3B model from the standard 2x Chinchilla optimal token count to 4x Chinchilla optimal. Please
refer to Appendix 1.2 for the detailed hyperparameters of each experiment.

Universal “Same Pretraining Loss, Better Downstream’. As shown in Tab. 9 and Fig. 5,
Nexus consistently maintains the pretraining loss within a negligible margin (defined as A < 0.01
in Appendix I.1) compared to the baseline, satisfying “same pretraining loss”. Despite this parity
in pretraining loss, Nexus achieves non-trivial loss reduction on nearly all downstream tasks. For
instance, at the 1.2B scale, Nexus reduces MMLU loss by 0.086, and both BBH and HumanEval
losses by 0.03, more than 7 times larger than the pretraining loss gap.

Performance Gains Amplify with Scale. We observe that the relative advantage of Nexus over
the AdamW baseline expands monotonically as model capacity increases: the average benchmark
improvements across the five scales are +0.8% (130M), +1.5% (300M), +1.7% (520M), +2.6% (1.2B),
and +3.2% (2.3B). This demonstrate that Nexus scales favorably with model capacity, effectively
leveraging the increased expressive power to enforce the geometric closeness bias.

The advantage of Nexus does not diminish with more training tokens. As shown in Tab. 8,
the overall performance gap between Nexus and AdamW does not shrink with more tokens; Nexus
at 4x Chinchilla achieves an average accuracy of 41.7, effectively maintaining and even slightly
widening its substantial lead over the baseline.

B.5. Training Dynamic of Nexus

Settings. We analyze the training trajectories of the 3B AdamW and 3B Nexus models from
Appendix B.3. During pretraining, we record the gradient cosine similarity between test set and each
downstream corpus every 1,000 steps and compute the average gradient similarity. After pretraining,
we perform full batch GD using AdamW with learning rate 2 x 10~° and weight decay 0 on each
downstream task L7 to locate the respective task-specific minimizer 6.

Nexus Encourages Training Set Closeness. As demonstrated in Tab. 3, Nexus effectively
increases the gradient similarity across the pretraining set, E;«;[CosSim(V L;, VL;)], compared to
the base optimizer, as analyzed in Theorem 5 and 7.
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Figure 6: Ablation Studies. (a) Implicit biases of various optimizers, shown by pretraining vs.
downstream loss correlation. (b) Pretraining loss of Nexus-Dot, showing the unnormalized dot
product disrupts loss minimization. (c) Loss landscapes of Adam and Nexus.

Training Set Closeness Generalizes to Downstream Closeness. Fortunately, this gradient close-
ness generalizes beyond the pretraining corpus to unseen downstream tasks 7, effectively increasing
the similarity between the training objective and the downstream task, CosSim(V Liin, VL7T).

Downstream Closeness Yields Smaller Downstream Loss and Better Performance. Since
this gradient similarity CosSim(V Lain, VL7) generalizes, optimizing the pretraining objective
inherently optimizes the downstream tasks, as indicated by the first-order approximation in Eq. (2).
This gradient closeness translates into lower downstream losses and better benchmark performance.

Empirical Landscapes Align with Fig. 2. As shown in Appendix B.6, Nexus reduces the
downstream loss L7(0.,;,) by decreasing the geometric distance ||03- — ., ||2 to the task-specific
minimizer. This observation matches the analyses in Theorem 2 and 6. While Nexus reduces
this distance, it does not cause all minima to nearly intersect as depicted in Sec. 1—which would
theoretically yield a nearly 0% OOD error. Instead, it achieves a moderate reduction, leading to a
proportionally lower downstream loss. We hope future work can design stronger Nexus capable of
approaching this extreme closeness without significant computational overhead.

B.6. Implicit Biases of Other Optimizers

Motivation. To explicitly demonstrate the "same pretraining loss, better downstream task", we
visualize the correlation between pretraining and downstream losses, using the results of AdamW,
Muon, and AdamW-Nexus from Appendix B.3. We plot the averaged downstream loss (y-axis)
against the pretraining validation loss (x-axis) at corresponding checkpoints. The results are presented
in Appendix B.6.

Muon does not possess a superior implicit bias. As illustrated in Appendix B.6, the curves for
Adam and pure Muon almost completely overlap. This indicates that despite its orthogonalization
mechanism, Muon seems not to introduce a favorable implicit bias for downstream generalization
beyond what is explained by the pretraining loss itself, aligns with the findings in Wen et al. [77].

Implicit bias does not stem from gradient normalization. To further isolate the source of
Nexus’s generalization benefits, we conduct an ablation study where the normalized gradient g/||g||2
is directly fed into the Adam optimizer instead of the raw gradient g. The results are shown as the
NSGD curve in Appendix B.6. This variant still fails to introduce any favorable implicit bias, which
closely overlaps with the standard Adam baseline.
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Appendix C. Additional Discussions

C.1. Closeness Improves Out-of-Distribution Generalization

*

Eq. (1) indicates that minimizing ||6;;;, — 6|3 directly boosts downstream generalization; however,
it would also achieve a lower pretraining loss if the intrinsic task losses £ () and flatness remain
unchanged. In this section, we show that even at the same pretraining l0ss Liin, a “close” minimizer
(Sec. 1) yields better downstream generalization compared to a “distant” minimizer (Sec. 1).

The core intuition is that as long as the loss landscape is locally and directionally strongly convex
along the directions of interest, improved closeness inherently lowers the generalization gap due to
reduced task variance (see Theorem 6). We substantiate this intuition under a simplified quadratic
setting in the main text:

Theorem 2 (Generalization of Closeness in the Quadratic Case) Assume the pretraining tasks
{,Ck}kK:l and the downstream task L are i.i.d. sampled from a task distribution P. Locally, assume
each task is a quadratic function L(0) = || — 6% |3 + ¢, where the task-specific minimizers have
a spatial variance of 0* = E[||0} — pl|3].

For any converged parameter 8}, . that achieves a fixed total pretraining 10Ss Liain(0},4in) =
Chrain, the expected downstream loss on an unseen task T ~ P is strictly decoupled into the
pretraining loss and a variance-dependent gap:

. a
Erp [ﬁT(etmin)] = Clrain + ?0'2- “4)

Therefore, explicitly optimizing the closeness o to reduce the task variance may be beneficial
for downstream performance.

C.2. Convergence Rate of Nexus

All of our analyses are based on the assumption that Nexus should not be slower than its base
optimizer. This ensures that both can achieve the "same training loss," allowing the implicit bias
of Nexus to subsequently achieve "better downstream performance." One might concern that since
Nexus optimizes two joint objectives (see Theorem 5 and 7), it may be slower than its base optimizer.
Consequently, the downstream gains might not offset the speed loss, potentially leading to worse
overall downstream performance.

Fortunately, this concern does not hold in practice. Empirically, across all experiments, Nexus
is not slower, and sometimes even slightly faster, than its base optimizer (see Appendix B). Intu-
itively, Nexus makes the gradients of each £; similar; thus, optimizing £; effectively optimizes L;
simultaneously, as analyzed in Sec. 3.2. This "constructive interference" can lead to slightly faster
convergence.

We can also adopt the framework of Johnson and Zhang [29] (assuming each L£; is L-smooth
and p-strongly convex) to obtain further theoretical intuition. In this setting, standard SGD typically
achieves only an O(1/T') convergence rate. However, if Nexus succeeds in finding a region where
these tasks share common minimizers, it can achieve exponential convergence:

Theorem 3 Suppose each L; is L-smooth and i-strongly convex. That is, for any 01, 82, we have:

L
Li(01) < Li(02) + Vﬁi(GQ)T(Hl —07) + 5”91 — 02“%, )
Li(61) > Li(62) + VL:(62)T (61— 02) + 561 — 05 3.
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Additionally, assume there exists a common minimizer 0* such that VL;(0*) = 0 for all i € [K].

Then, for the sequence {0y, 01, ...,07} generated by Nexus with step size vy € (0, LL—HL)’ we have:
2yuL\ " 2
E[|l6r —0*]]?] < (1 - = 0y, — 0%~ 6
llor —6017 < (1= 742 jou - 07| ©
Specifically, setting v = LL‘HL and defining the condition number k. = L/, we obtain the convergence
rate: -
A R e I T )
“\k+1

Therefore, if Nexus guides the parameters into a locally convex and smooth regime where a
common minimizer exists, it guarantees exponential convergence.

C.3. Implicit Bias of Normalized SGD

Interestingly, Nexus also offers a novel perspective on the success of Normalized SGD (NSGD).
We observe that NSGD can be mathematically interpreted as a special case of Nexus, revealing that
NSGD does not merely minimize the scalar loss but also implicitly optimizes gradient closeness.
This implicit regularization provides a geometric explanation for why NSGD often generalizes better
than standard Gradient Descent.

Theorem 4 (Implicit Bias of NSGD) Ler {0, } be the sequence generated by Normalized SGD with
learning rate ~y. This sequence implicitly minimizes the following expected joint objective:

Insp(0) = Egp[L(2x;0)] — lEm

5 CosSim(VL(x;0),VL(z';0))], (8)

,m’l}iad’D[

G2,

min

subject to a discretization error bounded by % (M) 3.
Proof A sequence of n updates of NSGD is algebraically equivalent to performing Nexus with &
inner steps (using NSGD) and n/k outer steps (using SGD with step size 1). By Theorem 7, the

magnitude of the gradient alignment signal scales as S (k) ~ 72@

bounded by N (k) < ¢ (%) k3~3. Defining the signal-to-noise ratio as p(k) = S(k)/N (k)
and maximizing it with respect to k yields k = 2. Thus, viewing the NSGD updates through the lens
of Nexus with k£ = 2 yields the stated results.

