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Abstract

Graph Neural Networks (GNNs) have achieved great success but are often consid-
ered to be challenged by varying levels of homophily in graphs. Recent empirical
studies have surprisingly shown that homophilic GNNs can perform well across
datasets of different homophily levels with proper hyperparameter tuning, but the
underlying theory and effective architectures remain unclear. To advance GNN uni-
versality across varying homophily, we theoretically revisit GNN message passing
and uncover a novel smoothness-generalization dilemma, where increasing hops
inevitably enhances smoothness at the cost of generalization. This dilemma hinders
learning in high-order homophilic neighborhoods and all heterophilic ones, where
generalization is critical due to complex neighborhood class distributions that are
sensitive to shifts induced by noise or sparsity. To address this, we introduce
the Inceptive Graph Neural Network (IGNN) built on three simple yet effective
design principles, which alleviate the dilemma by enabling distinct hop-wise gen-
eralization alongside improved overall generalization with adaptive smoothness.
Benchmarking against 30 baselines demonstrates IGNN’s superiority and reveals
notable universality in certain homophilic GNN variants. Our code and datasets
are available at https://github.com/galogm/IGNN|

1 Introduction

Graph Neural Networks (GNNs) [[1H4] have attracted substantial attention, achieving notable success
across various domains [5H8]. Broadly, GNNs are classified into homophilic GNNs (homoGNNs) [9]]
and heterophilic GNNs (heteroGNNs) [10]. HomoGNNs operate under the homophily assumption,
which posits that adjacent nodes tend to share similar labels. In contrast, heteroGNNSs are tailored for
heterophilic graphs, where connected nodes are more likely to have differing labels.

However, real-world graphs do not exhibit a clear dichotomy between homophily and heterophily,
but instead present a continuous spectrum. As illustrated in Figure[Taland [Ib] varying homophily
appears within a single graph across hops and nodes. Therefore, it is essential to develop GNNs that
generalize to different levels of homophily, rather than making separate designs for homophily and
heterophily as in existing methods. Recent studies [[11]] have empirically shown that homoGNN:Ss, after
hyperparameter tuning with residual connections and dropout, can outperform advanced methods
designed for heterophily. This suggests that homoGNNs possess an inherent potential to adapt to
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varying homophily, but the underlying theory and effective architectures remain unclear. A question
arises:What enables universality across varying homophily in GNNs, or even in homoGNNs?

To gain a deeper understanding, we theo-

retically revisit the classic GNN message-

passing process and identify a novel

smoothness-generalization dilemmas

depicted in Figure 1c. Heremoothness

refers to the alignment of node represen-

tations within neighborhoods, whilgen-

eralizationdenotes the ability to handle

distribution shifts across neighborhoods.

As the number of hops increases, smooth- (a) )
ness inevitably rises, while generalization

correspondingly declines due to the in-

trinsic trade-off between the twoThis

dilemma is negligible in low-order ho-

mophilic neighborhoods, where strong

homophily naturally aligns with smooth-

ness, rendering generalization less criti- (c) Dilemma (d) Adaptive
cal. However, it becomes detrimental i
higher-order homophilic neighborhood
and all heterophilic ones. We show th

igure 1: Varying homophily across (a) hops or (b) nodes.
onceptual illustration of the theoretical insight: (c)
strong generalization is crucial in thes moothness-Generalization dilemma identi ed in GNNs;

cases to address complex neighborho o) Expected adaptive capabilities for varying homophily.

class distributions, which are highly sensi-

tive to shifts induced by noise or sparsity. Yet, it remains constrained by the increasing smoothness
imposed by the dilemmdhis insight suggests that resolving the smoothness-generalization dilemma
can bene t both homophilic and heterophilic settings without requiring separate designs (Figure 1d),
thereby unlocking the full potential of classic GNNs and paving the way toward achieving universality.

“More is in vain when less will serve, for Nature is pleased with simpli¢ity], echoing Sir

Isaac Newton, we seek tmakeminimal changesto classic GNNs to reveal the dilemma as a
fundamental impediment to universality. We introduneeptiveGraphNeuralNetwork (IGNN),
where the ternminceptive[13] signi es concurrent learning of multiple receptive elds. IGNN is
built upon three minimal design principles: separative neighborhood transformation (SN), inceptive
neighborhood aggregation (IN), and neighborhood relationship learning (NR). Theoretically and
empirically, we demonstrate that these changes alleviate the dilemma from two persp&attes:
inceptive neighborhood relationship learning, IN &NR, enable GNNSs to approximate arbitrary graph
Iters for adaptive smoothness capabilitieSecond incorporating SN allows distinct hop-wise
generalization and improved overall generalizati@ur main contributions are:

» Theoretical Insights. We advance the theoretical understanding of GNN universality across
varying levels of homophily by uncovering the smoothness-generalization dilemma, providing a
foundation for theoretically grounded universal designs.

» Universal Framework. We introduce IGNN, a universal message-passing framework based on
three minimal yet effective design principles. IGNN mitigates the dilemma without relying on
specialized modules tailored for either homophilic or heterophilic graphs.

« Benchmark and Empirical Findings. We establish a comprehensive benchmark consisting of 30
representative baselines to assess the effectiveness of our design principles. Our results demonstrate
that not only can classic GCNs enhanced with these principles achieve state-of-the-art (SOTA)
performance, but also that certain existing homoGNNs inherently possess universal capabilities.

2 Related Works

Homophilic Graph Neural Networks. GNNs have demonstrated remarkable abilities in managing
graph-structured data, particularly under the assumption of homophily. Traditional GNNs can be
broadly categorized into two categories. Spectral GNNs, such as the &Csvierage various
graph lters to derive node representations. In contrast, spatial GNNs aggregate information from



neighboring nodes and combine it with the ego node to update representations, employing methods
such as attention mechanisnd$ §nd sampling strategieS]} Uni ed frameworks [14, 15] have been
proposed to integrate and elucidate these diverse message-passing approaches. Several multi-hop
techniques were proposed to address the limitations of long-range dependencies, such as residual
connections 16] and jumping knowledgel]7]. However, these homophilic methods are often
considered less effective when dealing with heterophilic settings, while a recent empirical study shows
its potential to universality [11] but lacks a theoretical understanding

Heterophilic Graph Neural Networks. Addressing the challenges posed by heterophily, several
innovative approaches have been proposed: (1) Neighborhood extension: Techniques such as high-
order neighborhood concatenatidi®] 18], neighborhood discoveryip], neighborhood re nement

[20], and global information captur@]]. (2) Neighborhood discrimination: Methods including
ordered neighborhood encodir2f], ego-neighbor separatiof (], and hetero-/homo-phily neighbor-
hood separatior?f3]. (3) Fine-grained information utilization: Strategies such as multi- Iter signal
usage 24, 25|, intermediate layer combinatiori ()], and re ned gating or attention mechanisms
[26]. These methods generally retain the practice of message paggiigdt aggregates multi-hop
neighborhood informatior-However, these methods often treat homophily and heterophily separately,
leading to a paradox: effectively separating them would require prior knowledge of node labels,
while it is precisely the labels that need to be learn&dolistic understanding is needed to guide
the development of an architecture that adapts to both settings without different treatments.

Oversmoothing, Heterophily and Generalization Early studies28-3(] investigate oversmoothing

or generalization without considering varying homophily, while later works reveal that oversmooth-
ing and heterophily are often intertwined leaving generalization unexamined. Bodnaf3if]al.
attribute both oversmoothing and heterophily to the underlying graph geometry using a sheaf-based
formulation. Park et a[32] counter the two by reversing the diffusion process, yet their approach
remains architecturally motivated without theoretical insight into generalization. Meanwhile, sev-
eral heterophily-oriented model27, 25, 33] have been shown to alleviate oversmoothing, while
oversmoothing-focused desigris] 34] also perform well under heterophily. In contrast, Ma et al.

[35] explore the link between heterophily and generalization while omitting oversmoothing. In sum-
mary,existing studies have examined all pairwise combinations among oversmoothing, heterophily,
and generalization, yet no uni ed framework has bridged all thiée. Il this gap through a uni ed
theoretical lens, demonstrating that the issues of oversmoothing, poor generalization, and heterophily
all stem from a shared underlying trade-off between smoothness and generalization, thereby offering
a principled foundation for a uni ed understanding and guides the design of more universal GNNs.

3 Notations and Preliminaries

X =[xo;::5;xn]” 2 RN P the edge sef is represented by the adjacency matix2 RN N

di = ]N Ajj . The re-normalization oA isR=1DB %(A + IN)I§ z, wherel y is the identity ma-

trix. The symmetrically nqrmaﬁzed graph Laplacian matriRis I R .g=dge and node homophily
are computed asle = (1 5E])  (,,,)2e (G = G),hn =1=N" oy (y0,)2e (G = G)=d.

3.1 Smoothness of GNNs

Oono and SuzulP9] describe the smoothness characteristic of GNNs with information lossXrom
on asymptotic behaviors of GNNs from a dynamical systems perspective. They demonstrate that when

it extends with more layers, the GNN representation (IH(%‘,) = (BRH & Dw (K)), see Section 4)
exponentially approaches information-less states, which is a subspaneéde nition 3.1.

De nition 3.1 (subspace)LetM = EB jB 2 RY P be anM -dimensional subspace in
RN P whereE 2 RN M jsorthogonal,i.eE"E = Iy,andM N.

Following their notations, we denote the maximum singular valug/df by s, and sets :=
sup,y, Si. Denote the distance that induced as the Frobenius normXraaM by dy (X) :=

infy om kX Y kg = D. The following Corollary 3.2 shows the information loss as ldygoes.



