A Group Variable Importance
Framework for Bayesian Neural Networks

Abstract

While the success of neural networks has been well-established across a variety of domains,
our ability to interpret these methods is still limited. Traditional variable importance
approaches in machine learning overcome this issue by providing local explanations about
particular predictive decisions — that is, they detail how important any given feature is to the
classification of a particular sample in the dataset. However, univariate mapping approaches
have been shown across many applications in the literature to generate false positives and
negatives in high-dimensional and collinear data settings. In this paper, we focus on the
slightly different task of global interpretability where our goal is to identify important groups
of variables by aggregating over collections of univariate signals to improve power and
mitigate false discovery. In the context of neural networks, a feature is rarely important on
its own, so our strategy is specifically designed to leverage partial covariance structures and
incorporate variable interactions into our proposed group feature ranking. Here, we extend
the recently proposed “RelATive cEntrality” (RATE) measure to the Bayesian deep learning
setting. We refer to this approach as the “GroupRATE” criterion. Given a trained network,
GroupRATE applies an information theoretic metric to the joint posterior distribution of
effect sizes to assess group-level significance of features. Importantly, unlike competing
approaches, our method does not require tuning parameters which can be costly and difficult
to select. We demonstrate the utility of our framework on both simulated and real data.

1 Introduction

Due to their high predictive performance, feedforward neural networks have become increasingly ubiquitous
in many fields including computer vision and natural language processing (LeCun et al., 2015). Unfortunately,
neural networks operate as “black boxes”: users are rarely able to understand the internal workings of the
network. As a result, these approaches have not been widely adopted in scientific settings where variable
selection tasks are often as important as prediction — one particular example being the identification of
biomarkers related to the progression of a disease. While neural networks are beginning to be used in high-risk
decision-making fields (e.g., automated medical diagnostics or self-driving cars such as in Lundervold &
Lundervold (2019); Rahman et al. (2019)), it is critically important that methods do not make predictions
based on artifacts or biases in the training data. Therefore, there is both a strong theoretical and practical
motivation to increase the global interpretability of neural networks and to better characterize the types of
relationships upon which they rely.

The increasingly important concept of interpretability in machine learning still lacks a well-established
definition in the literature. Despite recent surveys (Guidotti et al., 2018; Carvalho et al., 2019; Marcinkevics
& Vogt, 2020) and proposed guidelines (Rudin, 2019; Hall, 2019) to address this issue, conflicting views on
how interpretability should be evaluated still remain. Variable importance is one possible approach to achieve
global interpretability, where the goal is to rank each input feature based on its contributions to predictive
accuracy. This is in contrast to local interpretability, which aims to simply provide an explanation behind a
specific prediction or group of predictions (Arya et al., 2019; Clough et al., 2019). In this paper, we follow a
definition which refers to interpretability as “the ability to explain or to present in understandable terms to a
human” (Doshi-Velez & Kim, 2017). To this end, our main contribution is focused on global interpretability:
we address the problem of identifying important predictor variables given a trained neural network, focusing
especially on settings in which variables (or groups of variables) are intrinsically meaningful.



Univariate mapping approaches have been shown to be underpowered and prone to high false discovery rates
in settings when there is complex correlation structure between features or when data is generated by many
variables with small effects (Galesloot et al., 2014). As a result, a recent strategy to improve the power
of variable importance methods is to leverage the naturally groupings of features that are well defined in
different applications. For example, in biomedicine, single-nucleotide polymorphisms (SNPs) fall within the
regulatory regions of genes, collections of microbiota form taxa, and medical images contain spatial regions
of pixels corresponding to anatomically relevant features. Grouping variables can also dramatically reduce
the number of objects to be compared by reducing the resolution at which a system is studied. This leads
to a reduction in both the computational cost and statistical complexity (e.g., by reducing the number of
tests when working in a hypothesis testing framework). Furthermore, groups may be a more natural scale
at which to interpret the system of interest. This is the case in brain magnetic resonance imaging (MRI)
scanning, where individual voxels have extremely limited meaning but can be grouped into brain regions that
are far more relevant and interpretable (Wehenkel et al., 2018). Lastly, grouping variables before calculating
importance can also give statistical benefits when features exhibit a high degree of collinearity within a group.
This is the case in medical imaging, where there is high spatial correlation between pixels or voxels, as well as
in genetic studies where linkage disequilibrium can cause SNPs within a genomic region to be highly collinear.

To that end, we describe an approach to interpret neural networks using a group-level extension of “RelATive
cEntrality” (RATE) criterion (Crawford et al., 2019), a recently-proposed univariate approach for assessing
variable importance in Bayesian models. We refer to our new flexible framework as GroupRATE which
assesses the importance of groups of variables according to some set of a priori annotations or domain
knowledge. Most importantly, GroupRATE can be used with any network architecture where some notion of
uncertainty can be computed over the predictions. The rest of the paper is structured as follows. Section
2 outlines related work on the interpretation of neural networks. Section 3 describes the univariate RATE
computation within the context for which it was originally proposed (Gaussian process regression). Section 4
contains the main methodological innovations of this paper. Here, we present a unified framework under
which RATE can be applied to neural networks based on variational Bayes and describe our main innovation
GroupRATE for estimating group-level variable importance. In Section 5, we demonstrate the utility of our
method in various simulation scenarios and real data applications, and compare our proposed framework to
competing approaches. We then close with a discussion.

2 Related Work

In the absence of a robustly defined metric for interpretability, most work on neural networks has centered
around locally interpretable methods with the goal to explain specific classification decisions with respect to
input features (Bach et al., 2015; Ribeiro et al., 2016; Shrikumar et al., 2016; Ancona et al., 2018; Sundararajan
et al., 2017; Adebayo et al., 2018). In this work, we focus instead on global interpretability where the goal is
to identify predictor variables that best explain the overall performance of a trained model. Previous work
in this context have attempted to solve this issue by selecting inputs that maximize the activation of each
layer within the network (Erhan et al., 2009). Another viable approach for achieving global interpretability is
to train more conventional statistical methods to mimic the predictive behavior of a neural network. This
“student” or “mimic” model is then retrospectively used to explain the predictions that a model would make
at a global level. Such mimic models are typically trained on the soft labels (the predicted probabilities)
output by the network, as these are often more informative than the corresponding hard (class) labels (Ba &
Caruana, 2014; Hinton et al., 2015; Che et al., 2016).

For example, using a decision tree (Frosst & Hinton, 2017; Kuttichira et al., 2019) or falling rule list (Wang
& Rudin, 2015) can yield straightforward characterizations of predictive outcomes. Unfortunately, these
simple models can struggle to mimic the accuracy of neural networks effectively. A random forest (RF) or
gradient boosting machine (GBM), on the other hand, is much more capable of matching the predictive
power of neural networks. Measures of feature importance can be computed for RFs and GBMs by permuting
information within the input variables and examining this null effect on test accuracy, or by calculating Mean
Decrease Impurity (MDI) (Breiman, 2001). The ability to establish variable importance in random forests
is a significant reason for their popularity in fields such as the life and clinical sciences (Chen et al., 2007),
where random forest and gradient boosting machine mimic models have been used as interpretable predictive



models for patient outcomes (Che et al., 2016). A notable drawback of RFs and GBMs is that it can take a
significant amount of training time to achieve accuracy comparable to the neural networks that they serve to
mimic. This provides motivation for our direct approach, avoiding the need to train a separate model.

3 Relevant Background

In this section, we give a brief review on previous results that are relevant to our main methodological
innovations for performing group variable importance in Bayesian neural networks. Throughout, we assume
that we have access to some trained Bayesian model with the ability to draw samples from its posterior
predictive distribution. This reflects the post-hoc nature of our objective of finding important subsets of
variables.

3.1 Effect Size Analogues for Bayesian Nonparametric Models

Assume that we have an N-dimensional response vector y and an N x J design matrix X with N observations
and J covariates. To begin, we consider a standard linear regression model where

y:f+5a f:XIBa ENN(077_21)7 (1)

where 3 is a J-dimensional vector of additive effect sizes, € is an N-dimensional vector of error terms that is
assumed to follow a multivariate normal distribution with mean zero 0 and scaled variance term 72, and I is
an identity matrix. In classical statistics, a least squares estimate of the regression coefficients is defined as
the projection of the response variable onto the column space of the data: Proj(X,y) = X'y, with X' being
the Moore-Penrose generalized inverse. For high-dimensional settings with correlated features, one may also
consider using regularization via ridge regression such that Proj(X,y) = (XTX + 1) "1 XTy where A > 0 is a
penalty parameter.

In Bayesian nonparametric models, we relax the additive assumption in the covariates and consider a learned
nonlinear function f that has been evaluated on the N-observed samples (Kolmogorov & Rozanov, 1960;
Scholkopf et al., 2001; 2002)

y:f+57 ENN(OaTzl)a (2)

where f = [f(x1),..., f(xn)]T. Previous work considered Gaussian process regression, where f ~ N (0, K)
lives within a reproducing kernel Hilbert space (RKHS) defined by some nonlinear covariance function
kiv = k(x;,%xi) for each element in K (Rasmussen & Williams, 2006). Here, we consider a mean-field
Bayesian neural network constructed such that f is also drawn from a multivariate normal. The effect size
analogue, denoted (3, represents the nonparametric equivalent to coefficient estimates in linear regression
using common approaches such as generalized ordinary least squares or regularization. Similarly, this can
then be defined as the result of Proj(X, f) which projects the learned nonlinear vector f onto the original
design matrix X in the following respective ways

BLinear = XT.fa ERidge = (XTX + ﬂI)ile.fa (3)

with ¢ > 0 representing a free regularization parameter. Some intuition for the effect size analogue can
be gained as follows. After having fit a probabilistic model, we consider the fitted values f and regress
these predictions onto the input variables so as to see how much variance these features explain. This is
a simple way of understanding the relationships that the model has learned. The coefficients produced by
this linear projection have their normal interpretation: they provide a summary of the relationship between
the covariates in X and f. For example, while holding everything else constant, increasing some feature
x; by 1 will increase f by ;. In the case of kernel machines, theoretical results for identifiability and
sparsity conditions of the effect size analogue have been previously developed when using the Moore-Penrose
generalized inverse as the projection operator (Crawford et al., 2018).

3.2 Univariate Variable Importance using Relative Centrality Measures

Similar to regression coefficients in linear models, effect size analogues are not used to solely determine variable
significance. Indeed, there are many approaches to infer univariate associations based on the magnitude of



effect size estimates, but many of these techniques rely on arbitrary thresholding and fail to account for
key covarying relationships that exist within the data. The “RelATive cEntrality” measure (or RATE) was
developed as a post-hoc approach for variable prioritization that mitigates these concerns (Crawford et al.,
2019).

