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Abstract

This work investigates and provides insights into the reasoning thresholds of
open-source, decoder-only, transformer-based language models (LMs) with less
than three billion parameters by studying three key aspects: reasoning with in-
context learning, zero-shot reasoning, and fine-tuning of small models for zero-shot
reasoning. The reasoning ability of LMs using in-context learning is evaluated
using deductive reasoning tasks, where we show that reasoning ability is influenced
by model size and architecture, such as feedforward width and number of attention
heads, as well as by properties of the pretraining data, including scale, diversity,
long-range coherence, and the ordering of in-context demonstrations. For zero-shot
reasoning, we show that fine-tuning LMs on instruction and code data, the use of
prompting strategies such as plan-and-solve and role-play, and the depth of LMs
can all contribute to improved zero-shot reasoning performance. Regarding the
fine-tuning of small LMs, we show that LMs can acquire logical reasoning abilities
through instruction tuning with chain-of-thought data, with or without exemplars,
and through knowledge distillation. To support the above conclusions, we analyze
multi-head attention to correlate with multiple reasoning paths and apply attention
unembedding to identify which tokens are written to the residual stream. These
findings provide a clearer understanding of the conditions under which reasoning
abilities emerge in LMs.

1 Introduction

In-context learning (ICL) has emerged as a powerful capability in language models (LMs), where
models perform tasks by conditioning on examples provided in the prompt without any parameter
updates [, 2]]. [3] demonstrated that scaling model size from 0.1B to 175B in GPT-3 leads to
consistent performance gains across a wide range of benchmarks under ICL.

Building on this, [4] introduced chain-of-thought (CoT) prompting, which improves ICL performance
by eliciting intermediate reasoning steps. Their findings on large-scale proprietary models such as
PalLM 540B [5]], LaMDA [6], and GPT-3 [3]] showed that CoT can significantly enhance reasoning
accuracy. However, these investigations have largely focused on a narrow set of reasoning tasks or on
very large, closed-source models. As a result, the reasoning capabilities of smaller open-source LMs,
particularly those with fewer than 3 billion parameters, remain poorly understood.
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To address this gap, we systematically evaluate the ICL reasoning ability and zero-shot reasoning
ability of 29 decoder-only transformer-based LMs with fewer than 3 billion parameters across
commonsense, mathematical, and deductive reasoning tasks. We aim to identify the key factors that
affect reasoning performance in this parameter regime. Recent work has examined individual aspects
of ICL reasoning, such as multilingual reasoning ability [7]], the effect of irrelevant rationales [8 9],
and the structure of prompts and training data [10} 9]]. Zero-shot prompting strategies including Let’s
think step-by-step [[11l], Plan-and-Solve [12], and Role-Play have also been explored in larger LMs,
but systematic evaluations over a wide range of small open-source models are still lacking.

Unlike [[7], we focus exclusively on English-language models. In contrast to [8]] and [9]], we avoid
adding irrelevant rationales to the prompt, since models in this scale often fail on clean inputs and
additional noise could obscure meaningful trends. Motivated by findings that structured training
data influences ICL behavior [9]], we also investigate whether supervised fine-tuning can improve
reasoning performance in models smaller than 0.5B parameters.

Our work is similar to [[13]], which studies the ICL and zero-shot reasoning ability of various LMs
on tasks such as math, commonsense, and sorting. However, we extend this line of work in several
directions. First, we provide deeper analysis into the architectural and pretraining factors that affect
ICL and zero-shot reasoning. Second, we evaluate zero-shot reasoning across 29 models grouped by
size and instruction tuning, using a variety of prompting strategies. Third, and uniquely, we test the
ICL reasoning ability of LMs on a synthetic deductive reasoning dataset. This dataset allows us to
vary the number of in-context exemplars and the logical complexity of the task. Finally, we fine-tune
small LMs and show that zero-shot reasoning capabilities can be acquired through fine-tuning or
transferred via knowledge distillation.

To support our conclusions, we conduct attention-based interpretability analysis. We examine whether
multi-head attention correlates with multiple reasoning paths and apply attention unembedding to
identify which tokens are written to the residual stream during inference. These findings offer a
clearer understanding of the conditions under which reasoning abilities emerge in LMs, especially in
small, open-source models.

2 Approaches

2.1 Language models

We evaluate 29 open-source decoder-only transformer-based language models with parameter counts
ranging from 135 million to 3.21 billion. These include models from SmolLM2 [14], Gemma?2 [15]],
Gemma3 [16], Qwen2.5 [17], Qwen3 [18]], Deepseek-R1 [19], Llama3.2 [20]], and OLMo2 [21]].
Instruction-tuned variants are included where available. Further architectural and training details are
provided in the Appendix.

2.2 Evaluating ICL Reasoning Ability on the PrOntoQA-OOD Dataset

The PrOntoQA dataset [22]] is a synthetic and programmable dataset designed for evaluating deductive
reasoning in LMs. The PrOntoQA-OOD extension [23|] broadens the evaluation by incorporating
compositional proofs and a complete set of logical deduction rules.

Each example contains a set of premises, a conclusion to be proven or disproven, and a gold CoT
proof. The dataset supports six deductive rules: implication elimination (modus ponens), conjunction
introduction, conjunction elimination, disjunction introduction, disjunction elimination (proof by
cases), and proof by contradiction.

2.2.1 Prompt Construction for ICL Reasoning Evaluation

To test ICL reasoning, we format prompts by concatenating multiple exemplars followed by a test
question. Each exemplar begins with "Q: ", followed by premises, continues with ". Prove: ", then
the conclusion, and ends with "\ nA: " and the corresponding gold CoT. Exemplars are separated by
two newline characters. The test instance is appended in the same format, excluding the gold CoT.

