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Abstract

We address the problem of online matchmak-
ing with contextual information. In each
round, a perfect matching between a vary-
ing set of players — with different strengths —
is selected, and the outcomes of the compar-
isons of the chosen pairs are observed. We
assume that matching players incurs dissat-
isfaction proportional to the "strength gap",
thereby incentivising the pairing of players
with closely matched strengths. Additionally,
we assume that the strength of each player
can be inferred from some available contextual
information through the contextualised lin-
ear stochastic transitivity model (LST). We
propose an algorithm that performs match-
making by selecting pairs of maximum infor-
mativeness among admissible pairs and prove
that its regret is optimal up to logarithmic
factors.

1 INTRODUCTION

Background and Motivation: Learning-to-Rank is
a fundamental problem in machine learning with wide-
ranging applications, including information retrieval,
recommendation systems, and matchmaking for com-
petitive gaming platforms (Cao et al.,[2007}; Bengs et al.|
2021; |Guo et al.l 2020; Morik et al., |2020]). A partic-
ularly important class of learning-to-rank problems is
based on pairwise comparisons, where the relative pref-
erences or strengths of players or items are inferred from
direct interactions. These comparisons often exhibit
inherent randomness. For example, in games such as
chess, where Elo scores are often used (Elo, [1978)), even
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if two players compete repeatedly, the results may vary
due to psychological, environmental, or more generally
uncontrolled stochastic factors. In particular, when the
"skill gap" between players is small, the probability of
winning approaches 1/2; as reflected in models such as
Elo (Elol|1978; [Herbrich et al.l |2006; [Minka et al., 2018)).
This stochasticity makes the ranking both challenging
and realistic.

Given these considerations, ranking from noisy com-
parisons has attracted substantial interest in recent
years from both the theoretical and applied commu-
nities (Minka et al., [2018}; Bengs et al.l 2021; |Gong
et al.l 12020; [El Ferchichi et al., |2024b)). It underpins
key systems such as Microsoft’s TrueSkill (Herbrich
et al., |2006; Minka et al.| [2018), which uses the track
record of each player to infer rankings and proposes
future matchups on large-scale gaming platforms.

A significant challenge lies in reconciling the dual ob-
jectives of ranking accurately and generating engaging
matches, two complementary but often conflicting goals.
On the one hand, the ranking process requires the ex-
ploration of a wide range of comparisons to improve
statistical efficiency. Pairing two players in isolation,
for example, offers limited insight into their relative
standing within the broader population. However, such
exploration can lead to matchups between players with
markedly different skill levels. Although these unbal-
anced comparisons may be informative for ranking, they
often lack engagement value for the participants, as
the results become highly predictable, with one player
consistently outperforming the other. Recognizing this
trade-off, platforms strive to maintain accurate rank-
ings while simultaneously generating matchups between
players of comparable skill, balancing informativeness
with user engagement (Minka et all |2018)). These
considerations have been echoed in the framework of
"active ranking" (Falahatgar et al.| 2017bla;|Zoghi et al.}
2017 [Szorényi et al.| 2015 [Saha and Gopalan) |2019;
Ren et al., [2019; [El Ferchichi et al.l 2024a) and more
broadly in the framework of dueling/preference-based
bandits (Yue et al., 2012; |Bengs et al. 2021} [Sahal
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2021)).

However, a common limitation among active ranking
algorithms (Falahatgar et al., 2017a; [Zoghi et al., 2017}
Szorényi et al., 2015 [Ren et al., 2019; [El Ferchichi
et all 2024al) is their exclusive reliance on pairwise
comparison outcomes, without the ability to incorpo-
rate contextual information that could facilitate the
ranking process. This constraint manifests itself in
two significant ways: (1) These methods presuppose
the continuous availability of all players, as this is a
requirement of the sorting algorithms on which they
rely. (2) A further limitation is the assumption of
static skill levels, even though players generally im-
prove over time as they accumulate experience. To
address these limitations, we adopt the framework of
Linear Stochastic Transitivity (LST) models, which
encompasses several well-established models such as
Bradley-Terry-Luce (BTL) (Bradley and Terry}, 1952}
Hunter}, 2004) or Thurston-Mosteller model (Henery,
1992; Thurstonel [1994)). These are notably used in rank-
ing systems like Elo (Elo [1978) and TrueSkill (Minka
et al.l 2018} [Herbrich et al.l[2006]). (LST) models char-
acterize the stochastic process underlying the outcome
of a pairwise comparison between players by assuming
that each one possesses a latent skill value and that
comparisons are biased in favor of the player with the
larger skill value.

Another notable gap in the literature is the absence
of ranking formulations within the contextual duel-
ing bandit framework (Dudik et al. [2015; |Saha; [2021}
Bengs et al.| [2022). Existing algorithms in this domain
focus exclusively on identifying the best arm—albeit
under various solution concepts—without addressing
the broader ranking problem. Moreover, they typically
select only one pair of players per round, rather than
a full matching. This limitation is particularly prob-
lematic in settings such as online video games, where
neglecting players for several consecutive rounds can
lead to disengagement (Minka et al., 2018). To miti-
gate this issue, we impose the constraint that, at each
round ¢, all k; players connected to the platform must
be matched. For simplicity, we assume that k; is even.
Concretely, the algorithm selects a perfect matching
over the k; active players—leveraging both their con-
textual features and past interaction data—observes
the outcomes of all duels and then proceeds to the next
round.

Assuming that players generally prefer compelling du-
els, against opponents with comparable skill levels, we
presume that the quality of a match peaks if opponents
have the same skill levels, incurring a cost of 0; this cost
increases linearly with the skill gap. Consequently, the
cost of a matching is the sum of the costs associated
with its pairs.

Organization of the paper: Section [2| formalizes
the model and summarizes the contributions, while
Section [3] reviews prior work.

Section M introduces MAXIMUM-INFORMATIVE MATCH-
ING (MIM), an adaptation of MaxInP (Sahal 2021]),
and provides regret guarantees that are O(v/ d) from
optimal in some regimes.

Section [5| presents an optimal (up to logarithmic fac-
tors) algorithm, SUP-MATCHMAKING, together with a
matching lower bound. The approach builds on (Auer,
2002) and highlights why these ideas extend to our
setting but not to broader combinatorial problems.

Proofs and additional details are deferred to the ap-
pendix.

2 PROBLEM SETTING AND
NOTATIONS

Notations: For a vector & € R, we refer to its
(?-norm as ||z||, its transpose as xT. Its weighted ¢>
norm, given by a positive definite matrix A is denoted
by ||z||la = \/(Az,z). For convenience, all the nota-
tions used throughout this paper are summarized in
the Appendix [A]

Model: Consider a scenario where at each iteration
te{l,...,T}, P, players/items are available (for sim-
plicity, P; is assumed to be even), each associated with
an unknown ranking denoted (r(1),...,7(F)). In each
round ¢, the algorithm picks a perfect matching My,
which is a partition of the available players divided into
pairs, that is, M; = {{ar1,a:2},...,{at,p,—1,a1,p,}}
where {at1,...,at,p,} = {1,2,...,P;}. Hereafter, a
"perfect matching" will simply be referred to as a
"matching", with size k; := P;/2. When two play-
ers/items 7 and j are paired, the result "i beats j"
is observed with probability p(i,j) and "j beats i" is
observed with probability p(j,i) = 1 — p(4,5). Note
that this implicitly disregards the possibility of ties.
These probabilities are assumed to satisfy the Linear
Stochastic Transitivity (LST) model (Szorényi et al.l
2015; [Bengs et al., [2021)): Each player i is assigned a
latent score or strength p; € R, and the outcome of a
comparison between players ¢ and j is modeled as a
Bernoulli random variable with success probability

p(i,j) = F(pi — p5), (1)

where F': R — [0, 1] is an increasing comparison func-
tion satisfying F'(—z) = 1 — F(z), and F(c0) = 1. The
players are thus ranked by their strength; the rank of 4
is smaller than the rank of j - 7(¢) < r(j) - whenever ¢
is stronger than j - p; > p;. The results of these com-
parisons are assumed to be independent (Bengs et al.|
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2021} [Feige et al.,[1994; [Falahatgar et al.l [2017alb} [Sahal
and Gopalan| [2019; Heckel et al., |2019).

