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Abstract

Best Arm Identification (BAI) algorithms are deployed in data-sensitive applica-
tions, such as adaptive clinical trials or user studies. Driven by the privacy concerns
of these applications, we study the problem of fixed-confidence BAI under global
Differential Privacy (DP) for Bernoulli distributions. While numerous asymptot-
ically optimal BAI algorithms exist in the non-private setting, a significant gap
remains between the best lower and upper bounds in the global DP setting. This
work reduces this gap to a small multiplicative constant, for any privacy budget e.
First, we provide a tighter lower bound on the expected sample complexity of any
d-correct and e-global DP strategy. Our lower bound replaces the Kullback—Leibler
(KL) divergence in the transportation cost used by the non-private characteristic
time with a new information-theoretic quantity that optimally trades off between
the KL divergence and the Total Variation distance scaled by €. Second, we intro-
duce a stopping rule based on these transportation costs and a private estimator
of the means computed using an arm-dependent geometric batching. En route to
proving the correctness of our stopping rule, we derive concentration results of
independent interest for the Laplace distribution and for the sum of Bernoulli and
Laplace distributions. Third, we propose a Top Two sampling rule based on these
transportation costs. For any budget ¢, we show an asymptotic upper bound on
its expected sample complexity that matches our lower bound to a multiplicative
constant smaller than 8. Our algorithm outperforms existing J-correct and e-global
DP BAI algorithms for different values of e.

1 Introduction

The stochastic Multi-Armed Bandit (MAB) is an interactive sequential decision-making model [[18}
59|, introduced by William R. Thompson [81]. Thompson’s motivation for studying MABs is to
design clinical trials that adapt treatment allocations on the fly as the medicines appear more or less
effective. Specifically, in MABs, a learner interacts with K € N unknown probability distributions,
referred to as arms. In clinical trials, the arms are the candidate medicines, while the observations
are patient reactions, 1 if the patient is cured and 0 otherwise. The learner aims to identify the arm
with the highest average efficiency, i.e., the medicine that cures most patients in expectation. Given
a fixed error 6 € (0, 1), Best Arm Identification (BAI) [3, 47] algorithms in the fixed confidence
setting [34, 136, 38]] suggest a candidate answer that coincides with the optimal arm with probability
more than 1 — §, while using as few samples as possible.

BALI algorithms have been increasingly deployed in data-sensitive applications, such as adaptive
clinical trials [81} 72| 8], pandemic mitigation [62], user studies [64], crowdsourcing [90]], online
advertisement [22]], hyperparameter tuning [61], and communication networks [63]], to name a few.
Due to the adaptive nature of these procedures, critical data privacy concerns are raised [83]], as
exemplified by the adaptive dose finding trial. For each new patient n, a physician chooses a dose
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level a,, € [K] := {1,---, K} based on previous observations, and collects a binary observation
measuring the effect of the selected dose on the patient. Crucially, the patients’ reactions might reveal
information regarding their health. Subsequently, these outcomes will guide the physician’s decision
for future patients. Eventually, the physician adaptively decides to stop the trial and recommends a
dose @, after collecting 75 samples, referred to as sample complexity. Even if those outcomes are
kept secret, the experimental findings and protocol are detailed thoroughly to the health authorities.
This report contains the sequence of chosen dose levels (ay, )n <, and the recommended dose level
4, both indirectly leaking information regarding the patients involved in the trial. This example
underscores the need for privacy-preserving fixed-confidence BAI algorithms.

We adopt the Differential Privacy (DP) framework [30], which bounds the influence of any single data
point. Given a privacy budget €, we consider the e-global DP constraint that assumes the existence
of a trusted curator (e.g., the physician running the clinical trial), who observes the outcomes
and ensures privacy when publishing these findings. While e-global DP is well-studied in regret
minimization [68} (9, [13]], its impact on fixed-confidence BAI is less understood [[74}54]. A significant
gap remains between the existing lower and upper bounds [11|12]. This paper reduces this gap to a
small constant for any privacy budget e. Appendix contains a detailed literature review.

Contributions. Our contributions for fixed-confidence BAI under e-global DP are threefold.

1. Lower bound under global DP. We derive a novel information-theoretic lower bound on the
expected sample complexity of any d-correct and e-global DP BAI algorithms (Theorem[2)). Our lower
bound replaces the Kullback-Leibler (KL) divergence in the transportation cost of the non-private
characteristic time with an information-theoretic quantity d. (Eq. (2)) that smoothly interpolates
between the KL divergence and the Total Variation (TV) distance scaled by e.

2. Private estimator and GLR stopping rule. We introduce a private estimator using arm-dependent
geometric batching without forgetting and a GLR stopping rule based on the d. refined transportation
costs. Its correctness (Theorem [5)) required novel tails concentration results for Laplace distributions
and the sum of Bernoulli and Laplace distributions, which could be of independent interest.

3. Asymptotically optimal algorithm. We propose a new Top Two sampling rule (DP-TT} Al-
gorithm [T)) based on the d.-transportation costs suggested by our lower bound. We show that the

asymptotic expected sample complexity of [DP-TT|matches our lower bound for any privacy budget e
up to a constant smaller than 8 (Theorem [6)). [DP-TT|outperforms all the other J-correct e-global DP

BAI algorithms on all tested instances and all e.

2 Background: Best Arm Identification under Differential Privacy

In this section, we present the Best Arm Identification (BAI) under fixed confidence problem [38]],
introduce the Differential Privacy (DP) [31] constraint, and finally extend DP to BAI algorithms.

BAI under Fixed Confidence. A Bernoulli bandit instance v := (v4)qe[x] € F K is characterized
by its means p = (ta)ee(x] € (0,1)%. The best (optimal) arm a* is assumed to be unique,
ie, a*(v) = a*(p) = argmax,cx) pa = {a*}. Let § € (0,1) be the risk parameter. A
fixed confidence BAI algorithm 7 specifies three rules that rely on previously observed samples
and some exogenous randomness. The sampling rule determines the next arm to pull a,, € [K]
for which X,, ,, ~ g, is observed. The recommendation rule recommends a candidate arm
a € [K]. The stopping rule decides when to stop collecting additional samples and output the
current candidate arm. The stopping time 7 s is the sample complexity. Let P, and E,, . denote the
probability and expectation taken over the randomness of the observations from v and the algorithm
7 (e.g., due to its privacy mechanism). A fixed-confidence BAI algorithm 7 is §-correct when
Pur(Tes < +00, @ ¢ a*(v)) <4 forallv € FK.

Differential Privacy (DP). An algorithm satisfies the Differential Privacy constraint if the algorithm’s
outputs are “essentially” equally likely to occur, for any two input datasets that only differ in one
individual’s data. An adversary only observing the mechanism’s output cannot distinguish whether any
individual’s data was included. A privacy budget e captures the closeness of the output distributions.
Smaller ¢ means stronger privacy.

Definition 1 (¢-DP [31]]). A mechanism M satisfies e-DP for a given € > 0, if, for all neighboring
datasets D ~ D', where D ~ D' if and only if dpan(D,D’) := 23:1 1{D:# D;} <1, ie, D



and D' differ by at most one record, and for all sets of output O C Range(M), PriM(D) € O] <
e Pr[M (D) € O] where the probability space is over the coin flips of the mechanism M.

To ensure e-DP, the Laplace mechanism [32,[30] adds calibrated Laplacian noise to the algorithm’s
output. Let Lap(b) be the Laplace distribution with mean/variance (0, 26?).

Theorem 1 (Laplace mechanism, Theorem 3.6 [30]). Let f : X — R? be an algorithm with

sensitivity s(f) 2 o t(lirnach I~ £ (D) — f(D")l,, where ||-||, is the {1 norm. Let (Z;);c[q) be
s 8.0 Alam (&, =

iid. from Lap(s(f)/e), then the noisy output f(D) + (Z;);c[q) satisfies e-DP.

DP for BAI. In BAI algorithms, the private input is the observation dataset and the output is the
recommended candidate arm @ and the sequence of sampled actions (ay, )<+, ; until stopping at 7 5.
Let R = {r1,... } be a sequence of private observations. Given a fixed sequence of observations R,
we denote by Pr[n(R) = (T + 1,4, (a1, ..., ar))] the probability that the BAI algorithm 7 stops at
step T'+ 1, recommending action @ and sampling actions (ay, ..., ar) when interacting with R. The
randomisation in this probability comes only from the BAI algorithm’s sampling, recommendation
and stopping rules, whereas the observations are fixed. Then, a BAI algorithm 7 is said to be e-global
DP if, for every two neighboring sequences of observations R and R’, and for every possible stopping
time, recommendation and sampled actions (T + 1, a, (a1, ..., ar)), we have that

Pr[r(R) = (T + 1,a,(ai,...,ar))] < e Prlx(R') = (T + 1,a, (ay,...,ar))] .
Main Goal: Design e-global DP §-correct BAI algorithms, with the smallest sample complexity 7 5.

Notation. Let [z]} := max{0, min{1, x}} be the clipping operator to [0, 1]. Let 1 (-) be the indicator
function. For two probability distributions > and Q on the measurable space (£, G), the Total Variation
(TV) distance is TV (P || Q) := sup 4 {P(A) — Q(A)} and the Kullback-Leibler (KL) divergence

iSKL(P || Q) := [ log (é%(w)) dP(w), when P < Q, and +o0 otherwise. The KL divergence and

TV distance between two Bernoulli distributions with means (p, ¢) € (0, 1)? are the relative entropy

denoted by kl, i.e., KL (Ber(p) || Ber(q)) = kl(p, q) := plog(p/q) + (1 = p) log((1 —p)/(1 —q)),
and the absolute mean difference, i.e., TV (Ber(p) || Ber(q)) = |p — ¢q|- Let Ag := {w € R* |

w > 0, ZQG[K] w, = 1} be the probability simplex of dimension K — 1. For all a € [K], let
Nn,a =2 41 1 (ar = a) be the global pulling count of arm a before time n.

3 Lower Bound on the Expected Sample Complexity

In order to be d-correct, an algorithm has to be able to distinguish v from alternative instances with
different best arms, i.e., an instance & € Alt(v) := {k € FX | a*(k) # a*(v)}. On the other
hand, being e-global DP forces an algorithm to have similar behaviour on similar instances. The
tension between these two requirements yields the following problem-dependent lower bound on the
expected sample complexity E, [ 5] for any algorithm 7 on any instance v.

Theorem 2. Let (¢,6) € R%. x (0,1). For any algorithm T that is §-correct and e-global DP on FX,
Euﬂ[Te,zs] Z T:(U) log(l/(gd))

forall v € F¥ with unique best arm. The inverse of the characteristic time T* () is defined as

K
T*(v)"':= su inf Wade (Va, Ka) e
( ) wGApK REAlt(V); ( )
de (Va, Ka) = (pinefjT {KL (¢4 || ka) + €TV (Vg || ¥a)} - )

Comments. (a) The characteristic time in the lower bound is the value of a two-player zero-sum
game between a MIN player, who plays instances « close of v is order to confuse the MAX player,
who in order plays an arm allocation w € A to distinguish between v and k.

(b) The crucial part in characteristic times similar to Eq. (1)) is finding the “right” measure capturing
the “distinguishability” between instances. In the non-private lower bounds, this is captured by the
KL divergence for parametric distributions [38] and by the Kinf (i.e., inf KL under mean constraint)



for non-parametric distributions [2]. In the DP lower bounds of Azize et al. [11], it is captured by
min{KL,eTV}. In Theorem it is captured by d. (as in Eq. (2)) that smoothly interpolates between
KL and TV. Azize et al. [[13] recently introduced d. for e-global DP regret minimization. Our results
show that d. also tightly captures the hardness of fixed-confidence BAI under e-global DP. Namely,
our [DP-TT]algorithm achieves a matching upper bound when 6 — 0 (up to a constant smaller than
8), for all instances with distinct means and all values of ¢.

(c) Azize et al. [l11, Theorem 2] provides a lower bound on the sample com-
plexity of any e-global J-correct algorithm, where the inverse characteristic time is
SUPen . I0featsw) min{Zf:1 wo KL (v || Ka) , 6€ Zle wa TV (g || Ka)}- The lower bound
of Theorem@]is strictly tighter than that of Theorem 2 in [[11]], for all instances v and values of e.
The reason is that d (P, Q) < min{KL(P, Q), eTV(P,Q)} for any two distributions.

(d) The lower bound of Theorem [2] suggests the existence of two privacy regimes, depending on
the value of € and the instance v. Specifically, when ¢ is big, d. reduces to the KL, and we retrieve
the classic non-private lower bound. On the other hand, as € — 0, d. reduces to € TV, and the char-

—1
acteristic time reduces to 1Tf (v) = 2 (supweAK infccare) Zle we TV (v, || na)}) =

% 22:1 Ai, where A, = p* — pi, for a # a* and Ayx = ming£e« A, . This improves the high
privacy regime lower bound of prior work by a factor 6. Also, the value of e at which the privacy
regimes change can be tightly specified, which we quantify for Bernoulli instances in the following.

Proof Sketch and Techniques. The proof uses the standard reduction to hypothesis testing [38]],
using the data-processing inequality. The asymptotic techniques used by [13] for regret cannot be
adapted for our non-asymptotic lower bound. Thus, new techniques are needed. The main technical
novelty of the proof is a tighter quantification of the “similar” behaviour of a DP mechanism when
applied to stochastic datasets. Specifically, let M be an e-DP mechanism. Given two data-generating
distributions IP and Q, letting Mlp 54 (resp. Mg, r¢) be the marginal over outputs of the mechanism
when the input dataset is generated through P (resp. Q), then we show that

KL (M]P’,M || MQ,M) S I{ﬁf {E(Iijnf {ED,D/NCP,L [dHam(Da D/)}} + KL (L || @)} s
P,L

where the first infimum is over all distributions I on the input space, and the second infimum is
an optimal transport problem over all couplings between PP and L, where the cost is the Hamming
distance (introduced in Definition [I)). This bound of general interest could be applied to get tighter
lower bounds in any DP application using stochastic inputs. For product and bandit distributions, we
solve the optimal transport using maximal couplings, where the Total Variation naturally appears,
while keeping the first infimum unchanged, giving rise to the d. quantity. Finally, plugging the new
upper bound on the KL in the hypothesis reduction concludes the sample complexity lower bound
proof. A detailed proof and discussion of all these claims is given in Appendix

Properties of the Characteristic Time and Optimal Allocation. The set w’ (v) of optimal alloca-
tions is the maximizer of the outer supremum on A that defines 7*(v) ! in Eq. (I). Theorem 3]
gathers key properties satisfied by 77" (v) and w (v), for Bernoulli distributions. See lemmas proven

in Appendix |G| i.e., Lemmas and [46]
Theorem 3. For all x € [0,1], let us define g (x) := ﬁ and gt (z) :=1—-g- (1 —2) =
(97) " Y(x). Forall (\, i) € R x [0, 1], the signed divergences are defined as

AEOum) =1 (n > ) _int {1a(z.p) + <z - D))

€[\
0 if e [0, [Ng]
= —log(1—p(l—e)) =€ ifpe (97 (M), 1] 7
K1 (A, 1) if X € (0,1) and pu € ([N§, 9 ([\]B)]
AZOn) = (e < D) _inf (K0 +e(Bf =2} =dF1=A1=p). )

For (p,w) € R x RE, the transportation cost of the pair of arms (a,b) € [K)? is defined as

We,a,b(ﬂvw) =1 ([Na](l) > [F‘b](l)) %f‘l] {wad;(,ua,u) + wbd?(ﬂbvu)} . 4

i
u€l



Let v € FX having means i € (0,1)% with unique best arm a*. Then, we have

T*(v)™' = max min W, s o(,w) and TF(v) > Z K] AL 5)

€ €
wEAK aFa* )

where A¢ qx = mingzar d; (far, fa) and D¢ o = df (fia, 1o+ for all a # a*. The optimal
allocation is unique, has dense support and ensures the equality of the transportation costs with
T*(v)™! (i.e., information balance equation), namely w}(v) = {w}}, mingex)w?, > 0 and
We.ax.a(p,w?) =T*v)"! forall a # a*.

We use the notation d to refer to both (d,d}) as in Eq. (3). Using signed divergences d*
instead of d. as in Eq. (2) is a convention borrowed from non-parametric fixed-confidence BAI (i.e.,
’Cif [50]) that explicits the ordering between the mean parameters. Given (x,v) € F? with means
(A, 1) € (0,1)2, we have d.(x,v) = dF(\, ) when g > X, and d.(k,v) = d (A, 1) otherwise
(Lemma. The signed divergences aFEE and the transportation costs (We 4.5)(a,5)c[K]2 Satisfy all

the desired properties required to study BEAI algorithms based on the empirical version of W , ; (see

Lemmas [22] 23] [24) and [23] as well as Lemmas [34] [35] B6]and [37)), e.g., symmetry, explicit formula,
monotonicity, strict convexity, etc. In Garivier and Kaufmann [38]], the characteristic time and its
optimal allocation can be computed with a simpler optimisation problem. A simpler optimization
problem can also be solved to compute T (1) and w (v) explicitly (Lemma[46).

Allocation Dependent Low Privacy Regime. Let (p, w,a,b) € (0,1)% x RX x [K]? such that
o > tp and min{w,, wp} > 0. The non-private Bernoulli transportation costs [38] are defined as

Wq a + Wy My

Wap(p,w) := wakl(pta, prg KI(pep, oy ith u?, =
b w) = wakl(pa, pig ) + wekl(p, g ) with  pg’y I

We provide an allocation-dependent low-privacy condition that depends on (e, i, w) (Lemma ,
ie., We ap(pt,w) = We p(p, w) is implied by

fa — pip < (1 — e~ )min { (1 +wa/wp) page (1 = pa), (1 +wp/wa) (1 = puw)ge ()} - (6)

Plugging w* from Theorem [3|in Eq. (6) would give an implicit condition on (e, ;1) under which
the non-private characteristic time 7*(v) for Bernoulli distributions is recovered, i.e., T*(v) =
T*(v). A weaker (yet explicit) allocation-independent sufficient condition for T (v) = T*(v) is

Pa(1—pp) ) .

€ > MaXg£q+ €qr,q Where €4y, 1= log (ub(lfu )

4 Generalized Likelihood Ratio Stopping Rule

Designing appropriate recommendation and stopping rules for the BAI problem can be framed as a
sequential hypothesis testing task with multiple hypotheses {1, = maxye(x] s }. One of the earliest
approaches to active hypothesis testing—where data collection is also optimized—was introduced
by Chernoff [25]], who advocated for the use of Generalized Likelihood Ratio (GLR) tests for stopping
decisions. This methodology is also popular in the context of BAI [38]. Despite its relevance, fewer
works attempted to extend it for private sequential hypothesis testing, see, e.g., Zhang et al. [87]
under Rényi DP and Azize et al. [12] under e-local and e-global DP.

Mean Estimator. Three rules need to be specified to define a BAI algorithm: recommendation,
sampling, and stopping rules. An important remark in designing BAI algorithms is that the dependence
of these rules on the private input observation dataset comes solely through the sequence of mean
estimators. Thus, designing a sequence of mean estimators that satisfy DP is crucial when defining a
e-global DP BAI algorithm. To estimate the sequence of means, defined in Lines 5-8 of Algorithm|[T]
we rely on two ingredients: adaptive arm-dependent episodes with a geometric update grid and the
Laplace mechanism. We call this mechanism estimating the sequence of means the Geometric Private
Estimator, i.e., (e) Most notably, we eliminate “observation forgetting” from GPE,,(¢), an
important design choice made in all past BAI algorithms [[74} 11} [12]. Specifically, for some 1 > 0
called the geometric grid parameter, GPE,, (¢) estimates the noisy means in arm-dependent phases: a
phase changes when the counts of an arm has increased multiplicatively by 1 + 1 (Line 5). Then,
GPE, (¢) only updates the mean of the arm that changed phases, by accumulating the observations
collected from its last phase and adding Laplace noise (Line 7). Due to this accumulation step, we
do not forget the observations from past phases. Thus, each estimated noisy mean fi,, , in Line 7



contains Ny, 4 1.i.d. observations from v, and k,, , ~ loglJr77 N, o i.i.d. observations from Lap(1/e).
In contrast, using forgetting produces a noisy mean that contains fewer i.i.d. observations from
v, (e.g. Nyp,o/2 samples for forgetting with 7 = 1), but only one Laplace noise. While removing
forgetting allows us to keep more signal, i.e., more i.i.d samples from v,, we need more noise, i.e.,
the cumulative sum of Lap(1/¢), which is logarithmic in the number of samples from v,,. Tighter
concentration inequalities allow controlling the cumulative sum of Laplace noise. See below for a
detailed discussion about our novel concentration results. As long as the number of samples from
the Lap(1/e) is logarithmic in the number of samples from v,, the effect of noise on the sample
complexity is similar to having only one additional Laplace noise.

Privacy Analysis. By adaptive post-processing, the following lemma is proved naturally.
Lemma 4. Any BAI algorithm using only|GPE},(€) to access observations is e-global DP on [0, 1].

Proof Sketch. The proof combines two steps. First, we show that the sequence of mean estimators
produced by GPE,, (¢) is e-DP. The crucial observation is that a change in one observation only affects
the partial sum collected in just one arm-phase. By the Laplace mechanism, adding one Lap(1/¢) to
the partial sum is enough to make it e-DP. Then, by post-processing, the sequence of accumulated
partial sums (S, , ) and noisy means (i, o) (Line 7) are also e-DP. The second step shows how to
use the sequential nature of the process and adaptive post-processing to conclude that BAI algorithms
using only GPE, (¢) are e-global DP. The detailed proof is in Appendix

Recommendation Rule. The recommendation rule a,, is defined as the arm with the highest clipped
noisy empirical mean, i.e., @, € argmax,cg) [fin.a] Where ties are broken uniformly at random.

GLR Stopping Rule. The GLR stopping rule runs K sequential GLR tests in parallel, and stops as
soon as one of these tests can reject the null hypothesis. When comparing the recommendation a,,
with an alternative arm a, the GLR statistic is defined as the transportation cost W ;. , evaluated
empirically at (fi,,, N,,) (see Eq. @)). Intuitively, W, s, 4 (fin, N,,) represents the amount of empirical
evidence to reject the hypothesis that arm a has a higher mean than a,,. One can stop and recommend
a, when all these statistics exceed a given stopping threshold. Given a privacy budget and risk
(€,0) € R% x (0,1) and a stopping threshold ¢ : N x R* x (0,1) — R, we define

Te, s = Hlf{ n | Va 7é &na Weﬁn,a(ﬂna Nn) > C(Nn,&na €, 5) + C(Nn,cm €, 6) } . (7)
Given its proximity to the characteristic time 77 (v), see Eq. () (Theorem , the GLR stopping rule
is a good candidate to match the lower bound, i.e., if one could sample arms according to w}(v) and
use the stopping threshold log(1/4). Unfortunately, this threshold is too good to be d-correct and
w} (v) should be estimated as it is unknown (Section 5.

Calibration of the Stopping Threshold. Regardless of the sampling rule, the stopping threshold
should ensure J-correctness of the GLR stopping rule (Theorem [5).

Theorem 5. Let (e,6,m) € R x (0,1) x R%. Let s > 1, ¢ be the Riemann ( function and
W_i(x) = —W_i(—e™®) for all x > 1, where W_1 is the negative branch of the Lambert
W function, satisfying W _1(x) ~ x + logx (Lemma . Given any sampling rule using the
GPE|, (€), using the GLR stopping rule as in Eq. () with the[GPE},(€) and the stopping threshold
c(n,€,0) :=c1(n,0) + ca(n, €) where

ci1(n,0) = W_q (log (K((s)/0) + slog(ky(n)) +3 —log2) — 3 +1log2, (8)
ca(n,€) = ky(n) (log (1 + 2en/k,(n)) +1) with ky(z) :=1+log,, =,

yields a 0-correct and e-global DP algorithm for all Bernoulli instances with a unique best arm.

The proof of Theorem [5|builds on novel concentration results of independent interest (Appendix [F.2).
Our explicit instance-independent upper bounds are pivotal to derive the stopping threshold in Eq. (8,
which avoids the large instance-dependent constants used in the regret minimisation literature [[13]].

Concentration Results. First, we give tail bounds for the cumulative sum of i.i.d. Laplace observa-
tions (Lemma|[I5)). We use Chernoff’s method with the convex conjugate of the moment generating
function of Lap(1/¢), hence improving on Azize et al. [13, Lemma 18] that approximates it. Second,
we derive tail bounds for the sum between independent cumulative sums of ¢ i.i.d. Bernoulli and
ny 1.1.d. Laplace observations (Lemmas [I7)and[I8)). They involve the modified signed divergences

élvgt that better capture the non-asymptotic tails behaviour, and are equivalent to d;t to an additive



term O (log(1 + 2er;)/r) where r; := t/n; (Lemma[29). Whenever 7y — 400, we recover the
same noise effect as adding only one Lap(1/¢) observation. For « > 0, the exponential decrease

of the probability of exceeding 1 + x (resp. being lower than p — x) scales as tcl‘ (1 + 2, p,7)

(resp. tdT (1 — x, p1,7¢)). The proof builds on fine-grained tail bounds of the sum of two independent
random variables, i.e., we bound those probabilities by the maximal product between their respective
survival functions (Lemma@]). While Azize et al. [[13, Lemma 19] directly integrates their tail bounds,
Lemma [IT|can be used with any tail bounds. Third, we obtain time-uniform upper tail bounds for

]\7,17@(1{2E (fin,a, ta, ]\mea/k‘ma) by exploiting the geometric-grid update of (i, N,,, kn).

Threshold Scaling. The threshold ¢; in Eq. (8) ensures d-correctness of the modified GLR
stopping rule, defined in Appendix @ with the modified transportation costs W, , 3 and diver-

gences dE (Appendix [F.1). Independent of e, it scales as log(1/8) + ©(loglog(1/6)) when
d — 0 and O(loglog(n)) when n — +o0. The threshold ¢y in Eq. (§) is an upper bound on

Noa(dE (finas tta) — dZE (fin.as fas Nnya/kn,a)) (Lemma ) that scales as ©(en) when € — 0 and
as O((logn)?) when n — +oo. Both ¢; and ¢, scales as ©(1/log(1 + 1)) when i — 0.

Limitation. As the threshold in Eq. (7) is the sum of per-arm thresholds, it scales as 2log(1/4) when
d — 0, hence incurs a suboptimal factor 2 asymptotically. Obtaining a threshold in log(1/4) is left

for future work. It requires controlling the re-weighted sum of modified divergences d*. Azize
et al. [11} Theorem 4] has a suboptimal factor 2 for the same reason and incurs an additive factor
Tt’z log(1/4)? due to the separate control of the Laplace and the Bernoulli observations (based on
sub-Gaussian concentration results). Azize et al. [[12, Lemma 18] alleviates this factor 2 in their low
privacy regime, yet it also pays —-5 log(1/§)2.

ne?

S Top Two Sampling Rule

Equipped with a recommendation and stopping rules, we define a sampling rule using the (e).
Within the fixed-confidence BAI literature, we adopt the Top Two approach [[73| [71 [75} 150] that
recently received increased scrutiny due to its good theoretical guarantees [49, 86,152, 14]], competitive
empirical performance, and low computational cost. The Differentially Private Top Two
algorithm (Algorithm [T)) uses the EB-TCI-/ sampling rule [50]. In Appendix [I, we introduce the
Track-and-Stop [38]] and LUCB [55] sampling rules for fixed-confidence BAI under e-global DP.

After initialization, a Top Two sampling rule specifies four choices [48]]: a leader arm B,, € [K],
a challenger arm C,, € [K] \ {B,}, a target allocation §3,,(B,,C,) € [0,1] and a mechanism
to choose the next arm to sample from, i.e., a,, € {By,Cy} by using 3, (B, C,). The leader
should select a good estimator of the best arm a*. We use the empirical best (EB) leader that
coincides with our recommendation rule, i.e., B,, := a,. The challenger should be a confusing
alternative arm, for which the empirical evidence that the leader has a better mean is low. We
use the TCI challenger [50] that penalizes oversampled challenger to foster implicit exploration,
ie., G, € argmin, g {We B, o(fin, Nn) + log Ny, o } Where ties are broken uniformly at random.
Crucially, we leverage our novel transportation costs (We g, «)a=B,, featuring the signed divergences
d* that are evaluated empirically at (fi,,, Ny,,), see Eq. (3) and (4). The target should be chosen
to balance the allocation between the leader and the challenger arms. Let § € (0,1), e.g., 8 =
1/2. We use a fixed S-design 3, (B,,C,) := . The mechanism to choose the next arm to
sample should enforce that this target is reached on average. We use K independent S-tracking
procedures (one per leader), i.e., a,, = B, if Ng B, < BLp+1,B, and a, = B,, otherwise, where
Np o = 2iem-n L ((Bt,ar) = (a,a)) and Ly o = 3,1,y 1 (B = a). Using Degenne et al.
[29] Theorem 6] for each tracking procedure yields —1/2 < N , — 8Ly o < 1 foralla € [K].

Computational and Memory Cost. The|GPE}, (¢) sums the observations, and the recommendation
and GLR stopping rules are updated when an arm is updated. Using the closed-form formula for
We,a,p (Lemma , the per-iteration computational and global memory costs of [DP-TT|are O(K).

Asymptotic Upper Bound on the Expected Sample Complexity. Given a fixed target /3, the
empirical allocation of a* converges towards /3, that differs from w7 ,.. At best, we can estimate
~1

the B-optimal allocation w 4(v), i.e., maximizer of the inverse -characteristic time 77 5(v)



Algorithm 1 Differentially Private Top Two (DP-TT) Algorithm.

1: Input: setting parameters (¢, §) € R* x (0, 1), algorithmic hyperparameters (m, B) € R% x (O, 1)
and threshold ¢, e.g., (1, 8) = (1,1/2) and c as in Eq. (§). (We,a,6)(a,0)e[x] as in Eq.
2: Output: Stopping time 7. 5, recommendation a., ; and pulling history (an)n<r, ;-
3: Imitialization: For all a € [K], pull arm a, observe X, , ~ v, and draw Y7 , ~ Lap(1/¢). Set
n=K+1 Foralla € [K],set S0 = Xoa + Yiar kna = L, Ti(a) =1, Nyo = Npo = 1,
fin,a = Sn a/Nn a> Ln,a = 0and Ny , = 0.
for n > K + 1do
if there exists a € [K] such that N,, , > (1 + 1)k« then > Per-arm geometric update grid
For this arm a, change phase kn,a < kno +1,and (Ty,, ,(a), Nn o) = (n, NTkn (a),a)s

Set Stna = Sy ey Xeall (0 = @) + Vi, 0 + Sk, ot With Vi 0 ~

‘n,a @

A A

Lap(1/€), and update the mean ji,, , = Skn wa/Nn @

8: end if

9: Set a,, € arg MaX,e (k] [fin,alds > Recommendation rule
10: if Wea,,allin, Nn) > 2 peqan a) € ¢(Nyp, € 0) forall a # a, then > GLR stopping rule
11: return (n, G, (at)i<n)-

12: end if

13: Set B, = G, and C,, € argmin, g {We B, o(fin, Nn) + log Ny o} > EB-TCI
14: Set a,, = B, if Nf%n < BLy41,B,,and a, = C), otherwise; > [-tracking
15: Pull a,,, observe and store X,, 4, ~ V4,3

16:  Update (Nys1,a,, Lng1,8,. NP7 g ) = (Nnans Lo, NP% )+ (1, 1,1 (B = an)):
17: end for

defined as in Eq. (5)) with the constraint w,+ = . While being only nearly asymptotic optimal, i.e.,
T (v) = minge(o,1) T2 5 (v), it satisfies T, ,(v) < 277 (v) (Lemma.

