Under review as a conference paper at ICLR 2026

THOMPSON SAMPLING ALGORITHM FOR STOCHASTIC
GAMES

Anonymous authors
Paper under double-blind review

ABSTRACT

We study a stochastic differential game with N competitive players in a linear-
quadratic framework with ergodic cost, where d-dimensional diffusion processes
govern the state dynamics with an unknown common drift (matrix). Assuming
a Gaussian prior on the drift, we use filtering techniques to update its posterior
estimates. Based on these estimates, we propose a Thompson-sampling-based
algorithm with dynamic episode lengths to approximate strategies. We show that
the Bayesian regret for each player has an error bound of order O(+/T log(T)),
where T is the time-horizon, independent of the number of players. This implies
that average regret per unit time goes to zero. Finally, we prove that the algorithm
results in a Nash equilibrium.

1 INTRODUCTION

We consider a non-zero-sum stochastic differential game (SDG) with /N competitive players, where
each player’s state evolves as a linear diffusion driven by a d-dimensional Brownian motion. Players
do not interact directly through actions or dynamics; coupling arises solely through the cost function-
als. Each player minimizes an individual ergodic quadratic cost by choosing a strategy that affects
the drift, penalizing deviations of the common state from a fixed reference. A key feature is that all
players share a common but unknown drift matrix. Each player observes their own state, learns the
drift, and adapts their control. We characterize a Nash equilibrium in this partially observed game
and develop a numerical scheme to approximate the players’ equilibrium strategies.

Stochastic differential games (SDGs) provide a continuous-time framework of modeling strategic
interactions among multiple players whose states are controlled diffusion processes. The study of
differential games dates back to the seminal work of |Isaacs| (1965)). For the stochastic extension
and its PDE treatments, see for example [Friedman|(1975). SDGs arise naturally in many real-world
applications, where multiple agents interact through their dynamics and cost structures to optimize
individual or collective objectives. In large systems, players often interact via the average behavior of
the population, leading to mean field game settings, which have been extensively studied. Notable
works include |Lasry & Lions|(2006; 2007)), Huang et al.| (2006)),(Carmona & Delarue| (2018a:bl)), and
Bensoussan et al.| (2016)); Li & Zhang|(2008) for linear-quadratic settings.

In our SDG, players are coupled via the state vector, not empirical distributions, so we do not use
mean field game theory. Our formulation follows Bardi & Priulil (2014), where each player observes
their own independent dynamics with known drift parameters. The authors derive a system of N
nonlinear PDEs of the HIB-KFP type, providing conditions for existence and uniqueness in quadratic
value functions, and Nash equilibria in the form of affine feedbacks. In our model, the drift parameter
is common but unknown, introducing a learning component. Since players observe only their own
state trajectories and use open-loop strategies, the structure retains a form of independence, allowing
us to build on techniques from Bardi & Priuli| (2014).

In most of the literature analyzing SDGs, the players have the full distributional assumption of the
underlying system. However, such assumptions are overly idealized, as there is often uncertainty
not only in the system dynamics but also in the model parameters themselves. This demands that
players learn about the system over time before they act. Such learning is commonly incorporated
through stochastic filtering theory. The statistical study of unknown parameters of the underlying
system dates back to the foundational work |Wald (1947) and Wald & Wolfowitz (1950), whose
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proposed methods are still widely applied across various engineering domains today. In our work,
we assume that the players share a common unknown prior, but they only observe their own state
process. We adopt a Bayesian framework and use standard methods in continuous-time stochastic
filtering theory. For the general tools and treatment of such problems, we refer the reader to |Liptser
& Shiryayev| (1978]). We assume a Gaussian prior as it is the conjugate prior for our model and
thus ensures tractable posterior updates. In line with sequential analysis methods, we introduce
appropriate stopping criteria that capture the tradeoff between the time cost and the accuracy of the
posterior estimate. Application-wise, the common drift feature captures public exogenous signals
(e.g., macroeconomic/regulatory), while heterogeneity enters via player-specific dynamics, priors,
and noise. Agents update their beliefs and act independently without exchanging private data. There
are many related potential applications, and we highlight one: the electricity consumers aim to
minimize their long-term average electricity cost, where the underlying is the individually assigned
electricity price related to their consumption and the rate of mean-reversion (government-provided
information). The decision makers filter the common information independently and solve their own
optimization problems. A related setup appears in|Aid et al.| (2025)), where our example aligns with
the receiver’s perspective.

In this paper, we propose a numerical scheme to accommodate the learning feature and approximate
the equilibrium strategies of each player based on the Thompson Sampling (TS) algorithm. TS is a
natural Bayesian approach where one begins with a prior belief over the unknown parameters and,
at each decision point, updates this belief to form a posterior. The algorithm then samples from the
posterior distribution of the parameters for each action and selects the action that maximizes the
expected reward based on these samples. It has been shown to perform well empirically across a wide
range of problems; see, for example, |Chapelle & Li (2011); Scott (2010); |/Agrawal & Goyal|(2012).
While TS is typically formulated in a discrete-time setting, we adopt a continuous-time framework to
leverage the results inBardi & Priuli| (2014)). This avoids the need to derive discrete-time analogs of
the problem in consideration under full information. In recent years, a growing body of work has
focused on the theoretical analysis of TS in different settings and studied their expected Bayesian
regret bounds. For example, see|Ouyang et al.[(2017}2020), and |Gagrani et al.|(2021). Our algorithm
and regret analysis are motivated by the approach in the last three references, where the authors
propose adaptive episode lengths to balance the trade-off between learning the unknown state and
minimizing the long-term average cost. They establish a regret bound depending on the number of
types of players, and of order O(1/T log(T')), where T is the time horizon of the game. Notably, our
assumption on the underlying process is much weaker, as we do not assume the independence of the
players, and yet as one of our main results, we still achieve a regret bound of the same order in 7',
and independent of the number of players. As we elaborate later, this is made possible by the specific
information structure of our formulation. The regret upper-bound of order O(1/T log(T')) we obtain
matches the best known upper-bound for LQ systems. For a broad literature that achieves this result,
see [Faradonbeh et al.| (2018a3b); Abbasi- Yadkori & Szepesvari (2011)); Ibrahimi et al.[(2012); Ouyang
et al.|(2017;12020); |Abeille & Lazaric|(2018));/Cohen et al.| (2019); |Shirani Faradonbeh et al .| (2022).
By contrast, obtaining lower bounds is generally harder. Some recent works have established a lower
bound of order O(\/T) See Simchowitz & Foster| (2020); [Ziemann & Sandberg| (2024); Tsiamis
et al.[(2022)). In our work, we adopt a vanilla TS algorithm. We want to point out that some other
randomized exploration strategies that are studied in the recent years, such as|[shfaq et al.[(2023));
Hsu et al.|(2024)); Ishfaq et al.[(2021)); Lee & Oh|(2024), can be adapted to our problem as well.

Another key result is that the TS algorithm yields a Nash equilibrium. In other words, no player would
unilaterally deviate from their TS-proposed strategy, assuming all others continue following theirs, as
it does not reduce their ergodic cost. What makes this particularly innovative is that, unlike much
of the existing literature focused on optimization, our approach centers on establishing equilibrium
behavior in a multi-agent setting, which presents distinct analytical challenges, offering a novel
contribution. The main step is to construct a coupling between the state dynamics under the TS
setting and those under full information, and compare their evolution over time. We show that the
time-averaged difference between the two processes vanishes. With a few additional steps for the full-
information model, we demonstrate that the dynamics under the TS algorithm inherit its key features
from the full-information process. To the best of our knowledge, our work gives one of the first
approaches for partial information in a game setting that yields an equilibrium and a sublinear regret
bound, extending beyond single-agent control problems and full-information stochastic differential
games.
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From the perspective of reinforcement learning, the SDG we study can be viewed as a continuous-
time multi-agent decision problem. In this light, our contribution is to design and analyze a learning
algorithm in this rich environment: we propose a TS procedure and show a Bayesian regret bound
together with an equilibrium property of the learned strategies. The SDG framework allows us to
model strategic interactions and partial information in continuous time while still obtaining explicit
characterizations of equilibrium policies. It provides theoretically grounded models and algorithms
beyond the standard discrete-time, fully observed settings. While much of the MARL literature
focuses on discrete-time Markov games, rigorous guarantees for continuous-time and partially
observed multi-agent environments are much less explored. Our framework helps bridge this gap
by providing constructive learning guarantees and explicit equilibrium characterizations within a
continuous-time SDG model.

The paper is organized as follows. Section[2|formulates the /N-player game under full information and
discusses equilibrium strategies. Sectionﬁcovers incomplete information and learning, introduces
a TS-based algorithm, and presents our main results: Theorem [3.1] (Bayesian regret bound) and
Theorem 3.2) (Nash equilibrium). Section 4 reports numerical experiments, and Section 3] concludes.
Technical proofs and examples are in the appendices.

2 THE ERGODIC N-PLAYER GAME WITH FULL INFORMATION

2.1 N-PLAYER ERGODIC GAME

In this section, we summarize the results from [Bardi & Priulil (2014)) for ergodic N-player games
with open-loop controls. In this setup, we assume that all players are fully informed about the
model’s parameters. This serves as the benchmark for the model with unknown parameters. Con-
sider a probability space (2, F,P) that supports N independent d-dimensional standard Brownian
motions, denoted as (W});>o, i € [N] := {1,2,..., N}. For each i € [N], denote by (F}):>¢ the
augmentation of the filtration generated by W*.

Consider a game with open-loop controls between N players. We use X} € R% and o} € R? to
denote, respectively, the state and action of player ¢ at time ¢. The system starts at a given initial stateﬂ
X = (X4)ien) € RN The state dynamics of the players are given by

dX} = (AX} — ab)dt +o'dWi,  i=1,...,N, 2.1)
where A, o' € R4*? are given matrices with det(o?) # 0,
Definition 2.1. A strategy (a});>0 is called an admissible strategy if it is a process adapted to Fy, the
expectation E'[||a||?] is bounded for any t > 0, and the corresponding state dynamics X} satisfy:
e Foranyt > 0, E[|| X}|]?] < oc.

o X}is ergodic in the following sense: there exists a probability measure 7 on R such that
Jga llz[|?dr® < 0o and

lim l]Ei[ /0 ! h(Xt")dt} =/ h(z)dr () 2.2)

T—oo T

locally uniformly w.rt. the initial state X} for all polynomial functions of degree at most 2.

Denote by A’ the set of all admissible strategies of player i. Given an initial state Xo =
(Xg,...,XY) € RV and an admissible strategy profile a = (al,...,a") € [/, A%, the
ergodic cost for player 7 is J : RV9 x RN — [0, 00), defined as

, 1 _.r T ,
JH(Xo, ) :hminf—E’[ / Fi(X,,al)dt], 2.3)
0

T—o0

where the state dynamics X; depend on all players’ strategies !, a?

Fi:RNd x R4 — [0, 00) is given by

,...,a™. The running cost

Fi(x,a) = F'(x) + %aTRia where Fi(z):=(x—%)TQx —T;), (24

"'We assume a deterministic initial state, but the results extend readily to random initial states that are not
necessarily independent across players, as in ergodic settings, the initial state does not affect the analysis.
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andforeach i € [N],Z; € RV is a given reference position for the players. Additionally, R’ € R4*4
and Q' € RV4*Nd gre given matrices.

Given an admissible strategy profile a = (a!,...,a") € [T, A? and an individual admissi-
ble strategy @ € A’, denote [a~;d] := [al,..., 071, &, 0t ... o] as the strategy profile
generated from o by replacing o' with &.