Corollary 3.2 (Oono and Suzulj29]). Let ; n be the eigenvalues &, sorted in
ascending order. Suppose the multiplicity of the largest eigenvalusM ( N),i.e.,, N m <

N M+1 = = \ andthe second largest eigenvalue is de ned as max ﬁzl’\" i ni<ijnNi=
1: LetE to be the eigenspace associated with w +1 ; : n.Thenwehave< 5y =1,and
dv HO  sdy HO D 1)

whereM := EB jB 2 RM D | Ifg < 1,thel-th layer output exponentially approachis.

Greater smoothness with larger information loss is indicated by a smaller distatgeg(H () from
the representations to the subspakk [29]. This is because the subspace denotes the convergence
state of minimal information retained from the original node featdrewith the only information

of the connected components and node degreé%. ofhis means that for any 2 M , if two
nodesv;;v; 2 V are in the same connected component and their degrees are identical, then the
corresponding column vectors ¥f are identical, i.e., they cannot be distinguished.

3.2 Generalization of GNNs

GNN generalization can be governed by the Lipschitz constant as discussed in existing3808KE [

De nition 3.3 (Lipschitz constant) A functionf : R" I R™ is called Lipschitz continuous if there
exists a constarit such thaBx;y 2 R";kf (x) f(y)ka Lkx yks; where the smalledt for

which the previous inequality is true is called the Lipschitz constahtarid denoted: .

Better generalization is exhibited by GNNs with a smaller Lipschitz constAf88]. This paper
does not discuss generalization on graph domain adag@@nut discusses generalization regarding
inherent structural disparity [40] and data distribution shifts from training to test sets [38].

4 Theoretical Analysis of Classic GNNs

Generally, most GNNs capture multi-hop information by stacking message-passing (MP) #yers [

h® = x,; m¥ = AGGM(fh{ P ju2N (v)g); h{) = coM@(h(k V;m);  (2)

whereh( is the hidden representation amd® is the message for nodein thek-th layer. AGG( )
andCOM( ) denote the aggregation and combination function, wKi(®) is the set of neighbors

adjacent to node. DenotingH® = [h{?:h{:  ;h(9> 2 RV F, the widely used GCN
implementation can be written &5 = (BH (¢ Dw (K), where () is the activation function.

4.1 Smoothness-Generalization Dilemma

The following Theorem 4.1 reveals a dilemma in classic GCNslajers. See proof in Appendix A.1.
Theorem 4.1. Given a graphG(X ; A), let the representation obtained vkarounds of GCN message
passing on symmetrically normalizétibe denoted abl &) = (RH (¢ Dw (¥), and the Lipschitz
constant of thik-layer graph neural network be denoted3s. Given the distance frond to the
subspacéM asdy (X) = D, then the distance fromd g() toM satis es:

dvw (HY) s *D; 3)
Qy
i=0

wherel'g = k *¥, W)k, and < 1isthe second largest eigenvaluedf

Corollary 4.2. 8(c; > 0;9 = d(og 7—5)=log e, such thatly (HE )y < whered eis the
ceil of the input.

Remark. As D is constant with respect %, we observe that the distance is upper-bounded by three
factors: the second largest eigenvaluef R, the Lipschitz constarft s corresponding to the norm
of the product of alw ()| and the layer deptk. Several conclusions can be drawn.



First, there exists a smoothness-generalization dilemn&ncelimy; k =0, (s has to rise
whenk increases to preveut, (H g‘)) from convergent t®. This is evidenced by the upper bound

of the Lipschitz constant continuing to increase as training progre3gesHowever, a largé ¢
implies reduced generalization, leading to a signi cant performance gap between training and test
accuracy [38]. Consequently, either oversmoothing or poor generalization will occur aklarge

Secong from Corollary 4.2, we see that for any giv€r, there exists & such that the distance
from the representations to the subspace is smaller than any arbitrarily siialls, extremely small
distance with indistinguishable representations becomes inevitable for suf cientlykasgd ¢
computing from weight matrices can not be in nitely large due to the nite computational precision.

In summary, although oversmoothing has been associated with generalization B&fpthi§
dilemma reveals a more intricate balance ire#ther-or situation. When the classic GCN attempts
to counter oversmoothing and recover discriminative representations from the over-smbed
by increasing the spectral norm\af ()| the resulting larger Lipschitz constant inevitably worsens
generalization. Conversely, constraining the normnof) to maintain a low Lipschitz constant
and preserve generalization prevents the model from effectively reversing the over-smbbied
yielding indistinguishable node embeddingBhis interplay constitutethe core of the smooth-
ness—generalization dilemmafforts to improve one aspect inherently compromise the other

4.2 How this Dilemma Hinders Performance across Varying Homophily

Next, we bridge the smoothness-generalization dilmma with varying homophily to elutigate
intrinsic relationship among oversmoothing, generalization, and heteraphilyessence, graph
learning requires adaptive capabilities in both smoothness and generalization for neighborhoods of
varying homophily. Table 1 summarizes these dilemma impacts.

In homophilic settings, the dilemma pri-

marily affects high-order neighborhoodsraple 1: Dilemma Impacts. S. and G. are short for
whereas low-order ones are less impactegmoothness and generalization, while-and ~ denote
This can be intuitively understood asitrong, poor and adaptive capability. means inconse-

smoothness and generalization aligningential (when S. aligns with the homophily bias).
in low-order homophilic neighborhoods,

which always favors pulling together [k Ovpmesmd — fovorep T Henodes
the representations of same-label nodes Chassic MP Capabilty _ - -

e Learning | Homo high + low/varying -7 +
within these hOpS. However, SmoothneSStequirements\ Hetero Tow/varying —/ + | lowiarying —/ +

begins to con ict with generalization in
high orders of low or varying homophily, as bringing closer nodes of different labels in these neigh-
borhoods is detrimental. This discrepancy in generalization is clearly exempli ed in PMLP [42].

In heterophilic settings, the dilemma ex-
hibits negative effects across both low-
and high-order neighborhoods.First,
the complex neighborhood class distribu-
tion (NCD) [35] in heterophilic neighbor-
hoods makes it easy for noise or even
sparsity to result in mismatched or in-
complete NCDs for nodes of the same

label, which requires strong generalizgigyre 2: Toy Example of the Sparsity In uence. Three
tion ability to mitigate. A toy example nodes at thsame positionare sparsi ed from the (a)
in Figure 2 demonstrates that heterophiligomo- and (b) hetero-philic neighborhoods of zene
neighborhoods suffer from larger NCDstrycture Statistics of the neighborhood information and

shifts caused by the same sparsity, as @y¥eD shift variances? are presented as:

idenced by larger distribution varlances—Ne.gbms‘ T D e GYNCD—Nage T D ko Gy

2 . class|I 11 1l L0,y [ nr 0,11, 1] [N [, my [ nw [, 1, 1]
S both in hop 1 and 2 compared T Tt

hetero ™% P ) & COMPareQrpieea oot 20 o1 Ji0% |13 & lofedhers o] oiach
to thOSEShomo of homophilic neighbor- i =, = ki060 mook 10=0 Foero = ML L] L LOK 100=17

H hop 2Isf, . = k[0:8;0:1;0:1] [0:8;0:2;0]k* 100 = 2sj..., = K[0:1;0:3;0:6] [0:2;0:4;0:4k* 100 = 6

hoods. Second there is a greater struc
tural inconsistency between the training
and test sets in heterophilic graphs compared to homophilic didgsag heterophilic graphs exhibit

a mixture of homophilic and heterophilic patterns, which also requires good generalization.




In summarythecore insightis that challenges are posed by the smoothness-generalization dilemma
in both homophily and heterophily, resulting in the absence of universality across varying homophily

5 Making Classic GNNs Strong Baselines: Inceptive Message Passing

An intuitive approachto addressing the dilemma is to (1) decousieoothnesandgeneralization

from a rigid trade-off, endowing them with the capacity to adapt independently to varying homophily;
and (2) preserve the embeddings of low/medium orders, acknowledging that oversmoothing is
inevitable at suf ciently large hops. To this end, we propose a uni ed message-passing architecture
termedinceptiveGraphNeuralNetworks (GNN), which is designed to realize this adaptivity with
minimal cost Instead of introducing additional complex modules, IGNN eagily empower even

the classic GNNs by addressing the dilemma thraihgbe simple yet effective design principles

5.1 Inceptive GNN Framework (IGNN)

Separative Neighborhood Transformation (SN)avoids sharing or coupling transformation layers

across neighborhood& = ) (x,) = x,W &) wheref K)( ) is the transformation for the

k-th neighborhood. The absence of SN implieskatfop neighborhood transformatiops either share

the same parametevg or are cascade-coupled in a multiplicative manner, suc :‘awi (see
Appendix D.1). This design aims to capture the unique characteristics of each neighborhood, enabling
personalized generalization capability with distinct Lipschitz constants for each neighborhood.

Inceptive Neighborhood Aggregation (IN) simultaneously embeds different receptive elds:
m{ = AGGHM h{?ju2NFg ; whereAGGH () represents the neighborhood aggrega-
tion function of thek-th hop. The simplest approach involves partitioningkké order rooted tree of

neighborhoods int& distinct neighborhoodsl\fk) = Ny (AK) with N = fvg. The inceptive na-

ture of the architecture preserves the embedding of low orders and prevents high-order neighborhood
representations from being computed based on low-order ones, which avoids cascading the learning
of different hops and propagating errors if one becomes corrupted. Moreover, it prevents the product-
type ampli cation of the Lipschitz constant (Theorem 4.1 and 5.3), which would otherwise limit the
generalization ability. Notably, sontynamic message-passing methf 43] unconstrained by

the xed neighborhood structur can be viewed as advanced variants of inceptive architectures
with skip connection§l?, 44]. However, as our goal is to enhance classical GNNs with minimal
overhead rather than adopt complex dynamic aggregations, we do not employ them in IGNN.