DP-TT|is e-global DP, §-correct and matches T (v) to a small constant, for any privacy budget e.
The proof (Appendix [H) builds on the unified analy51s of Jourdan et al. [S0] and relies heavﬂy on the
derived regularity properties for d=, (We a.6) (a,0)» 12" o p(v) and w 5(v) (Appendlx

Theorem 6. Let (,8,7, 8) € R} x (0,1) x RY. x (0,1) and c as in Eq. (8). The[DP-TT|algorithm is
e-global DP, §-correct and satisfies that, for any Bernoulli instance v with distinct means ji € (0,1)%

. Euﬂ' [Te 5]
1 —= < 2(1+ iy .
? Toga/a) = 2Tl

For (n, 8) = (1,1/2), the asymptotic upper bound is 477, /2(1/) < 8T*(v). For any privacy budget
€, we reduced the gap between known lower and upper bounds for fixed-confidence BAI under
e-global DP to a constant lower than 8, hence closing the open problem in Azize et al. [12]]. A
discussion on how to improve this constant is defered to Appendix [C.2]

Comparison with Azize et al. [11,12]. AdaP-TT and AdaP-TT* use the DAF(¢) estimator, GLR-
inspired recommendation/stopping rules and the TTUCB [49] sampling rule (i.e., UCB-TC-/ [48]]),
all based on arm-dependent doubling, forgetting and unclipped estimators. While AdaP-TT relies
on the non-private Gaussian transportation costs, AdaP-TT* accounts for a high privacy regime by
clipping the mean gap, i.e., (11q — o)+ min{3e, (11q — pp)+ } instead of (p, — pp)?. The AdaP-TT
and AdaP-TT* algorithms are e-global DP and §-correct. The sample complexity of AdaP-TT only
matches the high privacy lower bound for instances where the means are of similar order. AdaP-TT*
improves on AdaP-TT by matching the high privacy lower bound for all instances with distinct means.
However, both AdaP-TT and AdaP-TT* fail to match the lower bound beyond the high-privacy
regime, due to the use of non-adapted transportation costs. In contrast, uses the d.-inspired
transportation costs, matching the lower bound up to a small constant for all values of e.

Comparison with Sajed and Sheffet [74]. DP-SE [74] is an e-global DP version of the Successive
Elimination algorithm introduced for the regret minimisation setting, modified by Azize et al. [11]
into a e-global and J-correct BAI algorithm. Compared to [DP-TT} DP-SE is less adaptive and
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Figure 1: Empirical stopping time 7. 5 (mean +2 std) for § = 10~2 with respect to the privacy budget
e on Bernoulli instances (a) ©1 and (b) us. The vertical line separates the two privacy regimes.

not anytime, since it relies on uniform sampling within each phase and the phase length depends
explicitly on the risk 6. The high probability upper bound on the sample complexity scales as
O(Zaia* (A, min{e, A, })71) with A, = 1+ — pte. This matches the lower bound when € — 0
(to a constant), but fails to recover the sample-complexity lower bound beyond this regime.

6 Experiments

The empirical performance of with (n,8) = (1,1/2) is compared to AdaP-TT [L1]],
AdaP-TT* [12], and DP-SE [74] on different Bernoulli instances for varying privacy budget.
The first instance has means 1 = (0.95,0.9,0.9,0.9,0.5) and the second instance has means
2 = (0.75,0.7,0.7,0.7,0.7). As a benchmark, we also compare to the non-private EB-TCI-3
algorithm with 3 = 1/2. For § = 10~2, we run each algorithm 1000 times, and plot the averaged
empirical stopping times in Figure[T} Additional experiments are available in Appendix [J]

Figure[T]shows that[DP-TT|outperforms all the other §-correct and e-global DP BAI algorithms, for
different values of € and in all the instances tested. The empirical performance of[DP-TT|demonstrates
two regimes. A high-privacy regime, where the stopping time depends on the privacy budget €, and
a low privacy regime, where the performance of [DP-TT]is independent of ¢, and requires twice the
number of samples used by the non-private EB-TCI-£.

7 Conclusion

Motivated by the privacy requirements of sensitive applications of BAI, we address the problem of
fixed-confidence BAI under e-global DP. We narrow the gap between the lower and upper bounds on
the expected sample complexity to a multiplicative constant smaller than 8, for all € values. Our novel
lower bound incorporates d. an information-theoretic quantity smoothly balancing KL divergence
and TV distance, scaled by e. We design a private, arm-dependent geometric grid estimator without
forgetting and a GLR stopping rule based on the d.-transportation costs, whose correctness requires
novel concentration results for Laplace and mixed distributions. Finally, we proposed a Top Two
sampling rule that achieves an asymptotic upper bound matching our lower bound to a small constant.

We detailed research directions to further reduce the constant gap between the lower and upper bounds,
by improving both the calibration of the stopping threshold and the analysis of the sampling rule.
The most exciting direction for future work is to extend our results to other classes of distributions
(e.g., Gaussian or bounded distributions), structured settings (e.g., linear or unimodal), or other
identification problems (e.g., approximate BAI or Good Arm Identification). Another interesting
research direction is to extend the proposed technique to other variants of pure DP (e.g., (¢, )-DP or
Rényi DP [67]) or other trust models (e.g., shuffle DP [26]139]).
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A Outline

The appendices are organized as follows:

* Notation are summarized in Appendix [B]

* A detailed related work and a discussion on the limitations of Theorem [6] are given in
Appendix [C]

* The lower bound on the expected sample complexity under e-global DP (Theorem [2)) is
proven in Appendix

* The proof of Lemma]is given in Appendix [E]

* The proof of our concentration results are detailed in Appendix[F In particular, this includes
the proof of Theorem 3}
. Appendix gathers key properties on the (resp. modified) divergence d (resp. Elvéi), the

(resp. modified) transportation costs W , 1, (resp. W 4 ) and (resp. 8-)characteristic times
T*(v) (resp. Te*ﬁ(u)) and their (resp. [-)optimal allocation w} (v) (resp. w:_ﬂ(l/)). In
particular, this includes the proof of Theorem [3|based on Lemmas [42]and 36

* The proof of the upper bound on the asymptotic expected sample complexity of [DP-TT]
(Theorem [6)) is given in Appendix [H]

* In Appendix [, we propose variants of algorithms to tackle e-global DP BAI. We aim at
providing several choices for the interested practitioners.

* Implementation details and additional experiments are presented in Appendix I}

Table 1: Notation for the setting.

Notation Type Description
K N Number of arms
F C P([0,1]) Class of Bernoulli distributions
Vg F Bernoulli distribution of arm a € [K]
v FK Vector of Bernoulli distributions, v := (v4)ee[k]
L (0,1) Mean of arm ¢ € [K]
I (0,1)K Vector of means, (1 := (fia)ae[K]

a*(p), a*(v) C [K] Set of best arms, a*(v) = a* () 1= arg max,c(x] Ha

a* [K] Unique best arm, i.e., a*(u) = {a*}
€ R% Privacy budget for e-global DP
] (0,1) Risk for d-correctness

Alt(v) CFK Alternative instances with different best arms

B Notation

We recall some commonly used notation: the set of integers [n] := {1,---,n}, the comple-

ment XC and interior X of a set X , the indicator function 1 (X) of an event, the probabil-
ity P, and the expectation E,, taken over the randomness of the observations from v and
the algorithm 7, Landau’s notation o, O, Q and ©, the (K — 1)-dimensional probability sim-

plex Ak = {w eERE |w>0, Dielk) Wi = 1}. The functions [z]§ := max{0, min{1,z}},
ky(z) == 14 log,,, x, W_; in Lemma h in Eq. ZI), r in Eq. @LC is the Riemann ¢
function. Moreover, we recall the definitions: dF in Eq. @), d in Eq. @), d* in Eq. (32), w=*

€,a,b

in Eq. @), Wfa,b in Eq. G4), (T7 (v), T 5(v), w? (v), w} 5(v)) in Eq While Tablegathers
problem-specific notation, Table 2| groups notation for the algorithms.
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Table 2: Notation for the algorithm.

Notation Type Description
B, [K] (EB) Leader at time n
C, [K] (TC) Challenger at time n
an, [K] Arm sampled at time n
Xn.an {0,1} Sample observed at the end of time n, i.e. X, o, ~ Vg,
Yi) asa Noisy perturbation drawn at the beginning of phase k,, ,
forarm a, ie. Yz, , o ~ Lap(1/e)
Fn History before time n
an, [K] Arm recommended before time n
Te,s N Sample complexity (stopping time)
c(n,e,0) NxR% x(0,1) - R%  Stopping threshold function
c1(n, 0) Nx (0,1) = Ry Stopping threshold function
ca(n,€) N xRy — R} Approximation threshold function
Ny.a N Number of pulls of arm a before time n
kn.a N Current phase of arm a at time n
Ti(a) N Time n where the arm a changes to phase k
Sk.a R Private sum of observations for arm a at phase k
Np.q N Number of pulls of arm a at the beginning of phase k,, ,
fin,a R Private estimator of the empirical mean of arm a
at the beginning of phase k,, ,
Lyq N Counts of B; = a before time n
Ny . N Counts of (B, at) = (a, a) before time n

(

=
—_
~—

Fixed proportion

C Related Work and Limitations

We provide a more detailed literature review in Appendix [C.1} and discuss limitations of Theorem [6]
in Appendix [C.2]

C.1 Related Work

Structured Bandits. While we consider unstructured bandits [6], numerous structural assumptions
have been studied: linear bandits [[77], generalized linear bandits [35] such as logistic bandits
[53]], combinatorial bandits [23]], sparse bandits [46], spectral bandits [S7], unimodal bandits [28]],
Lipschitz [63]], partial monitoring [3]], etc. Coping for the structural assumption while preserving
e-global DP is an interesting direction for future works.

Pure Exploration Problems. While we consider only BAI [33]], other pure exploration problems
have been studied in the literature: e-BAI [66]], thresholding bandits [[19], Top-k identification [S6]],
Pareto set identification [7]], best partition identification [21], etc. Extending our e-global DP results
to answer these identification problems is an interesting research direction.

Performance Metrics. In pure exploration problems, the two major theoretical frameworks are the
fixed-confidence setting (34,147, 138]], which is the focus of this paper, and the fixed-budget setting [4,
36]. In the fixed-budget setting, the objective is to minimize the probability of misidentifying a correct
answer with a fixed number of samples 7'. Recent works have also considered the anytime setting,
in which the agent aims at achieving a low probability of error at any deterministic time [88), [52].
Extending our findings to support e-global DP in the fixed-budget or the anytime setting is an
interesting direction for future works, see e.g., Chen et al. [24].

DP in bandits. DP has been studied for multi-armed bandits under different bandit settings: finite-
armed stochastic [68, |74, 89, 44 19, 43| |10} 185, 45]], adversarial [80, [1, 82]], linear [41} |60, [10],
contextual linear 76,169 189} [10], and kernel bandits [70]], among others. Most of these works were
for regret minimisation, but the problem has also been explored for best-arm identification, with fixed
confidence [11}[12] and fixed budget [24]. The problem has also been studied under three different
DP trust models: (a) global DP where the users trust the centralised decision maker [68} 7674119, 43|,
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(b) local DP where each user deploys a local perturbation mechanism to send a “noisy” version of
the rewards to the policy [15} 189, 140], and (c) shuffle DP where users still feed their data to a local
perturbation, but now they trust an intermediary to apply a uniformly random permutation on all
users’ data before sending to the central servers [[79,137,127].

In the first papers on DP for bandits, the tree-based mechanism [32, 20] was used to compute the
sum of rewards privately. However, this mechanism was proven to be sub-optimal, matching the
lower bounds up to logarithmic factors. Then, forgetting was first proposed by [74] to get rid of
the tree-based mechanism, then adapted to UCB in [44} 9]. Finally, if the KL is the divergence that
controls the complexity of bandits without privacy [58 38], then Azize and Basu [9] were the first to
show that the TV controls the complexity of private bandits, in the high privacy regime.

In this paper, we focus on e-pure DP, under a global trust model, in stochastic finite-armed bandits,
for best arm identification under fixed confidence.

Gap in the literature. This problem setting is first studied by Azize et al. [11]], who proposed
the first problem-dependent sample complexity lower bound, and introduced AdaP-TT, an e-global
DP version of the Top Algorithm. However, the sample complexity upper bound of AdaP-TT only
matches the lower bound in the high privacy regime ¢ — 0, and for instances where the means have
similar order (see Condition 1 in [[11]] in the discussion after Theorem 5 in [[11]).

Azize et al. [12] proposes AdaP-TT*, an improved version of AdaP-TT. The improvement is achieved
by using a transport inspired by the sample complexity lower bound from [11]]. Using the new
transport, AdaP-TT* gets rid of Condition 1 needed by AdaP-TT, and achieves the high privacy lower
bound for all instances up to a multiplicative factor 48.

However, both AdaP-TT and AdaP-TT* do not match the lower bound, beyond the high privacy
regime, i.e. for both the low privacy regime and transitional regimes.

C.2 Limitations of Theorem

Using adaptive targets 3,,(By, Cy,) in|DP-TT|could replace T/ 5(v) by T/ (v). While we propose
two adaptive choices of target based on IDS [86] or BOLD [[14] (Appendix[l), we leave their analysis
for future work. The assumption that the means are distinct is used to prove sufficient exploration; it
can be removed by using forced exploration or a fine-grained analysis [49,|52]. While it improves the
asymptotic upper bound, choosing 7 too close to 0 negatively impacts the performance of
due to the dependency in O(1/log(1 + 1)) of the stopping threshold. The suboptimal scaling in
21og(1/0) of the stopping threshold yields the factor 2.

D Lower Bound

Let M : X™ — O be an e-DP mechanism. For D € X™ an input dataset, we denote by M p the
distribution over outputs, when the input is D, and M p (E) the probability of observing output £
when the input is D.

Let P and Q be two data-generating distributions over X™. We denote by Mlp x4 the marginal over
outputs of the mechanism M when the input dataset is generated through P, i.e.

Meaa(d)i= [ Mp(4) dP(D) )

for any event A in the output space. We define similarly Mg  the marginal over outputs of the
mechanism M when the input dataset is generated through Q.

The main question is to control the divergence KL (Mp o || Mg, o¢) when the mechanism M satisfies
DP. In general, for any mechanism M, the data-processing inequality provides the following bound

KL (Mg, || Moa) < KL(P[| Q) - (10)

Now, for e-DP mechanisms, we want to translate the DP constraint to a tight bound on the divergence
KL (Mp, || Mg, ). To do so, let L be any other distribution on X”. Let Cp 1, be a coupling of
(P,L), i.e., the marginals of Cpy, are P and L. We can now rewrite our the marginals using the
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definition of couplings. For Mp r(, we have

Mes(A)i= [ Mp)aBD) = [ Mp(4) dCer (DD
Dexn D,D’'exn
and for Q we get
— N _ 4o (D) /
MomA)i= [ Mp a0 = [ Mp () GE L D)

— (D ) /
a /D,D’eX'n Mo (4) AL(D) dCp (D, D’) .

Using the data-processing inequality, we get

M
KL (Mp,m || Mg,m) / / L (dé(D,) Mp (0) dodCp . (D, D’)
D,brexr Mo (0) T
dLL (D’))) ,
= KL (Mp || Mpr) +1 —_— dCpr, (D, D
Jy e (5040 1840 108 (S5757) ) a0,

=Ep pincey [KL(Mp || Mp/)] + KL(L | Q) .

Since this is true for any coupling Cp 1, and any distribution L, we get the final bound

KL (M M f inf Ep precy. |KL / KL (L
O aa Mg < gt { ot (B prvce, [KL(Mb | Mo )]} + L@ @)}

where P(X'™) is the set of all distributions over X™ and C (P, L) is the set of all couplings between P
and L. Using that the M is e-DP, we can use the simple bound KL (Mp || Mp/) < edgam(D, D")
which gives

KL (M M f inf Ep.pi~ dyam (D, D))} + KL (L
(Mz.a | Mo.ae) < ]LEPH%X") {GCLP,LIE%(]P’,]L){ DD/~ e |dam( )}} @l Q)}
(1D

D.1 Product Distributions

Suppose that P := @"_; P; and Q := @, Q; are product distributions. Consider the subset of
product distributions L := )", L;, and the maximal coupling Coo (P, L) := [T, Coo (P;,L;).
Plugging these in Equation (IT)), we get

KL (Mp.m [[ Mom) < i { ZED“D InCou (B L) [L{Ds # D;}] +ZKL (L |l Ql)}

i=1 i=1

= inf {Z (e TV (P; || Li) + KL (L; || Qi))}
=1

= inf eTV I[Dz Ll + KL Ll Qz == de Ez,@z ’
where

A(F,Q) = inf {eTV(P[|L)+KL(L| Q)} . (12)
eP(x

D.2 Sequential KL. decomposition for bandits under DP

In this section, we adapt the techniques from product distributions to bandit marginals.
First, we introduce the bandit canonical model.

The bandit canonical model. A stochastic bandit (or environment) is a collection of distributions v £
(P, : a € [K]), where [K] is the set of available K actions. The learner and the environment interact
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Algorithm 2 Bandit interaction between a policy and an environment

Input: A policy 7 and an environment v 2 (P, : a € [K])
fort=1,... do
The policy samples an action a; ~ (. | a1,71,...,0t-1,7¢—1)
The policy observes a reward r: ~ P,,
end for

if Regret minimisation then

The interaction ends after 7' steps
else FC-BAI

The policy decides to stop the interaction at step 7 s and recomends the final guess a
end if

PORXIAINA RN

Ju—

sequentially over T rounds. In each round ¢ € 1,...,T, the learner chooses an action a; € [K],
which is fed to the environment. The environment then samples a reward ; € R from distribution
P,, and reveals r; to the learner. The interaction between the learner (or policy) and environment
induces a probability measure on the sequence of outcomes Hrp £ (a1,7m1,a2,72,...,ar,r7). In
the following, we construct the probability space that carries these random variables.

Let T € N* be the horizon. Let v = (P, : a € [K]) a bandit instance with K € N* finite arms,
and each P, is a probability measure on (R, B(R)) with B being the Borel set. For each ¢ € [T, let
O = ([K] x R)" € R?" and F; = B(Q;). We first formalise the definition of a policy.
Definition 2 (The policy). A policy 7 is a sequence (7;)]_, , where m; is a probability kernel from
(Q, Fy) to ([K], 2I5]). Since [K] is discrete, we adopt the convention that for a € [K],

Wt(a | a1,71, .. -,at—l,ﬁ,—l) = Wt({a} | a1,T1, .. -7at—1,7’t—1)

We want to define a probability measure on (27, Fr) that respects our understanding of the sequential
nature of the interaction between the learner and a stationary stochastic bandit. Specifically, the
sequence of outcomes should satisfy the following two assumptions:

(a) The conditional distribution of action a; given a1, 71, ...,at—1,r¢—1 is w(a; | H;—1) almost
surely.

(b) The conditional distribution of reward r; given a,r1,...,6¢—1,7¢+—1,0¢ 1S P,, almost
surely.

The probability measure on (27, Fr) depends on both the environment » and the policy 7. To
construct this probability, let A be a o-finite measure on (R, B(R)) for which P, is absolutely
continuous with respect to A for all @ € [K]. Let p, = dP,/d\ be the Radon—-Nikodym derivative of
P, with respect to A. Letting p be the counting measure with p(B) = |B|, the density p,» : Qr — R
can now be defined with respect to the product measure (p x )7 by

T
Pur(ar, 1, ar,rr) 2 Hﬂt(at | a1, 71, s a1, 7e—1)pa, (1)
t=1
and P, is defined as

P,.(B) = /B pur(W)(px NP (dw) forallB € Fr

Hence (Qr, Fr,P,.) is a probability space over histories induced by the interaction between 7 and
v. We define also a marginal distribution over the sequence of actions by

Myr(ay,...,ar) = / pur(@1,r1,...,ap,rp)dry ... drp,
T1 rT

yeeny

and forallC' € P([K]7),
M, (C) & Z Myx(a,az,...,ar).

(a1,...,ar)eC
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Finally, ([K]7, P([K]T),M,,) is a probability space over sequence of actions produced when 7
interacts with v for 7" time-steps.

The KL upper bound. Now, we adapt the techniques for the bandit marginals. Let v = {P,,a €
[K]} and v/ = {P.,a € [K]} be two bandit instances in F¥. We recall that, when the policy
interacts with the bandit instance v, it induces a marginal distribution M, over the sequence of
actions. We define M, similarly.

The goal is to upper bound the quantity KL (M, || M,/ ). The marginals M, and M, in the
sequential setting "look like" marginals generated by "product distributions". However, the hardness
of the sequential setting lies in the fact that the data-generating distributions depend on the stochastic
sequential actions chosen. Thus, the results of the previous section cannot be directly applied. To
adapt the proof ideas of the previous section to the bandit case, we introduce the idea of a coupled
bandit instance.

Letv” = {P” : a € [K]} be any “intermediary" bandit instance from . Define c, as the maximal
coupling between P, and P/, i.e., ¢, := Coo(Py, P!). Fix a policy 7 = {m } ;.

Here, we build a coupled environment v of v and v”/. The policy 7 interacts with the coupled
environment +y up to a given time horizon 7" to produce an augmented history {(a;, 7,7} )}2_,. The
iterative steps of this interaction process are:

1. The probability of choosing an action a; = a at time ¢ is dictated only by the policy 7, and

1
a1,71,02,T2, ..., as_ 1,71, i.e.the policy ignores {r”}._1.

2. The distribution of rewards (rs, ) is ¢,, and is conditionally independent of the previous

observed history {(as,7s,7”)}2].

This interaction is similar to the interaction process of policy 7 with the first bandit instance v, with
the addition of sampling an extra 7}’ from the coupling of P,, and P .

The distribution of the augmented history induced by the interaction of 7 and the coupled environment
can be defined as

pyrlar,r1,ry . ap, ro, ) Hwt (a; | a1,m1, oy ai—1,74—1)Ca, (4,77 ) -
To simplify the notation, let a := (aq,.. .,aT), r == (r1,...,rp), ¥’ == (r],...,r%) and
= (rf,...,1h). Also, let ca(r,¥”) = [[/_, ca,(r,7)) and 7(a | v) = [[1—, m(a; |
a1,71, ... ,0¢—1,7¢—1). We puth := (a, r,r””). With the new notation

Pyr(a,r,r’) :=7(a | r)ca(r,r’).
By the definition of the couplings, we have that m, is the marginal of p.,. when integrated over
(r,r”),ie.,
my(a) = / Pyr(a,r,1”) drdr”.
rr
Now, we define a new joint distribution g, inspired by the techniques used for product distributions:

/ 99
Pa(r”)
Aym (a,r,r”) =mn(a| r”)p;(r”) ca(r,r”),

a

T . T
where p (r”) :=[],_, p’a‘ (r), and similarly, p; (r””) :==[],_, p'a’t (ry).
First, observe that it is indeed a valid joint distribution, i.e.

/ 99
Z/ ¢yx(a,r,r”)drdr” = Z/ m(a|r”) ((i,,)) ca(r,r”) drdr”
_Z/ a‘r” ”)dl’”—/ ( ”)dl’”—l,

and that m, . is the marginal of ¢, when integrated over (r,r”), i.e

/ ”
/ ¢yr(a,r,r’)drdr” = / mw(a|r”) pf‘/( ) ca(r, r”) drdr”
r,r”’ r,r’ Pa ( )
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= /”w(a | ©)ps(r)dr” = my, - (a) .
Using the data-processing inequality, we get
KL (er H Mv/ﬂ) <KL (p'wr || Q’wr) . (13)
Now, we compute
(@ | r)ca(r,r”)

(a)
KL (p’Yﬂ' ” q’Yﬂ') = Eh::(a,r,r”)wpww IOg pi(r”) 59
m(a|r”) ,,(r,,)ca(r r’)

(b) p// r’
S Eh::(aar7r”)~p"{7r |:€dHam(r? I'") + IOg <p2/‘ ((1.39)) >:|
a

o P )
— Z Ehw;m,,, [E]l {Tt # 7';,/} + log (pf“ (T”) >}
t=1

ag\'t

ST RSN

t=1 t

T
DS Euny,. [€TV (pa, || #1,) + KL (0L, || 25,)]
t=1

©))

- VT

T
ST eIV (o | ) + KL (5, um] |

where:
(a) by the definition of the KL
(b) the group privacy property, applied to the e-global DP policy, we have

7r(a | I‘) < eﬁd]—[am(l’7r"7r(a | I’")

(c) by the definition of dham
(d) by the towering property of conditional expectations
(e) given a;, we have 74 ~ pq,, 1y ~ p,, and 7" ~ pg,

(f) by linearity of the expectation, and the fact that the expression inside the expectation only depends
on the actions a;

Since this is true for any “intermediary" bandit instance "/ € FX, we take v/’ to be the environment
where the infinimum of the d.(P,, P,) is attained for each arm a € [K]. Specifically, let v =
(pt,a € [K]) where
ps, = argmin {e TV (pa || L) + KL (L || p,)}
LeF

Plugging v gives

T
KL (Mmr || Mu’ﬂ') S El/ﬂ' Z de (pa”p:lt )] (14)
t=1
Let Ny o = > .., 1 {as = a} be the counts of arm a before step ¢. Then, we can rewrite the bound
as

K
KL( v || My x S Z NT+1 a (plup:z) s (15)

Stopping time version of the KL. decomposition for BAI under DP. Let 7 be an e-DP BAI strategy.
Let v and A be two bandit instances. Denote by M, the marginal distribution of the output of the
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BAI strategy when 7 interacts with . By using Wald’s lemma in the proof technique seen before for
the canonical bandit setting under FC-BAI, we get that

Te,s K
KL (Myr | Mar) < Eypr (Z dé(uaﬂxat)) = Eur[Nrs410lde(Vas Xa) . (16)

t=1 a=1

where 7 is the stopping time.

D.3 Sample Complexity Lower Bound Proof

Theorem (Sample complexity lower bound for BAI under e-DP). Let (¢,0) € R} x (0,1). For
any algorithm T that is 5-correct and e-global DP on FX,

Eur[res] = TZ (v)log(1/(36))

for all v € F¥ with unique best arm. The inverse of the characteristic time T* (v) is defined as

T () ' = inf Wede(Va, Ka) 17
E( ) wEAK nEAlt(u)Z ( )

de(Va, Ka) = wlr.lef}_ {KL (pq || ka) +€- TV (Vo || 0a)} - (18)

Proof. Let 7 be an e-global DP j-correct BAI strategy. Let v be a bandit instance and A € Alt(v).

Let M, denote the probability distribution of the output when the BAI strategy 7 interacts with v.
For any alternative instance A € Alt(v), the data-processing inequality gives that

KL (Myr || My 2) > KL (M, (6 = a* (v)), My r (@ = a*(1))) > KI(1 = 6,6),  (19)

where the second inequality is because 7 is d-correct, i.e., M, (@ =a*(v)) > 1 — § and
My » (@ = a*(v)) < ¢, and the monotonicity of the kl. Now, using the stopping time version
of the KL decomposition for FC-BAI, we get that

kl(1 —-6,0) <KL (M, » || My ) N, s41,alde(Va, Aa) -

nMx

Since this is true for all A € Alt(v), we get

(1 — 6 5 )\eg}f(y) ZEVTI' Te,s+1, a]dE(VfLa Aa)

K

@ - E [Nrst1a]
= E[r. 5] AE%{(U) Z Efr. 4] de(Va, Aa)

(b)
< E € f a as CL *
- [T ,6] (wseuAK AGIAI}t u) Z w V >
(a) is due to the fact that E[r. 5] does not depend on A. (b) is obtained by noting that the vector
A ]Eu,w[Nr‘ 5+1,a:|

(Wa), elK] = (W) . belongs to the simplex A k. The theorem follows by noting
€

that for § € (0,1),kI(1 — 6,0) > log(1/34). O

E Privacy Analysis

In this section, we prove Lemmald] First, we justify using a geometric grid for updating the means
(Lemma[7). Second, we obtain Lemma [4] as a combination of Lemma [7]and the post-processing
property of DP (Proposition|T]).
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E.1 Releasing partial sums privately
First, the following lemma justifies the use of geometric grids, and provides that the price of getting
rid of forgetting is summing the Laplace noise from previous phases.

Lemma 7 (Privacy of our grid-based mean estimator). Let T € {1,...}, ¢ <T and tq,...ts, tos1
bein[1,T] suchthat1 =t < --- <ty <tgy; —1="T.

Let M be the following mechanism:

1 (14 +2g,-1) + (V1)

T2 | (@14 2y-1) + (V1 +Y2)
= )

Tr (w1 +-t+ar)+ Y1+ Yot + Y1)

where (Y1,...,Ys) ~ Lap(1/e).
Then, for any {x1,...,zr} € [0,1]T, M is e-DP.

Proof. First, consider the following mechanism, that only computes the partial sums:

T T+ Ty

] xtz +.'.+xt371
— .

TT Tty 4+ -+ 2T

Because x; € [0, 1], the sensitivity of each partial sum is 1. Since each partial sum is computed
over non-overlapping sequences, combining the Laplace mechanism (Theorem |1)) with the parallel
composition property of DP (Lemma [3) gives that the following mechanism:

T Tt F T, + Y
1’.2 7 Ty, +"'+.$t371 +Y;
ﬂfT xtg,1+"".|'xT+§/é—1
is -DP, where (Y1,..., Y, 1) ~d Lap(1/e).
Consider the post-processing function f : (x1,...2e—1) = (x1,21 + T2, ..., 21+ X2+ -+ To_1).

Then, we have that that M = f o P. So, by the post-processing property of DP, M is e-DP. O

Remark 1. Mechanism P, defined in the proof of Lemmalj} is the fundamental mechanism used by
all previous bandit algorithms [[74) 19, 43 [I12] to justify the use of forgetting. Our mechanism M is
Jjust summing over the partial sums computed on each phase, and thus the price of having sums of
x; that start from the beginning (i.e. do not forget) is that we have to sum now the noise from all
previous phases too.

E.2 Proof of Lemmal

We are now ready to prove Lemma i.e. that any BAI algorithm based solely on using (e) to
access observations is e-global DP on [0, 1].

Proof. Let 7 be a BAI algorithm using only |GPE}, (¢) to access observations. Let R = {z1,...}
and R’ = {zf,...} be two neighbouring sequences of private observations, i.e. there exists a
t* € {1,...} such that z; = x} for all ¢ # t*, i.e. that R and R’ only differ at t*.