, while the residual error is

C.4. Other Approximators for Hessian Gradient Product

While the Hessian-vector product can theoretically be implemented via the Jacobian-vector prod-
uct (JVP) in PyTorch [55] with only a constant factor of computational overhead, implementing
exact Hessian-gradient products in practical LLM pretraining remains prohibitive. First, standard
Hessian-vector product implementations are often incompatible with memory-efficient kernels like
FlashAttention [15, 16] (which typically do not support second-order differentiation efficiently),
leading to significantly higher memory usage and computational costs. Second, the constant margin
of memory overhead poses significant infrastructure challenges for large-scale distributed training.

21



NEXUS: SAME PRETRAINING LOSS, BETTER DOWNSTREAM GENERALIZATION VIA COMMON MINIMA

Algorithm 1: Standard Nexus Algorithm

Require: Initial params 6, losses {£;}X | total iterations 7.
Require: Optimizers: Opt;, .. (Normalized SGD), Opt (e.g., AdamW). Inner learning rate .
I: fort =1to 7 do
0;0 < 6;_1 {Initialize inner loop}
for m =1to K do
Sample task index s, ~ Uniform({1,..., K})
g <— VESm (Ot,m—l)
Ot < Ot 1 — - ﬁ {Update inner trajectory}
end for
gt < 0:0 — 0; xk {Compute Nexus pseudo-gradient}
9: 6 < Optyyer(0:—1, G¢) {Outer-update }
10: end forReturn: 0

outer

Moreover, the Nexus algorithm exhibits a beneficial third-order effect. It actively seeks regions
where gradients are not only aligned but also locally flat along the gradient dimension. This ensures
that the gradient alignment property remains stable across a larger regime.

Theorem 5 (Nexus Maximizes Stability of Closeness) Assume the existence of constants Gin, L, p >
0 as in Theorem 7, and let M3 be a constant such that V3L;(0)[u, v, w] < Ms for any unit vectors
u,v,w. Then, the sequence {0} generated by Algorithm 1 effectively minimizes the following
third-order objective:

(K —1)2K —1)
12K2

T3ra(0) = T2na(0) + D VLi(0) VPL(0)VL,(6). )

(5
The approximation error is bounded by:

R M. MsL MsL?
Esa = ||E[Gt]) — VTl < (3 + 3 > K4yt 4 W

5.5 _ 4

Therefore, the third-order effect of Nexus works like a kind of "Multi-Task SAM": it minimize
the directional sharpness along different tasks, leading to flatter landscape.

C.5. Extension to Generalized Similarity Metrics

In the main text, we primarily instantiate the Nexus algorithm using Normalized SGD (NSGD) in
the inner loop, which implicitly maximizes the cosine similarity between task gradients. However,
the theoretical framework of Nexus is highly adaptable and can be naturally extended to optimize a
broader class of generalized similarity metrics.

Consider an arbitrary gradient transformation function ® : R¢ — R?. We can define a generalized
gradient similarity metric between two tasks as the inner product of their transformed gradients:

Simg(VLi(0),VL;(0)) = (P(VLi(0)),P(VL;(6))). (11)

To explicitly maximize this generalized similarity, we simply replace the normalized gradient in
the Nexus inner loop with the generalized transformation ®. The inner update rule becomes:

ot,m = ot,m—l - ’Y@(Vﬁsm (et,m—l))' 12)
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Following the exact same Taylor expansion logic derived in Eq. (3), when we evaluate the
transformed gradient of task j at the displaced parameter state caused by task ¢, we obtain:

D(VL;j(6:,1)) — D(VLj(010)) = (Vo P(VLj(0:0))) (011 — 0:0) + O(F°)  (13)
= —7 (Voo ®(VL;(60:0))) ®(VL;(010)) + O(*) (14)
£ f%vgsm@(vci(ew), VL;(0.0)) + O(+2). (15)

This derivation demonstrates that for any choice of the transformation function ®, the sequential
evaluation mechanism of the Nexus inner loop inherently constructs a Jacobian-vector product that
aligns with the gradient of the generalized similarity metric Simg.

Consequently, the generalized Nexus algorithm guarantees convergence towards a region where
Simg is maximized (in the first-order and expectation sense). This provides a unified theoretical
framework:

* When ®(VL) = VL, Nexus recovers the maximization of the unnormalized dot product (as
empirically analyzed in the Nexus-Dot ablation).

* When (VL) = AVL (where A is a full-rank matrix), Simg induces a valid Mahalanobis
inner product, evaluating geometric consensus within a strictly defined Hilbert space. For
non-linear ®, Simg acts as a kernel function, implicitly mapping gradients to seek consensus
within a Reproducing Kernel Hilbert Space (RKHS).

* When ®(VL) = %, Nexus recovers the standard cosine similarity maximization.

* Other choices of ® (e.g., (VL) = sign(VL) or orthogonalized gradient in Muon [30]) could
potentially be explored to enforce different geometric consensus biases across tasks, expanding
the toolkit for implicit regularization in other settings.

C.6. Cosine Similarity Instead of Dot Product Similarity

Although as discussed in Sec. 3, the dot product similarity of gradients offers a more direct theoretical
connection—yielding a tighter bound for parameter closeness (Theorem 1) and a more straightforward
interpretation for downstream generalization (Eq. (2))—it proves practically challenging to optimize.

This difficulty primarily arises because the dot product objective introduces a pathological
optimization shortcut. Specifically, the dot product is highly scale-dependent: if the overall loss
magnitude scales by a factor of k, the gradient norm scales proportionally by k, causing the dot
product similarity to artificially inflate by a factor of k2. Consequently, directly maximizing the dot
product severely disrupts the primary minimization of the pretraining loss, as the optimizer may
exploit this shortcut by inadvertently increasing the gradient norms rather than discovering genuine
task consensus.

As demonstrated in Appendix B.6, the optimization trajectory of Nexus-Dot lags significantly
behind the standard Adam baseline. The resulting degradation in pretraining loss heavily outweighs
any potential generalization benefits conferred by its implicit bias. Therefore, we adopt cosine
similarity (via normalized gradients) as our primary regularization objective in this work. Note
that the progressive deceleration of Nexus-Dot observed in Appendix B.6 is a persistent geometric
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Algorithm 2: Generalized Nexus Algorithm

Require: Initial params 6y, losses {Ez}fil total iterations 7.
Require: Gradient transformation function ® : R — R,
Require: Optimizers: Opt;, .. (Memory-free update via @), Opt,
rate .
1: Implicit Objective: Maximize expected generalized similarity E; ;[(®(VL;(0)), 2(VL;(0)))].

(e.g., AdamW). Inner learning

outer

2: fort =1to 7T do
0;0 < 0;_1 {Initialize inner loop}
for m =1to K do
Sample task index s, ~ Uniform({1,..., K})
g < v£sm (et,mfl)
0:m < 01m—1 — v - ®(g) {Update inner trajectory with ®}
end for
gt < 0:9 — 6; i {Compute generalized pseudo-gradient}
10: 6 < Opt, e (0:—1, g¢) {Outer update }
11: end for
12: Return: O

R A

phenomenon, occurring consistently regardless of the learning rate scheduler or the choice of base
optimizer (e.g., AdamW or Muon). Due to space constraints, we selectively present the ablation
results for the 3B model with Adam, corresponding to the main setup in Appendix B.3.
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Appendix D. Proofs for Closeness Improving Generalization
D.1. Proof for Theorem 2

Proof First, solving the stationarity condition V ) £;(8) = 0, we obtain the closed-form solution
for the converged parameter: 0. = % Zé(:l ;.
The training loss at this optimum is given by:

K
1
LiinOin) = = Y (5 100in = 0113 + ¢) = Cran. (16)
k=1

From this, we can express the intrinsic loss constant ¢ (which represents the "depth" of the minima)
in terms of the fixed training 108s Cipain:

2
Cc= Ctrain - K Z ||0tram 9;;“2 (17)
Now, consider the loss on a new downstream task 7 with minimizer 91‘} ~ P:

'C (0:;'2111’1) - Hetrain 0;’”% +c. (18)

Substituting ¢, the generalization gap becomes:

ET(etrain) Ctram = (ietrain GTHQ K Z Hetrain 0;“%) : (19)
Taking the expectation over the task distribution P, and utilizing the property of variance for i.i.d.
Samples (Where Eiiietram 0;—”2} = (]' + K)U and Ei Z ||9tram OZH i K 1 2)
N a 1 K-1 a
EiﬁT(atram)] - Ctrain = 5 <<1 + K) 2 K 0'2> = ?0'2. (20)

This concludes the proof. It explicitly shows that for a fixed training loss budget Ciyqin, the general-
ization error scales linearly with the task variance 2. |

D.2. Proof for Theorem 6

Theorem 6 (Generalization of Closeness beyond Quadratics, Proof in Appendix D.2) Let 0* be
a specific local minimizer of the population loss Ep.p[L(0)]. For any task L sampled from P,
let 0} = argminges, ||6* — 0||2 be its corresponding local minimizer. Assume that for any
task L ~ P, the loss function is locally and directionally strongly convex along the segments
[07,0%], ie, Amax > w ' V2L(E)u > Apin > 0 for any € € [07,0%] and any unit vector
u € span{0* — 0% | L ~ P}. Let p = E[0F] and o* = E[||0} — p||3]. Assuming the sta-
tistical independence between the task flatness NV>Lz (&) and the task closeness 07 across the
distribution P. Conditioned on achieving a fixed training loss Ciyain, the expected out-of-distribution

generalization error of the converged training parameter 0y, ,; is bounded by:
2
Amax ((ﬁm) + i)
ETNP [‘CT(G;(UH)] - Ctrain S 2K 0-2' (21)
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We now generalize the previous result to the general case. Assume that the pretraining tasks
{Ek}szl and the downstream task £ are sampled independently from a latent task distribution P.

Due to the over-parameterized nature of LLMs, the minimizers are not unique. To rigorously
analyze the closeness, we first define the set of local minimizers for the expected population loss:

Sp = {9 ]3¢ > 0,99’ € B(9), Erup[Lr(9)] < EroplLr(9)]} . (22)

Let 8* € Sp be one specific local minimizer of the population loss. This serves as the anchor point
for the basin of attraction.