Neighborhood Relationship Learning (NR)adds a neighborhood-wise relationship learning module
to learn the correlations among neighborhodds= REL fm{ jO k Kg ;whereREL()

is therelationship learning function of multiple neighborhoods. The relationships among various
neighborhoods represent a new characteristic in IGNN, extending the combination eld from a single
neighborhood of ego and neighboring nodes in CQRMY( multiple neighborhoods of various hops in
REL( ). Based on the learning mechanism of relationships, IGNN can be divided into three variants.

A brief overview of the variants is pre-

sented in Table 2 with a comparison  Taple 2: Three IGNN variants with GCN AGG(
in Appendix D.1. The classic GCN

AGG() is consistently used, and lay- SN-h{9 IN - m{? o R

. . _ P Vo= v v
ers formed by these three principles-f'N | e 2% SRl P guynie ) |57 5 (e B
can be further stackedOther AGG() oan | xow® P R, D) = (i (MP)W

can be applied, but as long as they can
achieve GCN, the introduced advan-
tages of IGNN always hold. Table 9 and 10 illustrates how existing works falls into IGNN variants.

Residual r-IGNN variants leverage the residual connectiéffas:h{ = (m{w 0y+ n{ ;
whose matrix formatigi (¥ = (BH & Dw )+ H(k D |tis easy to observe that the expansion
of H®) covers allRi;0< i<k (see Appendix A.2), which is an inceptive variant with IN &NR
designs. Besides, some methodi§, [L6] adopt an initial residual connection, constructing connections

to the initial representatiod © (see Appendix D.2). Luo et gl11] empiricallydemonstrated that this
variant equipped with dropout and batch normalization establishes a strong baseline, but the theoretical



rationale remains unclear. Our work extends this understanding by explaining its effectiveness under
varying homophily through the lens of the smoothness-generalization dilemma. We rst prove
its adaptive smoothness capability in Theorem 5.1 and further expose its inherent generalization
limitations via quantitative analysis in Section 5.2.3, thereby elucidating the necessity of dropout and
batch normalization, which can improve generalization and prevent feature collapse [47].

Attentive a-IGNN variants leverage the attention mechanism to realame-wise personalized
neighborhood relationship learning, de ned s = ImP 4+ a \(,k))h\(,k Y. where
= glomP:h& Py andg® () is the mechanism function. Several methods, such as

DAGNN [48], GPRGNN B3], ACMGCN [24], and OrderedGNNZ2], employ different attention
mechanisms yet unintentionally share the same IN &NR design.

Concatenative c-IGNNvariants concatenate multi-neighborhoods with a learnable transformation:
h, = (i’ (m\(,')))W ; wherejj means concatenation. A c-IGNN with GCN AGis

Hiex = ((ii% Rixw O)w), wi 2 RP F andw 2 R F°. Although simple, its
power is strong, as it can achieve various relationships, sughreal layer-wise neighborhood mix-
ing, personalizecandgeneralized PageRards in Proposition 5.2. Notably, when SN is incorporated
in c-IGNN, theREL( ) becomes optional, as the SN and NR transformations can be merged.

5.2 Theoretical and Empirical Analysis of Dilemma Alleviation
5.2.1 IN &NR: Adaptive Smoothness Capabilities

Theorem 5.1. Inceptive neighborhood relationship learning (IN &NR) can approximate arbitrary

graph lters for adaptive smoothness capabiytimtending beyond simple low- or high-pass ones,

expressing th& order polynimial graph Iter ( iK:O iD‘)with arbitrary coef cients ; , including

c-IGNN (SN, IN and NR), as well asilGNN anda-IGNN (IN &NR).

Proposition 5.2. IGNN-s can achieve (1) SIGN, (2) APPNP with personalized PageRank, (3) MixHop
with general layerwise neighborhood mixing, and (4) GPRGNN with generalized PageRank.

Remark. Wu et al.[49] found that the vanilla GCN essentially simulates a K-order polynomial
Iter [ 50] with predetermined coef cientdimited to a low-pass Iter. However, many works
has highlighted the signi cance of high-frequency signals for heteropBidy31]. The inceptive
neighborhood relationship learning module (IN +NR) bene ts IGNN with the expressive power
beyond simple low-pass or high-pass ltexsin Theorem 5.1, achieving tke-order polynomial
graph lter with arbitrary coef cients,which has been proven able to approximate any graph §&.[
Consequently, many existing methods are just simpli ed cases of IGNN as in Proposition 5.2.

5.2.2 SN: Improved Hop-wise and Overall Generalization

Theorem 5.3. Let the representation of c-IGNN incorporating the SN principle be denoted as
Hiek = ((ji%o ()qugw M))W), and the Lipschitz constant of it be denoted’as . Given

dv (X)= D andW = ° | then the distance frofd g« toM satis es:

k

x
dv (Hicxk ) 'w®Ow; D; 4
i=0 2

. . P, .
where < 1is the second largest eigenvaluel®dfandl,g = k o WOW ks

Remark. Theorem 5.3 demonstrates the mitigation of the dilemma from two perspedtiass.
thelocal perspectiveeachi-th hop has a distinct Lipschitz constant with isolated transformations
(W ®Ow ), allowing for a separate handle of its own generalization expectatidtigh-order
homophilic neighborhoods with extremely smalldemand large Lipschitz constants to mitigate
massive information loss from oversmoothing, while low-order or heterophilic ones can enjoy
small Lipschitz constants to guarantee good generalizafimm theglobal perspectivethe entire
network’s Lipschitz constant is effectively shrunk from cascade multiplication to summation, avoiding
the extreme decline in overall generalization abilifyhe overall Li;f;chitz constant is a summation

of individual multiplication of each layer transformatiofyg = k., W (YW k;) in c-IGNN,



Figure 3: Quantitative Analysis on the Cora (Homophily) and Squirrel (Heterophily) Datasets.

WBOSG increase in magnitude will be much smaller than that of cascade multipli€agion
k ik:O W Dk, in the traditional framework, which will grow exponentially as the layer increases
since each high-order neighborhoods suffering from oversmoothing all demanadtye

5.2.3 Quantitative Analysis on Smoothness-Generalization Delimma

We conducted a quantitative study of the dilemma using three GNNs on the Cora and Squiirel
dataset: (1) vanilla GCN, (2) r-IGNNN andNR), and (3) c-IGNN [N, NR, andSN). The trends of
dv (H®) and Lipschitz constarit, computed following Cong et aJ53], are presented in Figure 3.

First, ask increases in vanilla GCNly (H () initially decreases (indicating increased smoothness)
before rising again due to strong supervision from the classi er. In conttastjows an inverse
pattern.This behavior aligns with the smoothness—generalization diler&®eondwhile r-IGNN
alleviates oversmoothing, as evidenced by the incredgeH (), it exhibits a steadily increasing

(', suggesting degraded generalizatioRinally, c-IGNN, which integrates all three principles,
demonstrates stable and moderate trends indigttH )) and[®, indicatingits ability to preserve
generalization while avoiding excessive smoothn8sge. Appendix C for more details.

6 Experiments

Research questions afRQ1: How does IGNN perform compared to SOTA metho&Q2: What
are the contributions of the three principld2®@3: How is the dilemma resolved across various hops?

6.1 Datasets, Baselines and Settings

Datasets Following recent works34], we select 13 representative datasets of various sizes, excluding
those too small or class-imbalanc@&¥]: (i) Heterophily Roman-empire, BlogCatalog, Flickr, Actor,
Squirrel- Itered, Chameleon- ltered, Amazon-ratings, Pokéit) Homophily. PubMed, Photo,
wikics, ogbn-arxiv, ogbn-products. The statistics are in Table 3 and 4.

Baselines We selected 30 representative baselines, as shown in Table 11. These models are
categorized into four types: graph-agnostic models, homophilic GNNs, heterophilic GNNs, and graph
transformers. GNNs are further divided into Non-inceptive and Inceptive ones.

Settings We randomly construct 10 splits with proportions of 48%/32%/20% for training/valida-
tion/testing, which is guided by our theoretical emphasis on generalization. Prior #@rkds

shown that different splitting strategies can lead to substantial variations in structural distributions,
thereby in uencing generalization behavior. To mitigate this, we adopt a uni ed split schEn27],

reducing variance across datasets that may arise from the heterogeneous splitting policies used
in earlier studies. For the large-size datasets (ogbn-arxiv, Pokec, and ogbn-products), we use the
public splits. The network is optimized using the Ada®B]| with hyperparameter settings provided

in Appendix E.2. Our code with best hyperparamter settings and search scripts are available at
https://github.com/galogm/IGNN. Additional results and codepiailic splitsare also provided in

the repository. We report the mean and standard deviation of classi cation accuracy across splits,
with complexity, paramter count and runtime analysis and compadsaamented in Appendix B.



Table 3: Overall Performance of Node Classi cation. The best results poldpand the second-best
results are underlined\.R is the average of all ranks across datasets. OOM means out of memory.