Consider a sample from the predictive distribution of B , obtained by iteratively transforming draws from
the posterior of f via one of the deterministic projections specified in Equation (3). The RATE criterion
summarizes how much any one variable contributes to the total information the model has learned. Effectively,
this is done by taking the Kullback-Leibler divergence (KLD) between (i) the conditional posterior predictive
distribution p(,g_j |E] = 0) with the effect of the j-th predictor being set to zero, and (7) the marginal

distribution p(B_;) with the effects of the j-th predictor being integrated out. In this work, we denote the
RATE criterion as the following

KLD;,

Vi = 7Zk KLD; ’

where 7; quantifies the importance of the j-th variable in the model and

KLD, i= KL (4(A) (B, |, = 0) = [ 10g (J"ﬁzﬂ)

p(B-;18;=0)
Note that the KLD; is a non-negative quantity, and equals zero if and only if the j-th variable is of little-to-no
importance, since removing its effect has no influence on the joint distribution other variable effects. In
addition, the RATE criterion is bounded within the range 7; € [0,1] and has the natural interpretation of
measuring a variable’s relative entropy — with a higher value equating to more importance.

) p(B—;)dB_;. (4)

3.3 Closed-Form Relative Centrality Measures

Under the modeling assumptions for the weight-space Gaussian process in Equation (2), the posterior
distribution of the effect size analogue E via the projections specified in Equation (3) is multivariate normal
with an empirical mean vector p and positive semi-definite covariance/precision matrix & = A~!. Given
these values, we may partition conformably for the j-th input variable such that
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With these normality assumptions, after conditioning on Bj = 0, Equation (4) for the RATE criterion has the
following closed-form solution

1
KLDJ = 5 |:tI'(Q_jA_j) — IOg ‘Q_jA_j| — (J — 1) + 5J/L?:| 5 (6)

where tr(-) is the matrix trace function, and §; = AT jA:;)\,j characterizes the implied linear rate of
change of information when the effect of any predictor is absent — thus, providing a natural (non-negative)
numerical summary of the role of each Bj plays in defining the full joint posterior distribution. In other
words, d; is larger for variables whose effects also have greater dependency on the effects of other variables.
Crawford et al. (2019) show that, in a dataset with a reasonably large number of J features, the term
tr(Q_;A_;) —log|Q_;A_;| — (J — 1) remains relatively equal for each input variable and, thus, makes a
negligible contribution to when determining the variable importance. Therefore, in practice, we compute
RATE measures using the following approximation

KLD; = ;3 /2. (7

Note that the scalability of the RATE calculation in Equation (7) (which includes a feature’s posterior mean
and the joint covariance matrix) is O(JN? + J2N + J*) for N observations and J variables. The leading
order term is O(J*) which is driven by J independent O(J?) operations of solving the (J — 1)-dimensional



linear systems d; for j = 1,...,J. This restricts the current implementation of RATE to datasets of size
n < 10° and J < 10 if the system is solved. Fortunately, the matrix A:} differs by only a single row and
column between consecutive values of the j-th index, meaning that low-rank updates can be used to solve
§; = )\IjA:;)\,j in O(J?) time using the Sherman-Morrison formula (Hager, 1989). Given the partition in
Eq. (5), we can approximate A:; using a rank-1 update for each feature in the model. This can be done by
removing the j-th row and column from the following matrix

A:; ~[A - AwjwlA/ (14 w]Aw;)] e (8)

Ultimately, this reduces the computational complexity of Equation (7) to just J-independent O(J?) operations
which can be parallelized.

3.4 Relationship between Relative Centrality and Mutual Information

To build further intuition about centrality measures, we establish a formal connection between the RATE
measure and mutual information (MI). By simplifying the definition of mutual information, we have
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While the RATE criterion compares the marginal distribution p(E j) to the conditional distribution
p(ﬁ —j |5; = 0) with the effect of the j-th predlctor bemg set to zero, the mutual information criterion
compares p(,B ;) to the conditional distribution p( i ﬂj) for all the possible values of 5] Whenever the

effect size analogue follows a normal distribution ﬁ ~ N(u, ), the unnormalized RATE criterion for the
j-th variable is given by Equation (6). In the same setting, the mutual information can be computed as

-1
MI(B_;,B;) = 3 log (8;]12—;]12|7") , (10)

where the above is equal to 0 if and only if B_ j and Ej are independent. To see the difference between the

two information theoretic measures in Equations (6) and (10), notice that MI(,FBV,J‘7 EJ) only depends on the
values of the covariance/precision matrix € = A~!. This is in contrast to the RATE criterion which also
takes the posterior mean (or marginal effect) of input features p into account when determining variable
importance. Therefore, if a feature is only marginally associated with an outcome but does not have any
significant covarying relationships with other variables in the data, RATE will still identify this feature as
being an important predictor.

4 Variable Importance in Bayesian Neural Networks

We now detail the main methodological contributions of this paper. First, we describe a motivating Bayesian
neural network framework which utilizes variational inference. Next, we propose a new effect size analogue
projection that is more robust to collinear input data. Lastly, we extend the univariate RATE criterion to
also consider group-level variable importance (i.e., assessing the association of collections of features) with an
approach that we refer to as the GroupRATE measure. Importantly, this extension also has a closed-form
for scalable implementation in high-dimensional settings. Furthermore, to our knowledge, grouped variable
importance has not yet been studied for neural networks, despite several analogous works for other supervised
models (Yuan & Lin, 2006; Simon et al., 2013; Gregorutti et al., 2015; Wehenkel et al., 2018).



4.1 Motivating Neural Network Architecture

In this section, we take a probabilistic view on prediction which is made possible by using a Bayesian neural
network. In contrast to a “standard” neural network, which uses maximum likelihood point-estimates for
its parameters, a Bayesian neural network assumes a prior distribution over its weights. The posterior
probability over the weights, learned during the training phase, can then be used to compute the posterior
predictive distribution. Once again, we consider a general predictive task with an N-dimensional set of
response variables y and an N x J design matrix X with p covariates. For this problem, we assume the
following hierarchical network architecture to learn the predicted response in the data

y=o(f), f=H@Ow+b,  w~m, (11)

where o(+) is a link function, @ is a vector of inner layer weights, and f is an N-dimensional vector of smooth
latent values or “functions” that need to be estimated. Here, we use H(0) to denote an N x L matrix of
activations from the penultimate layer (which are fixed given a set of inputs X and point estimates for the
inner layer weights 8), w ~ 7 is a L-dimensional vector of weights at the output layer assumed to follow
prior distribution 7, and b is an N-dimensional vector of the deterministic bias that is produced during the
training phase.

The hierarchical structure of Equation (11) is motivated by the fact that we are most interested in the
posterior distribution of the latent variables when computing the effect size analogues and, subsequently,
interpretable RATE measures. To this end, we may logically split the network architecture into three key
components: (i) an input layer of the original predictor variables, (7) hidden layers where parameters are
deterministically computed, and (7i¢) the outer layer where the parameters and activations are treated as
random variables. Since the resulting functions are a linear combination of these components, their joint
distribution will be closed-form if the posterior distribution of the weight parameters can also be written in
closed-form. Restricting that only the weights in the outer layer are stochastic also brings computational
benefits during network training as it drastically reduces the number of parameters (versus learning a posterior
for every parameter in the network).

There are two important features that come with this neural network specification. First, we may easily
generalize this type of architecture to different predictive tasks through the link function o(-). For example,
we may apply our model to the classification problem by increasing the number of output nodes to match
the number of categories and redefining link function to be the sigmoid function. Regression is even simpler
where we would let the link function be the identity. Second, the structure of the hidden layers can be of any
size or type, provided that we have access to draws of the posterior predictive distribution for the response
variables. Ultimately, this flexibility means that a wide range of existing probabilistic network architectures
can be easily modified to be used with RATE. A simple example of this architecture is illustrated in Figure 1.

4.2 Posterior Inference with Variational Bayes

As the size of datasets in many application areas continues to grow, it has become less feasible to implement
traditional Markov Chain Monte Carlo (MCMC) algorithms for inference. This has motivated approaches for
supervised learning that are based on variational Bayes and the stochastic optimization of a variational lower
bound (Hinton & Van Camp, 1993; Barber & Bishop, 1998; Graves, 2011). In this work, we use variational
Bayes because it has the additional benefit of providing closed-form expressions for the posterior distribution
of the weights in the outer layer w and, subsequently, the functions f. Here, we first specify a prior 7(w) over
the weights and replace the intractable true posterior p(w|y) o< p(y | w)m(w) with an approximating family
of distributions g4 (w). The overall goal of variational inference is to select the member of the approximating
family that is closest to the true posterior which is done by minimizing the divergence KL(gs(W) || p(W |y)),
with respect to variational ¢. This is equivalent to maximizing the so-called variational lower bound.

Since the architecture specified in Equation (11) contains point estimates at the hidden layers, we cannot
train the network by simply maximizing the lower bound with respect to the variational parameters. Instead,
all parameters must be optimized jointly as follows

arg max Egy(w) logp(y | w, 0)] — nKL(gg (W) || 7(W)) (12)



Input Layer Hidden Layer Outer Layer

Figure 1: An example of the probabilistic neural network architecture used in this work. The first layer weights
0 are point estimates, while the outer layer weights w are assumed to be random variables following some
prior distribution 7 = (m(w1), 7(w2), 7(ws)). The input variables x; and x5 are fed through the hidden layers
(hi,hy, hy) as linear combinations with their corresponding weights 8. Estimates of the predicted functions
f are obtained via a linear combination of the activations and samples from the posterior distribution of the
outer layer weights w = (w1, we,w3). Note that this figure does not include the deterministic bias terms used
in Equation (11) for simplicity.

where 7 > 0 denotes a divergence regularization term (Higgins et al., 2016). We then use stochastic
optimization to train the network. Depending on the chosen variational family, the gradients of the minimized
KL(gs(w) || 7(w)) may be available in closed-form, while gradients of the log-likelihood logp(y | w, 0) are
evaluated using Monte Carlo samples and the local reparameterization trick (Kingma et al., 2015). Following
this procedure, we obtain an optimal set of parameters for g4 (w), with which we can sample posterior draws
for the outer layer.

In this work, we will use isotropic Gaussians as the family of approximating distributions
q¢(w) = N(m7 V)v ¢ = {m,V}7 (13)

with mean vector m and a diagonal covariance matrix V. This makes the mean-field assumption that the
variational posterior fully factorizes over the elements of w (Blei et al., 2017). One advantage of this choice
is that it ensures that the predicted functions f will follow a multivariate Gaussian distribution as well.
Using Equations (11) and (13), we may derive the implied distribution over the latent values using the affine
transformation

£1X,y ~ N(H(6)m + b, H(6)VH(0)T). (14)

While the elements of w are independent, dependencies in the input data (via the hidden activations H(8))
induce a non-diagonal covariance between the elements of f.