Definition 2.2. Given an initial state X, € RN, a strategy profile o = (a',..., o) with
o' € A foranyi € [N], is called Nash equilibrium if for every i € [N] and every & € A’
JZ(X(),a) < Jl(Xo, [a"; d])

The cost is defined as a long-run cost. Leveraging ergodicity, we now define a form of the expected

cost under the stationary distribution that the players in [N] \ {i} eventually converge to. For this,
denote by m/, j € [N] a density of a distribution on R? as well as

—i (] i—1 i+l N
m~i=(m,....m" ,m7 o omY),

and set the function
Fi(a,a;m ) :=/ Figh, . & et e ) [[dmd (&),
R(N—=1)d j;ﬁ’L
fl(x;m_z) ::/ Fl(§17"‘767/_17‘r7€7/+17'"7§N)Hdm](§-]>7
R(N-1)d oy
J#i
and ¢’ := 2 (0%)(c")T € R™? for i € [N]. Also, set the Hamiltonian H' : RY x R — R as
i . 1T pi T _ 1, T(piy-1 T
H'(xz,p) = 2%%%{_561 Rla—p" (Az —a)} = 3p"(R")'p—p" Ax.
The system of HIB-KFP equations associated with the game ([2.3) is given by

—tr (¢!D?v'(z)) + H'(z, Vv'(z)) + A= fi(z;m),
—tr (¢! D?mi (z)) — div (mi(m)%‘(x, wi(x))) =0, i € [N]. 2.5)
Jgami(z)dz =1, m" >0,

For fixed stationary m ~* of the other players, the first equation in (Z.3) is the stationary Hamiltonian-
Jacobi-Bellman equation for player i, which characterizes the relative value function v (measures
how much additional long-run cost is incurred when starting from state x instead of the stationary
distribution) and the optimal long-run average cost A\’ when player i uses the optimal feedback policy.
The second equation is the Kolmogorov forward (Fokker-Planck) equation, which identifies m?® as

the stationary distribution of X under the feedback policy.
The solution is (A%, v¢, m?)X_,, where m! is the density of the stationary distribution of the player i’s

state, A\ € R is the value of the ergodic control problem from the point of view of player 4, given the
1

distribution vector (m?!,...,m"); we refer to v : R? — R as the relative value for player i. We
denote by Vv (z) the gradient of function v, and by D?v(z) its Hessian matrix.
Define the matrix B € RV4*N a5 a block matix:

B:=(Bij), j_. .  Where  By:=-Qi; - $5;ATR'Ae R (2.6)
and ¢;; is the Kronecker delta. The matrices Q; . are d x d blocks of Q7, thus Q! ; denotes the (i,4)-th
d x d block of the matrix Q. Define p = (p1, . ..pn) € RV? with the i-th component

N o
pi = — ZFI QL7 e R Q2.7
Also, denote [B, p] := (Bl, ..., BN, p) ,where B7 are the columns of the matrix 3.

Throughout the paper, we make the following assumption, borrowed from Bardi & Priulil (2014).
Assumption 2.1. The following conditions hold:

(Al) Yi € [N], there exists a unique symmetric positive definite matrix Y that solves the algebraic
Riccati equation o _ _
LY RiGY = JATR'A + QL. (2.8)
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(A2) The block matrix B defined by [2.6) is invertible.
(A3) Foranyi € [N], 0% in @) is an invertible matrix, R' in 2.4) and Q, are real symmetric

and positive definite matrices, and Qlin is a symmetric matrix.
(A4) Foranyi € [N], 3p' > 0, Q' satisfies Amin(Q%;) — >t QLI > o', where Amin(Ql;)
is the smallest eigenvalue of Q.

We provide two examples, one of a symmetric system and one of a nondefective system, in[A.T]
Remark 2.1. Each d x d block Q;- i represents the cost for player i incurred by per unit of deviation
of players j and k from their reference positions T, and z¥ respectively. The assumption Qi >0
implies that player i’s own reference position T: is a preferred position for the player. This condition
simplifies calculations, but for the validity of Proposition|2.1it can be relaxed to Qi,+ATR'A/2 > 0.
Proposition 2.1 (Theorem 3.1 inBardi & Priuli (2014)). Let Assumptwn@be in force. Then, the
H]B KFP equation system (2.3) admits a unique solution (v, m*, \! )ic[n] With a quadratic function
v, and it is of the form

v'(z) = 1aTNw + (p') T, M€ [0, 00), m' = N(n', (TH™1), (2.9)
where Y is the unique solution of the Riccati Equanon (2:8) which is a real symmetric positive
definite matrix, A' = R ('Yt + A), n = (n',...,n") solves By = p, p' = —R's'Yn!, and

)\i — Fé _ %(ni)T'rigiRigiTznz + tr(ngzngz + §1R1A), (210)
where
F(; = (wz)T :151 - (ZQz] 77 - CC ) - (Z(Wj 753)71@?2)5:
J#i J#i
Y W w0 - wh) Y (@) + o~ =) TQ P 7).
J.k#i,j#k Jj#i

Moreover, the affine feedback strategies

al(z; A) = (R)'Voi(z) = ("Y' + Az — ' T', xR ic[N], (2.11)

provide a Nash equilibrium strategy a% = al(X}; A), t > 0, for all initial positions X € RN,
among the admissible strategies, and J*(X o, ) = N for all X g and all i.

Plugging in the equilibrium strategy profile, we find that the dynamics of the players follow Ornstein—
Uhlenbeck processes, governed by the stochastic differential equation:

dX} = (A= (RHTAHX] — (R 1pH)dt + o'dW}

= (=" X7 + i) dt + ot dW, i=1,...,N, (2.12)
and can be explicitly written as:
Xi=e s TIXE 4+ (I —e = Tty +/ e ST E=s)gigqwi, > 0. (2.13)
0

3 LEARNING FOR THE N-PLAYER GAME

In this section, we build on the results of the previous section and consider the same model, with
the key difference that players are now uncertain about the parameter A. We begin by setting up the
model, then define a TS algorithm for the players, evaluate its regret, and verify that it constitutes
an equilibrium. To address this, we expand the probability space to incorporate the players’ prior
distributions over the parameter A.

Consider a probability space (€2, F,P) supportlng N independent d- dlmensmnal standard Brownian
motions, denoted as (W});>0, i € [N] and a prior information set G = UY ; G* C F independent of
(F} )t>0,% € [N]. For each i € [N], denote by (F; ¥)1>0 the augmentation of the filtration generated
by W'. The sigma- algebra Gt represents the information available to player 7 a priori regarding the
matrix A, and we define P (+) := P ( |G ) We also use Ef to denote the expectation under the prior
distribution of player i over A.
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In order to write down the prior distribution over the inputs of the matrix A and more importantly,
in order to derive the formulas for the posterior process, we follow the framework in [Liptser &
Shiryayev| (1978)), which requires the matrix A to be written as a vector.

For any matrix M € R%*¢, define its vectorized form by stacking its rows: M®) :=
[M(1),M(2),...,M(d)]" € R, where M (j) is the j-th row of M. Conversely, for any vec-
tor M) € R?, define the corresponding matrix M € R*4 by

M= [M@[1:d, M®[d+1:2d),..., M@[dd—1)+1:d%]", 3.1)

where M (") [i : j] denotes the subvector consisting of the i-th to j-th entries of M ("),

One more thing before settmg up the prior for A() is that when we want to emphasize the dependence

of parameters )\" A%, p', 1" and Y*? from Proposﬁmn“on the matrix A, we will use the notation
Ai(A), Ai(A), l(A) n'(A) and Y¢(A) respectively.

Assumption 3.1 (Prior distribution). For any i € [N], under P, A®W) ~ N (ud, %) o, where

uh € Rd2, and Y} € RT x4 5 4 symmetric positive definite matrix, satisfying tr(3}) < oo (P-

a.s.). N(uh, X8)|ow denotes the projection of distribution N'(uly, X)) on the set @) € RN?, The

support ©W) satisfies the following: there are constants M, My, Mv,C, ¢ > 0 such that:

1. Forall A®) ¢ 9@, let A be the matrix corresponding to AW A satisfies
JAll < Ma, [ M(A)| < My, [[T(A)] <My, |n'(A) <M,
2. Forany A®W) A € @W), let their corresponding matrices be A and A. For any t > 0,

felA=A=sT @) < oo,

- || denotes the Frobenius norm for matrices.

In our assumption, (2) enforces exponential decay to assure the stability of the following TS algorithm,
which is the continuous-time equivalent of|Ouyang et al.[(2020} Assumption 2). It differs from Ouyang
et al| (2020, Assumption 1) and Assumptions (A3) and (A4) in|Gagrani et al.| (2021)), as we do not
require independence between the columns of A. This condition holds if, for example, A — A—¢T

is symmetric negative definite and so |[e(A=A=sT)|| < 1.

Remark 3.1. We assume that the prior distribution is Gaussian for the explicit tractability. In fact,
the analysis of our algorithm introduced later in Section relies on the fact that the posterior
variance is decreasing, which follows from the law of total variance. Accordingly, the same regret
bound holds for any prior. Following |Ekstrom et al.|(2022) who consider sequentially estimating
the unknown drift of a Brownian motion under an arbitrary prior, we can characterize a tractable
posterior for our Gaussian process under any prior. Consistent with this, our experiments in
shows that our TS algorithm remains effective across different priors.

Since the model now includes a prior distribution on the matrix A we need to adjust the definition of
admissible strategies. Loosely speaking, we say that a strategy (o} )¢>0 is admissible in the model
with uncertainty about the matrix A if each Player ¢ uses only information from their respective
Brownian motion, the prior distribution, and other posterior sampling. More formally:

Definition 3.1. The strategy (al)i>¢ is admissible for Player i if it satisfies Deﬁnition with the
filtration (F})>o replaced by a filtration generated by (a) G', (b) (F})i>0, and (c) randomization
devices, independent of G* U (F})>0, which serve for sampling from Player i’s posterior distributions.

3.1 THOMPSON SAMPLING ALGORITHM

We describe the TS algorithm for an arbitrary player 7 € N. Each player ¢ operates in episodes
[th. ¢, +1):io’ as outlined below.

Episode k& = 0:

* Player ¢ samples at time ti := 0 a parameter /18(”) € R from the prior distribution
N(ph, Xh)| o, independently of the other random elements in the model. Player ¢ cal-

culates its feedback strategy using the sample, which we now write in a matrix form Af)
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(following (B-1)). We define T} = Y7(A}) and 1} = n(A}). Let the feedback control be
@' (x; Ap) = ("L + Ap)x — < Thp,.

* Player 7 continuously observes its own state process and calculates the process of the
posterior distribution on A(*) according to Proposition given below, which claims that
the posterior distribution at time ¢ is N(z2¢, 32¢) for some (random) mean p! and covariance
matrix ¢, whose expressions are provided in Proposition

* For the first episode, let the stopping criterion be

ti=min{t >t} +1:det(Z%) < 0.5 det(Zig) ort —th > 2}. (3.2)

Episodes ik > 1:
* Assume that the algorithm is defined for Player ¢ for the episodes 0, ...,k — 1.
* Player i samples at time ¢} a parameter fl;’(v) € R? from the posterior distribution
N(p Z;k) o, independently of the other random elements in the model. Player ¢

calculates its feedback strategy using the sample, which we now write in a matrix form A};
(following (3-1)). Here, for each episode k, we define T% := Y#(A%) and 7} := 7’ (AL) as
the Riccati solution and affine term corresponding to the sampled parameter A%. Let the
feedback control be @’ (z; A%) = (¢*Ti + A% ) — ' Yint.

* Player ¢ continuously observes its own state process and calculates the process of the
posterior distribution on A(*) according to Proposition given below, which claims that
the posterior distribution at time ¢ is A/}, X} ) for some (random) mean 1; and covariance
matrix Y}, whose expressions are provided in Proposition

* Lett; and T}, denote the starting point and the length of episode % for player 7, respectively.
The episode & ends if the determinant value of 3 falls below half of its value at the beginning
of the episode, or if the length of episode k + 1 is more than the length of episode £, i.e.,

thyq =min{t > ¢, +1:det(Z}) < 0.5 det(Ei;-c) ort —ti >Ti 4 1}. (3.3)

i.
)
tk

Remark 3.2. In the algorithm, we do not necessarily assume the independence of sampling across
players, but only that samplings of the same player are independent.

As a result of this algorithm, the dynamics of the observed process (X' #)4>0 can be written as
dX? = (AX] —a'(X}; AL))dt + o' dW}
= [(A— AL — JTI)X] + Iy ]dt + o'dWy,  telti,th,,), keN
and its explicit solution is given recursively by
XZ :e(A—A;;—giT;)(t—tk)Xzz _ (A . flfc . §iT;’€>_1(I _ e(A_A’,g_giT',;)(t—tk))gz‘T;'cnlz‘c

+/‘ A=A =T =) sl gyt telti,ti), kel
i

k

Algorithm 1: Thompson Sampling for Stochastic Games - Implementation in discrete time steps

Initialize player i: Initialize prior distribution of A5 : (i, %), Let t} = 0,7 = 0,k = 0;
for t = At,2At,...do
Observe current states X!;
L Update strategy a'(z; A}) by a'(z; A}) < Feedback Strategy-i(X});
end for

Function: Feedback Strategy-i(f( h;
global var ¢;

Update (y&, %) according to posterior distribution;
ift —ti > land (t —t, >Ti_ + 1or det(3}) < 0.5 det(Zii)) then
Update T} <t —t;,, k< k+1, t, «t;
L Sample flfe’(v) from the posterior distribution N/ (Mii , Ei; Neow;

return (' Y% + AL) X7 — ¢iYini;
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For the rest of the paper, denote by {ﬁt}tzo the filtration generated by the underlying Brownian
motions, as well as the randomization devices hosted on (€, F,P). Here, the randomization devices
are used by Player ¢ to sample from the posterior Gaussian distribution.

