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Abstract

This paper establishes central limit theorems for Polyak—Ruppert averaged Q-learning under asyn-
chronous updates. We present a non-asymptotic central limit theorem, where the convergence rate
in Wasserstein distance explicitly reflects the dependence on the number of iterations, state—action
space size, the discount factor, and the quality of exploration. In addition, we derive a functional
central limit theorem, showing that the partial-sum process converges weakly to a Brownian mo-
tion.

1. Introduction

Reinforcement Learning (RL) has emerged as a powerful paradigm in artificial intelligence, achiev-
ing successes in various applications such as Atari [23], Go [33], robot manipulation [37, 41], and
aligning large language models to human preferences [25, 32]. Q-learning [39], which directly
learns the optimal action-value function (Q-function) from experience trajectories, is one of the
most widely used RL algorithms.

Stochastic approximation (SA) [2, 5] is a general iterative framework to solve fixed-point equa-
tion problems. Since the Bellman operator in RL is a contraction map with a unique fixed point,
many RL algorithms can be interpreted as instances of SA. For example, TD learning [36] can
be viewed as an instance of linear SA. Synchronous Q-learning, by contrast, is a special case of
nonlinear SA with martingale noise. The asynchronous Q-learning algorithm studied in this work,
however, is a nonlinear SA problem with Markovian noise. There is a growing line of work on
finite-sample analysis of SA with applications to RL algorithms [3, 6, 7, 9, 11, 18, 29, 35, 38].

Polyak-Ruppert averaging is a classical variance-reduction technique to stabilize and acceler-
ate SA algorithms. In this paper, we are interested in establishing central limit theorems (CLTSs)
for Polyak-Ruppert averaged Q-learning under asynchronous updates. Building CLTs provides a
foundational understanding of the algorithm’s statistical properties. This asymptotic normality is
crucial for uncertainty quantification and statistical inference in RL. Building on the seminal work
by Polyak and Juditsky [27], a non-asymptotic CLT for Polyak-Ruppert averaged SGD was es-
tablished [1]. [24, 31] derive non-asymptotic CLTs for linear SA with Polyak—Ruppert averaged
iterates. Similar results for two-time-scale SA are also studied [16, 17, 19]. Recently, CLTs for SA
with applications to RL algorithms are studied [4]. As a special case linear SA, [30, 34] derive non-
asymptotic CLTs for TD-learning with averaging. However, non-asymptotic CLTs for Q-learning
remain unexplored.

As a special case of nonlinear SA, Q-learning is substantially more challenging to analyze than
linear SA and TD learning. Functional CLTs for Polyak—Ruppert averaged synchronous Q-learning
was established in [21, 26, 40]. Synchronous Q-learning only considers martingale noises. By
contrast, asynchronous Q-learning updates a single state—action pair based on one transition sam-
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ple at each iteration, which involves Markovian noises that are non-IID. Moreover, the empirical
Bellman operator in synchronous Q-learning is smooth, whereas in asynchronous Q-learning, it is
non-smooth. Thus, the challenges in analyzing asynchronous Q-learning come from nonlinearity,
Markovian samples, and a non-smooth operator. Recently, [43] established a functional CLT for
asynchronous Q-learning with a constant stepsize. Constant stepsize does not satisfy the necessary
conditions for establishing a non-asymptotic CLT, which we detail in Section 3. To the best of our
knowledge, no non-asymptotic CLT is currently known for Q-learning, even in the synchronous
setting. In this work, we close this gap and prove both a non-asymptotic CLT and a functional CLT
for asynchronous averaged Q-learning with decaying stepsizes.

2. Preliminaries

An infinite-horizon discounted Markov decision process (MDP) is denoted by M, and is defined by
the tuple (S, A, P, r,~) where S is the set of states, A is the action set, P : S x A — Ag is the
transition probability function, and v € [0, 1) is the discount factor. Let A 4 denotes the simplex
over the action space. The action-value function (Q-function) of a stationary and stochastic policy
m: S — Ay is defined as Q" (s,a) = E[Efio Yir(se, at)|so = s,a0 = a], where a; ~ m(-|s¢)
and ;11 ~ P(+|st, ay). The optimal Q-function is defined as Q* := max, Q™. The value function
is defined as V™ = 7Q™, where (7Q)(s) := (n(-|s), Q(s,-)). We also define P™ € RISIAIXIS[IA
such that P"QQ = P(w(Q). We make the following Lipschitz assumption over a specific optimal
policy.

Assumption 1 There exists an optimal policy 7 such that for Q@ € RISXIAl we have ||(P™ —
P™)(Q - Q") < L||Q — Q*||%, where 7(s) := argmax e 4 Q(s,a).

The asynchronous Q-learning algorithm maintains a Q-function estimator () and the update rule is
the following:

Qi1 = Qr + ap(Fr — Qk) €))
where we let Fi, = F(Qk, Yk), Yk = (Sk; @k, Sk+1)s
[F(Qk» 8k ks $k+1)](8,a) = L (s, a)=(s,0)} L (Qk> Sk Oy Sk41) + Qk (s, @), 2)

and
L(Qk, Sk» Ak, Sk1) = Tr(Sks ar) + 7y max Qr(Skt1,a) — Qr(sk, ak).