Exemplars are dynamically generated per test question using the official dataset generation code [22],
ensuring variation in exemplars across test cases. Each model is evaluated across configurations with



1 to 10 exemplars. For each configuration, we test all six deductive rules. For implication elimination,
conjunction introduction, conjunction elimination, and disjunction introduction, reasoning hop is
varied from one to five. Disjunction elimination and proof by contradiction are tested only with
one-hop reasoning due to limitations in the released code.

2.2.2 Parsing and Evaluation of LM Outputs

We isolate the CoT response by removing the prompt from the model output. The correctness of
each CoT is evaluated using the "analyze_results.py" script provided by PrOntoQA-OQOD [23]], which
verifies logical consistency with the corresponding deduction rule.

2.2.3 Attention Analysis for ICL Reasoning Attribution

To interpret internal model behavior during ICL reasoning, we analyze the attention layers in the
LMs. Given matrices @, K,V € Rl the attention output of head i = 1,2, ..., h is computed
as:
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where WL-Q, WiK € R¥moser X7 Wiv € RémuatXq 1 € N is the number of heads, m € N is the context
length, dioder € N is the embedding dimension, and r = ¢ = diode1/ k- The causal mask M € R™*™
enforces autoregressive constraints. The output of the masked multi-head self-attention is:
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We analyze the final row of the attention map at each layer to investigate how attention mechanisms
correlate multiple reasoning paths. Specifically, we compute the attention map for each head using
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and extract the last row of B for each head at each layer. For each attention map, we identify the
maximum attention score that corresponds to the correct next token.

To determine which tokens the head writes to the residual stream, we apply attention unembedding to
the normalized output of each attention layer as in [24]. Let H denote the attention output at a given
layer. We project this output to the vocabulary space using

Y = LayerNorm(H )W, “)

where Wt € R < V] is the unembedding matrix and |V| is the vocabulary size.

2.2.4 Fine-Tuning Small LMs on ICL Reasoning Tasks

To assess how fine-tuning affects ICL reasoning, we fine-tuned two small-scale LMs: SmolLM2-
135M and SmolLM2-135M-Instruct. The training set contains 1800 exemplars (300 per rule x 6
rules), drawn from PrOntoQA-OOD and split into 90% training and 10% validation.

We fine-tune with causal language modeling using the Hugging Face Trainer API on the last two layers
for each LM. Training uses the AdamW optimizer with weight decay 0.01, 81 = 0.9, 83 = 0.999,
and € = 10~8 [25], for 100 epochs, batch size 1, and learning rate 2 x 10~°. The best-performing
checkpoint is selected based on validation loss.

2.3 Zero-Shot Evaluation of Commonsense and Mathematical Reasoning

2.3.1 CommonsenseQA Dataset

CommonsenseQA [26] includes 12,247 multiple-choice questions based on ConceptNet [27]. We
evaluate models on the 1,221-question validation set. Each prompt is structured as "Q: " followed by
the question, then "Answer Choices: (A)" and the subsequent options, following the template in [4].



2.3.2 GSMSK Dataset

GSMBS8K [28] contains 1,319 grade-school math word problems requiring multi-step reasoning.
Compared to complex datasets like MATH [29], GSM8K is more suitable for evaluating small LMs
for our experiment.

2.3.3 Zero-Shot Prompting Strategies

We evaluate models under three zero-shot prompting methods: "Let’s think step-by-step” [11]], Plan-
and-Solve [12], and Role-Play [30]. Role-Play prompting [30] is applied only to instruction-tuned
models, as its format presumes system-role awareness.

Answer extraction follows [12]. For CommonsenseQA, the answer trigger is: "Therefore, among A
through E, the answer is most likely ". We extract either the letter in parentheses (e.g., "(C)") or the
first letter. If the extracted letter is not in A—E, the model is considered as nonresponsive.

For GSMSK, the answer trigger is: "Therefore, the answer (arabic numerals) is most likely ". We
extract the first integer after the trigger. If no integer appears, the model is considered not to have
answered.

2.3.4 Fine-Tuning on CommonsenseQA

We fine-tuned the last-two layer of two LMs: SmolLM2-135M and SmolLM?2-135M-Instruct. To
construct the training and validation sets, we used the gemma-2-9b-it model to generate CoT by
prompting it with the training set of the CommonsenseQA dataset [26] and the same CoT prompt
format used in [4]. We retained only the generated samples where the predicted answer matched the
ground-truth answer. In total, we collected 1,000 question—answer pairs, with 900 used for training
and 100 for validation. Each sample contains one question and its corresponding CoT answer, and
we set the context length to the maximum number of tokens across all 1,000 samples.

All models are trained for 100 epochs using AdamW with a learning rate of 2 x 10~°, weight decay
of 0.01, batch size of 1, and a linear learning rate schedule.

2.3.5 Fine-Tuning on GSM8K

Using the same setup as in Section [2.3.4] we fine-tuned the last two layers of the same two LMs
on the 1,319-sample GSMSK test set [28]. Each training sample consists of a question and a final
answer from [28]], with all "\ n#### " markers replaced by "The answer is ".