The following proposition describes the evolution of the posterior process. It follows from [Liptser &
Shiryayev| (1978| Theorem 12.8).

Proposition 3.1 (Posterior distribution). Let Assumptlonnbe in force. Then under P*, A(%) |]-' i
N (1, 3 |, where pi and % are given by the formulas

H;:[dezi;c((i /Xl 'Tds] o
x [y + Zii/t;(ldt@)(;)(al(al) )N dXE + (TLXE = n) + (Lo (XDT) Ay W) ds) |
D (GO / XixTas)] s LE [t thin),
k
where 12 is the d? x d? identity matrix and @ stands for the Kronecker product.

It is worth mentioning that the statement in |Liptser & Shiryayev| (1978, Theorem 12.8) deals with
an untruncated prior. However, it is standard that if for two measures v and p, satisfying v = f - u
via the Radon—Nikodym derivative f, then restricting both p and v to a measurable set S gives
vs = f-1g - pg, so the Radon—-Nikodym derivative of vg with respectto ugis f - 1g.

3.2 MAIN RESULTS

The Bayesian regret of an admissible strategy profile o € A? over a horizon T is defined as
T
R T) = /| / F(X 0 m e — TX(4)],
0

where fi(Xf, ay; m ") represents player i’s cost at time ¢ under the algorithm, if other players’
states follow their stationary distribution. A*(A) denotes the equilibrium cost of player ¢ under known
parameter A, from Proposition

Denote by &' the TS algorithm strategy for Player i € [N]:
ai=al(X5 AL, Ve lth i), k=0,1,... (34)
Theorem 3.1. Under Assumptions[2.1|and[3.1] the regret is upper bounded as follows:

R'(&",T) < O(min(H(rﬂP\ﬁ, d) Tlog(T)).

The key idea behind the proof of the regret estimate in Theorem is a decomposition of R*(T)
into three parts, using the HIB equation and Itd’s lemma. We then bound each part separately and
combine the results to obtain the overall regret bound.

Proposition 3.2. Under Assumptions[2.1]and[3.1]
Ri(&,T) = R\(&',T) + R (&', T) + Ri(&',T), where (3.5)

T
Ri(&%,T) :=E / A (Ak(t)) dt — T)\i(A)] , sampling error regret,
0

Ri(&%,T) = ]E7[1-)’(X8) - Ul(f({p)} , cumulative strategy effect,

T
Ry(&%,T) :=F' / (Vo' (X)) T(A - Ak(t))XZ dt] model mismatch regret.
0

where k(t) is the episode label k such that t € [t} ¢} ).

The proof of Theorem [3.1]follows from the bounds of the regret terms as in the following proposition.
Proposition 3.3. Under Assumptions[2.1|and[3.1} the terms in Proposition[3.2]are bounded as:
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1. Ri(&',T) < O(d\/Tlog(T
2. Ri(a",T) < [lo*[IPO(1).
3. Rj

Ry (&4, T) < O(||et]|2+/dT log(T

The following proposition provides a rate of convergence from the sampled parameter A k(t) tO the
true drift matrix A. It is crucial in proving the bound for R% (A%, T'). In particular, it states that the
integral of the expected squared deviation between A and A (1) ErOWs at most logarithmically in the
time horizon T'.

Proposition 3.4. For any player i, fo {|A At (t)” dt < O(d||e?||* 1og(T)).

Our next main result shows that the strategy profile of the TS algorithm constitutes a Nash equilibrium.

Theorem 3.2. LetAssumptionsandbe in force, and that for each i € [N], 3 (<"Y* + (¢'YH)T)
is positive definite. Let (&}, . .., &N )i>o be the strategy profile where all the players follow the TS

algorithm. Then, this profile constttutes a Nash equilibrium. Moreover, the dynamics of the players
are ergodic with the same limiting distributions with densities m"’s as in the full information problem.

The key to proving the Nash equilibrium is showing that the dynamics under the TS algorithm,
(X7)s>0, closely match those under the true parameter A, (X});>o from (Z.12), with A randomized
at t = 0 according to the prior and observed by Player i. The process (X}):>0 is used as an aux1hary
process. Specifically, we couple both processes by initializing them with the same state Xi =X
and the same Brownian motion (W});>o. We then show that:

Proposition 3.5. Under Assumptions and as well as that %(giTi + (giTi)T) is positive
definite for any i € [N], we have

T
| B = Xl < 0o T g (7)),
where here and in the proof, for any vector v € R%, ||v|| denotes the [*-norm of v.

This, along with the ergodicity of (X});>o from Proposition implies the ergodicity of (Xf)tzo
and that its limiting distribution is m?, ensuring admissibility of &*. Additionally, leveraging the
quadratic costs, we extract the Nash equilibrium conditions from (X7);>¢ and apply them to (X7)>o.
The following proposition provides a convergence rate for the TS strategy itself, measuring how fast
the TS control &; approaches the equilibrium feedback control in the full information case.
We denote _ S

(o) =a'(X;; A), (3.6)
as the equilibrium policy under the known parameter A, following from (2.11).

PropOSItlon 3.6. Under Assumptions Assumption[2.1|and Assumption[3.1] the TS feedback strategy
Q" of player i € [N] satisfies

Ef[/()T

4 NUMERICAL EXPERIMENTS

a; - (ol

th} < o(max(ua'f?u%di, Hai\ﬁdé):r%aog:r)%).

We evaluate the empirical performance of our TS algorithm in the N-player stochastic differential
game described in Section 3] We simulate the game with N = 10, 50, 100 players, where each player
is assigned a different diffusion matrix o and a distinct cost structure (Q?, R*). We focus on a single
player and compute their cumulative regret over time.

To evaluate the scaling behavior and variance, we repeat the simulation for n = 10, 50, and 100
sample paths. The results are shown in Figure 1: panel (a) plots R(T") as a function of time T,
and panel (b) shows the scaled regret R(T')/+/T log(T'). The shaded region indicates 0.2 times the
standard deviation of regret over sample paths at each tlme step.
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As seen in Figure [3] the regret grows sublinearly with time, and the normalized regret
R(T)/+/T log(T) remains bounded as T increases, in agreement with the theoretical upper bound
O( T log(T)) established in Theorem Simulation details are provide in Appendix

Additional experiments, including results in higher dimensions, with different prior distributions, and
comparisons against baseline strategies, are provided in Appendix [A:9]

R(T)

— Vs T
(@ R(T)vsT VT log(T)
10 A
— n=10
8 n=50
—— n=100
E 6
&
2|2
= a4
2_
0 50 100 150 200 250
T T

Figure 1: Regret vs time.

5 CONCLUSION AND FUTURE OUTLOOK

In this work, we proposed a Thompson Sampling algorithm for a linear-quadratic stochastic differen-
tial game with an unknown common drift matrix. Under an open-loop partial observation setting,
we designed an episodic strategy using posterior sampling and established a sublinear Bayesian
regret bound of order O(+/T log(T')). Furthermore, we showed that the algorithm leads to a Nash
equilibrium. Our theoretical findings are supported by numerical experiments, which confirm the
sublinear growth of cumulative regret.

Looking ahead, an important extension is to study the case where players have heterogeneous
parameters and the game admits a closed-loop structure. Namely, each player observes the full
state vector of all other players. As a first step towards this goal, it will be necessary to analyze the
fully observed stochastic game. This would bridge the gap between classical Nash theory under full
information and modern learning-based approaches under partial observability.

10
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A APPENDIX

In the following appendices, we present the proofs of the main results of the paper. The proof of the
regret bound is inspired by the argument in |Ouyang et al.| (2017;2020), and |Gagrani et al.| (2021]).
The proofs of Theorem [3.2] and Proposition [3.5]rely on the game-theoretic structure of the model
rather than an optimal control framework, and are therefore more novel.

We start with two examples, satisfying Assumption [2.1{as well as that % (giTi + (ciTi)T) is positive
definite for any 4, which is required for the proof of Theorem[3.2] These examples were originally
detailed in [Bardi & Priulil (2014): the first with a symmetric parameter matrix A, and the second with
a nondefective matrix A, which can be transformed into a symmetric system.

A.1 EXAMPLES

First we introduce the definition of nearly identical players from [Bardi & Priuli| (2014} Definition
4.2), which serves as a standing assumption in the following two examples.

Definition A.1. We say that the players are nearly identical if the following conditions are satisfied:
s Foranyi,j,k € [N], Fi(...,27, ....2% ... a)=Fi(...,2F ... 27,... a).

* Forany i € [N], the cost matrix Ql is symmetric. View Q' as composed of N x N blocks of
size d x d. The diagonal block Q)}; = Q*, which is identical across all players.

s For any i € [N], the vector T; € RN, the j-thd x 1 block is the same across all j # i and
all i € [N], denoted by A. The i-th block of T; satisfies T, = H.

s In the dynamics in 2.1), o' = o0 € R™4 for all i € [N].
e In the cost function @), R* = R € R¥™4 forall i € [N)].

A.1.1 SYMMETRIC SYSTEM

Consider an N-player game with dynamics (2.1) and costs (2.4). Assume that players are nearly
identical, and for all ¢ € [N]

(a) In the dynamics in @2:I), A € R4 is symmetric and o = s with s € R\{0}.
(b) In the cost function Z4), R = rI,; withr > 0.
(c) Each off-diagonal block of Q' satisfies Q¢; = Q%; = Q/2, for any j # i, 1,5 € [N].

Then both matrices ¢ = %I 4 and R = rI; commute with any other matrix. Consider the algebraic
Riccati equation (2.8), we find that
4
s r
7T2 — O* 7142
rET?=Q 4 oA

T:%,/gQ*JrA{
S r

. . .. . . 2 . .
as %Q* + A? is symmetric and positive definite. Since ¢ = % 14, it commutes with T, and hence ¢T

is symmetric and positive definite.

Plug in Z.7) and 2.6), we have

which implies

N-1_.
59
5 @
T N-1.
= (@ + a2+ =—=0).
5o (o e Yl
so B is invertible. Thus the linear system Brn = p has the unique solution

=B (@ + Y an).

pz—(Q*H+
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In conclusion, conditions (a), (b) and (c) are sufficient to guarantee the existence of a unique solution
to (2.3) of the form (2.9), and hence of a unique affine Nash equilibrium strategy given by

a(r; A) = R™Y(Ax + p) = Az + <Y (x —n) = Az + 1/%@* + A%2(z — 7).

A.1.2 NONDEFECTIVE SYSTEM

A matrix M € Ry« is said to be non-defective if for every eigenvalue \ in the spectrum of M, the
corresponding eigenspace has dimension equal to the multiplicity of X or, equivalently, when there
exists a basis of R? consisting of right (or left) eigenvectors of M.

The following proposition follows from (Bardi & Priuli, 2014, Proposition 6.1):
Proposition A.1. Let M be any d x d real matrix. Then the following properties hold:

(i) There exists an invertible and symmetric symmetrizer for M, i.e., there exists a matrix
Y € R¥? such that

det(Y)#0, Y'=Y, YM=M"Y.

(ii) If M is nondefective, then the symmetrizer Y can be chosen positive definite.

(iii) If M is nondefective, o is invertible, and we consider a linear SDE
d.’ﬂt = (Ml't —at)dt—l—ath, (Al)

then there exists a linear change of coordinates x — £ such that (A1) can be rewritten in
the form

dé, = (M& — &,)dt + 5dW,
with M symmetric matrix and & invertible.

Consider a differential game with N nearly identical players, and A € R4*¢ is nondefective.

From the proof of (Bardi & Priuli, 2014, Proposition 6.1), we can denote Y = PTZ2P as the
symmetrizer matrix for A with P orthogonal matrix and Z a diagonal and positive definite matrix.
Accordingly,

A=272'PYAPTZz !, & = ZPa, & = ZPo.

Then the new game will have costs given by

T (VT Pgi N ,
J(E.a',...,6Y) = liminf %Ei[/o (%+ > E -ENTQE - ED) ],

where the new variables =, Z;,...,Ey € RV and a',...,a" € R? satisfy for k € [N]

=k = ZPX*, By =zpPzF,  &" = ZPo*,

7

and the matrices R and Q; & are given by
R=Z'PRP'Z7', Qi =2"'PQ, P 'Z"
Then we can replace (a), (b) in Appendix [A.1.1]by

(@) dynamics @2.1) are given by drift matrices A nondefective and diffusion matrices o =
sPTZ=! with s € R\ {0}.