We then define the task-specific minimizer 8}, as the projection of this population minimizer 6*
onto the set of local minimizers of task &:

0; = arg émgl |9 — 0%||]2, where S, denotes the set of local minimizers of L. (23)
€S

Given the distribution of these task-specific minimizers {6} }, we define their statistical center p
and intrinsic covariance X as:

pi=Eropl03], 3 :=E[0F —p) (07 —p)']. (24)

We also define the scalar intrinsic variance 0 = Tr(X) = E[||0; — p||3]. From this point forward,
our analysis focuses on the closeness to the statistical center , as E[@3- — u] = 0 holds by definition.

*

i Satisfies the stationarity condition:

Step 1: Estimation Error. The converged parameter 6

K
VLisain(Ofin) = 0 <= > VLi(O5y50) = 0. (25)
k=1
Applying the Mean Value Theorem, there exists &, € [07:,., 07] such that VL (07 . ) = V2L (€x) (0500 —
0;). Thus:
K K
> VLK) Opain — 1) = D VL(ER) (0] — ), (26)
k=1 k=1

We assume the local curvature is bounded: for any & and vector w, Apin||w||? < u' V2L (&)u <
Amax||w||?. Bounding the estimation error norm:

K
1500 — 1ll2 € > el 65 — il @7
K)\mll’l k=1
Taking the expectation (noting cross-terms vanish because E[#; — p] = 0) and defining k =
)\max/)\min:
I{2 2

E[|0fan — pl13] <

train

Vel (28)
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Step 2: The Intrinsic Loss Trade-off. We condition on the training loss achieving a fixed value
Cirain- By exact Taylor expansion around the task minimizers, the training loss is:

K

1
Coun = ~ ch ) = 5 2 ((C1000) + 56 — 00) V2L1(6) O 0 ) - 29

k=1

Taking the expectation over the task distribution, we can express the expected intrinsic loss exactly
as:

E[Ek(BZ)] - Ctrain - 3

K Z train v2£k(£k)( train 0;)] : (30)

Qirain (Expected Empirical Closeness Penalty)

We retain the term Qyin explicitly without approximation. This term represents the curvature-
weighted variance of the minimizers around the converged point.

Step 3: Downstream Generalization (Rigorous Matrix Derivation). Finally, we analyze the
expected performance on a downstream task 7 sampled from the same distribution P. We perform a
Taylor expansion of the test loss around the task-specific minimizer 8. Since VL7 (03) = 0, the
first-order term vanishes:

£T(9tra1n) £T(9T) (Ot*ram 0;’)Tv2£7’(£7~) (ettain - 0;’) . (31)

Taking the expectation over the task distribution, we define the expected test closeness penalty Qyeg::

1
E7 (L7 (8in)] = EILT(07)) + 5B | (B — 07) VLT (1) O — 07)] . (32)

Qtesl

Recalling the intrinsic loss trade-off from Eq. (30), we have E[L7(075)] = Cirain— Qirain- Substituting
this into the equation above yields the generalization gap decomposition:

[ET(etram)] = Ctrain + (Qtest - Qtrain)- 33)

Let H = Ep[V2L(€)] denote the expected Hessian matrix over the task distribution. Since tasks
are i.i.d., both training and test tasks share this expected geometry.

For the test term Qe We use the identity ' Az = Tr(Azz ). Replacing the specific task
Hessian with the expected Hessian H = Ep[V2L(€)]:

1 * * * *
Qtest = §T ( [(etram 07') (etram OT)T}) : (34)
We expand the covariance term fully around the statistical center p:
E | Oain — 07) Oin — 07) | = E [ (Bpin — 1) = (05 — 1) (O — 1) — (05 — 1)) |

- E[(G;am - )(ettam - )T] + E[(G;’ - :u‘)(eé’ - IJ’)T]

- E[(Gtram - M)(O'T - /"’) ] - E[(Gj;- - “)(O;ain - /"’)T]
(35)
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The cross-terms vanish strictly because 87 is independent of Btram and is centered at p (i.e., E[0% —
p] = 0 by definition of p). Substituting E[(62- — p) (0% — p) '] = X back:

1 1
Ques = 5Tr (B El(Opin — 1)(0iin — 1) ']) + 5 TH(ELD). (36)

For the training term Q.in, We consider the expected quadratic penalty averaged over the training
tasks. By linearity of expectation, we replace V2£;, with H exactly:

Qtraln - 2K ZE [ train ek)TH(géaln 01:)] . (37)

We apply the Generalized Centroid Property. For any positive semi-definite matrix H, the weighted
sum of squared errors is minimized by the mean 6. Thus, we have the rigorous lower bound:

K

Z(eéam ek)TH( train ek > Z 0 ek 0 Gk) (38)
k=1

We perform the matrix variance decomposition on the RHS by inserting pt:

K
> (6 —-6;)"H(6 - 6})

K Iz —p)— (0 —p
=1 (39
K K K
=Y (00— HO-p)+) (6; — ) HO; —p)—20-p)'HY (6; —p)
k=1 k=1 k=1
5,—/
K(0—p)

Simplifying the cross-term and combining with the first term:

K
> (6-6;) H(6 - 6;)
k=1
K
— KO0 —p) HO—p)+ Y (0; —p) 'H(O; —p) —2K(0 —p) ' H(O —p)  (40)
k=1
K
= (6; — ) "H(O; — p) — K(0 — p) TH(O — p).
k=1

Taking expectations and using the trace identity E[xz " Ax] = Tr(AE[zz ]):
* The first term: Zszl Tr(HE[(0; — u)(0; — p)"]) = KTr(HX).
* The second term (variance of the mean): E[(0 — p)(6 —p) '] = +X. Thus, KTr(H- %) =
Tr(HX).
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Combining these, the expected training penalty is bounded by:

1 _ _ 1 1 _
Qtrain > ﬁ (KTT(HE) - TI’(HE)) = 5 <1 — K> TI‘(HE). 41

Subtracting the two terms (Qgest — Otrain), the dominant term %Tr(I_{E) cancels out exactly. We
then bound the remaining terms using the spectral norm Ay ,x and the estimation error bound derived
in Eq. (28):

. 1 0 * * 1 — 1 1 _
ET[ﬁT(etrain)] — Clrain < (2TI'(H]E[( irain — ,u)(@tram — “)T]) + 2TI'(H2)> _ 5 <1 _ K) TI'(HE)

-5 (ﬁ " E[(Ouain — 1) (Oain — u)T]) + LA

2 train train oK

Amax * Amax
< 92 IEd:[Hotrain - ”H%} + 2K TI'(E)

Amax K 2 Amax 2
< i
=2 <K 7 > T

b\ 2
_ Amax(R741) 5

2K
(42)

This confirms that the generalization gap scales with O("%), driven by the intrinsic task variance and
the number of pretraining tasks.
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Appendix E. Proof of Theorem 1

In this section, we provide the detailed proof for Theorem 1, which bounds the closeness between
minimizers using gradient similarity.

Proof The proof proceeds in three main steps: (1) relating the closeness to the gradient norm via
the Mean Value Theorem; (2) exploiting the stationarity condition of the total loss to decompose
the gradient norms; and (3) bounding the cross-terms using the gradient upper bound and cosine
similarity.

Step 1: Relating Closeness to Gradient Norm. Recall that 8} is the projection of 8 onto the
global optimal set Sj;,. Since 8} is a minimizer, we have VL (6;) = 0. Applying the Mean Value
Theorem to the vector-valued function ¥ — VL (1), there exists a point £, on the line segment
connecting @; and @ such that:

VL(0) = VL(6;) = VL1(€:)(0 — 0)- (43)
Substituting VL (6;) = 0 and taking the norm:
IVLL(O)ll2 = IV L1(€x)(8 — 67)]l2- (44)

We assume the curvature condition where the smallest eigenvalue of the Hessian along the displace-
ment vector is bounded below by A > 0. Specifically:
0—0;

u;v2£k(£k)11/k > )\, where U = m
k

(45)

This implies || V2L (&) (0 — 6;)]l2 > A||@ — 0} ||2. Rearranging this inequality gives an upper
bound on the closeness: )
16 = Okll2 < TIIVLL(O)]2- (46)

Squaring and averaging over all K tasks yields:

K K
1 *(12 1 2

< — .
e 1;:1 16 — 65 < 2 1;:1 IVLL(0)]2 (47)

Step 2: Force Balance Decomposition. Since 0 is the converged parameter for the total loss, it
satisfies the stationarity condition:

K
> VL) =0. (48)
k=1
We analyze the squared norm of this sum, which must equal zero:
K 2 K
S VLHO)| =D IIVLO)5+ D VL) VL;(0) =0. (49)
k=1 2 k=1 i#]

By rearranging terms, we obtain an exact identity relating the sum of squared gradient norms to the
negative sum of cross-task inner products:

K
S IVERO)E =Y (~VLi(0)TVL,(0)). (50)
k=1 i#j
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Substituting Eq. (50) into Eq. (47), we obtain the first inequality of the theorem:

—Zue 03 < 2 3 (~VLO) VL)) (51)
i#]

Step 3: Bounding via Cosine Similarity. Finally, we bound the inner product term using the
gradient magnitude upper bound G = supy, || VL (0)]|2. Recall that:

Vﬁz(B)TVL’J(O) = ”V[:Z(O)HQHV[,J(O)HQCOSSII’H(VCZ(G), V/JJ(G)) (52)
We use the property that for any i, j, the following term is non-negative:
(G* = [VLi(8)][2[VL;(8)]]2) (1 — CosSim(V L;(8), VL;(8))) = 0, (53)

since [|[VL;(0)]]2 < G and CosSim < 1. Adding this non-negative term to the negative inner
product allows us to derive the bound directly:

