
Under review as submission to TMLR

Equivariant Graph Network Approximations of High-Degree
Polynomials for Force Field Prediction

Anonymous authors
Paper under double-blind review

Abstract

Recent advancements in equivariant deep models have shown promise in accurately predicting
atomic potentials and force fields in molecular dynamics simulations. Using spherical
harmonics (SH) and tensor products (TP), these equivariant networks gain enhanced physical
understanding, like symmetries and many-body interactions. Beyond encoding physical
insights, SH and TP are also crucial to represent equivariant polynomial functions. In this
work, we analyze the equivariant polynomial functions for the equivariant architecture, and
introduce a novel equivariant network, named PACE. The proposed PACE utilizes edge
booster and the Atomic Cluster Expansion (ACE) technique to approximate SE(3) × Sn

equivariant polynomial functions with enhanced degrees. As experimented in commonly used
benchmarks, PACE demonstrates state-of-the-art performance and generalization capability
in predicting atomic energy and force fields.

1 Introduction

Deep learning has led to notable progress in computational quantum chemistry tasks, such as predicting
atomic potentials and force fields in molecular systems (Zhang et al., 2023). Fast and accurate prediction
of energy and force is desired, as it plays crucial roles in advanced applications such as material design
and drug discovery. However, it is insufficient to rely solely on learning from data, as there are physics
challenges that must be taken into consideration. For example, to better consider symmetries inherent in
3D molecular structures, equivariant graph neural networks (GNNs) have been developed in recent years.
By using equivariant features and equivariant operations, SE(3)-equivariant GNNs ensure equivariance of
permutation, translation and rotation. Thus, their internal features and predictions transform accordingly as
the molecule is rotated or translated. Existing equivariant GNNs can specialize in handling features with
either rotation order ℓ = 1 (Schütt et al., 2021; Jing et al., 2021; Satorras et al., 2021; Du et al., 2022; 2023;
Thölke & Fabritiis, 2022) or higher rotation order ℓ > 1 (Thomas et al., 2018; Fuchs et al., 2020; Liao & Smidt,
2023; Batzner et al., 2022; Batatia et al., 2022a;b; Unke et al., 2021a; Yu et al., 2023), while invariant methods
only consider rotation order ℓ = 0 (Schütt et al., 2017; Smith et al., 2017; Chmiela et al., 2017; Zhang et al.,
2018a;b; Schütt et al., 2018; Ying et al., 2021; Luo et al., 2023; Gasteiger et al., 2020; Liu et al., 2022; Gasteiger
et al., 2021). Generally, methods with higher rotation order exhibit improved performance but at the cost of
higher computational complexity. In addition to rotation order, some equivariant methods (Musaelian et al.,
2023; Batatia et al., 2022a;b) also consider many-body interactions in their model design. These approaches
follow traditional principles (Brown et al., 2004; Braams & Bowman, 2009) of decomposing the potential
energy surface (PES) as a linear combination of body-ordered functions. In contrast to standard message
passing (Gilmer et al., 2017) that considers interactions between two atoms in each message, many-body
methods aim to incorporate the interactions of multiple atoms surrounding the central node.

Interestingly, equivariant neural networks leveraging spherical harmonics as edge features can be interpreted
from another perspective of approximating equivariant polynomial functions. This stems from the ability of
spherical harmonics to represent both invariant and equivariant polynomial functions via tensor products.
Additionally, the tensor contraction operation introduced by Atomic Cluster Expansion (ACE) (Drautz, 2019;
Dusson et al., 2022; Kovács et al., 2021) broaden the model’s scope, covering a wider range of polynomial
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functions. Thus, the primary aim of this work is to develop a model that exhibits enhanced expressiveness,
particularly for predicting atomic energy and force fields.

In the present study, we expand the scope of equivariant polynomial function analysis, transitioning from
point cloud networks to equivariant networks that aim to predict symmetric physical properties, such as
atomic energy. This analytical extension informs the development of our novel equivariant network, PACE.
Our proposed network effectively integrates an edge booster and many-body interactions through the ACE
technique, which demonstrates an advanced capacity for approximating SE(3) × Sn equivariant functions,
achieving full spanning and higher polynomial degrees. Our method is termed PACE as it is based on
polynomial function approximation and ACE. To evaluate the efficacy of our approach, we assess our model
on three molecular dynamics simulation datasets, including rMD17, 3BPA and AcAc, and obtain consistent
performance enhancements. Notably, our model not only achieves state-of-the-art performance in energy and
force predictions but also exhibits strong generalization capabilities in out-of-distribution settings.

2 Symmetries and Polynomial Functions

2.1 Symmetries

Incorporating physical symmetries into machine learning models is pivotal for tackling quantum chemistry
challenges. This is because numerous quantum properties of molecules inherently exhibit equivariance or
invariance to symmetry transformations. For instance, if we rotate a molecule in 3D space, forces acting
on atoms rotate accordingly while the total energy of the molecule remains invariant. Besides rotation, the
permutation of atoms within a molecule represents another type of symmetry. In such scenarios, the forces on
atoms obey permutation equivariance, while the molecular energy remains invariant to atomic permutations.
To summarize, atomic forces can be characterized as SE(3)-equivariant to rotational transformations and
Sn-equivariant to atomic permutations, reflecting the respective symmetry groups G associated with these
symmetry operations. Concurrently, molecular energy exhibits SE(3)-invariance and Sn-invariance.

Mathematically (Bronstein et al., 2021), given a group G and group action ∗, we say a function f mapping
from source domain Q to target domain Y is G-equivariant if f(g ∗ q) = g ∗ f(q), ∀q ∈ Q, ∀g ∈ G. Similarly,
if f(g ∗ q) = f(q) holds, we say f is G-invariant. Due to the intrinsic SE(3) and Sn equivariant and
invariant symmetries in quantum chemistry, it is natural to encode these symmetries directly into the model
architectures for effectively approximating the function f .

2.2 Polynomial Functions in Equivariant GNNs

Building on this concept of learning a powerful invariant or equivariant function f , various equivariant
networks have been developed. These networks (Thomas et al., 2018; Batatia et al., 2022b; Yu et al., 2023) are
designed for mapping 3D molecular structures to inherently symmetric properties, such as energy, force, and
the Hamiltonian matrix. Typically, these networks capture directions r̂ and distances r̄ by using real spherical
harmonics Y (r̂) combined with radial basis functions (rbf). Owing to their equivariance property, spherical
harmonics are advantageous for encoding geometric information and predicting the physical properties of
molecules.

It is noteworthy that spherical harmonics, as partially discussed in Dusson et al. (2022), can also serve as
proper features for representing SE(3) invariant and equivariant polynomial functions with the help of tensor
products. Here, we illustrate how spherical harmonics represent polynomial functions using a specific example.
We start with a polynomial function without SE(3) invariance and equivariance constrain. In this polynomial
function denoted as P D(x, y, z) : R3 → R1, D is the highest degree of the polynomial terms, and r̂ = (x, y, z).
By observing Equations (1) to (3), we can find polynomial terms of P D(x, y, z) with D ≤ 2 in Y ℓ=0, Y ℓ=1, and
Y ℓ=1 ⊗ Y ℓ=1, where ⊗ denotes tensor product, C is the coefficients of the spherical harmonics, and Y ℓ=1(r̂)⊗t

represents the tensor product of Y ℓ=1(r̂) with itself, repeated t times. That’s to say, the polynomial functions
P D≤2(x, y, z) can be represented as a linear combination of entries in Y ℓ=0, Y ℓ=1, and Y ℓ=1 ⊗ Y ℓ=1.

Next, let’s consider the SE(3) equivariant polynomial function P D≤2
SE(3)(x, y, z) : R3 → RK , and we use

P D≤2
SE(3)[k] to denote the k-th output of this function, where 1 ≤ k ≤ K. Note that each output of this
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function is still a polynomial function, which is denoted as P D≤2
SE(3)[k] ∈ {P D(x, y, z)|D ≤ 2}. Therefore,

there exists a linear function mapping from Y ℓ=0(r̂), Y ℓ=1(r̂), Y ℓ=1(r̂)⊗2 into P D≤2
SE(3)[k](x, y, z), 1 ≤ k ≤ K,

which then comprise P D≤2
SE(3)(x, y, z). Given that both the input features and polynomial functions are SE(3)

equivariant, the corresponding linear mapping also retains this equivariance. From this, we can conclude
that for any polynomial function P D≤2

SE(3)(x, y, z), there exists an equivariant linear function mapping from
Y ℓ=0(r̂), Y ℓ=1(r̂), and Y ℓ=1(r̂)⊗2 into this function. This principle of linear universality is also discussed in
Dym & Maron (2020).