Example of Parametric Models: Bradley-Terry-
Luce: Among the popular choices is the Bradley-
Terry-Luce model (BTL) (Bradley and Terry, (1952}
Chetrite et all [2017; |Chen et al. |2022; |Gao et al.
2023), which is a well-established parametric model
for defining p(i,j), also related to the widely used
Elo ranking system (Elo| [1978)). In this model, the

comparison function is F’ (:L‘) = H%

These models capture the intuition that players with
similar skill levels produce uncertain outcomes, while
matches between players with very different skills are
highly predictable. It also implies important structur-
ing properties such as transitivity and locality (Bengs
et all 2021). We proceed under the assumption that
this function F is known.

Linear Contextual Models (CoLST): To model
the additional available information about each player,
the contextualised LST(CoLST) model assumes that
each player ¢ is associated at time ¢ with an observed
time dependent feature vector x;; € R?, and that their
latent strength is a linear function of the form:

Mt i = <9*7 xt,i>a (2)

where 8* € R? is an unknown parameter vector to
be estimated (Schafer and Hiillermeier) 2018; [Sahal
2021} [Bengs et al.| 2022). In this model, the pairwise
comparison probability becomes:

pi(i, ) = F ({07, 24, — x15)) - (3)

In the following, let z;; ; = ¢, — x4 ; denote the con-
trast vector between 7 and j and at time ¢ and let
ci(t,7) = (0, 2z, ;) denote the "skill gap" between i
and j at time ¢. Specifically, the signs of the skill gaps
give the underlying ranking of the players.

Matching Cost: As previously mentioned, efficient
matchmaking in video games serves as a compelling
example (Minka et al.| [2018} |Herbrich et al., |2006]). We
consider the problem of designing a dynamic match-
making system that selects a matching M; at each
round. Mismatches—where the skill gap is perceived
as large—result in player dissatisfaction, arising from
games that are either trivially easy or excessively chal-
lenging. Hence, not all matchings are equally desir-
able. Platforms aim to maximize player engagement by
proposing matches between players of comparable skills.
To model this, we assume that the dissatisfaction or
cost incurred by matching ¢ and j is linear in terms
of the skill-gap ¢;(i,5). Hence, the cost of a matching
M is the sum of the costs of each pair in that match-
ing, i.e., Ct(M) = > 4, iyens le(i, j)|- This choice of

loss links the optimal matching problem with ranking:
Once the ranking is recovered, the optimal match is
obtained by matching the first player with the second
one, the third with the fourth, etc. (See Lemma.

Problem Statement and Objective: At each
round t, k; players are available, each with their own
feature vector x; ;. The algorithm chooses a matching
M; and observes the results of the induced compar-
isons. The goal is to minimize the cumulative cost,
that is Zthl Cy(M,) or, equivalently, the cumulative
regret:

T
Ry =Y Ci(M;) — Cy(M) (4)
t=1
where M = argmin s a¢ching Ct (M) is the matching
with minimal cost at time ¢.

Main Results: Our contributions are threefold:

e We propose two algorithms, MAXIMUM-
INFORMATIVE ~MATcHING (MIM) and
SUP-MATCHMAKING [2] to adaptively solve
the matchmaking problem while minimizing
cumulative regret.

— (MIM) achieves a worst-case regret of
O(dVE + d32N)Y| where K = Y7 k; is
the total number of observed pairs, which
is optimal for very large values of K, and
N = max; k; is the maximum number of pairs
at each round.

— SUP-MATCHMAKING achieves regret bounds
of O(\/diK—&—dN), which is optimal (up to loga-
rithmic factors). It theoretically outperforms
(MIM) as long as log K < d. This algo-
rithm generalizes ideas from (SupLinRL /
SupLinUCB) (Auer} 2002 |Chu et al.| [2011))
to a combinatorial setting, offering insight into
what sort of contextual combinatorial bandit
problems these algorithms would generalize
to.

e We provide a lower bound on cumulative regret
under the (CoLST) models, certifying the opti-
mality of SUP-MATCHMAKING (up to logarithmic
terms).

3 RELATED WORKS

Parallel Sorting algorithms: Parallel comparison-
based sorting algorithms are attractive in our setting
given the intrinsic connection between matching and
ranking; see Lemma . Numerous methods have

1O hides logarithmic terms.
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been developed to take advantage of parallelism for
sorting under different computation models and con-
straints (Knuth| |1998; [Valiant, 1975). Among these
algorithms, the "sorting networks" (Batcher, (1968 |Aj-
tai et al., [1983; |Chvatal, [1992)) stand out because they
share the property that no element participates in mul-
tiple comparisons in the same round. This is relevant
to our setting as players can only play one game at a
time. Multiple sorting networks exist for multiple set-
tings, in particular to take into account possible faulty
comparisons, where the strongest element does not nec-
essarily prevail (Assaf and Upfal, [1990; Feige et al.,
1994; |Leighton et al., (1997 [El Ferchichi et al., |20244)).
However, these algorithms suffer from Q(NlogT/A)
asymptotic gap-dependent lower bound (Ren et al.
2019). This is problematic, as IV is prohibitively large
in practice (Minka et al., |2018)). When additional in-
formation is available and can be effectively leveraged
via a generalization model to (approximately) infer the
skill levels, sorting algorithms are less interesting, as
they solely rely on comparison outcomes.

Contextual Combinatorial Bandits: The match-
ing problem with available contexts can be seen as
an example of contextual combinatorial semi-bandits
(Wen et al.l |2015}; Takemura et all 2021). The combi-
natorial structure is clear as, for IV players, there are
ﬁm ~ (X)N/2 possible matchings. However, the
feedback is quite different here: In the contextual com-
binatorial bandit problem, better choices made by the
algorithm yield more informative samples on #*. This is
analogous to the discrepancy between dueling bandits
(Bengs et al.l |2021) and standard multi-armed bandits
(Lattimore and Szepesvari, |2020) and ultimately the
contextual versions of these two problems (Bengs et al.,
2021} [Sahay, [2021}; [Bengs et al., [2022)

Dueling Bandits: The dueling bandits framework
(Bengs et al.l |2021)) extends the classical multi-armed
bandit problem to settings where actions are selected
in pairs and only relative feedback between pairs of
players is observed, rather than absolute reward. In
each round, the algorithm selects a pair of arms and
observes which is preferred, typically under stochas-
tic (Bengs et al., |2022)) or adversarial noise models
(Saha et al. 2021)). In this framework, a variety of
objectives have been considered, ranging from best-
arm related objectives (differing mainly through the
optimality concept, including Borda winner(Saha et al.,
2021)) Copeland winner (Zoghi et al., [2015), etc.) to
the top k ranking (Braverman et al., |2016; Mohajer
et al.l |2017)) and the total ranking (Ailon et al., [2008;
Ren et al., [2019; [El Ferchichi et all [2024a)). For an ex-
tensive review of the subject, we refer to (Bengs et al.)
2021)). Perhaps closest to our work are (Bengs et al.

2022; (Sahal [2021)), where a dueling bandit framework
is considered with the notable addition of contexts, fol-
lowing the Linear Stochastic Transitivity (LST) model.
In those works, the goal is to sequentially pick pairs
containing the best arm, while minimizing the regret.
Algorithms to minimize regret are provided ( (Sup-
CoLSTIM / ColSTIM) by (Bengs et al., [2022) and
(Sta’D / MaxInP) by (Sahal|[2021)) and subsequently
analyzed, showing their optimality. In many aspects,
their work generalizes that of (Li et al., |2017)), notably
the algorithms (SupCB-GLM / UBC-GLM), to
the setting of dueling bandits. Similarly, we build on
the ideas of (Auer, 2002; |Chu et al., [2011; |Li et al.,
2017; (Sahay, [2021}; [Bengs et al., 2022) to design efficient
algorithms for the matchmaking problem. In particular,
this paper is the first work that extends the ideas of
(SupCB-GLM) to a combinatorial setting.