Dataset Actor Blog Flickk_Roman-E__squirrelf __Chame-T _ Amazon-R Pubmed Photo WIKiCs

he 0.2163 0.401T 0.2386 0.0469 0.2072 0.2361 0.3804 0.8024 0.8272 0.654
#Nodes 7,600 5,196 7,575 22,662 2,223 890 24,492 19,717 7,650 11,701 A R
#Edges 33,544 171,743 239,738 32,927 46,998 8,854 93,050 44,338 238,162 431,206

#Feats 931 8,189 12,047 300 2,089 2,325 300 500 74 300
MLP 34.69 071 93.08 063 89.41 073 62.12°1.79 34.00 244 35.00 320 4225073 ] 87.68 051 86.73 220 73.51 118 [ 29.5
SGC 29.46 096 72.85115 59.02148 4290050 39.75185 4242328 4132080 | 87.14 057 9238 049 77.63 088 | 27.2
c GCN 30.82 141 77.28 143 69.06 1.70 36.23 057 37.06 142 41.46 342  44.96 040 | 87.70 058 94.88 208 78.59 107 | 26.7
S GAT 30.94 095 85.36 1.37 57.87 222 62.31 093 34.22 141 40.69 320 47.41 080 | 87.64 054 94.72 052 76.92 081 | 28.0
Q GraphSAGE | 34.52 064 95.73 053 91.74 058 66.39 216 34.83 224 41.24 165 46.71 283 | 88.71 065 94.52 127 80.85 1.00 | 23.2
= APPNP 35.09 079 96.13 058 91.21 052 7176034 3418168 4112325 47.72054| 87.97 062 95.05043 83.04 094 | 21.9
=3 JKNet-GCN 30.49 171 84.25 071 71.72 147 69.61 042 40.11 254 43.31 312 48.15 093 | 87.41 038 94.39 0.40 83.80 065 | 23.0
g IncepGCN 35.69 0.75 96.67 048 90.42 071 80.97 049 38.27 136 43.31 218 52.72 0.80 | 89.32 047 95.66 0.40 85.22 048 | 12.0
I |a 36.76 1.00 96.06 068 91.81 0ss 81.56 057 42.13 199 44.66 346 52.47 095 | 90.29 050 95.53 043 85.59 079 7.7
o MixHop 36.82 098 96.05 048 89.78 063 79.39 040 41.35 104 44.61 316 47.91 053 | 89.40 037 94.91 045 83.15 09 | 15.8
= FAGCN 35.98 134 96.67 035 92.74 079 75.65 101 40.83 308 4270333 50.14 076 | 90.24 051 95.31 045 85.02 051 | 10.6
! GAT 34.66 097 94.95061 90.20 113 80.98 100 34.07 216 41.07 423  48.81 092 | 89.58 050 95.19 047 85.17 083 | 19.1
DAGNN 35.04 103 96.73 061 92.18 073 73.94 045 35.62 148 40.96 201  50.44 052 | 89.76 055 95.70 040 85.07 073 | 14.2
GCNII 35.69 108 96.25 061 91.36 068  80.55 082 38.43 210 42.13 204 47.65 048 | 90.00 046 95.54 034 85.15 056 | 13.7
H2GCN 3274123 96.32 062 91.33 050 68.70 166 33.89 101 38.09 263 36.65 073 ] 89.50 043 91.56 149 74.76 339 | 255
& GBKGNN 35.74 4.46 OoOoM OOM 66.10461 34.58 163 41.52 236 41.00 1.62 | 88.66 043 93.39 200 81.85 183 | 26.7
S GGCN 35.72 148 96.09 055 90.17 076 OOM  36.04 261 38.54 3.99 OOM | 89.19 043 95.32 027 83.67 075 | 23.1
2] =z GloGNN 35.82 127 92.53 080 88.18 085 70.87 089 35.39 170 40.28 201  49.01 074 | 88.14 025 92.15 033 84.20 055 | 23.6
£ HOGGCN 36.05 106 95.79 059 90.40 0.64 OOM 35.10 1.81  38.43 366 OOM OOM 94.48 050 83.57 063 | 25.5
o GPRGNN 3579 104 96.26 062 91.52 056 72.36 038 38.00 158 41.63 286 46.07 078 | 89.45 061 95.51 039 83.16 123 | 17.6
Q 3 ACMGCN 35.68 117 96.01 053 68.63 1.87 72.58 035 37.60 1.70 43.03 308  50.51 066 | 89.95 050 92.35 039 84.13 066 | 19.1
% S | OrderedGNN | 36.95 085 96.39 069 91.13 059 82.65 091 36.27 195 42.13 304 51.58 0.99 | 90.01 040 95.87 0.24 85.60 0.7 9.9
E N2 37.41 060 94.72 057 91.08 079 75.32 041 39.35239 38.60 112 48.08 0.76 | 89.16 0.24 95.92 027 84.07 039 | 16.4
CoGNN 37.52 166 96.41 056 89.91 093 87.57 046 37.89 223 40.45 248 52.89 081 | 89.49 053 95.15055 85.70 071 | 12.6
UniFilter 36.11 1.04 96.53 047 91.89 075 74.90 091 42.40 258 46.07 474  49.36 098 | 90.15 039 94.91 062 85.43 067 9.8
NodeFormer | 36.10 100 94.28 067 89.05 099 70.24 158 38.38 181 38.93 368  42.67 0.77 | 88.36 043 93.81 0.75 B80.98 084 | 23.7
DIFFormer 36.13 119 96.50 071 90.86 058 79.36 054 41.12 109 41.69 296 49.33 097 | 88.90 047 95.67 029 84.27 075 | 13.6
SGFormer 37.36 111 96.98 059 91.62 055 75.71 044 42.22 245 44.44 301  51.60 062 | 89.75 044 95.84 041 84.72 072 8.4
GOAT 35.90 131 9520 054 89.43 128 79.41 081 36.27 213 44.10 406 51.47 096 | 89.85 057 95.48 033 85.56 072 | 14.3
Polynormer | 37.27 152 96.73 045 91.98 0.74 92.46 043 40.13 228 43.60 320~ 53.35 1.06 | 89.98 044 95.75 022 84.76 0.82 6.5
w | a -IGNN 3758 139 96.49 039 9232066 90.36 043 44.67 208 46.63 380 52.10 1.02 | 89.76 049 95.53 042 85.20 061 6.5
S| 9 a-IGNN 38.04 100 96.77 042 93.24 073 90.96 053 45.01 265 47.53 309 52.22 066 | 90.22 052 95.73 0.38 85.75 059 3.2
(O c-IGNN 38.51 094 97.24 032 93.27 040 90.97 036 45.71 223 50.79 292 53.03 0.61 | 90.41 059 95.91 029 86.37 0.44 1.3

6.2 Performance Analysis (RQ1)

From Table 3 and 4, it is evident that IGNN incorporating
all three principles consistently outperforms baselines.Taple 4: Performance on Large Datasets.

A subset of homoGNNSs, which happen to be inceptive vagizss T SoKec ogbn-producs

ants, outperform many recent heteroGNNSs, highlightinge 0.66 0.44 0.81

. h . . . Nodes 169,343 1,632,803 2,440,029

the strength of inceptive architectures in addressing the:dges 1,166,243 30,622564 123,718,280
H H H H H H #Feats 128 65 100
dilemma _hlnder_mg universalityspeci cally, the average =2 T T
ranks of inceptive homoGNNs exceed those of all norsen 7174020 7445027 75.45 016
inceptive heteroGNNSs, and in many cases, surpass thos S A

i I N 70.28 77.98 o. 77.60 o.

of inceptive heteroGNNs. These homoGNNs have beefy | =~ | 79280z 7798 o e om

largely overlooked previously, as their designs are NOtsderormer | 67.72 052 70.12 0.2 71.23 140
tailored for heterophily. Only DAGNN and GCNII have 2gfomer | 98502 728905 7Al0ox

speci ¢ features to mitigate oversmoothing. SurprisinglyiGRN 726302: 82.74 041 80.92 019
. . . . . . . a-IGNN 72.60 031 82.09 0.25 78.89 0.47
the mere incorporation of inceptive designs is suf cient to:icnn 73.26 010 8200 o1 82.04 0.4

achieve superior performance. This strongly suggests that
the key factor limiting universality is the dilemma.

Inceptive heteroGNNs demonstrate better performance compared to non-inceptive heteroGNNs, while
graph transformers also show relatively strong performarkgest, inceptive heteroGNNs are mostly
attentive variants employing different attention mechanisms. Interestingly, these models exhibit
signi cant differences in performance, indicating that the design of the attention mechanism plays
a critical role. Second, graph transformers excel likely because they move beyond the traditional
message passing process, which utilizes the global attention mechanisms. Notably, Polynormer
shows a great advantage on roman-empire which is not observed in other datasets. Upon examination,
we found it was a long-chain graph derived from words, aligning with the inherent strengths of
transformers in natural language processing. Nevertheless, we observe an int@nsigtinigor
language graphsfor the same receptive eld side they achieve better performance when stacking

k IGNN layers than when using a single IGNN layer with RN acto$®ps. As we focus on general
graphs and the A.R. of IGNN-s show consistent advantages, we leave such graphs to future studies.

IGNN outperforms all baselines with or without inceptive architectures, while inceptive GNNs also
vary in performance, suggesting that the effectiveness is signi cantly in uenced by whether all
principles are integrated and how they are implement&uparticular, concatenative variants (e.g.,

c-IGNN, SIGN, and IncepGCN) generally outperform residual and attentive ones, with the ordered



Table 5: Ablation of Three Principleé.R.denotes the average of all ranks across datasets.