Y ℓ=0(r̂) = Cℓ=0 ·
[

1
]

(1)

Y ℓ=1(r̂) = Cl=1 ·

 y
z
x

 (2)

Y ℓ=1(r̂) ⊗ Y ℓ=1(r̂) = Y ℓ=1(r̂)⊗2 = Cl=1CT
l=1 ·

 y2 yz yx
zy z2 zx
xy xz x2

 (3)

As previously elucidated, spherical harmonics and their tensor products provide a way to approximate
the polynomial functions, ensuring the preservation of SE(3)-equivariance. In existing equivariant graph
networks (Batzner et al., 2022; Batatia et al., 2022b; Liao & Smidt, 2023), spherical harmonics usually serve
as components of edge messages to provide SE(3) equivariant features. For Sn permutation equivariance,
Graph Neural Networks (GNNs) employ a message passing scheme to aggregate neighboring messages for each
central node. Therefore, by adhering to the aggregation of this message passing scheme, SE(3)-equivariant
features can successfully attain Sn equivariance. Specifically, edge messages are constructed using spherical
harmonics Y ℓ=1(r̂ij), leading to aggregated equivariant features that are analogous to

fxi
=

∑
j∈Ni

Y ℓ=1(r̂ij). (4)

Equivariant GNNs like Anderson et al. (2019) and Batatia et al. (2022b) further implement architectures
akin to

f
′

xi
=

∑
j1∈Ni

Y ℓ=1(r̂ij1) ⊗
∑

j2∈Ni

Y ℓ=1(r̂ij2), (5)

using tensor product within their update modules. Both the basic aggregated message fxi
and its updated

form f
′

xi
qualify as SE(3) × Sn equivariant polynomial functions with the highest degree D ≤ 2. However,

they do not cover all SE(3) × Sn equivariant polynomial functions with the highest degree D. For example,

f̂xi =
∑

j∈Ni

Y ℓ=1(r̂ij)⊗2, (6)

is also a SE(3)×Sn equivariant polynomial function with D = 2, but it is not covered by f
′

xi
as demonstrated

in appendix E. Therefore, developing a model architecture capable of covering a broader range of equivariant
polynomial functions is crucial for enhancing its expressiveness.

2.3 Atomic Energy with Local Environment for Equivariant Polynomial Functions

The approximation of polynomial functions in point cloud networks has been explored previously, as detailed
in Section 4.1 (Maron et al., 2019; Keriven & Peyré, 2019; Dym & Maron, 2020). In this series of analyses,
the architecture’s capacity to approximate invariant or equivariant polynomial functions is demonstrated,
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using 3D coordinates (p1, p2, · · · , pn) as inputs. However, the analysis for equivariant networks in predicting
symmetric physical properties is still underexplored. In energy and force prediction tasks, atomic cluster
expansion (ACE) is a widely used technique for approximating atomic energy. ACE decomposes the total
energy Ei into a sum of individual atomic energies Ei for each atom i, and then uses local environments to
learn these atomic energies, formulated as

Ei(θi) =
∑

j

∑
v

c(1)
v ϕv (rij) +

1
2

∑
j1j2

∑
v1v2

c(2)
v1v2

ϕv1 (rij1) ϕv2 (rij2) +

1
3!

∑
j1j2j3

∑
v1v2v3

c(3)
v1v2v3

ϕv1 (rij1) ϕv2 (rij2) ϕv3 (rij3)

+ · · · , (7)

where θi = (rij1 , · · · , rijN
) denotes N edges in the atomic environment, rij denotes edge direction and

distance from atom i to atom j, ϕ denotes the single edge basis function, and c represents the coefficients.
Therefore, in the context of approximating atomic energy, as opposed to their use in point cloud networks,
the polynomial function of node features fxi here focuses on the N -edge system θi rather than on atomic
coordinates.

The research by Dym & Maron (2020) introduces the concept of D-spanning function sets to denote the
capability of covering SE(3) × Sn equivariant polynomial function with the highest degree D. Expanding
upon their work, a D-spanning function for approximating atomic energy within an N -bond system is defined
as

Q
(t)
K (θi) =

N∑
j1,j2,...,jK =1

r⊗t1
ij1

⊗ r⊗t2
ij2

⊗ . . . ⊗ r⊗tK
ijK

, (8)

where K ≥ D, and t = (t1, · · · , tK). Then, a D-spanning set is defined as

QD
K =

{
ι ◦ Q

(t)
K (θi) | ∥t∥1 ≤ D

}
, (9)

where ι denotes an equivariant linear function mapping.

2.4 Motivation of PACE

Inspired by the goal of approximating SE(3) × Sn equivariant functions with full spanning and higher
polynomial degrees for the atomic energy based on the local atomic environment, in this work, we propose
an equivariant network PACE following the message passing scheme. To briefly summarize using the same
example from Equation (4), PACE incorporates a novel edge booster that leverages the tensor product of
spherical harmonics from r⊗t

ij , t ≤ 2 to construct edge messages analogous to r⊗t
ij , t ≤ 2 ∗ Nboost. Hence, the

aggregated equivariant features in PACE become

fxi
=

∑
j∈Ni

r⊗t
ij , t ≤ 2 ∗ Nboost (10)

Then, PACE utilizes an update module with the symmetric contraction module from MACE to conduct
many-body interaction with correlation v and the corresponding equivariant polynomial function defined as

f̂xi =
∑

j1,··· ,jv∈Ni

r⊗t1
ij1

⊗ · · · ⊗ r⊗tvmax
ijvmax︸ ︷︷ ︸

vmax times

t1, · · · , tv ≤ 2 ∗ Nboost. (11)

Consequently, the updated equivariant features f̂xi can effectively cover all SE(3) × Sn equivariant functions
and achieve D-spanning with D = min{2 ∗ Nboost, vmax}.
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i

<latexit sha1_base64="2aASoQE0ukv08ptlYWwnEyKLIls=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5gHJEmYns8mY2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+yenF3XqnV8jiKcATHcAoeXEENbqEODWAwgGd4hTdHOi/Ou/Mxby04+cwh/IHz+QP4842a</latexit>

j1
<latexit sha1_base64="BPHTXlDy/4rvzABnGQkRXOqgABk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jGieUCyhNlJbzJmdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP/aqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindZubg7L9dqeRwFOIYTOAMPrqAGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QP6d42b</latexit>

j2

<latexit sha1_base64="wFIMx3C/APzRoWNaNscuYuX2Pf4=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hV3fx4AXjxHNA5IlzE5mkzGzs8tMrxCWfIIXD4p49Yu8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJn7ziWsjYvWAo4T7Ee0rEQpG0Ur3j92zbqnsVtwpyCLxclKGHLVu6avTi1kacYVMUmPanpugn1GNgkk+LnZSwxPKhrTP25YqGnHjZ9NTx+TYKj0SxtqWQjJVf09kNDJmFAW2M6I4MPPeRPzPa6cYXvuZUEmKXLHZojCVBGMy+Zv0hOYM5cgSyrSwtxI2oJoytOkUbQje/MuLpHFa8S4rF3fn5Wo1j6MAh3AEJ+DBFVThFmpQBwZ9eIZXeHOk8+K8Ox+z1iUnnzmAP3A+fwD7+42c</latexit>

j3

D Polynomial many-body interactionC ACE 4-body interaction

<latexit sha1_base64="vIBApQQOvPqpWWw0Ubf+I3nz30Y=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqx4rXjxWsB/SLks2zbahSXZJsoWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8epIrRJYh6rTog15UzSpmGG006iKBYhp+1wdDfz22OqNIvlo5kk1Bd4IFnECDZWeroNMobGgTcNyhW36s6BVomXkwrkaATlr14/Jqmg0hCOte56bmL8DCvDCKfTUi/VNMFkhAe0a6nEgmo/mx88RWdW6aMoVrakQXP190SGhdYTEdpOgc1QL3sz8T+vm5roxs+YTFJDJVksilKOTIxm36M+U5QYPrEEE8XsrYgMscLE2IxKNgRv+eVV0rqoelfV2sNlpV7P4yjCCZzCOXhwDXW4hwY0gYCAZ3iFN0c5L86787FoLTj5zDH8gfP5Ay4ukAM=</latexit>