4 MAXIMUM-INFORMATIVE
MATCHING (MIM)

4.1 Link between Ranking and Matching

In this section, we start by highlighting the link be-
tween ranking players and eliciting optimal matching,
as attested by the following lemma (see the proof in

Appendix [C):

Lemma 4.1. If 1 > po > ... > uy, then the optimal
matching s

M=1{{1,2},{3,4},... . {k—1k}}. (5

Lemma shows that once the ranking is known, the
optimal matching is obtained by pairing adjacent play-
ers. When the ranking is uncertain, this translates
into uncertainty over which pairs may belong to the
optimal matching. In particular, if two players ¢ and
j are statistically indistinguishable, they may occupy
adjacent positions in some plausible ranking and could
therefore be matched together. However, adjacency in
the ranking does not necessarily correspond to small
gaps. For example, consider p1 > puo > pug > ... > ug
with Ay 2 > A 3: players 1 and 2 remain adjacent and
must be matched in the optimal solution, despite being
easily distinguishable. More generally, if (i) is even,
then ¢ is paired with the weakest player stronger than
itself. This observation suggests that identifying the
optimal matching under uncertainty amounts to deter-
mining which players may be adjacent in the ranking,
which is precisely the structure exploited by MIM This
applies symmetrically for uneven ranks. This rationale
is reflected in the lines 16 to 26 of MIM [II These
observations are the guiding principles for the design
of (MIM)
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4.2 Maximally Informative Matching (MIM)

In this section, we introduce Algorithm termed
MAXIMUM-INFORMATIVE MATCHING (MIM). (MIM)
is an intuitive algorithm for contextual matchmaking,
analogous in spirit to CombLinUCB (Wen et al., 2015)
and C? UBC (Qin et all 2014), but adapted to the
setting considered in this work. The basic idea behind
(MIM) is to maintain an estimate 6, and a confidence
set for the true parameter 8. These constructions are
based on maximum likelihood estimation (MLE) tech-
niques for generalized linear models (GLM), which are
standard in the linear bandit literature (Bengs et al.,
2022; |Li et al.,[2017} [Filippi et al.,|2010). Then, these es-
timates are used in a way that deviates from CombLin-
UCB and C2UCB. Instead of considering optimistic
estimates of costs for each pair and then constructing
a minimal cost matching according to those estimates,
(MIM) selects a matching M; that is "maximally infor-

mative", i.e. maximizes } ¢, 1oy, Hzt’i’jHEt_l’ where

the design matrix X; = 22:1 Z{iﬁj}eM& Zs,ij%si-
The main difference is that the original algorithms
equate all non-distinguishable pairs, since their opti-
mistic cost is 0, while (MIM) identifies pairs that are
optimistically in the optimal matching, then construct
a matching using these pairs. This favors exploration
and so the quality of the estimate 0,.

Notice that adapting CombLinUCB or C2UCB is not
straightforward as these are designed for standard com-
binatorial bandit problems where the signal increases
as the quality of the decisions improves, whereas our
setting could be seen as an instance of "combinatorial
dueling bandits". 1t is well known that algorithms from
standard bandits require non-trivial adaptations for
them to work in the dueling bandit setting (Sahal {2021}
Bengs et al., 2022} 2021; |Yue et al.| 2012).

A separate but important characteristic of (MIM) is
that it allows the size of the available players k; to
vary over time. However, the maximum number of
players available in each round N = max{k;,t € [T]} is
required. This is not a significant limitation given the
motivating example of video game matchmaking, as
platforms have finite and known physical restrictions
on the maximum number of simultaneously connected
players.

Main Idea Behind MIM: Algorithm [I] starts with
a number of exploration rounds 7. 7 is calibrated so
that the estimation of the costs of the pairs is precise
with high probability. Then, instead of acting greedily
on the estimates of the costs, we devise a strategy that
relies on a simple observation: if for a given pair {i,j},
it is not possible to decide which has a higher skill
level, then that pair could potentially be in the optimal

matching (Line 10, Algorithm . However, some pairs
are easier to distinguish than others. Since an easily dis-
tinguishable pair could still be in the optimal matching,
the rule (line 10, Algorithm will ultimately eliminate
it, so, through (Line 16 to 27, Algorithm the algo-
rithm retrieves the edges that potentially are in this
situation. Later, Algorithm ] picks the maximally infor-
mative matching, i.e., argmax } ¢, -1 e rq |\zt,i7j||2;1.

4.3 Theoretical Analysis

To analyze the performance of Algorithm [T} we make
the following mild technical assumptions:

Technical Assumptions

Assumption 4.2. ||z ;|| <1 forallt <T and i € [ky].
There exists a basis {e;}_, C {@;;}5 |, for all t, such
that ply = Eg,jzl e;el for some p > 0, that is, the
feature vectors span R4,

This assumption is commonplace in the literature on
contextual bandits (Filippi et al., [2010} [Li et al.| 2017
Sahay, [2021; |Bengs et al., |2022). It is only needed in the
initialization phases of Algorithms[fJand 2} M;,..., M,
are chosen to ensure that the design matrix 3 is invert-
ible for all ¢ in Algorithmand Egs) is invertible for all
t,sin Algorithm (2,53) is the design matrix of stage
s; see [Al for definition). The remainder of the analy-
sis does not rely on Assumption An alternative
strategy is to use regularization (Abbasi-Yadkori et al.|
2011} [Takemura et all [2021) and initialize 3¢ = A\y.

Assumption 4.3 (A-smoothness). The derivative of F,
denoted by F', is A-Lipschitz for some A > 0. More-
over,

k= nf{F((0,2)); ||z]l2 < 1,110 = 07|| < 1} > 0 (6)
where 0% is the true unknown weight vector.

Notice that Assumption [3] implies that F is
L-Lipschitz for some L < x + A. This assumption
is also standard in the literature on generalized lin-
ear bandits (Li et all 2017} [Sahal |2021} Bengs et al.|
2022). It is notably satisfied by the logistic function
o, corresponding to the (BTL) model, for A = i
and k = o(1)(1 — o(1)).

Let
T
K=> k
=1
7 = max{(dlog(T) + 2log(T)/k*p,1/p}
c= i\/d log(NT/d) + 2log(NT)

The following theorem quantifies the performance of
(MIM).
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Theorem 4.4. The regret incurred by |1| is upper-
bounded by

E[Ry] = O<($\/Elog(NT) +d¥ Nlog <NdT)> 1)

Ideas of Proof: The proof relies mainly on results on
maximum likelihood estimation (MLE) for generalized
linear bandits (Li et al., [2017)), to show that the choices
of 7 and ¢ ensure such that the estimates (2 ; ;, 9t> and
the true cost (z;;;,0%) are "close". It also relies on
the following adaptation of the self-normalized bound
(Abbasi-Yadkori et al., [2011; [Takemura et al., |2021) to
account for the variability of k; given in Lemma [4.5
The proof of Lemma is postponed to Appendix
[El] The detailed proof of Theorem [£.4] is postponed to

Appendix

Lemma 4.5. Let {2t j}ecir41,...,1).{ij em, such that

bepr+1,..
lzisll <1 and % = ~Zs=1 2 figyeM, stviyjz;i,j such
that $,y1 = Iy. Let ky = #M; and K = Yk
Then

T -
1 [ = 2K
E E min(ﬁﬂbt,i,jnz;l) < |/ 2dK log - (8)
t

t=7{i,j}eM,;

Discussion of the Result: This result provides an
adaptation of ideas from contextual linear bandits to
the setting of matchmaking. Two conclusions may be
drawn from the regret bound: (1) It does not matter
(asymptotically) how k; are distributed, as long as
N = O(VK). Below that point, the regret behaves as
if the pairs were selected one at a time, as we get the
same regret bounds as (Sahay 2021} [Bengs et al., 2021)).
(2) Similar to the GLM-Bandits case (L1 et al., 2017)),
we expect this bound to be optimal (up to logarithmic
terms) for very large values of K, as it would match the
minimax lower bound for contextual bandits problems
where the action set is the unit ¢2-ball (Dani et al.,
2008). However, this bound is known to be suboptimal
for small values of K, since a bound of O(vVdK) is
achievable for stochastic contextual bandits in general
(Auer} [2002; |Chu et al. 2011; |Li et al.,|2017)), contextual
dueling bandits in particular (Sahay, 2021} Bengs et al.|
2022).

In the next section, we extend the ideas of (Auer]
2002) to obtain an algorithm that achieves a sublin-
ear regret bound in terms of the dimension, of order
O(VdK (log NT)?3/?), at the price of an additional log-

arithmic term.