4.3 Effect Size Analogues via Covariance Projection Operators

After having conducted (variational) Bayesian inference, we now have access to (empirical) draws from the
posterior p(f|X,y) which we can use to define an effect size analogue for neural networks. In practice,
we could use the Moore-Penrose generalized inverse as proposed in Equation (3) but, in the case of highly
correlated inputs, these operators can suffer from instability (see a small simulation study in Appendix A),
explaining the well-known phenomenon of linear regression suffering in the presence of collinearity. While



regularization poses a viable solution to this problem, the selection of an optimal penalty parameter is not
always a straightforward task (see 9 in the second half of Equation (3)). As a result, we propose a much
simpler projection operator that is particularly effective in application areas where data measurements can be
perfectly collinear (e.g., pixels in an image). Our solution is to use a linear measure of dependence separately
for each predictor based on the sample covariance. Namely, for each of the J input variables

Boow = cov(X, f) = XTCf/(N — 1), (15)

where cov(X, f) = [cov(xq, f),...,cov(xy, f)] is based on the sample covariance, C =1 — 11T/N denotes
a centering matrix, I is an N-dimensional identity matrix, and 1 is an N-dimensional vector of ones.
Probabilistically, since the posterior of the function values f is normally distributed according to Equation
(14), the above is equivalent to assuming that Bcoy | X,y ~ N (1, Q) where
_ ! T — 1 T TCT

B= 1X CH(0)m, Q= N 1)2X CH(O)VH(0)"C™X. (16)
These moments, along with empirical estimates of the precision matrix £ = A~!, can be used directly in
Equations (6)-(8) to compute RATE measures for univariate prioritization of each input variable. Intuitively,
each element in BCOV represents some measure of how well the original data at the input layer explains the
variation between observations in y. Moreover, under this approach, if two predictors x; and x; are almost
perfectly collinear, then the corresponding effect sizes will also be very similar since cov(x;, f) = cov(xg, f).
To build a better intuition for identifiability under this covariance projection, recall simple linear regression
where ordinary least squares (OLS) estimates are unique modulo the span of the data (Wold et al., 1984). A
slightly different issue will arise for the effect size analogues computed via Equation (15), where now two
estimates are unique modulo the span of a vector of ones, or span{1}. We now make the following formal
statement.

Claim 4.1. Two effect size analogues computed via the covariance projection operators, El = cov(X, f1) and
B2 = cov(X, f2), are equivalent if and only if the corresponding functions are related by fi1 = fa2 + c1, where
1 is a vector of ones and c is some arbitrary constant.

The proof of this claim is trivial and follows directly from the covariance being invariant with respect to
changes in location. Other proofs connecting this effect size to classic statistical measures can be found in
the Appendix B.

4.4 Extension of Relative Centrality Measures for Groups of Variables

In many applications, variable selection and prioritization approaches have been shown to be underpowered
in settings with small signal-to-noise ratios. For example, in genome-wide association studies, univariate
association mapping for single nucleotide polymorphisms (SNPs) can be underpowered for “polygenic” traits
which are generated by many mutations of small effect (Manolio et al., 2009; Visscher et al., 2012; Zhou et al.,
2013; Yang et al., 2014; Bulik-Sullivan et al., 2015; Wray et al., 2018). To mitigate this issue, recent work
have extended methodology to assess the joint global importance for multiple input variables at a time. In
the case of genetics, one can use prior knowledge about how groups of SNPs within a particular genomic
region are combined (e.g., in a gene or signaling pathway) to detect biologically relevant disease mechanisms
underlying complex traits (Liu et al., 2010; Wu et al., 2010; Carbonetto & Stephens, 2013; de Leeuw et al.,
2015; Lamparter et al., 2016; Nakka et al., 2016; Zhu & Stephens, 2018; Sun et al., 2019).

The univariate RATE criterion in Equation (6) can also be extended for these types of “set-based” analyses.
Assume that we have G-predefined annotations {Ay, ..., Ag} which detail how different variables are related
to each other. Let each group g represent a known collection of variables j € A, with cardinality |Ag|. As
done in the univariate case, once we have access to draws from the posterior distribution of the effect size
analogue B, we may conformably partition the mean vector and covariance/precision matrices with respect
to the g-th group of input variables as follows

_( a=( n’:;) A—( G AtTg)
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where 2 / and A* j are used to denote the covariance and precision matrices between variables inside and
outside of the annotated set A,, respectively. Following the same logic used to derive Equation (6), the
RATE criterion to assess the centrality of group g is given as

1
KLD, = 3 tr(Q_yA_y) —log [Q_gA_g| — (J — [Ag]) + pu] Agpy |, (17)

where now A, = AiTgA:;A*_ , and characterizes the implied linear rate of change of information when the
effect of all predictors in the g-th group are absent from the model. We refer to the scaled extension of
Equation (17) as the GroupRATE criterion. Note that, in practice, the cardinality of groups can differ which
may introduce bias in the GroupRATE. To mitigate this bias, we divide the KLD by the size of each group

KLD, /| A,|
_ 18
797 S UKLD, /| A (18)

which effectively penalizes the GroupRATE measures for larger groups. This simple correction results in the
median correlation between the KL divergences and the size of any group to be zero (see Results).

5 Results

In this section, we illustrate the performance of our interpretable Bayesian neural network framework
with GroupRATE for prioritizing groups of variables in regression settings. Here, the goal is to show how
determining group variable importance for a trained neural network with the RATE measure compares
with commonly used group-level modeling techniques in the field. Finally, we examine the potential of our
approach in real datasets from genetics and biomedical imaging, respectively.

5.1 Simulation Study

For all assessments with synthetic data, we consider a simulation design that is often used to explore the
power statistical methods (Crawford et al., 2018; 2019). Once again let X denote a design matrix of N
independent observations with J predictor variables. In this study, we assume that these features are sampled
from a zero-mean log-normal distribution such that

logx ~ N (0,X)

where ¥ = 0.9%,,, +0.1%,, is a combination of group-dependent covariance X, and background covariance
e structures, respectively. Here, we assume that the background covariance follows an inverse-Wishart
distribution Xps ~ W™(I,J + 3) with an identity scale matrix and J + 3 degrees of freedom. Briefly, the
inverse-Wishart is a distribution over positive-definite matrices and is a conjugate prior to the covariance of a
multivariate Gaussian. The degrees of freedom in the inverse-Wishart controls the concentration of the density
around the scale matrix, with larger values increasing this concentration. We assume that the structure of the
group covariance X, is block-diagonal with the blocks of non-zero components corresponding to annotated

groups {A1,..., Ag} and zeros everywhere else. Namely, this structure is given is
1
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where we also allow an inverse-Wishart distribution over the groups 3¢, ~ W™I(I, |A,| + 3). The group
structure is an important part of these simulations. In these simulations, we assume that there are G' groups

with the sizes of each group being randomly determined via a multinomial distribution

|Ail,...,]Ag| ~ Multinomial(J, 1/.J)



which enforces 3 [Ag| = J. A single sample of ¥ is shown in Figure 2. This construction of features ensures
there is group-dependent structure in the covariance while also containing non-trivial relationships between
other variables.

To complete the simulations, we first randomly select a subset of associated groups and then we use the
design matrix X in the following generative linear model

Y= XBe+Wb+e,  e~N(0,7I) (19)
ceC

where y is an N-dimensional synthetic response vector; C represents the set of all causal features in the
randomly selected causal groups; X, is the c-th causal feature vector with a corresponding nonzero additive
effect size 5.; W is an N x M dimensional matrix which holds all pairwise interactions between the causal
features, with the columns of this matrix assumed to be the Hadamard (element-wise) product between
feature vectors of the form x; o x, for the j-th and k-th features; 6 is the M-dimensional vector of interaction
effect sizes; and € is an N-dimensional vector of environmental noise. In these simulations, we assume that
the total variation of the synthetic response variable is V[y] = 1. Here, we allow the additive and interaction
effect sizes to be randomly drawn from standard normal distributions. Next, we scale the additive, pairwise
interactions, and the environmental noise terms so that they collectively explain a fixed proportion of this
variance where

\Y%

Zxcﬁc] = pv?, VIWO] = (1 — p)v?, Vie] =1 — 02 (20)

ceC

Intuitively, v? determines how much variance in the simulated response is due to signal versus noise, while p
is a mixture parameter which determines how much of the signal is driven by linear versus nonlinear effects.
Given the simulation procedure above, we fix v2 = 0.8 and J = 102 features. We then simulate a wide range
of scenarios by varying the following settings:

o sample size: N = 102, 2 x 103, and 5 x 10 individuals;
e number of associated groups: G = 50, 100, and 200;

o contribution of additive effects: p = 0.4 and 0.6.

In the results below, we will refer to Scenario I as the case where the response is controlled mostly by
additivity (i.e., p = 0.75) and Scenario II as the setting where additivity and pairwise interactions account for
an equal share of the signal (i.e., p = 0.5). All figures and tables show the mean performances (and standard
errors) across b0 simulated replicates for each combination of parameter settings.

Detail of Competing Methods. The main goal of this simulation study is to compare the performance
of our proposed GroupRATE framework to that of other commonly used group-level variable importance
methods. To assess the power of GroupRATE, we train a four layer Bayesian neural network with probabilistic
weights in the last layer by maximizing the evidence lower bound using the Adam optimizer with a learning
rate of 1072 for a maximum of 300 epochs (Kingma & Ba, 2014). Training of this model used 80% of the
samples while the remaining 20% were held-out as testing data. In addition, we used 10% of the training set
as validation data to monitor the behavior of the loss function — where we terminate the training algorithm
if the validation loss did not decrease for 30 consecutive epochs (i.e., early stopping). The weight of the
divergence regularization term in the evidence lower bound is set to 7 = 0.3 throughout (see Equation (12))
and a standard isotropic normal prior is used for all variational parameters. Lastly, rectified linear unit
(ReLU) activations are used for hidden layers, each of which contains eight units, and the output layer
contains two units and uses an identity activation. Note that no hyper-parameter optimization is performed
on the Bayesian neural network as the aim here is not to optimize generalization performance. In a real
application, it would be assumed that an extensive hyper-parameter search and cross-validation would have
already been performed to obtain a final model. Instead, the task is to interpret this model via a post-hoc
analysis. We evaluate GroupRATE using the effect size analogue computed with the generalized inverse and
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Figure 2: A sample of the covariance structure and variable groupings used in the simulation study. Here,
the total covariance 3 is a combination of group-dependent covariance ¥, and background covariance Xyq
structures, respectively. Note that the matrices are partitioned based on the group structure.

ridge regularization projections from Equation (3), as well as with the covariance operator from Equation
(15).