Aiv1

<latexit sha1_base64="J8KBLTUN4yI1HHryYiQWPV0UxEk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eIF48RzAOSZZmdzCZDZmfWmdlAWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dYcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3c389pgqzaR4NJOE+jEeCBYxgo2VOrdBxsZBbRqUK27VnQOtEi8nFcjRCMpfvb4kaUyFIRxr3fXcxPgZVoYRTqelXqppgskID2jXUoFjqv1sfu8UnVmljyKpbAmD5urviQzHWk/i0HbG2Az1sjcT//O6qYlu/IyJJDVUkMWiKOXISDR7HvWZosTwiSWYKGZvRWSIFSbGRlSyIXjLL6+SVq3qXVUvHy4q9XoeRxFO4BTOwYNrqMM9NKAJBDg8wyu8OU/Oi/PufCxaC04+cwx/4Hz+ANguj9o=</latexit>

Aiv2

<latexit sha1_base64="NNU/skElyeKfj5uOP2hO922z/Vg=">AAAB73icbVDLSgNBEOyJrxhfUY9eBoPgKez6Pka8eIxgHpAsy+xkNhkyO7vOzAbCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEsG1cZxvVFhZXVvfKG6WtrZ3dvfK+wdNHaeKsgaNRazaAdFMcMkahhvB2oliJAoEawXDu6nfGjGleSwfzThhXkT6koecEmOl9q2f8ZF/PvHLFafqzICXiZuTCuSo++Wvbi+macSkoYJo3XGdxHgZUYZTwSalbqpZQuiQ9FnHUkkipr1sdu8En1ilh8NY2ZIGz9TfExmJtB5Hge2MiBnoRW8q/ud1UhPeeBmXSWqYpPNFYSqwifH0edzjilEjxpYQqri9FdMBUYQaG1HJhuAuvrxMmmdV96p6+XBRqdXyOIpwBMdwCi5cQw3uoQ4NoCDgGV7hDT2hF/SOPuatBZTPHMIfoM8f2bOP2w==</latexit>

Aiv3

<latexit sha1_base64="noLZ30J+US6DLE6+rSJA/BYo0Co=">AAACE3icbZDLSsNAFIZPvNZ6i7p0M1gEcVGSel1W3LisYC/QhjCZTtuhk0yYmRRKyDu48VXcuFDErRt3vo3TNgtt/WHg5zvncOb8QcyZ0o7zbS0tr6yurRc2iptb2zu79t5+Q4lEElonggvZCrCinEW0rpnmtBVLisOA02YwvJ3UmyMqFRPRgx7H1AtxP2I9RrA2yLdPb/yUjXw3Qx2hWUgVmoHKPDjLfLvklJ2p0KJxc1OCXDXf/up0BUlCGmnCsVJt14m1l2KpGeE0K3YSRWNMhrhP28ZG2Gzz0ulNGTo2pIt6QpoXaTSlvydSHCo1DgPTGWI9UPO1Cfyv1k5079pLWRQnmkZktqiXcKQFmgSEukxSovnYGEwkM39FZIAlJtrEWDQhuPMnL5pGpexeli/uz0vVah5HAQ7hCE7AhSuowh3UoA4EHuEZXuHNerJerHfrY9a6ZOUzB/BH1ucPQu+dyQ==</latexit>

Aiv1
⌦ Aiv2

⌦ Aiv3

<latexit sha1_base64="tuoA/PjxGjio9m0i+dKdZzKbZzU=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJWkfh4rXjxWsK3QhrDZbtqlm03YnRRKKF78K148KOLVX+HNf+O2zUFbHww83pthZl6QCK7Bcb6twtLyyupacb20sbm1vWPv7jV1nCrKGjQWsXoIiGaCS9YADoI9JIqRKBCsFQxuJn5ryJTmsbyHUcK8iPQkDzklYCTfPrj2Mz70q2PciYFHTOOZcDr27bJTcabAi8TNSRnlqPv2V6cb0zRiEqggWrddJwEvIwo4FWxc6qSaJYQOSI+1DZXEbPOy6QtjfGyULg5jZUoCnqq/JzISaT2KAtMZEejreW8i/ue1UwivvIzLJAUm6WxRmAoMMZ7kgbtcMQpiZAihiptbMe0TRSiY1EomBHf+5UXSrFbci8r53Vm5VsvjKKJDdIROkIsuUQ3dojpqIIoe0TN6RW/Wk/VivVsfs9aClc/soz+wPn8AlK+W6w==</latexit>

Aiv2
⌦ Aiv3

<latexit sha1_base64="NNU/skElyeKfj5uOP2hO922z/Vg=">AAAB73icbVDLSgNBEOyJrxhfUY9eBoPgKez6Pka8eIxgHpAsy+xkNhkyO7vOzAbCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEsG1cZxvVFhZXVvfKG6WtrZ3dvfK+wdNHaeKsgaNRazaAdFMcMkahhvB2oliJAoEawXDu6nfGjGleSwfzThhXkT6koecEmOl9q2f8ZF/PvHLFafqzICXiZuTCuSo++Wvbi+macSkoYJo3XGdxHgZUYZTwSalbqpZQuiQ9FnHUkkipr1sdu8En1ilh8NY2ZIGz9TfExmJtB5Hge2MiBnoRW8q/ud1UhPeeBmXSWqYpPNFYSqwifH0edzjilEjxpYQqri9FdMBUYQaG1HJhuAuvrxMmmdV96p6+XBRqdXyOIpwBMdwCi5cQw3uoQ4NoCDgGV7hDT2hF/SOPuatBZTPHMIfoM8f2bOP2w==</latexit>

Aiv3

<latexit sha1_base64="ZHlRf2BVTwRLALzx2mgxnoeCDNg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawtpKJvNtl262Q27E6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h88GpVpylpUCaU7ETFMcMlayFGwTqoZSSLB2tHoduq3n5g2XMkHHKcsTMhA8j6nBK0UdJGLmOVk0uO9as2rezO4y8QvSA0KNHvVr26saJYwiVQQYwLfSzHMiUZOBZtUuplhKaEjMmCBpZIkzIT57OSJe2KV2O0rbUuiO1N/T+QkMWacRLYzITg0i95U/M8LMuxfhzmXaYZM0vmifiZcVO70fzfmmlEUY0sI1dze6tIh0YSiTaliQ/AXX14mj2d1/7J+cX9ea9wUcZThCI7hFHy4ggbcQRNaQEHBM7zCm4POi/PufMxbS04xcwh/4Hz+AKSwkYE=</latexit>

ãi
<latexit sha1_base64="8TnbHJ6aYFPNjE6ar+D0dN2rhwY="></latexit>X

�v1
(rij1) ⌦

X
�v2

(rij2) ⌦
X

�v3
(rij3)

MLP

MLP

<latexit sha1_base64="9lK/OC+5hEMRy0ik73hGob16dlE=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBAEIeyKr2PQi8co5gFJCLOT2WTI7Owy0yuEJX/gxYMiXv0jb/6Ns8keNLGgoajqprvLj6Uw6LrfztLyyuraemGjuLm1vbNb2ttvmCjRjNdZJCPd8qnhUiheR4GSt2LNaehL3vRHt5nffOLaiEg94jjm3ZAOlAgEo2ilh9Nir1R2K+4UZJF4OSlDjlqv9NXpRywJuUImqTFtz42xm1KNgkk+KXYSw2PKRnTA25YqGnLTTaeXTsixVfokiLQthWSq/p5IaWjMOPRtZ0hxaOa9TPzPaycYXHdToeIEuWKzRUEiCUYke5v0heYM5dgSyrSwtxI2pJoytOFkIXjzLy+SxlnFu6xc3J+Xqzd5HAU4hCM4AQ+uoAp3UIM6MAjgGV7hzRk5L8678zFrXXLymQP4A+fzB6j8jM0=</latexit>