3 Results and discussion

3.1 Results and Discussion on the ICL Reasoning using the PrOntoQA-OOD Dataset

We evaluated the ICL reasoning ability of 29 LMs using the procedure described in Section
applied to the PrOntoQA-OOD dataset [23]. Each model was tested on four deductive rules with
1 to 5 reasoning hops, disjunction elimination and proof by contradiction with 1 hop, using 1- to
10-shot exemplars. For each combination of shot count, reasoning depth, and task type, 10 proofs
were used to assess performance. The results, shown in Figure [I] reveal that accuracy generally
increases from 1 to 4 shots and flattens thereafter. Group-wise analysis indicates that higher values in
parameter count, embedding dimension, feedforward width, number of attention heads, model depth,
and context length, as well as pretraining on long-range data, correlate with improved ICL reasoning
performance. In contrast, instruction tuning does not yield a consistent benefit.

These empirical trends are consistent with prior findings suggesting that ICL is an emergent behavior
in transformer-based models. The ability to perform a task via few-shot prompting is emergent
when a model initially exhibits random performance until a critical scale is reached, after which
performance increases to well above random [31]. Specialized prompting or fine-tuning methods can
also be emergent in the sense that they only become effective beyond a certain model scale.

ICL enables a model to perform tasks by conditioning on input-output examples without any parameter
updates. It achieves this by leveraging the prompt to retrieve and recombine latent concepts acquired
during pretraining [32]]. The efficacy of ICL is closely tied to the pre-training phase (domain
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Figure 1: Averaged accuracy of 29 LMs evaluated on the PrOntoQA-OOD dataset using 1- to
10-shot exemplars. Each model is tested on disjunction elimination with 7 reasoning hops, proof
by contradiction with 13 hops, and four deductive rules with 1 to 5 reasoning hops. For each
combination of shot count, reasoning hop, and task type, 10 proofs are used to assess ICL reasoning
ability. Accuracy generally increases from 1 to 4 shots and flattens thereafter, as indicated by the
vertical red dotted line. (a) Models grouped by parameter count: 0—1B (blue), 1-2B (orange), 2-3B
(green). (b) By embedding dimension: > 2048 (orange) vs. < 2048 (blue). (c) By feedforward width
(the number of hidden neurons): > 8192 (orange) vs. < 8192 (blue). (d) By number of attention
heads: > 16 (orange) vs. < 16 (blue). (e) By model depth: > 26 layers (orange) vs. < 26 (blue). (f)
Instruction-tuned (blue) vs. non-instruction-tuned models (orange). (g) By context length: > 10000
(orange) vs. < 10000 (blue). (h) Pretrained on long-range data (blue) vs. not pretrained on long-range
data (orange). Overall, higher values in parameter count, embedding dimension, feedforward width,
number of attention heads, number of layers, and context length, as well as pretraining on long-range
data, correlate with higher mean accuracy in ICL reasoning. In contrast, instruction tuning does not
exhibit a consistent benefit.

specificity) and the scale of model parameters. During pre-training, models acquire a broad range of
semantic prior knowledge from the training data, which later aids task-specific learning representation.
This process can be formalized as

p(output | prompt) = / p(output | concept, prompt) p(concept | prompt) d(concept).

concept

ICL is an emergent phenomenon, as their transformer model moves beyond memorization of the
pretraining tasks when there is sufficient diversity and scale in pre-training data [33]]. ICL can emerge
when pretraining documents have long-range coherence and the LM develops a broad set of skills
and pattern recognition abilities [3]].

Semantically unrelated labels directs the model to learn the input-label mappings from scratch, as it
can no longer rely on its semantic priors for task completion [34]. Larger models are more adept at
this form of ICL over smaller ones, indicating their ability to adapt to new task descriptions without
relying solely on pre-trained semantic knowledge.

At a mechanistic level, ICL in attention-only transformers is facilitated by head composition. For
example, two-layer models can form induction heads that search the prompt for previous occurrences
of a given token and use this information to infer patterns [35]]. These heads are essential for aligning
current input with past context during few-shot reasoning.

Finally, LMs can be viewed as meta-optimizers, with ICL functioning as implicit fine-tuning. Recent
theoretical work shows a duality between transformer attention and gradient descent. In particular,

a transformer with K layers and in-context demonstrations can approximate K steps of gradient
descent on training data [1]].

To support the above conclusions, we use multi-head attention scores to correlate the attention heads
with multiple reasoning paths, as illustrated in Figure 2] We test the Qwen2.5-0.5B model on a



conjunction introduction task using one exemplar. The model is prompted with an initial input and
then incrementally extended by concatenating one token at a time from the expected answer. At
each step, we extract the last row of the attention map from every head at every layer and record the
maximum attention weight corresponding to the correct next token.

These values are visualized as heat maps, where each map represents a reasoning step and highlights
which attention heads are attending most strongly to the correct token. Notably, similar patterns
appear in the heat maps at steps 1, 2, 5, 6, 14, 15, 18, 19, and 20, as well as in steps 3, 7, and 12. This
suggests that certain heads across layers may specialize in supporting particular reasoning patterns,
depending on the context or stage of the task.

To determine which token attention heads contributes to in the residual stream, we perform attention
unembedding on the output of each attention layer. Specifically, for each layer, we project the
attention output into the vocabulary space and identify the token with the highest probability. We
apply this procedure to a conjunction elimination task with one exemplar, where the correct next
token is "moderate," as shown in Figure|3| The analysis is conducted on three different language
models: LLaMA-3.2-3B, Qwen3-1.7B, and SmolLM2-360M, all of which correctly predict the next
token using greedy decoding.

The line plots show that the probability of the correct next token increases in the later layers, indicating
that deeper attention layers are more aligned with the final prediction. This suggests that later attention
layers play a more significant role in writing the correct token to the residual stream. Results for the
other LMs are provided in the Appendix.