Algorithm 1 MAXIMUM-INFORMATIVE MATCHING
(MIM)
1: Input: 7 >0, ¢ > 0;
2: Initialization: Pick 7 Matchings My, ..., M., ob-
serve the outcome {Y; ¢; jy,{4,7} € My}, Vt € [7];
: Set 2~,-+1 = 21—:1 Z

3 {i,j €M, Zt,i,j2t,0,55
4: fort=74+1,2,...,7T do

5 Set Ey =0k, Wy =0y, O =04,;
6: Compute MLE 6;

7 Set Wt,i,j = Hzmd-Hzt_l;

8 for i,j € [k do

9: if ‘ <ét7 Zt,i,j> | S cwt,i,j then
10: Set Et,i,ja Et,j,i = 1, 1,

11: else

12: Set Ot,i,j = sign((é, zt,i7j>);
13: Set Oy ;; = sign((é, Zt5i));
14: end if

15: end for
16: Set V; = 0;
17: for i€ [k do

18: if E,;; =0, Vj € [k] then
19: r; = RANK(7);

20: Vi =V, U {i};

21: if r; is even then

22: LN(i,w,Et,Ot);

23: else

24: RN(i, Vi, Ey, Oy);

25: end if

26: end if

27: end for

28: My = PickMATCHINGMIM (V;, E, W);
29: Et—‘,-l = Et —+ Z{i,j}EMt, Zt,i,jzg;i,j;

30: end for

5 SUP-MATCHMAKING

5.1 High-level Intuitions behind
SUuP-MATCHMAKING

(MIM) (Algorithm [1)) is of order v/d shy of the lower
bound proved in Theorem In classical stochas-
tic linear bandit, asymptotically optimal algorithms
(up to logarithmic terms) have been developed success-
fully (Auer) 2002 |Li et al 2017, |[Sahal, [2021; Bengs
et al.l 2022). However, generalizing these algorithms
to generic combinatorial semi-bandits has remained
elusive due to dependency issue in the observations,
which we have been able to circumvent. The goal of
SUP-MATCHMAKING [2]is to generalize (SupLinUCB)
(Li et all [2017)) to the problem of matching. Essen-
tially, SUP-MATCHMAKING [2] outperforms (MIM)
because it relies on stronger concentration guarantees
of the estimated skill gaps, see Lemma [E:2] This is
achieved by building phases as in (Auer and Ortner)
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2010} Lattimore and Szepesvari, [2020). Adapting this
construction to contextual (generalized) linear bandits
is far from trivial.

Algorithm SUP-MATCHMAKING [2] would best be de-
scribed as multi-scale filtering: The algorithm main-
tains distinct collections of samples (\D(S))S:LQ,M, such
that for each scale s, the samples stored in ¥(®) depend
only on the previous phases s—1, s—2, ..., making them
independent conditionally on W(—1 w=2) pl),
These samples are used to build sequentially partial
matchings Mt(s), using only the remaining pairs that
are in phase s, so the choice of Mt(s) is only affected
by Mt(s_l),Mt(s_Q), . .,Mt(l). The subroutine P1CK-
MATCHINGSM aggregates Mt(l)7 Mlt(z)7 cee Mt(s)
and, to build a perfect matching, adds Mt(sﬂ) by
matching all the elements left out, making sure that
Mt(l) uMPu...u Mt(s) U Mt(SH) is a perfect match.
Theorem shows that Mt(SH) is not an arbitrarily
bad matching, showing that errors made by choosing
a pair of cost ¢ would only deteriorate the remaining
possibilities by %c. We postponed the statement and
proof of Theorem to Appendix [C] to comply with
the space limit.

5.2 Theoretical Analysis
Let
7 = max{(dlog(T) + 2log T)/K%p, 1/p}

c= ;s/log(SNT).
L

The following theorem quantifies the performance of
SUP-MATCHMAKING 2

Theorem 5.1. The regret incurred by Algorithm[3 is
upper-bounded by

E[Ry] = O(HL2 [M(log NT)3 +dN(log NT)%} ) (9)

Ideas of Proof: SuUP-MATCHMAKING [2 starts with
the same initialization as (MIM) (Algorithm [I). The
improvement \/d with respect to (MIM) comes from
the choice of a confidence parameter ¢ that is O(v/d)
smaller. This is possible because the samples inside a
phase ¥(®) are "independent", as observed in the semi-
nal work (Auer, 2002)). The extension of this central
result in our setting is achieved through PICKMATCH-
INGSM (Algorithm|[7)), as shown in the following lemma,
whose proof is postponed to [E]

Lemma 5.2. For all time steps t € [T] and any stages
s € [S], W) (t) the corresponding preference observa-
tions (Yie,(i,5)))(t,(i.j))ew(® 1) are independent Bernoulli-
distributed random variables with Yy (; j)) having the
probability of success F((z,0")).

It remains to show that the regret incurred by the
matching picked by function PICKMATCHING is not
"too costly". In fact, we show that the regret depends
linearly on the estimation error made on the chosen
pairs (Lemma . This is detailed in Appendix
The remaining steps of the proof are close to those of
(SupCB-GLM) (Li et all [2017) and are postponed
to Appendix [E]

Discussion: The upper bound on the regret of Algo-
rithm [2] indicates, as for Algorithm [I] that the per-
formance does not deteriorate (asymptotically) for
N = O(y/K/d). Within that boundary, the algorithm
is also oblivious to the distribution of k;. Note that
the logarithmic term suggests that algorithm [2] would
only outperform algorithm |1] as long as log K = O(d),
which is expected, as for infinite action sets, a linear
scale of regret in terms of dimension d is inevitable
(Dani et al., 2008).

Lower Bound: To certify the optimality of Sup-
MATCHMAKING, we also provide a worst-case lower
bound for the regret of any algorithm in our setting.
The proof of Theorem [5.3]is postponed to Appendix [F]

Theorem 5.3. Let N,d denote integers such that
d > 3 and N > 4d. There is an instance
{{wt,i}te[T],ie[N],B*} where, for allt € [T] and i € [N],
llzeill <1 and |07 <1, ky = N,Vt € [T] such that
K = NT. We have that

E(Rr) = Q(VdK). (10)

The main intuition of the proof is to consider a problem
in low dimension, with d = 2 and N = 4 where the
regret scales as v/T. Using an additional dimension, it
is possible to prove that the regret must scale as v NT
for larger values of N, by creating N/4 independent
instances. Finally, by further considering d/3 indepen-
dent problems, we prove that the final regret scales as
VANT as claimed.

6 CONCLUSION

We studied the problem of online matchmaking un-
der the contextual linear stochastic transitivity model.
We provide two algorithms MAXIMUM-INFORMATIVE
MATCHING [[l and SUP-MATCHMAKING to solve this
problem, each optimal in a certain regime. The contri-
butions of this work are two-fold: first, we show that
(MIM) achieves optimal regret for arbitrarily large
K. Second, we generalized the ideas of (Auer}, 2002,
through SUP-MATCHMAKING [2] to a particular combi-
natorial setting, achieving a regret of O(vVdK). We also
provided a lower bound that certifies the optimality.
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Algorithm 2 SUP-MATCHMAKING
1: Input: 7> 0, ¢ > 0;
2: Initialization: Pick 7 Matchings M, ..., M., ob-
serve the outcome {Y; ¢; jy, {4,7} € My}, Vt € [7];
3: Set S = [logy VNT|, U(*) = ¢ o) = =
W = {(t,{i,j}). {i,j} € My, t € [r]};

4: fort=7+1,2,...,T do

5: Observe context vectors X; = (@1 ..., Ten);
6: Set s =1 and Ags) = [N];

7 Set wy(i,7) = 0 for all 4, j € [N];

8: Set O(i,7) =0 for all 4,5 € [N];

9: while TRUE do

10: Compute MLE éis) using only data in ¥();
11: Set EES) = 2(17{i7j})6\1,(5> zl,iyjle,i,ﬁ

12: Set %) . = B(0) |20, 5oy Vi € AP,
13: if %) <1/VNT, V{i,j} €A then
14: ORDER(c{*, wy, Oy);

15: Break;

16: else .
17: AFTY o PRUNE(AY ) 209 6,”);
18: end if

19: if A°TY = () then
20: Break;
21: end if
22: s+ s+ 1;
23: end while
24: end for

25: My = PICKMATCHING (wy, Oy);

26: Query the pairs in M;;

27: for {i,j} € M; do

28: Pw(@i) = gwlin) y {t, 1,7}
29: end for
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Supplementary Materials

A List of Symbols

The following table contains a list of symbols that are frequently used in the main paper as well as in the following
supplementary material.