I is the temporal difference in the Q-function iterate. The sample trajectory { (s, ax)} is collected
by the MDP under a behavior policy m,. We define Vi (s) := max, Qx(s,a). Now we make the
following assumption on the Markov chain, which is standard in the literature [10, 20, 29, 42, 43].

Assumption 2 {yj }>0 is an irreducible and aperiodic finite state Markov chain M.

Under Assumption 2, the Markov chain M admits a unique stationary distribution fi. We denote
S as the state-space and P as the transition kernel. Next, we define the Bellman operator for the
Q-function:

[T(@)(s, @) = 7(5,0) + Vg p(|s,0) Max Q(s',d).
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Define m;, such that T(Qr) = r + ymrQk. Denote by F}, the expected value of F(Qg,yx), i.e.
Fy := F(Qx) := Eyni[F(Qg, yx)]. Further, denote by D € RISIAIXISIAI the diagonal matrix
with {p(s,a)}(sa)csx.4 On its diagonal, where p(s, a) is the stationary visitation probability of the

state-action pair (s, a). We denote p := ( I)nin Ap(s, a), which captures the quality of exploration.
5,a)ESX

The following lemma is a consequence of Assumption 2.

Lemma 3 (Proposition 3.1 in [10]) Suppose that Assumption 2 holds, we have

FQ) =DT(Q)+ - D)Q.

We denote the Markov chain mixing time at iteration k as tj. Formally, the mixing time ¢, of the
Markov chain M is defined as ¢}, := min{i > 0 : max__g || P'(s,-) — i(-)||tv < ag}.

3. Main Results

In this section, we present our main results. We first establish a non-asymptotic CLT for the aver-
aged Q-learning iterates, providing an explicit rate at which their distribution approaches a normal
distribution. The deviation is measured by using the 1-Wasserstein distance. We then derive a func-
tional central limit theorem (FCLT), showing that the partial-sum process converges weakly to a
Brownian motion.

3.1. Non-Asymptotic Central Limit Theorem

Let A = Qr — Q™. Our goal is to study the rate at which \/% Zszl Ay, converges in distribution to
normality. We present the main result as follows, where we use big O notation to hide all constants.

Theorem 4 Let o, = a(k+b) =P for some constants o, b > 0 and B € (0.5, 1). Under Assumption
1 and 2, we have the following rate of convergence

—2

K 1
-1 Y (IS]|ADz  » Y = B/2 —1/1 _ \—1
Wi (K ;Ak7/\f> < 1KY o ((p(l )P+ K Ep (1= )

F KA KSR 7)*5)
where N' = (AT'SA™T)V2N(0,1), A = D — yDP™, % := 3, s a(i)P(i, §)(X(j) —
E[X(V1)|Yo = i])(X(j) — E[X (Y1)|Yo = i]) " and X is the solution to a Poisson’s equation.

We now derived a non-asymptotic CLT showing that the distribution of the algorithm’s average
error converges towards a normal distribution. The asymptotic covariance matrix 3 describes the
variance in the learning process that comes from sampling transitions from the environment. The
asynchronous Q-learning updates are noisy because they are based on single transition samples,
which is not IID. The matrix ¥ quantifies the long-term structure of this randomness. The parameter
p quantifies the quality of exploration. Recall that @, P, and S are the stationary distribution, state-
space, and transition kernel of the Markov chain M. We define X : S — RISIXMI (o be the solution
of the Poisson’s equation: F(Q*,i) — E[F(Q*,4)] = X (i) —E[X(Y)|[Yo =14 ¥V i € S.

The stepsize in the Q-learning update chosen in this work is o, = a(k + b)~? for two rea-
sons. First, convergence of stochastic approximation with averaging schemes relies on several key
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conditions [21, 27]: (i) 0 < sup, o < 1, oy | Oand kay, T o00; (ii) % = o(ag_1); (iii)

\/—% Zszo ap — 0; (iv) %OKQ’“ < C. Constant stepsizes violate conditions (i) and (iii), while
linear stepsizes violate condition (ii). By contrast, polynomial stepsizes satisfy all of the above.
Second, the problem-dependent constants o and b are crucial for establishing a finite-sample con-
vergence guarantee [10], which we leverage in our analysis. The parameter « acts as a scaling factor
for balancing the trade-off between the speed of convergence and the final error of the algorithm.
The parameter b is used to control the magnitude of the initial stepsizes and ensure the stability of
the algorithm during the early stages. Setting 5 = 2/3, the rate of convergence can be simplified as
follows.

Corollary 5 Under Assumption 1, 2, and with oy, = a(k + b)_%, K > (p(1 —~))"'2, we have

K 1
L g 4T S SIAD?
W (K ;;:1: Ay, (A712A7T) N(o,z)) <0 <Kép2(1 _ﬁy)3> .