S’\(‘:N ’IA’\?G(,\‘)Q E%:'r‘ggm Actor Blog Flickr Roman-E Squirrel-f ~Chame-f Amazon-R  Pubmed Photo Wikics | AR
1 GCN 3082141 77.28 143 69.06 170 36.23 057 37.06 142 4146342 4496040 87.70 058 94.88 208 7859 107 | 5.7
2 X SIGNW/OSN'| 36.32 103 96.89 020 91.8l 076 79.77 095 4252 252 44.10 424 51.72 069 89.63 054 95.74 041 85.67 070 | 3.2
3 X JKNet-GCN | 30.49 171 84.25 071 71.72 147 69.61 042 40.11 254 4331312 48.150903 87.41 038 94.39 040 83.80065| 5.3
41X X SIGN 36.76 1.00 96.06 068 91.81 058 81.56 057 42.13 199 44.66 346 52.47 095 90.29 050 95.53 043 85.59 079 | 3.0
5 X X -IGNN 37.58 139 96.49 039 92.32 066 90.36 043 44.67 208 46.63 380 52.10 102 89.76 049 95.53 0.42 85.20 061 | 2.6
6 X XX C-IGNN 3851 004 97.24 034 9327 040 90.97 036 45.71 213 50.79 492 53.03 061 90.41 050 95.91 020 86.37 044 | 1.0

gating mechanism of OrderedGNN standing out as evidence that order information is crucial for
capturing neighborhood relationships. However, two concatenative variants show low performance
due to unique designs: original JKNet does not include ego features without propagation, and MixHop
requires stacking layers, reintroducing transforamtion decoupling. Furthermore, most inceptive GNNs
fail to incorporate all three principles, thereby not fully resolving the dilemma and degrading their
performance on universality. See a detailed comparison of inceptive GNNs in Appendix D.1

6.3 Ablation Studies of SN, IN and NR (RQ2)

Table 5 presents the ablation of the three prin-
ciples. It is important to note that SN cannot
be applied without IN, so the ablations do not
include any combinations of SN without IN. Sev-
eral key conclusions can be drawfirst, the
best performance is achieved when all princi-
ples are applied, as c-IGNN obtains the high-
est average rank (Rank 1) (line 6 vs. others).
Second JKNet-GCN shows a signi cant per-
formance gap depending on IN (line 3 vs. line
5), where the difference lies in whether each
hop is aggregated independently with the ego
feature transformation included. This indicates
that incorporating IN and the ego representation
into the nal representation enhances generaliza-
tion. Third, SN and NR demonstrate excellent
synergy, yielding signi cantly improved results
when used together. Although IN is incorpo-
rated in lines 4-6, adding either SN or NR alone (lines 4, 5) does not lead to the best improvement
compared to incorporating both, as seen in c-IGNN (line 6).

Figure 4: Performance of Different Hops

6.4 Performance of Different Neighborhood Hops (RQ3)

Figure 4 illustrates various method performance across different hops. In the homophilic context
(photo), many inceptive methods effectively mitigating the oversmoothing issue, such as GCNII,
GPRGNN, IGNN and OrderedGNN. Conversely, in the heterophilic scenario (squirrel), most of them

consistently struggle with high-order neighborhoods, as evidenced by a trend of initial improvement
followed by a decline in performance. In contrast, c-IGNN exhibits a notable increase in perfor-
mance that stabilizes thereafter, highlighting the effectiveness of incorporating all three principles in
improving hop-wise and overall generalization as well as alliviating the dilemma.

7 Conclusion

This paper advances GNN universality across varying homophily by identifying the smoothness-
generalization dilemma, which impairs learning in high-order homophilic neighborhoods and all
heterophilic ones. We propose the Inceptive Graph Neural Network (IGNN), a uni ed message-
passing framework built on three key design principles: separative neighborhood transformation,
inceptive neighborhood aggregation, and neighborhood relationship learning. These principles
alleviate the dilemma by enabling distinct hop-wise generalization, improving overall generalization,
and approximating arbitrary graph lters for adaptive smoothness. Extensive benchmarking against
30 baselines demonstrates IGNN 's superiority and reveals notable universality in certain homophilic
GNN variants. For limitation discussion, please refer to Appendix F.
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provide closed captions for online lectures because it fails to handle technical jargon.

» The authors should discuss the computational ef ciency of the proposed algorithms and how
they scale with dataset size.

« If applicable, the authors should discuss possible limitations of their approach to address
problems of privacy and fairness.

» While the authors might fear that complete honesty about limitations might be used by reviewers
as grounds for rejection, a worse outcome might be that reviewers discover limitations that
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. Open access to data and code
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» While we encourage the release of code and data, we understand that this might not be possible,
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Question: Does the paper report error bars suitably and correctly de ned or other appropriate
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Answer: [Yes]

Justi cation: Please refer to Section 6.
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» The answer NA means that the paper does not include experiments.
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The answer NA means that the paper does not include experiments.
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runs as well as estimate the total compute.

The paper should disclose whether the full research project required more compute than the
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from the Code of Ethics.
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to laws or regulations in their jurisdiction).

Broader impacts
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impacts of the work performed?
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Justi cation: This work is a foundational research and not tied to particular applications.
Guidelines:

The answer NA means that there is no societal impact of the work performed.
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monitoring misuse, mechanisms to monitor how a system learns from feedback over time,
improving the ef ciency and accessibility of ML).

Safeguards
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or scraped datasets)?

Answer: [NA]
Justi cation: We use publicly available datasets of no such risks.
Guidelines:

The answer NA means that the paper poses no such risks.
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» Released models that have a high risk for misuse or dual-use should be released with necessary
safeguards to allow for controlled use of the model, for example by requiring that users adhere
to usage guidelines or restrictions to access the model or implementing safety lters.

» Datasets that have been scraped from the Internet could pose safety risks. The authors should
describe how they avoided releasing unsafe images.

» We recognize that providing effective safeguards is challenging, and many papers do not require
this, but we encourage authors to take this into account and make a best faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in the
paper, properly credited and are the license and terms of use explicitly mentioned and properly
respected?

Answer: [Yes]

Justi cation: Please refer to Section 6.
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» The answer NA means that the paper does not use existing assets.
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creators.
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Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justi cation: We provided an URL in Section 6.
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» The answer NA means that the paper does not release new assets.
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» The paper should discuss whether and how consent was obtained from people whose asset is
used.

» At submission time, remember to anonymize your assets (if applicable). You can either create
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Crowdsourcing and research with human subjects
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include the full text of instructions given to participants and screenshots, if applicable, as well as

details about compensation (if any)?
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Justi cation: The paper does not involve crowdsourcing nor research with human subjects.
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their institution.
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ble), such as the institution conducting the review.

Declaration of LLM usage
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A Proofs of Theoretical Results

A.1 Proofs of Theorems 4.1 and Corollary 4.2

Restatement of Theorem 4.1 Given a graphG(X ; A), let the representation obtained karounds
of GCN message passing on symmetrically normaliezk denoted asl & = (BH (< Dy (),
and the Lipschitz constant of tHislayer graph neural network be denotedf3s. Given the distance
from X to the subspackl asdy (X) = D, then the distance fromd g‘) toM satis es:

dvw (HY) s *D; (5)
Qy
i=0

wherel’g = k *¥, W@k, and < 1is the second largest eigenvaluedf

proof of Theorem 4.1To prove Theorem 4.1, we need to borrow the following notations and Lemmas

from Oono and SuzuKR9]. ForN;D;F 2 N,,R 2 RN N is a symmetric matrix anav (*) 2
RP F fork 2 N.. ForM N, letU be aM -dimensional subspace &". We assumeJ

and R satisfy the following properties that generalize the situation wheris the eigenspace

associated with the smallest eigenvalue of the graph Lapleﬂ:ianl N R (that is, zero). We
endowRN with the ordinal inner product and denote the orthogonal complementmfU? :=

u2 RN jhu;vi=0;8v2 U . We can regar® as a linear mappind® o U B VA

m be the eigenvalue dR to whichey, is associatedm = M +1;:::;N). Note that since the
operator norm ol U is ,wehavg nj foralm=M +1;:::;N. Since(em)mz[N] forms
the orthonormal basis &V , we can uniquely writ 2 RN © asx =\ _ e, !, forsome
I m 2 RP with  denoting the Kronecker product. Then, we have

2 X 2
& (X) = K mk; (6)
m=M +1
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wherek k, is the 2-norm. On the other hand, we have

X S
Rxw ® =" (Re,) wW® 1)

m=1
> >(\l >
= ('&em) (W(k) Pm)+ ('&em) (W(k) "'m) (7)
m=1 m=M +1
> )(\I >
= (Rem) (W®T1 )+ em  (mW®TT
m=1 m=M +1

SinceU is invariant unde® [29], foranym 2 [M ], we can writeR e, as a linear combination of
e,(n 2 [M]). Therefore, we have

X 2
a2, Rxw ) = mW 7 : (8)
m=M +1

Lemma A.1 (Oono and Suzuki [29])For anyX 2 RN P we havady ( (X)) du (X).

Based on Lemma A.1, by simplifying the GCNs by removing the nonlinear activation functions in
the intermediate layers [56, 49, 57] and retaining only the nal activation function, we have

& HY =d (RH S Pw )

6df AH( Pw
=2 'QzH(k Z)W(k Dy
M . 9)
=, R¥xw Ow®@ w K
X > 2
= K w®ow®
m=M +1 2
Lemma A.2 (Juvina et al[58]). For anyk-layer GCN with 1-Lipschitz activation functions (e.g.