Fix a stopping time, recommendation and sampled actions (T + 1, @, (a1, . . ., ar)), we want to show
that

Pr[r(R) = (T + 1,a,(ai,...,ar))] < e Prlx(R') = (T + 1,a, (ay,...,ar))] .

Step 1: Probability decompositions: First, let us denote by 7, Aand Ay, ..., A, the random variables

of stopping, recommendation and sampled actions, when 7 interacts with R. Similarly, let 7/, A
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and A}, ..., AL the random variables of stopping, recommendation and sampled actions, when 7
interacts with R'.

‘We have
Pr[r(R) = (T + 1,a, (a1,...,ar))| =Prr =T+ 1,A=a,4, = a1, ..., Ar = ar]
Pr[r(R') = (T + 1,a,(a1,...,ar))] =Pr[r' =T + l,fl’ =a, Al =a1,..., AL = ar)

Since for all ¢ < t*, x; = x}, the policy samples the same actions, up to step t*, i.e.

Pr[A; = a1,..., Ay = aps] = Pr[A] = a1,..., A} = a+]

And thus
Pr[n(R) = (T +1,a,(a1,...,ar))]
Pr[r(R") = (T +1,a,(a,...,ar))]
B Pr[T:T—I—l,;l: A, Ap 1 = Qpry1, ..., Ar =ar | A1 = ay,..., Ay = ap]
Pr[r/ =T+ 1, A =a,Al | =apq1,..., Ap=ap | Al = a1,..., Al = ap]

Letus denote by 1, . . ., t the time step corresponding to the beginning of the phases when 7 interacts
with R, and ¢, . .., t}, the the time step corresponding to the beginning of the phases 7 interacts with
r.

Also, let t;, be the beginning of the phase for which ¢* belongs in R phases. Similarly, let ¢}, be the
beginning of the phase for which ¢* belongs in R’ phases.

Since the actions ay, . . ., ar are fixed, and r, = r} for t < ¢*, t* falls in the same phase under both
R and R'. Thus, ty, =t), and k, = k.

Step 2: Using the structure of [GPE}, (¢)

& *11—1 . . .
Let S}, = ZZ’;;V ' x5 4 Y}, be the noisy partial sum of observations collected at phase k* for

r, where Y;« ~ Lap(1/e). Similarly, let 5/}, = Z’“:*;]:l*_l x, + Y, be the noisy partial sum of

observations collected at phase k* for r’, where Y. ~ Lap(1/e). Using the structure of |[GPE], (e),
we have that:

(a) If the value of the noisy partial sums at phase k* is exactly the same between the neighbouring
R and R/, then the BAI algorithm 7 will sample the same sequence of actions from step t* onward,
recommend the same final guess and stop at the same time, with the same probability under R and
R’. Thus, for any s € R:

Pr[T:T—&—l,A:d,At*H :at*+17...,AT:aT | A1 :CL17...7At* :at*,Sﬁ* :8]
:PI‘[T/:T+ I,A,:ZL,A;*+1 :at*+1,...,Aé,~:aT|A/1 :al,...,A;* :at*,g’i* :S]
(20)

This is due to the fact that, in , (€), the reward at step t* only affects the statistic SP «» and nothing
else.

(b) Since rewards are [0, 1], using the Laplace mechanism, we have that
Pr[SP, = s | A1 =ay,..., A = ap] < ePr(Sh. =s| Al =ar,..., AL =a) . 21

Step 3: Combining Eq.[20/and Eq. [21] aka post-processing:
We have

PT[T:T+17A:d,At*+1 =apq1y.. - Ar =ar | Ay = aq,. .., A = ags]

:/ PT[T:T—Fl,A:d,At*_;'_l :at*+1,...,AT:CI,T | Al :a17...,At* :at*,Sg* :S]
seR

Pr[gz* =s|A1=a1,..., A = az+]
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S/ eEPr[T/:T+1,A/:d,A;*+1:at*+17...7A/T:aT
seR

‘Al :CL17...7A2* :at*,g’i* :S]
Pr(Sh. =s| A1 =ay,..., Al = ap)

/ A’ ~ / / / /
=ePrir' =T+ 1,A =a,A | =apq1,...,Ar =ar | Al = a1,..., Al = ap] .

This concludes the proof:

E.3 Recalling the post-processing and composition properties of DP

Proposition 1 (Post-processing [30]). Let M be a mechanism and f be an arbitrary randomised
function defined on M’s output. If M is e-DP, then f o M is e-DP.

The post-processing property ensures that any quantity constructed only from a private output is still
private, with the same privacy budget. This is a consequence of the data processing inequality.

Proposition 2 (Simple Composition). Let M, ..., M* be k mechanisms. We define the mechanism
k
G:D— QMp
i=1
as the k composition of the mechanisms M, ..., M*.
If each M is €;-DP, then G is Zle €;-DP.
Proposition 3 (Parallel Composition). Let M*, ..., M* be k mechanisms, such that k < n, where

n is the size of the input dataset. Let ty, ...ty tg41 be indexes in [1,n] suchthat1 = t; < --- <
th <tpy1—1=n.
Let’s define the following mechanism

k
. B
g : {9317 e 751771,} — ®M{xti,-~~vxti+1—l}

i=1

G is the mechanism that we get by applying each M to the i-th partition of the input dataset
{z1,...,x,} according to the indexes t1 < -+ < tj, < tp41.

If each M is e-DP, then G is e-DP.

In parallel composition, the £ mechanisms are applied to different “non-overlapping" parts of the
input dataset. If each mechanism is DP, then the parallel composition of the k¥ mechanisms is DP, with
the same privacy budget. This property will be the basis for designing private bandit algorithms.

F Concentration Results

In Appendix [F] we detail the proof of all our concentration results. In Appendix [F.I] we start by
introducing a variant of GLR-based stopping rule using the modified transportation costs W 5
(see Appendix for details) which are defined based on the modified divergences d* (see
Appendix [G.I.T|for details). The proof of Theorem [3]is given in Appendix [F.2] In Appendix [F.3] we
show tail bounds for a sum between independent Bernoulli and Laplace observations that feature the
product of the tail bounds of each process. We prove time-uniform and fixed-time tails concentration
for Laplace distribution in Appendix and recall existing results for Bernoulli in Appendix
In Appendix [F.6] we provide tail bounds for a sum between independent Bernoulli and Laplace
observations that feature the modified divergence d. defined in Eq. (32). In Appendix we give
geometric grid time uniform tails concentration for the reweighted modified divergence.
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F.1 Modified GLR Stopping Rule

The modified GLR stopping rule is defined as

Ti\jl(;GLR =inf< n|Va # ay,, We,ama(ﬂn,ﬁn) > Z c(knp,0) p witha, € arg maxfin.q]f ,
be{an,a} a€[K]

(22)

where (fi,,, N,,) are the outputs of (¢). The modified transportation costs (Wéva,b)(mb)e[ K]? are
defined in Eq. (34), i.e., for all (1, w) € R¥ x RE and all (a,b) € [K]? such that a # b,

W w) = 1 ([uald > [old) | inf | {wad (s rw)) 4+ wd? (s w,r(un))

where r(z) := ngﬁ is defined in Eq. (33) for all z > 1. The modified divergence glvei are

defined in Eq. (32), i.e., for all (X, y1,7) € R x (0,1) x R%,

d-(A\p,r) =1 (n<[Ng) inf {kl(z, w) + %h(re()\ - z))} ,

z€(m,[Alp)

~ . 1
) =1 > W) __int i+ et = A

where h(z) := V1 + 22 — 1 +log (& (V1 + 22 — 1)) is defined in Eq. (31)) for all z > 0.
Lemma [§] gives a stopping threshold under which the modified GLR stopping rule is d-correct.

Lemma 8. Let § € (0,1) and € > 0. Let ) > 0. Let s > 1 and ¢ be the Riemann ( function.
Let W_1(x) = —W_1(—e™?) for all x > 1, where W_1 is the negative branch of the Lambert
W function. It satisfies W _1(x) = x + log x, see Lemma Given any sampling rule using the

(e), combining(e) with the modified GLR stopping rule as in Eq. (22) with the stopping
threshold

(k,0)=W_4 (log (K%(S)> + slog(k) + 3 — log 2) —3+log2. (23)
yields a d-correct and e-global DP algorithm for Bernoulli instances with unique best arm.
Proof. Lemma]yields the e-global DP. Let & = &5+, N[, 24+ £5,0,— With
Esar v = { V1 € N, Noar 8 (ina s tats N /i) < Ebnaes8) )
Va# ', Esan = {1 €N, Nuad (finas o Nua/kna) < &lknard) -
where (fin, Ny, ky,) are given by(e), casin Eq. (23) and gf as in Eq. (32).

Using Lemmasand we have IP’,,W(é'E’aﬁ) < §/K for all a # a*, and IPW(EE’G*#) < /K.
By union bound over a € [K], we obtain P, (£2) < 4.

) <
Let 7P as in Eq. (22) and d,, € arg max,¢(x)[fin,a)p- Then, we directly have that
Py (Tl\’/[(;GLR < +o0, d.,_lvlgr_k #* a*) < Pux (SE) + P (85 N {Ti\j[(;GLR < 400, dTEMg,LR #* a*})
<O+Pur (85 N {Ti\j[(;GLR < 400, gLTMgLR 7& a*}) .

Under & N {7MF™ < +00, G.vax # a*}, by definition of the stopping rule as in Eq. (7) and the
stopping threshold in Eq. (8), we obtain that there exists a # a* and n € N such that [fi, .]5 >
[fin.a+]5 and

Z E(kn,bv 5) < We,a,a* (ﬂny Nn)
be{a,a*}
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I?Ofl) {Nn,adv; (,an,av ’LL, T(Nn,a)) + Nn,a* dvj (/jfn,a* ) ’U,, T(Nn,a* ))}
ue (0,

{Nn,ad; (ﬂn,m Uq,, T(Nn,a)) + Nn,a* CA[?_ (ﬁn,a* y Ua*, T(Nn,a* ))}

inf
(ta g YE(0,1)2, g <tgx
< Nn,ad; (,an,a; Kas T(N7L7a)) + Nn,a* dj (ﬁn,a* s Ha* T(Nn,a* ))

S Nﬂ,adv; (lan,lu Ha, Nn,a/kn,a) + Nn,a* Jj (ﬂn,a* s Ha*, Nn,a* /k'n,a*) S Z E(kn,b; 5) )
bef{a,a*}

where we used the definition of W, , o+ in Eq. (34) and Lemmain the two equalities and jiq« > pq
in the following inequality. The second to last inequality uses that r(N,, ) < Ny, o/kn,q for all

a € [K] by definition of (ky, V;,), i.€., kno < 14108, Npa < kno+1,and thatr — d= (X, u,7)
is non-decreasing, see Lemmas [30]and[31] The last inequality is obtained by the concentration event
&s. Since this yields a contradiction, we obtain & N {77 < 400, a,yax # a*} = 0. This

concludes the proof, i.e., Py (TS{?LR < 400, Aok # a*) <. O

F.2 Proof of Theorem 3

Lemma [] yields the e-global DP. The proof of d-correctness is the same as the one of Lemma [§]
detailed above. In particular, we use the same concentration event &5 = &5 4+ + N ﬂa;éa* Es,a,— that

satisfies IP’,,W(EE') <.

Under & N {75 < 400, dr, ; # a*}, by definition of the GLR stopping rule as in Eq.
and the stopping threshold in Eq. @), we obtain that there exists a # a* and n € N such that
[ﬁn,a](l) > [ﬂn,a*]é’

Z (Cl (Nn,by 6) + CQ(Nn,tn 6)) = Z C(kn,b7 €, 6) < We,a,a* (ﬁna Nn) .
be{a,a*} be{a,a*}

Then, we obtain

We,a,a* (ﬂn, Nn) = H[})fl] {Nn,ad; (/ln,aa U) + Nn,a* d:_ (/ln,a* ) ’LL)}
ue |0,

- ll’lf {Nn,ade_ (ﬂn,aa ua) + Nn,a* dj_ (ﬂn,a* s Ugr )}

(Uasuqx)€[0,1]2, uaSugx
S Nn,ade_ (ﬂn,aa ,U/a) + Nn,a* d:_ (/jfn,a* ) ,ua*) )

where we used the definition of W 44+ in Eq. @) and Lemma [34] in the two equalities, and
(g, Uq) = (far, fa) € [0, 1]? that satisfies uq+ > u, in the following inequality.

Using Lemma and initialization yields min{r(Nnﬂ*), T(Nn,a)} > 0 by . When [fi,q]§ > pa
and pigx > [fin.a* |3 Lemmayields

i oy N . Npar
Ny (dF (fin,av s trar) = A5 (finar s frax, 7(Niar ) < k(N ) (log (1 + 26]4T> +1)

n n,a*
N7 — 0/~ T~ N7 7 Nn a
Nn,a(de (Mn,aaﬂa) - de (Mn,avuaa T(Nn,a») S kn(Nn,a) lOg 1 + 26% + 1 )
kW(NnJl)

where we used that (f1a, fta+) € (0,1)* and z/r(2) = 1+log, ,, & = ky(x). When [ o]§ < fra, We

have d_ (fin,q, ta) = 0 = d_ (fin,a; Ha, T’(Nna)) When pig+ < [fin, a5, we have d (fin o, par) =

0 = d} (fin,a*, a* 7(Nn,a+)). In either case, the above inequalities are still valid since the left hand
side is null and the right hand side is positive. Therefore, we have

de ([‘n,a) ta) + Nﬂ,a* dj (ﬂ",a* s Har)

,a
Nn,aglv;(ﬂn,avﬂaar(]vn,a)) + Nn,a*gj(ﬂn,a*aﬂa*aT(Nn,a*)) + Z CQ(Nn,bae)
be{a,a*}

N
<
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< Y W)+ Y @< > (@ d) + (Vo) |

be{a,a*} be{a,a*} be{a,a*}

where the second inequality uses the proof of Lemma(8] and third leverages that

(kpa,0) <W_4 (log (KCC;(S)> + slog(ky(Ny.a)) + 3 — log 2) —3+1log2,

by using that W _ is increasing (Lemma and kp o < 1+ logy, Nma = kn(Nn,a) for all
a € [K], as well as 7(x) = =/k, (z). Combining all the above inequalities, we have shown that

Z (cl (Nn,b; 5) + CQ(Nn,lN 6)) < We,a,a* (/]nv Nn) S Z (Cl (Nn,ba 6) + CQ(Nn,bv 6)) .
bef{a,a*} be{a,a*}

This yields a contradiction, hence we have &5 N {7, 5 < +o0, r, s # a*} = (. This concludes the
proof, i.e., Pur (75 < +00, dr, , # a*) < 6.

F.3 Fixed Time Tails Bounds for a Convolution of Probability Distributions

We derive general upper and lower bounds on the upper and lower tails of the convolution (i.e., sum)
between two independent random variables (Lemma[9). We provide upper (Lemma[IT)) and lower
(Lemma [TT)) tail bounds for a sum (i.e., convolution) between independent Bernoulli and Laplace
1.i.d. observations for a fixed time. The bounds are expressed as a function of the infimum over a
bounded interval of a —% log(-) transform of the product between the (upper or lower) tail bounds of
each process. Therefore, in Lemmas|[IT]and [TT} we can plug any bounds on the (upper or lower) tail
concentration of each process. While those bounds are standard for Bernoulli distribution (Lemma [16]
in Appendix [F3)), we propose new bounds for Laplace distribution (Lemma[I5]in Appendix [F.4).

Sketch of Proof of Lemma[J| The main difficulty when studying the sum of two random variables
lies in the fact that it involves the integral of the convolution of their probability measures. In all
generality, it is difficult to upper bound such a quantity. The main idea behind our proof technique
is to split the event of interest into a partition of carefully chosen events. Then, on each of those
smaller events, we derive a "tight" upper bound on the integral of the convolution of their probability
measures. It is reasonable to wonder how one could choose those events such that the upper bound
is easier to obtain. When the event is defined as the intersection of two independent events, then
we obtain a straightforward upper bound by the product of their respective probablities. When the
event truly mixes the distributions, we need to use a smarter approach to control the integrated
function. First, we upper bound a sub-component of this function by a maximum of the product of
their respective probablities (on a small interval that is defined by the smaller event). Second, after
this upper bound, the integrated function coincides with the hazard function, whose integral is the
cumulative hazard function. To conclude the proof, it only remains to merge together the different
upper bounds.

To the best of our knownledge, the proof technique closest to ours is the one used to prove Lemma 64
in Jourdan et al. [50]]. They control the probability that two random variables have an unexpected
empirical ranking as a function of the boundary crossing probabilities of each random variable.
While tackling a distinct problem, they adopt the same proof structure. They decompose the event
into carefully chosen events on which they can upper bound the integral of the convolution of their
probability distributions. The upper bounds are obtained similarly as ours, with fewer events to
consider.

Lemma 9] gives upper and lower bounds on the upper and lower tails of the sum of two independent
random variables. This result is of independent interest.

Lemma 9. Let 0 and ) be two independent real random variables such that (i) 6 has bounded support
included in [, 5] and mean 1 € (o, B) and (ii) A has zero mean. Let

Yu € [0,1], Yo € (0,1], p(u,v) := u(l — log(u) + log(v)) .
Then, for all x > 0, we have

PO +A=p+2) <P 22)P0 € o, p]) + P(A < 0)P(0 € [min{f, u+ z}, B])
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z€(p,min{B,p+x})
PO+A>p+az) > sup {P(0 € [z, B)PA = p+z —2)}
2€(p,min{B,p+z})
PO+A<p—2)<PA<—2)P0 € [uB])+PA>0)P0 € [, max{a, u — z}])

+p < sup {P(0 € [z, B)PA = p+x—2)}, PO € [, AHP(A = 0)) ;

P( A ){P(QE [, 2)P(A < p— 2 = 2)}, PO € [o, p])P(A < 0)) :
PO+A<p—z)> sup {P(O €[, z)PN<p—x—2)}.

=€ (max{a,u—c},p)

Proof. 1. Upper Bound on Upper Tail. We start by studying P(§+ X > p+x) where 2z > 0. We can
suppose that there exists y; € (max{z + p — 3,0}, z) such that P(0 > = + p — y1)P(A > y1) > 0.
Otherwise, the probability of {6 + A > u + «} is 0, and both bounds are 0 as well. Let y; be such a
value, and
Y3 € [z,2+p) and yp € (min{x + p — 5,0},0].

First, we note that — logP(0 > x 4+ 1 — y1) and — log P(A > y) are finite, since P(6 > o + u —
y1)P(A > y1) > 0 implies that min{P(¢ > = + p — y1),P(A > y1)} > 0. Second, we note that y
only exists when = + p < 3, i.e., (min{z + p — 3,0}, 0] # 0. In order to study the cases z + u < 3
and x + 1 > [ simultaneously, we adopt the convention that the maximum of a positive quantity on
an empty set is defined as zero. Note that the situation x + p < /3 has more subcases.

We partition of the event {# + A > 1 + z} into eight sets, namely
{0+A>p+z,0€o,f), \eR}={A € (max{z +p—B,0},y1), 0 € [x+p— A\ 5]}

{0 elz+p—y,B, A=y}
u{oe(wa+p—y), A\>x+p—0}
u{belz+p—ys,ul, \>xz+p—0}
U{0 € oo+ p—y3), A >z + p}
U{r€lys,z+p), 0€fz+p—XNo+p—ys)}
U{A € [y2,0], 0 € [z +pn— A B}
U{delz+pn—0,y2), 0 €lz+p—uy2 b}

First, it is direct to see that

A€y, 0,0€fz+pu—NBIU{AE[r+u—0,v2), 0 € [x+pu—ya B}
C{A<0,0 € min{B,p+z}, B},
{0elrz+p—ys,u, \2z+p—0U{0 € o,z +p—ys)A=>x+u}
U{relys,z+p),0€flz+p—Aa+p—y)} S{A>z, 0€o,pnl}.
By union bound, the probability of the union of those five events is upper bounded by the sum of the
probability of those two events, i.e., P(A > z, 0 € [a, p]) + P(A < 0,0 € [min{8, u + x}, B]).

A. Separate Conditions. Those two events and one of the three remaining do not require to control
(0, \) simultaneously, as they separate the conditions on (6, \). Thanks to the independence of
(6, A), the probability of those events can be simply upper bounded by the product of the respective
probability of those conditions. Therefore, we obtain

P>z, 0€[o,p) +PA<0,0 € [min{B,u+z}B])+POcz+p—y1,0), A>y1)
=P\ > 2)P(0 € [a, p]) + P(A < 0)P(0 € [min{f, u + =}, 5])
+P(0 € [z + p—y1, B)PA > 1) .

B. Mixed Conditions. The two remaining events truly require to control (6, \) simultaneously,
i.e., consider their convolution. The proof idea is the following: (1) we integrate one integral to
obtain one survival function, (2) we make appear the other survival function artificially, (3) we upper
bound the product of their survival functions on the whole set and (4) we integrate the remaining
hazard function, whose integral is the cumulative hazard function. Let dG and dF" be the probability
measures of  and A on R.
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For all s € (max{z + u — 3,0},41), we have P(A > s) > P(A > y1) > 0. Then, we obtain
P(X € (max{x +u—53,0},y1), 0 €x+p—X03)])

P(6 € [z 4+ pu—s,B])dF(s)

Ae(max{x+ﬂ_ﬁvo}’yl)

1
= P\ > s)P(0 — s, —dF
/SE(maX{x-ﬁ-u—ﬁ,O},yl) (A2 elotn=s IB])P()\ > s) (s)
1
< P(A > s)P(O — s, —dF
B Se(max{l's"'l‘lf—ﬁaohyl){ ( N S) ( © [x e ﬁ])} /sé(max{w+u_570},y1) ]P)(A >s (S)
< sup {PA > $)P(0 € [z 4 p—s,B])} (—log(P(A = y1)) +log(P(A > 0))) ,

s€(max{z+p—p,0},y1)
where we used that P(A > max{z + pu — ,0}) < P(\A > 0).
Forall z € (u,x + p — y1), we have P(0 € [z, 8]) > P(6 € [x + p — y1, 8]) > 0. Then, we obtain
PO € (ux+p—y1), A\>z+p—0)

= / P\ >z + p— 2)dG(z)
z2€(p,x+pu—y1)

/ P22+ - 2P0 € [2 ) L e
2€(p,x+p—y1)

(0 € [2,0])

1
P(\ > —)P@ € |z, v
ZE(Mil-l‘rI/)t—%){ ( =t Z) ( © [Z 6])} z€(p,x+p—y1) P(9 € [276])
sup {B(\> $)P(0 € [z + 1 — 5, 8]}

s€(y1,2)

(—1og(P(0 € [z + p—y1, B])) + log(P(0 € (1, A]))) -

IN

dG(z)

IN

C. Combining Results. Putting everything together, we have, for all y; € (max{z + p — 3,0}, z),
P(0+ > p+a) < PO > 2)P(0 € o, 1)) + B(A < 0)P(0 € [min{B, i+ x}, 8])
+P(0 € [z + p—y1, B)P(N > y1)

£ ap POz B0 € [ s, 6D} (~log(BOA 2 p) + o) > 0))
s€(max{z+p—p£,0},y1)

+ sup {PA=s)P(0 € [x+p—s,0])} (—1og(P(0 € [z + p— w1, 8])) +log(P(6 € [, 5])))

s€(y1,x)
<P > 2)P(0 € [, p]) + P(A < 0)P(0 € [min{B, p + z}, B])
+P(0 € [z + p—y1, B)PA > 1)

+ sup {P()\Z S)P(QE [$+M_576])}
s€(max{z+u—0B,0},x)

(= log(P(A = y1)P(0 € [z + 1 —y1, B])) + 1og(P(0 € [u, B))P(A = 0))) ,

where the second inequality is obtained by extending the two suprema to (max{x + p — 3,0}, x),
which is possible since multiplied by a positive value, and factorizing them together. Taking

yr € arg max {PA=s)P(O € [z +p—s,0])}},
s€(max{z+p—pB,0},x)

and the change of variable z = = + 11 — s, i.e.,

sup (P> s)P(O € [z +p—s,5])}
s€(max{z+p—p3,0},x)

= sup {P€lz8)PA2z+p—2)},
z€(p,min{B,z+p})

concludes the proof of the upper bound on the upper tail.
IL. Lower Bound on Upper Tail. Let z € (i, min{3, u + x}). Then, we have directly that
ez, \>p+x—2 C{0+A>pu+ua}.
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Using independence, we obtain

PO e [,8)PA>pu+z—2)=PlO€cz,8,A>put+x—2)<PO+A>p+x).
Taking the supremum over z € (u, min{8, u + x}) on the left hand side concludes the proof of the
lower bound on the upper tail.

I11. Upper/Lower Bound on Lower Tail. The third and forth inequalities are a direct consequence
of the first and second inequalities applied to the two independent real random variables —6 and — A\
since (1) —6 has bounded support included in [, —«] and mean —p € (-3, —«), and (2) —\ has
zero mean. Namely,

PO+A<p—2)=P(-0-A>-p+ux),

B(A < —2)B(8 € [1, 5]) = B(-A = 2)B(=6 € [-8, —ul) |

P\ > 0)P(0 € [, max{a, p — z}]) = P(—=X < 0)P(—0 € [min{—«,z — p}, —q]),

P(0 € [o, u])P(A < 0) = P(=0 € [-p, —a])P(=A = 0) ,

sup {P(9 € [, )P < - — 2)}

z€(max{a,p—z},p)

= sup {P(-0 € [z,—a))P(-A> —pu+z—2)},

ze€(—p,min{—o,—p+x})

where we used the change of variable z = —z. O

Properties on the Rate Function Lemma[I0]gathers properties on the rate function f in Lemmas|TT]

and[T1]

Lemma 10. Let us define
Ve >0, f(z):=(x+3-log2)exp(—=x). (24)

On R, the function f is twice continuously differentiable, positive, decreasing and strictly convex. It
satisfies f(0) > 1, limg_, o f(2) = 0 and

fz)<d <<= a>W_1(log(1/6)+3—1log2)—3+log2,
where W _1 is defined in Lemma

Proof. Direct manipulation yields f(0) =3 —log2 > 1, lim, 1+ f(z) =0,
V>0, f'(z)=—(x+2-1log2)exp(—z) <0 and f"(z)=(z+1—log2)exp(—z)>0.
Using that f(z) = 371982 exp(—h(z + 3 — log 2)) where h(z) = x — log(z), Lemmal[51]yields
fl) <6 <= h(z+3-1log2) >log (e 82/4)
<~ W_1(log(1/6) +3—1log2) —3+1log2 <.
O

Fixed Time Upper and Lower Tails Concentration Lemmal|ll|gives an upper and lower tails
bound for a sum between independent Bernoulli and Laplace i.i.d. observations for a fixed time.

Lemma 11. Let i € (0,1) and € > 0. Let Zy = 3 1y Xs where X; ~ Ber(p) are i.id.
observations. Let Sy = 3~ (., Ys where Y ~ Lap(1/e) are i.i.d. observations where (n¢)ien be a

piece-wise constant increasing function from N to N. Let f as in Eq. 24). Then, for all t € N and all
z >0,

Pz s ziermy<s (o e fotog (B2 RS 2 e+ a-9) )
z€(p,min{1l,z+p}) t

Pz s <iu-a)< s (i mt {Tos®(E < (s < -0 - o) )
z€(max{0,u—x},u) t
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Proof. Lett € Nand z > 0. Then, Z; and S; are two independent real random variables such that
(1) Z; has bounded support included in [0, ] and mean tu € (0,¢) and (ii) Sy has zero mean. By
symmetry of Lap(1/¢) around 0, the cumulative sum of n; observations (i.e., St) is also symmetric
around 0. However, Z; follows Bin(¢, ;1) which can be skewed. Therefore, we have
P(S;>0)=1/2=P(5, <0) and max{P(Z; € [tu,t]),P(Z; € [0,tu])} <1,
Vz €[0,1], P(Z; € [tz,t]) =P(Z; > tz) and P(Z; € [0,t2]) = P(Z; < tz2).
Using that z — P(Z; > tz) is decreasing on (p, min{1,z + p}) and z — P(S; > t(p — x — 2) is
increasing on (u, min{1, x 4+ u}), we obtain
max{P(Z; > tmin{l,z + u}))P(S: < 0),P(S; > tx)P(Z; < tu)}
< sup {P(Zy > t2)P(S: > t(x +p—2))}.
z€(p,min{l,z+pn})

Let us define g(x) := 2(3 — log(2) — log(z)). Using Lemma[9|for (Z;, S;) and considering tz > 0
and z € (p, min{fB, p + z}) (i.e., tz € (tp, t min{B, u + z})), we obtain

P(Zi+ Sz tx+p) <yg sup {P(Z: 2 t2)P(Se = t(x +p—2))} | -
z€(p,min{l,x4pn})

Let f as in Eq. (24) of Lemma([I0] Then, we have f(z) = g(exp(—)). This concludes the proof of
the upper bound on the upper tail. The second result is obtained similarly based on Lemma[9]and the
above results. O

F.4 Tails Concentration of Cumulative Laplace Distributions

We derive time-uniform (Lemma[T4) and fixed-time (Lemmal[I3)) tails concentration for the cumulative
sum of i.i.d. Laplace observations. Our proof technique is based on the Chernoff method and Ville’s
inequality as in Eq. (26). Therefore, we need to derive the convex conjuguate of the moment
generating function of a Laplace distribution (Lemma[I2)). While the time-uniform result requires
using the peeling method, the proof of the fixed-time concentration is simpler. To use the peeling
method, we need to control the deviation of the process on slices of time (Lemma@]).

Convex Conjuguate of the Moment Generating Function of Laplace Distribution Lete > 0.
The moment generating function of the Laplace distribution Lap(1/¢) is defined as

VYA€ (0,€), Yrap,e(A) =108 Exrap(i/e) [exp(AX)] = —log(1 — A?/€?) . (25)
Lemma@] explicits the convex conjuguate of 9,y . and its associated maximizer.
Lemma 12. Let )14, ¢ as in Eq. 25). Let us define

Vo >0, O, (z) = Arg(%ﬁ){m —YLpe(N)} and  Az) := aig(rélgx{kw — Yrap.e(N)} -

Then, for all x > 0, we have

Aa) = % (\/1 ¥ (ze)? — 1) €(0,6) and Wi, .(x) = h(ex) > 0.
where h is defined in Eq. (31).

Proof. Let f(A) = Ax — trap,e(A) for all X € (0, €). Direct manipulation yields that

2 2
and ') = —2-S TN

VA€ (0e), f'(N)==z-— (€2 —A2)2

2 _ )2
Moreover, for all A € (0, €), we have

FN=0 = XN42/z-E=0 A:%( 1+(9:€)2*1)~

We used that the second solution to the second order polynomial equation is negative, hence not in

, €). Moreover, 1t 1s direct to see that = + (xe)c — € (0, €) since +xc—1<xasit
0,€). M it is di hat L (/1 2-1) € (0,¢) since VI+22 — 1<z, asi
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is equivalent to 1 + 2 < (z+ 1)2 which is true when & > 0. Since f is strictly concave, the above
computation gives its unique maximizer on (0, €), namely we have \(z) = 2 ( 1+ (xe)? — 1).