3.2. Functional Central Limit Theorem

The FCLT is an important extension to the conventional CLT. Donsker’s FCLT [12] states that the
normalized partial sum process of i.i.d. random variables converges weakly to a Brownian motion
in the Skorokhod space. In this section, we establish an FCLT for asynchronous Q-learning iterates,
showing that the partial-sum process converges in distribution to a rescaled Brownian motion. Let
D0, 1] denote the Skorokhod space. For ¢ € [0, 1], we define the standardized partial sum processes
associated with {Qp }r>1 as

1 [¢K] 1 [¢K]
Pk (C) = NI kz Ap = NG kZ(Qk - Q).
=1

=1

Theorem 6 Under the setting of Theorem 4, the partial sum process ® () converges weakly to
(A='SA=T)Y2B(.) on D|0, 1), where B(-) is the standard Brownian motion on [0, 1.

We can see that the conventional CLT is a special case of the FCLT when ( = 1. As the FCLT
provides a basis for the asymptotic normality of certain functionals of stochastic processes, it is
important for uncertainty quantification and statistical inference in Q-learning. Previous works
have established the FCLT for synchronous Q-learning [21, 26, 40]. A recent work [43] established
a FCLT for asynchronous Q-learning with a constant step size. In contrast, our result concerns
diminishing step-sizes.

4. Conclusion

We present a non-asymptotic central limit theorem for asynchronous averaged Q-learning, showing
that the averaged iterate converges to a normal distribution in the Wasserstein distance at a rate of
0 ((|S | |A|)%K 5 p2(1 — 7)_3) . We also derive a functional CLT, showing weak convergence of
the partial-sum process to a Brownian motion. Compared with linear stochastic approximation and
TD learning, the analysis of Q-learning poses additional challenges due to its nonlinearity, the non-
smoothness of its operator, and the non-stationarity of the process. Asynchronous updates further
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complicate the problem by introducing Markovian noise. This work identifies and addresses all
of these challenges to provide the first non-asymptotic CLT for Q-learning. An important future
direction is to strengthen the convergence rate and to extend the results to other metrics beyond the
1-Wasserstein distance.
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Appendix A. Proof of Theorem 4

We begin by establishing the following lemma.

A.1. Proof of Lemma 7
Lemma 7 Denote A, = Qp — Q*. Forall k € [K], if a, < 1, then Ay, is bounded as follows:

Ay < A <A

where Aé =/Ag = Ag and the upper and lower bounds evolve according to

A}, = (I —apD + ayyDP™ )AL + apyD(P™ — P™ ) Ay + ag(Fy, — Fy),
and

Af, = (I —apD + ayyDP™ A} + ap(Fy, — Fy).

Proof We first show that

Aji1 = (I — axD + axyDP™ )Ag + axyD(P™ — P™ )Qy + ax(Fy, — F}). A3)
By the asynchronous Q-learning update rule, we have

Qi1 = Q + a(Fr — Q)
= Qk + ap(Fr — Qi) + ap(Fy — Fy)
= Qr + (DT (Qr) + (I — D)Qr — Q1) + o (Fi, — Fy)
= Qr + (DT (Qr) — DQ4) + ap(Fy — Fy)
= Qr + o D(T(Qr) — Qk) + ar(Fy — Fy).

Subtracting Q* from both sides yields
Qr1— Q" = Qk + ax D(T(Qr) — Qr) + ak(Fi — Fr) — Q”

= (I — arpD)Qx + DT (Qx) + ap(Fr, — Fx) — Q"
— (T — axD)(Qp — Q) + axD(T(Qx) — Q%) + an(Fi — F).

Therefore, using the definition of Ay, we obtain
Api1 = (I —apD)Ag + ap D(T(Qr) — Q%) + ap(Fy — Fy). 4)

Let Vi.(s) := max, Qx(s,a) = Qu(s,m(s)) and define P™ € RISIAXISIAl guch that PTQ =
P(7@Q), we observe

OékD(T(Qk) — Q*) = akD((r + ’yPVk) — (T + "}/PV*))
= apyD(PV}, — PV™)
— @ D(P™Q — P Q")
= apyD(P™ Qi — P™ Qp + P™ Qr — P™ Q)
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= apyD(P™ — P™)Qy 4+ apyDP™ (Qr — Q).

Thus, eq. (3) holds by substituting the above expression into eq. (4).

Next, we prove At < A < Az by induction. The base case k = 0 holds by initialization.
Suppose the statement holds at k. We observe that, since oy, and the entries in matrices D and
P™" are all bounded between 0 and 1, the entries in matrix I — o, D + oz;ﬂDP”* are nonnegative.