ReLU, Leaky ReLU, SoftPlus, Tanh or Sigmoid), de neti48 = (RH < Dw (), the Lipschitz
constant becomes

YK .
Ls = w (10)
i=1 2

We recall the the Lipschitz constalig of GCN [58] as in Lemma A.2, and substitute Equation (10)
into Equation (9), we have:

@ g g X KW@ w7
M p m e m
m=M +1 2

X 2Ky 12 * (i)
6 2K mks W

m=M +1 i=1 2 (11)
=% K i
m=M +1
2 2k X\I 2 2 2kq2 .
602 Kl mk3 = (2 %kd2 (X):
m=M +1
O
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Restatement of Corollary 4.2.8C; > 0;9k = d(log ) —)=log e, such thaty (H(k < |
whered eis the ceil of the input.

proof of Corollary 4.2.1n order to havely (Hizk)) (s D < ,sincelc >=0,D >=0 and
< 1, we have

du (HY)) L6 *D< ) K<

CsD
) klog < log [,_\G—D; (12)
lo
) k> 9 LeD
log
Therefore, there exists = d |OSGD e, such thaty (H(k )) (s ¥ D < ,whered eis the ceil
of the input. O

A.2 Proof of Theorem 5.1

In this subsection, we present the proofs for the concatenative (c-IGNN), residual (r-IGNN), and
attentive (a-IGNN) variants, demonstrating their expression capability of the K-order polynomial
graph lter with arbitrary coef cients.

Restatement of Theorem 5.1.Inceptive neighborhood relationship learning (IN &NR) can ap-
proximate arbitrary graph Iters for adaptive smoothness capablllp,extendlng beyond simple

low- or high-pass ones, expressing theorder polynimial graph Iter( b ) with arbitrary
coef cients ; , includingc-IGNN (SN, IN and NR), as well asiGNN anda IGNN (IN &NR).

Proof of the Concatenative VariantiIGNN. A polynomial graph lIter [50] de ned onk is given
by:

X
Hp= PXox = (I R X (13)
k=0 k=0
Expanding(ly ~ R)¥ using the binomial theorem and rearranging the summation order yields:
I I
Hp = k (1) KR x = k(1) KR x: (14)
k=0 i=0 : i=0 k=i :
Meanwhile, the matrix formulation of c-IGNN can be expressed as:
!

K X
H= (ji (R*w ®)w = (R*xw ©yw (15)
k=0 k=0
" s #
whereW = w, . By simplifying the above expression, omitting the non-linear layers, and setting
W k

w K = |,Wk:(PiK=k i( 1K L )1, we obtain:

X X ; XX ;

H=" (R (! = (kL Rk (16)
k=0 i=k k k=0 i=k k

Py P , .
Swapping the notation afandk, we getH = iK:O E:i k& 1)k RiX, which matches the

polynomial graph Iter form in Equation (13). Since coef cients iK: i1 k l'< ) can be arbitrary

to learn by eactW |, the concatenative variant (c-IGNN) is capable of expressing the K-order
polynomial graph lter with arbitrary coef cients.
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Proof of the Residual VariamtIGNN. We begin by verifying, using mathematical induction, that
the residual variar ) = BH (¢ Dy (K) + H(k D gatis es the general formula:

X X Y _
H® = RARmH© w @) a7)
m=0 Jf 1,25k gj2d
jdj=m
P Q () =1ifJ=-
wherek 0,and ;¢ 1.2::k g j20 W D=1ifd=;.

jJj=m
(1) Base Casek(= 0). Whenk 5 0, the recursjye formula r%iuceslfb(o) = H©: The general
=0'QmH(O) If 125509 j29 w0 = ROHO| = 4O

formula fork = 0 is: HO® = = 2
jdj=m

Thus, the base case holds.
(2) Inductive HypothesisAssume that the general formula holdskor 1 0, i.e.,

K 1 X Y
H& D= RMHO (WACRE (18)

m=0 Jf 1;2;:k 1gj23d
jdj=m

(3) Inductive StepUsing the recurrence relatiort(®) = BH (k Dw (K) + H& 1) sypstitute the
hypothesis foH (k 1
0

1

K1 X Y K1 X Y
H(k):p% Rmy© W(i)ﬁw(kh Rmy© w -

m=0 Jf 1;2;k 1gj23d m=0 Jf 1;2;k 1gj23d

jdj=m jJj=m
(19)
For the rst term, letm® = m + 1. The correspongling range @0 is1 m° kas
0 m k 1 Whenm = 0, we haved = ;; ;¢ 121k J-ZJW(J) = |. Thus
jJj=m

Fye correspondip,g range oh® c&n be safely expanded &s m° k, and we obtain
Kocg RMHO © 120K 19 j24 w 0w (k) After renaming back, the rst term is:
jJj=m® 1

X Y
R™MH© w w0 (20)

m=0 Jf 1;2;:k 1gj23d
jJj=m 1

Here,d f 1;2;:::;k 1gwithjJj= m 1, and addingV (k) corresponds to all subsets where
jJj = m with k added. Since the second part is exactly the case whefel;2;:::;kg,jJj = m
andk 2 J. Combining the two terms, we have:

Xk X Y .
H K = Rmpyo© w @)- (22)
m=0 Jf 1;2;:kgj2d
jdj=m

Thus, the formula holds fde, completing the induction and veri cation.

We now prove the general formula can express the K order polynomial graph Iter with arbitrary
coefcients. Letw () =( 1) 1 forl j k. Substituting this into the general formula gives:
X

(D] X Y
w ) = (1!
Jf 1;2;:kgj2d Jf 1;2;:kgj2d
jJj=m jJj=m
] Y] v (22)
=( 1)m j|Z
Jf 1;2;:kgj2d
jJj=m
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By substituting Equation (22) into Equation (21) and setti§ = o;H©O = Xxw © = X,
we have:

X Y
HW = RMHO( pym il
m=0 Jf 1;2;:kgj2d
jdj=m
0 0 1 1

%X:O( o) T Kenuo

m Jf 1;2;:kgj2d
jJj=m
0 0 1 1 (23)
X X Y
:% ( 1)”‘% KRG xw ©
m=0 Jf 1,25k gj2d
jJj=m
0 0 1 1
X X Y
B (ol KR x:
m=0 Jf 1;2;:kgj2d
jJj=m
Comparing this with the polynomial graph lter:
1
Hp = (DR X
i=0 k=i ! I
v o I
= o )™ rtn R™ X (24)
m=0 t%=m | |
X X o’ '
= ( 1)m t0 t ’Qm X;
m=0 to:=m m

in order to prove the residual variant representalidk) can express the K order polynomial graph
Iter representatiorH , with arbitrary coef cients, we only need to show the following equation
system:

X Y )« tO
0 i = to0 ; (25)
. m
Jf 1;2;:kgj2d to=m
jdj=m
has a solution or good approximation for=0;:::;k
. P Qi P Q
Casem = 0: Sinced = ;; f L2mmkg  j23 Wi =1 =) Jf L2mnkg  j23 =1. We
p jJj=m jJj=0
have ¢ = i(ozo to.
Casem =1;:::;k: We can approximate it by
YK X tO
0 to = to ; (26)
m
t0=k m+l t%=m
and solve by
P K tO
= t0
C me1 = Pt fm 27)
t=m 1 t°m 1
P
form =1;:::;k. The above solution may fail when 't‘O: m o1 O mtol = 0. Similar to the analysis

of the boundary conditions in Chen et HI6], this case is rare as the K-order lter ignores all features
from them-hop neighbors, and we can set m+1 suf ciently large so that Equation (27) is still a
good approximation.
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Since coef cients can be arbitrary to learn by eabti), we now proved that a residual variant
r-IGNN can express the K-th order polynomial lter with arbitrary coef cients. For the proof of the
initial residual variant being able to express the K-th order polynomial lter, please refer to the proof
of Theorem 2 in Chen et al. [16].

O

Proof of the Attentive Variard-IGNN. For simplicity, we set all feature transformation matrices,
except those used in attention mechanisna,s, to the identity maffilken the implementation of an

a-IGNN with the GCN AGG( (i.e.,m{ = (Rk, h{ D)) is de ned as:

k kX k 1 k k 1
ho= 0 Ryuhl D+@ §)nk D (28)

u
P
where () = g Ry h{ YinlE ). We de ne:
\(/k) — ([RH (k l)]v JJ H\(/k l))W (k),H(k) 2 RN F ,W(k) 2 RZF l; (29)

wherejj is the concatenation operator, drigd represents the-th row. Several activation functions
can be used to limit the range of attention values. Here we leave out the activation for simplicity.

Next we demonstrate that for any givep,k 1, there exists a transformatiofl (¥) such that
§9 = RH & DY i T YYyw ® = holds for allv. Thatis,(RH ¢ D jj H& Dyw ®) =
k1.