+ Self-
interaction

<latexit sha1_base64="9lK/OC+5hEMRy0ik73hGob16dlE=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBAEIeyKr2PQi8co5gFJCLOT2WTI7Owy0yuEJX/gxYMiXv0jb/6Ns8keNLGgoajqprvLj6Uw6LrfztLyyuraemGjuLm1vbNb2ttvmCjRjNdZJCPd8qnhUiheR4GSt2LNaehL3vRHt5nffOLaiEg94jjm3ZAOlAgEo2ilh9Nir1R2K+4UZJF4OSlDjlqv9NXpRywJuUImqTFtz42xm1KNgkk+KXYSw2PKRnTA25YqGnLTTaeXTsixVfokiLQthWSq/p5IaWjMOPRtZ0hxaOa9TPzPaycYXHdToeIEuWKzRUEiCUYke5v0heYM5dgSyrSwtxI2pJoytOFkIXjzLy+SxlnFu6xc3J+Xqzd5HAU4hCM4AQ+uoAp3UIM6MAjgGV7hzRk5L8678zFrXXLymQP4A+fzB6j8jM0=</latexit>

+

Self-
interaction

<latexit sha1_base64="9lK/OC+5hEMRy0ik73hGob16dlE=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBAEIeyKr2PQi8co5gFJCLOT2WTI7Owy0yuEJX/gxYMiXv0jb/6Ns8keNLGgoajqprvLj6Uw6LrfztLyyuraemGjuLm1vbNb2ttvmCjRjNdZJCPd8qnhUiheR4GSt2LNaehL3vRHt5nffOLaiEg94jjm3ZAOlAgEo2ilh9Nir1R2K+4UZJF4OSlDjlqv9NXpRywJuUImqTFtz42xm1KNgkk+KXYSw2PKRnTA25YqGnLTTaeXTsixVfokiLQthWSq/p5IaWjMOPRtZ0hxaOa9TPzPaycYXHdToeIEuWKzRUEiCUYke5v0heYM5dgSyrSwtxI2pJoytOFkIXjzLy+SxlnFu6xc3J+Xqzd5HAU4hCM4AQ+uoAp3UIM6MAjgGV7hzRk5L8678zFrXXLymQP4A+fzB6j8jM0=</latexit>

+

Layer 1

Layer 2

A OutputE

B

<latexit sha1_base64="Mo5emPxEB2Ose0IpkUFdse4IrRM=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cI5gHJEmYns8mY2dl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFjd4zjhfkQHSoSCUbRSWwdhLxMPk1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezeyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRlWwI3uLLy6R5VvUuqxd355VaLY+jCEdwDKfgwRXU4Bbq0AAGEp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AZOCQNg==</latexit>

rbfij

<latexit sha1_base64="Hr1UXXI96bWFikfbxxwo1W+JSzs=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx48RjRPCBZwuykNxkzO7vOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmEyrNY3lvRgn6Ee1LHnJGjZVad8mgm/GHcbdUdivuFGSReDkpQ45at/TV6cUsjVAaJqjWbc9NjJ9RZTgTOC52Uo0JZUPax7alkkao/Wx675gcW6VHwljZkoZM1d8TGY20HkWB7YyoGeh5byL+57VTE175GZdJalCy2aIwFcTEZPI86XGFzIiRJZQpbm8lbEAVZcZGVLQhePMvL5LGacW7qJzfnpWr1TyOAhzCEZyAB5dQhRuoQR0YCHiGV3hzHp0X5935mLUuOfnMAfyB8/kDTamQJw==</latexit>

Sphij
<latexit sha1_base64="Hr1UXXI96bWFikfbxxwo1W+JSzs=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx48RjRPCBZwuykNxkzO7vOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmEyrNY3lvRgn6Ee1LHnJGjZVad8mgm/GHcbdUdivuFGSReDkpQ45at/TV6cUsjVAaJqjWbc9NjJ9RZTgTOC52Uo0JZUPax7alkkao/Wx675gcW6VHwljZkoZM1d8TGY20HkWB7YyoGeh5byL+57VTE175GZdJalCy2aIwFcTEZPI86XGFzIiRJZQpbm8lbEAVZcZGVLQhePMvL5LGacW7qJzfnpWr1TyOAhzCEZyAB5dQhRuoQR0YCHiGV3hzHp0X5935mLUuOfnMAfyB8/kDTamQJw==</latexit>

Sphij

<latexit sha1_base64="kd9jXkV1xHXZcOxT/LtFwKhDk2I=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgQcKu+DoGvHiMYB6SLGF2MpuMmZldZmaVsOxXePGgiFc/x5t/4yTZgyYWNBRV3XR3BTFn2rjut1NYWl5ZXSuulzY2t7Z3yrt7TR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0fXEbz1SpVkk78w4pr7AA8lCRrCx0v1TL/VOEHvIeuWKW3WnQIvEy0kFctR75a9uPyKJoNIQjrXueG5s/BQrwwinWambaBpjMsID2rFUYkG1n04PztCRVfoojJQtadBU/T2RYqH1WAS2U2Az1PPeRPzP6yQmvPJTJuPEUElmi8KEIxOhyfeozxQlho8twUQxeysiQ6wwMTajkg3Bm395kTRPq95F9fz2rFKr5XEU4QAO4Rg8uIQa3EAdGkBAwDO8wpujnBfn3fmYtRacfGYf/sD5/AEgnY/6</latexit>w1,ij
<latexit sha1_base64="ayEv/8FDjAoNHW1BcY04z4xVEl0=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgQcJuiI9jwIvHCOYhyRJmJ7PJmJnZZWZWCUu+wosHRbz6Od78GyfJHjSxoKGo6qa7K4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjK6nfuuRKs0ieWfGMfUFHkgWMoKNle6femnlDLGHSa9YcsvuDGiZeBkpQYZ6r/jV7UckEVQawrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYslVhQ7aezgyfoxCp9FEbKljRopv6eSLHQeiwC2ymwGepFbyr+53USE175KZNxYqgk80VhwpGJ0PR71GeKEsPHlmCimL0VkSFWmBibUcGG4C2+vEyalbJ3UT6/rZZqtSyOPBzBMZyCB5dQgxuoQwMICHiGV3hzlPPivDsf89ack80cwh84nz8iJo/7</latexit>w2,ij

||
<latexit sha1_base64="XWHHE7LRtexXdUqMH7AsvzTQakA=">AAAB63icbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48RjBLJAMoafTkzTp7hl6EcKQX/DiQRGv/pA3/8aeZA6a+KDg8V4VVfWilDNtfP/bK62tb2xulbcrO7t7+wfVw6O2TqwitEUSnqhuhDXlTNKWYYbTbqooFhGnnWhyl/udJ6o0S+SjmaY0FHgkWcwINrnU11YMqjW/7s+BVklQkBoUaA6qX/1hQqyg0hCOte4FfmrCDCvDCKezSt9qmmIywSPac1RiQXWYzW+doTOnDFGcKFfSoLn6eyLDQuupiFynwGasl71c/M/rWRPfhhmTqTVUksWi2HJkEpQ/joZMUWL41BFMFHO3IjLGChPj4qm4EILll1dJ+6IeXNevHi5rjcsijjKcwCmcQwA30IB7aEILCIzhGV7hzRPei/fufSxaS14xcwx/4H3+ADD1jk8=</latexit>X