Consequently,

(I — axD + apyDP™ A} < (I — D + ayyDP™ )Ay, < (I — axD + apyDP™ )AL

‘We now have

1
Ay =

(I — axD + apyDP™ A} + ay(Fy — Fy)

< (I — oD + agyDP™ ) Ag + o (Fy — F)

< (I — axD 4 apyDP™ Ay, + apyD(P™

== Ak+17

— P")Qk + ax(Fy, — Fy)

where the last inequality holds because (P™ — P™ )Qy > 0, as 7y, is greedy w.r.t. Q. We remark
that 7, is the greedy policy w.r.t. () over all states, as implied by the definition of the Bellman

optimality operator 7. Next, we have

AkJrl = (I —apD + Oék’)/DP
< (I —apD+ apyDP™
= —arD + Oék;’)/DP7r

*

1
- AkJrl’

- P

N

- P

*

"NQk + o (Fy — Fy,)
Qk + an(Fy, — Fy)

P

™ A+ Oék(Fk — Fk)

)
)

W*)Ak —+ Ozk’yD(PWk —
)

PW*)Q* + Oék(Fk — Fk)

where the last inequality holds because (P™ — P™ )Q* < 0, as 7* is greedy w.r.t. Q*. Thus, the

statement holds at k£ 4 1, which completes the proof.

A.2. Proof of Theorem 4

Proof We first recall

1
AkJrl

(I — axD + apyDP™ )AL + ayyD(P™ — P7

VAL + ag(Fy, — F).

Denoting A = D — yDP™, Z), = yD(P™ — P™ )A, and Z, = F}, — F}, by recursion we have

k k
Al =T[0 - id)ng+>°
i=0 i=0 \j=i+1
Thus,
K K k-1 K k-1 k
STAL =T -ad)ro+>>

k
I 0 —a;4) | «u(Zi+ Z)).

-1
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K k-1 K-1 K k—1
= [[U-t)ro+> ai > | [ U-d) | (Zi+ Z).
k=1 1=0 =0 k=i+1 \Jj=i+1

Denote U = a; o1 .| <Hf;i1+1(l — ajA)). We further expand:

K
> Al (5)
k=1
K k-1 K-1
=> T[T - ad)ro+ > ¥ (2 + Z))
k=1 1=0 =0
K k-1 K-1 K-1
=Y [T - d)ro+ D> AN Zi+2)+ > (V- A2+ Z))
k=1 1=0 1=0 i=0
K k-1 K-1 K-1 K-1 K-1
=S T - aid)ne+ Y A7 Zi+ > A7 Z]+ Y (BF - ANz + Y (wF - A7z
k=1 1=0 =0 =0 =0 =0
Ter?nr (D) Term (2) Term (3) Ter?nr “4) Term (5)

(6)
Bounding Term (1). By applying Lemma 12 and using the bound ||Ap|lee < %, we have
_ B—2
| K5 Term (Do < O (K~ 2pT5 (11— )15
Bounding Term (2). We first expand the expression

A7 Z; = (DI —yP™))"'yD(P™ — P™)(Q; — Q).

Denoting p := (s’ar)réingp(s, a), we observe
[4 e = (DU = 7P™) Moo < ™
(1=7)p
and by Assumption 1 and Lemma 15,
12 < 1P™ = P)Q - @l = LIQ - Qe <0 (") @
p(1— )2
where ¢; is the mixing time. Thus,
] 1 tmaxL 51
H\ﬁZA g <7Z ( p>§\/F'O<(1—v)2p>.@;i
~ L
=9 <\/E(1 - 7)%) '
Decomposing Term (3). We now analyze the Markovian noise term
K-1 K—1
Y ATZI=N " ATNE - Z ATNF(Qi, ;) — B[F(Qi, V7))
i=0 i=0

11
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We decompose this term into two parts, where the first part has a bounded norm and the second part
is a bounded martingale difference sequence. To this end, we use the Poisson equation technique [8,
13, 14, 22] to transform the Markovian noise into a martingale difference sequence. By a standard
use of the technique [13], we know there exists a solution Xy, : S — RISl to the following
Poisson’s equation for all k € [K],

F(Qr, Yi) — E[F(Qk, Yi)] = Xi(yk) — E[Xk (Vi)Y = wil-
For i € S, the closed form of the solution X}(i) is given by
Xp(i) =D [T =P—=17" 17" (6,4)(F(Qk, 1) — Fr).
je8
Under Assumption 2, there exists a constant ¢y > 0 and x € (0, 1) such that

max 1P, ) = AC) Ty < cor”.

1€

We now state two important properties for Xj. The first is a boundedness property that || X[|oo <
O(m), which follows directly from the above results. Let T'(i) = >, s[l — P —

1/1"]7 (4, j). Now, we prove Lipschitzness. Note that

1Xk () = X (D)oo = | D1 = P = 13" (6, 4)(F(Qks ) — F(Qur7))l|oo

jes
< 1— (Qkal)_F(Qk/vz)”oo
2
< @k - Qullc (By Lemma 16)
We now decompose Term (3),
K—1 K—1
AN F(Qk, Vi) — E[F(Qy, Yr)]) = AN Xk (Ye) — E[Xk(Yis1)| i)
k=0 k=0
K—1
= AN X (Ye) = Xi1 (Y1) + Xir1 (Vi) — Xe (V1) + Xe(Yig1) — E[Xg(Yer1)[Ya])
—0
K—1
= AN (Xo(Y0) — Xx(Yi)) + Y A7 (Xps1 (Yig1) — Xi(Yir1))
k=0

Term (3a)

Term (3b)

K-1
+ ) AT X (Y1) — E[X5(YVeg1)[Y2])
k=0

Term (3¢)

