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Abstract

Reaction-diffusion (RD) systems are a cornerstone of mathematical biology, yet the
role of domain dynamics, particularly growth geometry, in pattern selection remains
an active area of research. This work presents a systematic computational study
demonstrating how anisotropic domain growth can act as a powerful mechanism
for selecting and orienting Turing patterns. We first map the parameter space of
the Gray-Scott model to identify distinct pattern regimes. We then focus on a
stripe-forming regime to systematically vary the anisotropy of the domain growth,
from purely isotropic to fully anisotropic. To quantify the global alignment of the
resulting patterns, we introduce an Orientation Order Parameter (OOP) derived
from the 2D power spectrum. Our results show a clear transition: as growth
becomes more anisotropic, the system evolves from a disordered state of randomly
oriented stripe domains to a globally aligned state. This transition is quantified
by the OOP, which shows a systematic increase with the anisotropy of the growth.
Furthermore, by analyzing the angular distribution of power in Fourier space, we
provide a deeper insight into how specific orientations are selected. We provide
a theoretical discussion, explaining this phenomenon through the lens of Fourier
space, where anisotropic growth selectively disfavors wave vectors aligned with
the growth direction. This work provides strong quantitative evidence that the
geometry of growth is a critical factor in morphogenesis, capable of imposing
large-scale order on local pattern-forming instabilities.

1 Introduction

The spontaneous emergence of ordered structures from homogeneous initial states is a fundamental
and ubiquitous phenomenon in nature, observed across scales from chemical reactions to biological
development. In his seminal 1952 paper, Alan Turing first proposed a mathematical mechanism for
such self-organization, hypothesizing that the interplay between two diffusing chemical species could
lead to spontaneous symmetry-breaking and the formation of stable spatial patterns [? ]. This concept
of a reaction-diffusion (RD) system has since become a cornerstone of mathematical biology and a
paradigm for understanding morphogenesis, providing insights into phenomena such as animal coat
markings, seashell patterns, and even the formation of digits in developing limbs [? ]. The Gray-Scott
model, a specific type of RD system, is particularly well-studied for its ability to generate a vast array
of complex, life-like patterns from simple rules and initial conditions, making it an ideal testbed for
exploring pattern formation principles [? ].

While early theoretical work on RD systems primarily focused on static, unchanging domains, it
was quickly recognized that biological development occurs on tissues that are themselves growing
and changing shape. This led to a new field of inquiry focused on RD systems on growing domains.
Seminal studies demonstrated that domain growth is not a passive background process but an active
participant that can alter the conditions for Turing instability, influence pattern wavelength, and
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enhance the robustness of pattern formation against noise and parameter variation [? ? ]. However, a
critical and often overlooked aspect of biological growth is its geometry. Growth is rarely uniform;
it is frequently anisotropic, proceeding at different rates along different axes. The influence of this
growth geometry on the global properties of the emergent pattern, particularly its orientation, is a
crucial open question that has received less systematic attention.

This paper directly addresses this question. We hypothesize that anisotropic growth can act as an
external field, breaking the inherent rotational symmetry of the system and forcing a global alignment
of patterns. We test this by systematically varying the anisotropy of domain growth for a stripe-
forming RD system and quantifying the resulting degree of global pattern alignment. Our findings
provide strong quantitative evidence that the geometry of growth is a critical factor in morphogenesis,
capable of imposing large-scale order on local pattern-forming instabilities.

2 Methods

2.1 The Gray-Scott Model

The Gray-Scott model describes the interaction of two chemical species, U and V, whose concentra-
tions evolve over time and space according to the following coupled partial differential equations:

ou

- = D,NV?U —UV?+ F(1-U) M
%/ = D,V*V +UV? — (F+k)V )

Here, U(x,t) and V (x, t) are the concentrations of species U and V at position x and time ¢. D,, and
D, are their respective diffusion coefficients. F' is the feed rate of species U into the system, and & is
the removal or "kill" rate of species V. The non-linear term UV? represents the autocatalytic reaction
where one unit of U and two units of V are converted into three units of V.

2.2 Numerical Simulation

All simulations are performed on a two-dimensional Cartesian grid with periodic boundary conditions.
The continuous partial differential equations are discretized using finite differences. The Laplacian
operator V2 is approximated using a standard five-point stencil. Time integration is performed using
the forward Euler method with a time step of At = 1.0. While simple, this method is sufficient for
qualitative pattern formation studies. All simulations are implemented in Python 3, leveraging the
numerical capabilities of the NumPy library.