3.2 Results and Discussion on the Zero-shot Commonsense and mathematical Reasoning

We evaluated the zero-shot reasoning ability of 29 decoder-only LMs on the CommonsenseQA
dataset [26] and the GSMS8K dataset [28]. Each model was tested using three prompting strategies:
Let’s think step-by-step, Plan-and-Solve, and Role-Play. As shown in Figure ] models with larger
parameter counts and those fine-tuned on instruction data achieve higher accuracy. These results
suggest that the zero-shot reasoning ability of decoder-only transformer-based LMs is depends
on model size and instruction-tuning.

Models trained on code show a strong reasoning ability. Code data is well organized with algorithmic
logic and programming flow, which may be useful to improve the reasoning performance of LMs.
Reinforcement learning (RL) with a process-based reward model can further guide the LM toward
generating logically consistent solutions. Token representations in the initial half layers of LMs
remain strongly biased towards the pre-training prior, with the in-context prior taking over in the
later half [36]], suggesting that deeper layers are more context-aware. Instruction-tuning reduces the
amount of prompt engineering and few-shot exemplars required to elicit a useful, accurate response
from the fine-tuned model: instruction-tuned LMs, such as those trained on FLAN-style datasets
are zero-shot learners [37]]. Let’s think step by step is a zero-shot CoT prompting strategy, whose
effectiveness emerges with increasing model size.

Adding additional tasks to the instruction-tuning dataset improves performance even on novel tasks
not represented in the original training data. Therein lies the fundamental benefit of instruction tuning:
a holistic improvement in the model’s ability to follow instructions in general [37]. Instruction
finetuning on CoT tasks—both with and without few-shot exemplars—increases a model’s ability for
CoT reasoning across diverse arithmetical, symbolic reasoning and other logical reasoning tasks in a
zero-shot setting. An intuitive understanding of this benefit would be that through being fine-tuned to
work through a problem in logical steps rather than leap to an answer that simply seems linguistically
coherent, models learn to better produce and apply their own reasoning skills [[11]. Furthermore,
reasoning capabilities can be transferred to smaller models via knowledge distillation, by fine-tuning
a student model on the CoT outputs generated by a larger teacher model [38].

As shown in Table 3] fine-tuning SmolLM2-135M and SmolLM2-135M-Instruct enables near-perfect
accuracy on deductive reasoning tasks that require three or fewer reasoning steps when using zero-
shot prompting. However, performance declines significantly on tasks requiring seven or more
reasoning steps. Notably, the benefits of fine-tuning these models do not generalize to mathematical
or commonsense reasoning tasks, indicating that the gains may be domain- or model structure-specific.
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Figure 2: Heat maps showing the maximum attention weights corresponding to the correct next token,
extracted from the last row of the attention map across all heads and layers. The Qwen2.5-0.5B model
is evaluated on a conjunction introduction task with one exemplar. The prompt is incrementally
extended by adding one token from the expected answer at each step. These heat maps visualize
which attention heads at which layers focus on the correct token. Similar patterns across steps 1, 2,
5,6, 14, 15, 18, 19, and 20, and steps 3, 7, and 12, suggest that some attention heads may exhibit
functional specialization during reasoning.

4 Conclusion

This work systematically investigated the reasoning thresholds of open-source, decoder-only
transformer-based language models with fewer than three billion parameters, providing insights
across three critical dimensions: ICL, zero-shot reasoning, and the enhancement of zero-shot capabil-
ities in smaller models through fine-tuning.



(a) Provided prompt:
Q. Max is a nervous impus. Prove: Max is an impus.
A: Max is a nervous impus. Max is an impus.

O: Sallvis a moderate grimpus. Prove: Sally is a grimptis.
A: Sallvis a
Correct next word: moderate
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Figure 3: Line plots showing the probability of the correct next token obtained by unembedding the
output of the attention layer at each layer. Given the conjunction elimination input with the correct
next token "moderate” (shown in subfigure (a)), we present the attention unembedding results for
three models: (b) LLaMA-3.2-3B, (c) Qwen3-1.7B, and (d) SmolLM2-360M. The results indicate
that the correct token tends to emerge with higher probability at the later layers.

Acuracy
Language Models CommonsenseQA GSMSK PrOntoQA-OOD
(0-shot) (0-shot) 1IE CI CE DI DE PC
(3 steps) (3 steps) (2 steps) (2 steps) (7 steps) (13 steps)
SmolLM2- Base 0.82 1.67 68.00 88.00 95.00 97.00 37.00 5.00
135M FT 0.00 0.00 100.00 95.00 100.00 100.00 0.00 1.00
SmolLM2- Base 5.00 2.81 77.00 91.00 96.00 98.00 19.00 4.00
135M-Instruct FT 0.00 0.00 98.00 100.00 99.00 99.00 0.00 1.00

Table 1: Comparison of accuracy (%) across various language models on multiple reasoning tasks:
The third column shows results on 1,221 multiple-choice questions from the validation set of the
CommonsenseQA dataset [[26]]. The forth column presents accuracy on 1,319 mathematical questions
from the GSMS8K test set [28]. Columns five through ten show performance on 100 deductive
reasoning proofs generated using the PrOntoQA-OOD data generation code [23]], using 8-shot
prompting on the Base models. The finetuned models are prompted with 0-shot. The proof categories
include Implication Elimination (IE), Conjunction Introduction (CI), Conjunction Elimination (CE),
Disjunction Introduction (DI), Disjunction Elimination (DE), and Proof by Contradiction (PC). “FT”
denotes fine-tuned models and “Base” refers to models that have not been fine-tuned.