For Term (3a), note that || A~ (X (Y0) — Xk (Yi))|loo < O(

m) by boundedness prop-
erty. By the Lipschitzness property, for Term (3b) we obtain

K-1

1
D Xk (Y1) = X6 (Yegn) o

A7t (Xga1(Y7 X (Y] <
Z altin) = Xuia)| < o 2

o0

12
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<2 KZH@ e 2 S (B Q)]
S (=T —r)p &= km‘<1—7><1—m>pk:0 e

SO((l— 2(1 - k) >I,:Z k+b)P ((1—71)(21(_15—@/’)'

We have analyzed the first two terms. We defer the analysis of Term (3c) to the end of the proof.
Bounding Term (4). By combining eq. (13) and eq. (8), we have

1 K 1
HK =0 (lpl - )ZZ 00
Ly ! (-1  (1=p—yag)H 1
: VK ;O (z’(p(l — 7))%@ i ip*(1—7)? p(l—7) ) p(1—~)2i

Bounding Term (5). Similarly to Term (3), we have

K-—1 K-—1
(U —ANZ, = (U — A7) (X5(Ye) — B[X5(Yigr) V)
k=0 k=0
K-1

k=0
K—1 K—1
= > (W = AT (X (Ye) = X1 (Vi) + Y (Xpos1 (V1) — Xi(Yir1))
k=0 k:O
Terr;lr(Sa) Term (5b)
K—1
+ ) (W = AT (X (Yerr) — E[Xk(Yer)|Va])
k=0
Term (5¢)
Now we analyze each term individually. For Term (5a),
K—-1
> (U = ATHXR(Y) — X1 (Viern)
k=0
K-1
= > [0 = AT)XR(Y) — (T — A7) X (Vi)
k=0
HW — AT X (Vi) — (U8 — A7 X0 (Vi)
K-1
= (¥ — AN Xo(Yo) = (PR = AN Xk (Yie) + D [(Weiy = ) Xpp1 (Yes1)] -
k=0

13
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By the boundedness of X}, eq. (13), and Lemma 14, we obtain

| Term (5a)|| <O< 1 + 1 §:1>
T A=) K

k=
go( ! . +K1_ﬂ>.
() K

By eq. (13) and the Lipschitzness property of X, we have

N
=y

|

—_

|
)

N
=y

s 1 (k=17  (1—p(—7)ag) 1) 1
|| Term (5b)|| 0 S;O (k;(p(l—fy))?_g + (1= )2 + e - F

-5 1 K18
- <<p<1—w>>?‘ﬁ +p<1—7>)'

Next, we bound H\/LF]E[Term (5c)]H . We first note that { My, Fi }re[k) is a martingale differ-

ence sequence where { M} }ic(x] ::?Xk(YkH) — E[Xk (Yiy1)[Yr]}we[x) and Fi is o-field gen-
erated by all randomness until iteration k. Thus, by the martingale difference property we have
E[Mj|Fr—1] = 0 and E[(M;, M;)] = E[(M;, E[M;|F;_1])] = 0 for i # j. This leads to

2

1
H\/T(E[Term (50)] N
K-1 2
H KEZ (U = AD)(Xk(Yi1) = E[X5(Yig1)[Ya))
k= oo
) OK 1
< S
k=0
b - 1 (i —1)P (1 - p(1 — 7)ag)K—itl 2
<K <z'<p<1 = 7 (R LA () )

(by eq. (13))

<1 0 ! :
S T K-y T KT
Thus,
1 - 1 1
H\/EE[Term (50)] LO <0 <K1/2(1 - 7))?%5 + K12B/2p2(1 — 7)3) :

Combining three terms, we have

1 1 1

1 ~
—_E[Term (5)]|| <O P +
H\/? [Term ( )]HOo < <K1/2(1 - E 2 t R Bl2p2(1 —~)3  KB-1/2p(1

14
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Putting Everything Together. At this stage, we have decomposed Z el A into six components
{(;SZ}Z 1, where ¢; corresponds to Term (i) for ¢ = 1,2,4,5 and Term (3) is further split into

3 = A~ (Xo(Yo)— Xk (Vi) and ¢ = 30,551 A~ (X (V1) —ELXe(Vi 1) |Vi]). Accordingly,
K 6
dYal=> ¢ = Zcm + Z AT (Xp(Yir) = E[Xk(Yirn)[Y2]) ©)
k=1 =1

where ¢g is a bounded martingale difference sequence. Note we have also established bounds
for {qﬁi}?:l. Therefore, to establish CLTs for the averaged (Q-learning iterates, we can apply any
suitable known martingale CLTs. To proceed, we choose the non-asymptotic martingale CLT given
in [34]. We prove in Lemma 9 that W ( AilEA*T)l/zN(O,I))) <0 (()W)
Note that

\/%¢67(

K
Wy <1ZAk, (A7'SA- )1/2/\/(0,[))

_ 1 - ) -1 —T\1/2
_hilﬁilE[h (K;Ak>—h((A SATHYIN(0,1))| .