—VLi(0)"VL;j(0) = —||VLi()||2]|VL;(0)]|2CosSim
< —IVL;i(0)]]2]|VL;(8)]|2CosSim

VLi(0),VL;(8))

(
(VLi(6),VL;(0))

+(G? — [ VLi(0) 2| VL;(0)]|2)(1 — CosSim(VLi(8), VL;(8))) (54)
= G*(1 — CosSim(VL;(6), VL;(8))) — [IVLi(6) 2|V L;(8)]]2
< G2(1 — CosSim(VL;(0),VL;(9))).
Summing this inequality over all i # j yields:
3 (fvzi(e)ij((a)) < G2 (1 - CosSim(VLi(6), VL;(6))) . (55)
i#j i#]
Combining this with the result from Step 2 completes the proof. |
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Appendix F. Implicit Bias of Nexus Optimizer

Theorem 7 (Nexus Maximizes Gradient Similarity) Assume there exist constants Gin, L, p > 0
such that forany t € [1,T] and m € [1, K|:

IVLi(Orm)ll2 > G [IV2Li(0)ll2 < L [V2Li(x) = VLi(y)]2 < pllz —yll2.  (56)

Then, the sequence {0} generated by Algorithm 1 minimizes the following second-order objective:

K

Tona(0) =7 Li(0) =

i=1

2K

Z CosSim (VL 0), vg(a)). (57)

This holds because the expected update direction satisfies:

V‘C Ot 2K -1 .
VZ |VLi(6)]|2 TS (Vg ; CosSim(VL;, VL;) + gsym,w) + E2na;  (58)

where Egmii = | Vi (V VL )T VL | L, is the non-symmetric error; which
smij = \ VIVL: V&) ) VLT j Y ’
becomes zero when the gradients align with the top eigenvectors of their respective Hessians [12, 14,

, 65]. The Taylor approximation error is bounded by || € 2p4||2 < % (%) K3y3 = O(y3).

In this appendix, we provide the detailed proofs for Theorem 7. We rigorously analyze the update
dynamics of Algorithm 1 using second-order Taylor expansions and derive the precise form of the
implicit optimization objective with explicit non-asymptotic error bounds.

F.1. Preliminaries and Notation

Let £; : R? — R denote the loss function for the i-th task, where i € {1,...,k}. We denote the
gradient and Hessian at parameters 8 as V.£;(0) and V2L;(0), respectively. The cosine similarity
between the gradients of task ¢ and task j is defined as:

VLi(0)TVL;(6)

S;5(8) = CosSim(VL;(6),VL;(0)) = IVLi(0)]]2|VL; ()2

(59)

Algorithm 1 performs k inner updates in each outer iteration ¢. Let 6; o be the parameters at
the start of the inner loop (i.e., 69 = 0;_1). At each inner step m € {1,...,k}, a task index sy, is
sampled uniformly from {1, ..., k}. The update rule is:

VESm (Ot m— 1)
HVESm(Otm D2’

Ht,m = et,m—l (60)

The Nexus pseudo-gradient passed to the outer optimizeris g; = 6;0—60; , = Z’fnzl (Ot,m—1—6¢,m).
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F.2. Assumptions and Derived Constants

To derive explicit non-asymptotic bounds, we utilize the following standard assumptions regarding
the loss landscape.

* Assumption 1 (Bounded Gradients): For all tasks ¢ and parameters 6, the gradient norm is
bounded from below: 0 < Gmin < ||[VL;i(0)]|2.

* Assumption 2 (Smoothness): The loss £; is L-smooth, i.e., | V2£;(0)|2 < L.

+ Assumption 3 (Hessian Lipschitz): The Hessian is p-Lipschitz continuous, i.e., || V2L;(x) —

VL2 < pllz — ylla-

Based on the properties above, we further denote L; and Lo as the Lipschitz constants for the
normalized gradient and its Jacobian, respectively:

1. The normalized gradient is L;-Lipschitz continuous:

H Vii(@)  VLiiy)
VL@~ VL)l

< Lillz — yll2. (61)
2

2. The Jacobian of the normalized gradient is Lo-Lipschitz continuous:
[i(z) = Ji(y)lly < Laflz —yll2, (62)

o VL (6
where J;(0) = 50 <7HV£¢((0))||2>'

Derivation of Constants. Here, we provide the detailed derivation of L; and Ly based on Assump-
tions 1-3.

1. Derivation of L;: By the Mean Value Theorem, L; is bounded by the supremum of the
spectral norm of the Jacobian J;(0). The Jacobian is explicitly given by:

Ji(0)

1 < veve!

— _ V2L,(0). (63)
ook \U VAR > ©)

The middle term is an orthogonal projection matrix with spectral norm 1. Using the bounds from
Assumptions 1 and 2:

1 L
-1-L = .
Gmin Gmin

2. Derivation of Ly: We decompose the Jacobian .J;(8) into three components: a scalar term
u(@), a projection term I1(0), and the Hessian H;(0):

L < Sup | J:(0)]]2 < (64)

) VLVLT
J1.(6) = VL0 <I - ) V2Li(0). (65)
'u,(e) H;(0)
I1(9)

We apply the product Lipschitz rule. For a product of three functions f = abc, the Lipschitz constant
satisfies Ly < L MyM. + MyLyM. + M,ML., where M(,) denotes the upper bound of the
magnitude and L.y denotes the Lipschitz constant.
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« Part 1: Scalar u(8) = | VL;||5 .
Magnitude (1/,): By Assumption 1, [u| < ~1—.

Gmin
. . . . o2 UL, L )
Lipschitz (L,): The gradient of u is Vu = —||VL;||5 2V||ézv‘|fz = — %Zﬁg. Taking the
7 illo
norm, we have ||Vulls < HHiHQval'”Q = ”Hi”22. Using the bounds L and G, we get
., VL5 VL5

min

s Part 2: Projection I1(9) = I — h;h..
Magnitude (M): The spectral norm is || II||; = 1.
Lipschitz (Lr): IT depends on the normalized gradient h;, which is L;-Lipschitz. For any
unit vectors x, y, we have ||lzx " —yy |2 < ||lz(z —y) T2+ |[(x —v)y " |2 = 2|z -yl
By the chainrule, Ly = 2L, = 2L

min

* Part 3: Hessian H;(0) = V2L,.
Magnitude (M f): By Assumption 2, || H;||2 < L.
Lipschitz (Lg): By Assumption 3, Ly = p.
Substituting these values into the product rule formula:

Ly < L,MnuMg + MyLuMyg + M, MnLg

(e 2) () * (a1 )
B G?nin Gmin Gmin Gmin P (66)
_ L? n 217 . P
G?nin G?nin Gmin
Combining terms yields the final constant:
3L2 + Gmin

F.3. Derivation of the Update Direction

We now derive the expansion of the total pseudo-gradient g; and bound the error terms.

F.3.1. STEP 1: EXPANSION OF THE NORMALIZED GRADIENT

We aim to expand the normalized gradient at the shifted parameters 6; ,,,—1 around the initial point
0t,0- Let AG,,,_1 = at,m—l — 0t,0-
The Jacobian of the normalized gradient is given explicitly by the projection of the Hessian:

1 VL, (0)VLs (0)T> 9
Js,, (0) = ———— < — oL o V<L, (0). (68)
IVLs,, (0)]2 IVLs, (0)I3
Applying Taylor’s theorem with the Lagrange remainder form:
VL, (01m— VL, (0
m( L 1) - ( tiO) + Jsm (Ot,O>A0m71 + Tm- (69)

IVLs,,. (Orim-1)ll2 [[VLs,, (B10)ll2
Using the Lo-Lipschitz property of the Jacobian, the residual vector 7, is bounded by:

L
[rmll2 < 5 A8y 3. (70)
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F.3.2. STEP 2: RECURSIVE SUBSTITUTION

The displacement A@,,,_1 is the sum of previous updates. Using the zeroth-order approximation:

m—1 m—1
VL (0-1)
AG,, | = lz;(etl —01-1) = —v Z IVLs (01112 o

We approximate the terms in the sum using the zeroth-order expansion around ;. Using the
L1-Lipschitz property of the normalized gradient:

-1

VL (0:1-1) VL (6:0) VL (6:)
d < L1]|6¢;-1—0 = 1) < L1(I-1)A.
” VL, 0ri-1)]2 IVLs(810)]2 9 1l16:1-1=6r0l2 27 VL (0:5)|l2]] — (=1
(72)
Thus, we can write:
m—1
VL (60:0)
AG,, 1 = T+ O (73)
= L L Gl O
where the accumulated error §,,—1 is bounded by summing the individual errors:
m—1
_ o(m—1)(m—2) L 2,2
18m—11l2 S’Y;Ll(l—l)’Y—Lw 5 <Sm-1% (4
Substituting this expression for A@,,,_; back into Eq. (69):
VL, (0im—1) VL, (6:0) VLs (0:0)
o = (010) ="t + Em- (75)
IVLs, (Btm—1)ll2 ||Vﬁsm(9to la Z o) IVLs,(00)]]2

Here, the total error at step m, denoted £,,, consists of the Taylor residual r,,, and the propagation
error from 6,,_1 scaled by the Jacobian. Using ||Js,, |2 < L1 and ||[A@,,—1]|2 < (m — 1)y:

m

L L Ly + L}
€l < 20— 027 4 Ly (G m = 1792) = 2E B -1 a9

F.3.3. STEP 3: AGGREGATION OF THE PSEUDO-GRADIENT

VLSNL (975 m— 1)

The total pseudo-gradient is g; = ~ Zm IR A

Substituting the result from Step 2:
1

k m—
2
-y Js,, = + Eiotal- a7
smH2 2 — IIVﬁssz ot

m=1 [=1

-7 Z ||vc

(We omit the argument 6, o for brevity; all terms are evaluated at ;). The total error vector
Eiotal =7 an:l & 1s explicitly bounded by summing the bounds from Step 2:

L +L2 Lo+ L3
€ totatll2 < Z 2 m - 1)2y? < 2L, (78)
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F.3.4. STEP 4: EXPECTATION ANALYSIS AND CONNECTION TO COSINE SIMILARITY

We now compute the expectation of g; over the independent uniform sampling of indices sy, ..., s
and relate the second-order term to the gradient of the cosine similarity.
Linear Term. Let 7j;00r = Zﬁlzl ”VVE%. By linearity of expectation:
E[T; ]—k.lfj VL —fj VL (79)
el T8k VLl T = VL
Interaction Term. Let 7, t0rqct = Zm 1 Z}” 1 T ”VV LE 2L - The double summation contains
k(

kT_l) terms. Since m > [, s,,, and s; are independent. Summing over all pairs yields:

k-1 VL; VL;
E interac J J@ ) J'il . 80
[Tinteract) Z HVE ”2 2 < + ) (80)

Ak VL2~ "IV Ll

Note that the exact gradient of the cosine similarity between task ¢ and task j is formulated using
the transposed Jacobian (VIP):

VeCosSim(VL;, VL) = J; N (81)
( )= L Y VER

To relate the interaction term to the cosine similarity gradient, we add and subtract the transposed
Jacobian terms:

VL; VL;
J; L 4 T
IVLill2 7 IVL2
VL; VL; VL; VL, (82)
JT +Jf ) J—J' +(J; = J
( Rz 7o R v N

= VgCOSSlm(Vﬁi, Vﬁj) + gsym,i,j + gsym,j,h

where €y ; j is the Jacobian non-symmetric error defined as:

W ( VL )T VL,
Egmij = |V —(v . (83)
o ( IV Lill2 IVLill2 >|Wﬁj\|2

The residual £y, ;,; exhibits two properties:

1. Orthogonality to the target gradient: The matrix A; = V(osi— T~ 1; )~ V(%)T is anti-
symmetric (AZ—-r = —A;). For any anti-symmetric matrix A and vector x, the quadratic form
is zero (x " Az = 0). By setting © = %, we have (Egymi j, VL;) = 0, which implies

2. Vanishing under gradient-Hessian alignment: Recent literature on the Edge of Stability
(EoS) and the "river valley" phenomenon observes that gradients tend to align with the top
eigenvectors of the Hessian during training [12, 14, 22, 65]. When the gradient aligns with an
eigenvector, the commutator between the orthogonal projection and the Hessian becomes zero,
which implies gy ;5 ; = 0.
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Substituting this expansion into the interaction term expectation yields:

k—1
E[ﬁnteract] = T Z (V@COSSim(Vﬁi, Vﬁj) + 8Sym,¢7j + gsym,j,i) . (84)

i#£j
F.4. Proof Conclusion

Combining the linear term and the interaction term, the expected Nexus update direction is:

bV k—1
tO 9 — .
Z IVL(6io)l. | 4k ; (VoCosSim(VL;, VL)) + Egym,ij + Esymyji) +Erotal.
(85)
Substituting the constants derived in Appendix F.2, the residual is bounded by:
Gmm + 4L R
[Eralls < + (ZmmT2E0) p33 — 0. (86)
6 Gmln

This confirms that the update direction follows the gradient of the loss plus the similarity alignment
term, subject to the non-symmetric residual and a bounded cubic Taylor error. ([l
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Appendix G. Proof of Convergence Rate (Theorem 3)

In this section, we provide the detailed proof for Theorem 3. Let 8* be the common minimizer such
that V.L;(0*) = 0 for all i € [k]. Consider the update at step m: 0,, = 0,1 — YV L, (0rn—1),
where s, is the task index sampled uniformly at random.

First, we expand the squared distance to the optimum for a specific realization of s,,:

16, = 67117 = 11611 = YV Lo, (B1) — 67

(87)
= 10m-1 — O*HQ — 29V L, (0m-1),0m-1—0") + ’YQHVESm(em—l)HQ-

To bound the inner product term, we utilize the property of smooth and strongly convex functions.
Define the auxiliary function ¢;(0) = £;(8) — 4||6||. Since each L; is L-smooth and p-strongly
convex, ¢;(0) is convex and (L — p)-smooth. By the co-coercivity property of convex smooth
functions, for any 6, we have:

* * 1 *
(Voi(6) = Voi(67),6 = 07) = 7—[[V6:(8) — V(8 )17 (88)
Substituting V¢;(0) = VL;(0) — 10 and noting that V.L;(6*) = 0, we substitute back:
* * 1 *
(VLi(0) — (0 —67),0 —67) = -— MHVQ((’) — n(0 - 07|
1

= (|[VLi(O)|* — 2u(VL:(0),0 — 0°) + 11|60 — 67|%) .

L—p
(89)
Rearranging the terms, we obtain the following inequality which holds for any task index ¢, and thus
specifically for the sampled index s,:

1 wL
VL, (0),0—6%) > VL, (0)| +-——6 — 6*|. 90
(V£.,(6).06%) = | VL, O) + 00| 90)
Substituting Eq. (90) back into Eq. (87) with @ = 6,,,_1:
16 — 67|
<1 = 01 = 25 (VLo O DI+ L 61 — 0% ) + 9V Le, (6 1)
- L+u " L+pu "
2ypuL *12 2 2 2
=(1-———)|0mn-1—6 - Ls, (0m—1)]°
(1= 222 toms = 71 + (12 = £ ) 1 Enn O
o1
Provided that the step size satisfies v € (0, L%ru], the coefficient ( 2 _ %) is non-positive.
Since ||V Ls,, (6m—1)||* > 0, we can drop the gradient norm term to obtain an upper bound:
2ypLs 2
0, — 0> < (1—-"2) 110,21 — 672 2
16, =612 < (1= 722 ) 16,1 - 0] )

Since this inequality holds for any realization of the random sample s,,,, we take the expectation
over the sampling distribution. Let E[-] denote the total expectation over the sequence of random
indices {s1, ..., sy }. We have:

Q’WL) 2
E[|60, — 0% < (1 — =) E[||0—1 — 6*|*]. 93
16, 0121 < (1= 225 ) 0,1 - o] 3
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Applying this recurrence relation recursively for 7" steps yields:

Ell6 0% 112 2ypl Te 0% 112
lor =07 < (1= 750 ) 60 —0°|P. ©4)

2

Specifically, when choosing the step size v = & i

2L Aul L — p)? —1\?
e . L “)2=<“ ) (95)
L+p (L + p) (L+p) k+1

where k = L/ is the condition number. Thus, we obtain the convergence rate:

k—1 2T
llor - 071 < (57) 1o 071 %6)
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Appendix H. Third-Order Implicit Bias Analysis

In this section, we analyze the third-order implicit bias of Nexus, inspired by recent works [11, 13, 78].
While the second-order analysis reveals how Nexus aligns gradients, it does not fully explain the
stability of this alignment in complex landscapes. Here, we demonstrate that the Nexus update
direction implicitly minimizes a "Generalized Directional Sharpness" metric. This implies that Nexus
actively seeks regions where the loss landscape is not only aligned but also locally flat along the
alignment direction, thereby preventing the "de-alignment" caused by sharp curvature.

H.1. Setup and Definitions

To perform this analysis, we verify the behavior of the third-order terms in the Taylor expansion. We
introduce a standard assumption regarding the smoothness of the Hessian.

Assumption 4 (Bounded Third Derivative). Assume the third-order derivative tensor is
bounded, i.e., for any unit vectors u,v,w and any task i, there exists a constant M3 such that
|V3L;(0)[u, v, w]|2 < Ms. This implies that the third-order Taylor remainder satisfies ||P7yi0r ()2 <
18113

Definition (Generalized Directional Sharpness). We define the generalized sharpness term
involving the Hessian of task j and the gradient directions of tasks ¢ and p as:

Risp(0) 2 JVL(O) V2L (O)VL,(6). ©7)

This term measures the curvature of task j along the plane spanned by the gradients of tasks ¢ and p.
When i = p, this reduces to the standard directional sharpness, quantifying how fast the gradient
changes along the update direction.

H.2. Proof of Theorem 5

1. Exact Expansion of the Gradient. Consider the m-th inner step with sampled task s,,,. Let
0,,—1 = 0y + A,,_1. The exact third-order Taylor expansion is:

1 m
VLo (Bm-1) = VLo, (00) + V7L, (00) At + 5 V2 L, (00) [ Arir, A #7570, O8)

The remainder is bounded by Hrf(ngl orll2 < %HAm,lH%. Using the bound on displacement
magnitude ||A,,—1]j2 < (m — 1)7:

m Ms ‘
7 Fpiorll2 < 757 (m = 1), (99)

_ 2. Displacement Decomposition. We define the ideal displacement using initial gradients as
A1 = ?;1 —vd,,. The true displacement is A,,_1 = A,,—1 + 6,,—1. Using the Lipschitz
constant L; = L/Gyy for the normalized gradient, the accumulated error is bounded by:

m—1
L
[6mll2 <9 > Lol = 1)y < S-(m = 1), (100)
=1
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3. Substitution into Quadratic Term. We substitute A,,_; into the third-order term. By
multilinearity of the tensor:

1 A m
ivg‘csm [Am—la Am—l] *vdﬁsm[ m—1, Am—ﬂ + T( ) (101)

sub

The residual rgfb) accounts for the cross-terms and quadratic error terms. Its norm is strictly bounded

by:
PR CTL TP A L S ) (102)

Substituting the bounds for ||A,,_1]|| and ||§,,_1]:

m Ly Ms (L4 2
I lla < Ma((m = 1)) (2(m - 1>272) 3 <z(m - 1)272>
(103)
= %(m — 1343 + M37L%(m )44,

4. Derivation of the Expected Update Direction. The explicit third-order component of the
update (excluding residuals) is:

k
1 - -

vy= Y —y <2v353m (A1, Am_l]) : (104)

m=1

Substituting A, = > —vd,,:

73 k. m—1m-—1
X .

v3 =~ Z VoL, [ds, ds,). (105)

Taking the expectation over uniform sampling of indices s, s, sp, each triplet (4, j, p) appears with
probability 1/k3:

3 kK m—-1m-1
"Y ~

E[US] = _3 Z Esm,sl,sp |:v3£sm [ds”dsp]]

m=1 [=1 p=1
k m—1m-—1
_ 3 1 izwﬁ,[d.d]
=-3 3 ild;, d, (106)
m=1 [=1 p=1 7,8,p

:_'Y;(zk:( _1) k32v3£

,7,P

Using the summation formula Zﬁ:l(m —1)2 = W:

k—1)(2k -1 I
E[vs] = —73( 1)2(k2 ) > VEL(ds, dy). (107)

4,J,p
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Recognizing that VoR; j, = 1V3L; d;, cip] (treating the direction vectors as locally constant for
the gradient of the surrogate), we can rewrite the update as a gradient descent step on the sharpness
metric:

k—1)(2k —1
Elvg] = =1V 72( ééz ) > Rijp | - (108)
,3,D

This confirms that Nexus implicitly minimizes the generalized directional sharpness.

