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Abstract

Competitive games played by thousands or even millions of players are omnipresent
in the real world, for instance in transportation, communications, or computer net-
works. However, learning in such large-scale multi-agent settings is known to be
challenging due to the so-called “curse of many agents”. In order to tackle large
population independent learning in a general class of such problems, we formulate
and analyze the Stateless Mean-Field Game (SMFG): we show that SMFG is a
relevant and powerful special case of certain mean-field game formulations and
a generalization of other interaction models. Furthermore, we show that SMFG
can model many real-world interactions, and we prove explicit finite sample com-
plexity guarantees with independent learning under different feedback models with
repeated play. Theoretically, we contribute techniques from variational inequality
(VI) literature to analyze independent learning by showing that SMFG is a VI prob-
lem at the infinite agent limit. We formulate learning and exploration algorithms
which converge efficiently to approximate Nash equilibria even with finitely many
agents. Finally, we validate our theoretical results in numerical examples as well
as in the real-world problems of city traffic and network access.

1 Introduction

Multi-agent RL (MARL) has been an active area of research, with a very broad range of successful
applications in games such as Chess, Shogi [42]], Go [43]], Stratego [32], as well as real-world
applications for instance in robotics [25] and resource management [24]. However, the applications
of MARL to games of much larger scale involving thousands or millions of agents still remains a
theoretical and experimental challenge [45].

Despite this limitation, competitive games with many players are ubiquitous and typically high-stakes.
In many real-world games, extremely large-scale competitive multiagency is the rule rather than the
exception: for instance when commuting every morning between cities using infrastructure shared
with millions of other commuters, when periodically accessing an internet resource by querying
servers used simultaneously by many users, or when sending information over common communica-
tion channels. A strong but common and powerful assumption in such games is that of statelessness.
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For instance, one can assume that the capacity of an intercity highway or an internet server is only
a function of its (and other highways’/servers’) immediate load and not a function of time [ﬂ

With the aim of modeling learning in such games, we propose and analyze the Stateless Mean-Field
Game (SMFG). In our SMFG model, N players (drivers, internet users, . ..) choose among K actions
(highway to take, server to access, ...) yielding an empirical distribution of players over actions (i.e.,
the load of each action) it € Ag, where A is the K dimensional probability simplex. The vector
of expected payoffs then of each action is a function F() € [0, 1]¥ of the load over actions. Note
that F allows complex dependencies of the payoff of an action on the occupancy of itself and all
other actions as well, hence is a powerful and generic model. Furthermore, we assume players are
selfish, i.e., without regard to global welfare each agent has the goal of maximizing their expected
reward. Hence the natural solution concept is a Nash equilibrium where agents do not have incentive
to unilaterally deviate. Finally, in our setting, we are interested in independent learning (IL) using
repeated play, that is, algorithms where each agent learns from their own (noisy) interactions without
observing others or a centralized coordinator. IL, despite being theoretically challenging, is natural
for such games as centralized control can be an unrealistic assumption for large populations.

From a theoretical perspective, our setting is novel but closely related to certain mean-field game
(MFG) formulations in RL literature, and yields non-trivial results for cases where [V is large. As we
present later, the assumptions we introduce are related to Lasry-Lions conditions in MFG literature
[34], although not a strict subclass. Furthermore, our formulation is sufficiently general to be relevant
in many real-world problems while admitting finite-time, finite-sample IL guarantees, which is absent
in MFG literature to the best of our knowledge. Before we formalize SMFG and present the main
theoretical contribution, we first motivate its relevance with three examples.

Network resource management. Assume there are K resources (e.g., servers/computational nodes)
available on a computer network shared by a large number of (say, N > K) users. These resources
might have varying capabilities and user load tolerances, as well as cross correlations in performance
due effects of virtualization. At each time step, each user tries to access a resource, and experiences
a delay/cost that increases with the number of users trying to access the same node. The expected
delays of each server might be a highly nonlinear, complicated function of the distribution of users
over servers that can not be directly modeled, as many complex interactions in infrastructure usage
(power, connectivity, CPU/memory resources) typically exist.

Repeated commuting with large populations. Every morning, N commuters from city A to city B
choose among K routes to drive to their target (typically N > K), observing only how long it takes
them to commute. The distribution of choices in the population affects how much time each person
spends traveling. A simplistic model would be increased waiting times as more people choose the
same (or intersecting) routes. However, modern road infrastructure can be very complex [[16] due to
non-trivial feedback loops and adaptive systems such as load-dependent traffic lights.

Multi-player multi-armed bandits with soft collisions. Multiplayer MAB have already been
studied in the special case where collisions (i.e., multiple players choosing the same arm) results in
zero returns. In many real world applications, arms used by multiple players yield diminished (but
non-zero) utilities when occupied by multiple players. For instance, in many radio communications
applications (Bluetooth, Wi-Fi), common frequencies are automatically used via time-sharing, yield-
ing a delayed but successful communication when collisions occur. Similarly, when accessing online
resources, servers will be able to serve multiple clients albeit with slower response times.

Overall, in this paper we introduce the SMFG, its Nash equilibrium as the intuitive solution concept,
and discuss its real-world relevance (Section [2). We theoretically analyze the SMFG at the limit
N — oo and make connections to variational inequalities in optimization literature (Section [3.1)),
leading to the formulation and finite-time analysis of independent learning in full and bandit feedback
cases (Sections[3.2] [3.3). Finally, we experimentally verify our theory in numerical examples and
two real-world use cases in city traffic and access to the Tor network (Section [4).

1.1 Related Work

This work is situated at the intersection of multiple areas of research, we first present each.
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Mean-field games. Mean-field games (MFG), originally proposed independently by Lasry and Lions
[20] and Huang et al. [1/], have been an active research area in multi-agent RL literature. MFG is a
useful theoretical tool for analyzing a specific class of MARL problems consisting a large number
of players with symmetric (but competitive) interests by formulating the infinite agent limit. Such
games have been analyzed under various assumptions, reward models and solution concepts, such
as Lasry-Lions games [34.[33]], stationary MFG [1} 47,1511 |49]}, linear quadratic MFG [14! [10]], and
MEFGs on graphs [48] [12]]. However, finite-sample guarantees for mean-field games only exist under
specific assumptions. For Lasry-Lions games, convergence guarantees exist only in continuous time
dynamics with an infinite agent oracle [34] and discrete time iteration complexity guarantees only
have been shown in the case rewards admit a concave potential [11]], while IL guarantees with finite
agents in this setting do not exist to the best of our knowledge. For stationary MFGs, many recent
works require strong regularization, smoothness, and access to infinite-agent oracles [[1, 47, 51} 24].
IL in stationary MFGs has been studied either under a subjective equilibrium solution concept [S0] or
with strong regularization bias and arbitrarily poor sample complexity [49].

Multi-player MAB (MMAB). Our model is related to the MMAB problem. The standard reward
model for MMAB is collisions [2], where agents receive a reward of 0 if more than one pull the same
arm. Results have focused on the so-called no-communications setting, establishing regret guarantees
for the cooperative setting without a centralized coordinator 3,137, 15]]. In our competitive setting, our
primary metric is exploitability or proximity to NE rather than regret as typically employed in the
collaborative setting of MMAB (similar to the NE for MMAB result established in [23]]).

Variational inequalities. Variational inequalities (VI) and algorithms, which we use as theoretical
tools, have been an active research in classical [28| 9, |29]] and recent [21} [19] optimization literature.
A recent survey for methods for solving VIs can be found in [4].

Other work. A setting that has a similar set of keywords is mean-field bandits [[13},46]. However,
these models do not analyze a competitive (Nash) equilibrium, rather a population steady-state reached
by an infinite population under a prescribed, unknown agent behavior. In these works, optimality or
exploitability is not a concern, hence a direct comparison with our work is not possible (differences
detailed in appendix, Section [A). IL has also been investigated in zero-sum games [6} 41} [31] and
potential games [7,[15]]. A related literature is population games & evolutionary dynamics [40} 35]],
where competitive populations are analyzed with differential equations. While solution concepts
overlap, we are interested in IL with repeated play and not the continuous-time dynamic system.

1.2 Summary of Contributions

From the perspective of MFG literature, we (1) formulate the SMFG, a new class of MFGs in
which learning occurs without central coordination and with restricted (bandit) feedback, and (2)
propose an algorithm that converges to a solution with finite-sample, finite-agent, IL. guarantees under
limited feedback models. Compared to MMAB, the fundamental contribution of our model is the
incorporation of a large class of reward interactions beyond collision models and analysis for large
(NN > K) populations of players. SMFG can be also seen as an extension of VIs to the setting where
a stochastic operator oracle is absent, and can only be evaluated in aggregate by a population.

From a technical point of view, we further present the following summary of our novelty and roadmap:

1. We formulate the infinite agent mean-field game limit and its solution (the MF-NE) for the SMFG.
We make connections between MF-NE, VIs with regularization, and NE with explicit bounds on
the bias introduced due to studying the N-agent game.

2. We use techniques from optimization and VIs to analyze independent learning with [N-agents,
proving finite sample bounds with regularized learning. Our analyses are partially inspired by [36]],
however, it significantly diverges from their techniques due to (1) having an arbitrary monotone
operator rather than a convex minimization problem, (2) the lack of access to a noisy gradi-
ent/operator oracle since we are analyzing IL with /N-agents rather than stochastic optimization,
and (3) restricted (bandit) feedback. As a technical contribution, our work demonstrates that VI
and operator theory can be used to understand IL.

3. We analyze the learning algorithm under a bandit feedback model and prove finite sample
guarantees. In this case, we propose a probabilistic exploration scheme that enables agents to
obtain low-variance estimates of the payoff operator F in the absence of centralized coordination.

4. We verify our theoretical results with synthetic and real-world experiments, demonstrating the
usefulness of the mean-field formulation in real-world problems.



2 Problem Formalization and Motivation

Notation. A 4 denotes the probability simplex over a finite set A. Foraset Aandamap F : Q — R4
defined on , for w € Q, a € A, we denote the entry of F(w) € RA corresponding to a as
F(w,a) € R. For a vector u € R4, u(a) € R denotes its entry corresponding to a € A. 1z € RF
denotes a vector with all entries 1. For N-tuple v € QY and v € €, (v,v™?) is the N-tuple with the
i-th entry replaced by v. e, € R is the standard unit vector with coordinate a set to 1.

2.1 Mathematical Formulation

We formalize the stateless mean-field game (SMFG), the main mathematical object of interest of this
work. The SMFG problem with repeated plays consists of the following.
1. Finite set of players A" = {1,..., N} with |[N| = N € Ny,
2. Set of finitely many actions A, with | A| = K € Ny,
3. A payoff function F : A 4 — [0, 1]¥, which maps the empirical occupancy measure of the
population over actions to a corresponding payoff in [0, 1] for each action.

SMFG is played across multiple rounds where players are allowed to alter their strategies in between
observations, where at each round ¢ € N>,

1. Each player i € N\ picks an action a} € A,
2. The empirical occupancy measure over actions is set to be fi; := % Zf\il €4
3. Depending on the feedback model, each agent i € N observes:
Full feedback: The (noisy) payoffs for each action ri := F(fi;) + ni € R¥ or,

Bandit feedback: The (noisy) payoff for their chosen action r{ := rj(a}) € R.
4. Each agent receives the payoff r;}.

Intuitively, SMFG models games where the payoff obtained from choosing an action depends on
how the population is statistically distributed over actions, without distinguishing between particular
players. We assume the K -dimensional noise vectors n! are i.i.d. for each i,t and entry-wise have
zero mean and variance o2. Hence each agent observes a noisy version of the payoff of their action
(or the payoff of all actions with full feedback) under the current empirical occupancy over actions.