Basics
1 Indicator function.
N Set of natural numbers, i.e., N ={0,1,2,3,...}.
R Set of real numbers.
Mg Set of real square matrices of k rows/columns.
[n] The set {1,2,...,n} for some n € IN.
x, z d-dimensional vectors.
AT Transpose of a matrix A € R
(z,y) Inner product of two vectors ,y € R%.
I, d x d identity matrix.
04 d x d zero matrix.
||| The Euclidean norm of a vector € R?, i.e., \/{x, z).
||| a Weighted norm of a vector € R? for some positive semi-definite matrix A € R**?, i.e., \/(Az,x).
Modelling related
ke The number of pairs sampled at round ¢.
N Maximum number of players per round.
T The time horizon (number of rounds).
K The total number of players: K = Zszl k.
X The context space (subset of R?).
Ty (d — dimensional) context vector related to player i at time step ¢ € [T] (element in X).
Zt,ij The contrast vector of players ¢ and j at time step ¢, i.e., 2¢4,j = T¢,i — T4, 5.

Ground truth weight vector of the underlying model.
M = {{it,1,%e,2}, .-, {lt,ke—1, %k, }}  Selected matching of players at time step ¢.
F Comparison function defining the (CoLST) model.

K Minimum of F’ on working set:  := inf{F’((6,z)); ||z|l2 < 1, — 6*|| < 1} > 0.
A F’ is A—Lipschitz.
L F'is L—Lipschitz.
Y (i) (Binary) Feedback for the selected couple {i,j}, i.e., Yo = 1p;, ,»j, ] ~ Ber(F((07, z1,i,5))-
i Strength of player i: p¢,; = (@, 0").
ce(4,7) Cost of matching ¢ with j; ¢ (2,7) = |pe,i — pej]-
ci(M) Cost of selecting a matching M = {{i1, 42}, ..., {ir,—1,%, }} at time step t : Ce(M) = 3", sy enr (i )
My Optimal matching at time step ¢, i.e., the matching with the lowest cost at time ¢ : M; = argminas matching Ct(M).
Ry Cumulative regret up to time 7' for selecting (Mz):cir): Rr = Z?:l T
Algorithm related
c Confidence width parameter of Algorithms and(hypcrparamctcr of Algorithms and.
T Pure exploration length for Algorithms an
éf Maximum-likelihood estimate estimator of 8 (Algorithm .
> Gram matrix at round t: X; = ZLI {i.g}eM, zf,,q',]z;,w
W, Square matrix of size k;. Contains the uncertainty: W ; ; = ||zt,,,'_]||):;1
E,; Adjacency matrix: if E;;; = 1, Algorithm can pick {i,7}.
O, Ordering matrix: if O¢,,; =1 (resp. Oy,;,; = —1) then Algorithm is confident ¢ is stronger(resp. weaker) than j.
T The estimated rank of i.
s Stage-index in Algorithm
S Maximal number of stages (set to |log,(VNT)]).
wi(i,7) Stage at which edge {7,} is at round ¢.
T All samples corresponding to stage s € [S].
éis) Maximum-likelihood estimate of the weight vector 8* using only observations from W),
= Gram matrix at time step ¢ and stage s i.e., I(*) = Pl er® FLiniZ i g
ﬂii) Estimated strength of player i in stage s at time ¢, i.e., ﬁi? = (E)is S L)
Ci?i),; Uncertainty on [Lii) - ﬂis]) (',Eiv)_] = ﬂ(6)||zt,1_]H<2£s>),l.

B Omitted Pseudo-codes
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Algorithm 3 LN

1: Input: 7 € [ktL‘/t S [k’t], Et,Ot,Wt S Mkt ;

2: L= {j S [kﬁt], Ot,i,j = —1};

3: for j € L do

4: if Thereis k € L s.t. Oy =1 then > j is confidently not the weakest element of L.
5: L+ L\{j};

6: end if

7: end for

8: for j € L do

9: E ;;,Ei;; =1,1; > Update Adjacency matrix.
10: end for

Algorithm 4 ORDER

Input: 2z € My,, éis)

for {i,j} € A" do
if (zt7i7j,é§8)> >1/V/NT then
O(i,j) = 1;
else if <zt1i,j7éis)> < —1/+/NT then
Ot(ivj) =-1L
else
we(i,j) = S;
end if
end for

€ Rd, O, w; € R4

Algorithm 5 PRUNE

Input: A3 C {{i,j},i,j € lklyi # 5}l € My, (251 jep, 0 € RY;
A§S+1) _ 0;
for {i,j} € A" do

if ol*) > 1/2° then

t7i,]. .
wi(i, ) = ;
else if (ztﬂ»,j,éisb > 1/2° then
O(i,j) = 1;
else if (zt,w,éis)> < —1/2° then
O(i,j) = —1;
else
APHD = AT g
end if
end for > Proceed to next stage.

Algorithm 6 RN

1: Input: i € [k],V; € [ky], Ey, O, Wy € My, ;

2: R= {] S [kt],Ot’i’j = ].},

3: for j € Rdo

4: if Thereis k € Rs.t. O ; =1 then > j is confidently not the strongest element of R.
5: R« R\ {j};

6: end if

7: end for

8: for j € R do

9: E: ;i E:;; =11 > Update Adjacency matrix.
10: end for
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Algorithm 7 PICKMATCHINGSM

Set R = Ranking of V following Oy;
Pick Mt(SH) Match elements of V' according to the ranking R;
return Mt(l) U Mt(z) U...u Mt(s+1>;

1: Input: w;, O; € My (R), S = |logy VNT| ;

2: V =[NJ;

3: for s € [S] do

4: pick a maximal matching Mt(s) on V using edges {i,j} such that w(i,j) = s; > 2-approx of best possible.;
5 V=V\M?,

6: end for

7

8:

9:

Algorithm 8 PICKMATCHINGMIM

: Input: V; C [ki], Et, W, € My,,;

: Let G = ([ke], E¢, W}) a weighted graph; > E; the adjacency matrix and W, the weight matrix.
: Pick M, a maximal weight matching on G;

return M;;

=W =

C Technical lemmas

We start by proving the Lemma [41] For convenience, we restate the lemma here:

Lemma C.1. If pu1x > p2 > ... > uk, then the optimal matching is
M* = {{1,2},{3,4},...,{k — 1,k}}. (11)

Proof. Take any two crossing edges in an arbitrary matching, say {i, k} and {j, £} with u; < p; < pr < pe. Replace them
by the non-crossing pair {i,j} and {k,¢}. The change in total weight is

A= (uj —,Ui) + (ue - /J«k) - (,Uk —Mz') - (W —Mj)
=2(pj —px) < 0.

Hence each uncrossing step never increases the total cost; iterating until no crossings remain yields the neighbour-pairing
M™, which is therefore optimal. O

C.1 Matching

In this part, we fix ky = N and z;; = z;, omitting the time dependency for the remainder of this section. Let E be a
subset of [N]. The optimal matching on E according to the cost ¢ will be denoted as OPT(FE). Recall that the cost
function implies that the optimal matching on a given set is the one obtained through ranking the elements of the set
according to their strength then matching them from weakest to strongest.

W .lo.g, we assume that if ¢ < j, then element ¢ is stronger than element j. The following lemma holds.

Lemma C.2. Leti,j € E C [N]. Then

(OPT(E\ {i, ) < c(OPT(E)) + (i, j). (12)

Algorithm 9 RANK
1: Input: i;
2: Set r =1;
3: for j € [k] do
4 if Ot,j,i =1 then
5: r=r+1; > j is stronger that 3.
6
7
8

end if
: end for
: return r;
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Proof. W.lo.g., assume that £ = [N] and that ¢ € {1,2} and j € {N — 1,N}. Recall that OPT([N])
{{1,2},{3,4}...{N — 1, N}}. We have that OPT([N]\ {7,7}) = {A,{4,5},{6,7},...,{N — 4, N — 3}, B}, where

{13}, ifi=2.

A‘{{2,3}, ifi=1. (13)
_J{N—-2,N}, if j =N —1.