5. Bounding the Total Residual. The total error vector is £3,.4 = anzl —’y(réﬂngilm + rgzlb)).
Taking the norm:
k
Ms  MsL MsL?
sl <13 (56 + 257 ) m= 0%+ - iyt). o)
m=1

. . 1. 4 1. o
Using summation bounds Zlel g3 < % and Zlel i < K and substituting L1 = L/Gyin:

E < | = k k°~°. 110
” 3rd”2 = <24 8Gmin> v+ 4OG?nin Y ( )
O
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Appendix I. More Experiments Details

L.1. Detailed Experimental Settings

Our experimental setup largely follows the protocols in Wen et al. [77] and OLMo et al. [53].

Pretraining Datasets. We utilize an in-house pretraining dataset similar to [70]. This corpus
is: (1) strictly cleaned to ensure no data contamination regarding the evaluated benchmarks or
distillation data; and (2) of higher quality and stability than typical open-source datasets, allowing us
to observe smooth and clear optimization trends. We also conduct experiments on public datasets [5]
in Appendix 1.4. However, these public datasets are not strictly decontaminated and contain training
samples from our benchmarks. This leads to artificially inflated performance on certain tasks while
underperforming on others. Consequently, we primarily rely on the strictly cleaned dataset for more
stable analysis.

Model Architecture. Following Wen et al. [77], we train Llama-architecture models of 130M,
300M, 520M, 1.2B, and 2.3B parameters (excluding embeddings). We primarily analyze the 520M
(1B total parameters) and 2.3B (3B total parameters) models, hereafter referred to by their total
parameter counts for brevity, except in the scaling law analysis (Appendix B.4) as required by Kaplan
etal. [31].

Hyperparameters. Wen et al. [77] have already conducted extensive parameter searches using
grid search, coordinate descent, and fine-grained tuning. To ensure fairness, we always apply exact
the same hyper-parameters to both Nexus and its corresponding base optimizers. For the base
optimizers, we adopt the optimal hyperparameters identified in Wen et al. [77]. We further verified
these settings by sweeping the learning rate with a multiplier of 2 (i.e., verifying 0.5x and 2.0x),
confirming that their configurations remain optimal for our dataset. See Appendix 1.2 for the detailed
hyperparameters in each experiment.

Benchmarks. We evaluate on diverse benchmarks encompassing general knowledge (MMLU [25]),
reasoning (GPQA, GPQA Diamond [62], BBH [69]), math (GSM8k [10], MATHS500 [26]), and
coding (HumanEval [18], MBPP [4]). Beyond discrete accuracies, we also track downstream task
losses and out-of-distribution (OOD) loss. The OOD loss is evaluated on a strictly cleaned proprietary
in-house corpus, which exhibits a strong correlation with downstream benchmark capabilities.

Highlighting Strategy. We use bold to highlight non-trivial performance gaps, defined as a loss
difference > 0.01 or a benchmark improvement > 2%, following Wen et al. [77].

I.2. Detailed Hyper-parameters

Our hyperparameter configurations strictly follow the baselines established by Wen et al. [77]. To
ensure these settings are optimal for our specific pretraining corpus, we conducted a grid search
by scaling the learning rate with multipliers of 0.5x and 2.0x. Empirical results confirmed that
the original learning rate settings remain optimal for our setup. For clarity and reproducibility, we
summarize the key hyperparameters in Tab. 4.

In experiments utilizing the Warmup-Stable-Decay (WSD) scheduler [78], we consistently
employ 1,000 warmup steps and 10,000 decay steps. Across all experiments, we maintain a global
batch size of 256, Adam §3 values of (0.9,0.95), an Adam € of 10~!°, and a gradient clipping norm
of 1.0.
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Additionally, we provide training compute estimates for each experiment in Tab. 4. Please
note that the reported "A100 days" serve strictly as a standardized estimation metric to facilitate
comparison, rather than indicating the specific hardware utilized for our training runs.

Table 4: Summary of key hyperparameters. WD denotes Weight Decay.

Size Optimizer Outer LR Inner LR Chinchilla Tokens (B) WD A100 Days Reference
Adam 0.002 - 4x 50 0.2

1B Nexus  0.002 0.01 4 50 02 0 Appendix B.4
Adam  0.001 ] 2% 110 02

3B Muon  0.001 - 2% 110 01 ~352  SecB.3,13, B4, 14
Nexus  0.001 0.01 2% 110 02

L.3. Robustness to Data Mixing

Motivation. In Sec. 3.2 and Eq. (2), we show that the gradient similarity implies the marginal gains
on task ¢ when optimizing on task j (in the first-order sense):

Li(0) = Li(6 —VL;(0) =~VL(O) VLj(0)+O0(7). (111)

decrease of task i after one GD step on task j

Since Nexus encourages gradient similarity across the training set, optimizing a sample-dense domain
implicitly optimizes sample-sparse domains. Therefore, we conjecture that Nexus acts like a dynamic
data mixture, which boosts the sample-sparse or harder-to-learn domains within the mixture without
manual re-weighting.

Setup. To validate our hypothesis, we construct three distinct data mixtures by explicitly
anchoring the sampling weight of the mathematics domain to 10%, 40%, and 70% (denoted as
Math10, Math40, and Math70). Accordingly, we downsample the remaining data sources to fulfill
the complementary proportion (e.g., Math70 consists of 70% math and 30% downsampled other
data). We train 3B models on each mixture using both AdamW and Nexus, strictly adhering to the
hyperparameter settings detailed in Appendix I.1.

Results. As shown in Fig. 7 and Tab. 5, increasing the proportion of math data from 10% to 70%
gradually reduces Nexus’s relative gain on math reasoning. Conversely, as general data becomes
the relative minority, Nexus yields a larger improvement in this domain, increasing its gain from
+1.1% to +5.8%. Interestingly, the gain on coding tasks exhibits a non-monotonic trend, which we
hypothesize is because code generation is a composite capability requiring a complex balance of both
logical reasoning and domain knowledge. Furthermore, Nexus mitigates the performance fluctuations
observed in the baseline across these mixture shifts. These results support our conjecture that Nexus
acts as an implicit balancer, dynamically prioritizing under-optimized tasks without manual mixture
tuning.

As shown in Tab. 5, we observe a dynamic trade-off mechanism:

* In the sample-sparse regime (Math10): Where math data is scarce, the baseline optimizer
struggles to generalize on reasoning tasks. Nexus provides the most significant gains here
(e.g., +15.0 on GSM8Kk), effectively "mining" the rare training signals to build robust reasoning
capabilities.
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Table 5: Results on varying data mixtures (3B models). Hyperparameters follow Appendices B.3
and I.1. As the proportion of math data increases (10% — 70%), the relative performance gains of
Nexus on math benchmarks gradually diminish, whereas its advantages on other domains (General,

Reasoning) progressively expand. This suggests Nexus boosts the sample-sparse or harder-to-learn
domains in the mixture.

Data Optim. Metric Loss Metrics () Gen. Reasoning Math Code Avg.
Pretrain. OOD MMLU GPQA GPQA-D BBH GSMS8k MATH HumanEval MBPP  All

Acc. () 478 328 226 366 440 320 430 380 37.1

AdamW oy 1006 1302, oes 2005 1910 1534 1259 1054 1116 1922 1.633
Math10 N A | (0 1g09 89 206 234 366 590 400 470 380 403
S oss () : 2179 1981 1.881 1.504 1.227 1.026 1.086 1921 1.601

Improv. Loss (1) +0.004 +0.012 +0.086 +0.024 +0.029 +0.030 +0.032 +0.028 +0.030 +0.001 +0.032

Acc. () 478 296 226 381 640 440 410 380 406

AdamW oy 1336 1330 5010 1989 1891 1522 1171 0969 1144 1976 1.609
Math“ON e Ao 5120 335 273 4L 700 430 450 445 444
KU Loss(l) : 2182 1990 1889 1511 1.117 0929 1132  1.876 1.578

Improv. Loss (1) -0.003 -0.001 +0.028 -0.001 +0.002 +0.011 +0.054 +0.040 +0.012 +0.100 +0.031

Acc. (1) 440 273 234 411 770 450 380 380 417

AdamW oy 83 139 05 2005 1923 1541 LI11 0923 1178 1897 1.606
Math70 News A |0 1ag 498 304 234 425 760 520 410 380 441
Loss(}) : 2221 2037 1936 1548 1.082 0911 1.176  1.872 1.598

Improv. Loss (1) -0.007 -0.010 +0.031 -0.012 -0.013 -0.007 +0.029 +0.012 +0.002 +0.025 +0.008
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Figure 7: Results on varying data mixtures (3B models). As the proportion of math data increases
(10% — 70%), the relative performance gains of Nexus on math benchmarks gradually diminish,
whereas its advantages on General domain progressively expand. This suggests Nexus boosts the
sample-sparse or harder-to-learn domains in the mixture.