Our evaluation of ICL on deductive reasoning tasks revealed that performance is significantly
influenced by model scale (parameter count, embedding dimension, feedforward width, number of
attention heads, and model depth) and pretraining data characteristics, including its scale, diversity,
and the presence of long-range coherence. The ordering of in-context exemplars also plays a role,
with ICL accuracy generally increasing up to approximately four shots before plateauing. Notably,
standard instruction tuning did not consistently benefit ICL reasoning performance in this regime.

For zero-shot reasoning on commonsense and mathematical tasks, we demonstrated that model size
and instruction tuning are primary drivers of performance. Fine-tuning on datasets incorporating
instruction and code, leveraging specific prompting strategies such as plan-and-solve and role-play
(for instruction-tuned models), and the increased of the number of model parameters were all found



(a) Accuracy of Prompting Strategies per Model on the CommonsenseQA dataset
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Figure 4: Evaluation results of 29 LMs on the CommonsenseQA dataset [26] using three prompting
strategies: Let’s think step-by-step, Plan-and-Solve, and Role-Play. Each model is tested for 12 hours
or on 1221 questions, whichever comes first. (a) Accuracy of all 29 models under the three prompting
strategies. Models not instruction-tuned are excluded from the Role-Play prompting. (b) Averaged
maximum accuracy grouped by model size: 0—1B, 1-2B, and 2-3B parameters. For each model, the
highest accuracy among the three prompting strategies is used, and the average is computed within
each group. The results indicate a general trend of increasing accuracy with model size. (c) Averaged
maximum accuracy grouped by instruction tuning. Instruction-tuned models show substantially
higher performance compared to those without instruction-tuning.

to contribute positively. These findings underscore that even without exemplars, appropriately scaled
and tuned smaller LMs can exhibit significant reasoning capabilities.

Fine-tuning small LMs improved their zero-shot performance on deductive reasoning tasks involving
less than three reasoning steps, but the benefit diminished on tasks requiring longer steps. These gains
did not generalize to mathematical or commonsense reasoning, suggesting that fine-tuning effects
may be specific to task type or model architecture.

To substantiate these findings and offer deeper insights into the internal mechanisms, we conducted
attention-based interpretability analyses. Our examination of multi-head attention patterns suggested
a correlation with multiple reasoning paths, with certain heads potentially specializing for particular
reasoning steps. Attention unembedding analyses further indicated that the correct tokens tend to be
represented with higher probability in the outputs of later attention layers, suggesting these deeper
layers are more critical in forming the final reasoned output.

In summary, this research delineates key architectural, pretraining, and fine-tuning factors that govern
the emergence and enhancement of reasoning in LMs with less than three billion parameters. These
insights contribute to a clearer understanding of how to effectively develop and utilize smaller,
open-source models for complex reasoning tasks.
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Language Architecture

Models Layers Embeddings Heads FEN width Context Length Type of Training data Parameters Release
SmolLM2-135M 30 576 9 1536 ~135M
SmolLM2-360M 32 960 15 2560 ‘Web, math, code, long context ~362M
ann:l)i%zl 135713[ 24 2048 32 8192 3192 ~1.71B 2004

Instruct 30 576 9 1536 Finetuned on conversation, ~135M

instruction following,
SmolLM2-360M- 3 960 15 2560 summarization, ~362M

[nstruct rewriting, math
SmolLM2-1.78- 2% 2048 2 8192 long context, knowledge ~L71B

Instruct

Qwen2.5-0.5B 24 896 14 4864 focuse on math. code ~494M
Qwen2.5-1.5B 28 1536 12 8960 Kknowledee. lon: ’wme’xt ~1.54B
Qwen2.5-38 36 2043 6 17008 wledse, fong ~3.09B
Qwen2.3-05B 32768 2024
ez, oo 24 896 14 4864 Finetuned on ~494M
Instruct f
Qwen2s- CoT of math,
3 28 1536 12 8960 code, long-response, ~1.54B
1.5B-Instruct . Lo .
Qwen2s- instruction following,
§ 36 2048 16 11008 others ~3.09B
3B-Instruct
Qwen3-0.6B-Base 28 1024 16 3072 40960 Multilingual data, codes, long context, ~494M
Qwen3-1.7B-Base 28 2048 16 6144 131072 STEM, reasoning tasks, books ~1.54B
Qwen3-0.6B 28 1024 16 3072 40960 Finetuned on long CoT, ~494M 2025
Qwen3-1.7B 28 2048 16 6144 131072 reasoning, instruction, others ~1.54B
DeepSeek-R1- Distilled from data
Distill-Qwen-1.5B 28 1536 12 8960 131072 generated by DeepSeek-R1 ~1.788
gemma-2-2b 26 2304 8 916 8192 Web_, code, science ~2.6B 2004
Finetuned on
gemma-2-2b-it 26 2304 8 prompt-response pairs
and preference data
gemma-3-1b-pt 26 1152 4 6912 32768 Multllmgual data and others ~1B 2025
Finetuned on
gemma-3-1b-it instruction following
and other data
Llama-3.2-1B 16 2048 32 ~1.24B
Llama-3.2-1B- 16 2048 k) 8192 131072 Unknown ~124B
Instruct
Llama-3.2-3B 28 3072 24 ~3.21B
Llama-3.2-3B- 28 3072 24 ~321B
Instruct
OLMo-2-0425-1B ‘Web, academic paper, code, math
ORMo o 16 2048 16 8192 4096 Chat, instruction, CoT, math, code ~148B 2025
OLMo-2-0425- Instruction, synthetic data,
1B-DPO part of the SFT data
OLMo-2-0425- After SFT and DPO, RL on math
1B-Instruct (GSMS8K, MATH, others)

Table 2: Details of all the considered decoder-only transformer-based language models. Models from
SmolLM2 [14]], Qwen?2.5 [17], Qwen3 [18]], and Llama-3.2 [20] are categorized as having long-range
coherence. Although the pretraining data for Llama-3.2 [20] is not publicly disclosed, we include it
in this category because its training using the output logits from Llama-3.1 models [20], which were
pre-trained on long-context data.