We assume the game is competitive, that is, each agent aims to maximize their personal expected
payoff without regard to social welfare. We allow agents to play randomized actions (mixed strategies),
where each agent ¢ randomly chooses their actions at time ¢ with respect to their mixed strategy
m! € A 4. The primary solution concept for such a game will be the Nash equilibrium (NE).

Definition 1 (Expected payoff, exploitability, Nash equilibrium) For an N-tuple of mixed strate-
gies (w1, ..., wN) € A, we define the expected payoff V' of an agenti € {1,...,N} as

N

, 1 N ,

Vir!,...,aN)=E |F NE e, | (@) ~w Vji=1,...,N
i=1

An N-tuple (n*, ..., wN) € AN iscalled a NE ifforalli, Vi(x',...,mV) = maxgea, Vi(m,m%).
Forany § > 0, we call (w*,... . 7N) € Ay a 6-NEif Vi(z!,..., oY) > maxgen , Vi(m,n7%) =4
for any i. We also define the exploitability of agent i for the tuple as &, ,({m’ }jvzl) =
maxpen, Vi(r,n=t) = Vi(xl, ... ,al).

Intuitively, under a mixed strategy profile (!, ... «”) that is a Nash equilibrium, no agent has the
incentive to deviate from their mixed strategy as in expectation each agent is playing optimally with
respect to the rest. The task of finding a NE is equivalent to finding policies with low exploitability,
therefore 5§Xp is a natural error metric. Note that our definition of exploitability can be seen as the
N-player version of the mean-field game exploitability defined in literature [34]].

Goal. With the SMFG problem definition and the solution concept introduced, we state our objective:
in both feedback models, we would like to find sample efficient algorithms which learn an approximate
NE (in the sense of low exploitability) independently from repeated plays by IV agents when N is
large. To avoid clutter, we rigorously formalize the notion of an algorithm in the different feedback
models in the appendices (Section [C). The rest of the work will be dedicated to formulating and
analyzing such algorithms that learn approximate NE.



2.2 Assumptions on Payoffs and Examples

Finding a NE in general is challenging, possibly computationally intractable. We analyze SMFG
under certain assumptions on F' that also correspond closely to real-world problems. Our first
assumption is the Lipschitz continuity of the payoff. In many applications, action payoffs should not
change too much with small variations in population behavior, Definition [2| formalizes this intuition.

Definition 2 (Lipschitz continuous payoffs) The payoff map F : A 4 — [0, 1% is called Lipschitz
continuous with parameter L > 0 if for any p, pp' € A4, [|[F(p) — F(p')|l2 < Ll — p']]2.

The next fundamental assumption, monotonicity, is standard in variational inequality literature [9]
and is somewhat similar in form to Lasry-Lions conditions in mean-field games literature [34. 33]],
apart from the dependence on distributions over actions rather than states.

Definition 3 (Monotone/Strongly monotone payoff) The vector map F : A 4 — [0, 1] is called
monotone if for some A > 0, for all ¥y, po € A 4, it holds that

(F(p1) — Fp) " (1 — p2) = Y _ (p1(a) — p2(a)) (F(p1,a) — Fpz, a)) < —M|p1 — po[3.
acA

Furthermore, if the above holds with some A > 0, F' is called \-strongly monotone.

Monotone payoffs, as in the case of Lasry-Lions conditions, can be intuitively thought as modeling
problems where payoff of an action on average decreases as the occupancy increases. However, one
fundamental difference from existing MFG works is that our monotonicity assumption is on action
occupancy, and not on state occupancy as in [34]]. While monotonicity is somewhat technical, the
following examples indicate that the assumptions coincide with practically relevant cases (explicit
proofs deferred to the appendix, Section [B).

Example 1 (Non-increasing payoffs) Let F, : [0,1] — [0, 1] for a € A be Lipschitz continuous
and non-increasing functions, define F(p) := " Fo(p(a))eq. Then F is monotone and Lipschitz.
If F, is also strictly decreasing and there exists X > 0 such that |F,(z) — F,(2")| > Az — o/| for
all z,x’' € [0,1],a € A, then F is A-strongly monotone.

While the above example is expected, the monotone assumption can also model a large class of
payoffs with complicated cross-dependencies on the occupations, as the next example shows.

Example 2 Let A = {1,...,K}, and o, > 0, g r € R constants for all k, k' € Ak >
K. The payoff given by F(u, k) = —explawnB)}/s5, explownk)} + D op A ib(k) —
Y owsi A k(') for all k € Ais Lipschitz and monotone.

As aricher class of examples, for any concave potential function ® : A 4 — R, the payoff vector
F = V @ is monotone (see Example[5]in the appendix). The class of monotone payoffs is also strictly
richer than payoffs with potential, and the MMAB problem with collisions can be also formulated
as a monotone operator. Hence, one interpretation of our setting is that we allow soft collisions for
action payoffs, as actions yield non-zero payoffs when chosen by multiple players. We discuss these
further in the appendix (Section [B). We also show that monotone payoffs are more general than
congestion games [38]] and potential games [27]].

3 Main Theoretical Results
We present the main theoretical results of this paper, with actual proofs deferred to the appendices.

3.1 Theoretical Tool: The Mean-Field Game Limit N — oo

In this section, we present the main theoretical machinery of our approach that permits efficient
learning: we formulate and introduce the mean-field limit as the limit when the number of players
goes to infinity. For this purpose, we introduce the following MF-NE concept.

Definition 4 (MF-NE) A mean-field Nash equilibrium (MF-NE) ™ € A4 associated with
payoff operator ¥ is a probability distribution over actions such that ) 7*(a)F(7*,a) =



maXgea , o, T(a)F(T*, a). Ifit holds that )", * (a)F(7*, a) > maxgeca, y_, T(a)F(7*, a)—0
for some § > 0, we call ®#* a 6-MF-NE.

Intuitively, the mean-field limit simplifies the SMFG problem by assuming each agent follows the
same policy and replacing the notion of IV independent agents with a single agent playing against
a continuum of infinitely many identical agents. While it is an abstract concept (strictly speaking,
ME-NE is not a NE of any game), MF-NE is useful due to the following connection with NE.

Proposition 1 (MF-NE and NE) Let F be L-Lipschitz, § > 0, and ©* be a 6-MF-NE. Then, the

strategy profile (w*,..., ") € Aﬁ isaO (5 + \/Lﬁ)-NE.

In words, the price paid for using the MF-NE solution concept scales with O(1/v/~N), which will
become insignificant in games with large N. Furthermore, finding MF-NE is equivalent to solving
the following variational inequality problem corresponding to the operator F and domain A 4:

Findm* € Ay s.t. F(r*) T (% —m) > 0,Vr € A . (MF-VI)

This formulation enables using theoretical results from VI literature. For instance, the MF-NE always
exists for continuous F, and is unique for strongly monotone F (see Section [E. ).

Finally, regularizing the MF-VI problem will play a crucial role in the IL setting, as it will prevent the
policies of agents from diverging when there is no centralized controller synchronizing the policies
of agents. We formulate the related 7-Tikhonov regularized VI problem:

Find7* € Ay st (F—7I)(n*) (7" —m) > 0,Vr € A . (MF-RVI)

Note that F' — 71 is strongly monotone if F is monotone, hence (MF-RVI) admits a unique solution.
The following lemma connects the solution of (MF-RVI) to the NE in terms of exploitability.

Lemma 1 (MF-RVI and Exploitability) Let F be monotone, L-Lipschitz. Let w7 € A4 be the
(unique) MF-NE of the regularized map F— 7L Letw',... ., € A4 be such that ||m* — %] <6
for all i, then it holds that E}, ,({m’ } 1)=0(r+0 —|— 1/f)for alli e N.

In the following two sections, we will present IL algorithms in the more concrete finite N-player
setting and the associated guarantees, using the mean-field limit as a theoretical tool.

3.2 Convergence in the Full Feedback Case

We first present an IL algorithm for full feedback. In this setting, while there is no centralized
controller, independent noisy reports of all action payoffs are available to each agent after each round.
Our analysis builds up on Tikhonov regularized projected ascent (TRPA). The TRPA is defined as

[T (m) i= Ha (w4 n(F = 7D)()) = Ta, (1 = nr)m + nF (7)), (TRPA)

for a learning rate > 0 and regularization 7 > 0. Intuitively, I'"" uses F evaluated at w to modify
action probabilities in the direction of the greatest payoff, incorporating an /5 regularizer of 7. The
analysis of TRPA is standard and known to converge for monotone F [9, 28], when (stochastic)
oracle access to F' is assumed. Naturally, the main complication in applying the method above will
be the fact that in the IL setting, agents can not evaluate the operator F arbitrarily, but rather can only
observe (a noisy) estimate of F' as a function of the empirical population distribution and not of their
policy 7. Hence in the full feedback setting, we analyze the following update rule:

m;, = Unif(A) = ?IK, o1 = Ua, (1 — mn) w0} + nex}), (TRPA-Full)

for a time varying learning rate 7, for each agent 7 = 1, ..., N. The extraneous ¢ regularization
incorporated each agent running TRPA-Full is critical for the analysis and convergence in IL, as it
allows explicit synchronization of policies of agents without communication.

Theorem 1 (Convergence, full feedback) Assume F is Lipschitz, monotone. Assume N agents run
the TRPA-Full update rule for T' time steps with learning rates 1y = % and regularization 7> 0.
Then it holds for any agenti = 1,..., N that E [5” ({ﬂ'T} )] O( \FZ +o5 +T) Furthermore,

exp

( —3/2)—1/2 Fo1/2)—1/2 JrT)

if F is \-strongly monotone, then E [ exp({wT} )] i e



Proof: (sketch) We show that under TRPA-Full, (i) the deviations of policies ||m¢ — 7/ ||, can be
bounded, (ii) consequently, the bias in evaluating F' in aggregate as a population is bounded, and (iii)
the resulting recursion yields the stated result. See Theorem 3]in the appendix for details. ]

We note that in the choice of learning rate 7, above, no intrinsic problem parameter is assumed to
be known. Furthermore, due to (1) the regularization 7 and (2) a finite population, a non-vanishing
exploitability of O( 4 =~ /v~¥) will be induced in terms of the NE (see Lemma|I) in the monotone
case. Since for finite population SMFG, there will be always be a non-vanishing exploitability in
terms of NE due to the mean-field approximation, in practice 7 could be chosen to incorporate an
acceptable loss. Alternatively, if the exact value of the number of players N is known by each agent,
one could choose 7 optimally, to obtain the following corollary.

Corollary 1 (Optimal 7, full feedback) Assume the conditions of Theorem|l| For monotone F,
choosing regularization parameter T = 1//N yields E [ijp({ﬂjT}évzl)] < O(Lj%[ + —=) for any i.

VN
For \-strongly monotone F, choosing T = 1/ ¥N yields E [Selxp({ﬂéa};vzl)} < 0(A73}W + )‘;;/%2 ).

Even though TRPA-Full solves the regularized (hence strongly monotone) problem, compared to the
O(1/7) rate in classical strongly monotone VI [19] or strongly convex optimization [36], our worse
O(1/vT) time dependence is due to independent learning. Intuitively, additional time is required to
ensure the policies of independent learners are sufficiently close when “collectively” evaluating F'.
The additional dependence of the time-vanishing term on v/ is also a result of this fact. Furthermore,
when learning itself is performed by N agents, we note that the bias as a function of N decreases with
O(1/¥N) (or O(L/¥N) for strongly monotone problems), and not with O(1//~) as Proposition
might suggest. We leave the question whether this gap can be improved, as well as whether knowledge
of N is required to obtain the rate in Corollary|[T] as future work.