(b’) matrix R in control costs (2.4) satisfies R = rY with r» > 0.

Thus after the change of coordinates £ = Z Pz, this problem becomes the symmetric system problem,
it is possible to repeat the arguments of Appendix
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A.2 PROOF OF PROPOSITION[3.2]

In order to analyze the regret, we decompose it as follows:

T
Ri(@ ) =B [ alm - TN () (A2)

/ X (A )dt = TN ()] + B /OT(qug,a;, m™) = N(dj)) di]

where k() is the episode label k such that ¢ € [t} ¢} +1)- We now expand the last expectation on the
right. By the HIB equation (2.3)),

XL am™) = N (A ) = —tr (SD%(X]) — (V' (X)) (A XE - 6D, (A3)

Here v’ is the function defined in the solution of HIB-KFP equation system, given in (2.9). With our
eyes towards the first term on the right-hand side, Apply 1t6’s lemma to v*(X}):

T T
V() =0 (K + [ (e ETaxi+ [ ($DRED) at
0 0
Expand dx # and rearrange terms to get
. T . A . . A~ . T . A . A . .
o /0 (D2 (XD die] = B[ (%) — o' (X5) - /0 (Vo (X)) (AX] — )] (A4
Combining (A.2), (A-3), and (A4), the regret can be split as in (3.3). O

A.3 AUXILIARY RESULTS

In this section, we introduce three lemmas. The first bounds the p-th moment of the maximum
state norm until time 7', the second bounds the number of episodes until time 7', and together they
are applied in the proof of Proposition [3.3] The third lemma establishes a Lipschitz condition of
parameters Y?(A) and 7*(A) with respect to A, which will be used in the proof of Proposmon

We first establish the lemma on the boundedness of the p-th moment of the maximum state norm. For
any continuous function y : [0, 00) — R?, define ||y||% := maxo<i<7 ||y(t)|| as the maximum norm
of y(t) along the trajectory over [0, 7.

Recall the dynamics of the process (X} ):>0 from equation (2.13), where we assume that the matrix
A is randomized at time ¢ = 0 according to the prior distribution specified in Assumption 3.1 We
further assume that this realization of A is observed by the Player. In the sequel, we employ this

process as an auxiliary tool to analyze (X )i>0- This is motivated by the fact that the behavior of
(X])e>0is already well-understood from Proposition |2.1} and our aim is to project its features onto
the process (X7);>o.

Lemma A.1. Foranyp > 1, we haveE]
. ~ . p . . . N .
E (1K) ] <cdie’ly ana B [(1X1)"] < CAlloll,

where C and C are constants depending only on p, M, M,,

tion[3.1]

Next step is to bound the number of update periods up to time 7. Recall the definition of episodes
from (3.3). Each episode terminates either when the determinant of the covariance matrix drops
below half of that at the beginning of the episode, or when its length exceeds that of the previous one.
Denote the number of episodes by player i until time T as K-,

in« = max{k : t}'C <T}. (A.5)

X¢||P and constant c from Assump-

In the following lemma, we will establish a bound for K ZT

2This provides a stronger bound than (Gagrani et al.,[2021, Lemma 4), since they take a maximum over W}
in every time step, whereas we apply the Burkholder—-Davis—Gundy inequality over the entire time interval.
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Lemma A.2. K. is bounded as follows:

K <0 (d\/ﬂog (e <||Xi;>2)> .

As a preliminary step toward bounding fOT | X? — X{||2dt in Proposition we require control

of the coefficients that appear in the dynamics of X/ and X7, particularly, T?(-) and 7(-). The
following lemma provides the needed Lipschitz condition, which are used in Appendix [A.6

Lemma A.3. Let Assumption and Assumption hold. For each i € [N], there exist finite
constants L., Lf7 > 0 such that, for all A, A whose vectorized form A®), A®) ¢ ©(v)

IT9(4) = YA < Ly A=Al ln'(4) = 7' ()] < Ly A = Al

A.3.1 PROOF OF LEMMA[A Tl

The proof of the second bound is similar to that of the first; however, the first is more involved.
Therefore, we present only the detailed proof of the first bound.

It can be written explicitly using the notation (t) from Proposition n the following non-recursive
form:

2i i i . t Ai i . . . :
Xi = efo A=A =" Ti))ds i +/0 el A =TI (G s + WD), 20,

where k(t) is the episode label k such that ¢ € [t} ¢} ).

Taking norms on both sides, we obtain by the triangle inequality

ds
(A.6)

||X;|| < Hefot(A—Ak(s)—C Thsy)ds|| X _|_/0 Hef:(A_Ak(r)_g Tk<r))d7"<1'r;€(s)n;€(s)

t

t Ai it - N

+ ‘/ els A=A =" Thin))dr i gy
0

We are now bounding the terms on the right-hand side of the above. For this, from Assumption [3.1]
we note first that

HefS"(A—A;;m—ciT;;(T))dr < eclt=9), (A7)

Then, we can bound the first two terms on the right-hand side of (A.6) as follows

t qi inni
Hefo(A—Ak(s)_§ Tk(s))ds ds

t i i i . . .
13l +/0 Hefs A=A = Mhe) gy k)
t
<X+ [ e T s (A®)
0
—c i 1 —c i
< X+ (1 ) M My ]|

We now turn to the third term on the right-hand side of (A.6). By the Burkholder—Davis—-Gundy
Inequality, there exists a constant C), that depends solely on p, such that,

t . .
(g | e iomta)]
111 Jo

tel0,T
2 p/2
ds) }

’ ds)p/z}.

T s L
= CP]Ei {(/ Hej:(A_Ak(ﬂ_g Thr)dr 5i
0

T ~ . .
< G {(/ lo]? - HefsT(A*AL(T)*CzTL(T))dr
0
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Episode Episode Episode  Episode

] ] ] ] ] ]
T T T T T T

% i i i 7 i
t’ﬂj nj+1 t’I’LJ+2 th+3 t’I’LJ+4 tnj+1

V"

Macro episode j ‘
ends when det(X};, ) < 0.5det(X}, )
J

nji1 njp1—1

Figure 2: An illustration of macro episode j. All episodes [t} , ¢ 1) within macro episode j, except
the last one [t¢ ti, ), do not satisfy the determinant condition det (X%, ) < 0.5det (X, ).
k k—1

nj+1—1’ MNj4+1

Apply (A7) to the right handside,

T s L
R e
0

QdS)p/Q}
A T p/2
< cpw[( /0 ||alu2e*2C<T*S>ds) } (A9)

< ¢ (mlo1?)"

Taking the supremum over the interval [0, 7] on both sides of (A.6), taking the p-th power, and
applying (A-8)), we obtain:
i p
) IIxl)

(1% ) <37 sup (||efia—Ain =< Ti
t€[0,T)
t ~ . . . .
+3p_1( Son / Hefs(AfAk(”*c The)Areinrs k)
tel0,7]Jo
)p

ds) :

t . . .
+3p71( sup H/ s A=Ak =" i) )dr i gy
t€[0,T) 0

. 1 .\ D
< 37 XGIP + 37 (=M My 7))

¢ N -
+3p71( sup H/ efst(AfAZ(v‘)*ITZ(r))dTJidW;
tefo, 711 Jo

) p
Taking expectations on both sides and using (A.9), we obtain

S . 1 S \P 1\p/2 .
B (1K 15)7]) <100 + 377 (cMe Ml )+ 371G (52) oI

The last bound is independent of T'. Hence, finalizes the proof.

O
A.3.2 PROOF OF LEMMA[AZ]
Define the j-th macro episodes [t;, ,t;, . ), j =0,1,2,... where ng = 0 and
t,,, =min{ty > ¢, :det (I}, ) <0.5det (35 )} (A.10)

See Figure 2] for an illustration.
Let M be the number of macro episodes until time 7'.

The proof is carried out in three main steps. In the first step, we bound K% in terms of M and 7. In
the second step, we bound M using the determinant and trace of (3{) 1. Finally, in the third step,
we combine the two bounds to complete the argument.

18
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Step 1: Bounding K7} using M and 7'. By (A.10), the number of episodes contained in j-th macro
episode is 111 — n; and the total number of episodes contained within these M macro episodes is

M—1

Z (nj+1 —ny) =nur.

3=0
Then ny; < K& Let TV? = Zﬁnl ! T} be the length of the j-th macro episode. By definition, in
the j-th macro episode [ nyoth, o )s the first ng i —nj — 1 episodes {[t}, ] 1) ke, .n, ,—1) aT€
triggered by the interval length stopping criterion: T}, = t; —t;_; = T},_; + 1. Only the last episode
[tﬁbj+1 1:tn,,,) is triggered by the determinant criterion that det(Eéz j+1) < 0.5 det(Z:JJr1 1).
Hence

nj41—2 nj+1—n;—1
T;: Z T+, 1= Z (Tn,—1 + D) +Tp, 1
I=n; =1

Nj4+1—N; —1

> (1) +1=05(n01 —ny)(nje1 —ny + 1),
=1

Y

Thus nj11 —n; < 21~“j forall j = 0,..., M. Then by Cauchy—Schwarz inequality, we obtain

M—-1 M—-1

nar =3 (nj41 —nj) Z NCTTENEY Z oT) = \JoMth,,. (A1)

Jj=0

Denote the number of episodes in the time interval [t}, ,T') by k.. The episodes in [t}, o T) are
{[ts, tk+1)}ke[nM,nM+k’T—1]’ all triggered by the interval length stopping criterion: 7} = ti —

ti_, =T} , +1. Then,

ny k-1 ki
T—t,,= > T=>(Th, 1+
l=nn =1
ki
> (1+1) = 0.5k5(3 + ki),
=1
and as a result,
ki <\ /2(T =t ). (A.12)

Combine (ATT) and (A:12)), we obtain

K =g + K < /208, /2T 1),

Consider the function f(t) = v/2Mt 4+ \/2(T — t), which reaches its maximum max;c(,7) f(t) =

2(M +1)T att* = ]\Jyfl Then

Ky < \[2Mt,, +1/2(T —#,,) < V2(M + 1)T. (A.13)
Step 2: Bounding . In this part, we relate M to the determinant and trace of (26)*1. To this end,
we analyze the behavior of (X%)~!

By Proposition for any episode k and any ¢ € [t} ¢} ],

t
=) = @)+ (D)) e /t X(X)Tds. (A.14)
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Hence,
det ((3)71) = det ((35,) ) - det (Idz + 3 ((ai(ai)T)’1 ® /,: Xg(X;‘)Tds)>.

Now, both matrices ((Ui(ai)T) ® /, tt,- X: (X;)Tds> and X, are symmetric positive semi-definite.
k k
By Sylvester’s identity,

det (Idz + Ei}i ((ai(ai)T)_l ® /tit X;(X;)Td8>)

t
— det (Idz + (2;‘2)1/2((01‘(01‘?)*1 ®/ Xﬁ(Xﬁ)Tds)(Eii)1/2)
: "
> 1.
We thus obtain - . o
det ((2})7") > det ((212)_ ) Vit € [t thiq)-
Then, det ((3f, )™') > det((Z )~!) for each k. Since the macro episode starts when the
k+1 k
determinant stopping criterion is triggered, for each j,
det ((2; )—1) > 2det ((zgi )—1) > 2det ((z;ﬂi )—1).
i+l nj+1-1 i
Then we have

det((Z5) 1) > det((3L )Y > 2det((2t2M )7 > > 2M det((3E) 7).

M -1

By the inequality of arithmetic and geometric means, and since (X¢)~! is symmetric and positive
semi-definite, we have for any ¢ > 0:

=13\ 47
(tf((ig))) > det(()Y), (A.15)
which implies,
iy—1
tr((Ep) ) > det((Sh) 1) > oM/4* qe((08) 1)L/ E, (A.16)

a2
Note that we obtained M on the right-hand side. Hence, we now estimate the left-hand side.

Now, recall (A.14). By recursion,
T
() = () + (o)) e [ X ds
t

i
th AT

X;;(X;)Tds).
Hence,
k G
(S =r((@) ) + (3 (e e [T KiCTas))

g

<.
Il
=)

Next, we have that

w(ioen) e [ ) = weo ([

i
ti AT

RI(XD)ds)

i _i\Ty—1 T i )2
<d-|(c"(c")") ||'/t (X" 17)"ds.

J
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Putting these bounds back in (A7), we get
tr((37) ™) <tr((35) ) +dl(o 1||Z:/ (1X[17)%d

=tr((S5) ") +dT(") (o)) M - (IX717)°.