Moreover, the convex conjuguate of ¥ qp 1S

Vlap.e(x) = f(AM2)) = 1+ (2€)? — 1 +log (1 - @ ( 1+ (we)? — 1)2)

2
= 1+(xe)2—1—|—10g<(x6)2 ( 1+(:ce)2—1)) .
This concludes the proof. O

Test Martingale for Cumulative Laplace Observations Lete > 0 and S; = Zsem Y, where
Y, ~ Lap(1/¢) are i.i.d. observations. Let us define

VA€ (0,€), M(N) :=exp(AS; — thrap,c(N)) -
It is direct to see that M(A) = 0 almost surely and
E[My(A) | Fir] = Mt (NEx~rap(1/0[exP(AX = Yrap,e(A))] = Mi-1 () -
Therefore, M, () is a test martingale. Using Ville’s inequality [84] yields that
Vo € (0,1), VA € (0,€), P (3t eN, XSy — tirap,e(A) >log(1/6)) < 6. (26)

Time Uniform Tails Concentration Lemma[I3]controls the deviation of the process on slices of
time.

Lemma 13. Let € > 0and Sy =} .y Ys where Y ~ Lap(1/e) are i.i.d. observations. Let N > .
For all © > 0, there exists A\(x) such that for all t > N,

(80> ta} C (A@)S: — trape(A@) > Nh(ex)} .
where \(x) as in Lemmall2)and h as in Eq. (31).

Proof. Using Lemma we obtain A(z) € (0,¢) and ¥f,, (v) = h(ex) > 0, hence ty)f,, () >
Ny, (x) fort > N. Then, direct computations yield

Sy > tr = MN@)St — thrap,e(A(T)) >t (ZA(T) — PLap,e (A(2))) = T4 ()
= ASp — trap,e(A) > N1/1Eap7€(:17) = Nh(ex) .

This concludes the proof. O

Lemma(I4]gives time-uniform tails concentration for the cumulative sum of i.i.d. Laplace observations.
It is obtained by applying Lemma[I3]on slices of time with geometric growth rate.

Lemma 14. Let § € (0,1). Let v > 0, s > 1 and ( be the Riemann ( function. Let h=! be the
inverse of h defined as in Eq. (31), which is well-defined by Lemma@ Lete >0and Sy = Ys

where Ys ~ Lap(1/e€) are i.i.d. observations. Then,

P (Ht eN, S, > L (1—;7 <log (C(;)> + slog (1 —l—logHvt)))) <9J,

€
P (Elt €N, S < —éh*l (HtV <log (C(;’)> + slog (14 log; t))>> <.

Proof. Let us define the geometric grid N; = (1 +~)*~*, hence we have N = [ J; . [Ni, Ni41). For
alli € N, let z;(6) > 0 to be defined later, and A\(z;(0)) as in Lemmal[13] For all ¢ € N, let g(¢, §) to
be defined later such that g(¢,8) > z;(6) for ¢t € [N;, Nj41). Using Lemmal[13|with ;(§) > 0 and
g(t,0) > x;(0) for t € [N;, N;+1), a union bound yields that

P(3t €N, Sy > tg(t,9))

s€E(t]

\

N
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< ZP(EHE S [NZ',NiJrl) S > twi(6))

1€N

< TP 3t € (Vi Nisa) : Awi()S: — b (Aws(8)) > Ni(ex:(6)))
1€EN

S Z e—Nih(ez,;(E))
i€EN

where the last inequality uses Ville’s inequality as in Eq. for all ¢ € N. Let us define

g(t,8) = %h—l (Ht” (log (C(;)) + slog (1 —HogHv(t)))) ,

=t (o ()

Using Lemman we obtain that z;(§) > 0 and that A~ is increasing on R%.. Using ¢ € [N;, N;11)
andi =1+ logH,y N;, we obtain

o™ (7 (e (557 #eton 4o 0) )

1. ,/1 i°¢(s)

- —1 =x4(0) .

eh (Nl- og( 1) z:(9)
T'herefore, we have

1
P(3t €N, S; > tg(t,0)) Ze—N’L(“ 10) < (5) Z
i€N

g(t,0)

Y

This concludes the proof of the first result.

By symmetry of the Lap(1/e) around zero, the cumulative sum of i.i.d. observations is symmetric
around zero. Combining the first result with the symmetry around zero yields the second result. [

Fixed Time Tails Concentration When the time is fixed and not random, there is no need to
consider slices of time and we can directly control the deviation of the process.

Lemma 15. Lete > 0 and S; = Zse[t] Y where Y ~ Lap(1/e) are i.i.d. observations. Let h as in
Eq. B1). Then,

V¢ € N,Va > 0,

P(S; > tz) < exp(—th(ex)),
Vte N,Vz >0, P(S; <

(St < —tx) < exp(—th(ex)) .

Proof. The first result can be obtained with the same manipulation as in the proof of Lemmal[T4] i.e.,
combining Ville’s inequality in Eq. (Z6) with Lemma[l3]at N = ¢.

By symmetry of the Lap(1/¢) around zero, the cumulative sum of i.i.d. observations is symmetric
around zero. Combining the first result with the symmetry around zero yields the second result. [

F.5 Fixed Time Tails Concentration of Cumulative Bernoulli Distributions

The fixed time upper and lower tail concentration of cumulative Bernoulli distributions are well-
studied. Using the Chernoff method yields Lemma[I6] whose proof is omitted since it is a classic
result.

Lemma 16 (Chernoff Tail Bound for Bernoulli Distributions [17]). Let p € (0,1) and Z; =
>_se[) Xs where X ~ Ber(p) are i.i.d. observations. Then,

vt € N,Va € (u,1), P(Z; > tx) < exp(—tkl(z, pn)),
vte N,Ve € (0,un), P(Z; <tx) <exp(—tkl(z,pu)).
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F.6 Fixed Time Tails Concentration for a Convolution between Bernoulli and Laplace
Distributions

We provide upper (Lemma|[I7) and lower (Lemma|[I8) tail concentrations for a sum (i.e., convolution)
between independent Bernoulli and Laplace i.i.d. observations for a fixed time.

Fixed Time Upper Tail Concentration Lemma[I7]shows an upper tail concentration on the sum
(i.e., convolution) between independent Bernoulli and Laplace i.i.d. observations.

Lemma 17. Let p € (0,1) and Z, = 3 () Xs where X ~ Ber(u) are i.i.d. observations. Let
(nt)ten be a piece-wise constant increasing function from Nto N. Let € > 0 and Sy = ), ] Y,
where Ys ~ Lap(1/e€) are i.i.d. observations. Then,

SE[ny

VEEN, Vo >0, P(Z+ 5 2 tu+a) < f (td (o pt/m)) |
where f is defined in Eq. 24) and d_ is defined in Eq. B32).

Proof. Lett € N and > 0. Combining Lemmas [T3] and [T6] we obtain, for all z > 0 and all
z € (p, min{l, x + u}),

108 (Gt 1o + = 20) 2 KiCep) + 50 (el b= 2))

where we used that z + y — z > 0. Taking the infimum on (u, min{1, z + u}) on both sides and
using that [z + p]§ = min{1,z + u} > u, we obtain

1 ~ _ ~
inf ——log (G¢(tz)Fp, (t(x +p— 2 >d_(p+x, pu,t/ng),
z€(p,min{l,z+pn}) { t & ( t( ) ( ( K )))} (,u M / t)

where cl* is defined in Eq. (32). Since f is decreasing on R (Lemma , using Lemmayields

P(Ze+Se >tz +p) < f (tci_(,u + xalht/nt)) :

which concludes the proof. O

Fixed Time Lower Tail Concentration Lemmal[I8shows a lower tail concentration on the sum
(i.e., convolution) between independent Bernoulli and Laplace i.i.d. observations.

Lemma 18. Let p € (0,1) and Z, = 3 () Xs where X ~ Ber(u) are i.i.d. observations. Let
(nt)ien be a piece-wise constant increasing function from Nto N. Let € > 0 and Sy = ) Y,
where Ys ~ Lap(1/e€) are i.i.d. observations. Then,

sE€[n¢]

where [ is defined in Eq. 24) and d7 is defined in Eq. (32).

Proof. Lett € N and > 0. Combining Lemmas [T5] and [T6] we obtain, for all z > 0 and all
z € (max{0, u — x}, ),

OB (Galt2) P (0 = 2)) 2 W) + 50 (L b o =)

where we used that y — 2 — z < 0. Taking the infimum on z € (max{0, 4 — x}, ) on both sides
and using that [ — 2] = max{0, u — 2} < u, we obtain

1 ~

wr R GUF = o= ) 2 T gt/
z€(max{0,u—z},u) t

where d" is defined in Eq. (32). Since f is decreasing on R, (Lemma|10), using Lemmayields

P(Z+ S0 =t — @) < f (1 (=2 1,t/m0))

which concludes the proof. O
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F.7 Geometric Grid Time Uniform Tails Concentration for a Convolution between Bernoulli
and Laplace Distributions

We provide upper (Lemma|[I9) and lower (Lemma 20} tail concentrations for a sum (i.e., convolution)
between independent Bernoulli and Laplace i.i.d. observations that holds time uniformly on a
geometric grid.

Geometric Grid Time Uniform Upper Tail Concentration Lemma[T9]gives a threshold ensuring
that a geometric grid time uniform upper tail concentration holds with probability at least 1 — §.

Lemma 19. Let § € (0,1). Let (jin, Ny, ky,) are given by(e). Let s > 1 and ¢ be the Riemann
¢ function. Let W _1(z) = —W_i(—e™®) for all x > 1, where W_, is the negative branch of the
Lambert W function. It satisfies W _1(x) = x + log z, see Lemma Let us define

c(k,8) = W_1 (log (1/6) + slog(k) +log({(s)) +3 —2log2) — 3+ 2log2. (27)
Forall a € [K), let us define

Ena- = {0 € N, Nuad (s tas Mo /bna) < clhna;0) } (8)

where d_ is defined in Eq. (32). Then, we have IPVF(Eg’a’_) < foralla € [K].

Proof. Let us define the geometric grid N; = (14 7)"~', hence we have N = | J,.y[N;, Nij1). Let

a € [K]. If Nma € [N;, Ni+1), then we have Nma = [N;] and k,, o = i. By union bound, we
obtain

Pur(Ef ) = Pun (30 €N, Nuad, (finas o Noa/Fon,a) = lhina:6) )

<> Pur (Fi €N, (N k) = (IN:1,0) A Noady (fimas as Mo /bina) = (0, ))
ieN

= > P ([N (Zy + S/ TN 1as [N /0) 2 (i 9) )

i€EN

where Z7 7 is the cumulative sum of [N;] i.i.d. observations from Ber(f,) and S; is the cumulative
sum of 4 i.i.d. observations from Lap(1/e).

Forall i € N, let z; > 0 be the unique solution of [N;|d_ (& + fq; fta, [Ni]/i) = ¢(i, ), which
exists by Lemma([32] Then, we obtain

P (V- (Zn) + S0/ N ptas [N /i) > (i, 6) )
=P (d: ((Zn + S0/ INT, ptas [N /) 2 d (23 + a1 [N21 /)
< P(Z) + S5 2 [N @i+ 1a) < £ ([N @3+ pas s [N /) = £ (e(0,9)

where f(z) := (z + 3 — log 2) exp(—z) for all x > 0. The first and the last equalities are otained by
definition of x;, i.e., [IN; |d (z + fia, fta, [Ni]/1) = c(i, d). The first inequality is obtained by using
Lemma [33] and the second inequality is obtained by using Lemma[I7} Using Lemma[I0]yields

fl) <6 <<= W_1(log(1/6)+3 —log2) —3+1log2 < z.

Taking
c(i,0) = W_1(log (i*¢(s)/6) + 3 — log2) — 3 + log 2,
we can conclude the proof since IF’W(EE%_) <D ien f(e(i,0)) <3 ien ﬁ <. O

Geometric Grid Time Uniform Lower Tail Concentration Lemmal[20]gives a threshold ensuring
that a geometric grid time uniform lower tail concentration holds with probability at least 1 — 4.
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Lemma 20. Let § € (0,1). Let (jin, Ny, k) are given by(e). Let ¢ as in Eq. (Z7). For all
a € [K], let us define

gé,a,—i— = {vn € N7 Nn,a@(ﬂn,aa.uayNn,a/kn,a) < C(kn,aa 5)} ; (29)

where d* is defined in Eq. (B2). Then, we have P, . (5(Ea)+) < forall a € [K].

Proof. Let us define the geometric grid N; = (14 n)"~!, hence we have N = | J,.y[N;, Nij1). Let
a € [K]. If Nn,a € [N;, N;y1), then we have Nn,a = [N;] and k,, , = i. By union bound, we
obtain

Puw(5§7a7+) = Pmr (Eln € N) Nn,agj(ﬂTL,avﬂaa Nn,a/kn,a) > C(kn,aa 5))

<> Pur (3 €N, (oo kna) = (IN1,3) A Moo (inas as Mo /Kina) = elkina:) )
ieN
= > P (TN (Zivg + 82/ TN pay [NG1 /i) = €(6,9))
ieN
where Z|,7 is the cumulative sum of [V;] i.i.d. observations from Ber(f,) and S; is the cumulative
sum of 7 i.i.d. observations from Lap(1/e).

Forall i € N, let x; > 0 be the unique solution of [N;1d} (1ta — , fta; [Ni]/i) = ¢(i, 6), which
exists by Lemma@ Then, we obtain

P (NG (Zin) + S0/ TN ptas [Ni1/i) = (i, 6) )

= P (@ ((Zrvg + S0/ TN ttas TN /) = 2 (110 = 3, 10, TNG1/3))

<P(Zing + Si < INil(pa — i) < f (’—Ni]gj(ﬂa — i, flas |_Ni—|/i)) = f(c(i,0)) < C(j)is

where f(z) := (2 + 3 —log 2) exp(—z) for all 2 > 0. The first and the last equalities are otained by
definition of z;, i.e., [N;|d} (o — @, pta, [N; /) = c(4, ). The first inequality is obtained by using

Lemma[33] and the second inequality is obtained by using Lemma|[I8] The last inequality uses the
same derivations based on Lemma[T0]as in the proof of Lemma[T9]by taking

c(i,8) = W_1(log (i°¢(s)/6) + 3 —log2) — 3+ log 2.

This concludes the proof since P, (5(2(17_) <D ien ﬁ < 4. O

G Divergence, Transportation Cost and Characteristic Time

divergences d;t (Appendix i and E@t (Appendix|G.1.1). Second, we derive regularity properties

the (modified) transportation costs W 4, (Appendix (G.2)) and Ww,b (Appendix | for a pair of

Appendix [Glis organized as follow. First, we derive reiularity properties for the signed (modified)
arms (a, b). Third, we study the characteristic time for e-global DP BAI (Appendix |G.3).

G.1 Signed Divergence
Recall [z]} := max{0, min{1, A\}} and

Y\ p) € (0,1)2, KI(\, p) == \log (2) +(1—-X)log (1:2)

where kl is infinity when {y, A} N {0, 1} # (). The signed divergences d* are defined in Eq. (3), i.e.,

VA p) € Rx [0,1],  do (A, p) =1 (< [N]g) . {Ki(z, 1) + e(Ng — 2)}

Af Qo) =1 (u > ) __inf {1z p) ez = )} -

Lemmarelates d. and d*.
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Lemma 21. Let d* and d. as in Eq. @) and @). Let (k,v) € F? with means (\, 1) € (0,1)% Then,

0 ifAx=up
de(k,v) = §dc (A p) fp<Ai.
df(\p) ifp> A

Proof. When X\ = 1, we have d.(k, v) = 0 by taking ¢ = v and using the non-negativity of d..
Let ¢ € F with mean z € (0,1). When p < A, we have
de(k,v) =min{ inf {kl(z,p)+e(A—2)}, inf {kl(z,pu)+eA—2)},
2€(0,p) 2€[p,A]

)+t

= inf {kl(z, 1) + €A — Z)} =d;(\ ),
2€[p,\]
where we partitioned (0, 1) and used that (1) z — kl(z, 1) + €(z — A) is increasing on (), 1), hence
the infimum on this interval is achieved at A, and (2) z — kl(z, pt) + €(\ — 2), is decreasing on (0, ),
hence the infimum on this interval is achieved at p.

When p > A\, we have
de(k,v) =min{ inf {kl(z,p)+e(A—2)}, inf {kl(z,p)+e(z—A)},
z€(0,\) zE[A, ]

Lo Kz )+ e(z = )}

= it Kz ez - A} = dF (),
Z€[X,p]
where we partitioned (0, 1) and used that (1) z — kl(z, u) + €(z — A) is increasing on (u, 1), hence
the infimum on this interval is achieved at u, and (2) z — kl(z, u) + (X — 2), is decreasing on (0, \),
hence the infimum on this interval is achieved at A.

Lemma shows a strong link between d. This symmetry property can be used to carry regularity
properties from d} to d_, and vice versa.

Lemma 22. Let d* as in Eq.[3| Forall p € [0,1] and all A € R,

Proof. By definitions and change of variable Z =1 — z and kI(1 — 2,1 — ) = kl(Z, i), we obtain

dX(1—=X\1—p)=1(u<[Np) [ i[{\1]f ]{kl(z, 1 —p) + e(max{0, min{1,\} — (1 — 2))}
z€[1-[A\]§,1—p
=1 (p<[Np) [in[f)\] | {kI(1 = 2,1 — p) + e(max{0, min{1, A} — 2)}
ze(m,[A]g

=1 (i< B) __inf | {KI(Z,p0) + clmax{0,min{1, A} — 2)) = d (L)

The second equality is a consequence of the first. O

Lemma gathers regularity properties on the functions g that appear in the explicit solutions of
d*, as shown below. Intuitively, those functionals govern locally the separation between the low
privacy regime where dZ is equals to the kI and the high privacy regime where the divergence has to
be modified to account for the privacy budget e.

Lemma 23. Let ¢ > 0. Let g defined as

x zet

) — ()

Vr e [0,1], ¢ (x):= p s e and g; (z) = E
On [0,1), the function g7 is twice continuously differentiable, increasing and strictly convex. It
satisfies g+ (0) = 0, gF (1) = 1 and g+ (z) < x on (0,1). On [0,1], the function g_ is twice
continuously differentiable, increasing and strictly concave. It satisfies g~ (0) =0, g- (1) = 1 and
g- (x) >z on (0,1). Forall z € [0,1], we have g7 (g7 (x)) = x and g7 (1 — z) + g (x) = 1.
For all x € [0,1], we have lim._,o g} (z) = im0 g_ (x) = ; it satisfies lim._, 1 9. () = 1 if
x# 0and im0 g7 () =0 ifx # 1.

(30)
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Proof. Using that e€ > 1, direct computations yield that, for all z € [0, 1],

) (z) = 66 an H'(z) = — el —e)
(ge ) ( ) (m(l — ee) T 66)2 >0 d (ge ) ( ) (.’17(1 _ ee) + 66)2
e e‘(ef—1)

(9) (z) = CCEETE >0 and (97)"(z)=— @ —D117°

>0,

<0.

Therefore, g is twice continuously differentiable, increasing and strictly convex on [0, 1] and g
is twice continuously differentiable, increasing and strictly concave on [0, 1]. It is direct to see
that g (0) = g-(0) = 0 and g/ (1) = g- (1) = 1. Since they are strictly convex and strictly
concave, we obtain ¢ (z) < z and g7 (z) > z for all z € (0,1). It is direct to see that, for
all x € [0,1], we have g (9. (z)) = z and 1 — g} (z) = g- (1 — ). It is direct to see that,
lime 09/ () = lime09. (z) = 2 forall z € [0,1], and lim o0 g () = 0if 2 # 1 and
lime 400 g () = 1if x # 0. O

Lemma [24] gathers regularity properties of d7. In particular, it gives a closed-form solution, which is
a key property used in our implementation to reduce the computational cost.

Lemma 24. Let d} as in Eq. (3), and g* as in Eq. (30). For all pu € [0,1] and A € R, we have

0 if 1 € [0, [\]g]
df (A p) = { —log (1 — p(1 —e ) — €A if pn € (g (o) 1] :
kL(A, ) if A€ (0,1) A pe (Mo ge ([No)]

The function (\, ) — dt (X, p) is jointly continuous on R x [0,1]. For all p € [0,1], the function
A = dF (N, p) is constant on (—o0, 0] and on [1,+00). Then,

0 if e (0,
VA€ (07 1),V,u € [07 1]5 d:r()‘hu‘) =qkl (>‘7 :u') e ()\796_()\)]
—log(1 —p(l —e™)) —ex ifp e (g-(N).1]

For all i € [0,1], the function \ — dF (), p) is continuously differentiable, positive, decreasing
and convex on (0, u); it is affine with negative slope —e on (0, gt (1)) and twice continuously
differentiable and strictly convex on (gt (1), p1).

For all \ € (0,1), the function p — dF (X, u) is positive, three times differentiable with continuous

first derivative, increasing and strictly convex on (A, 1]; its second derivative is discontinuous at
_ . 9%dF _ . 9%df
g- (X) with gap 6—”2()\,9E (A) = Tim,, - )+ W(A,u) > 0. Moreover, we have

Vi€ (A1,

0df = I Freloe ]
a,U/ ’ U’Fl:ﬂ) lf/.l/ € ()‘795_(A)}

The function d} is jointly convex on (0,1) x [0, 1].

Proof. Recall that df (X, ) = 1 (p> [Ng)inf.cqup g f& (NG, 1, 2) where [N\ p,2) =
kl(z, 1) + €(z — \). Direct computations yield that, for all z € ([A], i),

ot (=g ot _ .
o (A,uvz)—10g<(1_z)u e and (A p2) =0 = z=g.(n),
o2 f+ 1

ez M) =gy >0

Therefore, z — fI (), p, 2) is twice continuously differentiable, positive and strictly convex on

([A\)§, ). Moreover, z — fj(/\,u,ﬁis decreasing on ([A]§, max{gX (x), \}) and increasing on

(max{gS (u), A}, p). Using Lemma 23| we obtain

f:_(>"/1'v>‘) :kl()‘vﬂ) ,
KI(gF (), 1) = — (9 () + 9= (1 — p)) log (u(1 — €) + ) + g (1 — )
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= —log (1 — M(l — 6_6)) - 59:_(:“) s
1O g () = —log (1= (1 — 7)) — X

By definition of the indicator function, we have d (\, ) = 0if € [0, [A]§]. When A < 0, for all
€ (0,1), we have

Ve (0,1), df(\p) = fX (Moo w95 (1) = —log (1 — p(1 — 7)) — [N,

by using the properties of z — f(\, u, z) on (0, 1) (97 (IN§), 1) by Lemma. 23| This function
can be extended by continuity to y =0 = g_ ([ 1§) with value d+()\, 0) = 0. When A € (0,1) and
i€ (9= (A), 1), we have

Ve (0,1), df(\p) = fF(No, w98 (1) = —log (1 —p(l—e)) — €N,

by using the properties of z — f(\, u,2) on (97 (A),1) = (g7 ([\3), 1) by Lemma[23] This
function can be extended by continuity to (A, z) = (0,0) = limy_,o+ (X, g ([A]§)) with value
dF(0,0) = 0. In both cases, this function can be extended by continuity to u = 1 with value
df (A1) = e(1—[Np).

When A € (0,1), i, [A]§ =\ and p € (X, g7 (\)) C (0,1) by Lemma 23] we have

A p) = 1O A) = KL (1)
This function can be extended by continuity to u = A with value df (X, ) = 0 since kI (A, \)
Using Lemma 23] this function can be extended by continuity to = g (A) (i.e., A = g (1))

e wit

value
df (N g- (V) =k (A, 9o (N) =kl (95 (1), 1) = —log (1 — (1 —e™)) —eg () -
Therefore, we have
VA€ (0,1), Ve [Ngs (V] df A\ p) =K(\p) .

Using that limy _,q+[A, g- (A)] = {0}, this function can be extended by continuity to A = 0 with
value 0. Using that limy_,;-[A, g_ (A)] = {1}, this function can be extended by continuity to A = 1
with value 0 = lim,, y)_1- —log (1 — u(1 — e™)) — €[A]j.

Putting all the continuity arguments together, we have shown that (\, u) — dF (), u) is jointly
continuous on R x [0, 1]. Moreover, it is direct to see that, for all i € [0, 1], the function A — d} (A, p)
is constant on (—oc, 0] and on [1, 4+00). Then,

0 if p €0, 7]
VA€ (0,1),Vp e [0,1], df(A\p)= k(A p) pe A gs (V)]
—log (1 —p(l —e™)) —ex ifpe (g7 (A), 1]
Let p € [0,1] and A € (0, ). Using that o € (g2 (A), 1] if and only if A € (0, ¢ (n)). For all

))-
u € [0,1], the function A — dF (A, ) is positive and affine with negative slope —e on (0, g (u)).
Let A € (g (u), ). Direct computation yields that

adr 0kl e (A= p)
(A )= Avu)lg(( u><0’

o\ 8)\(
+ +
0\ =—c= tim 2,

lim
Aorgd ()t OA

0?dr 9%kl 1
SO0 = S5 O = 5
oA A1 —=X)
For all o € [0, 1], the function A\ — d} (A, p1) is continuously differentiable, positive, decreasing and
convex on (0, u1). For all p € [0, 1], the function A — d (), i) is twice continuously differentiable,
positive and strictly convex on (g (1), ). Combining the above results concludes the part of
A= dE (N, p) on (0, ).
Let A € (0,1). Leta > 0 and k € N. The k-th derivative of u(z) = a(l — az)~! on [0,1] is
u®(z) = (k — 1)!a*+1(1 — az)~ 1, Then,
okdF 1—e 9%k —1)!
O e L\
o (I=p(—e))

V€ (9o (), 1], Vk €N, >0,
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Y e (A g (V)] ANp)=——>0,
pe (A ge (M) aﬂ( 1) =
2 7+ _ 2 1—
8d6(’):(u A)Z + A( )\)>O,
op? P21 = p)?
o3dr
e (A ) >0
Direct computation yields
. = A _
lim —=(1—-e 91+ Al —-1)),
A= ( )1+ A( )
1—e"¢
im ——=(1—-e )1+ A" —-1)),
p—ge () 1= p(l —e™e) ( N+ AL )
_ 2 _ _ ,—€\2 _
. {(u VEAI-=N (-’ 2}: =N
g (V) pA (1= p) (1 —p(l—e)) ge W21 =g (V)

For all A € (0, 1), the function ;1 — d (), i) is positive, three times differentiable with continuous

first derivative and increasing on (A, 1]. For all A € (0, 1), the function p — d(\, u) is strictly

convex on (\, g- (A\)] and (g (M), 1]. The second derivative is discontinuous at g_ (\) with gap
2

%(A, ge (N) —lim_, — )+ a;ﬁ (A, ;1) > 0. Thanks to the continuity of the first derivative and

the sign of the second derivative, the function p — d (), i) is strict convexity on (A, 1].

Let (u1, p12) € [0,1]2 and (A1, A2) € (0,1)2. On the convex set Fo = {(\, 1) € (0,1) x [0,1] | pu €
[0, \]}, the function d_ is null hence jointly convex. Let (11, A1), (112, A2)) € (((0,1)x[0, 1))\ Fo)?.
Let (21, 22) € [A1, pa] X [Aa, pa] be the minimizers realizing d (A1, 1) and df (A2, o). Since it is
a convex set, we have (aA; + (1 — a)Ag, apig + (1 —a)p2) € ((0,1) x [0,1]) \ Fo forall a € [0, 1].
Moreover, we have az1 + (1 — a)z2 € [ad1 + (1 — @) A2, apg + (1 — a)pso] forall a € [0, 1]. Using
the definition of dI as an infimum, we obtain

d (@1 + (1= a)ro, apn + (1 — a)pus)

< Kl(az1 + (1 — @)z, apg + (1 — a)uz) + e(azr + (1 — a)za — (@A + (1 — a)X2))
< a(kl(z1, p1) +e(z1 — A1) + (1 — @) (kl(22, p2) + €(z2 — A2))

= adf (A, ) + (1 = a)df (A2, p2)

where the second inequality comes from the joint convexity of the Kullback-Leibler divergence.
Combining both results, we have shown that the function d;f is jointly convex on (0,1) x [0,1]. O

Lemma gather regularity properties of d_ . In particular, it gives a closed-form solution, which is a
key property used in our implementation to reduce the computational cost.

Lemma 25. Let d_ as in Eq. (3), and g as in Eq. (30). For all pu € [0,1] and all X € R, we have

0 if e ([N, 1]
de (A p) = —log (1 +p(e = 1)) + €[N if e [0,97([N]5)) :
KI(A, 1) ifx e (0,1) and p € [gF([N), NS

The function (\, p) — d_ (X, p) is jointly continuous on R x [0,1]. For all u € [0,1], the function
A= d_ (X, p) is constant on (—o0, 0] and on [1,+00). Then,

0 if e [A1]
VA€ (0,1),Vu e [0,1], do (A p) = {kI(\ p) ifpefgf(M),A) -
—log (1+p(e® —1)) +eX ifpe0,95(N)

For all i € [0, 1), the function X\ — d_ (\, p) is continuously differentiable, positive, increasing and
convex on (1, 1); it is affine with positive slope € on (g (1), 1) and twice continuously differentiable
and strictly convex on (i, g- (1))
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Forall A € (0,1), the function p — d_ (X, ) is positive, three times differentiable with continuous
first derivative, decreasing and strictly convex on [0, \); its second derivative is discontinuous at

23— 2 ,—
9& (N) with gap lim,_, + - %(A, w) — 8855 (A, g5 (N)) < 0. Moreover, we have

V€ [0,A),

ad- Op) = e e 0.gFM)
o 7 —AEhs e [gE ()N

The function d_ is jointly convex on (0,1) x [0, 1].

Proof. Using Lemmas[22]and 23] we have

de_<)‘7:u):d2—(1_)‘71_/1’) and g:_(A):l_ge_(l_)‘)7
dd- adt 0%d- o2dt

< = (1-\1-— d Cp) = —=(1—-X\1—p).
8u( ‘) au( ;1 —p) an o (A p) aMQ( 1= p)

Moreover, we have kl(A, ) = kI(1 — A\, 1 — p) and
—log (1+ p(e* — 1)) + €[Ny = —log (1 — (L — p)(1 —e™ ) — e[l — Ag.

Combining the above with properties of d in Lemmaconcludes the proof. O

G.1.1 Modified Divergence
Let us define

x2

Vo >0, h(z)= \/1+z21+log(2 (\/1+121>) . 31)

For all (A, p1,7) € R x (0,1) x R%, we define

d-(\p,r) =1 (< [Ng) inf {kl(z, W)+ %h(re()\ — z))} )

z€(p, (A1)

_ 1
df (A pyr) =1 (u > [Np) o {kl(z, 1)+ —hire(z - /\))} : (32)

Lemma |26|shows a strong link between gf. This symmetry property can be used to carry regularity
properties from df to d_, and vice versa.