3.3 Convergence in the Bandit Feedback Case

We now move on to the more challenging and realistic bandit feedback case, where agents can only
observe the payoffs of the actions they have chosen. Once again, we analyze the IL setting (or in
bandits terminology, the “no communications” setting) where agents can not interact or coordinate
with each other. One of the main challenges of bandit feedback with IL in our setting is that it is
difficult for each agent to identify itself (i.e., assign itself a unique number between 1,..., N) so
that exploration of action payoffs can be performed in turns. For instance, in MMAB algorithms,
this is typically achieved using variants of the so-called musical chairs algorithm [23]], which is not
available in our formulation. Instead, we adopt a probabilistic exploration scheme where each agent
probabilistically decides it is its turn to explore payoffs while the rest of the agents induce the required
empirical population distribution on which F should be evaluated.

Our algorithm, which we call TRPA-Bandit, is straightforward and relies on exploration occurring
over epochs, where policies are updated once inbetween epochs using the estimate of action payoffs
constructed during the exploration phase. While we formally present TRPA-Bandit in the appendix
(Algorithm[T), the procedure informally is as follows for each agent, fixing an exploration parameter
e € (0,1):
1. Ateach epoch h, for Tj, = [e~!log(h + 1)] time steps, repeat the following:
(a) With probability €, sample uniformly an action ay, ;, observe the payoff r}, ;, and keep
the importance sampling estimate Ty, <— K, 1€, et
(b) Otherwise (with probability 1 — ), sample action according to current policy mp,.
2. Update the policy using TRPA, w41 = IIa , ((1 — 7np,)@), + 05Tp), with learning rate

_ !

nn = 777 If agent did not explore this epoch, use T, =0.

Intuitively, the probabilistic sampling scheme allows some agents to build a low-variance estimate
of F, while others simply sample actions with their current policy in order to induce the empirical
population distribution at which F should be evaluated. The result in this setting is as follows.

Theorem 2 (Convergence, bandit feedback) Assume F is Lipschitz, monotone. Assume N agents
run TRPA-Bandit (Algorithm[)) for T time steps with regularization T > 0 and exploration parameter
€ > 0, and agents return policies {m"}; after executing Algorithm Then, for any agenti =1,..., N



6(773%1/2 +rle 7+ % + T;\j/z ). If F is A-strongly monotone,
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Proof: (sketch) In addition to the full feedback case, we show that (i) for each agent the T}, are
low-variance, low-bias (scaling O(e)) estimators of F evaluated at the mean policy, and (ii) the bias
due to no exploration occuring can be controlled. See Theorem[]in the appendix for a full proof. [J

Once again, the values of 7 and exploration probability € can be chosen to incorporate a tolerable
exploitability. In the case where the number of participants N in the game is known, the following
corollary indicates the asymptotically optimal choices for the hyperparameters.

Corollary 2 (Optimal ¢, 7, bandit feedback) Assume the conditions of Theorem|2|for N agents run-
ning TRPA-Bandit. For monotone F, choosing T = 1//N and € = 1/VN yields E |&;, ,({m? é\le)] <
(5(1\\7%4 + %\/ﬁ)for any i. For strongly monotone ¥, choosing T = 1/¥N and ¢ = 1/VN yields

3 j A 3/4y—1/2 —1/2
E [€,({m})L))] < O(REA2 4 22,

The dependence of N of the sample complexity in the bandit case is worse compared to the full
feedback setting as expected: intuitively the agents must take turns to estimate the payoffs of
each action in bandit feedback. Furthermore, while our problem framework is different and a direct
comparison is difficult in terms of bounds, we point out that classical MMAB results such as [23]] have
a linear dependence on IV, while in our case the dependence on N scales with N*/*. We emphasize
that the time-dependence is sublinear in terms of N, up to the non-vanishing finite population bias.
As in the full feedback case, the non-vanishing finite population bias in the bandit feedback case
scales with O(1/¢/N) or O(1/¥N), rather than O(1/v~¥) which would match Proposition[1} Note that
the dependence of the bias on [V varies in various mean-field game results [39], but asymptotically is
known to converge to zero as N — o0, as our explicit finite-agent bound also demonstrates.

4 Experimental Results

We validate the theoretical results of our work on numerical and two real-world experiments. The
details of the setup are presented in greater detail in the appendix (Section[G)) and the code is provided
in supplementary materials. Our experiments assume bandit feedback, although in the appendix we
also include results under the full feedback model. We provide an overview of our setup first.

Numerical problems. Firstly, we formulate three numerical problems, which are based on exam-
ples suggested in Sections 2.2} [B] We randomly generate monotone payoff operators that are linear
(LINEAR) and a payoff function that admits a KL divergence potential (KL). We also analyze a particu-
lar “beach bar process” (BB), a stateless version of the example presented in [34]. For numerical exam-
ples, we use K = 5, and vary between various population sizes in N = {20, 50, 100, 200, 500, 1000}
to quantify the effect of finite NV and compare with theoretical bias bounds. We set the parameters
e, T using the theoretical values from Corollary [2]

Traffic flow simulation. Using the UTD19 dataset [22], we evaluate our algorithms on traffic
congestion data on three different routes for accessing the city center of Zurich (UTD). The UTD19
dataset features many closed loop sensors across various urban roads in Zurich, providing granular
measurements of road occupancy and traffic flow. We use these real-world stationary detector
measurements to approximate traveling times as a function of route occupancy with a kernelized
regression model on three routes. We then evaluate our algorithms on estimated traveling times given
empirical road occupancy in our simulations.

Access to the Tor network. We also run experiments on accessing the Tor network, which is a
large decentralized network for secure communications and an active area of research in computer
security [18| 26l]. The Tor network consists of many decentralized servers and access to the network
is achieved by communicating with one of many entry guard servers (a full list advertised publicly
[44], some hosted by universities). As the entry guards serve a wide public of users and each user
is free to choose an entry point, the network is an ideal setting to test our algorithms. We simulate
100 independent agents accessing the network by choosing every minute among K = 5 entry servers
from various geographic locations, and use the real-world ping delays as cost with bandit feedback.



Overall, our experiments in both models and real-world use cases support our theory. Firstly, our ex-
periments verify learning in the sense of decreasing maximum exploitability max;e ngp( {md jvzl)
and mean distance to MF-NE given by + Y, ||m* — mr}||> during IL (Figurgl}b,c). As expected from
Corollary 2] the maximum exploitability oscillates but remains bounded (due to the effect of finite
N). Furthermore, the agents converge to policies closer to the MF-NE as N increases (FigurdI}c),
empirically demonstrating that the MF-NE is an accurate description of the limiting behaviour of
SMFG as N — co. Our experiments also verify the existence of a non-vanishing bias for fixed N
which approaches 0 as IV increases (a). Nevertheless, the scale of this bias (or excess exploitability)
in our experiments decreases rapidly, allowing our results to be significant even for hundreds or
thousands of agents.
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Figure 1: Results for numerical problems KL, BB, LINEAR, UTD. (a) Maximum exploitability of NV
agents at convergence as a function of N for different problems, (b) The max. exploitability among
N agents during training with linear payoff (LINEAR), for different IV, (c) The mean ¢, distance of
agent policies during training to the MF-NE in the Zurich traffic flow simulation problem (UTD).
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Figure 2: Results for the Tor network experiment. (a) Average policies (probability distribution) over
5 servers of the 100 agents in the Tor network access experiment, (b) Empirical distribution of agents
over Tor entry servers during training on 5 servers (different colors indicate different entry servers),
(c) Average waiting times for Tor network access during training.

Our experimental results in traffic congestion and server access also support our theoretical claims.
Despite having no a priori assumption of monotonicity (unlike our synthetic examples), our methods
efficiently converge. We note that in the case of the network access experiments, we refrain from
simulating thousands of agents to minimize network impact. This implies that the delays have a high
dependence on external factors as the behavior of other users will be dominant. Nevertheless, our
experiment indicates that our algorithm can produce competitive results in the wild (Figure 2).

5 Discussion and Conclusion

Overall, we proposed the SMFG framework, analyzed a finite-agent, independent learning algorithm
under bandit feedback with finite sample guarantees, demonstrating efficient IL is possible in particu-
lar mean-field games. Our theoretical results prove explicit guarantees for a class of mean-field games



under IL, corresponding to open questions in MFG literature. While we prove a sequence of upper
bounds for IL, the optimality of these in terms of 7', N is not known: we leave the establishment of
lower bounds as future work. Moreover, as future work, recent developments in VI research can be
adapted to improve IL guarantees and relax assumptions (e.g., using generalized monotonicity [[19]),
and extensions of our VI approach to IL in Lasry-Lions games with states can be considered.
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A A Detailed Comparison to the Setting in [13]

Since specific keywords seem to correspond to the works on mean-field approximations with bandits,
we provide a greater discussion of our setting and the results by Gummadi et al. [13]. In general,
our settings and models are very different, hence almost none of the results between our work and
Gummadi et al. are transferable to the other. Our problem formulation, analysis, and results are
fundamentally different from their setting due to the following points.

Stationary equilibrium vs Nash equilibrium. The most critical difference between the two works
is the solution concepts. Our setting is competitive, as a natural extension, the solution concept is
that of a Nash equilibrium where each agent has no incentive to change their policy. On the other
hand, the setting of Gummadi et al. need not be competitive or collaborative and this distinction is
not significant for their framework, their goal is to characterize convergence of the population to a
stationary distribution. Their main results show that if a particular policy map o : Z27% — A 4 is
prescribed on agents, the population distribution will converge to a steady state. The equilibrium
concept [[13] is not Nash, rather stationarity.

Optimality considerations. As a consequence of analyzing stationarity, the results in [13]] do not
analyze or aim to characterize optimality. In their analysis, a fixed map o : Z27 — A 4 is assumed to
be the policy/strategy of a continuum of (i.e., infinitely many) agents, which maps observed loss/win
counts (from Bernoulli distributed arm rewards) to arm probabilities. The stationary distribution
in general obtained from o in [13] does not have optimality properties, for instance, a fixed agent
will can have arbitrary large exploitability. The main goal of [13] is to prove the convergence of the
population distribution to a steady state behaviour.

Algorithms. As a consequence of the previous points, Gummadi et al. abstract away any algorithmic
considerations to the fixed map o and the particular algorithms employed by agents do not directly
have significance in terms of their theoretical conclusions. Since we analyze optimality in our setting,
we require a specific algorithm to be employed (TRPA and Algorithm I}).

Independent learning. In our setting, the notion of learning and independent learning become
significant since we are aiming to obtain an approximate NE. Hence, our theoretical results bound
the expected exploitability (Theorems [T} 2) in terms of number of samples. In [13], the main aim is
convergence to steady state rather than learning.

Population regeneration. Finally, to be able to obtain a contractive mapping yielding a population
stationary distribution/steady state, [13] assumes that the population regenerates at a constant rate /3,
implying agents are constantly being replaced by oblivious agents that have not observed the game
dynamics. This smooths the dynamics by introducing a forgetting mechanism to game participants.
Our results on the other hand are closer to the traditional bandits/independent learning setting. For
instance, this would correspond to non-vanishing exploitability scaling with O(f) in our system as
agents constantly “forget” what they learned.

Other (minor) model differences. In our setting, we assume general noisy rewards while in [[13]],
the rewards are Bernoulli random variables with success probability dependent on the population.

B Examples of Monotone Payoffs
We first prove the monotonicity of the example provided in the main body.