We compare the performance of GroupRATE to seven other group-level prioritization approaches which
effectively take aggregate summaries over the following univariate variable importance methods:

vanilla gradients (Simonyan et al., 2014);

gradientsxinput (Shrikumar et al., 2016);

integrated gradients (Sundararajan et al., 2017);

« guided back-propagation (Springenberg et al., 2015);
« smoothed gradients (Smilkov et al., 2017);

¢ a random forest mimic model with mean decrease Gini variable importance (Breiman, 2001).

The first five of these methods use saliency maps which compute local scores using the gradient of the neural
network output with respect to a particular observation in the data. For example, the simplest “vanilla”
saliency map attributes the partial derivative 0f;/Jx;; as the importance of the j-th feature in the i-th
sample. In practice, we can then assign global importance using Zil |0f/0%;| /N. In these simulations, we
assign group-level importance by simply taking the mean over the univariate global scores for the variables in
a given group Ag. For the “vanilla” saliency maps, this done by computing the following

v T

jeA, i=1

of
6Xj

] | (21)

Indeed, the drawbacks of saliency-based methods have been well-documented (Adebayo et al., 2018; Kinder-
mans et al., 2019; Ghorbani et al., 2019), but we include them here due to their popularity. We encourage
the reader to see Ancona et al. (2018) for an analysis and comparison of these saliency methods.

Lastly, we consider a random forest mimic model, which is a regression model that takes in the original
simulated features X but is trained on the predicted values f of the fitted Bayesian neural network as response
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variables (rather than on the original synthetic outputs y). Using this mimic model approach, we compute
global group-level scores by taking the mean-decrease of univariate Gini importance values for each j-th
variable that have been annotated g-th group A,. Using the mean to aggregate variable-level importances to
estimate group-level importance has been investigated by Wehenkel et al. (2018) in the context of 3D brain
imaging data applications. Their simulation studies found that using the mean resulted in the best variable
selection performance and so that is the same approach we used here.

Evaluation of Competing Methods. Figure 3 shows boxplots of the power for each of the different
methods over 50 simulated replicates. Here, we assess performance by comparing each method’s ability to
rank true positives over false positives via the area under their respective receiver operating characteristic
curves (AUCs), where a higher value denotes better accuracy in prioritizing the causal groups used in the
generative model of the simulations. Overall, there are a few important takeaways from these comparisons.
First, most of the methods exhibited better performance as the sample sizes of the simulated data increases
(median AUCs > 0.9). The second key takeaway is that power for all approaches is consistently better when
the simulated data are generated by fewer causal groups. The latter occurs because each associated group
(and the features assigned to them) make a greater individual contribution to the overall variance for the
response (i.e., V[y]/50 > V[y]/100 > V[y]/200). Similar trends in performance have been shown during the
assessment of high-dimensional variable selection methods in other application areas (Li et al., 2015; Crawford
et al., 2017; Zhu & Stephens, 2018; Demetci et al., 2021; Wang et al., 2021; Tang et al., 2022). The one
exception that differed from these general trends was the random forest mimic model which had a median
AUC = 0.85 for the simpler tasks (i.e., a combination of sample sizes N, few causal groups G, and variation
driven primarily by additivity p) and suffered a decrease in AUC towards 0.6 for the hardest tasks. The
integrated gradients and gradient xinput also suffered for more complicated simulation designs.

The GroupRATE AUCs were consistently competitive with the other best-performing methods (guided
back-propagation and smoothed gradients) but there were small differences between the projections used to
compute the effect size analogues. Using the ridge and generalized inverse projections both generally led to
higher AUCs than the covariance projection which we hypothesize is due to features being simulated with
relatively simple block-wise correlation structures (see depiction in Figure 2). The groups in this simulation
have a range of sizes which, as previously mentioned in Equation (18), may introduce a bias in GroupRATE
scores that are not present in the original RATE calculation. Figure 4A shows that the KL divergence values
for a group is positively correlated with the group size, especially for the proposed covariance projection. This
correlation decreases towards zero as the sample size of the data IV increases, but this bias can be mitigated
by dividing the KL divergences by the number of features included in each group (Figure 4B).

Run Times and Scalability of Competing Methods. One area in which the different methods studied
in this simulation study differ is in their ability to scale to high-dimensional data settings. In this section, we
compare this scalability. Since each of these methods perform post-hoc variable importance, our evaluation of
their respective computational costs does not include the time spent training a model beforehand.

The ten methods that we consider can be divided into three classes based on how they compute group-level
importance scores. The first three approaches use GroupRATE with effect size analogues that are computed
with different projection operators. The ridge and generalized inverse projections both require a singular value
decomposition of the design matrix X, which has an O(N2J) running time for N samples and J features. On
the other hand, the covariance projection only involves a O(N?2.J) matrix multiplication, which has the same
asymptotic running time as the singular value decomposition but is cheaper in terms of wall clock time. This
makes the covariance projection the cheapest computationally of the three effect size analogue projections.
Once the effect sizes have been computed, we must empirically compute the moments of their posterior
distribution p, €2, and A via an additional O(JN? + J2N) matrix multiplication. The final step is solving
Equations (17) and (18) for each of the G annotated groups, which requires G independent solutions of a
linear system, each of which are O(J?3). Therefore, the computational complexity of the entire GroupRATE
calculation is the following

O(JN? + J*J +GJ?), (22)
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Figure 3: Box plots of the area under the curves (AUCs) for group-level prioritization for GroupRATE
and competing variable importance approaches in different simulation scenarios with 50 replicates. The red
horizontal line indicates an AUC = 0.5 (i.e., the expected performance of random importance scores). All
AUC:s are also tabulated in Table S1.

which is dominated by the ESA posterior calculation for N > J datasets and by the solution of the KLD
for N <« J datasets. The empirical computation times for the GroupRATE framework with each projection
in our simulation study are shown in Figure 5A. These timings are split into the time required to calculate
the parameters of the posterior distribution p(8|X,y) and the subsequent KL divergence interactions. The
covariance projection is the fastest of the three, as expected; however, this difference is on the order of minutes
and so is negligible in practice for datasets of these sizes.

The second type of methods are those based on gradients (i.e., saliency maps). Here, these are implemented in
TensorFlow and so the gradient evaluations are computed efficiently using automatic differentiation. However,
within the class of saliency methods, there are those requiring a single gradient evaluation (i.e., vanilla
gradients, gradient xinput, and guided back-propagation) and those that use repeated evaluations to smooth
the gradients (i.e., integrated gradients and smoothed gradients). The random forest mimic model is distinct
from the other two types of method as it requires training an entire additional model. This necessitates a
hyper-parameter search and cross-validation which, while easy to parallelize, is computationally expensive.

The empirical computation times of the saliency-based methods are shown in Figure 5B. Integrated gradi-
entsand smoothed gradients have the longest running times due to computing repeated gradient evaluations.
We want to note that, while these methods are not particularly fast, none of these running times are sufficiently
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Figure 4: Panel (a) depicts simulation results showing that the KL divergence values for a group (via Equation
(17)) are positively correlated with group size. Panel (b) illustrates that this can be mitigated by dividing
each KLD by the corresponding group size when calculating GroupRATE scores.

long to preclude their inclusion in an analysis for datasets of these sizes. The random forest mimic is not
plotted here because its cross-validation procedure has a run time that is up to 2 orders of magnitude larger
than both GroupRATE and the saliency-based methods.

5.2 Assessing Gene Importance in Genome-wide Association Studies

To demonstrate the GroupRATE criterion in real data, we turn to a genome-wide association (GWA) study
of a heterogeneous stock of mice dataset from the Wellcome Trust Centre for Human Genetics (Valdar et al.,
2006, http://mtweb.cs.ucl.ac.uk/mus/www/mouse/index.shtml). We focus on analyzing two quantitative
traits: body length and percentage of CD8+ cells. This dataset contains N = 2000 and J ~ 10,000 single
nucleotide polymorphisms (SNPs) with minor allele frequencies above 5% — with exact numbers varying
slightly depending on the phenotype. In the traditional genome-wide association (GWA) framework, SNPs are
individually tested for their marginal importance; however, this approach has been shown to have drawbacks
and can suffer from low power when the architecture of a trait is complex (Manolio et al., 2009; Yang et al.,
2010; Visscher et al., 2012; Yang et al., 2014). As a result, recent approaches have aimed to combine SNPs
within a chromosomal region to detect more biologically relevant genes and enriched pathways (Liu et al.,
2010; Ionita-Laza et al., 2013; Nakka et al., 2016; Zhu & Stephens, 2018; Cheng et al., 2019; Demetci et al.,
2021). Our interpretable Bayesian neural network framework can be used for similar tasks using GroupRATE.
We choose to analyze these particular traits because their architectures represent a realistic mixture of the
simulation scenarios we detailed in the previous section. Specifically, these traits have been shown to have
various levels of broad-sense heritability (i.e., varying signal-to-noise ratios v?) with different contributions
from both additive and non-additive genetic effects (i.e., different values of p) (Valdar et al., 2006; Chen
et al., 2012; Mackay, 2014; Tyler et al., 2016; Crawford et al., 2018; 2019).

Here, we use the Mouse Genome Database (MGD) (Blake et al., 2003, http://www.informatics. jax.org)
and define groups as collections of SNPs with genomic positions that fall within the same gene (or pseudogene).
For simplicity, we eliminate genes with completely overlapping annotations. This resulted in 3,749 total genes
(or groups of SNPs) across the 20 chromosomes in the mouse genome to be analyzed. After having trained
our neural network, we run GroupRATE on each of these groups using Equation (17) with the three different
effect size projection operators to create gene importance scores. We provide summary tables which list all
the results after running these three approaches on both the body length and CD8+ phenotypes (Tables
S2 and S3). We also use Manhattan plots to visually display the gene-level mapping results across each of
these traits, where chromosomes are shown in alternating colors for clarity and notable top ranked genes
are highlighted (Figures 6 and S2). Lastly, to further provide contextual relevance of our results, we use the
GWAS catalog (https://www.ebi.ac.uk/gwas/) to identify molecular categories with an overrepresentation
of the most important genes reported by GroupRATE within each trait.
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Overall, we found that a large number of the highly ranked genes identified by GroupRATE with the covariance
projection have previously been identified by past publications as having some functional relationship with
the traits of interest. For example, GroupRATE ranks the genes Dnah8 and Rsphl on chromosome 17 as
being the top two most enriched for the percentage of CD8+ cells in mice (Figure 6). This same region has
been reported by multiple functional studies as having highly significant quantitative trait loci (Stefansson
et al., 2007; Winkelmann et al., 2007) and has been identified by many computational methods have as having
variants that contribute to non-additive variation for CD8+ cells (Crawford et al., 2019; Demetci et al.,
2021). Valdar et al. (2006) also reported finding the most significant non-additive effects for immunological
phenotypes (including percentage of CD8+ cells) around the major histocompatibility complex (MHC) on
chromosome 17. Similarly, GroupRATE prioritizes Rarb on chromosome 14 as being the top ranked genes
for body length. For context, Rarb has an orthologous gene in humans which contains common body mass
index-associated variants that confer risk of extreme obesity (Cotsapas et al., 2009).