K
h <\/1E > A£> — h((A7'SA=HY2N (0, I))]

h (\/[? 26: @-) — h((A7'SA~DY2N(0, 1))

5 6
- ZIE h (}Zm) —h f Z ¢ || +E [h (%)] — h((AT'SATY2N(0,1)).

Jj=i+1

%H

T
Ta b

By Lemma 9, we have T}, < O (((1 — 'y)p)_Q_BK_B/Q) . To bound T, by combining all bounds
analyzed above, merging alike terms, and ignoring constants, we have

5
1
<3 VETAE H%
=1

5
1
T, <) E|l—=di
Z-Z; HvK 2
S||A
. /BIA .

~ 1 1 1
: + :
~p(1—7)? (Kl/Q(p(l _y))ims KRRl =) Kﬁm)

Thus, we have shown that

K
Sy /v><mcp, — 7,18, 14)
k:

?

15
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where N := (A~'S A~ T)/2N/(0, I) and

_ VISIAL 5 1
R(K,p,l—’)/,|8‘,|./4|) T 0(1_7)2 O(Kl/Q(p(l—’y))lﬁ

1 1 1 )
+ + + .
K12-82p(1 —~) = KPB-1/2 = KB/2p148(1 — )P
Next, we show that a similar convergence also holds for At. By Lemma 7, we know
Af, = (I —apD + ayyDP™ A} + ay(Fy, — ).

By a similar decomposition as in eq. (6), we obtain

K k-1

Z A=Y "T]U - aiA A0+ZA1Z’+Z\I/K A
k=

k=1 1=0

which matches Term (1), Term (3), and Term (5) in eq. (6). Thus, following the same steps as
before,

K
1 -
Wi —=S AL N | = R(K,p,1—7,|S],|A]).
1<\/Ek§1k ) (K, p,1—7,|S|,|Al)

By Lemma 7, we have Ai <AL < A£ for all & € [K]. Therefore, we conclude that

K K K
1 ~ 1 - 1 .
Wil =D AN | < | =D ALN|+W —E:Ai,/\/
1( Kk:l ’ >_ 1( Kkzl : ) 1( K 1 : )

A.3. Martingale CLT

Theorem 8 (Restatement of Theorem 1in [34]) Ler {my}r>1 be a d-dimensional martingale

difference sequence with respect to a filtration { Fi; }i,>0. Assume (i) E[|[my||2] < oo and E[my|Fj_1] =

0 for all k > 1; (ii) ]E[||mk||§+5] exists almost surely for all k > 1 and some 3 € (0,1) and (iii)
Yoo = E[mkmﬂfk,l] exists and further assume that lim,,_,~ (X1 + - -+ + X,,)/n = Y almost
surely for some positive definite Y. It follows that

Z SN.D) ZO 125 fop BN = *ma 152 + 25 *mel5)
\f (n—k+1)1+8)/2

1
n—k+1

Tr(My(S5/2E[Sy)8 1/2—I>>>

where M, is a matrix with the property || My||op < O(vV/n — k + 1H2éé2|]0p).

16
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Lemma 9 Under Assumption 2,
W <1§:A_1(X L1(Ye) — E[X5m1 (V) [Yee1]) N) <0 (((1 — ) )—Q—ﬁK—ﬁ/Q)
1\/?11621 k—1{Yk k—1\1k) | Xk-1]) = v)p
where N' = AT'SATN(0, 1) and S := 5, 5 (i) P, 7)(X () — EIX (V1) [¥o = i))(X(§) -
E[X(Y1)|Yo =1i])".
Proof We first define X : S — RISIXI4l to be the solution of the following Poisson’s equation,
F(Q*,i) — E[F(Q*,i)] = X (i) — E[X(Y1)|Yy =] forall i € S.

Denote p;(i) := P(Y; = i). We further define the covariance matrix of the martingale noise charac-
terized via the solution of Poisson’s equation and its asymptotic matrix by

Sk= > pi(k)P(i,j)(Xx(j) — B[Xk(Y1)|Yo = i]) (X (j) — E[Xx(Y1)|Yo = i])
i.j€S
and
Si= Y (@) P(i,§)(X(§) - BX(V1)|Yo = i) (X (j) — E[X(Y1)[Yo =) "
i,jes

Now we can substitute n = K, my = A~ (Xp_1 (Vi) — E[Xk_1(Yi)|Y1]), Sk = A1 AT,
and Yoo = A"'S AT into Theorem 8. Note that under Assumption 2, the three conditions in
Theorem 8 are satisfied. The rest of the proof follows from the proof of Theorem 2 in [34], with
necessary modifications to accommodate our setting. To conclude, with the substitutions, we have

1/2 —1/2 2 —1/2
an/ lopE [HE P52 + (1250 2 |5]

(n—k+1)0FA)/2 < 0 (nO772/((1 = 9)p)*)

and

n

Y DS PRIS 1) <0 (1/(1 )
k=1

which completes the proof.

Appendix B. Proof of Theorem 6

Polish space is a separable and complete function space. It is a crucial structure for applying con-
vergence in distribution results such as FCLT. Recall that we denote D[0, 1] as the Skorokhod space.
Equipped with the Skorokhod J; topology with a particular metric [28], D|0, 1] is a Polish space.
We use — to denote weak convergence for some sequence of random elements. To prove the theo-
rem, we need the following result.