Example 3 (Monotone decreasing congestion payoffs) Assume there exists Lipschitz continuous
functions Fy, : [0,1] — [0, 1] such that F, is non-increasing, and let F(p) = > F,(p(a))eq.
Since we have for p, p’ € A 4,

(F(p) = F(u) T (1 — 1) =Y (Fa(nla)) = Fulp'(a)))(p(a) — p'(a)) <0,

a

the payoff map ¥ is monotone. This payoff map corresponds to a congestion model as more agents
using a particular action leads to diminished payoffs.
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Assume further there exists functions F, : [0,1] — [0, 1] and a constant X' > 0 such that |F,(x) —
F,(2")| > N|x — a'| for all a,x,x'. Since we have for p, ' € A 4,

(F(p) = F(u) (1 — 1) =Y (Fa(pla)) = Fu(p'(a)))(p(a) — p'(a))
<D N (@) - pla)(p(a) - #'(a))

= —Np—p'll3,

F is A-strongly monotone. This map also corresponds to payoffs decreasing with occupancy, but
ruling out flat regions.

As a special case of the example above, the classical multi-player multi-armed bandits setting with
collisions also yields a monotone Lipschitz continuous payoff. We state this in the following example.

Example 4 (Multi-player MAB with Collisions) For the N-player game, for each action a € A,
take the functions F°, : [0,1] — [0, 1] such that

col *
a’,ifr < g,
2 e 1 2
caol(x): aaN(ﬁ_x)vlfﬁ ngﬁv
0,iffx > %.

where a® € [0, 1] is the expected payoff of the action a when no collision occurs. Take the payoff
map F(p) == > c 4 F&(pa)€q. The payoff map F is Lipschitz continuous and monotone, and
corresponds to the classical multi-player MAB with collisions.

While the classical MMAB is a special case of SMFG, the analysis methods and solution concepts
are different (for instance, our results in SMFG consider the regime when N — o0), hence classical
algorithms are still preferable in the MMAB case. Instead, we emphasize that the above connection
to MMAB indicates our monotonicity assumption on F can be seen as a model with “soft-collisions”
observed in many real-world applications.

We also re-iterate the payoffs with potential as outlined in the main text as a large class of examples
satisfying monotonicity.

Example 5 (Payoffs with potential) If there exists a potential function ® : A 4 — R that is concave
such that F = V@, the payoff operator F is monotone. Furthermore, if the potential ® is \-strongly
concave, then F is A-strongly monotone.

B.1 Monotone Payoffs without Potential Function

The examples in the previous section are special cases of payoffs with a potential function. We
emphasize that the problem class of monotone operators is much large than that of potential payoffs
with the following example that does not admit any potential function.

Example 6 (A monotone payoff operator without a potential) Ler S € SEID be a symmetric

positive definite matrix, b € RP be an arbitrary vector, and X € MP*P be a anti-symmetric matrix
such that X = —X . Take the payoff operator

F(u) = (-S+X)p+b.

Then, —S + X is not symmetric in general, therefore there exists no potential ® such that ¥ =V
since the Jacobian satisfies J(F) = —S + X = V2® and V2® must be symmetric. Furthermore,

(=S +X) + (=S+X)T = —2S <0, sor is monotone.

Note that in the above Example@ (—S + X) must exclusively have negative entries on its diagonal,
but can have positive/negative non-diagonal entries. Hence, this would model a problem where
action payoffs have non-trivial interactions/correlations with the occupancies. Such problems can be
wide-spread in complicated real-world problems which can not be modeled just by simple collisions.
For instance, due to memory caching effects or power-of-two effects on virtual servers sharing
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hardware such as RAM/CPU it might be the case that in certain regimes increased load on one server
introduces a small benefit to the other. Likewise, systems that adapt to population behavior (e.g., red
light durations that depend on number of cars waiting, queueing systems that incorporate non-trivial
priority rules) might exhibit such behavior: where on average increased load of options leads to worse
payoffs for everyone, but certain positive reinforcement regimes exist.

Finally, we prove that Example [2]in the main body of the paper is indeed monotone.

Example 7 Let A = {1,...,K}, and o, > 0, \g i € R constants for all k, k' € Ak > K.
Take the payoff given by F(p, k) = —explonp(k)}/5 explogwu(k)} + D Akir (k') —
Zk/>k )\k/,ku(k/)'

The fact that F is Lipschitz follows from straightforward properties of the softmax function. For
monotonicity, define the two operators F1,Fo : A 4 — |0, 1]“4 given by

_ exp{agp(k)}
Fi(p,a) = 2w explag p(k')}

Fo(p,a) = Z M (k') — Z e ke (K).

k' <k k'>k

Firstly, note that Fo(pu) = X for the antisymmetric matrix X, hence is monotone by Example @
For ¥, take the negative log-sum-exp potential function

®(p) = —log <Z exp{u(a)}> ,

acA
which is concave, and note that F1 = V®, implying that ¥y is monotone by Example 5| Finally,
since both ¥'1, ¥y are monotone, the operator F = F1 4+ F4 is also monotone.

B.2 Monotone Payoffs, Potential Games and Congestion Games

A natural comparison of our framework is with congestion games first proposed by [38]. In such
a setting, a monotonically decreasing payoff function (in terms of occupancy) is assigned to each
action. We present the following example to emphasize that monotone operators are more general
than such payoff models.

Example 8 (Monotonicity without congestion) In Example [6] take the three action game A =
{a1,a2,as} and the operator F(pu) = Ap + b, where

-1 -1 0 0
A:(l 0 0>,b:<0>.
0 0 -1 0

Hence by simple computation,
A1 —H1 — M2
Flu|= H1 .
H3 —H3

As before, F' is monotone, but it is not a congestion game as the payoff of the action as increases as
the occupancy of ai increases.

A related class of games in game theory that admits provable guarantees with independent learning is
potential games [27]]. We show that the N-player SMFG is in general not a potential game, hence
independent learning with best response dynamics is not trivial to analyze. We provide a particular
SMFG that is a counter-example (i.e. does not admit a game potential).

Example 9 The SMFG is a potential game if there exists a map P : AN — R such that for all
i€ N,a=(ay,...,ay) € AN, a € A, it holds that

Vi(a',a™ %) = Vi(a,a™ %) = P(a',a™ ") — P(a,a™"), (1)
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where V'(a) denotes the expected reward of player i when each player j € N (deterministically)
plays action a’. Note that V'(a) = F(ua)(a®) where py € A 4 is the empirical distribution of
actions over actions induced by action profile a.

We provide an example of a SMFG where no such P exists. Take N = 3, K = 3, A = {a1,a2, a3},
and the monotone reward ¥ is defined as

H1 —H1 — M2
Flu|= Hi )
2% —H3

which is monotone. Assume a potential P exists satisfying Equation|l| Then, it follows by simple
computation that:

Vi(ag,a1,a1) — V' (az,a1,a1) = Play,a1,a1) — P(as, a1, a1),
VZ2(as,a1,a1) — V*(as, az,a1) = P(as,a1,a1) — P(as,az,a1),
Vi(as,az,a1) — V'(az,az,a1) = Plas,az,a1) — P(as,az,a1),
VZ3(ag,az,a1) — V*(as,a1,a1) = P(a1, az,a1) — P(ai,a1,a;)

Hence, adding the inequalities above, it must hold that
0 =V'(ay,a1,a1) — V'(as,a1,a1) + V>*(as,a1,a1) — V*(as, az, a)

Vi(as,az,a1) — V*(ag,az,a1) + V>3(ag,az,a1) — V>3(as, a1, a1)

:F((2/37 1/37 0)7 a2) - F((2/37 0, 1/3)7 a3) + F((2/37 0, 1/3)7 al) - F((1/37 1/37 1/3)7 a2)
+ F((1/37 1/37 1/3>7 a?)) - F((1/37 2/37 0)7 a2> + F((1/37 2/37 0)7 a2) - F((2/37 1/3’ O)a al)

=23 — (=1f3) + (=2/3) = /3
+(=13) =1+ 1s—(-1)

#0,

leading to a contradiction. Hence no such potential P exists, and this (monotone) SMFG is not a
potential game.

C Formalizing Learning Algorithms

In this section, we formalize the concept of an independent learning algorithm in the full feedback and
bandit feedback setting. In general, we formalize the notion of an algorithm as a map A¢ : Hi — A 4
that maps the set of past observations of agent ¢ at time ¢ to action selection probabilities. The
definition of the set ! varies in the full feedback and bandit feedback, we define these rigorously.

Definition 5 (Learning algorithm with full feedback) An independent learning algorithm with full
information A = {A}}; , is a sequence of mappings for each player with

Al AT x A < [0, 1K 5 Ay,

Aé S AA7
that maps past t — 1 observations from previous rounds to a mixed strategy on actions A at time t for

each agent 1.

Naturally, we are interested in algorithms that yield the NE at the limit with high probability or in
expectation.

Definition 6 (Rational learning algorithm with full feedback) Let A be an algorithm with full
feedback as defined in Deﬁnmon@ We call A §-rational lf it holds that for all i, the induced mixed
strategies wt under wh = A}, wi = Al(ml, ... wi_1,ab,...,al_i,vh, ... vt ) satisfy

Jim 11«:[51 (w1} <6, foralli e N.

exp
Note that while not specified in the definition above, we will also be interested in the rate of

convergence of the exploitability term for a consistent algorithm. Finally, we also formalize the
bandit setting.
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Definition 7 (Algorithm with bandit beedback) An algorithm with bandit feedback A = {Ag}”
is a sequence of mappings for each player with

AL AT A [0,1)07D 5 Ay,
A € Ay,

that maps past t — 1 observations from previous rounds (only including the payoffs of the played
actions) to a probability distribution on actions A.

Definition 8 (Rational algorithm with bandit feedback) Ler A be an algorithm with bandit feed-
back as defined in Deﬁmtwn[?] We call A o-rational if it holds thatfor all i, the induced (random)

mixed strategies wt under mh = A}, wi = Ai(ml, ..., wi_j,ab, ... at_j,rh, ... ri_)) satisfy

Jlim E[&] (w1} )] <6, foralli e N.

exp

D Basic Inequalities

In our proofs, we will need to repeatedly bound certain recurrences and sums. In this section, we
present useful inequalities to this end.

Lemma 2 (Harmonic partial sum bound) For any integers s,5 such that1 < 5 < s and p # —1,
it holds that

1 1 1
logs —logs+ = SZ* < —+logs—logs,
5 —n " s

p+1 gp+1 p+1 gp+1
SRR sp<an<S LS, ifp>0
p+1 (p+1) = p+1 p+1
gh+1 gh+1 gh+1 gp+1
- +sP < nP < — +5P, ifp <0
p+1 p+1 7; p+1 p+1 frp

Proof: Let f; : R>y — R>( be a non-decreasing positive function and fs : R>g — R>g be a
non-increasing positive function. Then it holds that

[ e+ 5© < a0 < [ Alade+ Ao,

[ @de+ 20 <3 hn < [ flade + (6.

The result follows from a simple integral bound with | %da’ =logz and [ zPdz = iﬁ: . ]

We state a certain recurrence inequality that appears several times in our analysis as a lemma, in order
to shorten some proofs.