In these data, using GroupRATE with the different effect size analogues led to identifying different enriched
genomic regions for both body length and the percentage of CD8+ cell traits. We believe that this is most
likely due to the theoretical properties underlying their respective projection operators. First, performing
group-level importance using the generalized inverse effect size analogue failed to yield any distinct gene
rankings in either phenotype. We hypothesize that this is largely due to the Bayesian neural network and the
least squares projection struggling to discern between associated features in the presence of high collinearity
(see Appendix A). In contrast, regularization via the ridge is designed to select no more than a few variants in
a given correlation block (Hoerl & Kennard, 1970). While this leads to better identification of signal than the
generalized inverse (which has no penalization term), it still does not prioritize all trait-relevant genes. For
example, in body length, GroupRATE with the ridge projection does not give any high importance to genes
on chromosome 2 which has been shown to play a significant role in the genetics of growth, body weight,
and body composition in mice (Yi et al., 2004; 2006; Lembertas et al., 1997; Jerez-Timaure et al., 2004;
Vitarius et al., 2006; Ankra-Badu et al., 2009). The covariance operator, on the other hand, will compute
analogue estimates based on the true effect size among all correlated variants in a gene boundary (again see
Appendix A). This strategy is also not perfect in all cases. To see this, in the body length trait, performing
GroupRATE with the covariance operator failed to highly prioritize any genes on the X chromosome — which
is interesting because the X chromosome is well known to strongly influence adiposity and metabolism in
mice (Chen et al., 2012). Nonetheless, in general, GroupRATE with the covariance operator was able to
identify more significant genes associated with body length and CD8+ cell percentage.

5.3 Structural Brain Region Enrichment Analysis in MRI Scans

To demonstrate the application of GroupRATE on other types of data, we evaluated it on structural brain MRI.
The images are available as part of the UK Biobank, which conducted a comprehensive study of 500,000 people
recruited from the UK’s general population between 2006 and 2010 (Miller et al., 2016). The participants
aged between 40-69 years old and provided blood samples for biochemical tests, imaging, genotyping, as well
as a wide range of self-reported information and physical measurements. The protocols for obtaining the
different measurements from the participants have been published in the literature (Alfaro-Almagro et al.,
2018).

Studies have shown that the difference between true brain age and the brain age predicted by a model
can act as a biomarker for risk stratification and clinical applications (Cole et al., 2017; Hajek et al., 2019;
Kolbeinsson et al., 2020). However, the best performing models in the literature are often neural networks
which are difficult to interpret. Here, we apply GroupRATE to the analysis of brain age difference in the UK
Biobank population to identify structural brain regions that highly associate with this biomarker.

This study utilized 12,022 3D images from a release accessible to researchers. The images employed were
T1-weighted, which accentuate the difference between white and grey matter. A subset of 522 images were
used for a held-out test set. At full 1 mm? resolution, the 182 x 218 x 182 volumes are too large for efficient
computation, therefore we applied GroupRATE to downsampled volumes. The downsampling operation was
a learned convolutional layer with both kernel size and stride set to 7. This resulted in a smaller volume of
26 x 31 x 26 to which GroupRATE can be efficiently applied. The 140 groups are defined from the brain
region atlas provided as part of the UK Biobank imaging release. All images had been aligned to the MNI152
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Figure 6: Group-level genome-wide scan for percentage of CD8+ cells in the heterogeneous stock of mice
dataset. Here, GroupRATE variable importance is computed while using effect size analogues derived from
the (a) covariance, (b) generalized inverse, and (c) ridge penalized projections. Chromosomes are shown in
alternating colors for clarity, with the top notable genes being annotated on the plot near their genomic
position. I: Genes that replicated as being highly prioritized while using different effect size analogues.

template, allowing for direct voxel-to-voxel mapping between the atlas and images. The 182 x 218 x 182 atlas
was dowmsampled using max-pooling (kernel size and stride both set to 7) to give a volume map with the
same dimension as the MRI.

We fit a prediction model using a convolutional neural network with 3D ResNet-like blocks. The details of
the non-Bayesian model architecture and training have been previously described in Kolbeinsson et al. (2021).
The changes we made here were to replace the final layer with a Bayesian equivalent whose weights make use
of variational inference. The training objective was equation 12 with n = 10~ optimized using Adam. The
Bayesian layers were created using the Bayesianize library (Ritter et al., 2021).

The main results of the GroupRATE analysis are shown in Figure 7, while the complete results for all
groups are shown in Figure S3. GroupRATE identifies a number of brain regions that have associations with
increased brain age difference as shown in previous studies. The highest ranked region was the left planum
temporale, which is thought to be neurologically connected to language (Binder et al., 1996; Wernicke, 1874).
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Figure 7: Ranked importance of the top 20 groups identified by GroupRATE using the covariance effect size
analogue. A subset of the 140 total regions have notably higher importance. Most of these groups have been
described previously as having associations with brain development, ageing or disorders.

Furthermore, changes to its volume have been associated with schizophrenia (Kwon et al., 1999). Gyri regions
were particularly highlighted with the left postcentral gyrus and the right angular gyrus being the second
and third highest ranked region, respectively. Previous studies on brain structure changes with age have also
found both of these regions to reduce in volume with increased age (Sussman et al., 2016), demonstrating
that GroupRATE is selecting structurally-relevant regions.

6 Discussion

In this paper, we developed a novel group-level global interpretability method for Bayesian neural networks.
Here, we focused on settings in which collections of predictor variables are intrinsically meaningful and the
goal is to rank these groups of features based on their scientific relevance. We worked in a very flexible
variational Bayes approach to deep learning and proposed a sample covariance operator to develop an effect
size analogue for the input variables of a neural network. Next, we extended the recently proposed RelATive
cEntrality (RATE) measure (Crawford et al., 2019) to our setting, provided closed-form solutions for its
implementation, and developed the GroupRATE criterion. Lastly, we illustrated the performance of our
framework in a thorough simulation study and in broad real data applications including statistical genetics
and biomedical imaging. Our method outperforms or achieves performance on par with the state-of-the-art,
while avoiding the need for a separate and (often) time consuming tuning step.

In its current form, we have focused on demonstrating the utility of GroupRATE with a particular Bayesian
neural network where only the weights on the outer layer are considered as random variables (see again Figure
1). Note, however, that we are not restricted to this architecture and each of the innovations we have presented
can be applied to any deep learning method that provides a notion of uncertainty over the predictions.
The effect size analogue is merely a multivariate summary statistic which can be derived after fitting any
model. This means that, as long as one has access to empirical estimates of its posterior distribution, relative
centrality measures can always be computed. While the variational Bayes framework described in our work
gives an exact Gaussian posterior over f, many recent works have focused on calculating approximations to
the posterior of an already-trained deterministic network using Laplace approximations (Ritter et al., 2018) or

18



stochastic gradient descent iterates (Maddox et al., 2019). Combining these approaches with the GroupRATE
framework would allow variable importance calculations to be performed on an already trained deterministic
network (without the need for retraining with a mean-field variational posterior on the final layer).

Much of this study was motivated by the increasing popularity of nonparametric predictive modeling
(particularly with neural networks) in biomedical applications. As long as such methods continue to be
applied in areas where interpretability is a requirement, post-hoc methods such as Group(RATE) will have
utility. Rudin (2019) suggest that a better modeling approach is to place interpretability at the heart of model
building from the beginning of a project. Fortunately, Bayesian neural networks offer this possibility through
the use of sparsity inducing priors (van Bergen et al., 2020; Song & Li, 2021; Chen et al., 2020; Kassani et al.,
2022; Lu et al., 2018; Feng & Simon, 2017; Fortuin, 2022; Ghosh et al., 2019; Cheng et al., 2022) or from
constructing partially connected network architectures that are based on biological annotations or scientific
knowledge (Demetci et al., 2021; Elmarakeby et al., 2021; Bourgeais et al., 2021). However, this approach is
extremely challenging for problems with very little a priori knowledge and so post-hoc interpretation methods
are likely to remain useful in practice for the foreseeable future.

Author Contributions

JIH, DU, SF, LC, and SF conceived the study and developed the methods. JTH, DU, and LC developed the
algorithms and software. JIH, DU, AK, and KS performed the analyses. All authors wrote and revised the
manuscript.

Software Availability

Software for implementing the Bayesian neural network framework with RATE and GroupRATE significance
measures is carried out in R and Python code, which is available at https://github. com/lorinanthony/RATE.

Acknowledgments

This research was supported in part by grants P20GM109035 (COBRE Center for Computational Biology of
Human Disease; PI Rand) and P20GM 103645 (COBRE Center for Central Nervous; PI Sanes) from the NIH
NIGMS, 2U10CA180794-06 from the NIH NCI and the Dana Farber Cancer Institute (PIs Gray and Gatsonis),
an Alfred P. Sloan Research Fellowship, and a David & Lucile Packard Fellowship for Science and Engineering
awarded to L. Crawford. S. Filippi was partially supported by the EPSRC (grant EP/R013519/1) and
J. Ish-Horowicz gratefully acknowledges funding from the Wellcome Trust (PhD studentship 215359/Z/19/Z).
D. Udwin was a trainee supported under the Brown University Predoctoral Training Program in Biological
Data Science (NIH T32 GM128596). Lastly, this research was conducted using the UK Biobank Resource
under Application Numbers 14649. Any opinions, findings, and conclusions or recommendations expressed in
this material are those of the author(s) and do not necessarily reflect the views of any of the funders.

References

Julius Adebayo, Justin Gilmer, Michael Muelly, Ian Goodfellow, Moritz Hardt, and Been Kim. Sanity checks
for saliency maps. Advances in Neural Information Processing Systems, 31, 2018.