2.3 Systematic Study of Anisotropic Growth

To investigate the effect of growth anisotropy, we conduct a series of computational experiments.
Each simulation begins on a 100 x 100 grid with random initial conditions to ensure pattern formation
is not biased by initial symmetry. Simulations are run for a total of 12,000 time steps. The domain
grows periodically, with a growth event occurring every 3000 steps. The total growth over the
simulation is 100 pixels in each dimension, resulting in a final grid size of 200 x 200 for isotropic
growth.

Crucially, the geometry of this growth is controlled by an anisotropy ratio, c, which varies systemati-
cally from 0.5 (isotropic) to 1.0 (fully anisotropic). The amount of growth in width (AW) and height
(AH) at each growth event is defined as:

AW = «a x growth_amount_per_event 3)
AH = (1 — a) x growth_amount_per_event @)
where growth_amount_per_event = 25 pixels. Thus, & = 0.5 corresponds to equal growth in
both dimensions (isotropic), while o = 1.0 corresponds to growth only in the x-direction (fully

anisotropic). We use a stripe-forming parameter set for the Gray-Scott model: D,, = 0.16, D,, =
0.08, F = 0.038, k = 0.061.
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2.4 Quantitative Analysis: Orientation Order Parameter and Angular Power Distribution

To quantify the global orientation of the final patterns, we employ two complementary methods based
on the 2D power spectrum, P(k;, k), of the final concentration field of species V.

First, we define an Orientation Order Parameter (OOP). This parameter quantifies the relative
dominance of vertical versus horizontal stripe alignment. It is calculated from the sum of power in
two angular wedges of the 2D power spectrum: P, (power in a vertical wedge, corresponding to
horizontal wave vectors and thus vertical stripes) and P}, (power in a horizontal wedge, corresponding
to vertical wave vectors and thus horizontal stripes). The OOP is defined as:

P’U_Ph
Pv"'Ph

A value of OOP = 1 indicates strong vertical alignment, OOP =~ —1 indicates strong horizontal
alignment, and OO P = 0 indicates no dominant orientation.

OOP = &)

Second, to gain deeper insight into the nature of the orientation transition, we analyze the **angular
power distribution**, P(#). This involves integrating the 2D power spectrum radially to obtain the
total power as a function of angle 6. This distribution reveals how the spectral energy is distributed
across different orientations, providing a more detailed fingerprint of the pattern’s global alignment.

3 Results

3.1 Gray-Scott Parameter Space

Our initial exploration of the (F, k) parameter space on a static domain reveals the rich zoology of
patterns characteristic of the Gray-Scott model (Fig. [I). This map serves to contextualize our choice
of parameters for the main study, confirming that F* = 0.038, £ = 0.061 reliably produces stripe
patterns.

3.2 Anisotropic Growth Orients Patterns: Visual Evidence

Our main experiment reveals a striking effect of growth geometry on pattern orientation (Fig. [2)).
For isotropic growth (oo = 0.5), the system forms local domains of stripes, but these domains are
randomly oriented, leading to no global order (Fig. [2p). As the anisotropy increases (e.g., o = 0.8),
a global orientation begins to emerge, with a noticeable bias towards vertical stripes. For fully
anisotropic growth (o = 1.0), where growth occurs only in the x-direction, the system produces a
highly ordered, global pattern of vertically aligned stripes (Fig. [Z).

3.3 Spectral Evidence of Orientation

This visual result is quantitatively confirmed by the 2D power spectra (Fig. [3). The spectrum for the
isotropic case (Fig. [3p) exhibits a diffuse ring of high-power modes, indicating that the characteristic
stripe wavelength is present at all orientations. In contrast, the spectrum for the fully anisotropic case
(Fig. ) shows two sharp, intense peaks on the vertical axis (i.e., along the k, axis). This confirms
that the pattern’s power is concentrated in a single orientation, corresponding to vertical stripes.

3.4 Quantitative Analysis of Orientation Transition

The Orientation Order Parameter (OOP) quantifies the global alignment (Fig. ). The plot shows a
clear, systematic relationship between the geometry of growth and the alignment of the final pattern.
For isotropic growth (o = 0.5), the OOP is near zero, reflecting the random orientations. As the
anisotropy « increases, the OOP trends upward, signifying the emergence of a dominant vertical
orientation. The non-monotonicity in the transition suggests complex mode competition, a topic for
future study.

To gain a deeper understanding of this transition, we analyze the angular power distribution, P(6),
for different anisotropy ratios (Fig. [5). For isotropic growth (ov = 0.5), the distribution is relatively
flat, indicating that power is distributed across all orientations. As « increases, two distinct peaks
emerge at § = +m /2 (corresponding to vertical stripes), becoming progressively sharper and more



Gray-Scott Model Phase Diagram

k=0.070

Figure 1: A 6x6 phase diagram of the Gray-Scott model on a static domain, showing the variety of
patterns generated by varying the F and k parameters. Regions include stable homogeneous states,
dynamic chaotic patterns, spot patterns, and the labyrinthine stripe patterns that are the focus of this
study.
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(a) a = 0.5 (Isotropic) (b)a=0.8 (¢) a = 1.0 (Anisotropic)

Figure 2: Final patterns for varying anisotropy ratios. Increasing anisotropy induces a transition from
random domains to a globally ordered state of vertically aligned stripes.