17
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Proposition 10 For two random sequences { Xt }+>0,{Y: }+>0 C DI0, 1] satisfying E|
0and X1 < X, we have X1 + Y — X.
Now we prove Theorem 6.
Proof For ¢ € [0, 1], by a similar decomposition as in eq. (9), we have
[¢K ] 18
3! = — AT = — ;
T 1 Al )
= — ; — AT (X1 (Yi) — E[Xk—1(Y)|Yi—1])-
\/E;MO VE 2 (X—1(Ye) = E[Xp—1 (Vi) [Yi-1])

From the proof of Theorem 4, we know sup,¢/g 1 H \F@ C)H o(1) fori € {1,2,3,4,5}. Let

X and ¥ as defined in the proof of Lemma 9. The following lemma which establishes the FCLT
for \/F(ZDG (¢), is a direct consequence of Theorem 4.2 in [15].

Lemma 11 Forany ¢ € [0, 1],

[CK]
= > A7 (X (V) BN (1) ¥t ]) S (47247 V2B(Q)
k=1

where B is the standard Brownian motion and ¥ := ), ;& ()P, j)(X(j) — BE[X(Y1)|Yy =
iNXG) —EX M) =)'
Thus, we have \/%gbg(-) 5 (A~12 A~ T)1/2B(.). Besides, we observe that

B0 - —an(0)| < S sup

sup
VK o i cep]

¢elo,1]

\%@(C)Hm —o(),

which implies @}(() 5 (A~12A-T)1/2B(.) by Proposition 10. The FCLT for o+ ()= % ZL K] Ai
can be established in the same way. Therefore, by the sandwich inequality, we have

sup () — (47 2A7T) 2B (C)|

¢elo,1] 00
< sup [[0}(¢) — (ATIAT)BO)|+ swp [@h(¢) — (A7 ATT)2BQ)| = o(),
¢efo,1] o ¢efo,1] 00

which implies that ® ¢ (-) = (A~'X A~ T)1/2B(-). This completes the proof.

18
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Appendix C. Supporting Lemmas

In this section we present several supporting lemmas. Lemma 12 and 14 analyze Term (1) and \IllK
appeared in the proof of Theorem 4. Next, by leveraging the results in [10], Lemma 15 gives a
non-asymptotic convergence rate for Ay, = @ — Q* under asynchronous updates. Lastly, Lemma
16 provides a Lipschitz property for the operator F'(-, -) defined in eq. (2).

Lemma 12 Let o; = ﬁ for some problem-dependent constants a,b > 0 and § € (0, 1). Then
the following bounds hold:

Yo - A7 <6 <(p(1 - /)2(1—v)2> '

Proof The analysis of polynomial step sizes has been well studied in prior work (see, e.g., [21, 27,
34]). However, due to a slightly modified choice of the step-size and the different update rule in
the asynchronous setting, we provide a complete proof for the sake of completeness. Recall that

ai=a(i+b)Pandp:= min p(s,a). We now have
(s,a)eSxA
K k—1 K k—1
> IIu-ad)) =3 J[U-a(D-yDP™)
k=1 i=0 oo lk=1i=0 0
K k—1
< SOTL - ain(1 =)
k=1 i=0
K k—1
()
k=1 i=0 (i +0)7
K k—1
SZexp<—ap1— Zl—!—b ) (1 -2 <exp(—z))

k=1 =0

For 5 € (0, 1), we have Zf;ol(z +b)78 > fok_l(az +b)Pde = (k=140 740170

11—« ’
K k-1 K
(k—14+0b)'F 4 p1-F
_ < _ _
ZH(I o _Zexp( ap(l—+) o
k=1 i=0 oo k=1
oo -1 1-8 1-3
< [Tew (apr - B DY
1 l1—«
by the change of variable u = —ap(1 — 7)%
i
1 (A =PBu g\
< b —u)d
~ap(l—7) /o <ap(1 " Pl —u)du

19
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B B
max{21-7, 1} [ (1—=P3)u \7~
<) ((J : bﬁ) e

5 s
Since [;° exp(—u)du = 1and [;° uT=7 exp(—u)du = I'(115) < Y2ZS(115) 17,

max{2%,1} 1 =7 2me | 4
OOS ap(l—7) ((ap(l—’y)> 1—6+b>

st )
(ap(l—=~))=7 (1= B)

Next, we prove the second part. Recall UF = a; S0, (H’?:-l (I-— ajA)). Since A~ =

Jj=1+1
a; ' (I — (I — ;@)), we have

k—1

1:[ (I - CVZA)

k=1 1i=0

o=

oK Al =(wka-—1nat

K t—1 t—1
=Y [ II T—4) - J]U - 4
t=i+1 \j=i+1 j=i
K t—1 t—2 K
=) I G- -0 -y | A7) = | []T —;4) ) A7
t=i+1 j=i+1 j=i J=t
K t—2 K
=Y (ai—a) [ T-ed)— | [JT —a;4) ) A7". (10)
t=i+1 j=i+1 j=i
T T