<latexit sha1_base64="hWt93YC6ddLNKBOMrJwdjgbiVL0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBjcsK9gHttGTSTBuaSYYko5ah/+HGhSJu/Rd3/o2ZdhbaeiBwOOde7skJYs60cd1vp7Cyura+UdwsbW3v7O6V9w+aWiaK0AaRXKp2gDXlTNCGYYbTdqwojgJOW8H4JvNbD1RpJsW9mcTUj/BQsJARbKzU60bYjIIwfZr2Wc/tlytu1Z0BLRMvJxXIUe+Xv7oDSZKICkM41rrjubHxU6wMI5xOS91E0xiTMR7SjqUCR1T76Sz1FJ1YZYBCqewTBs3U3xspjrSeRIGdzFLqRS8T//M6iQmv/ZSJODFUkPmhMOHISJRVgAZMUWL4xBJMFLNZERlhhYmxRZVsCd7il5dJ86zqXVYv7s4rtVpeRxGO4BhOwYMrqMEt1KEBBBQ8wyu8OY/Oi/PufMxHC06+cwh/4Hz+AK2NkqI=</latexit>

x0
i

<latexit sha1_base64="hWt93YC6ddLNKBOMrJwdjgbiVL0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBjcsK9gHttGTSTBuaSYYko5ah/+HGhSJu/Rd3/o2ZdhbaeiBwOOde7skJYs60cd1vp7Cyura+UdwsbW3v7O6V9w+aWiaK0AaRXKp2gDXlTNCGYYbTdqwojgJOW8H4JvNbD1RpJsW9mcTUj/BQsJARbKzU60bYjIIwfZr2Wc/tlytu1Z0BLRMvJxXIUe+Xv7oDSZKICkM41rrjubHxU6wMI5xOS91E0xiTMR7SjqUCR1T76Sz1FJ1YZYBCqewTBs3U3xspjrSeRIGdzFLqRS8T//M6iQmv/ZSJODFUkPmhMOHISJRVgAZMUWL4xBJMFLNZERlhhYmxRZVsCd7il5dJ86zqXVYv7s4rtVpeRxGO4BhOwYMrqMEt1KEBBBQ8wyu8OY/Oi/PufMxHC06+cwh/4Hz+AK2NkqI=</latexit>

x0
i

<latexit sha1_base64="7qNO6qKwxZNC8CxkZc0MP/l253U=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy4cVnBPqCdlkyaaWMzyZBk1DL0P9y4UMSt/+LOvzHTzkJbDwQO59zLPTlBzJk2rvvtLC2vrK6tFzaKm1vbO7ulvf2GlokitE4kl6oVYE05E7RumOG0FSuKo4DTZjC6zvzmA1WaSXFnxjH1IzwQLGQEGyt1OxE2wyBMnya9+67bK5XdijsFWiReTsqQo9YrfXX6kiQRFYZwrHXbc2Pjp1gZRjidFDuJpjEmIzygbUsFjqj202nqCTq2Sh+FUtknDJqqvzdSHGk9jgI7maXU814m/ue1ExNe+SkTcWKoILNDYcKRkSirAPWZosTwsSWYKGazIjLEChNjiyraErz5Ly+SxmnFu6ic356Vq9W8jgIcwhGcgAeXUIUbqEEdCCh4hld4cx6dF+fd+ZiNLjn5zgH8gfP5A68TkqM=</latexit>

x0
j

<latexit sha1_base64="ugsNc4Q6GMIpWHhHAyWnPKo76zk=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBjcsK9gHttGTSTBuaSYYko5ah/+HGhSJu/Rd3/o2ZdhbaeiBwOOde7skJYs60cd1vp7Cyura+UdwsbW3v7O6V9w+aWiaK0AaRXKp2gDXlTNCGYYbTdqwojgJOW8H4JvNbD1RpJsW9mcTUj/BQsJARbKzU60bYjIIwfZr2Wc/rlytu1Z0BLRMvJxXIUe+Xv7oDSZKICkM41rrjubHxU6wMI5xOS91E0xiTMR7SjqUCR1T76Sz1FJ1YZYBCqewTBs3U3xspjrSeRIGdzFLqRS8T//M6iQmv/ZSJODFUkPmhMOHISJRVgAZMUWL4xBJMFLNZERlhhYmxRZVsCd7il5dJ86zqXVYv7s4rtVpeRxGO4BhOwYMrqMEt1KEBBBQ8wyu8OY/Oi/PufMxHC06+cwh/4Hz+AK8RkqM=</latexit>

x1
i

<latexit sha1_base64="hWt93YC6ddLNKBOMrJwdjgbiVL0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBjcsK9gHttGTSTBuaSYYko5ah/+HGhSJu/Rd3/o2ZdhbaeiBwOOde7skJYs60cd1vp7Cyura+UdwsbW3v7O6V9w+aWiaK0AaRXKp2gDXlTNCGYYbTdqwojgJOW8H4JvNbD1RpJsW9mcTUj/BQsJARbKzU60bYjIIwfZr2Wc/tlytu1Z0BLRMvJxXIUe+Xv7oDSZKICkM41rrjubHxU6wMI5xOS91E0xiTMR7SjqUCR1T76Sz1FJ1YZYBCqewTBs3U3xspjrSeRIGdzFLqRS8T//M6iQmv/ZSJODFUkPmhMOHISJRVgAZMUWL4xBJMFLNZERlhhYmxRZVsCd7il5dJ86zqXVYv7s4rtVpeRxGO4BhOwYMrqMEt1KEBBBQ8wyu8OY/Oi/PufMxHC06+cwh/4Hz+AK2NkqI=</latexit>

x0
i

<latexit sha1_base64="7qNO6qKwxZNC8CxkZc0MP/l253U=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy4cVnBPqCdlkyaaWMzyZBk1DL0P9y4UMSt/+LOvzHTzkJbDwQO59zLPTlBzJk2rvvtLC2vrK6tFzaKm1vbO7ulvf2GlokitE4kl6oVYE05E7RumOG0FSuKo4DTZjC6zvzmA1WaSXFnxjH1IzwQLGQEGyt1OxE2wyBMnya9+67bK5XdijsFWiReTsqQo9YrfXX6kiQRFYZwrHXbc2Pjp1gZRjidFDuJpjEmIzygbUsFjqj202nqCTq2Sh+FUtknDJqqvzdSHGk9jgI7maXU814m/ue1ExNe+SkTcWKoILNDYcKRkSirAPWZosTwsSWYKGazIjLEChNjiyraErz5Ly+SxmnFu6ic356Vq9W8jgIcwhGcgAeXUIUbqEEdCCh4hld4cx6dF+fd+ZiNLjn5zgH8gfP5A68TkqM=</latexit>

x0
j

<latexit sha1_base64="Mo5emPxEB2Ose0IpkUFdse4IrRM=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cI5gHJEmYns8mY2dl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFjd4zjhfkQHSoSCUbRSWwdhLxMPk1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezeyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRlWwI3uLLy6R5VvUuqxd355VaLY+jCEdwDKfgwRXU4Bbq0AAGEp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AZOCQNg==</latexit>

rbfij

<latexit sha1_base64="C+zDm1ZF4m4uBTKfvh6PDphdva8=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgQcKu8XUMePEYwTwkWcLsZDYZMzO7zMwqYclXePGgiFc/x5t/4yTZgyYWNBRV3XR3BTFn2rjut5NbWl5ZXcuvFzY2t7Z3irt7DR0litA6iXikWgHWlDNJ64YZTluxolgEnDaD4fXEbz5SpVkk78wopr7AfclCRrCx0v1TN62cIPYw7hZLbtmdAi0SLyMlyFDrFr86vYgkgkpDONa67bmx8VOsDCOcjgudRNMYkyHu07alEguq/XR68BgdWaWHwkjZkgZN1d8TKRZaj0RgOwU2Az3vTcT/vHZiwis/ZTJODJVktihMODIRmnyPekxRYvjIEkwUs7ciMsAKE2MzKtgQvPmXF0njtOxdlM9vz0rVahZHHg7gEI7Bg0uowg3UoA4EBDzDK7w5ynlx3p2PWWvOyWb24Q+czx8jr4/8</latexit>w3,ij