B{{N—27N—1}, ifj=N (14)

In all cases, through the triangle inequality, we get that:

(N—4)/2
c(OPT(IN]\ {i,5})) < e(1,2) + ¢(2,3) + | > e(2k,2k +1) | +e(N —2,N — 1) +¢(N — 1, N). (15)
k=2

Recall that Assumption 4.1 implies

() + Flp2) -+ Fu)) < 2+ pa 4+ ) (16)
Hence
a < %c(i,j). (17
In conclusion, it holds that:
¢(OPT ([N] < {i,5})) < e(1,2) + e(N — 1, N) + Zeli,j) < c(OPT(N) + (i, ). (18)

The previous lemma essentially implies that the optimal matching constrained to containing a given pair {i,7} is not
significantly more costly than the optimal matching free of any constraint. The degradation is proportional to the cost of
the imposed pair {7,j}. The following result is a generalization of Lemma when multiple pairs are imposed.

Theorem C.3. Let i1, ji1,42,52,---,%k, jr € [IN] be distinct elements. Then

x|

!
C(OPT([N] \ {i17j177;27j21"'77:lajl}) < C(OPT + ZC Zka]k (19)
k=1

Proof. The proof follows by recursion using the lemma [C.2] O

C.2 Self-Normalized bound

The following lemma is an adaptation of Lemma 11 from (self-normalized bound)(Abbasi-Yadkori et al} 2011} [Takemura;
et al.| 2021)) for this setting.

Lemma C.4. Let {2} ecri1,.. 1) {ijyem. such that ||zis]| < 1 and By = 3'7] D o(ijren, FsigZs,,; such that

Sri1 = Ia. Let ke = #M; and K =Y. ki Then
1) < (/20K log %. (20)

E E min( |zt,m

t=r+1 {i,j} €M,




CONTEXTUAL RANKING AND MATCHING. OPTIMAL REGRET UNDER LST

Proof. First, we have that:

logdet(X:) = logdet | X¢—1 + Z Zij2] ; (21)
{i,jyeM;
=logdet (S 1) +logdet(la + > (8, %2 ,)(2,{%2:,)7) (22)
{i,jYeM;
= logdet(X:—1) + log det Z Ii+ k(2 _11/2z1 I, _11/2zm<)T) (23)
{z,]}EIMt
1 _ _
> logdet(Se-1) + - 7 logdet(La + ki (S, %2 ) (3, 20 )T) (24)
* figye,
=1+ Z S logdet(la + k(3,20 5) (5, 2 5)T) (25)
t= T+1 {2,]}6]%{
-1+ Z > log( 1+kt||z”||2_1) (26)

t= 7‘+1 {1,]}61\/1t

Since for 0 < z < 1, we have that 2log(1 + ) > z, it follows that:

T

logdet 3y > 1+ 1 Z Z min(1 ktszHg 1) (27)
250 e

Moreover, since d(det A)*/? < tr(A):

log det % = d (log d(det )Y — log d) (28)
< dlog (tr(2:)/d) (29)

T
1 2
—dlog (2 S S il (30)

t=7+1{i,5},€ My
K
< dlog (E) : (31)

Hence, it follows that:
= K
Z Z mm( ||zw||2_1) < 2dlog ( d) (33)

t=7+1{i,j}eM;
and, by Cauchy-Schwarz inequality:

T
S el SVE] Y S el < yf20r10g 2 (34)

t=7+1{i,j}EM; t=7+1{i,j}EM;

This concludes the proof. O

Lemma C.5. Let {z¢,i,j}iefr+1,...,10,{i,j}eM, Such that z;; € R? and X, = Zi;ll Z{i,j}EMt zi,jz;j such that ¥r41 > I4.
Let ky = #M; and K =3, ki Then

Z o1 2ty > %) < 2dmax(ke) log (5) (35)

t=7+1{i,j}eM;

Proof. It holds that

T
1 . K
S Al 2 € Y S mindh k) <sampsotes (5). o)

t=7+1 {i,j} €M, t=7+1{i,j}EM;

where the second inequality follows from O
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D Proof of Theorem [4.4]

Let
Ainit = {Vt >7: |0; —0"| < 1and &, > I;} (37)

be the initial concentration event. The initialization time 7 is chosen to guarantee P(Ainit) > 1 — 1/7. As in (Bengs
et al.| 2022} [Sahal 2021} [Vaswani et all|2019) (mainly the proof of Theorem 4 (Vaswani et all 2019)), a valid choice is
T = max { (dlog(T'/d) + 21log T)/x*p,1/p}

Let
Avre = {Vt > 7,{i,j} C [k:] : [(0: — 0%, 2¢,05) | < B(O)||Zt,i,5ll()-1} (38)

be the MLE concentration event. §(d) is chosen to ensure that P(Amre) > 1 — 4, again for 6 = 1/7. Lemma 3 (Li et al|
2017)) implies that it’s enough to take

B(5) = \/ dlog % +2log(T). (39)

Now, assuming that these two events Ainit and Amre hold, the rest of the proof lies in expressing the regret bound in
terms of the estimation error, formalized in the following lemma;:

Lemma D.1. Suppose that Ainit and Apre both hold. Lett > 741 and My be the matching chosen by (MIM) (Algorithm
). Let M be the optimal matching at round t. Then

Ci(M) - () < S 2ﬁ(5)%\|zt,i,j|\z;l. (40)

{i,j}EM;

Proof. Recall that M; = arg maxy; matching on (k] 2o {i,j}en ||2ti.4llg-1- Recall that Vi is the set of elements that are
’ t

correctly ranked by (MIM) (lines 17 to 19). We partition My = My 1 U My 2, where M, ; is formed by pair {4, j} such that
either 7 or j are elements of V;, whereas M; o is formed by pair {i’,j'} such that neither i’ nor j' is in V4, therefore for
{i',j'} € M2, it holds that

(B¢, 200 50) | < BO)|z000, 37|l (41)

We note the set of elements in M; 1 as V;. We note M2 = {{i1,j1},...,{#,7}}. Using Theorem we get that:

l
& . .o L
Ci(OPT(V4)) = Co(OPT(ke] \ {in, 1, -1, 5i}) < Co(OPT([k]) + = > cilims jm).- (42)
m=1

Also, since

M; = arg max Z [zt 5—1 (43)
M matching on [k¢] {ijreM t
then

My = argmax Yy llzeiill5 1 (44)

M matching on Vi {i,j}EM
»

Let 8V, = V4 \ Vi. As we will show later, it remains to bound the difference of the costs of My 2 and OPT(Vt). To do so,
we rely on the following observations:

1. V4 can be correctly ordered. This is by constructions as only elements for which the rank is known are put into V;
(lines 18 and 19 [)).

2. Elements of 9V; can be inserted correctly (coherently with the correct ranking) between elements of V.

3. Let 4, j, k € Vi be three consecutive elements in the correct ranking of V4, such that (i) < r(j) < r(k) Let | = My 2(j
the match of j in My o. then [ is either ranked between ¢ and j or between k and j, that is either 7(7) < r(I) < r(j) o
r(j) <r(l) < r(k).

/)

The first two points are self-evident. For the third point, it is sufficient to show that r(¢) < r(I) < r(k): this is
straightforward: if it was not the case, say for example r(l) < r(i), [ would have been excluded by LN 1 line 4). A
consequence of the third point is that at most 2 elements of OV; can be inserted between 2 consecutive elements of V;.

Let i,! € V; be two consecutive elements of V; such that (i) < r(l). The aforementioned observations imply that there is
only 3 possible configurations:

1. No elements of 9V} is between ¢ and [. It means r(M;(z)) < (i) and (1) < r(M(1)).
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2. There is one element of 9V; between ¢ and [, either r(M; (7)) < r(i) < r(M(l)) < r(l) or r(3) < r(M(z)) < r(l) <
r(M(1)).

3. There is two elements of OV; between ¢ and [, either r(¢) < r(M(2)) < r(M(1)) < r(l) or (i) < r(M(2)) < r(M:(1)) <
r(l).