Fidel Alfaro-Almagro, Mark Jenkinson, Neal K. Bangerter, Jesper L.R. Andersson, Ludovica Griffanti,
Gwenagélle Douaud, Stamatios N. Sotiropoulos, Saad Jbabdi, Moises Hernandez-Fernandez, Emmanuel
Vallee, Diego Vidaurre, Matthew Webster, Paul McCarthy, Christopher Rorden, Alessandro Daducci,
Daniel C. Alexander, Hui Zhang, Iulius Dragonu, Paul M. Matthews, Karla L. Miller, and Stephen M.
Smith. Image processing and quality control for the first 10,000 brain imaging datasets from uk biobank.
NeuroImage, 166:400-424, 2018. ISSN 1053-8119. doi: https://doi.org/10.1016/j.neuroimage.2017.10.034.
URL https://www.sciencedirect.com/science/article/pii/S1053811917308613.

Marco Ancona, Enea Ceolini, Cengiz Oztireli, and Markus Gross. Towards better understanding of gradient-
based attribution methods for deep neural networks. In 6th International Conference on Learning Represen-
tations, ICLR 2018-Conference Track Proceedings, volume 6. International Conference on Representation
Learning, 2018.

19



G A Ankra-Badu, D Pomp, D Shriner, D B Allison, and N Yi. Genetic influences on growth and body
composition in mice: multilocus interactions. Int J Obes (Lond), 33(1):89-95, Jan 2009. ISSN 1476-5497
(Electronic); 0307-0565 (Print); 0307-0565 (Linking). doi: 10.1038/ij0.2008.215.

Vijay Arya, Rachel KE Bellamy, Pin-Yu Chen, Amit Dhurandhar, Michael Hind, Samuel C Hoffman, Stephanie
Houde, Q Vera Liao, Ronny Luss, Aleksandra Mojsilovié, et al. One explanation does not fit all: A toolkit
and taxonomy of Al explainability techniques. arXiv preprint arXiv:1909.03012, 2019.

Jimmy Ba and Rich Caruana. Do deep nets really need to be deep? In Advances in Neural Information
Processing Systems, pp. 2654-2662, 2014.

Sebastian Bach, Alexander Binder, Grégoire Montavon, Frederick Klauschen, Klaus-Robert Miiller, and
Wojciech Samek. On pixel-wise explanations for non-linear classifier decisions by layer-wise relevance
propagation. PLOS One, 10(7):e0130140, 2015.

David Barber and Christopher M Bishop. Ensemble learning in Bayesian neural networks. NATO ASI Series
F Computer and Systems Sciences, 168:215-238, 1998.

Jeffrey R Binder, J Albert Frost, Thomas A Hammeke, Stephen M Rao, and Robert W Cox. Function of the
left planum temporale in auditory and linguistic processing. Brain, 119(4):1239-1247, 1996.

Judith A Blake, Joel E Richardson, Carol J Bult, Jim A Kadin, Janan T Eppig, and Mouse Genome Database
Group. MGD: The mouse genome database. Nucleic Acids Research, 31(1):193-195, 2003.

David M Blei, Alp Kucukelbir, and Jon D McAuliffe. Variational inference: A review for statisticians. Journal
of the American statistical Association, 112(518):859-877, 2017.

Victoria Bourgeais, Farida Zehraoui, Mohamed Ben Hamdoune, and Blaise Hanczar. Deep GONet: self-
explainable deep neural network based on gene ontology for phenotype prediction from gene expression
data. BMC Bioinformatics, 22(S10), May 2021. doi: 10.1186/s12859-021-04370-7. URL https://doi.
org/10.1186/s12859-021-04370-7.

Leo Breiman. Random forests. Machine Learning, 45(1):5-32, 2001.

Brendan K Bulik-Sullivan, Po-Ru Loh, Hilary K Finucane, Stephan Ripke, Jian Yang, Schizophrenia
Working Group of the Psychiatric Genomics Consortium, Nick Patterson, Mark J Daly, Alkes L Price,
and Benjamin M Neale. Ld score regression distinguishes confounding from polygenicity in genome-wide
association studies. Nat Genet, 47:291-295, 2015. URL http://dx.doi.org/10.1038/ng.3211.

Peter Carbonetto and Matthew Stephens. Integrated enrichment analysis of variants and pathways in
genome-wide association studies indicates central role for il-2 signaling genes in type 1 diabetes, and
cytokine signaling genes in crohn’s disease. PLoS Genet, 9(10):€1003770, 2013. URL https://doi.org/
10.1371/journal.pgen.1003770.

Diogo V Carvalho, Eduardo M Pereira, and Jaime S Cardoso. Machine learning interpretability: A survey on
methods and metrics. Electronics, 8(8):832, 2019.

Zhengping Che, Sanjay Purushotham, Robinder Khemani, and Yan Liu. Interpretable deep models for ICU
outcome prediction. In AMIA Annual Symposium Proceedings, volume 2016, pp. 371. American Medical
Informatics Association, 2016.

Xiang Chen, Ching-Ti Liu, Meizhuo Zhang, and Heping Zhang. A forest-based approach to identifying gene
and gene—gene interactions. Proceedings of the National Academy of Sciences, 104(49):19199-19203, 2007.

Xuqi Chen, Rebecca McClusky, Jenny Chen, Simon W. Beaven, Peter Tontonoz, Arthur P. Arnold, and
Karen Reue. The number of x chromosomes causes sex differences in adiposity in mice. PLoS Genet, 8(5):
€1002709, 2012. URL https://doi.org/10.1371/journal.pgen.1002709.

20



Yao Chen, Qingyi Gao, Faming Liang, and Xiao Wang. Nonlinear variable selection via deep neural networks.
Journal of Computational and Graphical Statistics, 30(2):484-492, October 2020. doi: 10.1080/10618600.
2020.1814305. URL https://doi.org/10.1080/10618600.2020.1814305.

Wei Cheng, Sohini Ramachandran, and Lorin Crawford. Epsilon-genic effects bridge the gap between polygenic
and omnigenic complex traits. bioRxiv preprint 597484, 2019.

Wei Cheng, Sohini Ramachandran, and Lorin Crawford. Uncertainty quantification in variable selection for
genetic fine-mapping using bayesian neural networks. iScience, pp. 104553, 2022.

James R Clough, Ilkay Oksuz, Esther Puyol-Antén, Bram Ruijsink, Andrew P King, and Julia A Schnabel.
Global and local interpretability for cardiac MRI classification. In International Conference on Medical
Image Computing and Computer-Assisted Intervention, pp. 656-664. Springer, 2019.

James H Cole, Rudra PK Poudel, Dimosthenis Tsagkrasoulis, Matthan WA Caan, Claire Steves, Tim D
Spector, and Giovanni Montana. Predicting brain age with deep learning from raw imaging data results in
a reliable and heritable biomarker. NeuroImage, 163:115-124, 2017.

Chris Cotsapas, Elizabeth K Speliotes, Ida J Hatoum, Danielle M Greenawalt, Radu Dobrin, Pek Y Lum,
Christine Suver, Eugene Chudin, Daniel Kemp, Marc Reitman, Benjamin F Voight, Benjamin M Neale,
Eric E Schadt, Joel N Hirschhorn, Lee M Kaplan, and Mark J Daly. Common body mass index-associated
variants confer risk of extreme obesity. Hum Mol Genet, 18(18):3502-3507, 2009. ISSN 1460-2083
(Electronic); 0964-6906 (Print); 0964-6906 (Linking). doi: 10.1093 /hmg/ddp292.

Lorin Crawford, Ping Zeng, Sayan Mukherjee, and Xiang Zhou. Detecting epistasis with the marginal
epistasis test in genetic mapping studies of quantitative traits. PLoS Genet, 13(7):e1006869—, 2017. URL
https://doi.org/10.1371/journal.pgen.1006869.

Lorin Crawford, Kris C Wood, Xiang Zhou, and Sayan Mukherjee. Bayesian approximate kernel regression
with variable selection. Journal of the American Statistical Association, 113(524):1710-1721, 2018.

Lorin Crawford, Seth R Flaxman, Daniel E Runcie, and Mike West. Variable prioritization in nonlinear black
box methods: A genetic association case study. The Annals of Applied Statistics, 13(2):958, 2019.

Christiaan A. de Leeuw, Joris M. Mooij, Tom Heskes, and Danielle Posthuma. Magma: generalized gene-set
analysis of gwas data. PLoS Comput Biol, 11(4):e1004219—, 2015. URL https://doi.org/10.1371/
journal.pcbi.1004219.

Pinar Demetci, Wei Cheng, Gregory Darnell, Xiang Zhou, Sohini Ramachandran, and Lorin Crawford.
Multi-scale inference of genetic trait architecture using biologically annotated neural networks. PLoS
Genetics, 17(8):€1009754, 2021.

Finale Doshi-Velez and Been Kim. Towards a rigorous science of interpretable machine learning. arXiv
preprint arXiv:1702.08608, 2017.

Haitham A Elmarakeby, Justin Hwang, Rand Arafeh, Jett Crowdis, Sydney Gang, David Liu, Saud H
AlDubayan, Keyan Salari, Steven Kregel, Camden Richter, et al. Biologically informed deep neural network
for prostate cancer discovery. Nature, 598(7880):348-352, 2021.

Dumitru Erhan, Yoshua Bengio, Aaron Courville, and Pascal Vincent. Visualizing higher-layer features of a
deep network. University of Montreal, 1341(3):1, 2009.

Jean Feng and Noah Simon. Sparse-input neural networks for high-dimensional nonparametric regression and
classification, 2017. URL https://arxiv.org/abs/1711.07592.

Vincent Fortuin. Priors in bayesian deep learning: A review. International Statistical Review, 2022.
Nicholas Frosst and Geoffrey Hinton. Distilling a neural network into a soft decision tree. arXiv preprint

arXiv:1711.09784, 2017.

21



Tessel E Galesloot, Kristel Van Steen, Lambertus ALM Kiemeney, Luc L Janss, and Sita H Vermeulen. A
comparison of multivariate genome-wide association methods. PloS one, 9(4):¢95923, 2014.

Amirata Ghorbani, Abubakar Abid, and James Zou. Interpretation of neural networks is fragile. In Proceedings
of the AAAI Conference on Artificial Intelligence, volume 33, pp. 3681-3688, 2019.

Soumya Ghosh, Jiayu Yao, and Finale Doshi-Velez. Model selection in bayesian neural networks via horseshoe
priors. Journal of Machine Learning Research, 20(182):1-46, 2019. URL http://jmlr.org/papers/v20/
19-236.html.

Alex Graves. Practical variational inference for neural networks. In Advances in Neural Information Processing
Systems, pp. 2348-2356, 2011.

Baptiste Gregorutti, Bertrand Michel, and Philippe Saint-Pierre. Grouped variable importance with random
forests and application to multiple functional data analysis. Computational Statistics € Data Analysis, 90:
15-35, 2015.