Plugging in this bound in (AT6), we manage to connect M and the determinant and trace of (X)) ™!
as follows:

tr((25) ™) + T (o) (o)) - (1X77)? > d” det((5h) =)/ 2M/
Taking the logarithm on both sides and multiplying by d?, we obtain a bound for M :
2 iy—1 i\ (+3\T\—1] . i [ * \2
W g (U AT (K )
log d? det((Xg)—1)1/d
Step 3: Combining the bounds. Finally, plug back in (A.T3), we have

i 2d*T tr((24) 1) T|[(e*)(@)T) M iy
Kr < \/10g2 log (d2 det((EZ)*l)l/dz + Zdet(my) Ty X ”T)z) 2T

which is,

i< 0ay/ 0 (S0 11 (11307) )

A.3.3 PROOF OF LEMMA[AJ]
Step 1: Ti(A) is Lipschitz w.r.t. A.
From the Riccati equation (2:8)
YR'Y = ATR'A + 2Q!

[

Define 4 , o
S*(A) = =ATR A+ 20)¢ M" :=¢"R'.

Then the solution has the explicit form

(X8

1/2

Ti(A) = (Mi)—1/2 {(Mi)l/QSi(A)(Mi)l/Q} (Mi)—1/2.

For symmetric positive definite matrices Y?(A), T?(A), we have the following inequality
IT(A4) = T(A)||
< )2 |[[ary s ayary ] - o) as ) e]
iy=1/2)2 I(M7)1/2 [5%(A) — S'(A)] (M) .
Vol CFTEST AN+ i (M2 (A) (M) 2)

1/2H

< [I(m

The last inequality follows from the identity, where we denote Y := (M?)Y/2S*(A)(M*)/?, Z :=

(M 281 A (M) 2,
(Y2 -2y V2 g Ry R g =y - 7

Then
IIY 2|

| <
\/)\mln + \/)\min (Z)
For any A € O, we have the uniform lower bound

Auin (M) 2SH(A) (M) 2 Awin (M) /2Q35 (M) 12) > 0,

||Y1/2 Z1/2
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so the denominator is bounded below by

20 A (ME)1/2Q5 (M) 1/2),

Hence, ' ‘
M - [[(M) =212

||T1(A) - TZ(A)H S 2\/)\mm((Ml)l/ngl(Mz)l/2)

15°(A4) = S*(A)].

Using ‘ o ‘ o ‘ R R

18°(A) = S*(A)|| = [ATR* A — ATR'A|| < ||R*[| (|A]l + [|A]]) | A — Al
it follows that
) - 1 < AL IR R

T 2V A (MO)12Q5, (M7)1/72)
Finally, since || A|, || A|| < M4 on 6, it follows that
i) — i < A IO R

- \/)\Inin((Mi)1/2Q§i(Mi)1/2)

i M) )R | R i _Yi(A i _ A
Let LY := o (MO0 (1T M4, we have || T"(A) — T*(A)]| < L% ||A — A].

(1A + 1Al 1A - AJ.

My ||A—Al.

Step 2: 1°(A) is Lipschitz w.r.t. A
Recall from (2.6) that the block matrix B depends on A through
N i
B(A) == (Bi;(4)) Bi;(A) =

1 T pi dxd
ij=1’ — ij_iéijA R'A € R*™*¢,
For any A, Ac ©, we have

i 1 i i iq
1B(A) = B(A)l < 5 max |ATR'A — Aj{, R A||

IN

- ; .

2 I CLAL+ 1A 14 = All
< M4 |R||A— 4.

From B(A)n(A) = p, the resolvent identity yields

n(A) —n(A) = B(A)~" [B(A) - B(A)] B(A)" p,
In(4) = n(A)|| < (;}16% 1B 1B(A) = B(A)| [Ip].

From Assumption and the fact that R’ is positive definite, there exists p* > 0 such that, for any
A€o,

. 1 . . . . .
)‘min( Gt §ATR1A) - Z HQ%H > )‘min( Zz) - Z ||ng|| = p',
J#i J#i

Aminl —B(A) > g, B < L.

{2

Then

Combining these bounds gives

In(A) —n(A)| < (;)2 IB(A) — B(A)| |Ipll
MR\ lell\ , 2
< — [A—A].

Let L) i= MalRIIP we have [ (A) — n'(A)] < Li[1A — A].

22



Under review as a conference paper at ICLR 2026

A.4 PROOF OF PROPOSITION[3.3]
We now bound the three parts of the regret.

A.4.1 PROOF OF (1): REGRET BOUND OF R} (a4, T).

Note that we can rewrite the regret in the summation form using K., provided in (A-3)), and bound it
as follows,

K
Ry(@', T) = B'[ S (T{ A (T = 1)) N(A}) = TN (4)]
k=0
< B[S L eny TIN(AD] - TEN(4) (A13)
k=0
-3 E [1{tk§T}T,§Ai(A;;)} — TE'[N(A))].
k=0

Without loss of generality, we assume that \’(A%) and \’(A) are nonnegative for all k € N. Oth-
erwise, from Assumption 3.1} their absolute value are bounded by M. We may add M, to both

N'(A%) and \?(A) to ensure non-negativity.

Recall the definition of episodes from @ for kK > 1. Then, T,ﬁ < T,Ll + 1. Also, recall that the
value in the game is nonnegative due to the quadratic cost structure and Assumption 2.1] Hence,

E’ []]-{tkST}Tli)\i(A?c)} <Ef |:]]-{tkST}(TI§—1 + 1)”(&9] =FE' [l{tkgT}(Tli—l +1)A(A)],
(A.19)
where the last equality follows from the tower property, by conditioning on ]-' ‘.. Indeed, ti, T} _,,
and A’ are all ]-' ‘. -measurable, and Al and A share the same (posterior) d1str1but10n given ]-' i
For k = 0, from (@), Ti < 2. By the same argument as above,
E' TGN (4})] < 2B N/(A})] = 2E° [\ (A4)).
Plugging in (A-T9) in (AZT8), we get

Ry(6",T) < Ei [Lip<ry (T + DN'(A)] + 2E' X (A)] = TE [N (A)]

k=

= {ZT: (Ti-y + DN(A4)] + 2B N (4)] - TRV (4)]

= E'[(K} + 2)N'(A +1E1[(2Tk1 T)Xi(4)]

< MAE'[K7] + 2M),
wher_e in the last inequality, we used the bound from Assumption , % (A) < M), and the bound
ST < T
Finally, applying first, Lemma[A.2] Jensen’s inequality, and finally, Lemma[A-T] we obtain

Ry(@',T) < O(dE’ [\/Tlog (Sl o)) (1% 715)2)])

< 0(ay/T1ox (o) om0 B[ 15)7]))
< O(dy/TTog(D)).
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A.4.2 PROOF OF (2): REGRET BOUND OF R (&, T).

From the form of v?, provided in Proposition we get that
Ri(a',T) = B [v'(X5) - o'(Xh)]

1
2

Take the form of A? and p* in Proposition From Assumption (3.1} Y% and 5 are bounded, then
there exists My, M, > 0, s.t.

i 1 i iyl i % = R i "
= B | JOXTAK] + ()X — 5N~ ()T

, o 1
A = |RU Y+ A)|| < ||RY|(=]|0?]|> My + M4) < My,
| ‘|| | _(<_ + )Ilf_ll H‘(QIIU "My + Ma) < My (A.20)
1o* ] = IR "L | < IREI| - (I<*]] - Mo My, < M.
Thus
i (AT 1 i i 1 7 || * 4 || * i
Ry(6",T) < oMy - | Xg[1* + My - [| Xl + 5 Ma - (IX7]17)? + M, - [ X717 < [lo"[2O(1).

O

A.4.3 PROOF OF (3): REGRET BOUND OF R}(&%, T).

Using again the form of v, provided in Proposition[2.1]and the bounds in (A.20), we get that

- T
R T) = B[ [ (V0! ()T (A = Ay K]

T
i i At i Y T ~ S
=k -/o (A" (Ag)Xi + 0" (Ayy)) (A= Ak(t))Xtdt}

_ T
<B[ [ QI+ M) - 1A= A 1]
By Cauchy—Schwarz inequality,lﬂ

T
E| / (A = Al (MAIZI + M, ) K]

< ( JRCIERE e dt)

From Proposition [3.4]

Nl=

1
2

T
( | M + 22 K+ 0 P dt)
0

- 1/2
( | 1A= A dt) < O(lo"|| /dTog(T)).
From Lemmal[AT]
T
| B MR+ MM+ MK a < PO,
Combining both bounds yields
Ry(6",T) < O(||o"[I°v/dT log(T)).

O

3For this proof we can follow similar steps to|Gagrani et al.| (2021) and estimate the expectation of the
M i i 11 i ) i * i —l ) A'L., v
integral below by E' [ [ |(X1)7 (4 — Af ) Xillde| < BIX 5 i 1SH AW — AL - (Ta ®

XZ)(Z@)% ||dt} <0 (d2 lo?(1? \/(T + d\/Tlog(T)) log(T)). Here one utilizes the fact that (A — A) appears
in the integral multiplied by X, which enables us to make the connection to (Ei)_% (A®) — /12((:))), a difference

between Gaussian vectors, and ||(I; @ X. Z)(E%)% ||, which is related to the derivative of det((X%)™"). However,
here we simply use the bound from Proposition[3.4] as in the proof of Proposition Proposition 3.5 we cannot use

the same approach as above. Over there we are facing || A — A||[| X || with the process X, rather than X . So to
achieve two goals simultaneously, we prove both bounds R2 and Proposition@using the same bound.
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A.5 PROOF OF PROPOSITION[3.4]

Consider E[|| A — Ak( |I2]. Rewrite in vectorized form,

(Aj,z - (Ai(t))j,l)Q

M=
M=

E'[llA - A4, IP] =

<

Il
-
-

Il
—

21, (v 2
((A(”))(j—nm - (A;;ft>))<j—1>d+z)

™M=
M=

— =

N
Il
-

E[I|A™ — A1)
By the triangle inequality,
B[ A® — A7) < 2B [ A — e, 7] + 2E [, — A1)
where
E[IA® — u, |*] = E [E 149 = ug, |217, || = Eltr(S0,),
E[lm, — Ap) II°] = Eltr(Z0,)]

Then

T N ) ) T
/0 E[|l4 - A, 2] dt < 4E‘[/0 (S, ) )] :4/O E[or(S), , )] dt,

where the last equality follows from Fubini’s theorem.

Consider the alternative algorithm OS (one-shot at 0): we draw
A~ N )

once at time 0, and keep it fixed throughout the horizon [0, T']. We claim that

/OT () dt] _E [/OT (52 dt

where X3¢ denotes the posterior covariance under OS.

]Ei

The key observation is that, under OS,
Al |-7:Z; ~ N(ui;,Eiz),
which coincides with the posterior distribution used in Thompson Sampling at time t%. Hence,

conditional on F ; , the law of the posterior under OS is the same, and thus the conditional expected

values of the mtegral on the interval [t{, ¢} 41) coincide. Applying the tower property,

T . , [ K4 tipa AT .
E* / tr(Zii) dt| =E E / tr(Z;i) dt
0 :

| k=01

. tk+1AT .
_E Z Lt <y / (), ) dt
, tia AT ,

k

thrl/\T ‘
Z Ly <7y B! / tr(X5; ) di

S

=E

|
-l

S

=E
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Conditioneﬂ on F?

. the posterior distribution under OS and TS is identical, then

tho AT o )
/ tr(E;i) dt ‘th)i

th

i
k

T 00
E [/ tr(Sf) dt] =E [Z Ly <7y B’
0 k=0

T ~ .
/ tr(X5 ) dt
0 k

Recall from Assumptionthat A® | Ai() ¢ @) By assumption, we have

=FE

He(AfAifgiTi)tH < efct7 t>0,
for some constant ¢ > 0, where T? = Y?(A") depends on A’.
For any eigenvalue \ of (A — A" — ¢“T%), then

] = RO < ot t>0,

where #(\) denotes the real part of A. Hence (\) < —c¢ < 0 for all eigenvalues A, which shows
that A — A* — ¢*Y* is Hurwitz.