If the third situation does not occur for any 4,1 € V;, it is necessary that M;; = OPT(V;), as the elements of V; can be
ranked, yielding no additional cost compared to OPT(V;). However, if the third situation occurs and the algorithm cannot
decide whether r(M(z)) < r(M(l) or r(M(l)) < r(M¢(2)), M; matches ¢ to M(i) and I to M;(l) because

lztinn g 2o olls - 2 1zl + 1Zenm o llg 1 (45)

If r(M(i)) < r(M¢(l)), this choice does not cause any regret. However, if r(M;(i)) > r(M¢(1)), then

(0%, z¢ s aa, (1)) + (07, Zeatp(y,0) — (07, 2o, (1)) — (07, Ze e (0),1) = 2 (07, 24,01, (1), My (3)) (46)
< 2800)|zt,000 (1) 2 ()| -1 - (47)

Here, the last inequality holds because we assume that Ay holds and that {M, (1), M. (i)} are not distinguishable. We
also have that

1

[|12e,00, 1), Mo () || 2 -1 = §||zt,]V[t(l),i + 2o () + Ze,M (0,0 F 2 ()|, -1 (48)
1

<3 Izt @ills,—1 + zem@lls, -1 + 26 o)lls, -1 + 2000 0)lls,-1] (49)

<zt @lls,—1 + 12000 lls,-1- (50)

where the last inequality is a consequence of the selection criteria [d5] By combining [47] and [50] we get

Ci(My1) = CL(OPT(V,)) <28(8) > lzeijlls,-1- (51)

{i,5}EM¢,2

To conclude, it remains to bound ¢ (i, j) when {i,j} € M; 2. We have that

cie(i,g) = (07, 21,i,5) (52)
=(0" —0,20:;) + (0,214 ;) (53)
< 25(5)||ztyid”z;1‘ (54)

where the last inequality follows from combining Amre and (by definition of Mz 2). Recall that % > 1. It follows

Cy(My) — Co(M]) < Cy(My2) + Cy(My1) — Co( M) (55)
€] o
< D al@N+280) Y lzeisllso
{i,5}€M¢ 2 {i,5}€M¢ 1
X L .
+ CUOPT([ke]))) = Co(M{) + = > e, g) (56)
{i,J}EM¢ 2
2 I
< QEB((S) Z ||Zt,i,j||2;1- (57)
{i,jyeM¢

Where the inequality (1) follows from |42| and and inequality (2) follows from combining [54| and the fact that 1 < £.
This concludes the proof.

O

Using the previous lemma [D-1] combined with Lemmas [C-4] and [C.5] we show the following Theorem [£-4]

Theorem D.2. Let 7 = max{(dlog(T) + 2logT)/k’p,1/p} and ¢ = B(8) = 5=+/dlog(NT/d) + 2log(T). Let K =
Z;l k¢.Then the regret incurred by is upper-bounded by

E[Rr] =0 (% {d\/?logNT +d**Nlog (%)D . (58)
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Proof. We start by decomposing the regret:

T T
Z —C(M)| < Z ke + KP(AyLe U Afit)
t—1 t—1
T
+ P(Amre N Ainit) Z Ci(My) — Co (M) (59)
t=7+1
< Nt 42N +28(5 Z > |ETRRI (SR (60)

t T+1{i,j}eM;

Using the lemmas @ and we get that
T
2K K
S>> lze,ill5-1 < 4/ 2dK log = +2dNlog (7) . (61)
t=+1 {i,j}EM;

In conclusion, we get that

T
Z C’tMt)}SNT+2N
+ = L dlog NT + 2log (NT) 2dK log 2K + 2dN log K (62)
K2 d V d d
-0 (% [d\/ﬁlogNT +d**Nlog (%)D . (63)
K
because N7 = O(Nd) O
E Proof of Theorem [5.1]
Let
AS) vt > 7. ¥se[s]: 18 — 07| <1and =, > I} (64)

be the initial concentration event. The initialization time 7 is chosen to guarantee that IP(AfnSl)t) >1—1/T. As in (Bengs

et al., 2022; [Sahal, 2021} [Vaswani et al., [2019), a valid choice is 7 = max {(dlog(T'/d) + 21og T)/K°p,1/p}.

Let
Al = {¥(0,5} C Inl,t > 7 ¥ € (8] 187 = 6, 2105} | < B(6) 121, o)1} (65)

be the MLE concentration event. (3(d) is chosen to ensure that IP(AI(VfﬁE) > 1—4. This is an important point as the

sophisticated sampling scheme of is designed to allow for a é(\/g) smaller 8(4). The following lemma holds because the
way we pick a matching in SUP-MATCHMAKING, through the function PiIck MATCHINGSM:

Lemma E.1. For all time steps t € [T] and any stages s € [9], \I/<S)(t) the corresponding preference observations
(Y(t,(i»j)))(t,(i,j))eqf(ﬂ>(t) are independent Bernoulli-distributed random variables with Y ;i 7)) having the probability of

success F ({zt,3,5,0

Proof. The event { (t,{3,5}) € \P(S)(t)} only depends on the results of the samples in Uy <% ) (¢) and in ct (Algorlthml

line 4). From the definition of ct ) we know that it depends only on the feature vectors z j, such that (¢, {i,j}) € W.(t).

Hence, conditioning on Ug<é\IJ(")(t) and on the feature vectors in W(*)(¢), the samples (Yet,600)) (6, (i) ew (=) (1) are
independent, and E(Y(; ¢ ;))) = F (0", 21,i,5))-

Lemma E.2. If () = 2 /21og(3TN/6) then

P(A¥iLe) > 1-4. (66)

Proof. The proof is analogous to that of Lemma 4 of (Saha, [2021)). ]



CONTEXTUAL RANKING AND MATCHING. OPTIMAL REGRET UNDER LST

Lemma E.3. On the event Al(\fﬁE, the cost associated to the choice of a pair (i,7) € My is upper-bounded as follows:
i, 7) < 4 67
(i, j) < 9wt (6:3) " (67)

Proof. Suppose that AI(\/S&E holds. Since {i,j} € A:)(i’j), then

(B =07 ) | < G <o, (68)
and
‘<é§w<l7])71)7zt,i,j> | < 2~ @ED-D (69)
Hence
|<0*7zt,i,j>| S 4 2*“’(%])_ (70)
O

Lemma E.4. On the event A'S) it holds for any s € [S)] that

init

: 2NT NT

1w < B(6)2° (\/mq}(s) log (T) + dN log (d>) . (71)

Proof. Notice That, by definition of ¥*) we have (Algorithm [2| lines 27 and 28)

. e
>, (72)
(t,{5,iHew ()
Moreover
S dl=80) Y lzillge, (73)
(t.{i,5})ew® (t.{i,5})ew®

(74)

Following the notation used in Lemma , let M = {{i,j} (4, {3, 5}) € \If<s>}, such that k') = [M*| and K = |w()|,
Hence, by applying the lemmas [C.4] and [C.5] it follows that

2K () . K®
> l2e5ll5-1 < /24K ) log — +2dmtax(k:§))log (—) (75)

d
(¢ {i,g}ew®

\ ®) )
W] < B(8)2° <\/2d|\1/<8)|10g <%> +dNlog (Kd )) . (76)

Since it holds trivially that K < NT', we then have:

W] < B(8)2° (\/MW) log (%) +dN log (NdT)> : (77)

Finally, we get that

Again, we restate the result for completeness.

Theorem E.5. If 7 = max {(dlog(T/d) + 2logT)/k’p,1/p} and ¢ = 2./210g(3NT), then Algorithm@ suffers a regret of

E[Rr] = O (£ [\/dJTT(logT)S/ 2 4 dN (log NT)5/2]) . (78)

K2
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Proof. The regret is upper bounded as follows:

(1) T —
Z ST elind) = CuM)] < 3 ket NTP(AG) U AR
t=1 {i,j} €M, \t:1 ~ (Im)

(€9

T
+PARENASOE | 3 Ci(My) — Ci(M)|AG) 0 AG) (79)
t=7+1
T
SNTH2N+E | > Co(My) — Co(M;) A, 0 AL (80)
t=7+1

€385}

where the first inequality follows from the decomposition into (I) the initialization cost and (II) the cost incurred by
the bad event, where estimation does not behave as expected. From this point onward, to control (IIT), we assume that

A< ML N A holds. We also use the same notation as PICKMATCHINGSM (algorithm .

init

(1) T S M(S)
2amszz" COIEY) (s1)
t=7+1 t=74+1 s=1
@ &S M) Lo, M)
< t = 41t 2
_;g g+ COPT() + 13 45, (82)

where inequality (1) is a mere decomposition using the matchings picked by PIckMATCHINGSM, and inequality (2) follows
i

from Theorem applied on Mt(SH), Since OPT([k:]) = M, it follows

T ;IS |M(9)\
ST CMy) - Co M) <A1+ ) D - (83)
t=7+1 K/ t=7+1 s=1
To upper bound that quantity, we group the terms by phase-index s:
T S (s) S M(s \II(S)
>y Moy y Moyl 1)
t=7+1 s=1 s=1t=7+1