B Reasoning Ability on Mathematical Tasks

GSMSK [28]] contains 1,319 grade-school math word problems requiring multi-step reasoning. We
evaluate models under three zero-shot prompting methods: "Let’s think step-by-step" [L1], Plan-and-
Solve [12], and Role-Play [30]]. Role-Play prompting [30]] is applied only to instruction-tuned models,
as its format presumes system-role awareness. Answer extraction follows [12]]. For GSM8K, the
answer trigger is: "Therefore, the answer (arabic numerals) is most likely ". We extract the first integer
after the trigger. If no integer appears, the model is considered not to have answered. As shown
in Figure 5] models with larger parameter counts and those fine-tuned on instruction data tend to
achieve higher accuracy. These results suggest that the zero-shot reasoning ability of decoder-only
transformer-based language models (LMs) is depends on model size and instruction-tuning.

C Finetuning on the Reasoning Tasks

To assess how fine-tuning affects In-context learning (ICL) reasoning, we fine-tuned eight small-
scale LMs: SmolLM2-135M, SmolLLM2-135M-Instruct, SmolLM2-360M, SmollLM2-360M-Instruct,
Qwen2.5-0.5B, Qwen2.5-0.5B-Instruct, Qwen3-0.6B-Base, and Qwen3-0.6B on the PrOntoQA -
OQOD dataset [23]]. The training set contains 1800 exemplars (300 per rule x 6 rules), drawn from
PrOntoQA-OOD and split into 90% training and 10% validation. We fine-tune with causal language
modeling using the Hugging Face Trainer API on the last two layers for each LM. Training uses
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Figure 5: Evaluation results of 29 LMs on the GSM8K dataset [26] using three prompting strategies:
Let’s think step-by-step, Plan-and-Solve, and Role-Play. Each model is tested for 12 hours or on
1319 questions, whichever comes first. (a) Accuracy of all 29 models under the three prompting
strategies. Models not instruction-tuned are excluded from the Role-Play prompting. (b) Averaged
maximum accuracy grouped by model size: 0—1B, 1-2B, and 2-3B parameters. For each model, the
highest accuracy among the three prompting strategies is used, and the average is computed within
each group. The results indicate a general trend of increasing accuracy with model size. (c) Averaged
maximum accuracy grouped by instruction tuning. Instruction-tuned models show higher accuracy
compared to those without instruction-tuning.

the AdamW optimizer with weight decay 0.01, 8; = 0.9, 52 = 0.999, and € = 10~8 [23]], for 100
epochs, batch size 8, and learning rate 2 x 10~°. After training 100 epochs, we select the model
checkpoint corresponding to the epoch with the lowest validation loss for evaluation.

To construct the training and validation sets for the CommonsenseQA dataset [26], we used the
gemma-2-9b-it model [13] to generate chain-of-thought (CoT) by prompting it with the training
set of the CommonsenseQA dataset [26] and the format as shown in Figure [f] We retained only
the generated samples where the predicted answer matched the ground-truth answer. In total, we
collected 1,000 question—answer pairs, with 900 used for training and 100 for validation. Each
sample contains one question and its corresponding CoT answer, and we set the context length to the
maximum number of tokens across all 1,000 samples.

The same eight LMs (SmolLM2-135M, SmolLM2-135M-Instruct, SmolLM2-360M, SmolLM2-
360M-Instruct, Qwen2.5-0.5B, Qwen2.5-0.5B-Instruct, Qwen3-0.6B-Base, and Qwen3-0.6B) are
fine-tuned on the 1,319-sample GSM8K test set [28]]. Each training sample consists of a question and
a final answer from [28]], with all "\ n#### " markers replaced by "The answer is ".
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Q: What do people use to absorb extra ink from a fountain pen? Answer Choices: (a) shirt pocket
(b) calligrapher's hand

(c) inkwell

(d) desk drawer

(e) blotter

A: The answer must be an item that can absorb ink. Of the above choices, only blotters are used to absorb ink. So the answer is (e).

Q: What home entertainment equipment requires cable? Answer Choices: (a) radio shack

(b) substation

() television

(d) cabinet

A: The answer must require cable. Of the above choices, only television requires cable. So the answer is (c)

Q: The fox walked from the city into the forest, what was it looking for? Answer Choices: (a) pretty flowers

(b) hen house

(c) natural habitat

(d) storybook

A: The answer must be something in the forest. Of the above choices, only natural habitat is in the forest. So the answer is (b).