Then, by Proposition 2.3 in|Bardi & Priuli| (2014), X} has a unique stationary distribution 7’ given
by a multivariate Gaussian with mean 6% := —(A — A* — ¢*T%)~1¢* Y%} and covariance matrix V*
which satisfies

(A _ Ai o giTi)Vi + V’L(A _ A~z _ §iTi)T +o_i(o_i)T _ 0’

and X/ is ergodic w.r.t. such a measure 7n’. Thus,
1 [t - o _
E/ XUX)Tds = Vi +6'(0")" :=U".
0
Next, we want to prove Apin(U?) > 0. Write B := A — A" — ¢'T", and observe that || B|| <
2M(A) + 3||o|[>M (Y?) =: L. Then V' has the explicit representation:
Vi= / eBtUi(ai)TeBTtdt.
0
For any unit vector u, the quadratic form can be written as
uTViu = / uTeBtUi’(ai)TeBTtudt
0
%) ] r
= [l
0
> Amin (0 (09)T) / B b2 dt.
0

Since [|eB” tu|| > omin(eB V)||u]| = omin(eB ), where opmin () is the smallest singular value of a
matrix,

WTViu > Ain (0 (6)T) / Tamin (€8 1)2||u||2dt
0

= Amin (0" (6H)T) / Omin (B 1)2dt.
0

*We can describe this setup more precisely by using two different probability measures on the same probability
space and filtration: {F7%, }», which both support the same process. Under the original probability measure,
written as P, the process X . 18 associated with the TS sampling algorithm. Under a different measure, which
we use for the OS algorithm and denote as P*, the process follows a different distribution. However, to avoid
cumbersome notation and arguments, we abuse notation and use a different notation for the process under OS
{ii . Jx- This way, we can talk about the two algorithms using different process names rather than constantly
referring to different probability measures or expectations.
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Take 7 = |B|| < L, then ||B|| - t < 1, we have

|
4L’
||eBt [|| <6HB||t—] <2||B||t’ VO<t<T.

In addition, due to the fact that the smallest singular value oy, (+) is 1-Lipschitz with respect to the
Frobenius norm, we have

Omin(€B 1) > omin(I) — [|eBt — I|| > 1 — 2||B||t > 1 — 2Lt.
Since forany t € [0,7],1 — 2Lt > 1,
WV > Ain (0 (0)7) / (2)2ar =
0
. (7 Amin(gi(gi)T) [ :

Then Apin (V*) > oL , by Weyl’s inequality,

Amin(T%) = Amin (f/z’ +((A- O gifi)—lgz‘ffiﬁi) ((A- o giTi)—lgiTiﬁi)T)
> Amin (V) + )\min<((z4 _ A _ giTi)—lgiTiﬁi) ((A- Ai_ <iTi)—1<iTiﬁi)T)
Cri Amin (0 (09)T)

> ; B>
_/\mm(v)_ ST

> 0.
Let
i 1 [ o s
I = - | XYXY)'ds.
tJo
For a tolerance R = %/\min(U ) > 0, define the event

Bi = { 1 — 0| <R }
By Weyl’s inequality,
Amin(1) > Amin(UY) = |1 = U] > Auin(UY) — R on BL.

Recall £ = ()~ + ((6") (o)) @ (t- I))] " = (((0*)(0)T) " @ (t-})) . s0

(5 < o)) o 1)) = o)) (e 1)) < T

Therefore, on By,
oy dllo’||?) 2d|jo*||?

S @) R D)

On (B})° we simply use monotonicity %! < ¥} to get tr(3?) < tr(X3).
Let 6; := IP((Bj)°), taking expectations,
. djo’|? N 2 1
Eftr(%))] < ——=———(1—-6;) + 6tr(Xf) < ———=—-— + 0; tr(X]
(2] < bl + () < 2+ dbs)
The next step is to prove §; < 2d? exp(—C*t) for some constant C* > 0.

Denote by (X?); as the j-th element of X}, by (6?); as the j-th element of §7, and by (V?); ;. and
(U"); k as the (j, k)-th entries of the matrices V* and U*. By Theorem 2.3 in Cattiaux & Guillin
(2008), for any 1 < 7, k < d, we have that

o5/ (R (Kids = (0),4] > B) < 2experr (B 4 09),0)
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where H*(a) 1= sup, {)\a — log (E i [e*X i (Xk)) } Recall that 7! is the stationary measure
of X*. Then

B [ M5 (K] = 1
V1= 20V = N2 ((Vi) (Vi) — (V)2)

OO+ 502 (B920 )k + (B92V);5)
1= 2X(V)k = X2((VE);5(V)is — (VI)2))

- exp

This expression is valid for all A such that

1 =2V = A2 (V)i (Vi — (VI3 4) > 0. (A21)
Take ) .
fim s < ————. ik
max( ) (Vl)j,j(vl)k,k
Since Amax (Vi) < tr(V?) = I [eMtgi|2 < J e ot |? = 29 , 8 is well defined and

d > 0. For every A € (0,0), the condition (A2T)) holds.
Define ¢, 4(\) := log (Esi [ XX (X08]) and Fjx () = AE + (Ujx) — ¢j5(N). Let us

Taylor expand ¢; ;(A) on (0,5). Observe that ¢; ;(0) = 0,4’ ,(0) (U sk and @7, (0) =
Var;,i [(X?);(X%)x] > 0. By the continuity of 7 1.(-), we can take

My, = sup ¢, (N).
0<AS
For A € (0,9),

1 ~ 1
qu,k(A) = ¢j,k(0) + (b;,k(O)A + idj_/j/,k()\'rn))\Z < (U )j,k)\ + §M¢j,kA27
where in the remainder term we have 0 < A,,, < A. Plug into F} x (), we have

R 1
Fjr(N) 2 A= = oMy, A% 0 <A <4

Observe that the RHS is a quadratic function in A and it crosses 0. Let us take A7, = = min{ %, ﬁ},
Pk

Py = min (B (3)- B (57— ) } > 0.

It follows that H* (£ + +(UH8) > Fj 1(X] ). Denote

then

@ = i, a0

Hence we have that
1 [t i\ (i i R * ;
P(|; [ (X0i(Xids — (@7);0] 2 ) S2exp(-C70), VI jk<d
0
Since

== X ( /X (Xids - (09,4)°) "

1<j<d 1<k<d
Then
P((B})°) =P(|I} = U'|| = R)

< Sr(f} [/ @ 2 )

< 2d? exp(—C*t).
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Let S := t};(t),

T . ~ . T . . ~ .
/O Ez[tr(zgm)]dt:/ E'[E*[tr(X) | S]]dt

0

T 2d 1 . ‘
< E'| ————— - = + d5tr(Xh) | dt
< / [Am(m < + ok tr(zh)]

2 , T 2d 1 o ,
< tr (g ) dt +/ — |- + E*6;  ]tr(Xg)|dt.
/0 (=) 2 FAmin(U7) |:t;€(t):| | t’““)} ( O)}

For any 1 < k < K/, by (32) and (3:3),
thar — U, STL<Ti 1+ 1< Ty + T} < ¢,

Then for any ¢ € [t} ¢}, ).

2 2 1
t b
Then
K [f} =E [Z yﬂ{t;sm;‘m}} <> E [;1%9«@1} =3
k(t) k=1 'k k=1
Thus

T T
/ LE{L} < L/ 2o < 2 og).
2 Amin((]z) tk(t) )\min(Uz) 2 t )\min(Uz)

Asti > & forany t € [t} t] ),
T . . T . .
/ B[S, ]t < 207 / Eiexp(~C" - ) )]dt
2 k(t) 2

§2d2/2T]Ei[exp(C*.;>}dt

< Zglj e .
Thus
/ g [or(S5 Y]dt < 240(S) + — " log(T) + 4—‘126—0%1«(23)
o k() (07 O+
= (466,1*2 e ¢+ 2)‘51‘(26) + m -log(T).
Finally,

T
| B {14 Ay lP] de < O’ 1ox(r)).

A.6 PROOF OF PROPOSITION[3.3]

Recall that we couple the processes (X/);>0 and (X/);>o by using the same Brownian motion W*
and setting X} = X(. The process X" represents the trajectory of player i assuming they randomize
the parameter A at time zero and observe its outcome, while X represents the process under the TS

algorithm, where A is unknown and sampled in episodes. The dynamics of X* are given by

dX} = (="YX + ¢ rinhydt + otd W
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The process X' evolves according to
dX7 = (A ="y — Al XL + S VTt + o' dW,

where k(t) is the episode label k such that ¢ € [t} .t} ).

Take derivative of || X7 — X7||2 w.r.t. ¢, we have

d i 4 d i i i i
prio i - XiI? = S X=X DX - X))
zz(xg‘ - XHT. j()@ X}

=2(X{ = X)T (=" T X+ T — (A = "My — Ay X = " Th i)
=2(X; = X)) (=< TUX] = X)) — (A= Ay + <" (X7 = Tiy ) XT)
+2(X] = XD = Yooy Tiry)
Take integral on both sides, by the coupling, || X — Xi||2 = 0
|X7 — X7° -

T T
=2 [ = XTI - K =2 [ (X - KT (A - A Kt
T - A . . T . A . . . . . .
= / (X} — XG0 = T ) Kt +2 / (Xi = X)TSH (o — Ty )t
Then,
T . A . . . . A .
/ (X7 — XIYTSTi(XT — Xi)dt
0
1 . o T o % y
=~ X5 = %P - [ (X T4 - Ay K
T

T
- [ =T =K+ [ = K00 = T )

By assumption, 3 (¢*Y* + (¢*YT*)7') is positive definite. Hence, there exists a constant ¢’ s.t. 1 (¢'Y7+
(¢"THT) = c’Id Then

. T . A .
¢ [ - i
0
r 1. o L
< [ T T - e
0

1 (T T
3| = XTI = K g [ on = KT - K

1 T

T T
L 1 L
= 5/0 (X] = XHT(X] — X])dt + 5/0 ((Xg - X)TTH(X] - X;)) dt
T
— / (Xz XZ)T sz( Xz)d
0
The last equality follows that since (X7 — X/)T¢'T?(X? — X?) is scalar, it equals its transpose.
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Since —1 || X4 — X412 <0,
. T . A .
¢ [ - Xipar
0
T . A . A . A .
< [ (- XA Ay K
T . A . . . . A .
- [ Xy xS
+ [ =m0 = T
Taking expectations on both sides, we get the following bound

% 4 i |2 1 i 4 % i\ At 7
B 1= RiPa) < E| |- XD - A Kide|
0 ¢ 0

1 . r T i ) .
+ EE [ /0 (X = X)) <'(X = k(t))XtdtH

1 . r T i ) )
e (AR SR |
1

[E1 + FE> + Es).

Consider the first term and second term. For E
T

T
B =E| / (X} = XDT (A= Ay Xiat|| <E[ / (A=A )1 X+ %) X

For the second term Es, from Lemma[A3]
177 = Yo ll < Li[|A - AZ(t)Ha 17" = nyll < Lyl A = AZ(t)||~
Then

T
B =B /0 (X{ = XS0~ i) Xt

T
< LYE| / (X + IXED - 14— Al - 1% ).

So for E7 and E», we only need to bound E° [fOT(HXgH + | XD - A = flfc(t)H : ||X§Hdt} By
Cauchy—Schwarz inequality, we first split the integrand into two factors:

T
E* /0 A = Ayl - (XN + IXZI)XZIIdt]

T . A . 1/2 T : ; i 1
g(/ E (|14 - A7) dt) (/ E [ (10 + 1 K22 K12 dt)

From Proposition 3.4]

1/2

1/2

T
( | 1A= A dt) < O(lo"||/dTog(T)).

For the second factor, we apply Young’s inequality,

. . A 1. . 1 .. A
B I - 1%012] < SE QN + SE XL,
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then

T _ B - B 1/2
( | B o+ i) ) ( X)) + SE (%717 dt)
0
IWIIZ\W ).

Combining both bounds yields

Ey + By < O(||o"||*/dT log(T)).

Consider the third term,

T
By =[] [ (= X700 ~ Tt

:Ei[ /OT(Xl XIS (X (0" = mjgyy) + (X —Ti(w)”/i(t))dtu

< (L My + Ly Mr)|Is' [ |

T .

| et = iAo
) ) ) ) T

< LMy + MR [ 14 A 0% + 13D

By Cauchy-Schwarz inequality,

T
E / 1A — AL Il + 1 )dt

T . B 1/2 T . N , 1/2
s(/ EZ[HA—Az(UP}dt) (/ EZ[(||X§||+||X;||>2}dt> :
where
T 1/2
( E[(1%E0+ 1xE1)?) @ )
0
< ( / 2B (| X*[17)%] + 2B [ (1 X7)15)?] dt) < O(lo" IVT),
and ., 1
(/ B[4 - Ay |?] d ) < O([lo"||/d1og(T)).
Then

O(||o"||*\/dT log(T)). (A22)

T
/IIA Al IOIXEN + 117t | <

Thus E3 < O(||o?||?+/dT log(T)).

Combine E1, E5, E5 together, we have that

T
B [ 15 - Xi1Par] < 01" /T ogT)).