Riccardo Guidotti, Anna Monreale, Salvatore Ruggieri, Franco Turini, Fosca Giannotti, and Dino Pedreschi.
A survey of methods for explaining black box models. ACM Computing Surveys (CSUR), 51(5):93, 2018.

William W Hager. Updating the inverse of a matrix. SIAM review, 31(2):221-239, 1989.

Tomas Hajek, Katja Franke, Marian Kolenic, Jana Capkova, Martin Matejka, Lukas Propper, Rudolf Uher,
Pavla Stopkova, Tomas Novak, Tomas Paus, et al. Brain age in early stages of bipolar disorders or
schizophrenia. Schizophrenia bulletin, 45(1):190-198, 2019.

Patrick Hall. Guidelines for responsible and human-centered use of explainable machine learning. arXiv
preprint arXiv:1906.03533, 2019.

Irina Higgins, Loic Matthey, Arka Pal, Christopher Burgess, Xavier Glorot, Matthew Botvinick, Shakir
Mohamed, and Alexander Lerchner. beta-vae: Learning basic visual concepts with a constrained variational
framework. In International Conference on Learning Representations (ICLR), 2016.

Geoffrey Hinton, Oriol Vinyals, and Jeff Dean. Distilling the knowledge in a neural network. arXiv preprint
arXiv:1503.02531, 2015.

Geoffrey E Hinton and Drew Van Camp. Keeping neural networks simple by minimizing the description
length of the weights. In Proceedings of the Sizth Annual Conference on Computational Learning Theory,
pp. 5-13. ACM, 1993.

Arthur E. Hoerl and Robert W. Kennard. Ridge regression: Biased estimation for nonorthogonal problems.
Technometrics, 12(1):55-67, 1970. doi: 10.1080/00401706.1970.10488634. URL https://www.tandfonline.
com/doi/abs/10.1080/00401706.1970.10488634.

Tuliana Ionita-Laza, Seunggeun Lee, Vlad Makarov, Joseph D. Buxbaum, and Xihong Lin. Sequence kernel
association tests for the combined effect of rare and common variants. American Journal of Human
Genetics, 92(6):841-853, 2013. doi: https://doi.org/10.1016/j.ajhg.2013.04.015.

Nancy C Jerez-Timaure, Francis Kearney, E Barry Simpson, Eugene J Eisen, and Daniel Pomp. Characteri-
zation of qtl with major effects on fatness and growth on mouse chromosome 2. Obes Res, 12(9):1408-1420,
2004. ISSN 1071-7323 (Print); 1071-7323 (Linking). doi: 10.1038/0by.2004.177.

Peyman H. Kassani, Fred Lu, Yann Le Guen, Michael E. Belloy, and Zihuai He. Deep neural networks
with controlled variable selection for the identification of putative causal genetic variants. Nature Ma-
chine Intelligence, September 2022. doi: 10.1038/s42256-022-00525-0. URL https://doi.org/10.1038/
s42256-022-00525-0.

Pieter-Jan Kindermans, Sara Hooker, Julius Adebayo, Maximilian Alber, Kristof T Schiitt, Sven Dé&hne,
Dumitru Erhan, and Been Kim. The (un) reliability of saliency methods. In Ezplainable AI: Interpreting,
Ezplaining and Visualizing Deep Learning, pp. 267-280. Springer, 2019.

22



Diederik P Kingma and Jimmy Ba. Adam: A method for stochastic optimization. arXiv preprint
arXiv:1412.6980, 2014.

Durk P Kingma, Tim Salimans, and Max Welling. Variational dropout and the local reparameterization
trick. In Advances in Neural Information Processing Systems, pp. 2575-2583, 2015.

Arinbjorn Kolbeinsson, Sarah Filippi, Yannis Panagakis, Paul M Matthews, Paul Elliott, Abbas Dehghan,
and Toanna Tzoulaki. Accelerated mri-predicted brain ageing and its associations with cardiometabolic and
brain disorders. Scientific Reports, 10(1):1-9, 2020.

Arinbjérn Kolbeinsson, Jean Kossaifi, Yannis Panagakis, Adrian Bulat, Animashree Anandkumar, Ioanna
Tzoulaki, and Paul M Matthews. Tensor dropout for robust learning. IEEE Journal of Selected Topics in
Signal Processing, 15(3):630-640, 2021.

Andrei Nikolaevich Kolmogorov and Yu A Rozanov. On strong mixing conditions for stationary Gaussian
processes. Theory Probability and Its Applications, 5(2):204-208, 1960.

Deepthi Praveenlal Kuttichira, Sunil Gupta, Cheng Li, Santu Rana, and Svetha Venkatesh. Explaining
black-box models using interpretable surrogates. In Pacific Rim International Conference on Artificial
Intelligence, pp. 3—15. Springer, 2019.

Jun Soo Kwon, Robert W McCarley, Yoshio Hirayasu, Jane E Anderson, Iris A Fischer, Ron Kikinis, Ferenc A
Jolesz, and Martha E Shenton. Left planum temporale volume reduction in schizophrenia. Archives of
General Psychiatry, 56(2):142-148, 1999.

David Lamparter, Daniel Marbach, Rico Rueedi, Zoltan Kutalik, and Sven Bergmann. Fast and rigorous
computation of gene and pathway scores from snp-based summary statistics. PLoS Comput Biol, 12(1):
€1004714, 2016. URL https://doi.org/10.1371/journal.pcbi.1004714.

Yann LeCun, Yoshua Bengio, and Geoffrey Hinton. Deep learning. Nature, 521(7553):436-444, 2015.

A V Lembertas, L Pérusse, Y C Chagnon, J S Fisler, C H Warden, D A Purcell-Huynh, F T Dionne, J Gagnon,
A Nadeau, A J Lusis, and C Bouchard. Identification of an obesity quantitative trait locus on mouse
chromosome 2 and evidence of linkage to body fat and insulin on the human homologous region 20q. J Clin
Invest, 100(5):1240-1247, 1997. ISSN 0021-9738 (Print); 0021-9738 (Linking). doi: 10.1172/JCI119637.

Fan Li, Tingting Zhang, Quanli Wang, Marlen Z. Gonzalez, Erin L. Maresh, and James A. Coan. Spatial
bayesian variable selection and grouping for high-dimensional scalar-on-image regression. Ann Appl Stat,
9(2):687-713, 2015. doi: 10.1214/15-A0OAS818. URL https://projecteuclid.org:443/euclid.aoas/
1437397107.

Jimmy Z Liu, Allan F Mcrae, Dale R Nyholt, Sarah E Medland, Naomi R Wray, Kevin M Brown, Nicholas K
Hayward, Grant W Montgomery, Peter M Visscher, Nicholas G Martin, et al. A versatile gene-based test
for genome-wide association studies. American Journal of Human Genetics, 87(1):139-145, 2010.

Yang Lu, Yingying Fan, Jinchi Lv, and William Stafford Noble. Deeppink: reproducible fea-
ture selection in deep neural networks. In S. Bengio, H. Wallach, H. Larochelle, K. Grauman,
N. Cesa-Bianchi, and R. Garnett (eds.), Advances in Neural Information Processing Systems, vol-
ume 31. Curran Associates, Inc., 2018. URL https://proceedings.neurips.cc/paper/2018/file/
29daf9442f3c0b60642b14c081b4ab56-Paper.pdf.

Alexander Selvikvag Lundervold and Arvid Lundervold. An overview of deep learning in medical imaging
focusing on mri. Zeitschrift fir Medizinische Physik, 29(2):102-127, 2019.

Trudy F. C. Mackay. Epistasis and quantitative traits: using model organisms to study gene-gene interactions.
Nat Rev Genet, 15(1):22-33, 2014. doi: 10.1038/nrg3627. URL https://doi.org/10.1038/nrg3627.

Wesley J Maddox, Pavel Izmailov, Timur Garipov, Dmitry P Vetrov, and Andrew Gordon Wilson. A simple
baseline for Bayesian uncertainty in deep learning. In Advances in Neural Information Processing Systems,
pp- 13132-13143, 2019.

23



Teri A Manolio, Francis S Collins, Nancy J Cox, David B Goldstein, Lucia A Hindorff, David J Hunter,
Mark I McCarthy, Erin M Ramos, Lon R Cardon, Aravinda Chakravarti, Judy H Cho, Alan E Guttmacher,
Augustine Kong, Leonid Kruglyak, Elaine Mardis, Charles N Rotimi, Montgomery Slatkin, David Valle,
Alice S Whittemore, Michael Boehnke, Andrew G Clark, Evan E Eichler, Greg Gibson, Jonathan L. Haines,
Trudy F C Mackay, Steven A McCarroll, and Peter M Visscher. Finding the missing heritability of complex
diseases. Nature, 461(7265):747-753, 2009. doi: 10.1038/nature08494.

Ricards Marcinkevics and Julia E. Vogt. Interpretability and explainability: A machine learning zoo mini-tour.
CoRR, abs/2012.01805, 2020. URL https://arxiv.org/abs/2012.01805.

Karla L Miller, Fidel Alfaro-Almagro, Neal K Bangerter, David L. Thomas, Essa Yacoub, Jungian Xu,
Andreas J Bartsch, Saad Jbabdi, Stamatios N Sotiropoulos, Jesper L R Andersson, Ludovica Griffanti,
Gwenaélle Douaud, Thomas W Okell, Peter Weale, Tulius Dragonu, Steve Garratt, Sarah Hudson, Rory
Collins, Mark Jenkinson, Paul M Matthews, and Stephen M Smith. Multimodal population brain imaging
in the uk biobank prospective epidemiological study. Nature Neuroscience, 19(11):1523-1536, 2016. doi:
10.1038/1n.4393. URL https://doi.org/10.1038/nn.4393.

Priyanka Nakka, Benjamin J. Raphael, and Sohini Ramachandran. Gene and network analysis of common
variants reveals novel associations in multiple complex diseases. Genetics, 204(2):783-798, 2016.

Raziur Rahman, Saugato Rahman Dhruba, Souparno Ghosh, and Ranadip Pal. Functional random forest
with applications in dose-response predictions. Scientific reports, 9(1):1-14, 2019.

Carl Edward Rasmussen and Christopher KI Williams. Gaussian Processes for Machine Learning, 2006.

Marco Tulio Ribeiro, Sameer Singh, and Carlos Guestrin. Why Should I Trust You?: Explaining the
Predictions of any Classifier. In Proceedings of the 22nd ACM SIGKDD International Conference on
Knowledge Discovery and Data Mining, pp. 1135-1144. ACM, 2016.

Hippolyt Ritter, Aleksandar Botev, and David Barber. A scalable Laplace approximation for neural networks.
In 6th International Conference on Learning Representations, ICLR 2018-Conference Track Proceedings,
volume 6. International Conference on Representation Learning, 2018.