Q: Sammy wanted to go to where the people were. Where might he go? Answer Choices: (a) populated areas

(b) race track

(c) desert

(d) apartment

(e) roadblock

A: The answer must be a place with a lot of people. Of the above choices, only populated areas have a lot of people. So the answer is (a).
Q: Where do you put your grapes just before checking out? Answer Choices: (a) mouth

(b) grocery cart

(c)super market

(d) fiuit basket

(e) fruit market

A: The answer should be the place where grocery items are placed before checking out. Of the above choices, grocery cart makes the most sense for holding grocery items. So the answer is (b)
Q: Google Maps and other highway and street GPS services have replaced what? Answer Choices: (a) united states

(b) mexico

(c) countryside

(d) atlas

A: The answer must be something that used to do what Google Maps and GPS services do, which is to give directions. Of the above choices, only atlases are used to give directions. So the answer is (d).
Q: Before getting a divorce, what did the wife feel who was doing all the work? Answer Choices: (a) harder

(b) anguish

(c) bitterness

(d) tears

(e) sadness

A: The answer should be the feeling of someone getting divorced who was doing all the work. Of the above choices, the closest feeling is bitterness. So the answer is ().

Figure 6: 7 examples of the format for finetuning on the CommonsenseQA dataset [[26]. The 7
examples are taken from [4] and are used to prompt the gemma-2-9b-it model [[15] for generating
CoT data for finetuning.

For the commonsense and mathematical reasoning tasks, All models are trained for 100 epochs using
AdamW with a learning rate of 2 x 10~°, weight decay of 0.01, batch size of 1, and a linear learning
rate schedule After training 100 epochs, we select the model checkpoint corresponding to the epoch
with the lowest validation loss for evaluation.

As shown in Table EL fine-tuning SmolLM2-135M, SmolLM2-135M-Instruct, SmolLM2-360M,
SmolLM2-360M-Instruct, Qwen2.5-0.5B, Qwen2.5-0.5B-Instruct, Qwen3-0.6B-Base, and Qwen3-
0.6B enables near-perfect accuracy on deductive reasoning tasks that require three or fewer reasoning
steps when using zero-shot prompting. However, performance declines significantly on tasks requiring
seven or more reasoning steps, except for the Qwen2.5-0.5B model on the disjunction elimination rule.
Notably, the benefits of fine-tuning these models do not generalize to mathematical or commonsense
reasoning tasks, indicating that the gains may be domain- or model structure-specific.

D Attention Unembedding

To determine which tokens the head writes to the residual stream, we apply attention unembedding to
the normalized output of each attention layer as in [24]. Let H denote the attention output at a given
layer. We project this output to the vocabulary space using

Y = LayerNorm(H)W"t, Q)

where W3t ¢ R X[Vl is the unembedding matrix and |V| is the vocabulary size.
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Acuracy (%)
Language Models CommonsenseQA GSMS8K PrOntoQA-OOD (8-shot)
(0-shot) (0-shot) 1IE CI CE DI DE PC
(3 steps) (3 steps) (2 steps) (2 steps) (7 steps) (13 steps)
SmolLM2- Base 0.82 1.67 68.00 88.00 95.00 97.00 37.00 5.00
135M FT 0.00 0.00 100.00 95.00 100.00 100.00 0.00 1.00
SmolLM2- Base 5.00 2.81 77.00 91.00 96.00 98.00 19.00 4.00
135M-Instruct FT 0.00 0.00 98.00 100.00 99.00 99.00 0.00 1.00
SmolLM2- Base 2.29 2.73 98.00 100.00 100.00 100.00 72.00 5.00
360M FT 0.00 0.00 100.00 100.00 99.00 98.00 0.00 1.00
SmolLM2- Base 19.08 3.94 100.00 100.00 100.00 100.00 53.00 8.00
360M-Instruct FT 0.00 0.00 98.00 99.00 96.00 100.00 0.00 1.00
Qwen2.5- Base 2.21 42.46 98.00 100.00 100.00 100.00 95.00 12.00
0.5B FT 0.00 0.00 100.00 100.00 100.00 100.00 0.00 21.00
Qwen2.5- Base 38.90 40.64 93.00 100.00 100.00 100.00 94.00 26.00
0.5B-Instruct FT 0.00 0.00 100.00 99.00 100.00 99.00 0.00 19.00
Qwen3- Base 3.69 53.45 100.00 100.00 100.00 100.00 100.00 100.00
0.6B-Base FT 0.00 0.00 100.00 99.00 100.00 100.00 0.00 29.00
Qwen3- Base 34.97 58.83 100.00 100.00 100.00 100.00 100.00 91.00
0.6B FT 0.00 0.00 97.00 97.00 98.00 100.00 0.00 8.00

Table 3: Comparison of accuracy (%) across various language models on multiple reasoning tasks:
The third column shows results on 1,221 multiple-choice questions from the validation set of the
CommonsenseQA dataset [26]. The forth column presents accuracy on 1,319 mathematical questions
from the GSMS8K test set [28]. Columns five through ten show performance on 100 deductive
reasoning proofs generated using the PrOntoQA-OOD data generation code [23]], using 8-shot
prompting on the Base models. The finetuned models are prompted with 0-shot. The proof categories
include Implication Elimination (IE), Conjunction Introduction (CI), Conjunction Elimination (CE),
Disjunction Introduction (DI), Disjunction Elimination (DE), and Proof by Contradiction (PC). “FT”
denotes fine-tuned models and “Base” refers to models that have not been fine-tuned.