Lemma 3 (General error recurrence) Ler co > 0,cy > 0,y > 1 be arbitrary constants. Fur-
thermore, let {u;}52, be a sequence of non-negative numbers such that for all t > 0, it holds
that

Co C1 Y
< — 1—-—
ut“—t+1+(t+1)2+( t+1)”t
Then, for all values of t > 0, it holds that:

Co C1 (N C1 C1

Upy1 < + + +v e + + :
SR L PR S PR T S A N N G S O D
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Proof: We note that inductively, we have

t t—1 t
Co Ccy Y Co
< 04 A 1—
“t“—t+1+(t+1)2+u051:[0( s+1>+§(5+1 s+1 ) 11 (

s'=s+1

Using the inequality 1 + = < e” and Lemma[2] we obtain

t—1 t
Co Co C1 Y
< - = _
Ut+1*t+1+ t—l— +uo||exp{ }+9§=0(3+1+(s+1)2>‘” exp{ 3,+1}

s'=s+1

t t—1 t
Co c1 Y Co C1 v
< - — B e S —
—t+1+(t+1)2+u°eXp{ §s+1}+§(s+l+(s+l)2)e}{p{ 2 s'+1}

s'=s+1

t—1
Co C1 Co C1 +1

<— 4 ———— 4 ypgex log (t+1 + —— = | ex lo

St Py Tuoep iyl tH D)+ s=0<8+1 (s+1)2) p{ 7 g( +1)}

t—1 ~
Co C1 ug Co c1 s+1
<
_t+1+(t+1)2+ (t+1)”+;<s+1+(s+1)2> <t+1>

t—1
Co c1 ] Cc1
< (t+1) VE _a 1)
St taror Ty U ( 1 s+1)2>(5+ )

H~

Co C1 Uuop —2
< t+1)77 ( 1 1) )
_t+1+(t+1)2+(t+1) +(t+1) Z co(s+1) e (s+1)

The last term can be bound with the corresponding 1ntegra1 (see Lemmal[2), yielding (since y—1 > 0):
t—1

Z(s+ 1)7—1 < M

s=0 v

For the term Z _O(s + 1)772, we analyze to cases. If 1 < v < 2, we have
t—1

t+ 1)1t
Z(s+ 1)’7—2 < % +1
s=0 v—1

otherwise, if v > 2, then
t—1 _
Z(S + 1)7—2 < M
s=0 B T 1

Hence the two inequalities combined yield the stated bound,
t—1

Co C1 (%) 1 1 _9
< 1)Y 1)
ut“_t+1+(t+1)2+(t+1)7+(t+1)7§:0(80(5+ T+ e(s+1)77?)

< Co n (&1 n (%) + 1C + (&1 + (&1
Str1l 0z x0T T @G- 1)

E General Results for MF-NE and VIs

E.1 Existence and Uniqueness of MF-NE

The problem of finding a MF-NE is equivalent to finding a distribution over actions 7* € A 4

vr € Ag, F(a*) T (" — ) > 0.
that is, it is the solution of the VI corresponding to F. The existence of solutions to VIs is a
well-studied problem, and we state the main existence and uniqueness theorem.

Proposition 2 (Existence and Uniqueness of MF-NE) Let F : Ay — [0,1]X be a continuous
function. Then F has at least one MF-NE w*, and the set of MF-NE is compact. Furthermore, if F is
also \-strongly monotone for some \ > 0, then the MF-NE is unique.

18



Proof: The MF-NE corresponds to solutions of the VI:

The domain set A 4 is compact and convex, and the assumption that F is continuous yields the

v € Ay, F(m

existence of a solution using Corollary 2.2.5 of [9].

“ T (@* —m) >0.

For uniqueness in the case of strong monotonicity, see Theorem 2.3.3 of [9].

E.2 MF-NE, NE and Exploitability Bounds

The critical theoretical building block of the paper is the relationship between MF-NE, NE and
explicit bounds in terms of the former on exploitability. We restate several results from the main body

and provide the full proofs, as well as proving certain useful intermediary lemmas.

Lemma 4 For any 7',

Proof: We introduce a random variable @’ which is independent from other players’ actions {a’ } ;vzl

Vi(rs,...mn) -7 E [F()|

N e Ay, it holds that

1 N
-N Zj:l

a’ ~m? Vg

<L\/§
- N

e(lj }

and has distribution 7r?. Then, it holds by simple computation that

1 N
NZ: ai, 4

1 N
=E |F | — Z e, +ez|,a
j=1,j#i
1Y 1 N
+E |F Nzeaj’az - F N Z 4eaj+eai ,a'
Jj=1 Jj=1,j#1i
For the first term above, we observe that
1 N [T 1 N
E F N Z 'eaj +eai 70]‘ :E E F ﬁ Z -eaj +e¢—li ’al
J=1,j#i L L j=1,j#i
- - 1 v
—E |E e;F ¥l 2 ewtea
L Jj=1,j#1
- ) N
—E |e/,E |F ~ > ewteq
L Jj=1,j#i
1 N
:E[EL}E F N Z -eaj +ea1
Jj=1,j#i
=T E[F(
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since {a’} and (@', a~") are identically distributed. The second term above can be bounded using

i=1 i=1j#i

The last inequality follows from the fact that F is L-Lipschitz. Hence the result follows. |

Proposition 1 (MF-NE and NE) Let ¥ be L-Lipschitz, 6 > 0, and ©* be a 6-MF-NE. Then, the
strategy profile (m*,...,m*) € Al isa O (5 + \/Lﬁ)—NE.

Proof: Firstly, define the independent random variables a’ ~ m; forall j € N for some mj € Ay,
and let @ = /N Z;.V:l'lrj. As before, define the random variable & := 1/N Z;VZI €, . Itis
straightforward that E [% Zjvzl €.

vectors e,;, we have

al ~ wj} = 7, furthermore, by independence of the random

2
N
~ ; 1 _
B[l - m bl ~ ] < B |53 ew —m) o~
‘7 =

2

IA

1 & :
2 .

3 D E [llews = m;l3|ad ~m;

j=1 ’

IN

Eh

Hence, we have that
2L
VN

Now let i € N be arbitrary, and let 7 € A4 be any distribution over actions that satisfies
Vi(n',w* ") = maxy V*(mw, 7w ~"). We also define the quantities

F, =E [F(p)|a’ ~7*,Vj e N],
Fo =E[F(@)|a’ ~ @, Vi #j,a" ~x'].

IE[F(1)|a; ~m;] = F(m)lls <E[[[F(1) - F(m)[2] <

We will bound V¥ (n/,m* %) — Vi(n*, *~%). Firstly, using Lemma [4] and the result above, we
observe that

. . . . — — N -1 1
|V1(ﬂ_/,ﬂ_*,71) _ 7T/TF(7T*)| §|VZ(1I'/,7T*’71) _ 1I'ITF2| 4 |7r/TF2 _ 7r/T]:?(Tﬂ_* 4 Nﬂ-/”
N -1 1
- \ﬂ’TF(Tw* + Nw') — 7' TF(x*)]
L2 2L 2L
vz, 2L ol
N vN N
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since F' is L-Lipschitz. Likewise, we have
|V11(7r*77r*,—i) _ ﬂ'*’TF(ﬂ'*)I S Hve ==

Finally, using the definition of a 6-MF-NE, it holds that
Vi, o) — Vit ot <Fa) T (n) — 1)
F Vi, oo — ot TR @) + Vi, 0 — o TR
L(2vV2+4) 4L
N

Y

<+

O

Our goal in the context of the N-player SMFG is to find policies {77} §-V:1 with low exploitability

ngp for all . We will next establish a sequence of results that explicitly bound Eeixp in terms of
various quantities related to the MF-NE. The next lemma shows that for strongly monotone problems,
bounding the distance || — 7*||2 to the unique MF-NE 7* can be used to obtain an approximate
MF-NE.

Lemma 5 (Exploitability and |7 — 7*||2) Let F : A4 — [0, 1] be L-Lipschitz, \-strongly mono-
tone. Assume T* is the (unique) MF-NE corresponding to F, and ® € A 4 with 0 := ||m — 7*||2.
Then, it holds that for all ™" € A 4,

F(n)'n > F(x) 7’ — ¢

for c:= (2L 4 +/|Al), that is, w is a c6-MF-NE.

Proof: Letn’ € A 4 be arbitrary. Using the definition of the MF-NE 7*,
F(r*)Tn* >F(x*) " n'.
F(r)'m+ (F(r*)'n* — F(x)'7) >F(x) "2’ + (F(ax*)'n' — F(x)"n’
F(r) (r—7') > F@*)'n —F(x)'n') - (F@*)'n* — F(x) «).

€

The quantity € can be bounded by
el <|(F(x*) = F(m)) ' + [F(x*) 'a* — F(a*) x| + [F(x*) 'w — F(m) =l
<['ll2[[F (%) = F(m)ll2 + [IF (@) [[2llw™ — wll2 + [[ll2][F (") — F ()]l
<6(2L + /| A]).
]

Finally, we will need the following result regarding Tikhonov regularized solutions to MF-NE.
Namely, our approach will involve solving a Tikhonov regularized version of the VI problem for
stability, that is, our algorithms will converge to the solutions of the regularized problem MF-RVI.
The following result shows that as expected, the solutions of the MF-RVI are approximate MF-NE.

Lemma 6 (MF-NE and Tikhonov regularization) Let F : A4 — [0,1]* be A > 0 monotone,
L-Lipschitz. Assume further that 7, 5 € Il is a §-MF-NE for the (A + T)-strongly monotone operator
F — 7L Then, it holds that . 5 is a § + 27-MF-NE for the operator F.

Proof: The proof simply follow by writing down the MF-NE inequality that Vr € A 4,
(F — TI)(?TT,(;)Tﬂ'ﬂ(; > (F - TI)(?TT,(;)TTI' — 4,
F('/rT,(;)TW”; > F('er,g)Tﬂ + 7'7('25(7['7—,5 —m) — 4,
and a simple bound on the term \71'25(11},5 —m)| <||mrsll2llmrs — 72 < 2. O

Before moving on to the proof of Lemma[I] we will require an additional technical result regarding
the Lipschitz continuity of &

exp*
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is Lipschitz) For any N, the exploitability function £, : AN — R is Lipschitz

Lemma 7 (£} exp oxp

continuous, that is, for any (z',... . wV) € Aﬁ,ﬂ',ﬁ' € Ay,

| exp( ) gelxp( 7j)‘ < Ljﬂ:Hﬂ. *7?”27

with the Lipschitz modulus given by

. _VEii=i
RS N

Proof: We first prove the fact that V? is Lipschitz. In the proof, we denote the empirical action
distribution induced by actions {a/}_; € AN by p({a’}}L,) € Aa.

Vim ™) = Vi{a' ™)
<|E[F (1 ({a*}N_)), )’ajwﬂ'] Vj#i,a' ~m] —E[F (& ({a®} ), )|a3~1r] W;«ézawrﬂ

<| > [I7@) > a@)FE{a" ). a) = Y [[77(a?) Y- o' (a")F(a({a* }ily), o)

a’ e A JF#i ateA ad e A FF aieA
JFi J#i

< > TI7@)| > [r(a) - 7'(@)] F(a{a"}i1), a')
al e AJFi ate A
J#i

< S TIw @) In 'l |3 Pt ), 002
aJEAFﬁ’ ate A

< Z [ @) x —='ll, VE
a’ e A JFi
J#i

<l —='ll, VK.

where we use the Cauchy-Schwartz inequality.