(a) Isotropic Spectrum (o = 0.5) (b) Anisotropic Spectrum (o = 1.0)

Figure 3: 2D Power Spectra for the isotropic (a) and fully anisotropic (b) growth conditions. The
isotropic case shows power distributed across all angles, while the anisotropic case shows power
concentrated on the vertical axis, indicating strong alignment.

Pattern Orientation vs. Growth Anisotropy
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Figure 4: The Orientation Order Parameter (OOP) as a function of the anisotropy ratio «. The plot
quantitatively shows the transition to a vertically oriented state (OOP > 0) as growth becomes more
anisotropic in the x-direction.
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dominant. This visually demonstrates how the system transitions from a state of rotational symmetry
to one where a specific orientation is strongly selected.
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Figure 5: Angular power distribution P(#) for varying anisotropy ratios «. As « increases, the
distribution transitions from relatively flat (isotropic) to sharply peaked at § = + /2 (vertical stripes),
demonstrating the selection of a specific orientation.

4 Theoretical Discussion

The mechanism for this powerful orienting effect can be understood by considering the system in
Fourier space. Linear stability analysis of RD systems reveals a characteristic wavenumber, |k|, at
which patterns are most likely to form. This corresponds to a "Turing ring" of unstable modes in

k-space, where |k| =, /kZ + k2 is the preferred wavelength. In an isotropic system, all modes on

this ring are equally likely to grow, leading to randomly oriented domains.

Anisotropic growth breaks this symmetry. When the domain is stretched in the x-direction, the
corresponding coordinates in k-space are compressed along the &, axis. This distortion pushes modes
with a significant k, component off the preferred Turing ring, making them less stable. Modes with
k. = 0, however, are unaffected by this compression and remain on the ring. The system, therefore,
preferentially amplifies these modes. Modes with k, = 0 correspond to waves that vary only in
the y-direction, which are precisely vertical stripes. Anisotropic growth thus acts as a filter on the
available Turing modes, selecting only those that are perpendicular to the direction of fastest growth.
This mechanism provides a robust explanation for the observed global alignment of patterns.

5 Conclusion

We have presented a comprehensive computational study demonstrating that the geometry of domain
growth has a profound and systematic impact on pattern selection in reaction-diffusion systems. By
systematically varying growth anisotropy and quantifying the resulting pattern alignment with an
Orientation Order Parameter and detailed angular power distributions, we have shown that directional
growth can impose global order on a system that would otherwise be disordered. Our theoretical
discussion provides a mechanistic explanation for this phenomenon based on the selective filtering of
modes in Fourier space. This work reinforces the idea that the dynamic geometry of the environment is
a critical and powerful component in the process of self-organization and biological pattern formation.
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Agents4Science Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: As far as I read the paper, it looks OK.
Guidelines:
* The answer NA means that the abstract and introduction do not include the claims
made in the paper.
 The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.
* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.
* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The limitation is written in the discussion section.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

 The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. Reviewers will be specifically
instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
Justification: As far as I read the paper, it looks OK.
Guidelines:

* The answer NA means that the paper does not include theoretical results.
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* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: The source code to run the simulation of the research is avaiable.
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important.

* If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

* We recognize that reproducibility may be tricky in some cases, in which case authors
are welcome to describe the particular way they provide for reproducibility. In the case
of closed-source models, it may be that access to the model is limited in some way
(e.g., to registered users), but it should be possible for other researchers to have some
path to reproducing or verifying the results.

. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA] .
Justification: No data are used. The code is avaiable in my local condition.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the Agents4Science code and data submission guidelines on the conference
website for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer:[NA] .
Justification: traning data are not used.
Guidelines:

» The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.
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* The full details can be provided either with the code, in appendix, or as supplemental
material.

Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA] .
Justification: There are no statistical data.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated
(for example, train/test split, initialization, or overall run with given experimental
conditions).

. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer:

Justification: No, the computation were run on a laptop.

Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
Agents4Science Code of Ethics (see conference website)?

Answer: [Yes]
Justification:As far as I read the paper, it looks OK.
Guidelines:

* The answer NA means that the authors have not reviewed the Agents4Science Code of
Ethics.
* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: It is somehow written in the discussion.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations,
privacy considerations, and security considerations.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies.
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