<latexit sha1_base64="x4A3zzLuybr+OIv3N0XATUhkYs0=">AAAB+nicbVC7TsMwFL3hWcorhZElokJiqhLEa6zEwlgk+pDaEjmu05raTmQ7oCrkU1gYQIiVL2Hjb3DaDNByJEtH59yre3yCmFGlXffbWlpeWV1bL22UN7e2d3btyl5LRYnEpIkjFslOgBRhVJCmppqRTiwJ4gEj7WB8lfvtByIVjcStnsSkz9FQ0JBipI3k25UeR3oUhCnP/JTeZ3eeb1fdmjuFs0i8glShQMO3v3qDCCecCI0ZUqrrubHup0hqihnJyr1EkRjhMRqSrqECcaL66TR65hwZZeCEkTRPaGeq/t5IEVdqwgMzmQdV814u/ud1Ex1e9lMq4kQTgWeHwoQ5OnLyHpwBlQRrNjEEYUlNVgePkERYm7bKpgRv/suLpHVS885rZzen1Xq9qKMEB3AIx+DBBdThGhrQBAyP8Ayv8GY9WS/Wu/UxG12yip19+APr8wew/ZRJ</latexit>

m1
ij

<latexit sha1_base64="9r9G8tLtyFYyV9OLJYPqk2hf0W8=">AAAB+nicbVC7TsMwFHXKq5RXCiOLRYXEVCUVr7ESC2OR6ENqQ+S4TmtqO5HtgKqQT2FhACFWvoSNv8FpM0DLkSwdnXOv7vEJYkaVdpxvq7Syura+Ud6sbG3v7O7Z1f2OihKJSRtHLJK9ACnCqCBtTTUjvVgSxANGusHkKve7D0QqGolbPY2Jx9FI0JBipI3k29UBR3ochCnP/JTeZ3cN3645dWcGuEzcgtRAgZZvfw2GEU44ERozpFTfdWLtpUhqihnJKoNEkRjhCRqRvqECcaK8dBY9g8dGGcIwkuYJDWfq740UcaWmPDCTeVC16OXif14/0eGll1IRJ5oIPD8UJgzqCOY9wCGVBGs2NQRhSU1WiMdIIqxNWxVTgrv45WXSadTd8/rZzWmt2SzqKINDcAROgAsuQBNcgxZoAwwewTN4BW/Wk/VivVsf89GSVewcgD+wPn8AsoGUSg==</latexit>

m2
ij

<latexit sha1_base64="XWHHE7LRtexXdUqMH7AsvzTQakA=">AAAB63icbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48RjBLJAMoafTkzTp7hl6EcKQX/DiQRGv/pA3/8aeZA6a+KDg8V4VVfWilDNtfP/bK62tb2xulbcrO7t7+wfVw6O2TqwitEUSnqhuhDXlTNKWYYbTbqooFhGnnWhyl/udJ6o0S+SjmaY0FHgkWcwINrnU11YMqjW/7s+BVklQkBoUaA6qX/1hQqyg0hCOte4FfmrCDCvDCKezSt9qmmIywSPac1RiQXWYzW+doTOnDFGcKFfSoLn6eyLDQuupiFynwGasl71c/M/rWRPfhhmTqTVUksWi2HJkEpQ/joZMUWL41BFMFHO3IjLGChPj4qm4EILll1dJ+6IeXNevHi5rjcsijjKcwCmcQwA30IB7aEILCIzhGV7hzRPei/fufSxaS14xcwx/4H3+ADD1jk8=</latexit>X
<latexit sha1_base64="/CeXftK+WSjWFZ1neMrsw5Xr2Tc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kknx61jx4rGCaQttLJvtpl262YTdiVBKf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2TJJpxn2WyES3Qmq4FIr7KFDyVqo5jUPJm+Hwduo3n7g2IlEPOEp5ENO+EpFgFK3k33TFY7VbKrsVdwayTLyclCFHvVv66vQSlsVcIZPUmLbnphiMqUbBJJ8UO5nhKWVD2udtSxWNuQnGs2Mn5NQqPRIl2pZCMlN/T4xpbMwoDm1nTHFgFr2p+J/XzjC6DsZCpRlyxeaLokwSTMj0c9ITmjOUI0so08LeStiAasrQ5lO0IXiLLy+TRrXiXVYu7s/LtVoeRwGO4QTOwIMrqMEd1MEHBgKe4RXeHOW8OO/Ox7x1xclnjuAPnM8fNf2OTQ==</latexit>

A2
i

<latexit sha1_base64="JGYraKLXlhJ5EtrrdrubsVNBTQw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PFi8cKpi20sWy223bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omDjVjPsslrFuhdRwKRT3UaDkrURzGoWSN8PR7dRvPnFtRKwecJzwIKIDJfqCUbSSf9MVj163XHGr7gxkmXg5qUCOerf81enFLI24QiapMW3PTTDIqEbBJJ+UOqnhCWUjOuBtSxWNuAmy2bETcmKVHunH2pZCMlN/T2Q0MmYchbYzojg0i95U/M9rp9i/DjKhkhS5YvNF/VQSjMn0c9ITmjOUY0so08LeStiQasrQ5lOyIXiLLy+TxlnVu6xe3J9XarU8jiIcwTGcggdXUIM7qIMPDAQ8wyu8Ocp5cd6dj3lrwclnDuEPnM8fNHmOTA==</latexit>

A1
i

<latexit sha1_base64="aMN911nHsC6HhkUFw32tralpn2A=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQx48RjBPCBZw+xsJxkyO7vO9AbCku/w4kERr36MN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg4bJk41hzqPZaxbATMghYI6CpTQSjSwKJDQDIa3U785Am1ErB5wnIAfsb4SPcEZWsnvoJAhZGzSFY9et1R2K+4MdJl4OSmTHLVu6asTxjyNQCGXzJi25yboZ0yj4BImxU5qIGF8yPrQtlSxCIyfzY6e0FOrhLQXa1sK6Uz9PZGxyJhxFNjOiOHALHpT8T+vnWLvxs+ESlIExeeLeqmkGNNpAjQUGjjKsSWMa2FvpXzANONocyraELzFl5dJ47ziXVUu7y/K1WoeR4EckxNyRjxyTarkjtRInXDyRJ7JK3lzRs6L8+58zFtXnHzmiPyB8/kD0E+SIg==</latexit>

ã1
i

<latexit sha1_base64="6y+0N8ETQNPNFeVoc4CG2FBQr5Q=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSTFr2PBi8cK9gPaWDabSbt0s4m7k0IJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWaenwiu0XG+rcLa+sbmVnG7tLO7t39QPjxq6ThVDJosFrHq+FSD4BKayFFAJ1FAI19A2x/dzvz2GJTmsXzASQJeRAeSh5xRNJLXQy4CyOi0zx9r/XLFqTpz2KvEzUmF5Gj0y1+9IGZpBBKZoFp3XSdBL6MKORMwLfVSDQllIzqArqGSRqC9bH701D4zSmCHsTIl0Z6rvycyGmk9iXzTGVEc6mVvJv7ndVMMb7yMyyRFkGyxKEyFjbE9S8AOuAKGYmIIZYqbW202pIoyNDmVTAju8surpFWrulfVy/uLSr2ex1EkJ+SUnBOXXJM6uSMN0iSMPJFn8krerLH1Yr1bH4vWgpXPHJM/sD5/ANHTkiM=</latexit>

ã2
i

<latexit sha1_base64="lSUzJ89reJ2NmlzSiiln9lSHlaw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZnia1lw47KCfUA7LZk004ZmkiHJqGXof7hxoYhb/8Wdf2OmnYW2HggczrmXe3KCmDNtXPfbWVldW9/YLGwVt3d29/ZLB4dNLRNFaINILlU7wJpyJmjDMMNpO1YURwGnrWB8k/mtB6o0k+LeTGLqR3goWMgINlbqdSNsRkGYPk37rFftl8puxZ0BLRMvJ2XIUe+XvroDSZKICkM41rrjubHxU6wMI5xOi91E0xiTMR7SjqUCR1T76Sz1FJ1aZYBCqewTBs3U3xspjrSeRIGdzFLqRS8T//M6iQmv/ZSJODFUkPmhMOHISJRVgAZMUWL4xBJMFLNZERlhhYmxRRVtCd7il5dJs1rxLisXd+flWi2vowDHcAJn4MEV1OAW6tAAAgqe4RXenEfnxXl3PuajK06+cwR/4Hz+ALCVkqQ=</latexit>

x2
i

<latexit sha1_base64="THZTXV6cTggNk0J/xZTrj93Ut5U=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2NABY8RzAOTJcxOepMhs7PLTK8QlvyFFw+KePVvvPk3TpI9aLSgoajqprsrSKQw6LpfTmFpeWV1rbhe2tjc2t4p7+41TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYyupn7rEbQRsbrHcQJ+xAZKhIIztNJD9xokMnrTE71yxa26M9C/xMtJheSo98qf3X7M0wgUcsmM6Xhugn7GNAouYVLqpgYSxkdsAB1LFYvA+Nns4gk9skqfhrG2pZDO1J8TGYuMGUeB7YwYDs2iNxX/8zophpd+JlSSIig+XxSmkmJMp+/TvtDAUY4tYVwLeyvlQ6YZRxtSyYbgLb78lzRPqt559ezutFKr5XEUyQE5JMfEIxekRm5JnTQIJ4o8kRfy6hjn2Xlz3uetBSef2Se/4Hx8A8mpkFk=</latexit>