Likewise, for any k # 4, it holds that

|Vi(7r nh) — Vi@, a7t
[ ( ({a }lf )‘aj ﬂjavj # kaak N"r] - [ ( ({a‘ }l 1 )|a] Fj,Vj # kvak Nﬂ'l}

Yo II7@) Y m@F@E{dY ). a') = Y []7/(@)) D o' (@")F(a{a'}Y,), o)

ale A7k akeA al c AJ#k akeA
J#k J#k

< S I]7@)| Y [w(a*) —a'(a")] F(a({a'}E,), ')

a’ e A J#k akc A
J#k

In this case, note that for any a,a’ € A,a € AX, we have |F(zi(a,a™%),a’) —F(fi(a’,a=*),a?)| <
|IF(gi(a,a=*)) — F(gi(a’,a=%))||a < Lv2/nN, hence there exists a constant v_; € R such that
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|F(fi(a,a=*),a’) — v_4| < 2Lv2/N for all a. Then,
[Vi(ma™*) = Vi(a' m ")

< Z Hﬂj(aj) Z [ﬂ(ak)—ﬂ/( )H (B({a'}),a') —o- ]

oI e ATk akeA
i#k

P 2
<> IIx@)lr =2 | > [Fa({al}Y,). ) = v_y]
ale A7k akeA
J#k
< Z H'Irj(aj)\|7r—7r’||22L\/§\/E/N

a’ € A JFk
J#k

2LV2VE
N

<fw — 'l

Finally, we establish the Lipschitz continuity of &

exp*
€1 m) — £l (w0
< Jnax Vim,a) - Vim,at) — Jnax Vim,a ) + Vi m )
<V, w7 = Vim,a )|
<VEK|r —7'|2.
Similarly, for k # 4,

&

exp(1r ™ k) - gexp(”r ™ k)|
< | max Vi@,m,a 0 - Vi(r, %) — max Vi@, o', m ) + Vi, n k)
TEA 4 TEAA

< max Vi@, x5 = ViEa o )|+ |[Vim,a ) - Vi, xR
TEAA

<4L\/2K

STy | — 7|2

Finally, we prove the statement in the main body of the text.
Lemma 1 (MF-RVI and Exploitability) Let F be monotone, L-Lipschitz. Let w2 € A4 be the

(unique) MF-NE of the regularized map F — 7L Let !, N € A4 be such that ||w — ¥ |2 < 6
for all'i, then it holds that E;,({m}_)) = O(1 + 6 + 1/f) foralli e N.

Proof: By the Lipschitz continuity of exploitability (Lemma[7), we have

i * i " ALV2K | . .
exp({rj}] 1) <€exp({7r7'}§'v:1) + \/EHW - 71'7'”2 + Z THWJ - 1rTH2
J#i
<EL,{miH ) + 6VE + 4LV2KS
The statement follows by using the results of Lemma [5|and Lemma 6] g
E.3 The Projected Ascent Operator
Lemma 8 Assume r is A\-monotone and L-Lipschitz. Then 1"} is Lipschitz with constant

V1—=2n+n2L2
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Proof: The proof is similar to Theorem 12.1.2 of [9]], page 1109.
T (1) = Tpg (1)1 <ITac (1 + nr(p)) — e (' + e (p)||?
<[lp+nr(p) — p' — ()|
<l = w'* + 07| (p) — () * + 29(c(p) — r(1) " (1 — ')
<A+ L) = w)1* = 2l — w7
<(L =22+ 77 L?)|p — 'l
O

Corollary 3 If0 < n < i—)g‘, then I'}  is a contraction. The smallest contraction modulus is achieved
forn = %,for which I} isa V1 — K2-contraction, where Kk := %

Proof: Placing the values in Lemma 8] yields the statement. O

F Proofs of Main Theoretical Results

In this section, we present the full statements and the proofs of the main convergence theorems, in
the case of expert feedback and bandit feedback.

F.1 Convergence Result for Expert Feedback

Theorem 3 (Convergence - Expert feedback) Assume F is Lipschitz and monotone. Take the algo-
rithm with expert feedback for each player 1 so that
Al = Unif(A)
Ata () = Hag (L= 7ne)m 4 nert).
with learning rates 1y := % Furthermore, let w7 be the solution of the T-Tikhonov regularized
problem. Then, for any i € N, it holds that

477 'KV1 4+ 02 + 47 YL + 7)VK + 12K7 2 Lo?

E[€, ({m}}}11)] < max{1,4LV2}

Vit
24 71L i k|2
+ max{VE,4LV2K} " tﬂ;‘) mzllz
N 27 Lmax{VK,4LV2K} o L(2V2+4) 4L
T+ ——+ —=.
VN N VN

Furthermore, if F is A > 0 strongly monotone, it holds that

(] RVt ot (L K + 5mPLKoA~"2
E[Selxp({ﬂg}évzﬂ]SmaX{l,élL\@}gT Vi+o?+7 1 (L+7)V6K + 57 o

Vit
—12] \—1/2 T
4+ max{VE, 4Lv2R) LA \/ﬂ; [t — m7l2
N 27 2LA"2 max{VK,4LV2K} o L(2vV2+4) 4L
T —_——— —_
VN N VN

Proof: Define the sigma algebra Fr := F ({w%}iég) Also define the quantities and random
variables

1 N
ﬁ’t = Nzﬂl;a
=1

-1

L T
=TT
e = |lm} — iel|3,

up = E [[Jwf —a*|3] .
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Our goal naturally is to bound the sequence or error terms . The strategy is as follows: (1) bound
the expected differences of each agent’s action probabilities e}, showing the deviations of the policies
of the agents go to zero, (2) obtain a non-linear recursion for the expectation of the terms u?, (3) solve
the recursion to obtain the convergence rate.

Step 1: Bounding Policy Variations. Firstly, we control the term . Note that for any 4, j, using the
non-expansiveness of the projection operator, it holds that
sy =40 I3 =ITL((L = 7o)y + mert) — T((L = )] + mer)[13
<1 = rm)my + mr — (1= 7n)m] —nerl |3
<L = 7me) (= ) + me(x} — )13
=(1 = 7o)y — ] |15+ 0F |y — ] ]13 + 2(1 — v ) (= 7]) T (x} — x7)

Taking the conditional expectation on both sides, we obtain

E (1w =y l317) <= )l — w3 + B [2lle} - 11317

+2(1 = )i} — 7)) T E [r} — /|7

(1= 72w} = w13+ [n2le} - xl11317]
(1= )2y — w113 + 2 [l — 11317

(L= 700wy — |15 + 0 Ko

since we have ri := F(fi;) + ¢! and K = |A|. Then, it holds that

E [ty — ] <1 - 70 E [ — 3] + 2K
< (1 - Hll)E (s = mfl3] + ([+1)2KU
< (1 - t—i—21) E :H7r§ —ﬂ{H%: + ﬁﬂf [Hﬂi —7"{“%} + Itj—Kl;';
< (1 - t+21) E [~ wl1] + s E 23 + 23] + T(tili;'j
<(1- 2 e 1wt - mlig] + TR

To bound the recurrence, we can use Lemma(noting v=2u9=0,c0 =0,c, =7 2Ko2 +4).

IE[H ; j ”2} <7'72K02+4+T72KJ2+4+T72K0'2+4 3r2Ko?® +12
-
I (RS t+1 (t+1)2 — (t+1)

Then, the expected values of e! can be bounded using:

2

N N
i i =2 i 1 J 1
ey =[lmy — fellz = “t*NZ”t NZ””t*”rtHz
=1 j=1

by an application of Jensen’s inequality. Then we have E [ei] < %

Step 2: Formulating the main recurrence. Next, we analyze for any 4, the error term ||w¢ — 7*||3.
We denote a; := (1 — 71;). We note that for the regularized solution 7*, we have the fixed point
result

(1 = ™)™ + pF(x*)) = M(x* + ne(F — 7I)(7*)) =",
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Hence, we can bound the quantity ||, — 7|3 by:

|7}y — 7% ll5 = (cvem + nery) — M(ow™ 4 nF(x*))|[3
<[ovemrf + mer} — qum® — nF(w*)|3

*

<[laemy + neF(my) — cum® — nF(n") + 1 (ry — F(m}))|13
=n; |ty — F ()l + 2ne(c () — %) + ne(F(wf) — F(x*))) " (v} — F(m}))
+llae(mh — %) + e (F (i) — F(x))13
=i |[ry — F(m)|3 + 207 (F(m}) — F(x*))) " (r; — F(m})) + 2nece(wf — 7*) T (v} — F(m

+llae (i — %) + ne(F(m;) — F(x™))|3
<uillri = F(my)|3 + 207 (F(m;) — F(x*)) " (r; — F(x}))
(a)
+2mon(my —m*) T (r} — F(m) + | (m — %) + mu(F(my) — F(a"))|3 .
®) ()

We analyze the three marked terms separately. For term (a), using the independence assumption of
the noise vectors and Young’s inequality, in expectation we obtain

E[(a)] <n} E[||lr; — F(m;)[13] + 07 E[|F(x}) — F(x*)|3] + 0 E[|r; — F(m})|3]
<20} E[||rj — F(m})[|3] + 07 B[|[F () — F(x*)]|3]
<207 E[||ry — F(fe)[13 + [F () — F(mp)l|3] + nf K
<Po’K + 22K = 202 K (0% + 1)

For the term (c¢), we obtain

(c) =llae(ms — ) + e (F (i) — F(x*))|I3
=} — ) + ne(F(m}) — 7w — F(a") + r)|I3
< (=204 m)ne + (L +7)%07) [y — 713
<=2+ 7)ne) Iy — 7|3 + 2(L + 1)
where the last inequality holds from the contractivity result in Lemmal[§]
For the term (b), first taking the strongly monotone problem A > 0, we have that

(b) =2man( — ) (v}~ F(x}))
=2npcy(my — %) " (v) — F(fy)) + 2mpcve (m) — 1) T (F(fe) — F(fzr))
+ 2 — ) (F(fir) — F(}))

A 1 _ 2 A w2, L _ NIE
<omia ( I = I3+ SIEGa) — F(@)3 ) +2man ( Slimi =713 + 5 [P () — Fa)Il3 ) +
2man(w — ) (v} — F(i,))

Ao 2 . _
<23y — w73 + SEIF (@) - B3+ 5

+ 2 (my — ) T (r) — F (i),

2R () — Pl 3

which follows from an application of Young’s inequality. For the last three terms, we have the bounds
in the conditional expectation:

E [2npc(my — %) " (v} — F(f))|F:] = 0
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E[||[F (fie) — F (o) 131 7:] SLPE [|| 7 — fel|3] 7]
1 i
<L’E WIIZm—Zeag 5
K3 1

L? ;
=3 D Ellm — ey lI317]

212
<
- N

¥ (fie) = F(my)]I3 < L?]| e — i3 = L2
Noting that fi; is the sum of N independent random variables and has expectation fi;.
Hence, putting in the bounds for (a), (b), (c) and taking expectations, we obtain the inequality
477tL2 27”[/2
E 7
wo Ty Elel

A ,
(1 — 2( + T)T}t> E [||7r§ — 7r*||§} +2(L+ 7)27)?

E[|lm}y, — 73] <2/ K(1+0%) +

or equivalently, the recursion

27 2K(1+0?) + 21 2(L +7)2 47 'L2\~! 277112\ E [ z] <1 277 (A2 + 7')> i
- .

i1 = (t+1) TNern T e t+1

However, if A = 0, we bound the term (a) as follows. Take any arbitrary 1 > § > 0. Then, once
again applying Young’s inequality, we obtain
(a) =20, (my — %) (ry — F(m}))
=2y (my — )" (v) — F(fr)) + 2mev (wp — %) T (F () — F(ae))
+ 2m(mp — ) T (F () — F(m}))
O, |2 1 ~ N O, |2 1 - iy)2
<2nov 7”7% —m3 + ﬁHP(M) —r(pe)ll3 ) + 2necu ?H”t -3+ EHI‘(M) —r(m)llz ) +
20 (my — ") T (r) — F(ﬁt))
<2ne7é|lmy — I3 + IIF(ut) F ()3 + IIF( t) = F(m)|3
+ 2npag(my — )T( r; — F(f)).
Then, once again repeating the analysis before, we obtain the bound
; 272K (1 B +2r73(L 2 4r/21%0 2251t - 2(1—-90
wi,, < T (I+o0%)+2r*(L+T1) T i Efe] +(1- ( ) .
(t+1)2 N(t+1) (t+1) t+1

Step 3: Solving the recurrence. Note that the exploitability in the main statement of the theorem
can be related to u} as follows using Lemma

[} (fr}10)) <€l ({1 0) + VE Bl — 7] + 22 S Bl — a7
J#i
<EL AT ) + VK Jui + 4LV 2K DIRVAT
J#i

<gelxp({7r*}§v:1) N max{\/E];;lL\/ﬁ} Z \/;g

Hence the bounds on u{ will yield the result of the theorem by linearity of expectation, along with an
invocation of Proposition [[|and Lemmal§]
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Finally, we solve the recurrences for A = 0 and A > 0. For the case A > 0, placing the shown before
E [e}] < 3772‘5%#, we obtain

27 2K(1+0?) +2r 2(L+7)2 + 67 3Ko? A\ 112 + 24771 L2\

Uir S CESIE
4r-112)\1 27— 1(A .
AT LA E ORI L
N(t+1) t+1

An invocation of Lemma [3|proves the main statement of the theorem.