Hippolyt Ritter, Martin Kukla, Cheng Zhang, and Yingzhen Li. Sparse uncertainty representation in deep
learning with inducing weights. Advances in Neural Information Processing Systems, 34:6515-6528, 2021.

Cynthia Rudin. Stop explaining black box machine learning models for high stakes decisions and use
interpretable models instead. Nature Machine Intelligence, 1(5):206-215, 2019.

Bernhard Schélkopf, Ralf Herbrich, and Alex J. Smola. A generalized representer theorem. In Proceedings
of the 14th Annual Conference on Computational Learning Theory and and 5th Furopean Conference on
Computational Learning Theory, pp. 416-426, London, UK, UK, 2001. Springer-Verlag.

Bernhard Scholkopf, Alexander J Smola, Francis Bach, et al. Learning with Kernels: Support Vector Machines,
Regularization, Optimization, and Beyond. MIT press, 2002.

Avanti Shrikumar, Peyton Greenside, Anna Shcherbina, and Anshul Kundaje. Not just a black box: Learning
important features through propagating activation differences. arXiv preprint arXiv:1605.01713, 2016.

Noah Simon, Jerome Friedman, Trevor Hastie, and Robert Tibshirani. A sparse-group lasso. Journal of
Computational and Graphical Statistics, 22(2):231-245, 2013.

Karen Simonyan, Andrea Vedaldi, and Andrew Zisserman. Deep inside convolutional networks: Visualising
image classification models and saliency maps. In In Workshop at International Conference on Learning
Representations. Citeseer, 2014.

Daniel Smilkov, Nikhil Thorat, Been Kim, Fernanda Viégas, and Martin Wattenberg. Smoothgrad: Removing
noise by adding noise. arXiv:1706.03825, 2017.

24



Zixuan Song and Jun Li. Variable selection with false discovery rate control in deep neural networks.
Nature Machine Intelligence, 3(5):426-433, March 2021. doi: 10.1038/s42256-021-00308-z. URL https:
//doi.org/10.1038/s42256-021-00308~z.

Jost Tobias Springenberg, Alexey Dosovitskiy, Thomas Brox, and Martin Riedmiller. Striving for simplicity:
The all convolutional net. In In Workshop at International Conference on Learning Representations.
Citeseer, 2015.

Hreinn Stefansson, David B Rye, Andrew Hicks, Hjorvar Petursson, Andres Ingason, Thorgeir E Thorgeirsson,
Stefan Palsson, Thordur Sigmundsson, Albert P Sigurdsson, Ingibjorg Eiriksdottir, Emilia Soebech, Donald
Bliwise, Joseph M Beck, Ami Rosen, Salina Waddy, Lynn M Trotti, Alex Iranzo, Madhav Thambisetty,
Gudmundur A Hardarson, Kristleifur Kristjansson, Larus J Gudmundsson, Unnur Thorsteinsdottir,
Augustine Kong, Jeffrey R Gulcher, Daniel Gudbjartsson, and Kari Stefansson. A genetic risk factor for
periodic limb movements in sleep. N Engl J Med, 357(7):639-647, 2007. ISSN 1533-4406 (Electronic);
0028-4793 (Linking). doi: 10.1056/NEJMoa072743.

Ryan Sun, Shirley Hui, Gary D. Bader, Xihong Lin, and Peter Kraft. Powerful gene set analysis in
gwas with the generalized berk-jones statistic. PLOS Genetics, 15(3):e1007530, 2019. URL https:
//doi.org/10.1371/journal.pgen.1007530.

Mukund Sundararajan, Ankur Taly, and Qiqi Yan. Axiomatic attribution for deep networks. In Proceeding
of the 34th International Conference on Machine Learning, pp. 3319-3328, 2017.

Dafna Sussman, Rachel C Leung, M Mallar Chakravarty, Jason P Lerch, and Margot J Taylor. The developing
human brain: age-related changes in cortical, subcortical, and cerebellar anatomy. Brain and behavior, 6
(4):e00457, 2016.

Wai Shing Tang, Gabriel Monteiro da Silva, Henry Kirveslahti, Erin Skeens, Bibo Feng, Timothy Sudijono,
Kevin K. Yang, Sayan Mukherjee, Brenda Rubenstein, and Lorin Crawford. A topological data analytic
approach for discovering biophysical signatures in protein dynamics. PLOS Computational Biology, 18(5):
1-42, 2022. doi: 10.1371/journal.pcbi.1010045. URL https://doi.org/10.1371/journal.pcbi.1010045.

Anna L. Tyler, Leah Rae Donahue, Gary A. Churchill, and Gregory W. Carter. Weak epistasis generally
stabilizes phenotypes in a mouse intercross. PLoS Genet, 12(2):€1005805, 2016. URL https://doi.org/
10.1371/journal . pgen.1005805.

William Valdar, Leah C Solberg, Dominique Gauguier, Stephanie Burnett, Paul Klenerman, William O
Cookson, Martin S Taylor, J Nicholas P Rawlins, Richard Mott, and Jonathan Flint. Genome-wide genetic
association of complex traits in heterogeneous stock mice. Nature Genetics, 38(8):879-887, 2006.

Giel HH van Bergen, Pascal Duenk, Cornelis A Albers, Piter Bijma, Mario PL Calus, Yvonne CJ Wientjes,
and Hilbert J Kappen. Bayesian neural networks with variable selection for prediction of genotypic values.
Genetics Selection Evolution, 52(1):1-14, 2020.

Peter M. Visscher, Matthew A. Brown, Mark I. McCarthy, and Jian Yang. Five years of gwas discovery.
American Journal of Human Genetics, 90(1):7-24, 2012.

James A Vitarius, Ephraim Sehayek, and Jan L Breslow. Identification of quantitative trait loci affecting
body composition in a mouse intercross. Proc Natl Acad Sci U S A, 103(52):19860-19865, 2006. ISSN
0027-8424 (Print); 1091-6490 (Electronic); 0027-8424 (Linking). doi: 10.1073/pnas.0609232103.

Bruce Wang, Timothy Sudijono, Henry Kirveslahti, Tingran Gao, Douglas M. Boyer, Sayan Mukherjee,
and Lorin Crawford. A statistical pipeline for identifying physical features that differentiate classes of
3d shapes. The Annals of Applied Statistics, 15(2):638-661, 2021. doi: 10.1214/20-A0AS1430. URL
https://doi.org/10.1214/20-A0AS1430.

Fulton Wang and Cynthia Rudin. Falling rule lists. In Artificial Intelligence and Statistics, pp. 10131022,
2015.

25



Marie Wehenkel, Antonio Sutera, Christine Bastin, Pierre Geurts, and Christophe Phillips. Random forests
based group importance scores and their statistical interpretation: application for alzheimer’s disease.
Frontiers in Neuroscience, 12:411, 2018.

Carl Wernicke. Der aphasische Symptomencomplez: eine psychologische Studie auf anatomischer Basis.
Cohn., 1874.

Juliane Winkelmann, Barbara Schormair, Peter Lichtner, Stephan Ripke, Lan Xiong, Shapour Jalilzadeh,
Stephany Fulda, Benno Piitz, Gertrud Eckstein, Stephanie Hauk, Claudia Trenkwalder, Alexander Zimprich,
Karin Stiasny-Kolster, Wolfgang Oertel, Cornelius G Bachmann, Walter Paulus, Ines Peglau, Ilonka
Eisensehr, Jacques Montplaisir, Gustavo Turecki, Guy Rouleau, Christian Gieger, Thomas Illig, H-Erich
Wichmann, Florian Holsboer, Bertram Miiller-Myhsok, and Thomas Meitinger. Genome-wide association
study of restless legs syndrome identifies common variants in three genomic regions. Nat Genet, 39(8):
1000-1006, 2007. ISSN 1061-4036 (Print); 1061-4036 (Linking). doi: 10.1038/ng2099.

Svante Wold, Arnold Ruhe, Herman Wold, and WJ Dunn, III. The collinearity problem in linear regression.
the partial least squares (pls) approach to generalized inverses. SIAM Journal on Scientific and Statistical
Computing, 5(3):735-743, 1984.

Naomi R. Wray, Cisca Wijmenga, Patrick F. Sullivan, Jian Yang, and Peter M. Visscher. Common disease
is more complex than implied by the core gene omnigenic model. Cell, 173(7):1573-1580, 2018. doi:
10.1016/j.cell.2018.05.051. URL https://doi.org/10.1016/j.cell.2018.05.051.

Michael C Wu, Peter Kraft, Michael P Epstein, Deanne M Taylor, Stephen J Chanock, David J Hunter, and
Xihong Lin. Powerful SNP-set analysis for case-control genome-wide association studies. American Journal
of Human Genetics, 86(6):929-942, 2010.

Jian Yang, Beben Benyamin, Brian P McEvoy, Scott Gordon, Anjali K Henders, Dale R Nyholt, Pamela A
Madden, Andrew C Heath, Nicholas G Martin, Grant W Montgomery, Michael E Goddard, and Peter M
Visscher. Common snps explain a large proportion of the heritability for human height. Nature Genetics,
42(7):565-569, 2010.

Jian Yang, Noah A Zaitlen, Michael E Goddard, Peter M Visscher, and Alkes L Price. Advantages and
pitfalls in the application of mixed-model association methods. Nature Genetics, 46(2):100-106, 2014.

Nengjun Yi, Adam Diament, Sally Chiu, Kyoungmi Kim, David B Allison, Janis S Fisler, and Craig H
Warden. Characterization of epistasis influencing complex spontaneous obesity in the bsb model. Genetics,
167(1):399-409, 2004. ISSN 0016-6731 (Print); 0016-6731 (Linking). doi: 10.1534/genetics.167.1.399.

Nengjun Yi, Denise K Zinniel, Kyoungmi Kim, Eugene J Eisen, Alfred Bartolucci, David B Allison, and
Daniel Pomp. Bayesian analyses of multiple epistatic qtl models for body weight and body composition in
mice. Genet Res, 87(1):45-60, 2006. ISSN 0016-6723 (Linking). doi: 10.1017/S0016672306007944.

Ming Yuan and Yi Lin. Model selection and estimation in regression with grouped variables. Journal of the
Royal Statistical Society: Series B (Statistical Methodology), 68(1):49-67, 2006.

Xiang Zhou, Peter Carbonetto, and Matthew Stephens. Polygenic modeling with Bayesian sparse linear
mixed models. PLoS Genet, 9(2):e1003264, 2013.

Xiang Zhu and Matthew Stephens. Large-scale genome-wide enrichment analyses identify new trait-associated
genes and pathways across 31 human phenotypes. Nature Communications, 9(1):4361, 2018.

26