* In the sample-dense regime (Math70): As math data becomes abundant, the baseline catches
up on math benchmarks. However, Nexus automatically shifts its advantage to the now-
relative-minority domains. It significantly boosts General Knowledge (MMLU: +5.8) and
broad Reasoning (GPQA: +3.1) compared to the baseline, which begins to suffer from domain
dominance.
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* Lower sensitivity to mixture shifts: Nexus also demonstrates higher stability against drastic
changes in data mixture. When shifting from a math-heavy (Math70) to a math-sparse (Math10)
mixture, the performance variance of Nexus is significantly smaller than that of the baseline.
For instance, while the baseline’s GSM8k score drops precipitously by 33.0 points (from 77.0
to 44.0), Nexus mitigates this degradation, dropping only 17.0 points (from 76.0 to 59.0).
Similarly, on MMLU, while the baseline fluctuates by 3.8 points, Nexus remains highly stable
with a variation of less than 1.0 point (49.8 vs. 48.9), demonstrating its stability against data
mixture changes.

This suggests that Nexus reduces sensitivity to manual data mixing ratios, acting as an automatic
balancer that prioritizes representations for the most under-optimized tasks in the mixture.

I.4. Experiments on a Public Dataset

Motivation. While our primary analyses utilize strictly cleaned data to avoid confounding factors,
many popular open-source pretraining datasets inevitably suffer from data contamination, inadver-
tently including benchmark training sets (e.g., GSM8k). We evaluate Nexus on a public dataset
from Basant et al. [5] to investigate whether its consensus-seeking mechanism remains robust and
mitigates shortcut over-memorization in the presence of such noisy, contaminated signals.

Settings. We train the 1B and 3B models on a public dataset [5]. All other training configurations,
including model architectures and base optimizer hyperparameters, are kept strictly identical to the
main experiments detailed in Appendix B.3.

Table 6: Results on a public pretraining dataset [5]. The Adam baseline exhibits artificial
performance inflation on leaked benchmarks. In contrast, Nexus effectively resists shortcut over-
memorization, successfully reallocating model capacity to uncontaminated tasks and achieving
superior overall OOD generalization.

Model Optim. Metric Loss Metrics (|) Gen. Reasoning Math Code Avg.
Pretrain. OOD MMLU GPQA GPQA-D BBH GSM8k MATH HumanEval MBPP All
Acc. (D) 342 258 18.8 248 180 14.0 38.0 1.0 21.8
Adam Loss (1) 1331 1.863 2,552 2280 2.191 1.700 1.708 1.346 1.324 2991 2.011
1B
Acc. (1) 314 25.0 18.8 23.0 220 120 41.0 15.0 23.5
Nexus Loss () 1338 1.835 2.446 2.261 2.172 1.689 1.749 1.325 1.325 2.908 1.984
Improv. Loss (1) -0.007 +0.028 +0.106 +0.019 +0.019 +0.011 -0.041 +0.021 -0.001  +0.083 +0.027
Acc. (1) 55.1 25.0 27.3 474 440 310 59.0 23.0 39.0
Adam Loss () 1330 1.623 2356 2.062 1975 1.529 1.519 1.121 1.205 2.732 1.812
3B
Nexus Acc. (1) 1338 1.606 56.2 25.8 234 444 470 320 63.0 380 412
Loss (1) 2380 2.047 1957 1540 1.533 1.106 1.199 2.530 1.786

Improv. Loss (1) -0.008 +0.017 -0.024 +0.015 +0.018 -0.011 -0.014 +0.015 +0.006 +0.202 +0.026

Results. As shown in Tab. 6, the Adam baseline exhibits artificial performance inflation on
potentially contaminated benchmarks like GSM8k. In contrast, Nexus resists overfitting to these
leaked signals and effectively reallocates the model’s capacity to uncontaminated, sparse domains.
This dynamic balancing is evidenced by the striking improvements on coding tasks—such as MBPP
accuracy increasing from 1.0% to 15.0% (1B) and 23.0% to 38.0% (3B)—ultimately leading to a
consistently lower OOD loss across both scales.
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Table 7: Results under different learning rate schedulers. We evaluate the 3B model trained with
AdamW and Nexus using both WSD and Cosine schedulers. The results demonstrate that the “same
pretraining loss, better downstream performance” phenomenon is highly robust regardless of the
scheduler.

Schedule Optim. Metric Loss Metrics (|) Gen. Reasoning Math Code Avg.
Eval 00D MMLU GPQA GPQA-D BBH GSMS8k MATH HumanEval MBPP  All
Acc. (1) 478 328 226 366 440 320 430 380 37.1
AdamW oy 1006 1302, 065 2005 1910 1534 1250 1054 1116 1922 1.633
WSD Nexss A (D | cr 1a0p 439 296 234 366 590 400 470 380 403
S Loss(]) : 2179 1981 1.881 1504 1.227 1.026 1.086 1921 1.601
Improv. Loss (1) +0.004 +0.012 +0.086 +0.024 +0.029 +0.030 +0.032 +0.028 +0.030 +0.001 +0.032
Acc. (1) 532 266 195 415 600 320 560 390 41.0
AdamW oy 1926 1255 5105 1024 1829 1480 1212 1022 1045 1867 1.572
Cosine
Nexss A () | e asg 549 305 273 348 590 410 540 460 434
Loss (1) 2115 1917 1826 1479 1169 0.994 1025 1.805 1.541

Improv. Loss (1) -0.002 +0.005 +0.080 +0.007 +0.003 +0.001 +0.043 +0.028 +0.020 +0.062 +0.030

L.5. Robustness to Learning Rate Schedule

Motivation. While the Warmup-Stable-Decay (WSD) scheduler [27] has become increasingly
popular in recent LLM pretraining, the Cosine annealing schedule remains a widely adopted stan-
dard [77, 78]. To ensure that our observed generalization benefits are not merely an artifact of a
specific learning rate dynamic, we evaluate the robustness of Nexus across different schedulers.

Settings. We conduct an ablation study by replacing the default WSD scheduler with a standard
Cosine learning rate scheduler. All other training configurations, including the 3B model architecture,
data mixture, and base optimizer hyperparameters, remain strictly identical to the main setup detailed
in Appendix B.3.

Results. As demonstrated in Tab. 7, the "same pretraining loss, better downstream performance"
phenomenon persists consistently across both schedulers. Under the Cosine schedule, Nexus main-
tains a negligible pretraining loss difference compared to the AdamW baseline (1.528 vs. 1.526)
while delivering substantial improvements on downstream metrics, such as a +0.03 loss gain on
downstream benchmarks. This confirms that the implicit bias introduced by Nexus is highly robust
and orthogonal to the choice of learning rate trajectory.
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Table 8: Scaling Analysis on Training Tokens. The downstream advantage of Nexus over the
AdamW baseline persists strictly when extending training to 4 x Chinchila.

Chinchila Optim. Metric Loss Metrics (/) Gen. Reasoning Math Code Avg.
Pretrain. OOD MMLU GPQA GPQA-D BBH GSMS8k MATH HumanEval MBPP  All
Acc. (1) 478 328 226 366 440 320 430 380 37.1
AdamW oy 1006 13025 h6s 2005 1910 1534 1259 1054 L1l6 1922 1.633

2
Acc. (1) 489 296 234 366 590 400 470 380 403
Nexus sy 1002 1290 5009 1981 1881 1504 1227 1.026 1.086 1921 1.601
Improv. Loss (1) +0.004 +0.012 +0.086 +0.024 +0.029 +0.030 +0.032 +0.028 +0.030 +0.001 +0.032
Acc. () 483 234 219 352 540 330 450 430 380
AdamW oy FP1 1293 0040 1975 1880 1513 1245 1038 1119 1976 1.623

4
Acc. (1) 528 203 250 441 620 330 490 470 417
Nexus ) sy 1288 1281 5516 1957 1863 1501 1229 1.008 1.087 1885 1.593

Improv. Loss (1) +0.003 +0.012 +0.024 +0.018 +0.017 +0.012 +0.016 +0.030 +0.032  +0.091 +0.030

L.6. Detailed Results for Model Size Scaling

This section provides the detailed experimental results corresponding to the model size scaling
analysis discussed in Appendix B.4.

As demonstrated above and analyzed in Appendix B.4, Nexus consistently outperforms the base
optimizer across all evaluated model scales, with average benchmark accuracy improvements of
+0.8% (130M), +1.5% (300M), +1.7% (520M), +2.6% (1.2B), and +3.2% (2.3B).

L.7. Experiments on Muon Optimizers

This section provides the detailed experimental results discussed in Appendices B.3 and B.6.

As demonstrated above, Nexus achieves comparable downstream performance to Muon, despite
maintaining a pretraining loss that is nearly identical to the AdamW baseline. These results explicitly
indicate that while Muon improves downstream performance primarily by reaching a significantly
lower pretraining loss, the gains from Nexus stem directly from its favorable implicit bias.

I.8. Downstream SFT

Motivation and Settings. To verify whether the performance gains of Nexus are merely a result of
"pre-consuming"” the potential improvements of the SFT phase in advance, we evaluate the supervised
fine-tuning (SFT) performance of our checkpoints. We use an SFT dataset similar to [70] and branch
off from the 100,000-step checkpoints of the experiments in Appendix 1.5. Training is conducted
on the SFT data with a learning rate of 2 x 10~° and a global batch size of 256, which matches
the pretraining learning rate and batch size at the 100,000-step mark. This setup can be viewed as
continuing the learning rate decay on the SFT dataset, consistent with standard practices [70, 72, 79].