Then, we make use of Lemma [E-4}

zs: S>\ g(a)i (\/qum log (¥> +dNlog (A;T)) . (85)

Recall that S < log, vV NT. We bound the second term trivially:

idN log (%) < ﬂ1 (]\;T) log (NT) < dN(log NT).2 (86)

For the first term, we proceed using Cauchy-Schwarz inequality as follows:

Z 2d|T®)| log <2NT) < \/leog (QNT) i \/WT (87)

S
2d log (2]?) S |we) (88)
s=1

\/2dK log (NT) log (QJ\dfT)

< V2dKlog (NT). (90)
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where the last inequality stems from the fact that d > 2. To summarize, recall the fact that £ > 1 and that 8(5) =

2/2log(35T) and that § = £, hence, for ¢ = 3(6) = 2,/2Tog BNT, then

E(Rr) < N7+ 2N + 24% * (\/QdK(log NT)*? + dN (log NT)5/2) . (91)
Since N7 = O(NdlogT), we conclude that:

E(Rr) = O (é [M(log NT)*’? + dN (log NT)5/2]> . (92)

F Proof of the Lower Bound

Throughout this section, we fix F = x — x + 1/2, so that the probability that i beats j is 1/2 + (8", z; ;). Let
KL(P||Q) be the KL divergence of two probability measures P and Q. In particular, for p,q € (0,1), we use note
KL(pl||q) := KL(Ber(p)||Ber(q)). Throughout this section, we make use of the following lemma:

Lemma F.1. Let p € [3/8,5/8] and € < 1/8 then

16
max{KL(p +ellp), KL(p|lp + )} < €. (93)
Proof. The lemma is an immediate consequence of the following inequalities applied to p € [3/8,5/8] and € € (0,1/8)
2
1. KL(p+€|lp) < TR

62
2. KL(pllp +€) < Grot—p=a-

The proof of these inequalities, relies on the following result ((Dragomir et al., [2000) Theorem 1):

2 2
p (1-p)
KL <=2 94
(pllg) < . - (94)
For inequality [T} we have:
2 1—p—g)2
KL(p+elp) < L0 4 UoP=2l g (95)
< A=p@e+td +p(l-p- —p(l-p) (96)
p(1—p)
P> + € + 2pe — p® — p® — 2p°c + p + p® + p — 2p° — 2pe + 2p°c — p + p’
< (97)
p(1—p)
2
€
P — 98
~ p(1-p) 98)

Similarly, the following calculations yield

2 1—p)2

PR

PP —p —pPet(p+e(1+p"—2p) —(pte)(l—p—¢) (100)
(p+e)1—p—¢)

P Pt ptp’ — 2ttt e’ —2ep—ptptpe—ctepte

- (p+e)l—p—¢)

2
€

Shrol-p-9

KL(p|lp+¢€) < -1 (99)

IN

(101)

(102)
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Proof. Our proof relies on similar techniques as used in (Lattimore and Szepesvari, [2020) (Chapter 24) to derive a lower
bound for linear bandit algorithms. The proof is in two steps:

1. We prove first that for d = 3, there is an instance where 8 € R? and a set of contexts {x;}i=1,...,~, for which any
algorithm would yield a regret of at least v/ NT. This is detailed in Lemma

2. Duplicate this instance, on d/3 orthogonal subspaces of R, splitting the contexts among the subspaces, % each.
This yields d/3 independent problems where each incurs a regret of Q(4/ %T) and therefore a total regret of at least

Q(VANT).

O

Lemma F.2. Let 0 = (%,92793), where (02,03) € {(0,¢), (¢,0)}, fore = ﬁ.Let Tapt+r = (k/(2N), z1,5, x2,), where

z1,r = r(mod 2) and x2, = |17/2|. Then, for T > 4Nd any algorithm incurs a regret of at least:
Q(VNT). (103)

Proof. First, notice that the set of contexts has the following property: if k£ < k' € [0, N/4] then for any r,r’ € {0,1,2,3}:
we have papyr < pag’ 4. This indicates that optimal matching is, in fact, the same matching duplicated on each set
of contexts {Tak+r}r=1,2,34. Suppose 4k + r and 4k’ + 1’ are matched together, that pair provides an information of

KL(p + €||p) or KL(p||p + €) depending on the value of 6, where p = % + 2’“]\;\% € [%, g] Either way, Lemma implies
that the information provided is at most €%, On the other hand, the information provided by a pair where k = & is at

least min{KL(% + €|1), KL(| + ¢)} > 2€* (Pinsker Inequality), which implies that both pairs are similarly informative

(up to a universal constant C' < 8/3). However, the pair {4k + 7,4k’ + r'} incurs a regret at least ‘:;\%I whereas if k = k’,
the regret incurred is at most € = \/11\[7 Hence, it cost at least % more to sample that a pair where k # k' compared

to one where k = k', for comparable informativeness. Consequently, it is not interesting for any algorithm to pick pairs
where k # k'

Going forward, we assume that the algorithm we consider A does not sample pairs such that k # k', i.e. the matching (M)
picked by A can be divided into N/4 matchings (M )k, where for each k € [N/4], M i is a matching on {Zap4r}r=1,2,3,4.

For the remainder of the proof, we set k = 0, as the same argument would translate seamlessly for other values of k. We
also omit the first coordinate of the contexts in this case as it is 0. There is a unique optimal, depending on the value of

0" € {(0,¢), (¢,0)}:
o if 0" =(0,¢) = 6y, then M* = M, := {{(1,1),(0,1)},{(0,0),(1,0)}}.
o if 0" = (67 0) = 921 then M* = M := {{(1’ 1)7 (170)}7 {(070)7 (07 1)}}

In both cases, the cost of the optimal matching is 0. There is a third matching, M3 := {{(1,1),(0,0)},{(1,0),(0,1)}},
never optimal. the cost of suboptimal matchings, in either cases, is 2e.

For any 6 € {61,602}, we denote by Pg the measure on outcomes induced by the instance and algorithm A, we also denote
by Mg the optimal matching for 6. Hence

T
N
Eo[Rr(A)] = 2¢- - Eo > Lag, 0] (104)
t=1
NT | T
2 IPG(Z Tarzmay 2 5) (105)
t=1
= GJZTIPG(&?) (106)

Where we have used the Markov inequality, and ¢ = {Z;‘F:I Laremay > %}

Let 0’ = (¢,€) — 6 the alternative weight vector. Since £ C Eg/, then P/ (Ee/) > Pg/(Eg). This observation relates the
regret to the Bretagnolle-Huber inequality ((Lattimore and Szepesvari, |2020) Chapter 14). It yields:

¢ 1
]Pg(gg) + Py, (59/) > Po- (5) + IPg/(g ) > B exp —KL(]PQ* ||IP,9/) (107)
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where KL(P||Q) refers to the KL-divergence of two probability measures P and Q. It remains to decompose the KL
appropriately to derive the lower bound. Using ((Lattimore and Szepesvari, 2020) Exercise 15.8(b)), we get that:

T N/2

KL(Po-|[Por) = > > KL(Po- (Ye,i)|[Por (Ye,0))-

t=1 i=1

(108)

Where (Y3,3); refer to the outcomes of the pairs in the matching M;. Given that A either picks M, My or Ms, there is

only three KL-divergence to compute, namely:

o KL(3 +¢|3) < §¢* (Lemma [F.1).
o KL(}(|} +¢) < 2¢ (Lemmal[F.1).

e KL(2 —€||3 +¢) < &€ (Lemmaforp: 1 —ecand & = 2e).

N

It follows that

This covers all possible pair selected by M, hence
KL(Pg+||Pgy:) < 63—4NT82.

In conclusion:

Fo[Rr(A)] + Eor [Rr(A)] > L (Py (€0) + Por (€51))
> dZT exp(f%ezNT).

This implies that, for either @ or 8’, the regret is larger than d\éT exp(ﬁ—;e2NT). For the choice of € =
the claim.

(109)

(110)

(111)

\/%, we achieve
O
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