Lemma 26. Let d* as in Eq. (32). For all (A, 1) € R x [0, 1], we have

@_(1—>\,1—/J,,T)=(l_(/\,u,7‘) and cl‘(l—A,l—u,r)zcE‘(&u,r).

Proof. Using the definitions, the change of variable Z =1 — z and k1(1 — 2,1 — ) = kI(Z, u), we
obtain

- ) ) 1
df(1=X1—p,r)=1(u<[Ng) 26[1—1[1;\1]%71—“] {kl(z7 1—p)+ ;h (re(A— (1 — z)))}

=1(p<[Ng) inf {kl(l —Z1—p)+ %h (re(A — 5))}

z€(p,[Ng)]

=1 (< D) _int {RG 0+ Th e = 2) b =d ().

The second equality is a consequence of the first. O

Lemma [27] gathers regularity properties of the function % defined in Eq. (31).
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Lemma 27. Let h as in Eq. (31). Then,
T 1 -0
Vaz+1+4+1 L+a22+ V1422

On R, the function h is twice continuously differentiable, increasing and strictly convex. Moreover,
it satisfies

Vo >0, h'(z)= >0 and h'(z)=

h(z) =p0 22/4+ O(2?) and h(z) =4 400 © — O(log(z)) .

Proof. Forall x > 0, hi(x) = x + log(x), ha(z) = V1 + 22 — 1 and hg(z) = V1 4+ 22 — 2. Then

1 T T
Mi(z)=1+= , hh(z)= —— and hL(2) = ——— —
e I =
Then, we have
Vo >0, h(z)=hi(he(z))—2log(x)+log2.
Therefore, we have
2 T 1 2
B (x) = hy(z)h} (ha(z (1+)
() 2()1(2( )) x m m_l T
T 2 / 1 1
= — — =4/1+ = — - =h3(1 .
Vita2-1 = TE T 2(1/2)
Note that
V P \/m2+ +1°
Moreover, we have w
1 1 1/x 1
KW' (z)=—=hh(l/z) = —— | —LFt0eex=—-1]| = .
@) 2 3(1/7) x2< 1+ (1/z)2 ) 1+ 22 ++/1+22

By taking the limit, we have lim,_,o+ h(z) = 0. Moreover, we see that lim,,_,o+ h'(z) = 0 and
lim,_,o+ h”(x) = 1/2. Therefore, one can conclude that h(z) =, o 2/4 + O(x*) by Taylor
expansion. The second result is obtained directly by limit. O

Lemma 28] provides upper and lower bound on the function r — h(rz)/r involved in the definition
of cEt

Lemma 28. Let h as in Eq. 31). Let r(r,x) = h(rx)/r —  for all v > 0 and all x € R.. Then,
we have

r

Vr > 0, %(r, x) = r;vh’(rm)Q— hrz) = log (;(\/1 + (rz)? + 1)) >0

On RY, the function r — k(r, x) is increasing. Moreover, we have

Vr >0,V e Ry, 0<rk(r,z)+log(l+2zr)+1<1+log4,
Proof. Using Lemma[27)and the definition in Eq. (3T), we obtain that
2 1
Vo >0, zh/(z)—h(z)=—log <2 (\/1 + 22— 1)) = log (2(\/1 + a2+ 1)) >0
x

where we used that v/1 + 22 + 1 > 2 for the last inequality. Let us define

2(1+42z)
Vr e Ry,
+ gl( ) m+ 1
Then, we obtain g1 (0) = 1, lim, o g1(2) = 4 and
24+ 2v1 2 2
Jlo) =22t 2VIET T, ki >0.

VI+2(VI+22+1)2 7 VI+a2(V1+27 4 1)2

43



Since g is strictly increasing on R* , we obtain log g1 (z) > log ¢1(0) = 0 and log g1 (z) < log 4 for
all € RJ’_.

By definition, we obtain
re(r,z) +log(1 4 2zr) + 1 = h(rz) — rz + 1 + log(1 + 2zr)
2(1 + 2ar)
14+ (rx)?2 —rx +1lo () .
(rz) & VvV1+r2z2 +1
Using that 0 < v/1 4 22 — 2 < 1 on R, we obtain

2(1 4+ 2zr)

————— )=l rx)) >0,
Nz 1) g(g1(rz)) >
re(r,z) +log(l 4+ 2zr) + 1 <1+ log(gi(rx)) < 1+log4.

re(r,z) +log(l 4+ 2zr) + 1 > log (

This concludes the proof. O

Lemma provides lower and upper bounds on the gap between cli and dF.

Lemma 29. Let d* and (fié: as in Eq. @) and (32). For all (\, ju,7) € R x (0,1) x R% such that
[A]§ < p. Then,

log(1+ 2er) +1

df (A p) < dF O\ pyr) +
.

Forall (A, p,r) € R x (0,1) x R% such that [\|§ > p. Then,

log(1 + 2er) + 1
47 () < () B2

For all (A, pi,r) € [0,1] x (0,1) x R% such that X\ < p. Then,

~ log 4
dF (A p) > dF O\ ) — —2=

For all (1, A, r) € [0,1] x R such that X > p. Then,

log 4
d= (A p) = dz (A o) — —2=

Proof. Since u € (0, ) we have [A\]} = max{0, )\} Therefore, we have z — A > 2 — [A]} and
z—[A§ € (0, — [N§) € (0,1) for all z € ([A]§, u). Using Lemmasnandand e >0, we
obtain, for all r > 0 and all 2 € ([\]§, p),

1

(= = [XJB) < hire(= = [XB) + log(1 + 2¢(z — o)) + 1

r
log(1 4 2er) +1
—

< %h(re(z -A)+

Therefore, for all z € ([A]§, i), we obtain that

log(1 + 2er) + 1

Kl(z, 1) + e(z — [N)Q) < Kl(z, 1) + %h(re(z —-A)+ .

Taking the infimum over z € ([A]}, 1) on both sides of both inequalities and using that

df(\p) = [i[&l]f | {Kl(z,pn) + e(z = [Np) } = mf {kl(z,,u) +e(z— [N},
ze (1,,
Jj)\, ,r) = inf {klz, +*h’l“62—)\ },
(o) = __ink Sz )+ Th(re(z =)
we obtain

log(1 + 2er) + 1
—

dF () < dF O\ p,r) +
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This concludes the proof of the first result. Using Lemmas [22] and [26] yields the second result.

Suppose that A € [0, 1], hence A = [A]}. Using Lemmas [27|and [28|and € > 0, we obtain, for all
r>0andall z € ([\]}, p),

log4

Uh(re(z = 3) < ez - x) + BITOBLEZEZAD oy 4

Adding kl(z, ;1) on both sides and taking the infimum over z € ([\]§, 1) on both sides of both
inequalities yields the proof of third result. Using Lemmas[22]and [26] yields the forth result. O

Lemma gathers regularity properties on the modified divergences gj . In particular, it gives a
closed-form solution based on an implicit solution of a fixed-point equation. This is a key property
used in our implementation to reduce the computational cost.

Lemma 30. Let d as in Eq. (32), and g= as in Eq. (30). Forall ju € (0,1), A € Rand r > 0, we
have

df (A p,r)
_ {0 if € (0, [Ng]
Kl(zF (X, ) + g5 (1), 1) + 2h(re(at (A, p,r) + g5 (1) — X)) if e (Mg, 1)

where 1 (A, u, r) € (max{0,\ — g (1)}, u — gF (1)) is the unique solution for x € (max{0, \ —
G )1 = 9 (1)) of the equation

) : N CE T ORPY
1 g<1+9j(“)(1_x_g€+<”))> ’ \/(re(x+gi(u)—A))2+1+1

—1]=0.

For all (p,7) € (0,1) x R%, the function \ — glvj()\,u,r) is positive, twice continuously differ-
entiable, a’ecreasing and strictly convex on (—oco, j1); it satisfies limy_, ,— df (X, p,7) = 0 and
limy—— oo d (A, 1) = +o0.

Forall (\,r) € R x RY, the function i — J (A, 1, 1) is positive, twice continuously differentiable,
increasing and strictly convex on ([\]§, 1). Moreover, we have

. L
Vi e (A5, 1), 5;; (O pr) = L5 (5()1_;)(%#, )

Forall (A, 1) € R x (0,1) such that i € (0, [N§], the function v — d (\, 1, 7) is the zero function.
For all (A, ;1) € R x (0,1) such that u € ([\|§,1), the function v — dF (X, u,r) is positive,
continuously differentiable and increasing on R .

Proof. By definition of the indicator function, we have d (A, sz, 7) = 0 if 12 € (0, [\J3]. Let (X, 1)
such that z ¢ (0, [\|3], i-e., ([A]§, 1) is non-empty. Since i € (0, 1), this implies that A € (—oo, 1)
necessarily, i.e., [\]§ = max{0, \}.

Recall that Jj(A,u, r)=1 (,u > [AJ§ )mfz€ (INI10) f (A, p, 7, z) where f*()\ w,r,z) =kl(z, p) +
Lh(re(z — X)). Using Lemma direct computations yield that, for all z € ([A]§, p),

8f+ Z(l - M) /
oy —=(\, pu, 7, 2) = log ((12)H> + eh/(re(z — N))

=log <'(Z(1_“)> Te re(z — A)

1—2)p (re(z—A))2+1+1"
62f+ A\, 2) = _ +re2h (re(z — X)) > 0
922 b 21— 2) '
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Therefore, z — fj()\, u, 7, 2) is twice continuously differentiable, positive and strictly convex on
([A]$, i) Moreover, we have

9F+
tim % (017, 2) = e e = X)) > 0,
afF T Y re(z — \)
8z ()‘7N’arage (/u’))* (1 (TG(Z—A))Q—Fl—Fl) <0;

+ —
When [A]§ > g (1), 65‘]0; (A 1, A) = log (H) <0.
Note that max{[A]}, g (1)} = max{}, g (1)} since p € (0,1). Using that = — 2= (X y1,7, 2)
is continuously differentiable and increasing on ([A]§, i), with negative value at max{\, g (1)}
and finite positive limit at 1, z — fF(\, s, 7, z) admit a unique minimizer on (max{\, g™ (1)}, p).
Let g (A, p,7) € (max{\, g+ (u)}, ) be defined as this unique minimizer, defined implicitly as
solution for z € (max{\, g (1)}, u) of the equation

z(1—p) . re(z — A) _
1°g<(1—z)u> BN T
aft

Then, we have %= (X, i1, 7, z) = 0 if and only if z = gF (X, u1, 7). Moreover, z — fj()\, W, 7, 2) is
decreasing on ([A]$, g5 (A, i1, 7)) and increasing on (g (\, i, 7), i1).

Let us define z = g (u) +  where 2 € (max{0, A\ — g (1)}, & — g+ (1)). Then, we have
oft
0z

(A, g8 (1) + )
o z . re(z + g (1) = A)
~los <1+ g (w1 —m—gj(ﬂ))) * \/(re(x—i—gj(u) —N))24+1+1

Therefore, we have g (A, u,7) = g () + zF (A, p,7) where 27 (A, p,7) € (max{0,\ —
g (u)}, 1 — gF (w)) is the solution for z € (max{0, X — g (1)}, u — g (1)) of the equation

) L re(e + g (1) = )
9 () (1 =2 — g8 (n) \/(7“6(36+ge+(u) A2 +1+1

-1

x ~1]=o0.

log (1 +

When A € (0,1) and  — X\ = [\]}, it is direct to see that g+ (), i, 7) — A. Then, we have

tim 4\ ) = Tim (KGO )} 41 T hOreGE O )~ )} =0
n—

p—At T gE (A p,r) = AT
Direct computation yields that, for z € ([A]$, 1) C (0, 1),
af

n—z
A, z)=——>0,
op ( ) p(l— p)
92 f+ _ )2 1
o p?(1 = p)
2+ 1
%(A,W«, z) = il +re?h (re(z—\)) >0,
92 f+ 1
<\ p,rz)=————<0.
3u82( ) (1 — )
Si afF + o S . .
ince —5= (A, i, 7, 9 (A, p, 7)) = 0, the implicit function theorem yields that
8% fF
a5+ S (O gt (A )
o ()\’M’r):762fj T >0.
022 (>\a ,LL7 T7 gE ()\7 M? T))
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Moreover, for 1 € ([A], 1),
od; af g+ ofF -
i (A p,7) = m A, g (N psr)) + o (A, ) s (A i, 7, g8 (A s 7))
3f+ p—gd () —xr(\ p,r)
AT gl (A ) = £ =
3u( 7 G\ ) = (=)
0*d 0% 1 95+
8u2 (>‘7/~L7T)_ 6M (>‘ Mvrge ()‘ u,r )) 6/”' ()\’ILL7/")>O'

>0,

Therefore, for all (A,7) € R x R%, the function 1 — dF (X, p,7) is positive, twice continuously
differentiable, increasing and strictly convex on ([A]3, 1).

Let (11,7) € (0,1) x R%. Direct computation yields that, for z € ([A]§, 1) C (0,1),

ofF /
X (A pyryz) = —€eh/(re(z — X)) < 0,
2 7y
g/\J; A\, 1, 2) = —re?h (re(z — X)) < 0.

agg (A, p, 7y g (A, i, 7)) = 0, the implicit function theorem yields that

00\ oy — O gl Ao R relgf M) = N)
ox 62f€ O 11,7, g8 O\ 1)) ﬁ +re2h’ (re(gd (A, p, ) — A)) .
Direct computation yields that, for A € (—oo, u),
adr afF agF afF .
I\ ()\,[L,’/‘) - I\ (/\ s T, ge (/\ M, T ))+ O\ (>\)/’L7T)W(>\?U7r7gs (>\7M7T))
o -
=X N 1,7, 95 (N ) = —€eh (re(gF (A, ) = X)) <0,
92d+ g+

i Over) = e (1= B0 ) ) WG Opor) = ) > 0.

Therefore, for all (11,7) € (0,1) x R, the function A — dF (A, p1, ) is positive, twice continuously
differentiable, decreasing and strictly convex on (—oo, ;). Similarly as above, it is direct to see that

hm/\_m—d (A, p,7) = 0 and limy_, _ oo d (A, g1, 1) = +00.

Let (A, 1) € R x (0,1). When p € (0, [A]g], we have d (X, pu,7) = 0 for all r € [1,+00), hence
T d+(>\ i, 7) is non-decreasing. Let « as in Lemma Using Lemma. we have

f+

Ok
Yz > A, or (A pyry2) = ar(r,e(z—/\))>0.
When 11 € ([A]§, 1), we have g (A, p, ) € (max{\, g7 (u)}, ) and, for all 7 > 0,
ad; aft . T aft
87" (>\a,LL7T) - 37’ ()‘7[1”7" Ge ()\7/’L?r)) + (“)7“ (A?/’L7 ) a (/\ Ty ge (/\ B, ))
ofF —
- 67’ ()\7%73 Ge ()‘7/’La T)) >0 ’
where we used that g (), i, ) > . This concludes the last part of the proof. O

Lemma gathers regularity properties on the modified divergences g; . In particular, it gives a
closed-form solution based on an implicit solution of a fixed-point equation. This is a key property
used in our implementation to reduce the computational cost.
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Lemma 31. Let d_ as in Eq. (32), and g= as in Eq. (30). Forall ju € (0,1), A € Rand r > 0, we
have

de (A py7)
_ {0 ifpe(Ng 1)
Kl(g7 (1) — 27 (A s 1), ) + h(re(zs (A pyr) + XA — g2 () if e (0,[N]g)

where x7 (A, p,7) =z (1 — A\, 1 — p,r) € (max{g_ () — \,0}, g () — p) is the solution for
7 € (max{g- (4) — M0}, g (4} — 1) of the equation

x re( —gc (W) +)

(195(M))(92(u)z)> e \/(7’6(95—92(#)+)\))2+1+1 —1]=o0.

log (1 +

For all (p,7) € (0,1) x RY, the function X — CT; (A, i, ) is positive, twice continuously dif-
ferentiable, increasing and strictly convex on (i, +00); it satisfies limy_, ,+ dt (X, p,7) = 0 and
limy oo do (A, i, 1) = F00.

For all (\,r) € R x RY, the function ji — cl‘ (A, 1, 1) is positive, twice continuously differentiable,
decreasing and strictly convex on (0, [\|§). Moreover, we have

od; p— g () +a(\p,r)
Ve (0,[Ng), =\ p,r) = :
pe .0, SGeOup) i
For all (\, 1) € R x (0,1) such that i € (0, [N]§], the function r cl* (A, p, 1) is the zero function.

For all (A, ) € R x (0,1) such that p € ([\|§,1), the function v — d_ (X, u,r) is positive,
continuously differentiable and increasing on R .

Proof. Using Lemmas [26]and 23] we have
CAZ/;(Aa,uvr):Jj(l_)ﬁl_lhr) and g:(A):l—g;(l—A)7
ad- od+ d2d_ 2dr

i (A p,7) = (1-XA1—p,7) and o (A p,7) = )2

~ 5
Let 27 (1 — A\ 1 — p,7) € (max{0,g. (n) — A}, 9. () — p) be the unique solution for z €
(max{0, g () — A}, 0. (1) — 1) of the equation

(1—)\71—/,6,7‘).

>+6 re(@ —g. (B) + )
(1 —ge (w)(ge (1) — ) \/(re(x g () N2 141

-1 =0,

log <1 +

where we used g (1 — ) = 1 — g- () to simplify the formula given in Lemma Therefore, we
define x_ (\, 1, 7) = 7 (1 — A\, 1 — p, 7). Then, we have

_ _ 1 _ _
Kl(ge () =2 (A p, ), ) + —h(re(es (A, p, 1) + A = g (w)) =

hire(zf(1 =M1 —p,r) +gr(1—p)—1+ X))

kl(xj(l—)\,l—u,r)—kgj(l—,u),l—,u)—&—

where we used that k1(g- () — 22 (A, p, ), ) = kI(1 — g (p) + 22 (A, p, ), 1 — p1). Combining
the above with the properties on d. in Lemmaconcludes the proof. O

Lemma shows that we can invert Jf with respect to their first argument, which is a key property
used in Appendix [F

Lemma 32. Let d* as in Eq. (82). For all (u,r,c) € (0,1) x R x R, there exists x > 0 such
tflat df(p —x,p,r) = ¢ Forall (u,r,c) € (0,1) x R% x R%, there exists x > 0 such that
do (p+z,p,m) =c.
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Proof. Let us define f(z) = df (u — x, u,r) for all z > 0. Using Lemma we know that f is
continuous and increasing on R and it satisfies lim,_,o+ f(z) = 0 and lim, o f(z) = +o0.

Therefore, there exists a unique = > 0 such that Jj(u —x,u,7) = c. Using Lemma we can
conclude similarly for d_ . O

Lemma [32| shows that cli is non-decreasing with respect to their first argument, which is a key
property used in Appendix [F|
Lemma 33. Let d* as in Eq. (B2). Forall (pu,7) € (0,1) x Ry and all (A1, A2) € R x (—o0, p),
gj()‘lv,u7r) > J:_(A%/’(‘ar) = )‘1 < /\2
Forall (pu,r) € (0,1) x R% and all (A1, A2) € R x (p, +00),
Cflve7<>‘13 My 7”) > g;(AQa s T') = AL = Ao
Proof. Using Lemma|30, we known that X — d (X, 1, ) is decreasing on (—oo, ). Let (Ay, Ao) €
R X (—o0, ). Then, we have

/\1 >/\2 - @(Alvﬂar)<(ﬁ()‘QaU7r)7
which is equivalent to the statement of the lemma by contraposition. Using Lemma [31} we can

conclude similarly for d_ . O

G.2 Transportation Cost
Recall that W, , 5 is defined in Eq. (30), i.e., for all (1, w) € R¥ x RE,
V(a,b) € [K]Q’ W€7a,b</’6’ U}) =1 ([Ma]é > [Mb](l)) uér[hfl] {wade_ (,U/avu) + wbd:(ub’ u)} ’

where dF are defined in Eq. (3).
Lemma [34] gathers regularity properties on the transportation costs.
Lemma 34. Let dF as in Eq. (3). For all (\, j1) € (0,1)? such that X > pand w € R%.

e The function v + wid; (A, u) + wedl (u,u) is strictly convex on [, \] when
max{wi,ws} > 0and on [0, 1] when min{wy, ws} > 0. Then,

inf {wid (A u) + wed! (p,u)} = inf {wid. (N, u) + wad (11, u)}
u€(0,1] u€[p,\]

* The function (\, i, w) — inf (o 1j{wid_ (X, u) + wad (1, u)} is continuous on (0,1) x
(0,1) x R2.

o If max{wy, wa} > 0, uy(\, p, w) = argmin, ¢ (o g {wid; (A, w) + wadf (p, w)} is unique
and continuous on (0,1) x (0,1) x RZ.

o If min{wj,we} > 0 and X > o us(M\pw) € (wA) and
min{d_ (A, usx (A, g, w)), dF (1, us (A, g, w))} > 0.

Moreover,
inf d- (M, u) + wedl (1, = inf d_ (A, + wadX (1, .
ué%,l]{wl ¢ (A u) +wadd ()} (ul,uz)e[g,ll]Q :ulguz{wl e (A ur) +wad! (p,u2)}

Proof. These results are obtained by leveraging Lemmas 24] and 23] at each step.

For u < p, the function is equal to wyd_ (A, u), which is decreasing and strictly convex on [0, \)
unless w; = 0 since u < p < A. Therefore, the minimum over that interval is attained at ;. For
u > ), the function is equal to wad, (11, u), which is increasing and strictly convex on (u, 1] unless
wg = 0 since u > A > p. Therefore, the minimum over that interval is attained at A. On the interval
(i, A), the function is equal to wyd_ (A, u) +wad! (p, u), hence it is the sum of two convex functions,
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one of which is strictly convex. Furthermore, the function is continuous at ;z and A. This concludes
the first part of the proof.

As we have just shown, we can restrict the infimum to [i, \]. We apply Berge’s Maximum theorem
[L6, page 116]. Let

(u, A, i, w) = —wid. (AN, u) — wad! (1, ),
LA gy w) = [, AL
M (X, p, w) = max{p(u, A, p, w) [ u € T(A, p, w)}

(>\a Hm, w ) = arg max{gb(u, A,,U,,w) | CAS F(Aa luvw)} .
We verify the hypotheses of the theorem:

* ¢ is continuous on [p, A] x (0,1) x (0,1) x R2, by using the properties in Lemmas
and|25|since (A, ) € (0,1)2.

' is nonempty, compact-valued and continuous (since constant).

We obtain that M is continuous on (0,1) x (0,1) x R and that ® is upper hemicontinuous. This
concludes the second part of the proof.

When max{wi,ws} > 0, we have just shown that ¢ is a strictly concave function of u. Combining
this with the fact that T" is convex, we can argue as in [[78, Theorem 9.17] to prove that ® is a
single-valued upper hemicontinuous correspondence, hence a continuous function. This concludes
the third part of the proof.

Suppose that min{w,ws} > 0 and A > p. Using Lemmas 24] and 25} . the functlon u

wld ()\ w) + wad} (p1, u) is continuously differentiable on (g, \) ()\ u) +

wy 2 a (u, u) where

+ _1-e®  if - 1
Vue (ull, 0 () = e el
u u(l—,u) ifue (M?ge (M)]
ad; — el ifu e (0,95 (V)
A < () = Trule—D 19e .
e G {nt% itu € g (0,1
ad; .
o (A u) = (/b u) =y, + 0, we obtain
od- od=+ odF
li € e _
Jim {’U)l 9 (A u) + we 9 (p,u)} Wy = (u,A) >0,
: ad; 8dj ad;
ul—l>I;r}+ {wl 8 (>\ ’LL) 8U (M’ u)} = W1—7— a ()‘ M)

Therefore, the infimum is attained inside the open interval. Using Lemmas 24] and [25] we can
conclude the proof of the first part of the fourth property.

Using the strict convexity of uq — wid_ (A, u1) and ug — wad (1, uz) on (u, \), we obtain that

inf{wid; (A ) + wad! (1, u)} = inf {wids () + wad (1, u2)}

w€ (p,\) (u1,u2) : p<uy <uzg <A

Re-using the same arguments as above, we obtain that

inf {wid; () + wad (s, uz)}

(u1,u2) : p<ui <uaz <A

= inf {widZ (N ur) + wadl (u,u0)}

(u1,u2)€[0,1]2 : uy <ug

This concludes the proof of the second part of the fourth property. O

Lemma 35| relates the transportation costs W 4+ , with the transportation costs used in Eq. (I) to
define the characteristic time. Crucially, this shows the equivalence with the definitions in Eq. (35).
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Lemma 35. Let W, 4+ , and d. as in Eq. @) and @). Let pn € (0,1)X such that a*(p) = {a*}. Let
Alt(p) = {\ € (0,1)% | a*(\) # {a*}}. Then,

Yw e A inf w ) = min W 4« w) .
K, N Z od ,Um a s €,a ,a(ﬂa )

Proof. Ttis direct to see that Alt(n) = (U, 4, Ca Where C, = {A € (0, D)X | Ay > Ao+ }. Then,

Yw € Ay, inf Z Wade(fha, Aa) = min inf Z Wede (e, Ae)
AEAIt(p) e[K] aFa* AeC, celK]

By non-negativity of d.(jq, Aq) for all a € [K], we obtain
inf wede(jies Ae) = inf D wede (e, Ac)

XeCq
cE[K] cef{a,a*}

f ede(pe; Ac)
()‘avAa*)e(%Iﬁll)Qu Aaz)\a* e{z:*}w ('u )
where the two equalities are obtained by choosing A(a) € (0,1)% such that A(a), = p,, for all
b ¢ {a,a*} with the two other coordinates choosen freely such that A\(a), > A(a)s+. Using that
lha* > [Lg, WE can partition this set as follows

Ca,a* = {O‘aa)‘a*) € (07 1)2 | Aa 2 )‘a*} = {()‘m)\a ) € (0 /La)2 | Aa 2 Aa }
U{(Nas Aax) € [ttar prax] % (0, 10) }
U{(Aas Aar) € (o 1)% | Aa > Aav }
U{(Aa, Aa+) € (ttars 1) X [tta, o]}
U{(Xas Xar) € [Har ptar]? | Ao > Aar} -

Using Lemma[21] 14+ > 1, and Lemmas[24]and 23] we obtain

inf a*de a*vAa* ade aa)\a
cunme@i o, (arde(p ) + wade(as Aa) }
- i f ~d_ * = sd_ *
(Aa,Am)E(Ol,Illta)zl )\az)\a*{wa d; (ftaxs Aar) + Wad. (flay Aa)} = Ward_ (fax s fla) 5

inf Wa* de a* >\a* + wade as )‘a
(NasXax)Eltta,ttax]x (Ovﬂa){ (v ) (b )

= inf wa*de_ a*; Aa +wad a;)\a :wa*dg_ a*s Ma)
()\av)\a*)E[Ha#‘a*]x(oa,“'a){ (’u ) (M )} (M a )

i f * * *
()‘IJ’)‘G*)G(NIQI}J)Zl /\az)‘a* {wa dﬁ('ua ’)\a ) + wadE('ua, Aa)}

= inf a* d+ a* s )\ ad as - ad as Ma* ) »
(Aa,Ame(Jf},nﬂAazxa*{w ¢ (ars Aar) + wad (Has Aa)} = wad( (B, fhar)
inf Wax de a* )\a* + wade as )\a
(/\a,/\a*)e(ua*,1)><[ua,ua*]{ (o ) (b )
= lnf W g * de_ a* s )\ + wad as = wad as Ha* ) s
(AMH*)G(W)DX[MW]{ (Hars Aar) (HasAa)} = (Ka, fta*)
{wa* de (ﬂa* ) )\a*) + wade (,uaa )\a)}

{wardg (pax s Aar) + wadd (p1as Aa)} -

inf
(AasXa* )e[.u'a’llfa*]zl Aa>Ag*

= inf
()‘a7/\a,* )e[ﬂavﬂa*]Ql Aa>Ag*
Therefore, we obtain
{wa* de(,ula* 9 )\a") + wade (,U/a7 )\a)}

{wa*d:(ﬂa* Aa )erad (.uaa)‘ )}

inf
(AasAax)EC, ar

= inf
Mashax ) Eltayttar]?] Aa> Ao
= inf  {weed] (parsu) + wadd (pta, u)}

UE[ftaspax]

= inf {we-d (pfar, u) + wady (pa, w)} = Wear a(p,w)
u€l0,1]
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where the second equality is obtained similarly as in Lemma [34] by leveraging the strict convexity
of d in their second argument (see Lemmas[24]and . We used Lemmaand the definition of
We.ax o (, w) for the last two equalities. This concludes the proof.

Lemma [36] gathers additional properties on the transportation costs.
Lemma 36. Let d* as in Eq. (3).

e Let (\,p) € (0,1)% such that X\ > p. When wy > 0, the function wi
min, o1 {wid; (N, w) + wad (1, u)} is increasing on Ry. When wy > 0, the function
wy > mingejoq{wid; (A, u) + wad? (u,u)} is increasing on R ..

e Let (\p) € (0,1)2 and p €  (0,1)K. The function w
mingep,{wid; (A, u) + wad!(p,u)} is concave on R3. The function
W — minge(x) {1} Mingepo,{wide (p1,u) + wad! (e, u)} is concave on RE.

Proof. Let wy > 0 and w} > wy > 0. Using Lemma 34} since w} > 0, there exists u’ € [0, 1] with
d_ (A, u’) > 0 such that

min (1], () + wad] ()} = wid; ') 4+ wad? (1)
ue|0,
> wid; (A u) + wadl (p,u')

> min {wid; (\w) + wd? (1, 0)}
u€[0,1]

Let wy > 0 and w) > wo > 0. Then, we can show similarly by using Lemmathat

min {wid (A, u) + whd (g, u)} > min {wid, (A, u) + wadl (p,u)} .
u€l0,1] u€(0,1]

This concludes the first part of the proof. The proof of the second part is direct since those functions
are minimum of linear functions, hence concave. O

Lemma [37) gives a closed-form solution for the transportation costs. This is a key property used in
our implementation to reduce the computational cost.