Then

I Y -
lim 4@1[ X7 — X7 dt} -
T 0

T—o0
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A.7 PROOF OF PROPOSITION[3.6]

Recall @' (x; A) from (ZI0). Plug in &/ = a'(X7}; A};(t)) and (af)* = a'(X}; A), we have

T
B [ 18- 1]
thpa AT A T e
— EZ Z/ ke 'LTZ + A’]LC)XZ o g’L’an’L} TRZ [(glrl _"_ A;C)th o gl’ran:| dt:|
ti
_Ez[/ [( inpi +A)Xé _gifrini]TRi [(Ciﬂri +A)X§ _gi'rini] dt}
0

K th AT T
5[ [ [T A&+ 1 A - 2]
k=0
‘R {(giTi +ADXT (T A)X;} dt} .
From Assumption[3.1]
(Y% + AL X + (Y7 + A) X — 26" T |
< (3llo" 1M + Ma)(IXE + X0 + oM M,

<l IPCL(IX N7 + 1X7117) + llo**Co,

where C', C5 are constants. Then

Bl [ "l - (ad)*IP]

o . . Ko pthanr, .y ,
<B o P (X + 1) + ) Y [ 6 A - (6 )] ]
1,
T e . 4 T, . 4
<EIo1P(CL(1X" 7 + X7 17) + Ca) / (§||al|| My + Ma) || X} = X{]|d]
tk+1AT o
+E o 12U+ X7 + Co) Z / |(Af — )X e,
ty
(A.23)
where the last inequality follows form ”(giTi+A};)Xff(giTi+A)Xti <

i+ )% - x)

+ H(A;; — A) X}

Consider the first term, by Cauchy-Schwarz inequality, we have

. . A . . T . A . .
B [Io'IP (Ll + 1X°1) + o) [ I PCallXi - X

i ip4 o || * ifx 2INY2 (i [ a4 2TAi in2]) 2
< (B[Pl 1@+ 1x0 + €2)°]) (Bl en? [ 1 - xip]) "

Bound the left term from Lemma[A-T]and the right term from Proposition 3.3} we have

i )2 i || ifx g i)2 i i i
[l (CL X + 11+ C) [ o' P K- Xilat] < O(1o'1¥ /T T g T),
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For the second term in (A:23)), by Cauchy Schwarz inequality,

th AT

E* o] (CL (1K [l + 1 X717) + C) Z / (A} = A) X |t
. . A . A . . T
< B[l I I (o + 1)+ €a) [ 1A — Al

i i o || i || % if* 21\ V2 (i 2]\ /2
< (B [0 11U 1502 (O U 7+ 1X15) + C2)*)) (E{/O |k = AI7))
From Lemmal[A.T]and Proposition 3.4} we get the bound

th A AT

E [l (CL (1717 + 1X717) + Co Z / (A} = A)X{|dt] < O(llo*|*v/dT log T).
Combining the bounds for the first and the second term in (A:23)), we have

T
B [ lai - (@)IF] < 0(max ('] #at, o' Pat) 7 og 7)? ).
0

L]
A.8 PROOF OF THEOREM[3.2]
In order to show that the profile (&}, ..., );>0 is a Nash equilibrium, we need to show that for

any player ¢ € [N],

(1) The strategy &° is admissible.
(2) Under strategy &, the cost for player 4 from any initial position equals the value \°.
(3) Under any other admissible strategy o, the cost for player i is greater than \°.

Recall (3.6), we denote (ai)* = a’(X}; A) as the equilibrium policy under known parameter A.
Also, recall (3:4), we denote &} = a*(X}; A%) as the optimal control under state X; and parameter
A

We divide the proof into three steps. First, we show that each player’s strategy is admissible. Second,
we prove that under the TS strategy &, the cost for player 4, starting from any initial position, equals

the value )\Z Finally, we show that under any other admissible strategy o, the cost for player i
exceeds A\*.

A.8.1 PROOF OF (1): ADMISSIBILITY OF & AND ERGODICITY OF (X?);>0 WITH m’.

First, we prove that the strategy for each player is admissible. Recall the definition of admissibility
from Deﬁnition which relies on Definition Recall that &" is defined recursively by:

G = ¢IX] +H ALX] - STy, VEE [t thy ).
The, it is obvious that (&7) is adapted to F. Also, by Assumption3.1]
E 617 < 2B [l + AL - | &E2] + 20’2
< 4(lls 02 + MAETX)?] + 20"’ |1* < oo,

where E?[(|| X?||*)2] < oo follows from LemmalA.1} which also establishes the first bullet point in
Definition 2.

Hence, it remains to prove that X Z is ergodic (with the same m? as X,) in the following sense:
1 _.r (T )
tim / h(kdi] = / h(z)dm’ (z)
T—o0 T 0
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locally uniformly with respect to the initial state X{ for all functions h which are polynomials of
degree at most 2. To this end, consider a polynomial function / of degree at most 2. More explicitly,
h(z) = 27 Cox + ¢TIz, with Cy € R™4 and ¢; € R?. Then,

lim %E’[ /0 ! h(f(;‘)dt]

T—o0

— lim %Ei[ /O ' h(XZ)dt}

T—o0

1 .r (T . . . . , ,
+ Jim 2B [ [ - X0 + (RG] - (X7 Caxi]

T—00

1.1 (T 1.1 (T . , Ny ,
~ Jim 4@1[/ h(X])dt] + Jim fnzl[/ (6 + (%) + X{)TCo)(X{ — x)a].
T 0 T 0

T—o0 —00

We know from Proposition 2.1]that the strategles under Nash equilibrium are admissible, hence, the
respective dynamics X/ are ergodic with m® from the HIB-FKP equation:

. 1 i r 7 )
Jim —E {/O h(Xt)dt} - /h(x)dm (2).
Hence, it remains to show that

N B i iNT i i

Jim ~E { (F + (X + X7 o) (X th)dt} =0. (A24)

—00 0

By Cauchy-Schwartz inequality, We have
1 _.r (T . . )
lim —E° [/ (el +2(xHTCo)(XT — Xt’)dt]
0

T—o0

1 T , . ,
< Jim 2 [ Bl 20007 0x; - XD Jat
T—oo T 0

: i i || * 1 T 1 i Q
< Jim \fEi{(leall + 20 Call - 1X7)2] - ¢ 7 | B - X

Recall from Lemma [A.1|that E* [(||X7|[%)"] < (||o?]|)PO(1). Together with Proposition we

obtain (A.24). 0O

A.8.2 PROOF OF (2): UNDER &‘, THE COST FOR PLAYER i EQUALS \’.

In this part, we prove that under the TS algorithm strategy (& )¢>o, the cost for each player ¢ is equal
to A’. For this, we add and subtract terms to the ergodic cost for Player 7 as follows

J"(XO,A)_hmmf Il?f / F'Y(X,,é

T—+4o00 T

T
—liminf — IEP / Fi(X dt T liminf — ]El{ / (d;’)TRid;’dt]
712,

(7] | PoOx0a] gt 7 /OTF%X»dtD

m.fTw[;/fwwa gt 72 / )

(e [ [ Poxoa] gt 7 [ i)
=01 + I + Is.

Next, we will estimate 1, I, and I35 accordingly.
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Proving I; = 0: For I}, plug in F'(x) := (x — Z;)7 Q" (x — T;),

D Y L RS Yy sy
| = ‘hmmf ~E [/0 P (Xt)dt] ~ lim inf ~E [/0 P (Xt)dt”

T—400 T—400

1.0 (7 . e ,
< limsup — E[/ (X, —2)T0/(X, — &) — (X, — &)T Q' (X, —:Ei)dtH
T—+oo 0
. I iT % T ~if % -
<limsup |= E [(Xt—Xt) Q’(Xt—l—Xt—Qwi)]dt‘.
T—+oco 0

.. SR P y _
</ Amax ((Q9)?) hmsupf/ E' [ X, — X - | X + Xy — 22| de.
T—+4o00 0

where )\max((Qi)Q) is the biggest eigenvalue of (Q%)T Q! = (Q%)2, since Q' is symmetric.

Apply Cauchy—Schwarz inequality,

1T 5
T—~+o00 0

S 1T
< limsup—/ E (| X, — X[2]dt - limsup—/ Ei [ X, + X, — 2z,]]2]dt
T—+00 1 Jo T—+o0 L' Jo
I .
< limsup—/ Ei [ X, — X[2]dt
T—>+ooT 0
X\/3 sup EV(IX[17)2) + sup E[(|X|15)%] + 4]
T€[0,00) €[0,00)

Then,

: 1T
11| < \/Amax ((27)2) V3 limsup—/ B[ X, — X, ||2]dt
T—+oc0 T 0

x\/ sup E[(1X)3)2 + sup EC[(|X[17)2] + 4|22

T€[0,00) T€[0,00)

— 0,

where the limit follows since the first square root tends to zero by Proposition 3.5} and the second
square root is bounded by Lemma[A.1]
Proving I> = 0: Plug in the explicit expressions of (af)* and &%, we get

2 = 1M 11 o Q; Qy %mll’l T B o Qay Qy

T—+o00 —+o00

K th o AT T
/ {(ﬁTi + A}C)XZ — giTini] R’ [(ci'fi + Az)XZ - giTinz} dt}

1 1_.
=— lim inf —El[ v
Tortoo k=0 "tk

1. . N R R
_5%313_}_22 7]E7,{/0 [(de“V‘A)XZ_CZTZ"]Z} Rz [(ngz_,'_A)X;_ngznz] dt:|

The proof follows the same reasoning as for ;. Therefore, the details are omitted.
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Proving I3 = \': By the ergodicity of (X});>o for any i € [N], hich follows from Proposition
we have

Iy = lminf B " pix )] + g B[ TR iy
ot ), e ot pE (s | (i

T
— 3 (27) i i\ T i (i %
/RM Ildm (x —l—hr_r}f;f TE [2/0 ((ap)")" R'(}) dt}

= /Rf'i(xi;mfi)dm (%) + lim inf %E’ [1 /UT((ai)*)TRi(ai)*dt}

T—4o00

= Jminf L' [/OT [FOXim™) + G ((0d))" RiGa))* ]

T—400

Plug in f* according to the HJB equation (23) and expand the Hamiltonian function, we have

13—gglg;g;:nzi[/j[wff%xz,w( )~ tr(s" D (X7)) + 5 (o))" R (o)t

T

= tmint 28| [ ¥ (0000 () O - (9 ()X
— tr(s" D (X)) + 5 (Vo) (R~ Vo (XF) ]

=1 f]‘]El T}\i iXi T i\—1 le X’L iD2 iXi d

= imint 2B [ [ [N (V00T (R V(D) = X3) = (s D )

T—+oo

. 1.0 (T , , . .
=\ — limsup —E’ {/ [(AlXZ +pH)T (AX] — (0)*) + tr(ngle(XtZ))}dt]
T—+oco 0

By It6’s lemma applied to v*(X}) and the form of v* from (2.9):
T
B () — o ()] = B[ [ [V (AX = (0)) + (e DR ()
~E| /0 [(ATX7 4 p)T (AX] = (a})") + (s D2 (X)) at] .

Hence,

. 1. o
Is = A\' — limsup =E*[v*(X}) — v*(X{)]-
T—4o00 T

Finally, from Lemma([A.T] we obtain

1 . o
limsup =E*'[v*(X}) —v*(X{)] =0,
T—+o00 T

which proves that I3 = \°.

Combining I, I and I3, we have that under player i’s optimal strategy &', its cost is A% O

A.8.3 PROOF OF (3): UNDER ANY OTHER ADMISSIBLE STRATEGY o', THE COST FOR PLAYER
i IS GREATER THAN )\’

Assume that Player 4 uses an arbitrary admissible strategy &', while the other players j € [N]\ {j},
use the TS algorithm strategies (47 )¢>o. Denote Player i’s dynamics by (X?);>0. By Itd’s lemma,

B (Xf) — o' (X5)]
T
— [ /0 [(wi(f(;‘))T(AX;‘ —al) +tr(gip2vi(xg))] dt}

:Ei[/OT {(W( INTAXT — (R)™'Wol (X)) T R'G + tr(¢' D?v' (X ))}dt}
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From Assumption R is positive definite. Then by simple algebra, for any &i, we have

~(& — (R)'V' (X)) TR (& — (RY) 'V (X}))

| —

(at)" R'a; — ()™Y' (X)) R'aG + 5 (Vo' (X)) (R) T V0! (X))

uow
| —

>
Then,

E'[o’(X5) — v (XP)]
> E' [/ [tr(GiDzvi(XZ)) + (Vo' (X)) T AX]
0
7 %(vvi(X;))T(Ri)qvvi(Xz) . %(dﬁ)TRidﬂ dt}

= EI[AT [tr(gip%i(f(g')) — Hi(Xf,VvZ( ti)) _ %(&i)TRidz}dt].