For the monotone case A = 0, we have the recursion:

27 2K(14+02) + 277 2L+ 7)2 + 6 K7 4L%25 102 + 247720251

Uier < 1)
2772021 21-9)\
ot (1= = | ul.
N(t+1) t+1
Another invocation of Lemmaconcludes the proof, choosing § = 1/a. (|

F.2 Convergence Result for Bandit Feedback

Algorithm 1 TRPA-Bandit: Independent learning with bandit feedback algorithm for an agent.

Require: Number of actions K, regularization 7 > 0, exploration probability € > 0, number of
epochs H.
Ty < %1
forh=0,...,H —1do
i'\h ~0
Ty + [e7tlog(h +1)]
fort=1,...,T do > Exploration for T}, rounds before policy update,
Sample Bernoulli r.v. u ~ Ber(e).
if u = 1 then
Play action ay, ; ~ Unif(.A) uniformly at random. > playing uniformly with prob. «,
Observe payoff 7y, ;.
/fh — Krh,teah,,r
else if v = O then

Play action with current policy ay, ; ~ Tp,. > playing the current policy otherwise.
end if
end for
Nh = 7371
i1 = Ua (1 —7mnp)mn 4+ npTh) > After each epoch, update policy.
end for
Return g

Theorem 4 (Convergence - Bandit feedback) Assume F is L-Lipschitz and monotone, and let 7%
be the solution of the T-Tikhonov regularized problem. Assume that for H rounds, each player runs
Algorithm[I|\with learning rates and epoch durations

7_71

Mh o= W’Th = e log(h+1),
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producing policies {ﬂ'{l ;\/:1 at each epoch h € 0, ..., H — 1. Then for each player 1, it holds that
VI 2K (L4 T L) + 67 (L A7)

E[g;;xp({/’ri};v:l)] — \/E max{\/E, 4L\/ﬁ}
3/a,—1/2 1/2 -1 —1/2 ik
(SETT P o B T LT P D) o —Telle o R 4LVER)

Vh
+ (237*1LN*1/2 + 877 Le + ST*S/ZLN*I) max{VK,4LV2K}

L(2v2+4) 4L
+2r 4+ ——+ —.
N VN

Furthermore, if it holds that ¥' is \-strongly monotone,

T KR (o+ D)1+ 77 AATRL) 4 17N A (2 4 1)

E[€,({m]}}21)] < — max{VE,4LV2K}
-1 3/a,—1/2 G
+57’ (L+7)+5K T\/E\/l—ka—l—ﬂo |2 max{x/?,élL\/ﬁ}

+ (237‘1/2/\‘1/2LN‘1/2 + 87PN e + 67‘1/\‘1/2LN‘1> max{VK,4LV2K}

L(2v2+4 4L
+2T+L+ .
N VN

Proof: Our analysis follows that in the case of expert feedback, the difference being the errors are
analyzed per epoch and randomization in the exploration probabilities. We introduce the following
indicator random variables:

;z,t :=1{player 7 explores at round ¢ of epoch h}
E;L,t ¢={]12,t = 1}

1% :=1{player i explores at least once during epoch 2} = ,_max_ 15,
L=1,..s4h

Th
B, ={1, =1} =J B},
t=1

a} :=Last explored action in epoch h by agent i,
and ag if no exploration occurred.

st :=Timestep when exploration last occurred in epoch & by agent i,
and 0 if no exploration occurred. € {1,...,T}}

Note that Mz,t are independent random variables for different (i, h, t) triplets, likewise for i # j,
IL}'L’t and ]li are pairwise independent. Once again, we define the following sigma algebra Fj, :=
F({mi, 2:216;::7’1}\1/), and the random variables:

1 X
ap = N;ﬂ-;w

-1

.
(|

ef = |y, — a3,

uj, =B [[Jm), — 73] .

We again proceed in several steps.

Step 1: The importance sampling estimate. By the definition of the above events and the proba-
bilistic exploration scheme, note that we have

%), = K (Ffig 1 a}) +ni p(a})) 15
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Firstly, we note that by law of total expectations and the fact that E are independent from J,,

B [5}| 7] =E [54|E}, 7] P(E}) + E [74[EL 7| P(E)

—E [f4| B}, 73] - E [73] B3, 7] P(E]) + E £, | EL, 7] P(E})

=D,
=E [t},|E}, Fu] + b},
for b}, quantifying a bias induced due to the probability of no exploration. We have that

Ibilla < KVK\1+ 02exp{—eT)}

since E {F’,‘L‘EZ, }'h} = 0 and exploration probabilities are determined by independent random
Bernoulli variables hence

P(Ei) = (1—&)™ < exp{—eTh}.
To further characterize the bias, we introduce a coupling argument. Define independent random
variables &fl ~ eyt + (1 — 5)7#; for all j € N and d%vezp ~ Tuif. By the definition, it holds that
(where ﬁ({d?I }j) € A4 denotes the empirical distribution induced by actions {d{b 1)

|E 5] B4 Fi] —E [F@EW@EH))] Il
<N E [F (@@ eopr a7 )] — E [F(({a}))] Il

<E |[F((} copra7)) — F@{a} )]l

Step 2: Bounding policy variations. Once again, we first bound the variations in policies between
agents.

7] = 741 13 =MLY = 70)), + mF) — L((L = 7o), + a3, 13

<UL = 7o), + Ty = (1= 7o), + |3

<N = )y, =) + (5, — )13

=(1 = 7o) ||y, — 7,13 + 0 15 — F13 + 21 — romJgn (, —7,) T (), —3).
Unlike the expert feedback proof, the last term does not vanish in expectation.

E [y — 1 I313] <= )2, — w1 + E [ I — #1317
+2(1 = T (), — 7)) TE [F, - 717
<(1 =)}, — w3 + B 117 — 5 1317]

+ 20u(m, — )" [E (53] By, F) + b, — B[] B, Fa] — b]]

<(1 = 7o), — ] I3 + E [0 17, — 71317
+ 2 (), —w)" B [Fh i, F) — B [5]|Ef, 7] | + 8mexo {—<Th},

where the last line follows from the bound on b}L in step 1. Furthermore, using Young’s inequality,
we obtain

E [l = mh I3 (1= rom)2lim), = w13 + E [718), — F1317 ] + 8 exp {~<T}

™ , B o S 2
+ ot il B 7] - R A
<(1 = 7o)l — w3 + E [ 7 — #1317 + S exp {—eTn}
TOh | ; 47 1L?
+ 5l =l +

2 N2
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Hence with the choice of T, = =" log(h + 1) and noting that ||z, — 77 [|la < 2, we obtain the
recurrence

; 3/ ; ; 21 2K3(0? + 1)+ 871 +4
E [||7Th+1 7Th+1|| ] ( - h—&—l) E [H”"h *ﬁ”%} + (h 112
47712
N2

Hence by invoking the recurrence lemma (Lemma with ¢g = 47;\,12L2 se1 =27 2K3(0? +1) +
8771 + 4, = 3/2,uy = 0), we have

i j 9 87 2K3(0? +1) + 32771 +16 8r—1L2
E [||7Th+1 _""h+1‘|2} hrl N2

Step 3: Formulating the main recurrence. Next, we formulate a recurrence for the main error term
of interest, ||w},; — 7*(|3, As before, we have (noting cv, := 1 — 775,):
1741 — 713 = an, +niF},) — Wlapm™ +n,F (7)) |3
<[lean, +mT; — anm —nuF ()3
<llanm), + naF(m},) — anpm™ = F (1) + na (T}, — F(m)))|13
=0j|[F, — F ()13 + 2 (an (), —7*) +nu(F(x}) — F (7)) T (¥, — F(},))
+ llan (), — %) + nu(F(},) — F(x"))|3
=0 ¥, — F ()13 + 207 (F(w},) — F(x*))) " (], — F(x},)) + 2man (), —7*) " (¥, — F(},))
+ llan (), — %) + nu(F () — F(x"))|13
< nullF, — F(x}) |3 + 203 (F(m},) — F(x*))) " (¥}, — F(m},))
(a)
+ 2npay (), — %) T (), — F(m})) + |l (x), — 7*) + gy (F(w},) — F(a")) |3
(b) (¢)

Once again, we will need to bound the three terms above. For the term (a), we bound in expectation
as before:

E(a)] < 202K%(0% +1).
Likewise, it still holds for the term (c) that
() =llen(m), — ") +nu(F(my) — F(x*))|I3
=ll(m}, —7*) + g (F(w,) — 7o), — F(a") + r77)3
< (1 =20+ 1)+ (L+7)%n;) [, — =13

However, this time, the exploration parameter ¢ will cause additional bias in the term (b). Define
¥, = B[F} | B}, Fil.

(b) =2man (), — 7*) T (¥, — F(m},))
=2nnan (), — 7)) T (¥, = T,) + 2o (), — ) (¥, — F(fn))
+ 2man(m, — )T (F(@n) — F(x},))

A * 1 = . Al * 1 . i
<zman (71 = w8+ S = PGB ) + 2man (lmh — "8 + 5P Gn) — Pl ) +

2 (), — ) T (¥, —T),)
A 20 _ 277h i
<o 2w, — 13+ 2, — B3+ 2 () — B ()3

=%

+ 277h04h,(7l'2 - T*)T(rh —ﬁ),
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and similarly, if A = 0, we have
(b) =2nnay, (), —7*) T (¥}, — F(m},))
=2nap (), — %) " (), = T,) + 2 (), — %) (T}, — F(fn))
+ 277hah(7rh —a*) " (F(ay) — F(m,))
1, N T, . 1 _ ;
<2nnon forh =3+ 5 F = F(@n)ll | + 2mman (o llw), — %[5 + 5| F(an) — F(m,)I3 ) +
279 2 279
2npan(my, — %) (T, —T})
<27, — 73 + 5H~’ — F(fn)3 + IIF( n) = F(m,)3
+ 2npan(m), — 7)1 (F), — T,).
Denote ;5 1= %1 k- The remaining error terms we can bound by (using the auxiliary coupling
random actions @; from Step 1):

| E [2nnom (m), — %) T (T, — T,)| Fn] |
<|E [2nnon(m), — «*) T (¥}, — T},)|E}, Fu| P(EL) + E [QU}zah(Wi — )T (T), — FZ”ETZ;, Fn P(ETZ;N

2771 ; i} R -
<5 7E [||7rh — " |2|[T}, — rh\|2|E;L,J-'h} P(E])
8K T o2
- (h+1)2 '

E[[t}, — F(fo) |31F0] <2E [|IF, — F(G(@h caps @, NI Fn] + 2 [IF (1@ capr ") — F(an)lI3]1 7]

8L? P o—i T
<2 +2E [||F(u(a}l,exp,ah )) = Fn) 3173]

8L2 2 ~/—1 ——1 1 j 2
< T2L°E (A, ) - 5 Y w3l

812 S| .
sy T ALPE | |B(@ly,,a™") - N D (eMunig + (1 —e)m}) —
J#i

Munif
il |37,

1 i 7ri — Muni
+4L*E ||€N Z(Eﬂ'% — Munif) + hTf”g‘ft

J#i
8L2 8L? 4
— 4 — 4+ 4L%(2¢?
N + N + ( +N)
64L?
= + 8L%2,

IF(an) — F(m}) |3 < L2, — 5 = L%,
Step 4: Main result. Once again, for the strongly monotone case A > 0 we have that

27 2K3(1+02) + 877 2(L + 7)> + 8K 7 11 + 02

u’lb7,+1 § (h + 1)2
1287 IATTLANTY 16771 AT L2227~ INTLL?
h+1 h+1
27 YA 2+ 1) -
122 /=t i
* ( h+1 Hh
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leading to the recurrence

i 2K+ (87T IATILY) 4327 AT (2 P+ ) + 87 2L+ 1) + 8K 277 1/1+ o2

Yh1 = (h+1)2
167 "N\ L2(8N ! + &%) + 167 2N LPN 2
+
h+1
2112+ 1)\
1- =" ).
* ( h+1 h

In the case of a monotone operator, we have
i 21 2K3(0% + 1) + 47 2(L + 1) + 8K/ 77 1/1 + o2
Un+1 = (ht1)?
647720 VL2N~L 4 8772571 [22 725712 i
+ + E [e},]
h+1 (h+1)

201-0)\
1 _ K3
* ( h+1 ) o
which we can bound by (choosing § = 1/4):

i (Lo KPT2(24 327 72L2) + 477 2(L + 7)2 4 8K TH 0% + 6472 L% (27! + 1)
Uu
e (h+ 12
N 2567 2L2N "1 4+ 3277222 4 327 32N 2

h+1
3/2 .
1— i
+( h+1)uh

We use Lemma to obtain the statement of the theorem, once again choosing v = 3/2.