�Ei

<latexit sha1_base64="5NI4XkXpD6HjQluzdgZYbzhSlYg=">AAAB73icbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQyo4DGCeUCyhNlJbzJkdnad6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEikMuu63s7S8srq2Xtgobm5t7+yW9vYbJk41hzqPZaxbATMghYI6CpTQSjSwKJDQDIbXE7/5BNqIWD3gKAE/Yn0lQsEZWqnVuQGJjN52S2W34k5BF4mXkzLJUeuWvjq9mKcRKOSSGdP23AT9jGkUXMK42EkNJIwPWR/alioWgfGz6b1jemyVHg1jbUshnaq/JzIWGTOKAtsZMRyYeW8i/ue1Uwyv/EyoJEVQfLYoTCXFmE6epz2hgaMcWcK4FvZWygdMM442oqINwZt/eZE0TiveReX8/qxcreZxFMghOSInxCOXpEruSI3UCSeSPJNX8uY8Oi/Ou/Mxa11y8pkD8gfO5w9K3499</latexit>

�E

<latexit sha1_base64="2KGFLfSrJ5gSGoqErm203/JisB4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCCB4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFK7V5AdXY37ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms9/JQGjOUE4soUwLeythI6opQ5tQyYbgLb+8SloXVe+qWnu4rNTreRxFOIFTOAcPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QNZH4+W</latexit>

Ē

<latexit sha1_base64="RPFRCGuGsi5IfHVuY7ntxpZ5lv0=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQyI4DEB84BkCbOT3mTM7OwyMyuEJV/gxYMiXv0kb/6Nk2QPmljQUFR1090VJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVaq3/VKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeGNn3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8q8pl/aJcreZxFOAYTuAMPLiGKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPm5OM0Q==</latexit>

E

<latexit sha1_base64="XWHHE7LRtexXdUqMH7AsvzTQakA=">AAAB63icbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48RjBLJAMoafTkzTp7hl6EcKQX/DiQRGv/pA3/8aeZA6a+KDg8V4VVfWilDNtfP/bK62tb2xulbcrO7t7+wfVw6O2TqwitEUSnqhuhDXlTNKWYYbTbqooFhGnnWhyl/udJ6o0S+SjmaY0FHgkWcwINrnU11YMqjW/7s+BVklQkBoUaA6qX/1hQqyg0hCOte4FfmrCDCvDCKezSt9qmmIywSPac1RiQXWYzW+doTOnDFGcKFfSoLn6eyLDQuupiFynwGasl71c/M/rWRPfhhmTqTVUksWi2HJkEpQ/joZMUWL41BFMFHO3IjLGChPj4qm4EILll1dJ+6IeXNevHi5rjcsijjKcwCmcQwA30IB7aEILCIzhGV7hzRPei/fufSxaS14xcwx/4H3+ADD1jk8=</latexit>X

<latexit sha1_base64="TtUnvDdbsLSPQqDHvcdA3BB15O8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy4cVnBPqCdlkyaaWMzyZBk1DL0P9y4UMSt/+LOvzHTzkJbDwQO59zLPTlBzJk2rvvtLC2vrK6tFzaKm1vbO7ulvf2GlokitE4kl6oVYE05E7RumOG0FSuKo4DTZjC6zvzmA1WaSXFnxjH1IzwQLGQEGyt1OxE2wyBMnya9+67XK5XdijsFWiReTsqQo9YrfXX6kiQRFYZwrHXbc2Pjp1gZRjidFDuJpjEmIzygbUsFjqj202nqCTq2Sh+FUtknDJqqvzdSHGk9jgI7maXU814m/ue1ExNe+SkTcWKoILNDYcKRkSirAPWZosTwsSWYKGazIjLEChNjiyraErz5Ly+SxmnFu6ic356Vq9W8jgIcwhGcgAeXUIUbqEEdCCh4hld4cx6dF+fd+ZiNLjn5zgH8gfP5A7CXkqQ=</latexit>

x1
j

<latexit sha1_base64="ugsNc4Q6GMIpWHhHAyWnPKo76zk=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBjcsK9gHttGTSTBuaSYYko5ah/+HGhSJu/Rd3/o2ZdhbaeiBwOOde7skJYs60cd1vp7Cyura+UdwsbW3v7O6V9w+aWiaK0AaRXKp2gDXlTNCGYYbTdqwojgJOW8H4JvNbD1RpJsW9mcTUj/BQsJARbKzU60bYjIIwfZr2Wc/rlytu1Z0BLRMvJxXIUe+Xv7oDSZKICkM41rrjubHxU6wMI5xOS91E0xiTMR7SjqUCR1T76Sz1FJ1YZYBCqewTBs3U3xspjrSeRIGdzFLqRS8T//M6iQmv/ZSJODFUkPmhMOHISJRVgAZMUWL4xBJMFLNZERlhhYmxRZVsCd7il5dJ86zqXVYv7s4rtVpeRxGO4BhOwYMrqMEt1KEBBBQ8wyu8OY/Oi/PufMxHC06+cwh/4Hz+AK8RkqM=</latexit>

x1
i

Figure 1: An architecture overview of PACE. A: The first message passing layer. The initial node features x0
i

and x0
j are concatenated and transformed by an MLP. Then, a tensor product is applied to the transformed

node features and edge spherical harmonics Sphij with an RBF and MLP transformed edge distance as
learnable weights. Next, its output is further combined with Sphij using another tensor product, and the
weights involve the initial node features and edge distance. These operations in the yellow box comprise
the edge booster, aiming to enhance the model’s expressiveness. The obtained edge-boosted messages
are aggregated to form the atomic base. Then, an update module comprising a polynomial many-body
interaction module and a skip connection is used to update the features of central nodes. B: The second
message passing layer. A tensor product is applied to the edge message and updated node features that
are obtained from the first layer. The learnable weights of the tensor product are based on the initial node
features and distance of each neighboring pair. Then, edge messages are aggregated and node features are
updated similarly to those in the first layer. C: An example of 4-body interaction in ACE. We aim to fit∑

ϕv1(rij1) ⊗
∑

ϕv2(rij2) ⊗
∑

ϕv3(rij3) using Aiv1 ⊗ Aiv2 ⊗ Aiv3 , where {ϕ} denotes the atomic base in ACE.
D: Polynomial many-body interaction module. The atomic base Ai is fed to multiple self-interaction layers
separately to produce different Aiv. Then, tensor contraction is performed to produce ãi. E: Output. The
invariant part of node features produced by both layers are transformed and summed to predict the deviation
from the total molecular energy to its average.

3 The Proposed PACE

The node features x0
i are initialized through a linear transformation applied to its atomic type. Edges

constructed based on cutoff distance have orientations r̂ij denoted by spherical harmonics Y ℓ(r̂ij), and
pairwise distances r̄ij embedded using a learnable radial basis function R. The proposed PACE comprises two
distinct message passing layers followed by an output layer. The illustration of PACE architecture is provided
in Figure 1. In this section, we will introduce the architecture of our proposed PACE model as well as the
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corresponding equivariant polynomial functions from the perspective of irreducible representations. Detailed
information about the irreducible representations used in equivariant GNNs can be found in Appendix A.1.
As shown in Appendix B.1, the irreducible representations can also represent a D-spanning family.
Theorem 3.1. For any D-spanning function Q

(t)
K (θi) appeared in QD

K and for any position P = (p1, p2, · · · , pk)
in tensor representation, where pk ∈ R3 denotes the element position, if there exists w1 and irreps1 such that
Q

(t)
K (θi)(P ) =

∑
ℓm wℓm

1 irrepsℓm
1 , and the set of irreps1 forms a D-spanning family.

Definition 3.2. If the set of irreps1 forms a D-spanning family Q
(t)
K (θi), we can say that the irreducible

representation irreps1 represents Q
(t)
K (θi).