We rewriteW () = w; ,wherew {:w ' 2 RF 1 substituting, we obtain:

BH K Dw R L gk w0 =g (30)

Rearrange the equatiol®H & Dw ) = 1 H& 2w et w ) be arbitrary, and
w = (RH & Dy 1 H& Dw ) where( )Y denotes the pseudoinverse. For aqy

there exists &V () of the following form that ensures{®) = | for all v:

#
()QH (k 1))y( 1 H (k 1)W(2k)) _

w () = 31
W gk) (31)
Under these conditions, the a-IGNN variant can be expressed as:
HO= (RH&® Vi@ GHK D
YK
= i'b + (1 |)| H ©)
6° o 11 (32)
X X Y Y
=@ @ i (L DARMAHO;
m=0 Cf 1;2;:5k g;jCj=mi2C i2C
Q Q
where ¢ 1. gijCj=m i2cC i izc(1 i)=1form=0.
; P k P k t0 .
Compared to the polynomial graph ltét, = m=o ( D7 t=m O m R™ X since
is arbitrary, by setting 9 = ;HO = Xw © = X ( ,l), we arrive at:
0 1 1
X X Y Y
HO=@ (1”@ Po@+ DARTAX
m=0 Cf 1;2;u5k g;jCj=mi2C i2C
0 0 1 1 (33)
X Y Y
=@ (Yn@, O @1+ HARMAX:
m=0 Cf 1,25k g;jCj=mi2C i2C
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To satisfy the equality, we only need to show the following equation system:

X Y 0Y X t0
0 i @+ D)= oy (34)
Cf 1;2;u5k g;jCj=mi2C i2C t0==m
has a solution or good approximation for=0;:::;k
Casem = 0: Whenm =0, given ¢ ;5.4 gicj=m Qizc i Qigc(l i) = |, we have
0= lt(D:O to.
Casem =1;:::;k: We can approximate it by
Ny OkYm X t0
0 i (l + i) = t0 m (35)
i=k m+1 i=1 t0:=m
and solve by 8
< iO:oP; ifi=1;:::;k m;
Koo\ t© 36
R 'O(kto'*l pifi=k m+1;k (36)
0=k i 1°(k i)
[9r m = 1;0:::;k. Similar to the previous proof, the above solution may fail when
f(,:k i ©,; =0, and this case is rare as the K-order Iter ignores all features from the
m-hop neighbors. We can sef suf ciently large so that Equation (36) is still a good approximation.
O

A.3 Proofs of Proposition 5.2

Here, we take c-IGNN as an variant example to demonstrate the proofs of Proposition 5.2. The proofs
of other variants can be achieved in a similar way.

Restatement of Proposition 5.2.IGNN-s can achieve (1) SIGN, (2) APPNP with personalized
PageRank, (3) MixHop with general layerwise neighborhood mixing, and (4) GPRGNN with general-
ized PageRank.

Proof 1: SIGN as a simpli ed case of c-IGNNhe architecture of SIGN can be trivially obtained
by omitting the NR function and replacing it with a non-learnable concatenation as

K
H=ji (BW )= Hggey: 37)
k=0
O

Proof 2: APPNP as a simpli ed case of c-IGNNhe architecture of APPNR§] is de ned as fol-
lows:
©) - — gk (k 1) o .

Hpppne = (X) = XW [ H jppnp= (1 )RH apenet  Hoappne (38)
where 2 (0;1] represents the teleport (or restart) probability. ConsequdﬂﬂSZPNP can be
expressed in terms dﬁff,lPNP as:

1
H(AkP)PNP: 1 )k'QkH,(B(\)IlPNP+ @ )R HSF)’PNP. (39)
i=0
According to Equation (15), by omitting all non-linearity and settig) = W W =(1 X1,
andW, = (1 Y¥I fork 2 [0;K 1], we obtain a simpli ed case of IGNN as:

}Xl
H=RKxw @ )¥I+ Rkxw @ )X
k=0

IXl
@ )XRKxw + @ )*R<xw (10)
k=0

(K) .
H appnp
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O

Proof 3: MixHop as a simpli ed case of c-IGNNHere, we illustrate that c-IGNN can achieve the
general layer-wise neighbgrhood mixing MixHop Abu-El-Haija et al.[34] by specializing the
W o

weight matrixadV/ = w, 2 RKF F°
W g
!
K X
H= (j (Rw ©Opw = (RExw Chw (41)
k=0

k=0

where W ) 2 RP F w2 RF F° SettingF°= F = D,W® = | andW = lF results
n: ! !

hy = (R*XW C)( (Ig) e (RExw ()
! (42)
= K (R¥X)

k=0

%

which represents general layer-wise neighborhood mixinglationship demonstrated by De nition

2 of Abu-El-Haija et al[34] to exceed the representational capacity of vanilla GCNs within the
traditional message-passing framework. We achieve this advantage through simple neighborhood
concatenation and non-linear feature transformation, eliminating the need to stack multiple layers of
message passing as done in Abu-El-Haija €3], thus calling itHop-wise Neighborhood Relation
rather tharlayer-wise O

Proof 4: GPRGNN as a simpli ed case of c-IGNBased on Equation (41), by sharing the param-
eters of allwW (K) asw (K) = W | settingW = I and leaving out all the non-linear layers of
REL( ), we have:

X X X
H=  (Rxw O)yw = (R*Xw ) 41 = (REXW ); (43)
k=0 k=0 k=0
which is the exact architecture of GPRGNN [33]. O

Proof 5: mean/sum pooling as a simpli ed case of c-IGNBased on Equation (41), by setting

Wy = 1, we obtainH = koo & (R*Xw () | which corresponds to mean pooling.
P

Alternatively, by settingV ¢ = |, we haveH = Ko (RXXw &) which corresponds to

sum pooling. O

A.4 Proof of Theorem 5.3

Restatement of Theorem 5.3 Let the representation of c-IGNN incorporating the SN principle be
denoted asd ok = ((jiky QSI‘XI\N M))W ), and the Lipschitz constant of it be denoted'as .

Givendy (X)= D andW = Wo , then the distance frofd s« toM satis es:
k

X
dv (Hicxk ) 'w®w; D; (44)
i=0 2

P )
where < 1is the second largest eigenvalue)?)fandﬁle =k ik:O W OW i ks.
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Proof of Theorem 5.3We rst derive the inequality:

R (Hiex )= @ (K (Rixw Oy)w
I

=d? X Rixw Myw
- YM . ( ) i (45)
i=0 | " #
X ' Wo
6 d? Rixw Ow, w = w,
i=0 W g

GivenU invariant unde®, U is also invariant undeR'. Similar to the derivation of Equation (8),
we have |

d2 dZ X Ri (i) .
M(HIG;k)6 M XW W

D
= LwOwi)ar
m=M+1 i=0 2
XX ?
6 fwOw 1
m=M+1 i=0 2
X x o2
6 Kl k3 'w Ow; (46)
m=M +1 i=0 2
X< i (i) X\I 2
= w Ow; K mk3
i=0 2m=M +1
)4( - - 2
= 'wOw;  dZ (X)
i=0 2
X ivas (i) i 2
= wOw,; D2
i=0 2

Recall the Theorem 31; in Juvina et @8] as following Theorem A.3. Similar to Equation (45), we
canobtairH gk = ( 1o (RIXW ())W). Since =1 for R, applying Theorem A.3 to
IGNN, we have

L ="' D)= kXK w Ow k: (47)
i=0
Theorem A.3 (Juvina et al[58]). Consider a generic graph convolutional neural network like
HE = H& Dw )+ MH & Dw ) with M symmetric (corresponding to an undirected
graph) with non-negative elements. Lgt 0 be its maximum eigenvalue. Assume that, for every
i 2f1;:::;kg, matricesw 8) andWw (1i) have non-negative elemenw,g) 0andW (li) 0. Let

8 2R) '()= wF+ w¥ wiP+ wd (48)

Then, a Lipschitz constant of the network is given by )
C="(«x): (49)
O

B Model Analysis

The computational complexity and parameter count of vanilla GCN, r-IGNN, a-IGNN, c-IGNN and
Fast c-IGNN are presented in Table 6. Several key observations are:
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Table 6: Comparison of Computational Complexity and Parameter Count

Model Per-layer Complexity Total Training Complexity ~ Parameter Count
Vanilla GCN O(NDF + JEJF + NF?) O(NDF + K(JEJF + NF?) O(DF + KF?)
r-IGNN O(NDF + JEJF + NF?) O(NDF + K(JEJF + NF?) O(DF + KF?)
a-IGNN O(NDF + JEjF + NF) O(NDF + K (JEjF + NF)) O(DF + K 2F)
c-IGNN O(NDF + JEjF + NF?2) O(NDF + K (JEJF + NF?)) O(DF + KF ?)
Fast c-IGNN .Fr’rrsmg‘fsé'(”f,\%'éj'i’?m 2y O(K(NDF + NF?) O(K (DF + F?))

1. r-IGNN: The residual connection does not signi cantly change the complexity compared to GCN.
If the representation of the previous hop also has a transformation in the residual connection, then
it will require more parameters.

2. a-IGNN: The model adaptively determine$® for each node, which slightly reduces the param-
eter count. Its per-layer complexity is lower than others, but still scales with the number of edges
and nodes.

3. ¢-IGNN: The explicit multi-hop aggregation increases computational cost compared to GCN. The
complexity grows withK , making it more expensive as the number of hops increases. However, it
better captures long-range dependencies and enjoys hop-wise distinct generalization and overall
generalization, which holds signi cance in GNN universality across varying homophily.

4. Fast c-IGNN (see Appendix B.1) By decoupling aggregation into preprocessing, it shifts the
expensive aggregation operations outside training, making training complexity independent of the
aggregation. This makes it scalable for large graphs. Among these models, Fast c-IGNN achieves
the best scalability by precomputing multi-hop information. In contrast, a-IGNN and r-IGNN
require more computational resources due to their recursive neighborhood aggregation.

B.1 Complexity Analysis
Complexity of Baseline - Vanilla GCN
H®O = (BH & Dy (y: (50)

Complexity per layer(1) Pre linear transformatiof®(NDF ) (2) AggregationO(jEjF) (assum-
ing a sparse adjacency matrix withj edges); (3) Transformatior©(NF 2); (4) Total training
complexity:O(NDF + JEjF + NF ?).

Therefore, the total complexity (K layers) of the vanilla GCN@&(NDF + K (JEjF + NF ?)).

Complexity of r-IGNN
HO = (BH Kk Dw 0y gk 1. (51)

Complexity per layer:(1) Pre linear transformatior©(NDF ) (2) Aggregat|on O(JEjF) ; (3)
TransformationO(NF 2); (4) Total training complexityO(NDF + JEjF + NF ?).