Lemma 37. Let dF and g as in Eq. (B) and (30). For all (a,c) € R andb € R, letry 1 (a,b,c) ==
7”)2'5‘}1‘”#’. For all (A, ) € (0,1)% and w € R?. such that min{wy,ws} > 0 and X > p.

o When (1) g7 (1) 2 A\ or (2) g7 (1) < A g5 (A) < g2 () and 2502 € [gF (), g7 ()], we

wz+w1
Wo Wi A
have uy (A, p,w) = % and

In[(i)nl]{wlde_ ()‘7 U) + de:_ (M) u)} = wlkI(Aa u*()‘7 12 w)) + kal(,u7 u*(Aa 12 w)) .
uel0,

® When (3) g (1) < A g&(A) > g2 (w) and uz . (w) € [g (1), g (N)] where

wy(ef —1) —wa(l —e™°)
wy +wy)(l—e€)(es —1)°

ug (W) = (

we have u,(\, p, w) = us ,(w) and
min {wyd. (N, u) + wadl (p,u)}
u€l0,1]
= w1 (—log (1 + ug«(w)(ef — 1)) + eX) + wo (— log (1 — ug «(w)(1 — e_g)) —€p)
o When (4) g7 (1) < A g5 (A) < g (1) and “252% € (1, g (M), or (5) g2 (1) < A g5 (A) >

watwy

g (p) and ug (w) < g (1), we have u, (A, p, w) = uq «(p, w) and
g s (i, w) =714 (w2 +wi)(e = 1), (w2 — (wap +wi)(e” — 1)), wap)

min {wid, (A, u) +wad! (1, u)}
u€(0,1]
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= w1 (—log (1 4+ ug ,(p, w)(e* — 1)) + eX) + wakl(p, ug «(p, w)) .

o When (6) g7 (1) < A\ g+ (N) < g2 (n) and 2592 € (g7 (1), ), or (7) gZ (1) < A g (\) >

w2+ w1

g2 (w) and us (w) > g (X), we have uy (N, p, w) = ug (A, w) and

Uz (A, w) =1 —711 4 (w2 +w1)(e® — 1), (w1 — (w1 (1 —A) +wa)(e* —1)),wi(1—N)),

i d= (A, d (u,
ugl[gll]{wl ¢ (A u) + wad (p,u)}

= wikl(A, uz« (A, w)) + w (—log (1 — ug (A, w)(1 — ™)) —ep) .

Proof. Suppose that g_ (1) > A. Using Lemma we know that g (u) > X if and only if
p > gt (N). Therefore, for all u € (i, \), we have

od- odt A—u u—p (we + w1)u — (wap + w1 )
€ (A € — = .
1 ou (A u) +ws ou (1, w) wlu(l—u) erQu(l—u) u(l —u)
Therefore, we have
Walt + WA
A == ).
u*( s [y w) wo + wy € (/.t, )

Suppose that g_ () < A. Using Lemma we know that g (u) < A if and only if 11 < g+ ().
Using strict convexity of the function on (u, A), it is enough to exhibit one local minimum to obtain a
global minimum on (g, A).

Suppose that g (A\) < g- (). Similarly as above, we obtain, for all u € [gF (), g ()],

ad; adr (wa + w1)u — (wap + w1 )
(A < = .
1oy (A )+ wz ou (1, 0) u(l — u)
Suppose that % € [gF(\), g- (w)]. Then, we can conclude as above that

Wall + Wi

vyt © [95(N), 92 ()],

since it is a local minimum of a strictly convex function.

u*(Aa 122 U)) =

wa w1 A

Suppose that “25-02 < g (X). Since the gradient is positive on [g (\), g ()], we know that

the minimum on (p, A) is achieved on (i, g+ (N)), i.e., ux(A, g, w) € (u, g+ (N\)). Then, for all
u € (p, 95 (M),

ad- odr e —1 —
€ () 9he - )
b 8u( )+ ou (1, ) w11—|—u(e€—1)+w2u(1—u)

Using Lemma[23] direct computation yields

ou ou 2
lim u<1+w1 (1—99 “)>) :u(1+w1 (1—95(“)» <u,
u—pt Wwa u Wo )

| o e ¢ ( m ( : ))
1 1+ (- —ad N (1+ 2 (1= —2_))>u,
gt (- u( wy ( u >> g¢ ) wy g (\) :

where the second result uses that u < ¢_ (u) and the last result is obtained by continuity of the
differentials (Lemmas [24| and [25) and the positivity on [g;"()), g. ()]. For all (a,c) € R% and

b € R, we define r1 4 (a,b,c) = 7”’2';‘;‘“_”. Therefore, we have
ad; -

od
wlm()\au) +w2%(%“) =0

= (wy +wp)(ef — 1)u* + (wa — (wap +wy) (e — 1)) u — wap = 0
= u(\ pw) =71y (w2 4 wr)(e = 1), (w2 — (wap +wi)(ef — 1)), wap) € (1,95 (V)

_ . )
wlade()\,u)+w23de(u7u)>0 = u<u(1+zl<1_geu(“))>’
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where we used that u, (A, g, w) € (u, g7 (X)) is unique for the last equivalence, and that the second

root of the second order polynomial equation is negative. Notice that u, (A, 4, w) is independent of A.
%ﬁ)‘ > g (u). Since the gradient is negative on [g (\), 9= (1)], we know that

the minimum on (y, A) is achieved on (g (p), A), i.e., ux (A, pu,w) € (g- (1), A). Then, for all

8d7()\ )+ 3d+( ") = — A—u . l—e¢
gu T gy W = wlu(l—u) w21—u(1—e—f)'

Using Lemma[23] direct computation yields

wy 20 ()\u)+wzaad( u) <0 = A>u(1+w2<1—gi®>)7

ou w1
)><>\,

+
limu(1+ ( “)) ( 2(1—9(A)>)>A
U—A" w1 A
lim (1+ (1—9 M)) 9 (1+
u—gc ()t w1
where the second result uses that u > g (u) and the last result is obtained by continuity of the
differentials (Lemmas 24| Hand 25) and the negativity on [ (), g= (11)].

Suppose that

Using Lemma[22] we obtain

arg min{wyd. (A, u) + wad? (p,u)} = 1 — argmin{wid (1 — X\, u) + wad, (1 — p,u)} .
u€[0,1] u€[0,1]

Using Lemma[23] we obtain
g (W) <A = g (1-N<l-up,

wapt + wiA _ wa(l—p) +wi(l—N)
— € S A
wy t o, € 9 (1), A) 0y F 0

e(l-Xgf(1—p).
Therefore, we can leverage the above case to obtain u, (A, p, w) = ug (A, w) where

ug (A w) =1 =714 (wo +wi)(e” = 1), (w1 — (wi(1 = A) +wz)(e” = 1)), wi (1l = A))
Notice that u, (X, i, w) is independent of .

Suppose that g7 (u) < X and gF(\) > g7 (u). Similarly as above, we obtain, for all u €
9= (1), g (M),
ad; adt e —1 1—e ¢
A :
gy M) we g () = —wi gy e T

w1

Therefore, we obtain

od- (3'djL
= (/\ )+’LU2 ou

5 (1, u) >0

— wal—e )1 +ulef—1)—wi(e"=1)A1—u(l—e")) >0
wy(ef —1) —wa(l —e™°)

(wy +wp)(1—e)(ef —1) "

Suppose that uz . (w) € [g- (1), g (N\)]. Then, we can conclude as above that

ue (A g w) = ug o (w) € [g2 (1), 95 (V]

since it is a local minimum of a strictly convex function. Notice that us , (w) is independent of (X, 1).

w1

= u> ugL(w) =

Suppose that us3 (w) > gX()). Since the gradient is negative on [g. (1), g (A\)], we know that
the minimum on (u, A) is achieved on (g (\), A), i.e., ux(A, g, w) € (gF(A\),A). Then, for all
€ (g5 (A); V),

8d;()\ )+ %( )= A—u N 1—e ¢
B I M wlu(l—u) w21—u(1—e*€)'
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This recovers the condition solved above. As we know that u, (A, g, w) € (g (\), A), we obtain
Use (A, 1, w) = ug « (A, w) where

uz + (A w) =1 =714 (w2 +wi)(e® — 1), (w1 — (wi(1 = A) +wa)(e — 1)), wi(1 = A))

Suppose that us , (w) < g- (u). Since the gradient is positive on [g. (1), g2 (X)], we know that
the minimum on (p, A) is achieved on (u, g- (1)), i-e., ux(A, p,w) € (u,g- (1)). Then, for all

u € (1,9 (1)),

ad; adf e —1 u—
1oy (A )+ wz ou () = _w11—|—u(e€— 1) +w2u(1—u) ’

This recovers the condition solved above. As we know that u, (A, i, w) € (u, g- (1)), we obtain
Use (A, b, w) = uq (1, w) where

U (p,w) =114 (w2 + wi)(e — 1), (w2 — (wap + wi)(e” — 1)), wap) .
This concludes the proof.

G.2.1 Modified Transportation Cost

Let > 0 be the geometric parameter used for the geometric grid update of our private empirical
mean estimator. Let us define
x

Vo >1 =
r =1, T‘(l’) 1+10g1+n$’

(33)

which is increasing if and only if # > . For all (u,w) € RX x RX and all (a,b) € [K]? such
that a # b, we define

We,a,b(pﬁ ’LU) =1 ([/—La}(l) > [/f"b](lJ) uel?ofl) {wa&;—(uaa U, T(wa)) + wbgj (/”’1” u, T(U}b))} 5 (34)

where d* are defined in Eq. (32).

Lemma [38] gathers regularity properties of the function  defined in Eq. (33).
Lemma 38. Let r as in Eq. (33). Then,

log(2(1 +1)/e)

A >].7 ! = )

P2 T = Ty (1t logy, )
' (z) = — 1 log((1 +n)ze™?)
z(log(1+n))? (1+4logy ,x)®

On [1,400), the function r is twice continuously differentiable. It is decreasing on [1,e/(1 + 1))
and increasing on (e/(1 + 1), +00); its minium is r(e/(1 +n)) € (0,1). It is strictly convex on
[1,e2/(1 + 7)) and strictly concave on (€2 /(1 + 1), +00).

Proof. The proof is obtained by direct differentiation and manipulation. We have
elog(1+n)

Yn >0, r(e/(1+n))= T+1

€(0,1).
O

Lemma [39]shows that the modified transportation costs can be rewritten differently, which is a key
property used in Appendix [F|

Lemma 39. Let d* as in Eq. (32), and v as in Eq. (33). For all (A, 1) € R2 such that [N} > ]}
and (wyi,ws) € [1,+00)2. Then,

é%&m@@wﬂmﬁ+m@@%ﬂwm

= inffwid; (N ur(w)) + wadd (pu,r(ws))}
u€([1]5,[A]5)

= inf wcl_ A ug,r(wr)) +w Jj , Uz, r(w .
(ul,uz)E(O,l)z:ulguz{ 1de (A, un,r(wr)) + wad! (1, ug, r(w2))}
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Proof. These results are obtained by leveraging Lemmas [30]and 31}

Note that the condition [A]} > [u]} implies that 4 € (—o0,1) and A € (0,+o0), i.e., [u]d =
max{0, u} and [A]§ = min{1, \}.

Suppose that i < 0 and A > 1. Then, we have [u]} = 0 and [\]} = 1. Therefore, the first part of the
result holds by definition.

Suppose that 4 < 0 and A € (0,1). Then, we have [u]§ = 0 and [A\]§ = \. Foru € [\, 1), the

function is equal to wyd. (11, u, 7(ws)), which is increasing and strictly convex on (0, 1). There-
fore, the minimum over that interval is attained at A. For v € (0, ), the function is equal to

wid; (A, u,7(wy)) + wadt (1, u, 7(ws)). Since it is the sum of two strictly convex function, the
minimum over that interval is achieved in (0, \). This concludes the proof of the first part of the
result for this case.

Suppose that ;2 € (0,1) and A > 1. Then, we have [u]§ = p and [A]§ = 1. For u € (0, u, the

function is equal to wyd_ (A, u, r(ws)), which is decreasing and strictly convex on (0, 1). There-
fore, the minimum over that interval is attained at y. For uw € (u,1), the function is equal to

wid; (A u,r(wy)) + wad (11, u,(ws)). Since it is the sum of two strictly convex function, the
minimum over that interval is achieved in (u, 1). This concludes the proof of the first part of the
result for this case.

Suppose that (1, \) € (0,1)2. Then, we have [u]§ = p and [A]§ = . For u € [\, 1), the function
is equal to wad (i, u, 7(ws)), which is increasing and strictly convex on (0,1). Therefore, the

minimum over that interval is attained at A. For u € (0, ], the function is equal to wyd_ (A, u, r(w=2)),
which is decreasing and strictly convex on (0, 1). Therefore, the minimum over that interval is attained

at 1. For u € (i1, \), the function is equal to wyd_ (A, u, r(w1)) + wadZ (1, u, 7(ws)). Since it is
the sum of two strictly convex function, the minimum over that interval is achieved in (p, ). This
concludes the proof of the first part of the result for this case.

In summary, we have shown that

g%fl){w167§(A,u7r(w1)) + wad (1, u, 7 (w2)) }

= inf {wds (A, r(wn) + wad (1, r(ws)}
we([plg,INg)

Using the strict convexity of u; — wid, (A, ug,7(w1)) and uy +— wad! (1, ug, 7(w2)) on
(113, IN]3), we obtain that

inf  {wid, (O, r(wn) + wed, (1 r(ws))}
we([u]g:[Ng)

= inf wcl_ A ug, r(w —|—ng U, T(w .
(ul,UQ):[,u,][l)<u1§u2<[)\](1){ 1d (A ug,r(wr)) + wad! (p,uz, m(w2))}

Re-using the same arguments as above, we obtain that

inf {widZ (A ug, r(wy)) + wadd (11, uz, r(ws))} =
(u1,u2) : [p]d<ui<uza<[A]}
= inf {wid, (N ug,7(w1)) + wad (1, ug, r(w2))} -

(u1,u2)€(0,1)2: uy <uo

This concludes the proof. O

Lemma 0] gives a closed-form solution for the modified transportation costs based on an implicit
solution of a fixed-point equation. This is a key property used in our implementation to reduce the
computational cost.

Lemma 40. Let cli as in Egq. , v as in Lemmas @ and and r as in Eq. (33). For all
(A, ) € R? such that [N} > [u]g and w € [1,+00)?. Then,

anf | fwrde O, r(wn) + wad (s (ws))}

= wid; (A u* (N, pyw),r(wy)) + wady (i, u* (A, w), 7(w3))
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where u*(\, p, w) € ([p]d, [N) is the unique solution for u € ([u]}, [N|S) of the equation

u(wy +wz) — w1 gz (u) — wagt (u) + wix, (N, u,r(wy)) — wazl (p, u, r(we)) = 0.

Proof. Using Lemma 39} we have

inf | {wnd O, r(wn) + wad (uyur(w2)))

= inf ’wﬁlf A u,r(wy)) +w g:r u, r(w '
"€<Mé»ma>{ e ( (w1)) + wad (p, u, r(w2))}

Using Lemmas [31]and [30} we obtain

Vue O, GeOhur(uy) = S Itz B )],
s u—gr(u) —xF (p,u,r(w
Ve (D), GG ) = HE e ),
Therefore, for all u € ([u]}, [A]}),
1- I+
1B (1)) S (s )
_ wi(u— gz (u) +ag (Au,r(w))) + wau — g (u) — (4, u, 7(w3)))
u(l —u)
_ u(wy +wz) — (wige () + wagl (u) + wiz (A u,r(wi)) — word (p, u, 7(w3))
u(l —u) '

For u € ([u], [A]3), let us define

g1(u) = u(wr +w2) — wig, (u) — wag (u) + wizy (A u,r(wr)) — wazl (1, u,m(w2)) -

Using the proof of Lemmas [31]and [30] we know that

odF ) 6&;—
ui[#]é 612 (t,u,r(w1)) =0 and uLH[I;]}] B (A u,r(wy)) =0,
q- T+
vu € (0, [A]p), 8;; (\u,r(w1)) <0 and  Yu € ([u)p, 1), 3;; (1, u,7(w1)) > 0.

Combined with the strict convexity of (ii in their second argument, the equation g; (u) = 0 admits
a unique solution on ([u]3, [A]§). Since u(1 — u) > 0, we obtain the implicit equation defining
u* (A, u, w) as above. O

G.3 Characteristic Time

Let v be a Bernoulli instance with means p € (0,1)? and unique best arm a* € [K], i.e.,
arg max,cx) Ho = {a*}. Forall 8 € (0,1), we define

Tr(v)™' = sup min Wegep(u,w) and  w}(v) = arg max min We o+ (1, w) , (35)
weA g aFa* wel aFa*

cav) = sup min We o« (1, w) and w?g(v) = argmax min W o+ 5(p, w)

' WEAN K, Wox=[3 aF#a* ’ WEANA K, wex=[3 aFa*

where W, , ;, are defined in Eq. (@).

Lemma [4T] gathers regularity properties on the characteristic times and their optimal allocations.
Lemma 41. Let W ., as in Eq. @). Let (TF, T} ) and (wf,w? g) as in Eq. G3). The function
(1, w) = Ming o () We.ax (1),a (1 w) is continuous on (0,1)% x A . The functions v — T} (v) ™!
andv — T} (v)~1 are continuous on FX. The correspondences v — w?(v) and v wk 5(v)
are upper hemicontinuous on F¥ with compact convex values.
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Proof. Let F)¥ = {v e F¥[aca*(v)}. Since U,cx Fa* = F, itis enough to show the
property for all X for a € [K]. Let a* € [K].

First, the function (w, v) — minge» inf,c(0,1] {Ward7 (ttar, 1) + wad! (f1a+,w)} is continuous on
Ak x FK by Lemmaand the fact that a minimum of continuous functions is continuous. It is
concave in w by Lemma (3§

The correspondence (w, v) — /A is nonempty compact—valued and continuous (since constant). By
Berge’s maximum theorem, we get that v +— T (v)~! is continuous on FX and that v — w?(v) is
upper hemicontinuous with compact values. By [78, Theorem 9.17], the concavity of the functlon
being maximized implies that v — w}(v) is convex-valued.

The correspondence (w,v) — A g N{w,+ = [} is nonempty compact-valued and continuous (since
constant). By Berge’s maximum theorem, we get that v — T /5(1/)_1 is continuous on FX and that
wj (v) is upper hemicontinuous with compact values. By [78, Theorem 9.17], the concavity of the
function being maximized implies that v — w 4(v) is convex-valued. O

Lemma 2] provides additional properties on the characteristic times and their optimal allocations.
In particular, this results show that the (3-)optimal allocations is unique, has positive allocation for
each arm and that the transportation costs are equal at equilibrium. Those properties are key in the
analysis of a sampling rule.

Lemma 42. Let We o as in Eq. @). Let (T, T} ) and (w,w} 5) as in Eq. (33). Let § € (0,1)
and v € FX such that a*(v) = {a*} is a singleton.

o TX(v)™1 >0 andTe*’ﬁ(V)_1 > 0.

® min,e(r) w; > 0 and ming ek wj , > 0 for all w* € wi(v) and wi € wf 5(v).

e the ([3-)optimal allocations are unique and the transportation costs are all equals at equilibrium
wr(w)={w!} and Va#a*, 1nf {we o e (o, 0) + wlodf (pa,u)} = THw) ™,

w:,B(V) = {w:,ﬁ} and Va 7é a* uér[%)fl {we B, a*d (Ma* ’LL) + we B, ade Ma, W } T ,B ) !

Proof. Using the definition of the supremum with 15 /K € A and Lemma[34] we obtain
T*(v) ™' = sup min inf {wed. (par,w) + wed! (ja, v
S(v) weApKa#a*ue[Ol{ (Har s u) (Hayw) }
1

> — mi f dd (g, dF (pa,u)} >0,

2R Ay e (e ) 02 )
where the last inequality strict uses Lemma [34]and ju < piq+ for all @ # a*. Similarly, we can prove
that T 5 (v)~" > 0. This concludes the first part of the proof.
We proceed towards contradiction. Suppose that there exists w* € w}(v) and b with w} = 0. Then,

we will show T (v)~! = 0, which is a contradiction with the above result. If b = a* we have

T*(v)™' = min inf w'dl (jta,u) < min w*dS (jta, pa) = 0.
a#a* uel0,1] aF#a*

If b # a*, we have
T:(V)_lzmm inf {wa*d (Ha+, u) + widd (o, u)}

a#a* ue(0,1]
< inf A= (phar, df (pp,u)} = inf wi.d- (prar,u) =0.
< i e e e ) B )} = I e e )

A similar proof allows to show the result for w 5 (1) by reasoning on T B(u)*l. This concludes the
second part of the proof.

For notational simplicity, we assume without loss of generality that a* = 1 is the best arm. At the
optimal allocations, all w, are positive. Let us define G () = inf,c(o1 {dg (11, ) + zdf (s, u)}
forall b # 1. Let w* € w}(v). Then, we have

_ . Wp Wy
T*(v) '—  max wyminG,|— and w* € arg maxwi min Gy, .
wEA K, w1>0 b#1 w1 WEA K b#1 wq
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Introducing xj = % for all b # 1, using that Zbe[K] w} = 1, one has

1 T}
wi=— and VbhAL wf= b
! 1+ Zc;&l xé 7& b 1+ chﬁl xé

If 2* is unique, then so is w*. Since it is optimal, {z} }#£, € R¥~! belongs to

ming1 Gy (:I}b) (36)

arg max e
{zp} ,eRE~1 1+ Zc:Z Te

Let's show that all the Gp(z}) have to be equal Let O =
{a € [K]\ {1} | Gq (2}) = minyx1 Gy (25)} and A = [K] \ ({1} U O). Assume that A # (). Fo
alla € Aand b € O, one has Gy, (x}) > G, (x}). Using the continuity of the G, functions and the
fact that they are increasing (Lemma [36)), there exists € > 0 such that

Vbe A,a e O, Gy(xy —¢/|A]) > Gy (xs +¢/|0]) > G, (x}) -
We introduce T, = xj — €¢/|A| forallb € A and T, = z} + ¢/|O| for all a € O, hence sz(:z Tp =
Zlf(:Q xy. There exists a € O such that miny+1 Gy (%) = G, (2 + €/|0|), hence

mingz Gy (1) _ Ga (23 +¢/|0)) Galwy)  _ mings Gy (af)
l+Zo+...2x 1+a3+---+ay  1+a3+---+a5 14+a3+---+af

This is a contradiction with the fact that z* belongs to (36). Therefore, we have A = 0.

We have proved that there is a unique value by y* € R, such that for all b # 1, G} (z}) = y*. Now
since Gy is increasing, this defines a unique value for x, equal to Gb_1 (y*).

For y in the intersection of the ranges of all Gy, let z;,(y) = G ' (y). Then, y* belongs to

Y
arg max

¥ 37)
y€[0,miny-1 lim4 oo Gp(x)) 1+ Eb;ﬁl .Z'b(y)

For 8 € (0,1), the same results (and proof) hold for w g (v) by noting that

* -1 __ .
apW) = pehax  fminGy (ws/B) -

Let w? 5 € w} 4(v), since we have equality at the equilibrium, we obtain 3G, (w: s/ 5) =

Ty 5(v)~" forall b # 1. Using the inverse mapping x;, we obtain w} 5, = Sz (Te*ﬁ(u)_l/ﬁ) for
all b # 1. This concludes the third part of the proof. O

Lemma shows that an asymptotically 1/2-optimal algorithm has an asymptotic expected sample
complexity which is at worse twice the asymptotic expected sample complexity of an asymptotically
optimal algorithm. This result motivates the recommendation to the practitioner of using 5 = 1/2
when no prior information is available on the true instance v.

Lemma 43. Let (T}, T 5, w}) as in Eq. B3). Let 3 € (0,1) and v € FX such that a* (v) = {a*}
is a singleton. Then,

* * T:(V) ! ﬁ* 1 B* . * *
v) <2T*(v and —S—72 < max<{ — — L.
6?1/2( ) ‘ ( ) 16*,5(1/) t= { B "1 I5) with B We,aq

Proof. Define for each non-negative vector ¢ € R,

f(%) := min inf {wa*d;(Ua*au) +¢adj(,ua7u)} .

a#a* uel0,1]

T*(v)~! is the maximum of f(1)) over probability vectors 1) € A . Here, we instead define f for
all non-negative vectors, and proceed by varying the total budget of measurement effort available
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Zae[ K] 1,. Using Lemma f is non-decreasing in v, for all a. f is homogeneous of degree 1.
That is f(cy) = cf(¢p) for all ¢ > 1. For each c¢1, ca > 0 define

g(Clch)Zma‘X f(,l/J)',‘/JERfv 1pa“(u)zclv Z waSCQa
a#a*(v)

The function g inherits key properties of f; it is also non-decreasing and homogeneous of degree 1.
We have

Ss(w) Tt =max{ f() | €RY, e =B, Y Wha =1

a€[K]

=max{ f(¢) | €RY, vhor =B, > a <1—-Bp =g(8,1-5),
a#a*

where the second equality uses that f is non-decreasing. Similarly, 7*(v) ™! = g (8*,1 — 3*) where

B* = wy .. Setting r := max{ﬁﬂ* , %} implies 8 > * and (1 — ) > 1 — 8*. Therefore
1T s(w) ™t =rg(B,1— ) = g(rB.r(1 - §)) 2 g (6,1 - ) =T/ (v)"".
Taking 8 = 1, yields that T (v) ! < 2max{$*,1 — BYTy ) (v)~h < 2Ty (v) O

Lemma [#4] gives sufficient conditions on the means and allocations in order for the transportation
costs to be equals to the non-private transportation costs. Moreover, it gives sufficient conditions on
the means in order for this equality to hold irrespective of the considered allocation. Taken together,
this result allows to have fine and coarse understanding of the separation between the high privacy
regime and the low privacy regime for e-global DP BAI

Lemma 44. Let W ., as in Eq. @). Let i € (0,1)% such that a* = arg MaX, ¢ () fa IS unique.

Letw € (R)X. Let € > 0. For all z € (0,1), we define fe(z) = (1 — ) (1 - ﬁ) =
(1 —)g- (x)(1 — e™). Let us define . , = Wﬁ)r all a # a*. Forall a # a*, we

have
. Wq* Wq
ﬂa*_ﬂa<m1n{(l+ )fe(]-_,ua*)7 <1+ )fe(:u’a)}
Wy W
= Weara(pt, w) = warKl(ptar, prge o) + wakl(pa, s o) -

Moreover, we have

max min { (1 + War
a*E[K],ME(O,l)K,a*(u):{a*},we(Rl)K Wq
and, for all a # a*, we have
g (1 — ua)) okl Okl
e>lo — | — 5 \Ma*s Ha) = 75— (MHay Ha*
> g(ﬂa(l_ﬂa*) O, Has Ha) = 5 (Ha, ftas)
= Vwe (Ri)Kv Weara(p, w) = wa*kl(ﬂa*aﬂg*,a) + wakl(ta, H;U*,a) .

Wq

) fe(l = par), (1 + ) fe(ua)} <¢/2

W *

Proof. Let us define f.(z) = (1 — z) (1 - m) forall z € (0,1). Then, we have

fra(l = pa)(ec =1) 1 B
T4 pales —1) (1= fta) (1 - 1+ua(e—1)) = fe(a) ,

prar (1 — pax) (e = 1) 1 B
¢ — figr (e —1) M (1_ 1+(1—,ua*)(ee_1)> = fe(l = par) -

Using Lemma[23] direct manipulation yields that
fel=prar) < ptar = pa <= g (ttar) > pta = fe(tta) < ptar — pta
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Waq*

ge (1a) < Hara Je(pa) < m(ﬂa* — Ha)
Wq
95 (par) > pige oy = [l = par) < 7(/@* fa) -
Wq* + Wq,

Using that max { W Wot } < 1, we obtain that

Wor +Wq 7 Wer +Wq

_ _ w,
(07 (1a) < tor A g (1a) < i) = (1 | W ) Foll1a) < Har — pia

a*

a

— y Wa*
(0 i) < i A 0 ) > ) = (10 ) 0 ) < i

(97 (a) = par V (9c (tta) < far A e 4 € 198 (1ar), 92 (112)]))
= (97 (Ha) = prar Ve o € (97 (Hav), 97 (1a)])
— (mln{fe(/ia) fe(l — Ha> )} > fhar — Ha

V flar — flg < min{(l + w‘“) Fe(1 = pas), (1 - ZU”“) ﬂ(m)})

— Hax — fhg < MAX {min{fe(,ua), fE(l - :Ua*)}a

Syl V)
= ua*—ua<min{(1+ ) = o) (12 g}

Combining those conditions with Lemma [37] concludes the first part of the proof.

For all z € (0,1), we have

(I—x)(ef—1) —x(ef —1)(1 4+ (e — 1)) 22(e€ —1)+22—1

fi(x) = (1+z(ec—1))2 = - -1 (1+az(ec—1))2
e6/2_
fl@)=0 <= =z= fll

vy . (L4 x(ef —1))2 — (e° — 1) (a%(e* — 1) + 2z — 1)

fe (I) - 72(6 - 1) (1 + 37(66 _ 1))3
2ec(ef — 1)

e CE)

e "—1 with value

As f. is strictly concave, the maximum is achieved at “—

66/271 66766/2 B 66/271 2
w1, (222) L

z€(0,1) e — e —1
Let sy (x) = x(e® — 1) — 4(e®/? — 1)? for all 2 > 0. Then, we have
€/2 _ 1)2
%SG/ZL <~ H](G)ZO.

Then, we have x1(0) = 0 and
k) (x) = 4e*/? —3¢® — 1+ ze” and K (z)=e" (2(671/2 —1)+ x) .

Using that e=*/2 — 1 > —2/2, we obtain &/ (x) > 0. Using that &/ (0) = 0, we obtain &/ (z) > 0.
Using that k1 (0) = 0, we obtain k1 (z) > 0. Therefore we have shown that

Ve >0, max f(x)<e€/4d.
€ xe(o,}i)f() €/

Direct manipulation yields that

min{(l + 121) fe(1 = piar), <1 + 5:) fe(ua)}
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Wq Wer z€(0,1)

< <1+min{“’“*, Ya }) max f.(z) < /2.

Taking the supremum over w € (R%)%, u € (0,1)K such that a* = a*(y) and over a* € [K]
concludes the second part of the proof.

Let a # a*. Direct manipulations yield that

Max — fa < min{f6(1 - Ma*)afe(:ua)}

— VYwe (Rj_)K, Hhax ,uagmin{(1+

M) 2= o) (1 2 il

= Vwe R, Weara(pw) = wer Kl(par, g o) + wakl(pta, - ) -

Recall that f(z) = (1 — ) (1 - ﬁ) Then, we have directly that

1oy 1 +a)(-a) _
f@zy = 2 ieon T dicaow S°

Plugging this result, we obtain

tar — pla < min{f(l = ), folpia)} = e > Har (1 = pra)

= pa(l = par)
a* 1- a
<~ e>log <M> .
ta(l = far)
Recall that ( )
okl Okl Lar (1 — pig >
a. Ma*s Ha) = 7 \Mas Ha*) = lo 1 .
axl(u Ha) axl(u fa+) g(ua(lua*)
This concludes the proof of the last part of the result. [

Lemma @] shows that our lower bound is larger (hence better) than the one derived in Azize et al.
(2]

Lemma 45. Let Ty (v, €) as in Theorem 13 in Azize et al. [12l], and T (v) as in Eq. (33). Then, we
have Ty (v, €) < T*( )

Proof. LetT, (v, ¢) asin Theorem 13 in Azize et al. [12]. A sufficient condition to obtain Ty (v, €) <
T*(v) is to show that, for all A € Alt(u), we have

Z Wade(fha, Aa) < min Z wekl(fha, Aa), 6€ Z Waltta — Aal 7

a€([K] a€([K] ag[K]

since we can conclude by taking the infimum over A € Alt(u) and the supremum over w € Ak on
both sides of the inequalities. By definition of d. and evaluation the function at z = pand z = A
respectively, we obtain

de(A, p) = Zeig)fl) {kl(z, ) + €l — 2]} < min{kI(X, p), €]A — pl}

By summing those inequalities over arms a € [K], we obtain

Z d Maa a Z wamln{kl(ﬂaa a>76‘,ula_)\a|}

a€[K] ac[K]
< min Z wakl .uaa Z wa‘,ufa - a
a€[K] a€[K]
Using that 3, ¢ (s Wa|ta — Aa| = 0 and 6€ > €, this concludes the proof. O
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In Garivier and Kaufmann [38]], the authors show how to rewrite the optimization problem underlying
the characteristic time and its optimal allocation as a simpler optimization problem. Lemma [46]
shows that similar properties holds for e-global DP BALI. In particular, it shows that computing the
characteristic time 7*(v) and their optimal allocation w? (v) can be done explicitly based on solving
nested fixed-point equations. This result is key to implement computationally tractable Track-and-
Stop algorithms. Additionally, Lemma 6] gives an explicit lower bound on the characteristic time
T*(v).