Nexus still outperforms AdamW after SFT. As shown in Tab. 11, after supervised fine-tuning,
Nexus achieves an average accuracy of 42.7%, surpassing the AdamW baseline by 2.0%. Specifically,
Nexus outperforms AdamW by 7.0% on MATH, 6.0% on HumanEval, and 6.0% on MBPP. These
results indicate that Nexus does not prematurely compromise the model’s capacity for downstream
alignment.
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Table 9: Benchmark Performance across Model Scales. We compare downstream capabilities for
models ranging from 130M to 2.3B parameters. Notably, the relative gains of Nexus over the base
optimizer amplify as model capacity increases, with the average benchmark accuracy improvement
growing from +0.8% on the 130M model to +3.2% on the 2.3B model.

Size Optim. Metric

Loss Metrics (]) Gen.

Reasoning

Math

Code

Avg.

Pretrain. OOD MMLU GPQA GPQA-D BBH GSM8k MATH HumanEval MBPP  All

Acc. () 280 226 242 251 70 60 0.0 100 15.4
AdamW sy 298 199 hsss o3 2338 1793 1612 1360 1407 2230 1.967
130M Acc. (1) 270 257 218 288 50 110 0.0 100 162
Nexus ) sy 201 199 553 2414 2312 1792 1.601 1330 1384 2.183 1.942
vy, A0S (D - - 10 431 24 437 20 450 0.0 00 408
MPTOV [ oss (1) +0.007 +0.010 +0.032 +0.024 +0.026 +0.001 +0.011 +0.030  +0.023  +0.047 +0.024

Acc. (1) 333 265 218 318 150 150 6.0 160 20.7

AdamW, sy 000 144 5405 2006 2196 1704 1471 1255 1322 2.141 1.860
300M Acc. (1) 303 273 250 307 140 160  13.0  21.0 222
Nexus ) oy P01 1409 5381 2278 2177 1707 1470 1237 1298 2.046 1.824
v, A (D - - 30 408 432 -1 -1.0 410 470  +50 +1.5
PTOV 1 oss (1) +0.008 +0.005 +0.114 +0.018 +0.019 -0.003 +0.001 +0.018 +0.024 +0.095 +0.036

Acc. (1) 321 250 218 296 180 130 190 170 219

AdamW oy 1820 1433 00 0001 2124 1640 1429 1204 1270 2.035 1.786
520M Acc. () 335 304 218 293 200 130 190 220 236
Nexus ) sy 1826 1428 5316 2201 2102 1638 1396 1176 1261 1977 1758
o Ace. (1) - - 414 454 00 03 420 00 0.0 +50 +17
MPTOY L oss (1) 0.000 +0.005 +0.047 +0.020 +0.022 +0.002 +0.033 +0.028 +0.009  +0.058 +0.027

Acc. () 444 226 242 274 300 230 300 310 29.1

AdamW, sy BT 1364 06 2410 2000 1799 1338 1112 1199 2.023 1813
128 Acc. (1) 417 257 234 329 370 280 350 300 317
Nexus sy V707 1358 5466 2373 1984 1792 1325 1109 1179 1987 1.777

! Acc. () - - 27 431 -08 +55 470 450 450  -1.0 426
MPTOY: 1 oss (1) +0.007 +0.006 +0.160 +0.037 +0.016 +0.007 +0.013 +0.003 +0.020  +0.036 +0.036

Acc. (1) 478 328 226 366 440 320 430 380 37.1

AdamW ooy 106 130205 h0s 2005 1910 1534 1259 1054 1116 1922 1.633
23B Acc. (1) 489 296 234 366 590 400 470 380 403
Nexus ) sy 1002 1290 5179 1981 1881 1504 1227 1.026 1.086 1921 1.601
oo, A (D - - 411 32 408 00 4150 +8.0  +4.0 00 +32
PTOV L oss (1) +0.004 +0.012 +0.086 +0.024 +0.029 +0.030 +0.032 +0.028 +0.030  +0.001 +0.032

Nexus maintains lower SFT loss than AdamW throughout training. We observe that for the
pre-SFT checkpoints, Nexus already yields a lower loss on the SFT dataset compared to AdamW
(1.647 vs. 1.655). This result demonstrates that the geometric properties optimized by Nexus during
pretraining translate into better generalization even before any explicit fine-tuning. Furthermore, this
lower SFT loss is consistently maintained throughout the entire training process, as evidenced by the
post-SFT loss (1.028 for Nexus vs. 1.035 for AdamW). These observations indicate the potential of
Nexus for continual training and extended optimization phases.
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Table 10: Comparison with Muon Optimizer on 3B Models. As shown, Muon improves down-
stream performance by decreasing the pretraining loss. While Nexus achieves nearly the same
pretraining loss as AdamW, it achieves comparable performance to Muon on downstream tasks.

. . Loss Metrics (/) Gen. Reasoning Math Code Avg.
Optim. Metric
Pretrain. OOD MMLU GPQA GPQA-D BBH GSMS8k MATH HumanEval MBPP Al
Acc. (1) 478 328 226 366 440 320 430 380 37.1
AdamW Loss(|) 1006 1302, 6s 2005 1910 153 1259 1054 1116 1922 1.633
Ace. (1) 489 296 234 366 590 400 470 380 403
AdamNexus | o ooy 1602 12905 109 1981 1.881 1504 1227 1.026  1.086 1921 1.601
(- AdamW) Acc. (1) - - +1.1 3.2 +0.8 0.0 +15.0 +8.0 +4.0 0.0 +3.2
Loss (1) +0.004 +0.012 +0.086 +0.024 +0.029 +0.030 +0.032 +0.028 +0.030 +0.001 +0.032
Acc. (1) 498 320 242 419 460 380 400 430 394
Muon Loss()) 277 1285 5088 1968 1874 1502 1236 1035 1091 1951 1.606
- Adamw) A D - - 420 -08 416 453 420 +60 30 450 423

Loss (1) +0.029 +0.017 +0.077 +0.037 +0.036 +0.032 +0.023 +0.019 +0.025 -0.029 +0.027

Table 11: Downstream SFT Results. As shown, Nexus does not prematurely compromise the
model’s SFT capabilities; on the contrary, it continues to outperform AdamW after SFT.

Phase Optim. Metric Loss Metrics (]) Gen. Reasoning Math Code Avg.
SFT 00D MMLU GPQA GPQA-D BBH GSMS8k MATH HumanEval MBPP  All
Acc. (1) 527 289 258 4L1 540 370 500 420 414
AdamW ooy 1033 1263 01 1938 1842 1484 1233 1031 1053 1859 1.583
Pre-SFT Nexws A | pse 509 227 227 359 570 400 480 420 399
Loss () ' 2138 1929 1.838 1489 1179 1.006 1030  1.803 1.552
Improv. Loss (1) +0.008 +0.005 +0.083 +0.009 +0.004 -0.005 +0.054 +0.025 +0.023  +0.056 +0.031
o Ace. (1) 514 289 336 456 580 280 400 400 407
AdamWp ooy P03 128 ous 2006 1915 1575 1377 LIlI 1077 1957 1658
Post-SFT Acc. (1) 547 289 297 393 620 350 460 460 427
Nexus ) s M928 1274 5520 1990 1901 1551 1.299 1.076  1.060 1952 1.631
Acc. (1) - - +33 00 39 63 +40 +7.0 460  +60 +2.0

Improv.

Loss (1) +0.007 +0.004 +0.024 +0.016 +0.014 +0.024 +0.078 +0.035 +0.017 +0.005 +0.027

L.9. Experiment using SGDM

Motivation. We also conduct an experiment using SGD with Momentum (SGDM). However, SGDM
typically converges slower than AdamW in LLM pretraining [85].

Muon-Inspired SGDM. To this end, we adapt the Muon optimizer [30] to construct a faster
SGDM baseline. Specifically, we control the RMS norm of SGDM updates to be the same as the
orthogonalized updates in Muon, as shown in Fig. 8. This design is inspired by the empirical findings
in Liu et al. [44], which suggest that maintaining a consistent per-tensor RMS norm aligns with the
principles of Maximal Update Parameterization (x+P). This may stabilize update dynamics and miti-
gate sensitivity to hyperparameter selection, and typically facilitate acceleration [59]. Surprisingly,

in our LLM pretraining settings, this significantly accelerates SGDM, reaching speeds competitive
with AdamW.
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Algorithm Newton-Schulz Iteration

| Algorithm RMS-Aligned Update

def zeropower_via_ns (G, steps=5):

a, b, ¢ = 3.4445, -4.7750,

2.031

X =G / (torch.norm(G) + le-7)

for _ in range (steps):

A =X @ X.mT

X = axX + (bxA + c*AQRA)
return X

@

X

def sgd_alignRMS_update (G) :
b # K = min(G.shape[-2:1)
# Normalize to match Muon scale
norm = torch.norm(G) + le-7
return G * (K*x0.5) / norm

Figure 8: Muon-inspired SGDM. Left: Quintic Newton-Schulz iterations for orthogonalization.
Right: Per-tensor RMS normalization ensuring consistent update scale as Muon.

Settings. Due to computational constraints, we only conduct experiments on 1B models, strictly
adhering to the experimental settings detailed in Appendix I.1.
Results. On this SGDM baseline, we observe the following results (Fig. 9):

* Pretraining Acceleration. Surprisingly, Nexus significantly accelerates pretraining loss
minimization on SGDM. While the baseline SGDM is notably slower than AdamW, SGDM
equipped with Nexus even surpasses the AdamW baseline. This acceleration may be attributed
to the mechanism described in Appendix G.

* Robust Implicit Bias. Since Nexus accelerates pretraining loss, direct comparisons of absolute
downstream performance are confounded by the lower pretraining loss. Thus, we analyze
the correlation between pretraining and downstream losses (Fig. 9). As shown in Fig. 9, the
Nexus-SGDM curve lies consistently below the baseline SGDM, confirming that the favorable
implicit bias persists even under different base optimizers.
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Figure 9: Experimental Results using SGDM. Nexus both gives acceleration and implicit bias.
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