To determine which token attention heads contributes to in the residual stream, we perform attention
unembedding on the output of each attention layer. Specifically, for each layer, we project the
attention output into the vocabulary space and identify the token with the highest probability. We
apply this procedure to a conjunction elimination task with one exemplar, where the correct next
token is "moderate," as shown from Figure[7|to[I3] The analysis is conducted on three different
language models: LLaMA-3.2-3B, Qwen3-1.7B, and SmolLM2-360M, all of which correctly predict
the next token using greedy decoding.
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Figure 7: Line plots showing the probability of the correct next token obtained by unembedding the
output of the attention layer at each layer. Given the conjunction elimination input with the correct
next token "moderate” (shown in subfigure (a)), we present the attention unembedding results for
six models: (b) SmolLM2-135M, (c) SmolLM2-135M-Instruct, (d) SmolLM2-360M, (e) SmolLM2-
360M-Instruct, (f) SmolLM2-1.7B, and (g) SmolLM2-1.7B-Instruct. The results indicate that the
correct token tends to emerge with higher probability at the later layers. Plots with a red border
indicate that the corresponding model produced an incorrect prediction, while plots with a blue border

( a) Provided prompt:
Q: Max is a nervous impus. Prove: Max is an impus.
A Max is a nervous impus. Max is an impus.

O: Sally is a moderate grimpus. Prove: Sally is a grimpus.
A: Sallvis a
Correct next word: modeiate
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(a) Provided prompt:
Q. Max is a nervous impus. Prove: Max is an impus.
A: Max is a nervous impus. Max is animpus.

Q: Sally is a moderate grimpus. Prove. Sally is a grimpus.
A: Sallvis a
Correctnext word: moderate

Top-1 Token Probabilities Across Layers
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Figure 8: Line plots showing the probability of the correct next token obtained by unembedding the
output of the attention layer at each layer. Given the conjunction elimination input with the correct
next token "moderate” (shown in subfigure (a)), we present the attention unembedding results for two
models: (b) Qwen2-0.5B, and (c) Qwen2-0.5B-Instruct. The results indicate that the correct token
tends to emerge with higher probability at the later layers.

22



(a) Provided prompt:
©: Max is a nervous impus. Prove: Max is an impus.
A: Max is a nervous impus. Max is an impus.

O Sally is a moderate grimpus. Prove: Sally is a grimpus.
A: Sallvisa
Correct next word: modeiate
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Figure 9: Line plots showing the probability of the correct next token obtained by unembedding the
output of the attention layer at each layer. Given the conjunction elimination input with the correct
next token "moderate” (shown in subfigure (a)), we present the attention unembedding results for five
models: (b) Qwen2-0.5B, (¢) Qwen2-0.5B-Instruct, (d) Qwen2-1.5B, (e) Qwen2-1.5B-Instruct, and
(f) DeepSeek-R1-Distill-Qwen-1.5B. The results indicate that the correct token tends to emerge with
higher probability at the later layers.
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( a) Provided prompt:
Q: Max is a nervous impus. Prove: Max is an impus.
A Max is a nervous impus. Max is an impus.

Q: Sallyis a moderate grimpus. Prove: Sally is a grimpus.
A: Sallvis a
Correct next word: nmoderate
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Figure 10: Line plots showing the probability of the correct next token obtained by unembedding the
output of the attention layer at each layer. Given the conjunction elimination input with the correct
next token "moderate” (shown in subfigure (a)), we present the attention unembedding results for
four models: (b) Qwen3-0.6B-Base, (¢c) Qwen3-0.6B, (d) Qwen3-1.7B-Base, and (¢) Qwen3-1.7B.
The results indicate that the correct token tends to emerge with higher probability at the later layers.
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( a) Provided prompt:
Q. Max is a nervous impus. Prove: Max is animpus.
A: Max is a nervous impus. Max is an impus.

Q: Sally is a moderate grimpus. Prove: Sally is a grimpus.
A: Sallvis a
Correct next word: moderate
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Figure 11: Line plots showing the probability of the correct next token obtained by unembedding the
output of the attention layer at each layer. Given the conjunction elimination input with the correct
next token "moderate" (shown in subfigure (a)), we present the attention unembedding results for
four models: (b) gemma-3-1b-pt, (c) gemma-3-1b-it, (d) gemma-2-2b, and (e) gemma-2-2b-it. The
results indicate that the correct token tends to emerge with higher probability at the later layers.
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(b)

Provided prompt:
Q: Max is a nervous impus. Prove: Max is animpus.
A: Max is a nervous impus. Max is an impus.

(a)

©: Sally is a moderate grimpus. Prove: Sally is a grimpus.
A: Sallvis a
Correctnext word: moderate
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Figure 12: Line plots showing the probability of the correct next token obtained by unembedding the
output of the attention layer at each layer. Given the conjunction elimination input with the correct
next token "moderate” (shown in subfigure (a)), we present the attention unembedding results for
four models: (b) LLaMA-3.2-1B, (c) LLaMA-3.2-1B-Instruct, (d) LLaMA-3.2-3B, and (e¢) LLaMA-
3.2-3B-Instruct. The results indicate that the correct token tends to emerge with higher probability at
the later layers. Plots with a red border indicate that the corresponding model produced an incorrect
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(b)

(a) Provided prompt:

Q: Max is a nervous impus. Prove: Max is animpus.
A: Max is a nervous impus. Max is an impus.

Q: Sallvis a moderate grimpus. Prove: Sally is a grimpus.
A: Sallyis a
Correctnext word: moderate
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Figure 13: Line plots showing the probability of the correct next token obtained by unembedding the
output of the attention layer at each layer. Given the conjunction elimination input with the correct
next token "moderate” (shown in subfigure (a)), we present the attention unembedding results for
four models: (b) OLMo-2-0425-1B, (c) OLMo-2-0425-1B-SFT, (d) OLMo-2-0425-1B-DPO, and (e)
OLMo-2-0425-1B-Instruct. The results indicate that the correct token tends to emerge with higher

probability at the later layers.
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