Lemma 46. Let d* as in Eq. (), and (T, w?) as in Eq. (35). Let a # a*. For x € [0, +00), let

Go(z) == ir[%)fl] {d- (par,u) + zd} (pa, w) } andug(z) := argmin {d_ (pq+, u) +zd} (fa, u)}.
uel0,

U€[pta,pa*]

* The function G is an increasing and strictly concave one-to-one mapping from [0, +00) to
[0,dZ (tar, pha)); it satisfies that G, (0) = 0 and limy— 00 Go(z) = dZ (ftar s fla)-

o The function u, is a decreasing one-to-one mapping from [0, +00) 10 (lq, pa+); it satisfies
that 1 (0) = pigr and limy s 1 oo 1a(T) = fig-

* Let x,(y) be defined as the unique solution of G, (x) = y for all y € [0,d_ (fta*, pta)). The
function x, is an increasing and strictly convex one-to-one mapping from [0, d- (f1q+, fia))
to [0, +00); it satisfies that ©4(0) = 0 and lim,_, ;- ., @a(y) = +o0.

Forall y € [0,mingzq+ d_ (tar, fa)), let us define

Yy L d (frax, ua(7a(y)))
14+ o Ta(y) and Fly) = ;; dd (pra, va(za(y)))

G(y) :==

* The function F' is an increasing one-to-one mapping from [0, mingq+ d_ (fax, fta)) t0
[0, 4+00); if satisfies that F'(0) = 0 and B0y i oe de (e i) F(y) = +oo.

* On |0, mina;éa* d- (par, pta)), the function G is maximized at the unique y* solution in
[0, minge+ d_ (far, tha)) Of the fixed-point equation F(y) = 1. Moreover, we have
wi(W)g = wrW)arx4(y*) forall a # a*,

1 _ Yy
Wi (V)gr = and T*(v) ' = .
Ve = TS ) LU S SN

*

e Moreover, we have

T (v) > — a +> Fo)

MINg£q* d€ (Na* ) Uu a;éa* /Jav Hax )

Ife < log (%) we have dY (pa, ftar) = —log (1 — pa- (1 —€7)) — €uq and

de (par; pa) = —log (1 + pa(e® — 1)) + €ptar.

Proof. Using Lemma we know that G, is concave. Let  wug(x) €
arg min, i 1 {d; (fta,w) + xd} (pra,u)} for all x € [0,+00), whose explicit formula is
given in Lemma It is direct to see that G,(0) = 0 and u,(0) = pe+. Using the optimality
condition of u,(z), we obtain, for all z € [0, +00),

— +
) = 1,(0) (5 Gt o))+ 05 ) ) + 2 100
= dj(ua,ua(os)) >0,

where the last inequality is obtained by Lemma and using that dF (114,14 (0)) = dF (jta, fta+) > 0.
Therefore, G, is an increasing one-to-one mapping from [0, +00) to [0, limg 4 00 Go(2))

Let pg. , = % for all z € [0,+00). It is easy to see that G,(0) = 0, uq(0) = pe+ and
limy oo 1+ o = fa- Using Lemma@, we obtain that

i i {(1+1/2) fe(1 = piae), (14 2) fo(a)} = Jo(1 = pas)
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When pig« — g < fe(1 — pa+), we obtain

hm G(l(x) = xEIfoo {kl(:u‘a*nu’i*,a) + Ikl(,u(la :U’g*,a)}

Tr—r+00

= kl(“a* ) /-‘a) + ;cgr-ir-loo {xkl(Uav M;zl*,a)} = kl(ﬂa* ) Na) )

where we used that

. Har — Mo 1 Pax — Mha 1
okl(ptg, pos o) = | polog | 1 — — +log |1+ ,
(’u M ’ ) <’u g < )ua(l - ll'a) ;Haa + I) g ( 1 o l’[’(l 11:'1:/7: + :I;))

. (Har — pa)® . T
lim {akl(pg, pon )} = ——"—= lim =0,
IH“’O{ e } fa(l = pa)? @=+oo (}La* =+ 33) (11_—7;* + a:)

where we used that log(1 + ) =,_,0 « + O(2?). Using Lemma and the proof of Lemma 44} we
know that pi+ — g < fe(1— g+ ) if and only if pg € [gF (ftar ), fax ), hence we have kl(pigx, f1q) =
d_ (pta* , f1a)- This concludes the proof in the first case.

When g« — g > fe(1 — par), we obtain
lim Gu(a) = lm {~log (1+ s (a, 2)(€° = 1) + epta + okl(1a, ur,o (o)}
where
ul,*(/-//aa-r) =
\/(93(1 — ptae = 1)) = (¢ = 1))* + 4(1 + z) (e — Dapq — (2(1 — pale® — 1)) — (e — 1))
2(1+z)(es — 1) '

Direct manipulation yields that lim,_, oo %1 »(ftq, T) = fq, hence

Jim  Ga(z) = —log (1+ pa(e —1)) +epar + lim {akl(pa, w1 (pa, 2)} -

Let us denote vy 4 (g, T) = U1 «(fas T) — ft > 0, 1€, limy_4 oo v1 4 (e, ) = 0. Direct manipula-
tion yields that

U1 (Hha, )
_ltpe(ef=1) (0 1
o 2(ec—1) (1 x—i—l)
2=l D) )~ (e =12 (e = (1 2)
22(1+ pa(e” = 1))? o1+ pae = 1)
_ \/1 20— pae A D) =) — (e =12 (e = (1~ 2p0)
22(1 + pra(e€ — 1))? z(1+ palec — 1))
(D -2m)  20(1— (et 1))(e — 1) = (ef — 1) r
= (0 (et — 1)) 22201+ rale — 1))2 +00/")
B 22(e€ — 1)2(1 — pa)pra(e€ — 1) + (e — 1)?
=z—+o0 22 (1 + pa(ec — 1))2 + O(l/x2) ,
hence V14 (la, %) =gso0 201 = pra)ta(e — D | 0(1/2?).

2(1+ pa(es — 1))
where we used that /1 —x — 1 =, .0 —2/2 + O(x?) to obtain the last result. Similarly as before,

we derive
1 U1 *(Mav 37)
Tkl(pq, u1, (fa, 7)) = T (,U/a log (1 - :
(b 1,1 7)) ol — i) 1+ 01, ftas2) 1

1 * as
+ log (1+ v, (,u x) ))

1—pal— vl,*(,uaax)/(l — Ha)
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1 1:1}17*(/_1,,1,17)2

li kl z = ——F i
IJ}I}}OO {x (IJ’LL’ Iua ,(l)} :ua(]- - /’La)2 IJ}I}}OO (1 _ 7)1y*(ﬂa7x)> (1 + Ulw*(lu(“x))
1—pa Ha
_ hmaz~>+oo "E’l)17*(/1¢a,x)2 =0

fa(l = pta)? ’

where we used that v1 (e, ) =240 O(1/x) to conclude. Therefore, we have shown that
limg s 400 Ga(z) = —log (14 (e — 1)) + €f1q+. Using Lemma[25]and the proof of Lemmald4]
we know that pig+ — ptg > fe(1 — pg+) if and only if p, € [0,9F (pax)), hence we have
—log (1 + pale® — 1)) + € = d_ (fa+, f4q)- This concludes the proof in the second case.

Therefore, G, is a strictly increasing one-to-one mapping from [0, +00) to [0, d_ (tq+, fha)). Using
the implicit function theorem, we obtain
adf
T as Ua\T
Vo € 0, 4o0),  uy(2) = — g2 L tel?)
Juz (Har, ua(x)) + s (Ha>ua(T))

where the strict inequality is obtained by using properties in Lemmas [24| and since u,(x) €
(1ta, tta+) by Lemmas[34and 24] Similarly, we obtain

<0,

adr
ou

Therefore, we have shown that G, is strictly concave and that u,, is decreasing.

Vz € [0,+00), GY(z)=u,(x)

(Ma> ua(x)) >0,

Let us define x,(y) as the unique solution of G, (z) = y, which is well-defined based on our above
computations. Therefore, we have

y = d; (flar, ua(ra(y))) + xa(y)dj (thar ua(Ta(y))) -
Using the derivative of the inverse function, we obtain
1 1

T W) & auaaa@)

hence z, is increasing on [0, d_ (tta+, fq)). Moreover, we have
ug(zaly) — 0df
A (pras ua(a(y)))? Ou

hence z, is strictly convex on [0, d_ (tq+, fha))-

Vy € [0,d. (ftar, pa))s z:l(y)

"

Yy € 0,d. (ptax, fa))s T (y) = —

(/’La; ua(xa(y)) >0,

For all y € [0, mingzq+ d. (far, fta)), let us define G(y) = m and F(y) =

> de (tar Ua(2a (1)) Using the above results, direct manipulations yield that, for all y €

a7a*  df (pa,ua(za(y)))
[0, mingza+ de (fa, fa))s
&y L+ Daar Ta(¥) = Y Tatar %6 (¥) _ 1 F 2aztar Tal) = Yoo G uneatm)
(L4 > s Taly))? (1 + > zar Taly))?
_ 1-F(y)
(L+ D asar Tay)?”

hence we obtain that G'(y) = 0 if and only if F(y) = 1. Using that z,(0) = 0, u,(0) = pe+ and
dZ (fha*, fta=) = 0, we obtain that F'(0) = 0.

Using that lim

yad;(#a*,ua)xa(y) = +00, limgjo0ta(®) = fia, de (Har;pa) > 0 and

d7 (fas ta) = 0, we obtain that hmy—>mina¢a* 47 (i gta) F(y) = +o0.
== L NS i *d_ * .
Let H(y) = > 0 sar T o) forall y € [0, mingq+ d (fta+, fta)). Then, we have

doway)=yHE) - Fly) . Y =i(y)=H(y),

aF#a* aFa*
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ad; adf B
au (Har; ua(z)) + x%(ﬂavua(x)) =0,

de (Hav s ua(2a(y))) + xa(y)d:_(uavua<xa(y))) =Y.
Then, for all y € [0, ming£q+ d_ (fta*, tta)), We have

oy uo(Ta(y))Taly) 0dE
H (y) - a;* (d+(,ua7 a(l'a(y))))z au (:uaa a( a(y)))

adr
a;* d+ :uavua(xa)()y ))) ou ('ua’ua(xa(y)))y

)
) (24 () (y)
PO = 2 G (vl

(drma,ua(xa( >>>‘9d9 (a1 a) = A st 00) s a0
= Z dJr x (y

Za (A& (pras ta (:va ()
(xa(y)d (Navua(xa(y))) 7(ﬂa*aua(xa(y>)))

=y 3 et B o) = 9 ),

Za (e (pras ua(fva y)

Therefore, showing that H is increasing is a sufficient condition to show that F' is increasing. Using
the above results, we have, for all ¢ # a* and all y € [0, ming 2o+ d_ (far, tha)), We have

1 ad+
(d& (pas ua(za(y))))? Ou

Therefore, H is increasing as a summation of increasing function, hence F’ is increasing.

) 3 s
))) (,uaaua(xa(y)))

(Has ua(®a(y))) >0 and  ug(za(y)) <O.

Let y* such that F'(y*) = 1. Reusing the above manipulation, we obtain

Fly)(L+ 3 sar Ta(y) + 201 = F(y) X sar Ta(y)

G"(y) =~ (T F arar 7a®))?
_ _yH'(y (A +yH(y) - Fly)) +2(1 - F(y)H(y)
(I+yH(y) - F(y))? ’

Therefore, y* is the unique maximum of G. We conclude this part of the proof by using the
intermediate results in the proof of Lemma[42]

By strict convexity of z, and using its properties proven above, we obtain

Y
zo(y) > 24(0) + y2,(0) = —F——
d+(/~5anua )
Summing those inequalities, we obtain
. —_ y 1
Vy € [0, min d (ptar, pa)),  Gly) = a3 '
G 1 Lagar 700) ~ 5+ Yar 37505

Using that y — 1/(1/y + «) is increasing for @ > 0, we obtain that

T*(v) ' = max G(y) <
YElDminazar de (ax tta)) Mo 4 o) 200" i)

This concludes the proof of the second to last result. The last result is obtained by combining
Lemmas [25]and [24]and the derivation in the proof of Lemma [44] O
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Lemma[#7]is a technical result used in the proof of sufficient exploration of our sampling rule.
Lemma 47. Let d* as in Eq. (B). Let pu € (0,1)¥. There exists a > 0 such that

C = . : f . f d_ Aay d"r A7 0 38
a (aab?;tl?>,ub )\ir,l)\b: uéﬂ),l]{ € ( U) + € ( b U)} > ( )
maXee{q,b} [e—Ae| <

Proof. Using Lemmafor wy = wy = 1, the function p — inf,c(o17 {d7 (pta, u) + dF (i, u)} is
continuous on F¥_ Since it has strictly positive values when i, > 115 (Lemma , there exists o
such that
inf inf {d_ (Mg, df (N, >0.
/\iI:lAb: uér[}),l]{ ‘ ( ¢ U) T ( ’ U)}
maXce{a,b} [e—Ac|<a

Further lower bounding by a finite number of strictly positive constants yields the result. O

Lemma[7]is a technical result used in the proof of convergence towards the optimal allocation of our
sampling rule.

Lemma 48. Let dX asin Eq. (3). Let (¢1, ¢2) € (0,1)%. Let T, := {p € (0,1)% | a € a*(n)} for
all a € [K]. Forall a* € [K), all p € I+, all (a,b) € ([K]\ {a*})? such that a # b, and all
B € [0,1], define

Ga,b(:uﬂﬁ) = uér[%)fl] {Bde_ (Ma*7u) + ﬁbldz_(ﬂmu)} - uéi?ofl) {Bde_ (Ma*7u) + ¢2d:_(ub7u)} .

The function (u, B) — Gap(1, B) is continuous on (0,1)% x [0,1]. For all £ > 0, the function
(1, 8) = infz, 5 5 ¢ Gap(p, B) is continuous on (0, k.

Proof. Since |, iz Za* = (0,1)*, itis enough to show the property for all a € [K]. Let a* € [K],

p € Ly, (a,b) € ([K]\ {a*})? such that a # b. As done in Lemma [41| by using Lemma [34]
we obtain that the function (i, 8) — Gau(u, 8) is continuous on Z,+ x [0, 1] for all a* € [K],

hence on (0,1)% x [0,1]. Let ® : p {B 18— B| < 5} it is a continuous (constant), compact
valued and non-empty correspondence. Using the above continuity, Berge’s theorem yields that
por>infg, s 5cc Gap(p, 8) is continuous on (0, 1)%. O

H Asymptotic Upper Bound on the Expected Sample complexity

Let v be a Bernoulli instance with means p € (0,1)? and unique best arm a* € [K], i.e.,
argmax,e ) Ha = {a*}. Let B € (0,1). Let w} 4(v) = {w; z} be the unique B-optimal al-
location defined in Eq. (33)), which satisfies minge (x| w; 5, > 0by Lemma@ At equilibrium, we
have equality of the transportation costs by Lemma[42] namely

Va 7& a*7 Wgaﬁa(uv w:,,@) = T:ﬁ(y)_l ) (39)
where W , 5 is defined in Eq. (@) and T/ 5 is defined in Eq. (35).

Lety > 0. Let w € Ak be any allocation over arms such that min, w, > 0. We denote by Tv(w) the
convergence time towards w, which is a random variable quantifying the number of samples required
for the global empirical allocations N, /(n — 1) to be y-close to w for any subsequent time, namely

n

—Ww

T, (w) := inf {T >1|Vn>T,

< v} - (40)

The proof of Theorem 6] follows the same analysis as the unified analysis of Top Two algorithms, see,
e.g., Jourdan et al. [50]. Appendix [H]is organised as follows. After recalling some technical results
(Appendix [H.T)), we prove sufficient exploration of our sampling rule (Appendix [H.2). Second, we
prove that convergence time towards the S-optimal allocation of our sampling rule (Appendix
has finite expectation. Finally, we conclude the proof of Theorems [6] (Appendix [H.4).
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H.1 Technical Results from the Literature

Lemma@relates the global counts (Ny, q)qe[k] and the local counts (Nn,a)ae[K]-

Lemma 49. Let n) > 0 be the geometric parameter used for the geometric grid update of our private
empirical mean estimator. For all (a,k) € [K] x N s.t. Eyr[Ti(a)] < 400, Npy(a),a = Nra =
[(1+n)k1). Foralla € [K]and alln €N, N, o > Nyo > Npo/(1+1).

Proof. Let a € [K]. After initialisation, we have k = 1, T1(a) = K + 1 and Ny, (4),0 = 1.
Using the definition of the phase switch, it is direct to see that Nz, (4),q = ]\727[1 = [1+4 n] when

E,r[T2(a)] < +oo. Similarly, we obtain Ny, (q),q = Ni.o = [(140)5 1] when B, - [Tk (a)] < +o0.
The last result is a direct consequence of the definition of the per-arm geometric update grid. O

Lemma@]controls the deviation N , — 8Ly, , enforced by the tracking procedure.
Lemma 50 (Lemma 2.2 in [49]). Foralln > K andalla € [K], =1/2 < N3 . — BLyp . < L

Lemma gathers properties on the W _; function used in the stopping threshold.
Lemma 51 ([51]). Let W _(z) := —W_1(7—e_m)f0r all x > 1, where W_ is the negative branch
of the Lambert W function. The function W _y is increasing on (1,400) and strictly concave on

_ —1
(1, 400). In particular, Wl_l(x) = (1 — W_ll(r)) forall x > 1. Then, forally > 1 and x > 1,

W_oi(y) <z <<= y<z-—Ilogx).

Moreover, for all x > 1,

x +log(z) < W_q(x) <z +log(x) —&-min{;, \}5} .

Lemma gives an upper bound on a time define implicit as a function of W _;, namely it is an
inversion result.

Lemma 52 (Lemma 32 in [12]]). Let W_; defined in Lemma Let A > 0, B > 0 such that
B/A +log A > 1and C(A, B) = sup{z | < Alogz + B}. Then, C(A, B) < hi(A, B) with
hi(z,y) = 2W_1 (y/z + log 2).

Lemma [53]shows that upon correction the supremum of sub-exponential random variables is also a
sub-exponential random variable.

Lemma 53 (Lemma 72 in [50]). Suppose that (X,,),>1 are sub-exponential random variables with
constants (Cy,), such that ¢ := inf,, C,, > 0. Then sup,,(X,,/log(e + n)) is sub-exponential.
Lemma [54] gives a coarse convergence rate of the private empirical estimators of the means towards
their true means.

Lemma 54. There exist sub-exponential random variable W,, such that almost surely, for all a € [K]
and all n such that Ny, o > 1,
Nn,a'ﬂn,a - ,ua| S Wu 10g(€ + Nn,a) .

In particular, any random variable which is polynomial in W, has a finite expectation.

Proof. Let us define }
Nn a ~n a — Ma
W, = max sup |M—~M| .
a€[K]neN log(e + Ny.q)

Let a € [K]. Let us define the geometric grid N, = [(1 + )*~!] for all £ € N, on which we
effectively need to control the concentration. The maximum of a finite number of sub-exponential
random variables is sub-exponential. Therefore, using the geometric update grid, it suffices to show

that
sup Nil(Zn,, + Sk)/Ni — tal
kEN log(e + Nk)
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is sub-exponential, where Zy, is the cumulative sum of Ny, i.i.d. observations from Ber(1,) and Sk
is the cumulative sum of k i.i.d. observations from Lap(1/¢).

Using that Z, — Nj i is sub-Gaussian and S, is sub-exponential, for a fixed k, | Zn, — Nk ptq + Sk|
is sub-exponential. Applying Lemma[53] we obtain that

Ni|(Zn,, + Sk)/Ni — tal
keN log(e—l—Nk)

is sub-exponential. We finally obtain that the maximum over the finitely many arms has the same
property. O

H.2 Saufficient Exploration

The first step of in the generic analysis of Top Two algorithms [50] consists in showing sufficient
exploration. The main idea is that, if there are still undersampled arms, either the leader or the
challenger will be among them. Therefore, after a long enough time, no arm can still be undersampled.
We emphasise that there are multiple ways to select the leader/challenger pair in order to ensure
sufficient exploration. Therefore, other choices of leader/challenger pair would yield similar results.

Given an arbitrary phase p € N, we define the sampled enough set, i.e., the arms having reached
phase p, and the arm with highest mean in this set (when not empty) as

SP={ae[K]|Npq.>(1 +7)P7'} and @) = argmax i . 41)
aeSh

Since mingp |1t — ps| > 0, af; is unique. Let p € N such that (p — 1)/4 € N. We define the highly
and the mildly under-sampled sets as

UP={a€[K]| Nou<(1+n)P D2} and VP:={a€[K]| Ny < (1401}
(42)
Those arms have not reached phase (p — 1)/2 and phase 3(p — 1)/4, respectively.

Lemma [55]shows that, when the leader is sampled enough, it is the arm with highest true mean among
the sampled enough arms.

Lemma 55. Let S?, and af, as in (#1)). There exists po with E,[exp(apo)] < ~+oo for all o > 0
such that if p > po, for all n such that S? # (), we have

* Forall a € S%, we have i, o € (0,1) and a}, = argmax,c gr fin,a-
* If B, € SE, then B,, = a7,
Proof. Let py to be specified later. Let p > po. Let n € N such that S? # (), where S and a}, as

in Equation @T)). Since N,, o > (1 4 1)?~! forall a € S?, we have N,, , > (1 4+ 1)?~'. Using
Lemma [54]and z — log(e + z)/x is decreasing, we obtain that

log(e + (L+n)P~ 1)
(1 +mn)p-t

,an,a;; > Hax — Wy

7

log(e 4 (1 +n)P"")
(it

Va € SEA\{an},  fina < pa+ Wy

Let Apin = Mingzp [pta — pp| and Ay = mingepx) min{sq, 1 — pa} > 0. By assumption on the
considered instances, we know that A, > 0. Let py = [log; ., (X1 —€)] + 1 with

X1 =sup {a: > 1| z < 4(min{A i, AO})*IWH log x + e}
< h1(4(min{zmina AO})ilw/u 6) 5

where we used Lemma@ and h; defined therein. Then, for all p € N such that p > p; + 1 and all
n € N such that SP # (), we have

VYa € SP, pg — min{Apin, Ag}/4 < fin,a < fha + min{Anin, Ag}/4.
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Therefore, we have fi, o € (0,1) for all a € SE. Since fin qx > flaz — min{Apin, Ag}/4 and
fina < o+ min{Apin, Ag}/4 forall a € S\ {a}}, we obtain a}, = argmax,cg» fin,q Since
arg max,cgr fin,q is unique. The leader is defined as B, = arg max, ¢ 1 [fin.a)o- If Bn € S5, we
obtain
B, = arg max[ﬂn,a]}) = argmax fin o = a,, .
acSh a€eSk

For all a € R, we have exp(ap;) < e3*(X; — e)®/1°82 hence E, . [exp(ap;)] < +oo by using
Lemma [54| and h(x,€) ~y— 1o 2loga to obtain that exp(ap;) is at most polynomial in W,.
Taking py = p; concludes the proof. O

Lemma 56| shows that the transportation costs between the sampled enough arms with largest true
means and the other sampled enough arms are increasing fast enough.

Lemma 56. Let ST as in Eq. (&1). There exists p1 with Ey . [exp(ap;)] < 400 for all a > 0 such
that if p > pu, for all n such that SP # 0, for all (a,b) € (SP)? such that p, > pu, we have

Weab(fins Nu) > (1+n)P~1C,

where C}, > 0 is a problem dependent constant.

Proof. Let py as in Lemmal[55] Let p > po. Let n € N such that S% # (), where S? as in Eq. (@)
Since N,,, > (1 +n)P~! for all a € SP, we have N,, , > (1 + n)?~! by using Lemma Let

(a,b) € (SP)? such that i, > j1p. Using Lemma there exists «,, > 0 such that

C,= min inf inf {d_(Aq,u) +df (Np,u)} >0.
(a,b):pra>pp Xa, Ap: u€(0,1] - ‘
maxXee{a,b} [He—Ac| Loy,

Let p > 0 st 7 < fmin{Anm, Ag,a,} where A, = mingz [t — ] and Ag =

minge[g min{pq, 1 — po}. Similarly as in the proof of Lemma we can construct py with
Eur[exp(aps2)] < 400 for all & > 0 such that if p > po, for all n such that SE # (0, we have
|fin.a — pa| < mforall a € SE. Therefore, we have fi, o = [fin,q]f and [fin )5 = finp. Moreover,
we have fi,, o > [t — 1 > pp +1 > [in. Then, we obtain

We,a7b(ﬂn7Nn) = inf ] {Nmade_ (ﬂn,aaU/) + Nn,bd:_ (ﬂn,ba ’U,)}

u€el0,1
> (L4t inf {dC (i, w) + df (fnp w)}
= (14" inf inf {d (A ) +dF (Mo, u)} > (1+7)P 710, .
Aa,Ap: u€(0,1]

maXce{a,b} [e=Ac| <oy

This concludes the proof. O

Lemma [57]shows that the transportation costs between sampled enough arms and undersampled arms
are not increasing too fast.

Lemma 57. Let S? be as in Eq. @1). There exists py with E,, - [exp(ap2)] < +oco for all o > 0 such
that if p > pa, for all n such that SE # ), For all p > po and all n such that SE # ), for all a € S¥
and b ¢ SE,

Wﬁa,b(ﬂmNn) < (1 + n)pilDH )

where D, € (0,+00) is a problem dependent constant.

Proof. Let n € N such that SP # (), where SP as in Eq. 1). Since N,, , > (1 + n)P~! for all
a € SE, we have N,, , > (1 + n)?~! by using Lemma ikewise, Npp < (1+n)P~! for all
b ¢ S, we have ]\an,b < (14 n)P~t Leta € SP and b ¢ SP. Since the result is direct when
[in.ald < [fn,p)os we assume [fin, o] > [fin ]} in the following.

Let n > 0 st 1 < fmin{Anm, Ao} where Ay = mingz e — | and Ay =
minge[x) min{pq, 1 — o} > 0. Similarly as in the proof of Lemma (55, we can construct py
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with E, - [exp(ap2)] < +oo for all @ > 0 such that if p > po, for all n such that SE # (), we have
|fin,a — ta| < nforalla € SE. Let g (z) = as in Lemma Using Lemma for all

a € SP, we have
1> pe + min{zmin; A0}/4 > ,an,a > g:r (,an,a) > gj (,Ua - min{zmin, AO}/4) >0
Taking u = fin,, € [0,1] and using that d_ (fin,a; fin,a) = 0, we obtain
We,a,b(/lna Nn) = ér[lofl] {Nn,ad; (lln,a; 'I.L) + —]\[n,bd:r (ﬁn,ba 'LL)}

___xr
z(l—ec)+ec

< Nowdf (i ps finsa) < (14 0P dE (s fimsa)
where the last term is positive since fin, o > [fin5)$ and fin o € (0,1) by Lemma
When fi,, ;, < 0, Lemma@yields that
A (finp fina) = —10g (1 = fina(1—e™)) <e,

where we used that z — — log (1 — z(1 — e¢)) is increasing on (0, 1). When fi,, , € (0, g (fin,a))s
Lemma [24] yields that

dj(ﬂmb,ﬂn,a) = —log (1 — fin,a(1— efe)) — €flnp < €.
When finp € (95 (fin.a)s fin,a)s Lemmayields that
dj(ﬂn,bv fin,a) = Kl(fin,b, fin,a) < —log min{ﬁma’ 1- llna}
—log min{yi, — min{Apin, Ao} /4,1 — ptg — min{Apin, Ao}/4},
where we used the classical result that kl(g, p) < —logmin{p, 1 — p}. Let us define
D,=c¢+ max {—logmin{s, — min{Amin, Ao}/4,1 — ptg — min{Apin, Ao}/4}} .

Then, we have shown that d (fi, b, fin,q) < D, where D, € (0, +00). This yields the result. [

Lemma [58]shows that the challenger is mildly undersampled if the leader is not mildly undersampled.

Lemma 58. Let VP be as in Equation @2). There exists ps with Ey[exp(aps)] < +oo for all
a > 0 such that if p > ps, for all n such that U? # 0, B,, ¢ VP implies C,, € VP.

Proof. Let p3 to be specified later. Let p > p3. Let n € N such that U? # () and VP # K], where
UP C VP are defined in Eq. (@2). Since the statement holds when B,, € V;?, we suppose that
B, ¢ V? in the following.

Let pg as in Lemma|3_3], p1 and C), as in Lemma[56] and p; and D), as in Lemma[57] Let py =

max{2ps — max{po,p1} — 1/3}, which satisfied that E,,ﬂ[exp(ap4)] < o0 for all & > 0 by
using Lemmas . and. 57| Then, forall p > py = max{2p2 max{po,pl} —1/3}andalln
such that B,, we have fi, q € (0,1) forall a ¢ VI = b* 1= argmaxX,gye flas Bn ¢ UY
and

-1
Wb B UVEL Wesg blfin, No) +log Ny > (14 0)0-0/40, +%log<1+n>,

Vb € UP,  Weps b(jin, Nn) +log Ny < (147)® /2D, 4 222 log(l +1),
where we used Lemmas[55] [56]and [57] Direct manipulations yield that

—1
(14 )2 0-D/0, 4 % log(1 4 1) > (14 7)®1/2D, 4 P

— p=ps= 4f10g1+7, (DH/CMH +1
where E, - [exp(aps)] < +oo forall o« > 0 since it is a deterministic constant. Let ps = max{p4, ps }
which satisfies E, . [exp(aps)] < 400 for all &« > 0. Then, we have shown that for all p > ps, for
all n such that B,, ¢ VP, we have B,, = b}, and

in {W. e 5(jin, Ny) + log Npy )} > W. pe 5(jims Niy) + log Ny p ) .
b¢{?§l}%vn'e{ b b (1 ) +log Ny} ?el%?g{ b b ) +log Ny}

-1
log(1 +7n)

By definition of the TC challenger, i.e., C, € argmin,.p {We B, b(fin, Nn) + log Ny}, we
obtain that C,, € V;P. Otherwise, there would be a contradiction since we assumed UP # (). This
concludes the proof. O
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Lemma [59]shows that all the arms are sufficient explored for large enough n.
Lemma 59. There exists Ny with Ep.[No] < 400 such that, for all n > Ny and all a € [K],

Ny > /K.