The bound in the statement of the theorem in the main body of the paper follows from the fact that

the lengths of the exploration epochs scale with T}, = O(e~!log(h + 1)) = O(e71). O

Finally, we note that while the dependence on K, the number of actions, is not discussed in the main
body paper, as expected the algorithm for bandit feedback has a worse dependency on the number
of actions. This is as expected due to the fact that (i) the importance sampling estimator increases
variance on payoff estimators by a factor of K, and (2) in other words, a factor of O(K) is introduced
in order to explore all actions.

G Details of Experiments

Hardware and compute. All experiments were run on single core of an AMD EPYC 7742 CPU,
a single experiment with 1000 independent agents and 100000 iterations takes roughly 1 hour. No
GPU compute was used. All relevant code (withholding location details to preserve anonymity) has
been shared in the supplementary material.

Setup details. For all experiments, we use parameters 7, € as implied by Corollaries[T]2] Projections
to the probability simplex were implemented using the algorithm in [8]. The particular Python
implementation of the TRPA-Full and TRPA-Bandit operators are provided in the supplementary
material.

G.1 Problem Generation Details

We provide further details on how we generate/simulate the SMFG problems.
Linear payoffs. We generate a payoff map
Fiin(p) == (S +X)u+b

for some S € SffK and X anti-symmetric matrix, which makes monotone F';,, by Example |6 We
randomly sample S from a Wishart distribution (which has support contained in positive definite
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. . — T . . . .
matrices), generate X by computing Y=Y— for a random matrix U with entries sampled uniformly

from [0, 1] and b having entries uniformly sampled from [0, 1].

Payoffs with KL potential. Next, based on Example[5] we construct the following payoff operator
F i 1, for some reference distribution g € A 4:

Prr(p) == Drr(yp+ (1 =) thret| | trer)

Frr(p) :=Voxr(p)

FKL(H, CL) = vlog (7/11(@) "‘rlflf;l’)}/)uref(a)) n

Note that as @ 1, is convex, F i1, is monotone. In our experiments, we use v = 0.1, and we generate
Wrer by sampling K uniform random variables in [0, 1] and normalizing.

Beach bar process. Following the example given in [34]], we use the action set A = {1,..., K}
for potential locations at the beach and assume a bar is located at x4, = L%J Taking into the
proximity to the bar and the occupancy measure over actions (i.e., the crowdedness of locations at the
beach), the payoff map is given by:

|a_xbar|
K

Note that by Example[I} the above payoff map is monotone. We use o = 1 for our experiments.

Fup(p,a) =1- — alog(1 + p(a)).

G.2 Learning curves - Full Feedback

We provide the learning curves under full feedback for various choices of the number of agents
N € {20,100,1000}. The errors in terms of maximum exploitability and distance to MF-NE are
presented in Figure [3]and Figure ] respectively.
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Figure 3: The (smoothed) maximum exploitability max;c ¢ ({7} ;}7:1) among N agents throughout
learning with full feedback for three different NV, on the problems (a) linear payoffs, (b) exponentially
decreasing payoffs, (c) payoffs with KL potential and (d) the beach bar payoffs.
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As expected, the games with larger number of players N converge to better approximate NE in the
sense that the final maximum exploitability is smaller at convergence. Furthermore, in most cases the
exploitability converges slightly slower with more agents, also supporting the theoretical finding that
there is a dependence on N. As before, the exploitability curves have oscillations at later stages of
the training, even though they remain upper bounded as foreseen the theoretical results. This does
not contradict our results as long as for larger NV, the upper bound on the oscillations us smaller.
The confidence intervals plotted in figures support a high-probability upper bound on the maximum
exploitability as one would expect.
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Figure 4: The mean /5 distance to MF-NE given by + 3./ " — 7* |2 with N agents throughout
learning with full feedback for three different NV, on the problems (a) linear payoffs, (b) exponentially
decreasing payoffs, (c) payoffs with KL potential and (d) the beach bar payoffs.

G.3 Learning curves - Bandit Feedback

We provide the learning curves under bandit feedback for various choices of the number of agents
N € {50,100, 1000}. The errors in terms of maximum exploitability and distance to MF-NE are
presented in Figure [5]and Figure [f] respectively.

As in the case of full feedback, the curves converge to smaller values as N increases. Furthermore,
one straightforward observation is that the variance at early stages of learning is much higher than in
the full feedback case. This can be due to the added variance of the importance sampling estimator
constructed through exploration epochs. As exploration occurs in shorter duration at early epochs, the
variance between agent policies will be high as well, explaining the initial increase in exploitability
in certain toy experiments in Figure 5]

Furthermore, comparing the observations for bandit feedback (Figure [5) and full feedback cases
(Figure[3), we empirically confirm that learning take more iterations in the bandit case. This is likely
due to the fact that exploration occurs probabilistically, inducing additional variance in the policy
updates that increases with N and incorporates an additional logarithmic term in the theoretical
bounds. However, the number of exploration epochs in the bandit case is comparable to the number
of time steps in the full feedback case.
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Figure 5: The (smoothed) maximum exploitability max;ec ¢*({m’} ;\721) among N agents through-
out learning with bandit feedback for three different N, on the problems (a) linear payoffs, (b)
exponentially decreasing payoffs, (c) payoffs with KL potential and (d) the beach bar payofts.

Finally, we also emphasize the fact that in earlier stages of training with bandit feedback, the cases
with IV = 1000 had much higher exploitability and ¢, distance to MF-NE at earlier time steps. This
is due to the fact that policy updates occur with larger intervals in between when N is large, as can
be seen in Algorithm [T} This can be explicitly observed in Figure[6] as the policies of agents are
constant in between policy updates. However, at later stages as the time-dependent term in the bound
on epxloitability in Corollary 2] disappears, we observe that the experiments for larger N converge
to a better policy (i.e., one with lower exploitability) than the cases with smaller /V as the theory
suggests.

Finally, comparing Figures 56 we see that in certain experiments for some N despite having a
lower exploitability we observe a greater ¢ distance to MF-NE. This likely due to fact that the
non-vanishing bias term in exploitability and ¢ distance have differing dependence on problem
parameters such as L, A, K. Therefore, for instance for the KL potential payoffs, we observe a greater
mean ¢, distance to MF-NE but a smaller exploitability for N = 1000.

G.4 Experiments on Traffic Congestion

UTD19 and closed-loop sensors. The UTD19 dataset contains measurements by closed-loop sensors
which report the fraction of the time a particular section of the route remains occupied (i.e., a car is
located in between sensors placed on the sides). The data consists of measurements every 5 minutes,
from various sensors across 41 European cities. The dataset contains 2 weeks of data collected by
sensors placed around Zurich, the locations of sensors imposed on the map in Figure[7]

Payoff models. We fit kernelized ridge regression models to model the flow as a function of occupancy
using the UTD19 dataset. We use an RBF kernel and a regularization of oo = 1.0 for all models. We
compute a proxy for the travel velocity using the flow and occupancy measurements on each route,
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Figure 6: The mean ¢, distance to MF-NE given by + >,/ [|m* — 7* |2 with IV agents throughout
learning with bandit feedback for three different IV, on the problems (a) linear payoffs, (b) exponen-
tially decreasing payoffs, (c) payoffs with KL potential and (d) the beach bar payoffs.
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Figure 7: A portion of the sensors placed in the UTD19 dataset [22]] within the Zurich center. Map
generated using [30]].

and a scaling factor cgi¢ due to varying lengths of each route, leading to the estimated travel time
flow
Ttravel =Cdist — -
occupancy
We use —T},qver as the reward for each agent. The flows collected from the dataset and the corre-
sponding fitted models are presented in Figure[§|and Figure[9]

In Figure [8] we emphasize that as expected, total flow peaks at a value of occupancy in (0, 1),
as congestion effects likely become dominant for high occupancy resulting in lower flow values.
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Figure 8: Data and fitted models of occupancy vs. flow on three different urban roads. The red line
indicates the fitted model predictions.
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Figure 9: Data and fitted models of occupancy vs. speed (scaled) on three different urban roads. The
red line indicates the fitted model predictions.

However, as expected, the travel speed (Figure[9) seems to be monotonically decreasing as a function
of occupancy, also as expected. This suggests that up to minor deviations due to the kernelize
regression model, the rewards —73,4.¢; decrease monotonically as occupancy increases. Hence
Figure 9] provides empirical evidence of a monotone payoff operator.

We emphasize that our model of congestion is greatly simplified and does not take into account
network effects in congestion due to interactions of various connected routes in the city. For instance,
it is likely that correlations exist between the travel speed as a function of congestion of the three
routes in reality. While more realistic simulations could be performed using the UTD19 dataset
resulting in a more realistic evaluation of our methods, more intricate simulations of traffic remain
outside the scope of this paper and we leave the evaluation of TRPA-Bandit in such realistic scenarios
as future work.

G.5 Experiments on Network Access

For the Tor network access experiment, we randomly chose 5 entry guard servers (the complete list
available publicly [44]) in various geographic locations, among the servers that have the longest
recorded uptime. To simulate access to each server, we ping each 5 consecutive times and average
the delays to compute the cost. As expected, due to varying bandwidths/computational power, each
server has different sensitivities to load in terms of delay, as Figure [I0]demonstrates for two. For the
two servers plotted here for instance, we note that while on has waiting times somewhat sensitive to
occupancy, the other is much less sensitive to additional agents accessing it, at least when simulating
100 agents. Hence, strong monotonicity is likely to not hold.

We use parameters 7 = 0.01,e = 0.3 for the experiments in this section. The arbitrary choice is
due to the fact that in the presence of external agents in the game that do not use TRPA-Bandit (in
this case, thousands of other users accessing the Tor network), the theoretically optimal parameters
implied by Corollary 2]can not be used. While more realistic simulations that are also closer to the
theory could be run by keeping IV larger and simulating a Tor access rather than simple pings, we
refrain from this in order to minimize the footprint of our experiments on the Tor network.
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Figure 10: Access times (in terms of ping delays) of two Tor entry guard servers in terms of number
of agents accessing simultaneously.
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