Thus from HIB-FKP equation in (2:3),

TRV o (9] 2B [ (¥ - Ffm) - (el )]

=i - %Ei [/OT (F(Xfm™) + %(di)TRidi)dt]

Letting lim infp_, ; o, on both sides, we have

X' < limint | / : (Fi(Xism™)+ %(&i)TRi&z)du],

for any admissible strategy . Next, we show that

o o 1.
JU(X,[@"a"]) = liminf —E*
T—4+oco

T
/ (//(Rusm™) + (@) TR, ) du] : (A.25)
0

which finishes the proof.

Recall that the admissibility of &¢ implies the existence of a measure with density 7 such that X"
satisfies ergodicity with this measure, see (2.2). Moreover, Players j € [N]\ {i} use the TS algorithm

strategy &, which as we have shown in Appendix , their corresponding dynamics (X7 )¢>¢ are
ergodic with m/. For brevity, use the notation X7 = X7 and 7/ = m/ for j € [N]\ {i}. This
way, the dynamics of all the players under the strategy profile [&~'; &'] have the same notation, it
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simplifies the writing below. Therefore,

lim —IE’ / Fi(Xiim ]

T—oo T

-, w0 e gdmﬂ (/)] ' (a")
N

/]RNd(m_a:Z) Qi(x —m;) Hdmy )

j=1

=3 [ [ e Qi e — o] am (@)

J=1k#j
1 s (T o
— 1 J J
i 1[0 -wras e =l
N T
1 il X] T Xk: —k d
+phm ;k#/o {( )" Qix( )] t]
T ~
= Jim —E’ [/0 Fy(X}, ,XtN)dt}
This shows that (A.23). O

A.9 NUMERICAL EXPERIMENTS
A.9.1 SIMULATION DETAILS

We consider a system with N = 10 players, each with state dimension d = 2. The true dynamics
matrix is shared across players and given by A = —0.5 - I;. We track the regret of a fixed player
0

with id = 3. The initial state of this player is set to X§ = {0 5

} . The prior belief over the unknown

parameter matrix is Gaussian:
o =0g2%1, 2o =0.01- 1.
Each player’s diffusion matrix o* is independently sampled as:
o' =05-1;4+0.05-2Z", Z'~N(0,1).

The mean-field estimate for each player is a random vector 7' € RV, sampled independently.
To introduce mild heterogeneity in cost structures, for each player ¢, the cost matrices are given by:

. Q' = Ing + € E?, where e = 0.05 and E* is a symmetric matrix with i.i.d. Gaussian

entries;
e R =1I;+¢- F' where F' is similarly defined.

Simulations are run for a total of 5000 time steps with a discretization step size 0; = 0.05. To evaluate
statistical properties, the simulation is repeated over 10, 50, and 100 independent runs. We report the

cumulative regret R(7") and its normalized version R(T)/\/T + dv'T

In addition to this baseline setup, we conduct several additional experiments (e.g., higher dimensions,
different prior distributions). The specific simulation details for each experiment are provided in their
corresponding subsections.
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A.9.2 THE SCALING BEHAVIOR OF THE REGRET

We evaluate the empirical performance of our TS algorithm in the N-player stochastic differential
game described in Section[3] We simulate the game with N = 10, 20, 50 players, where each player
is assigned a different diffusion matrix o and a distinct cost structure (Q?, R*). We focus on a single
player and compute their cumulative regret over time.

To evaluate the scaling behavior and variance, we repeat the simulation for n = 10, 20, and 50 sample
paths. The results are shown in Figure 1: panel (a) plots R(T') as a function of time 7', and panel

(b) shows the scaled regret R(1")/+/T log(T"). The shaded region indicates 0.2 times the standard
deviation of regret over sample paths at each time step.

As seen in Figure 3] the regret grows sublinearly with time, and the normalized regret
R(T')/+/T log(T) remains bounded as T increases, in agreement with the theoretical upper bound

O(y/T1og(T)) established in Theorem

R(T
b) ———vsT
(@R(MvsT (b) VT log(T)
10 A
— n=10
8 n=50
—— n=100
E 64
==
(2
= 4
2_
0 50 100 150 200 250
T T

Figure 3: Regret vs time.

We also conduct additional experiments with a longer horizon 7" = 1000 (corresponding to 100,000
steps), using 10 sample paths, and report the results in Figure ]

R(T)
b vs T
(@ R(TYvsT (b) VTlogT
60 4
— n=10 10 4 — n=10
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Figure 4: Regret vs time. (17" = 1000)

A.9.3 THE REGRET IN HIGHER DIMENSIONS

Similar to[A.9.2] we evaluate the performance of the TS algorithm in higher dimensions. Specifically,
we extend the experiments for d € {2,5,10,20}. While the raw regret R(T") grows with d, the

curves align after normalizing with respect to the factor d1/7T log(T'). Results are shown in Figure

A.9.4 COMPARISON WITH CE AND BLIND SAMPLING

We compare our TS algorithm to two baselines. The first one is a posterior-mean controller that
directly plugs the current posterior mean into the control law. It can perform slightly better in the very
early stage, but TS consistently achieves lower cumulative regret over longer horizons. The second is
Blind Sampling, which ignores data entirely and performs significantly worse. These results highlight
the benefit of posterior-driven exploration. Detailed results are shown in Figure [ and Figure

40



Under review as a conference paper at ICLR 2026

R(T)
(@) R(TY)vs T (b d\VTlogT vsT
— d=2 44 — d=2
—— d=5 — d=5
2001 — g=10 3 — d=10
S — d=20 -z — d=20
= i 2
100 4 =
14
01 0
0 50 100 150 200 250 0 50 100 150 200 250
T T
Figure 5: Regret vs time. (high dimensions)
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Figure 6: Regret vs time. (compared with CE)

A.9.5 ROBUSTNESS TO PRIOR MISSPECIFICATION

In order to test the robustness of our algorithm to misspecification of the prior distribution, we run
additional experiments with four prior families: Gaussian, t-distribution, exponential, and beta, all
initialized with the same mean and covariance. For exponential and beta priors (defined element-
wise), marginal parameters were chosen to match the target mean and variance. We tested both
truncated priors (only samples yielding stable feedback matrices) and untruncated priors (no stability
filter). Across all four families, the algorithm consistently achieves sublinear regret; heavy-tailed or
asymmetric priors add early-stage variability but long-term behavior remains stable. The results are
shown below in Figure[§]

A.9.6 ABLATIONS ON HYPERPARAMETERS

We conduct a set of hyper-parameter ablation experiments on the prior distribution Nz, X¢).

First we vary the prior mean 19 = A¢rye, 0,0.3 - (1,1,...,1), while keeping the covariance ¥y =
0.01 - I fixed. The results are shown in Figure[§] Across all settings, the normalized regret remains
stable behavior, the misspecified priors also converge to the same scaling behavior as the well-
specified prior.

We also vary the prior covariance matrix ¥y = S%I , with sg = 0.1,0.3, 1.0, while fix the prior mean

o =0.3-(1,1,...,1). The scaled regret curves also remain stable across all choices. The results
are shown in Figure [I0}

We also evaluate TS under non-isotropic prior covariance. In addition to the isotropic baseline
Yo = 0.321, we also consider (1) Xy with diagonal entries = 0.5, off-diagonal entries = 0.1; (2)
Yo = 0.321 + 0.22007, v = (1,1,...,1)T. The resulting regret curves are shown in Figure

In all cases, the regret curve behaves stably and identically, which means the TS algorithm is robust
to the hyper-parameters, matches our O(+/T log T') bound.
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Figure 7: Regret vs time. (compared with Blind Sampling)

A.9.7 CONVERGENCE RATE TO NASH EQUILIBRIUM

We conduct a set of experiments to evaluate the empirical convergence rate to the Nash equilibrium.

We report the following four quantities as functions of time 7": (1) Parameter error: jOT |A —
A |[2dt; (2) State error: [OT | X7 — Xi||2dt; (3) Policy error: j;)T |(ad)* — &t||dt; (4) Regret as
in the paper. Each curve is plotted together with the theoretically predicted scaling established in
our paper. As the parameter error only grows with the order of log 7', its behavior is more visible
over a long time horizon; thus we extend the simulation interval to 10000. The results are shown
in Figure[T2] For the state error and the policy error, the empirical curves grow slower than the

theoretical bounds, suggesting that the analysis is conservative and the true convergence rate may be
sharper.

A.10 ADDITIONAL DETAILS

A.10.1 USAGE OF LARGE LANGUAGE MODEL (LLM) FOR MANUSCRIPT POLISHING

In preparing this manuscript, we used a large language model (LLM) only for the purpose of
language polishing, grammar correction, and stylistic refinement. At no point was the LLM used
to generate technical content, draft proofs, design experiments, interpret results, or propose new
research directions.

All edits suggested by the LLM were reviewed, verified, and approved by the authors to ensure
correctness, consistency, and scientific integrity. The authors take full responsibility for all content in
the manuscript, including those parts refined via the LLM.
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Figure 8: Regret vs time. (different prior distributions)

43



Under review as a conference paper at ICLR 2026

2322
2323 (b) 2D

2324 (@ R(MvsT VT log(T)
2325
2326
2327
2328
2329

vs T

— true A
— Ho=0
— wp=0.3/

12.5
10.0

% 7.5 H

5.0 4

2.5 1

2330 0 50 100 150 200 250 0 50 100 150 200 250
2331 T T
2332

2333 Figure 9: Ablation study on pg

2334

2335

2336 b) £ _ ys T

2337 (@R(MvsT (0) VT log(T)

2338 125 14— T T T

2339

2340

2341

2342

2343 : . : . 0.0 - , : ; ;
0 50 100 150 200 250 0 50 100 150 200 250

2344 T T

2345

2346 Figure 10: Ablation study on X

2347

2348

2349 (b)-RD_ysT

2350 (@ R(T)vs T VTiogT

2351 30— 2=03% — 5=03%

—— Ip: diag =0.5, off=0.1
2352 — 3:0.3240.22w7
2353 S

2354 104
2355
2356 (I) 5‘0 160 1.":0 2(’)0 250 6 5‘0 160 15;0 260 2;0
2357 T T
2358 . )
2359 Figure 11: Ablation study on X
2360
2361
2362 (a) Parameter error (scaled by log T) (b) State error (scaled by v TlogT)
2363 154 ; f ! — n=10
0.2 —— n=20 |
2364 104 ! ! |
=10 .1 4
2365 5 | | := P 01
2366 o | | n=s0 | o] ] ] |
2367 0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
2368 (c) Policy error (scaled by V TVTlog T) (d) Regret (scaled by VTlog T)
=10 | 154 1 1 =10
2369 015 1 ::zo :=20
2370 0.10 \ n=50 | 14 | | n=50
2371 0.05 051+
2372 000 SN— = ————
2373

2374
2375 Figure 12: Convergence rate to Nash equilibrium

— 5p=0.1
10.0 1 { { — 5p=0.3

— 50=1.0
7.5 1 .

RN
VT log(T)

5.0

2.51

151

—— Zp: diag =0.5, off=0.1
— 3:0.32/+0.22w7T

R(T)/y/Tlog T
=
o

—— n=50

0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000

44



	Introduction
	The ergodic N-player game with full information
	N-player ergodic game

	Learning for the N-player game
	Thompson Sampling algorithm
	Main results

	Numerical Experiments
	Conclusion and Future outlook
	Appendix
	Examples
	Symmetric system
	Nondefective system

	Proof of prop:regretdecomposition
	Auxiliary Results
	Proof of lemmaXT.
	Proof of lemmaKT.
	Proof of lemmaLipschitz

	Proof of propregret
	Proof of (1): Regret bound of R0i(i,T).
	Proof of (2): Regret bound of R1i(i,T).
	Proof of (3): Regret bound of R2i(i,T).

	Proof of propAhatA
	Proof of prop: ergodicity
	Proof of prop: strategyconv
	Proof of thmmain
	Proof of (1): Admissibility of i and ergodicity of (it)t0 with mi.
	Proof of (2): Under i, the cost for player i equals i.
	Proof of (3): Under any other admissible strategy i, the cost for player i is greater than i.

	Numerical Experiments
	Simulation details
	The scaling behavior of the regret
	The regret in higher dimensions
	Comparison with CE and blind sampling
	Robustness to prior misspecification
	Ablations on hyperparameters
	Convergence rate to Nash equilibrium

	Additional Details
	Usage of Large Language Model (LLM) for Manuscript Polishing