Therefore, the total complexity (K layers) of r-IGNN is the same as the vanilla GEZN.DF +
K (JEJF + NF ?)).

Complexity of a-IGNN

k k X k 1 k k 1
hd= (0 Ry h D+@  §)hlk O (52)
u
= (A1 ® D i HE Dyw G (53)

Complexity per layer:(1) Pre linear transformationO(NDF ) (2) Aggregation:O(JEjF); (3)
Computation of . O(NF); (3) Total training complexityO(NDF + JEjF + NF).

Therefore, the total complexity (K layers) of a-IGNN is lower since it does not use a full weight
matrix but instead relies on a gating mechani€iiNDF + K (JEjF + NF)).

30



Complexity of original c-IGNN
|
% !
H = (R¥xw ®yw (54)
k=0
Complexity:(1) Pre linear transformatior© (NDF ) (2) Multi-hop propagationO(K JEjF); (3)
Feature transformatio®(KNF 2); (4) Summation and nal transformatio®(KNF ); (5) Total
training complexity:O(NDF + K (JEjF + NF 2)).

Complexity of the Fast c-IGNN
To enhance IGNN's ef ciency, we employ a preprocessing technique to decouple expensive ag-
gregation operations from training. By examining the matrix formulation of IGNNs.x =

((ii% (R'XW M))W), we observe that the aggregatidRiX for different hop neighborhoods
are independent and can be computed in parallel. To optimize this, we preprocess these aggrega-
tionsm; = RiX and store them prior to training. This approach reduces both the time spent on
aggregations and the memory overhead during training.

The overall time complexity can thus be divided into two components:

1. Preprocessing: This involves recursively compuﬂh@( for K hops, with a complexity of
O(KJE|D) for sparse cases;

2. Training: During training, the complexity of the operatigjic, (m'W M)w;m' 2
RN D.w ()2 RD F-w 2 RKF F isO(KNDF + KNF 2)

The only aggregation operation occurs during preprocessing, ensuring that training ef ciency is
decoupled from the edges. This design makes IGNN scalable and ef ciency.

B.2 Parameter Count Analysis

Parameter Counts are presented as:

* r-IGNN: Since each layer has a weight mawik(k) 2 RF F | the total number of parameters for
K layers are@D(DF + KF 2),

+ a-IGNN: Each layer has a weight mati () 2 R?F 1. Thus, the total parameters fiér layers
areO(DF + K 2F).

* c-IGNN: As each layer hag/ () 2 RF F andW 2 RF F | the total parameters a@DF +
KF 2).

+ Fast c-IGNN: The total parameters a@KDF + KF 2).

B.3 Runtime Ef ciency Evaluation

We empirically evaluated the training ef ciency of the 10 top models listed in Table 3, using a
consistent hidden dimensionality of 512 across all methods to ensure a fair comparison. To provide a
comprehensive analysis, we measured the average training time (in seconds) over 100 epochs under
two representative settings:

» Squirrel (heterophilic, 2223 nodes, full-batch): hop sizes of 2, 8, 16, and 32.
* OGB-Arxiv (homophilic, 169,343 nodes, full-batch): hop sizes of 2 and 10.

The average training runtimes under each setting are reported. The three most ef cient models per
benchmark are emphasizedaiald.

These results demonstrate that our IGNN variants—particulastyc-IGNN—consistently achieve
competitive or superior training ef ciency across both heterophilic and homophilic graph settings. The
runtime advantages are especially pronounced under large-hop con gurations, owing to fast c-IGNN's
use of precomputation and caching strategies for ef cient neighborhood aggregation. This design
enables fast c-IGNN to scale effectively without compromising expressiveness or generalization
capability. Note that all results reported for c-IGNN in Table 3 correspond to the fast c-IGNN variant.
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Table 7: Training time (in seconds) on Squirrel dataset across different hop sizes.

Model / Hop 2 8 16 32 Avg. Rank
IncepGCN 1601 10204 34.715 13095.3 8.75
SIGN 1.001 1603 270.1 4.7 0.3 1.00
DAGNN 16 03 2402 3201 5.4 0.3 2.62
GCNII 1.8 02 3901 6401 1030.2 5.88
OrderedGNN 2.00.2 4603 7609 15813 8.25
DIFFormer 4502 10505 184 0.6 36.7 2.7 9.75
SGFormer 4301 10901 21548 50.26.0 10.25
a-IGNN 1701 4201 7501 1260.2 6.75
r-IGNN 16 01 3301 6.002 11205 4.75
c-IGNN 1901 3401 5601 10302 5.38
fastc-IGNN 1401 2401 3504 6.9 0.1 2.62

Table 8: Training time (in seconds) on OGB-Arxiv dataset. OOM indicates out-of-memory errors.

Model/Hop 2 10 Avg. Rank
IncepGCN OOM OOM -
SIGN 6.3 00 19.001 2.0
DAGNN 4.0 0.0 5.9 0.0 1.0
GCNII 33.1 11 141904 7.5
OrderedGNN  29.50.0 OOM 7.0
DIFFormer 50.7 0.3 OOM 9.0
SGFormer 66.20.1 OOM 10.0
a-IGNN 20.2 1.7 804 0.1 55
r-IGNN 216 1.3 78.30.3 55
c-IGNN 16.0 1.0 42.7 0.1 4.0
fastc-IGNN  15.1 0.7 38.5 04 3.0

C Additional Quatitative Analysis

We conducted additional quantitative experiments to evaluate the smoothness—generalization dilemma

by measuring the smoothnedg (H)) and the empirical Lipschitz constaht following the
implementation in Cong et 53] across different models: vanilla GCN, c-IGNN (integrating all
three proposed principles), and r-IGNN (adopting only the IN and RN principles), as shown in
Figures 5 and 6.

The results provide strong empirical support for our theoretical claims regarding the dilemma.

Key Observations:

1. Vanilla GCN and the Dilemma. While dy (H (X)) initially increases (indicating reduced smooth-
ness) folk 10 (Figure 5), this trend does not persist for larger hops. Speci callykfor 32
(Figure 6),dy (H (K)) greatly decreases (re ecting increased smoothness), followed by a subse-
guent rise—likely due to the transition from approximation to classi er supervision. Meanwhile,

{ exhibits an inverse trendy alignment with our theoretical predictions of the smoothness-
generalization dilemma

2. r-IGNN. Although r-IGNN alleviates oversmoothing by yielding higlagy (H (), it also shows
a continuous increase [, suggesting thageneralization capability deterioratess hop count
increases.

3. ¢c-IGNN. By incorporating all three design principles, c-IGNN sustatable and moderate

trendsin both* anddy (H (X)), thereby ensuring robust generalization while avoiding excessive
smoothing.
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(a) Cora hops=10 (b) Squirrel hops=10
Figure 5: Additional Quantitative Experiments (1).

Table 9: Comparison of Inceptive GNNs in incorporating three principles.

Methods T APPNP  JKNet-GCN  IncepGCN SIGN MIXHOP ~DAGNN ~ GCNII' GPRGCNN ACMGCN  OrderedGNNIGNN a-IGNN  c-IGNN
SN X X X X
IN X X X X X X X X X X X X
NR X X merged into SN X X X X X X X X

D Additional Theoretical Analysis

D.1 Exisiting GNNs with Partial Inceptive Architectures

Table 9 shows the comparison of inceptive GNN variants in incorporating three principles, while
Table 10 demonstrates the detailed SN,IN, and NR architectures of each variant. Except for c-IGNN,
the other methods lack at least one principle. The best performance of c-IGNN shows that the
combination of all three principles can best eliminate the dilemma.

D.2 Analysis of the Initial Residual IGNN Variant

The initial residual connection in Chen et Hl6] can be formulated agi k) = (RH (k Dw (K)) +
HO  whereH©® = (Xw ©). Leaving out all non-linearity for simplicity, we can derive the
expression foH (K) in terms ofX as:
0 1
X« . NS .
H k) = Rk ixyw O @ w A - (55)
i=0 j=i+l

This formulation is also an inceptive variant of IN design. It avoids an excessive increase in the
parametelV () for low-order neighborhoods whénis small, as in original residual connection,
thereby preventing the smoothing effect caused by multiplicatioN® &7 . This distinction may
provide insight into why initial residual connections offer greater relief to over-smoothing, as low-
order neighborhood representation remains the performance of its lower-order GNN counterparts.

E Experimental Settings and Additional Empirical Results

E.1 Varying Homophily across Hops and Nodes

Figure 7 demonstrates the varying edge and node homophily inherent within a single graph.
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(a) Cora hops=32 (b) Cora hops=64

(c) Squirrel hops=32 (d) Squirrel hops=64
Figure 6: Additional Quantitative Experiments (2).

Varying Homophily across Hops We compute the edge homophily of edeth hop based oA’

with self-loops removed (Figure 7a) or added (Figure 7b). The edge homophily levels across hops all
show diverse trends, including upward, downward, and oscillating, although the trends appear to be
more stable after adding the self-loop.

Varying Homophily across Nodes We compute the node homophily of N nodes in et hop

based orA' with self-loops removed. From Figure 7c to 7e, two conclusions can be safely drawn
that the node homophily levels (1) show a continuous variation from 0 to 1 among all nodes, and (2)
display an overall declining trend with uctuations when the hop order increases.

E.2 Best Hyperparameters and Search Spaces

We present the optimal hyperparameter settings for all IGNN-s in our public code repository:
https://github.com/galogm/IGNN.

E.2.1 Search Spaces of Baseline models

The code for all 30 baselines in Table 11 is in https://github.com/galogm/IGNN/tree/master/benchmark.
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