Proof. Let pg and pg as in Lemmas[55]and [58] Combining Lemmas [55]and [58]yields that, for all p >
ps = max{ps,4po/3 — 1/3} and all n such that U? # (), we have B,, € VP or C,, € V,P. We have
B, [(147)P2] < +00. We have (1+n)P~1 > K(1+7)3P=D/* forall p > ps = 4[logy 4, K1 +1.
Let p > max{ps, p4}. For notational simplicity, we conduct the proof as if that k(1 +7)?~! € N for
all k € [K]. It is direct to adapt the proof by using the operator [-].

Suppose towards contradiction that Uﬁ(l 41 i not empty. Then, forany 1 <t < K (1+n)r=t,

U? and V! are non empty as well. Using the pigeonhole principle, there exists some a € [K] such

that Ny pyp-1,4 > (1 + n)3(p’1)/4. Thus, we have ’V(’h_n)p,l‘ < K — 1. Our goal is to show

< K — 2. A sufficient condition is that one arm in V?

(11y)p—1 is pulled at least

that ‘szzumpfl
(14 n)3®=1D/* times between (1 4 1)?~"' and 2(1 4 7)?~! — 1.

Case 1. Suppose there exists a € V(’; "

B ((1 4 n)3®=D/4 4 3/2). Using Lemma we obtain
Sanmyr-ta = Niamr-1.a = BLainp-1a = Lagmpr-1,0) =3/2 2 (L+7)* =D/,

hence a is sampled (1 4 7)3(~1)/% times between (1 +7)?~" and 2(1 + 7)?~* — 1.

nyp-1 such that L2(1+n)p71’a — L(1+n)p71’a >

Case 2. Suppose that for all a € V(’i Lyt
B ((1 4 n)3P=D/4 4 3/2). Then,

> Eawimpta = Liasm-ta) = (L) = KB71 (L4 )" @0/ 432)
agV

P
(4mp=1

we have L2(1+n)p717a — L(l_j’_n)pfl’a <

Using Lemma[50] we obtain

Yo NSasmrra = Nipg1a) =8 Y Laaimrta = Latmri.a)

agv(p1+ﬂ)p71 aév(p1+n>p—1
<3(K-1)/2.
Combining all the above, we obtain
Z (Laqnyrta = Lasnr-t.a) = Z (N3(1npp=1,0 = Niimr-1,a)
agV? 1 agV? 1
(1+m)P (1+m)P

>(1-8) Y (Larimpta— Litsmyp1.a) — 3(K —1)/2

ag¢V? 1
(+m)P
> (1= 8) (1=t = KA (1 )"0/ 43/2) ) = 3(K = 1)/2 2 K(1+7)*0 D/
where the last inequality is obtained for p > pg + 1 with
3

po = sup {p eN|(1=8) (W +mpt =K (A +m* 0D/ +3/2)) = S(K — 1)

<K@ +77)3@071)/4} ,
The left hand side summation is exactly the number of times where an arm a ¢ V(Ii 4ygyp—1 Was leader
but wasn’t sampled, hence we have shown that

2(14n)P~1 -1

> (B Vi 0= C) 2 K1)
t=(14n)P~!
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For any (1+4n)P~! <t <2(1+4n)?~! —1, UF is non-empty, hence we have B; ¢ V, (1+n jo—1 (hence

By ¢ VP) implies C;, € VP C VI

(1+m)p—1° Therefore, we have shown that

2(14n)P~1 -1 2(14+n)P~1 -1

Z (af < V(1+17) ) = Z (Bt ¢ V1+n)p 1, G = Ct) > K(14n)3-D/4
t=(14n)P~1 t=(14m)P~1

Therefore, there is at least one arm in V., that is sampled (1 + 7)3P=1/4 times between
(1+n)P~tand 2(1 +n)P~t — 1.

In summary, we have shown ‘Vp

1| < K —2forall p > pr = max{ps, ps,p5}. By

induction, for any 1 < k < K, we have ’ e (1m)r—1 < K — k, and finally U K(14n)yr—1 = = () for all

p > pr. Defining Ny = K (1 + 7)P"~1, we have E,.[Ng] < +o0 by using Lemmas.and.for
ps = max{ps,4po/3—1/3} and pg and ps are deterministic. For all n > No, welet (14+7)P~t = 2.
_ U10g1+7,(n/K)

Then, by applying the above, we have U K(14n)—1 is empty, which shows that

Ny.o > y/n/K forall a € [K]. O

H.3 Convergence Towards 5-Optimal Allocation

The second step of in the generic analysis of Top Two algorithms [50] is to show the convergence of
the empirical proportions towards the /3-optimal allocation. First, we show that the leader coincides
with the best arm. Hence, the tracking procedure will ensure that the empirical proportion of time we
sample it is exactly 5. Second, we show that a sub-optimal arm whose empirical proportion overshoots
its S-optimal allocation will not be sampled next as challenger. Therefore, this “overshoots implies not
sampled” mechanism will ensure the convergence towards the S-optimal allocation. We emphasise
that there are multiple ways to select the leader/challenger pair in order to ensure convergence towards
the S-optimal allocation. Therefore, other choices of leader/challenger pair would yield similar results.
Note that our results heavily rely on having obtained sufficient exploration first.

Lemma [60|shows the leader and the candidate answer are equal to the best arm for large enough n.

Lemma 60. Let Ny be as in Lemma. 59 There exists N1 > Ny with Ep[N1] < 400 such that, for
alln > Ny, we have fi,, € (0,1)% and a,, = B,

Proof. Let Apin = Mingze (flar — pla) and Ag = mingeg)min{pa, 1 — pa} > 0. Using
Lemma[54] we obtain, for all n > Ny,

log(e ++/n/K/(1+n))
Vn/K/(1+n)
log(e ++/n/K/(1+n))
Vn/K/(1+n) ’
where we used that = — log(e + z)/x is decreasing and N, o > N, o/(14+7) > /n/K/(1+1).
Let N; = max{Ny, [K(1 + 7)?2X?]} where
Xy =sup{z>1] 2 <4(Anin, Ao) ' Wylogz + e} < hy(4(Amin, Do) "' W, €)

where we used Lemma|[52} and %, defined therein. Using Lemmas[54]and 59} we obtain E, - [N;] <
+00. Then, we have 0 < iy — Ao/4 < fina < pa + Ao/4 < 1 forall a € [K]. Moreover, for all
n > Ny, we have fi, o« > flgr — Amin/4 and iy, o < pg + Apin/4 for all a # a*, hence

ﬂn,a* Z Na,* - VV/L

Va 7é a*, ,an,a < Ha + W

a* = argmax fi,, o = arg max[ﬂn,a](l) =a, =B, .
a€[K] a€[K]

This concludes the proof. O

Lemma[61] shows that that the pulling proportion of the best arm converges towards £. It is a direct
consequence of Lemma [60|by using the same proof as Lemma 39 in Azize et al. [12]], hence we omit
the proof.
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Lemma 61 (Lemma 39 in Azize et al. [12]]). Let v > 0, and Ny be as in Lemma There exists a

deterministic constant Cy > 1 such that, for all n > CyN1, we have ’M 5) <.

Lemma [62] shows that if a sub-optimal arm overshoots its S-optimal allocation then it cannot be
selected as challenger for large enough n.

Lemma 62. Let 'y € (0,7,) where v, is a problem dependent constant. Let N1 and Cy be as in
Lemma@and There exists No > CoNy with E,,.[Na] < 400 such that, for all n > N,

N,
Jda # o, 127—|—w7ﬂa = C,#a.

Proof. Letn > 0and v > 0 be small enough, which we will specify below. Let 4 € (0,~). Let Ny
as in Lemma and Cy as in Lemmafor 7. Letn > CyN;. Therefore, we have fi,, € (0, 1)K and

TL(J,*

a, = B, = a* and — B| < 4. Using the same proof as in Lemma @ there exists N3 with
E,-[N3] < 400 such that for all n > N3, we have || iy, — pt]|co < 7. Let n > max{CoNy, N3}.

nb

Let a # a* such that Moo > w7 5., T 7- Suppose towards contradiction that
b ¢ {a*,a}. Then, for all n > CyN7, we have

N,
1*5+7>1*nn7a*2 >’Y+Zweﬂb*1*5+77
b#a* b#a*
which yields a contradiction since ¥ < ~y. Therefore, for all n > Cy N7, we have

> wk b for all

N, N, .,
Ja # a*, ﬁ >wigaty = F¢{a"a}, nj’1 <wigp-

Let b ¢ {a*,a} such that gif < w} 5, By definition of the TC challenger, we obtain
Cn#a We,a*,a(/]mNn) +log Ny, > We,a*,b(ﬂna N,) + log Nup
1 _ . 1 Weph

— We.a*a nan — We o naNn > 1
7 Vel No) = Wes s No) > 1 log =224
= (W alins M) = W p(fins No)) > log et
e,a*,a\Mn,+¥n) — €,a* nyi¥n ma. O, ’
o1 Wearall ool 1 o e
where we used the positivity of the [-optimal allocation (Lemma [2) to ensure that
mMax,£p ‘log =2l e (0,400). Using that fiy, o+ > max{fin a, finp}» We obtain
1 - -
n_1 (We,a*,a(NmNn) - We,a*,b(ﬂna Nn))
> i T i w) + (0 + 1 i)
m - n,a*, U We B.a € n,a, U
= e \m—1e Bia T V) Whn,
it § S ) + 05 )
— in naay W) + W’ T (finp, u
weloq) | m— 1 e W Bb%e LHnb
> inf  Gap(fin, ) > inf  inf G\ B),
B:1B—-BI<~ AlIA=plloo<n B:|B—BI<7

where, for all (a,b) € ([K]\ {a*})? such that a # b,

Gap N B) = int | {Bd: (hav ) + (.0 + ) )}
— 9 37— . * —+
i (B it )

Using the equality at equilibrium from (39) (see Lemma [d2)) and the fact that the transportation
costs are increasing in their allocation argument (see Lemma|[36)), we obtain G, (1, ) > 0 for all
(a,b) € ([K]\ {a*})? such that a # b, since

ér[%)fl {Bd (frax,u) + (W] BT '7)d+ (Ha>u } > Weara(p w:ﬂ) = We,a*,b(ﬂvwz,ﬁ) .
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By Lemma the functions (X, 3) = Ga.s(), 5) and A — infz5_g<5 Gap(A , B) are continuous.
Therefore, there exists 7, and 7, small enough such that
1
inf inf A > G — min G ,B8)>0
N NP DIt P2 Gasli£)/22 5, uin, . Gosli, D)

where the last strict inequality uses that the minimum of a finite number of positive constants
is also positive. Considering such (7,,7,) at the beginning of the proof and taking N, =
max{CoN1, N3, k,, } where

2 max,p ‘log —oBb
Ky =2+ ﬁ’a < 400,
a MiNlg£p g#a* btar Gap(l, B)
As it satisfies B, [IN2] < 400, this concludes the proof. O

Lemmal63]shows that the convergence time towards the 3-optimal allocation has finite expectation.
It is a direct consequence of Lemmas 60 [61] and [62] by using the same proof as Lemma 41 in Azize
et al. [12]], hence we omit the proof.

Lemma 63 (Lemma 41 in Azize et al. [12]). Let v € (0,7,) where v, is a problem dependent
constant, and T, (w) as in Eq. @0). Then, we have Ey [T, (w? 5)] < +00.

H.4 Asymptotic Upper Bound

The final step of the generic analysis of Top Two algorithms [50] is to invert the GLR stopping rule in
Eq. (7) by leveraging the convergence of the empirical proportions towards the S-optimal allocation.
Provided this convergence is shown, the asymptotic upper bound on the expected sample complexity
only depends on the dependence in log(1/0) of the threshold that ensures J-correctness. Compared
to the non-private GLR stopping rule, the GLR stopping rule in Eq. (7)) pay an extra cost to ensure
privacy.

Lemma 64. Let € > 0,1 > 0and (6,) € (0,1)>. Let T 4(v) as in Eq. 33) and w} 4 be its
associated [B-optimal allocation. Assume that there exists 7y, > 0 such that By [T (w? 5)] < 400
for all v € (0,7,), where T, (w) is defined in Eq. @0). Combining such a sampling rule, using the
(e) update, with the GLR stopping rule as in Eq. (7) and the stopping threshold c as in Eq. (8)
yields an e-global DP and §-correct algorithm which satisfies that, for all v with mean [ such that

la*(u)] =1, By [rod]
. vr [Te,d
limsup ————= < 2(1+n)Tr5(v) .
P Tog(1jg) =TT
Proof. Lemmaf]yields the e-global DP. Theorem 5] yields the §-correctness.

Let ¢ > 0 and a* be the unique best arm. Using the equality at equilibrium from (39) (see Lemma[42)
and the continuity of (41, w) — Mingq () We o (), (1 w) (see Lemma, there exists ¢ > 0

such that H 75\'_"1 :}BHOO < ¢ and ||fin, — ft]|oo < yc implies that

(1-9

* . (l — > —
Ya ?é a, We,a ,a(/lfn7Nn/(n 1)) - T;ﬁ(y)

We choose such a y¢. Let vy, > 0 be such that for E, [T, (w} 5)] < —|—oo for all v € (0,v,), where
T, (w) is defined in Eq. @0). Let v € (O,mm{'y“,%,mmae[ Wi 5 o/ Dmin/4, A0/4}) where
Amin = Mingzq+ (Har — pa) and Ag = ming (g min{ g, 1 — ,ua} Forall n > T’ (w} 5), we have

~ N 3
N 2 Noa /(1) 2 (0= 10 =)/ (10) 2 (0= 1) s mim i > 0.

where the last inequality used the positivity of the S-optimal allocation (Lemma[2)). Since arms
are sampled linearly, it is direct to construct N3 > T, (w? 5) with E,-[N3] < +oo such that

| Zn — t4]|oo < v and ’ e < 7 (as well as min, (g Np,o > e trivially).
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Recall that ¢(n, €,d) = ¢1(n, §) + ca2(n, €) where n — ¢1(n, ) and n — c¢;(n, §) are increasing (see
Lemmasand . Since N,, o < N, o < n, we obtain

Z C(Nn,e,é) < 2(e1(n, 0) + ca(nye)) .
be{a*,a}

Using Lemmaand NWI > Ny.of(1+n) forall a € K] (Lemma, we obtain

~ n—1 Nn
We a*,a ~n7Nn Z 7We a*,a ~n,7 .
s ) 2 T W (s 221 )

Letx € (0,1) and T > N3/k. For all n € [sT, T], we have a,, = a* and, for all a # a*,

Tes > M
= Ja#a", Weaa(iin Na) < Y c(Nne,0)
be{a*,a}
-1 N,
=  da #a", %Ww*,a (ﬂn, — 1) <2(c1(n,0) + c2(n,¢€))
n—1(1-)

= Ja #a",

< 2¢1(T,0) + 2¢co(T
T - o zed,

where we used that n — ¢1(n,d) and n — cy(n, €) are increasing and n < T'. Therefore, we obtain

T
min {r. 5, T} < kT + Z 1 (rs >n)

n=rT

- n—1(1-¢)
< KT+ Z 1 <1+77T;[3(V) < 2¢1(T,8) + 2¢2(T€)

2(L+n)T7s(v)
I=¢

n=rT

<kT+1+ (c1(T,8) + c2(Te)) .

Let T¢(9) defined as
200+ m)Tesv)

To(5) = inf{T > 1; <1 + (er(T, 8) + es(T, e))) < T} .

1-¢
Using Lemma [51} we know that W_;(z) =,,. « + logz, hence we have
limsups_,oc1(T,0)/log(1/6) < 1. Since lims_gco(T,€)/log(1/6) = 0, we obtain

. T (8 2(14n) T, 5(v)
lim sup;_, logc(g/)& < (172)(1;5&) . For every T > max{7,(0), N3/}, we have 7.5 < T,

hence Epr [7e,5] < T¢(0) + Eur [N3] /K < +00. Therefore, for all ¢, & > 0, we obtain

. Ellﬂ' [TE,(S} im st TC((S) 2(1 + T])T;ﬂ(l/)
DS Yog(1/0) — R og(1/8) = T O —r) |

Letting ¢ and k go to zero concludes the proof. O

Proof of Theorem|[§] The proof is obtained by combining Theorem|[5|and Lemmas ] [59 [63]and [64]

I Variants of Algorithms

In Appendix [I} we propose several variants of the algorithmic components used in our algorithm. The
objective is to give freedom of choice for the practitioners interested in solving e-global DP BAI.
Given the rich literature on BAI, it is unreasonable to provide details for the e-global DP version of
all the existing BAI algorithms. Therefore, we settle for a few instances that has received increased
scrutiny in the BAI literature.
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First, we adapt the Track-and-Stop sampling rule [38] to solve e-global DP BAI (Appendix [L.T)). This
leverages the computational tractable procedure to compute the optimal allocation w derived in
Lemmaf6] Second, we explore some alternative choices of components of the Top Two sampling
rule for e-global DP BAI (Appendix [[.2). This includes adaptive choice of target for the leader, hence
aiming at achieving 7 (v) instead of T ;(v). Third, we adapt the LUCB sampling rule [S5]] for
e-global DP BAI (Appendix [L.3)).

I.1 Track-and-Stop Sampling Rule

The Track-and-Stop (TaS) sampling rule was introduced in the seminal paper [38]. At each time
n, it solves the optimization problem defining the characteristic time for the current empirical
estimator fi,,. When fi,, € (0,1)¥, we define w,, = w*(#,,) where 7, is the Bernoulli instance with
means ji,,. When fi,, ¢ (0,1)%, [fi,,]§ corresponds to a degenerate Bernoulli instance, hence we
define w,, = 1x /K. Since fi,, is updated on a per-arm geometric grid governed by 7, the optimal
allocation w,, is updated on the same per-arm geometric grid. Therefore, choosing a larger ) yields
lower computational cost of TaS at the cost of larger expected sampled complexity, i.e., asymptotic
multiplicative factor 1 + 7 due to the update grid.

Given the vector w,, € A\, the next arm a,, to sample is obtained by using C-Tracking [38]] with
forced exploration in order to ensure that sufficient exploration holds. This is done here by projecting
on A = {w € [¢,1]% | > ae(k] Wa = 1} for a well chosen € € (0,1/K]. Let wy» be the £o
projection of w,, on A% with €, = (K2 + n)~/2/2. While we consider a projection that changes
at each time n (due to ¢,,), WS could also be updated on a per-arm geometric grid, i.e., when w,, is
updated itself. For all n > K + 1, the TaS sampling rule defines

a, € argmax Z @;fa —Npaop - (43)
a€[K] te(n]

In summary, our proposed Track-and-Stop algorithm is defined as in[DP-TT| with the sole modification
that Lines 13-14 are replaced by the sampling rule defined in Eq. (43).

Optimal Allocation Oracle In Lemma we show that w*(v) can be computed explicitly based
on the unique fixed-point solution F,(y) = 1 for y € [0, mingq« () d7 (fa*(u), Ha)), Where F), is
an increasing one-to-one mapping from [0, mingq+ () dZ (Hax (u), tha)) to [0, 4-00) defined as

5 de (ar (), ua(za(y)))

Flu(y) = Aty 4 (ayta(2a())

(44)

The definitions of u, and z, is defered to Lemma[46] v, is decreasing and z, is increasing and
strictly convex.

Asymptotic Expected Sample Complexity Combining the TaS sampling rule a,, as in Eq. @3)
with the (e) update and the GLR stopping rule as in Eq. (/) for the stopping threshold as in
Eq. (8) yields a d-correct and e-global DP algorithm (see Lemma [ and Theorem 5)). Moreover, we
conjecture that its satisfies that, for all v € F K with unique best arm,

lim sup Lw [Te’é]
§—0 10g(1/5)

The multiplicative factor 1 4 1 comes from the per-arm geometric update grid, and the factor 2 comes
from the asymptotic scaling in 2 log(1/6) of the stopping threshold. Using Theorem@for B=1/2
and T, ;,(v) < 2T¢(v) (Lemma {3), proving this conjecture would only yield an asymptotic
improvement by a factor of at most 2. However, this would come at the price of a significantly higher
computational cost.

<2014+ n)T(v).

Proof Sketch of Conjecture While the detailed proof of this conjecture is beyond the scope of this
work, an astute reader could notice that all the necessary steps were proven to derive Theorem [6] for
At a high level, it is intuitive that the asymptotic analysis of Track-and-Stop is simpler than
the one of
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First, the forced exploration is enforced algorithmically, hence an equivalent of Lemma[59|can be
shown for the Track-and-Stop sampling rule. In contrast, the proof of sufficient exploration for|DP-TT]
is more challenging and involves a subbtle reasoning towards contradiction, see Appendix [H.2|for
more details.

Second, the convergence towards the optimal allocation is also enforced algorithmically. Thanks to
the forced exploration and due to the continuity of v — w}(v) (Lemma and the convergence
fln —n—s+o00 (4, the empirical optimal allocation w,, converges towards the true optimal allocation
w} (v). Therefore, an equivalent of Lemmacan be shown for the Track-and-Stop sampling rule.
In contrast, the proof of convergence towards S-optimal allocation for[DP-TT]|is more challenging
and leverage subbtle regularity properties of the 3 characteristic time and its optimal allocation, e.g.,
the equality at equilibrium of all the transportations costs in Eq. (39), see Appendix [H.3|for more
details.

Third, the invertion of the GLR stopping rule can be done similarly as for[DP-TT] The sole modifica-
tion lies in using our derived regularity properties for w; (v) instead of w 45(v), e.g., the equality at
equilibrium of all the transportations costs in Lemma[42] Therefore, an equivalent of Lemma [64] can
be shown for the Track-and-Stop sampling rule with 2(1 + 7)77 () instead of 2(1 + 1)1 5(v), see
Appendix for more details.

L2 Top Two Sampling Rule

As detailed in Chapter 2.2 in [48]], a Top Two sampling rule is defined by four choices: a leader arm
B, € [K], achallenger arm C,, € [K]\ {B,}, a target 5,,(B,,C,) € [0, 1] and a mechanism to
reach the target, i.e., a,, € {By, Cy,} by using 5,,(By, Cy,). For instance, the sampling rule in
uses the EB leader, the TCI challenger, a fixed target § € (0,1) and K independent 3-tracking
procedures (one per leader). We propose adaptive choice of target (Appendix [[.2.T), as well as leader
fostering implicit exploration (Appendix [[.2.2).

L.2.1 Adaptive Target

When the target is fixed to 3 beforehand, the Top Two sampling rule can achieve T ( ) at best. We

propose adaptive choices of the target inspired by the recent literature on asymptotlcally optimal Top
Two algorithms [86), [14].

BOLD Target Given the EB-TCI leader/challenger pair (B,,, C,) defined in[DP-TT| we adapt the
BOLD target from Bandyopadhyay et al. [[14]. Let us define

Ue,B,, ,a (ll’m Nn) = arg min {Nn,Bn d; (/J'TL,Bn,a u) + ]\/vn,adzr (,an,ba u)} 5 (45)
u€l0,1]

whose closed-form solution is given in Lemma[44] Then, the deterministic BOLD target defines the
next arm to pull as

>1 and a, =C, otherwise. (46)

= Bn if Z dzfﬂIL’B“" ue,Bma(f]n, Nn))
a#By, ds (,U/may uE’Bma(:u’Th Nn))

In summary, the sole modification in[DP-TT]is Line 14 that is replaced by the sampling rule defined
in Eq. (40).

For any single-parameter exponential family of distributions, Bandyopadhyay et al. [[14] shows that the
BOLD target allows to reach asymptotic optimality. Forced exploration is added by Bandyopadhyay
et al. [[14] to ensure that sufficient exploration holds. Showing that the BOLD target can achieve
asymptotic optimality without forced exploration, i.e., meaning that it ensures sufficient exploration
on its own, is an open problem.

IDS Target Given the EB-TCI leader/challenger pair (B,,, C,,) defined in[DP-TT| we adapt the
IDS target from You et al. [86]. Namely, the randomized IDS target defines the next arm to pull from
as

B,, with proba 8, (B,,C,)
Gy = .

C,, otherwise

Ny B, d; (ﬁn’Bn s Ue,B,,,C,, (fin, Nn)

We,Bn,Cn (ﬂna Nn) ’
47)

where 5, (B, Cy) =
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where u. g, ¢, (fin, Ny) is defined in Eq. @3)). In summary, the sole modification in[DP-TT|is Line
14 that is replaced by the sampling rule defined in Eq. (7).

While we could use K (K — 1) tracking procedures to select a,, € {B,,, Cy, }, we use randomization
above for the sake of simplicity. For Gaussian distributions with known variance, You et al. [86]
shows that the IDS target allows to reach asymptotic optimality. Showing that the IDS target can
achieve optimality for other classes of distributions is an open problem.

Asymptotic Expected Sample Complexity Sampling a,, as in Eq. or 7)) for the EB-TCI
leader/challenger pair (B,,, C,) defined in[DP-TT]based on the (€) update and the GLR stopping
rule as in Eq. (/) for the stopping threshold as in Eq. (8) yields a d-correct and e-global DP algorithm
(see Lemma[d] and Theorem [3)).

While we conjecture that their asymptotic expected sample complexities lim sup;_, ]?‘”'[T“a] are

og(1/9)
both upper bounded by 2(1 + n)T (v), we emphasize that our analysis doesn’t provide the necessary

steps for this result to hold. This is an interesting research direction left for future work.

L1.2.2 TImplicit Exploring Leaders and TC Chalenger

The empirical best (EB) leader is a greedy choice of leader that doesn’t foster implicit exploration.
Without additional exploration mechanism, it can suffer from large empirical stopping time despite
being enough for an asymptotic analysis, see [S0]. This motivated the choice of the TCI challenger
for[DP-TT] since it fosters additional implicit exploration by penalizing over sampled challengers
with the log N,, , term. We propose other choices of leaders that foster implicit exploration, and
define the TC challenger that removes this penalization.

The UCB leader is defined as

BY® € argmax U, , where U, ,=max{u € [0,1]| Ny od! ([fina]d,u) <log(n)} . (48)
a€[K]

By adding a bonus to the empirical mean, we are optimistic since we consider that the means are
better than suggested by our observations.

The IMED leader builds on the IMED algorithm [42] is defined as

BLMED € arg min {Nn’ad:'([ﬂn,a](l),ﬂfl) + log Nn’a} where iy = max [ﬂn,a](l) . (49)

a€[K] a€[K]
The TC challenger is defined as

CZC € argmin We g p(fin, Nyn) , (50)
a#By,

where W, , 5 is defined as in Eq. ().

In summary, the sole modification in is Line 13 which can be replaced by choosing the leader
as in Eq. or Eq. (@9), or choosing the challenger as in Eq. (50).

Asymptotic Expected Sample Complexity Choosing the leader as in Eq. (@8) or Eq. (49) or the
challenger as in Eq. (50) based on the -tracking as in[DP-TT] the [GPE), (¢) update and the GLR
stopping rule as in Eq. (7) for the stopping threshold as in Eq. (8) yields a d-correct and e-global
DP algorithm (see LemmaE] and Theorem E]) Moreover, we conjecture that its satisfies that, for all
v € FK with distinct means,

lim sup LW [Te’é]
50 10g(1/5)

While the detailed proof of this conjecture is beyond the scope of this work, an astute reader could
notice that all the necessary steps were proven to derive Theorem [6] for[DP-TT| When using the TC
challenger as in Eq. (50), the proofs of Lemmas [58|and [62] can be readily adapted. When using the
UCB leader as in Eq. (48)) or the IMED leader as in Eq. (49), the proofs of Lemmas[55]and [60| could
also be adapted.

<21+ )T p(wv)
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I.3 LUCB Sampling Rule

While the Top Two terminology was introduced in Russo [[73]], the first sampling rule having a Top
Two structure is the greedy sampling strategy in LUCB1 introduced by Kalyanakrishnan et al. [S5].
At each time n, it selects the EB leader BEB = a,, and the UCB challenger defined as

OV® ¢ argmax U, , where U,, asinEq. @3). (51)
a#BEB

Then, it samples both BEB and CYCB. Instead of using the GLR stopping rule as in Eq.(7), LUCB1
stops when the LCB (lower confidence bound) of the leader exceeds the UCB of the challenger, i.e.,

where

L, , = max {u €[0,1] | Nn}ad;([ﬂn)a](l),u) < log(n)} ) (53)

In summary, the modifications in [DP-TT]are: (1) the sampling rule in Lines 13-15 is replaced by
sampling both BEE and CUCB, and (2) the stopping rule in Line 10 is replaced by Eq. (52). While
studying this algorithm is beyond the scope of this work, we emphasize that LUCB is known to not
reach asymptotic (3-)optimality.

J Implementation Details and Supplementary Experiments

Appendix J]is organized as follows. First, we provide additional detail on the implementation details
for our algorithm (Appendix [J.I). Second, we provide supplementary experiments to illustrate the
good performance of our algorithm (Appendix [I.2).

J.1 Implementation Details

We present additional experiments comparing the algorithms in different bandit instances with
Bernoulli distributions, as defined by Sajed and Sheffet [74], namely

w1 = (0.95,0.9,0.9,0.9,0.5), o = (0.75,0.7,0.7,0.7,0.7),

us = (0.1,0.3,0.5,0.7,0.9), wa = (0.75,0.625,0.5,0.375,0.25) },

wus = (0.75,0.53125,0.375,0.28125, 0.25), e = (0.75,0.71875,0.625, 0.46875, 0.25) }.

For each Bernoulli instance, we implement the algorithms with

e € {0.001,0.005,0.01,0.05,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 1, 10, 100, 125} .

The risk level is set at 6 = 0.01. We verify empirically that the algorithms are §-correct by running
each algorithm 1000 times.

We implement all the algorithms in Python (version 3.8) and on an 8 core 64-bits Intel i5@1.6 GHz
CPU.

Remark 2. To implement the thresholds of AdaP-TT, AdaP-TT* and we use empirical
thresholds that we get by approximating the theoretical thresholds. The expressions of the empirical
thresholds used can be found in the code in the supplementary material.

J.2  Supplementary Experiments

Figure [2] confirms our experimental findings from Section [ outperforms all the other
d-correct and e-global DP BAI algorithms, for different values of ¢ and in all the instances tested.
The empirical performance of demonstrates two regimes. A high-privacy regime, where the
stopping time depends on the privacy budget ¢, and a low privacy regime, where the performance
of is independent of €, and requires twice the number of samples used by the non-private
EB-TCI-g.
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Figure 2: Empirical stopping time 7. s (mean =2 std. over 1000 runs) for § = 10~2 with respect to
the privacy budget € for e-global DP on Bernoulli instances ps, (4, 5 and pg (top left to bottom
right). The shaded vertical line separates the two privacy regimes.
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