For T, since A = D — yDP™ and 1 — 2 < exp(—x), we have

K t—2
ITillo = || D (i —ar) T (T—e54)
t=i+1 j=i+1 -
K t—2
< Z la; — aylexp | — Z p(1—7)a;
t=14+1 j=i+1
K t-1 t—2
3 Sl —alen (= 3 olt-a,
t=i+1 k=i j—it1
_ B
Note that *- 5L =1 — (1 — kﬁ%) <1- exp(—ﬁ) <8
K t-1 By t—2
HTlHoo < Z ZT Z p(l —’}/)Ozj

20
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K t-1 t—2

0 —Y)agexp | — —as
Sm—wg%;”“ ) exp j;lﬂ(l 7)ay
1 (-1
SOQ@u~mi§+WG—wJ' (an

For T, we obtain

K K
ITolloo = || [ [T = 54) | A7 < 1A I [T = 5 All
j=i

o J=t

[T (=P =7ay) _ (1= p(1—)ag) 1

< (12)
p(1—7) p(1=7)
Combining eqgs. (10) to (12), we have
1 i —1)° 1—p(1— K—itl
\Wf—AH@—O( 2+_81)2+( p(1””” >. (13)
i(p(1 —~))izs (L =7) p(1—7)
Therefore,
K
_ ~ 1 K?
me—Alumg()( =5+ )2)-
i=1 (p(L—7y)=s T
|

Lemma 13 Let a; = ﬁfor some problem-dependent constants a,b > 0 and 5 € (0,1). It
follows that

S < -0 1 (i — 1)7
N e =yarexp [ = > pl—7)e; | < ( 1+p(1_7))-

t=it1 k=i j=it+1 (p(1 —~))T=7
Proof Since
o pa(l —7) —
dopl—Mar < =—=——=(t -7 = (D) < Y p(l=yax, (14
/ - -
k=1 k=i—1
we have
K -1 t—2
SN el —arexp [ = > p(1—7)ey
t=it1 k=i j=it1
K -1 t—2
= > > p—Yagexp | = Y p(l—7)a; | exp(p(l —7)(ai + ;1))
t=it1 k=i i1
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t—2
P = 7)ar exp ( > ol V)O‘J’)

t=i+1 k=i j=i—1
K
<e Y wexp(-u) (et u = 22023 (1 — 1)17 — (i — 1)1-7) and by eq. (14))
t=i+1
; 1 1 /B %
_ - s
Se/o uexp (~u) pa(l—7) </)04(1—'7)u+(Z ! ) “
B 8
emax{21-8 2} [ _ 1-5 i ©_1\8
S Tation) Y ((pau—w“) ce )‘”

<2 () e (v ) )

1 (i—1)8
=0 ((p(l—v))ll" T _7)> '

|
Lemma 14 Let VK = o, Zfikﬂ (Hj;}ﬁ_l(l - ajA)>. Fork > (p(1 —~))~/P0=8) we have

1
i~ <0 (55)

Proof First, we have

K i-1 K [i-1
\IJI,€K_~_1 — \Ili( = k1 Z ( H (I — ajA)) — akz (H(I — ajA))
i=k

i=k+1 \j=k+1 j=k

K i—1
= (a1 —ax) Y ( IT ¢~ ajA))

i=k+1 \j=k+1
K i—1 K i—1
tor [ Y| T U=y | =D T[T~ ;4)
i=k+1 \j=k+1 i=k \j=k

For the first term above, by a similar analysis as in the proof of Lemma 12 we have

K i—1 1 1 1
(apr1 — ag) Z H (I —ajA) < (k;ﬁ_(k-l-1)ﬁ>0<(ml>

i=k+1 \j=k+1 L—9)™

= <k1+ﬁ<p<11— v))llﬁ) = <’1f>
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for k > (p(1 — ~))~/P1=8)_ For the second term, we observe

K i—1 K 1—1 K 1—1 i—1
ST -0 | =D ([J0-ad) | =1+> | T] -4 - ][] -4
i=k+1 \j=k+1 i=k \j=k i=k \j=k+1 j=k
K i—1
:I+Z apA H (I —ajA)
—k j=k+1

fork > (p(1 —~ —1/B(1-P), Thus, the second term is of order ag. Putting them together,
g

1
i -l <0 (55)-
|

The following lemmas provide finite-sample convergence guarantees of asynchronous Q-learning
and Lipschitzness of the operator F'(-, s) [10].

Lemma 15 (Theorem B.1in [10]) Let o; = ﬁ for some problem-dependent constants o, b >
0 and B € (0,1). For the Q-learning updates in eq. (1), under Assumption 2, we have E||Qj —

Q| <O <1 /W), where t;; = O(log(1/t)) denotes the mixing time.

Lemma 16 (Proposition 3.1 in [10]) For the operator F(-,-) defined in eq. (2), under Assumption
2, we have |[F(Q1,5) — F(Q2,9)||co < 2||Q1 — Q2|co forany s € S.
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