3.1 The First Layer

Following the message passing neural network, the first step is to build edge messages from neighboring nodes
to the central node. As discussed in Section 2.4, the construction of these edge messages for node pairs in
equivariant neural networks generally requires a tensor product to combine edge spherical harmonics and
node features at each layer. Diverging from this conventional design, the first layer of PACE uses the edge
booster two consecutive tensor products, which means Nboost = 2, to construct the edge message as

m1
ij,1 = Y (r̂ij) ⊗w1,ij MLP(x0

i ∥ x0
j ), (12)

m1
ij,2 = Y (r̂ij) ⊗w2,ij

m1
ij,1, (13)

where the learnable weights w1,ij and w2,ij applied to each tensor product are obtained by

w1,ij = MLP(R(r̄ij)), (14)

w2,ij = MLP(R(r̄ij)) + MLP(x0
i ∥ x0

j ), (15)
considering the atomic types for node pairs and their pairwise distances. Then, we obtain the edge message
by concatenating these two together, denoted as

m1
ij = (m1

ij,1 ∥ m1
ij,2). (16)

As shown in Appendix B.1, the edges features from spherical harmonics represent r⊗t
ij , t ≤ 2. Then the second

tensor product increases it to r⊗t
ij , t ≤ 4 with Nboost = 2 using Lemma B.2.

After obtaining edge messages via the edge booster, we aggregate neighboring messages to the central node as

A1
i = 1

|N (i)|
∑

j∈N (i)

m1
ij , (17)

where |N (i)| is the number of neighbor nodes. Here, Ai is analogous to the atomic base of the central node in
the original ACE method (Drautz, 2019; Dusson et al., 2022; Kovács et al., 2021). Meanwhile, the equivariant
polynomial form of Ai is

∑
j∈Ni

r⊗t
ij , t ≤ 4.

Next, Ai is processed by a polynomial many-body interaction module to produce features ãi. The corresponding
equivariant polynomial form of ãi is Q

(t)
K=3(θi) =

∑
j1,j2,j3∈Ni

r⊗t1
ij1

⊗ r⊗t2
ij2

⊗ r⊗t3
ij3

, t1, t2, t3 ≤ 4 for P D(θi)
with D ≤ 3 as shown in Appendix B.2.2. These features are then combined with the initial node features to
update for each node. Details of the polynomial many-body interaction module are described in Section 3.3,
and the design of the first layer is illustrated in Figure 1A.

3.2 The Second Layer

The second layer of PACE (Figure 1B) involves only one tensor product to construct the message. However,
unlike NeuquIP and MACE, which leverage the original edge spherical harmonics, we instead use the
edge-boosted message m1

ij obtained from the first layer. Specifically,

m2
ij = m1

ij ⊗w3,ij x1
j , (18)

6
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where x1
i denotes the updated node features from the first layer and the learnable weights are

w3,ij = MLP(R(r̄ij)) + MLP(x0
i ∥ x0

j ). (19)

Next, messages are aggregated for the central nodes. Finally, another polynomial many-body interaction
module is applied to update node features. The L = 0 invariant features outputted by both layers are further
used for energy prediction.

3.3 Polynomial Many-Body Interaction Module

The polynomial many-body interaction module playing an important role in both PACE layers is proposed to
incorporate many-body interactions by mixing the atomic base Ai. As shown in Figure 1D, we first use vmax
different self-interactions to map the input atomic base Ai to different bases Aiv following

Aℓ
ivc′ =

{
W ℓ

vc′cAℓ
ic + b ℓ = 0

W ℓ
vc′cAℓ

ic ℓ > 0,
(20)

where ℓ is the rotation order of irreps, c is the channel index for Ai and c′ is the channel index for Ai. Then,
we use tensor contraction (Batatia et al., 2022b) with generalized Clebsch-Golden to fuse multiple atomic
bases. Tensor contraction is illustrated in Appendix A.4

As shown in Equation 25 in Appendix, in the case of two irreps, Clebsch-Gordan coefficients Cℓ3m3
ℓ1m1,ℓ2m2

are
used to maintain equivariance when fusing two irreps with rotation orders ℓ1 and ℓ2 to the output ℓ3, and
the triplet (ℓ1, ℓ2, ℓ3) is defined as a path. When fusing N irreps, the generalized Clebsch-Gordan coefficients
used to maintain the equivariance can be defined as

CL[N ]M[N ]
ℓ1m1,...,ℓnmn

= CL2M2
ℓ1m1,ℓ2m2

CL3M3
L2M2,ℓ3m3

. . . CLN MN

LN−1MN−1,ℓN mN
, (21)

where L[N ] = (ℓ1, L2, · · · LN ) with |Li−1 − ℓi| ≤ Li ≤ |Li−1 + ℓi|, Li ∈ N, ∀i ≥ 2, i ∈ N+, and the path is
shown as η[N ] = (ℓ1, ℓ2, L2, ℓ3, L3, · · · , ℓN−1, LN−1, ℓN , LN ). Then, the output irreps is contracted one by
one to consider the coupled many-body interactions shown as

ãLN MN

i(v−1),Lv−1Mv−1
=

∑
ℓv

ℓv∑
mv=−ℓv

Aiv,lvmv

∑
η[v]

(
Wv,η ∗ CL[v]M[v]

ℓ1m1,...,ℓvmv
+ ãLN MN

iv,LvMv

)
, (22)

where W is the path weight, ã is the intermediate irreps, and v ∈ N+ starts from N to 1 to incorporate
N-body interactions. Note that C = 1 and L0 = 0 when v = 1, and ã = 0 when v = N .

In contrast to MACE (Batatia et al., 2022b) applying tensor contraction to the atomic base Ai, our PACE
first takes multiple self-interactions to distinguish the atomic base from the same Ai to different Aiv for
different body orders before applying the contraction. According to Darby et al. (2023), the output of
tensor contraction in MACE is defined as the tensor decomposed product basis while the one obtained in
PACE is called tensor sketched product basis. Although Darby et al. (2023) has demonstrated that the
tensor-decomposed basis can consistently reconstruct the tensor-sketched basis with a factor of vmax times
channels, we implement the latter one in PACE to improve the model expressiveness without increasing the
number of channels.

3.4 Output

As illustrated in Figure 1E, to compute the total energy of the molecule, we extract and transform the
invariant part of node features produced by each PACE layer as

E = Ē +
N∑

i=1
(MLP(x1

i,ℓm=00) + MLP(x2
i,ℓm=00)), (23)

where Ē is the averaged total energy of the training set, and N represents the number of atoms in a molecule.
Once the total energy is predicted, we then use fi = − ∂E

∂pi
to calculate the force acting on each atom, as it

ensures energy conservation.
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3.5 Summary of Key Contributions

Edge Booster The first key contribution of our work is the edge booster, which is computed by Equa-
tions (12) to (16) and illustrated as the yellow-boxed operations in Figure 1A. Our edge booster leverages
consecutive tensor products on spherical harmonics which helps increase the lower bound of the polynomial
degree that our model can approximate. This idea is shown in Equation (10) and the overall polynomial degree
is shown in Appendix B.2.2. There might be various implementations to build an edge booster following
the idea of Equation (10). However, we choose to design our edge booster as described by Equations (12)
to (16) for two reasons. First, our edge-boosted message only considers spherical harmonics and atomic types
of nodes. Note that the computation of our edge booster does not involve node features that are updated
layer by layer. Such a design follows our motivation to create an independent edge booster module that
can produce an edge-boosted message to replace the original edge spherical harmonics used in each layer.
Based on this design, we only need to compute the edge booster once in the first layer and we can reuse the
edge-boosted message in all other layers. As shown in Figure 1A&B, the edge-boosted message m1

ij is used in
both layers. Hence, the design of our edge booster also considers computational costs. In summary, the result
of our edge booster can be used in each layer to help improve the polynomial degree in an efficient manner.

Additional Self-interaction Layers The second enhancement comes from the additional self-interaction
layers used in the polynomial many-body interaction module. In Section 3.3, we use the tensor contraction
proposed in MACE (Batatia et al., 2022b) to approximate many-body interactions, but we apply additional
self-interactions (SI) to the atomic base Ai so that we use different inputs of the tensor contraction. In MACE,
the atomic base Ai is directly fed into the tensor contraction, while the atomic base Ai in our design is first
fed to multiple self-interaction layers separately to produce different atomic bases Aiv. The functionality
of these self-interactions is to increase the ability to approximate more positions in D-spanning functions.
Specifically, to approximate n different positions in D-spanning function, PACE without SI needs vmaxn
channels, while PACE with SI only needs n channels. This is because the SI in the polynomial many-body
interaction module enables every single channel in PACE to approximate one position in D-spanning functions.
The corresponding proof is shown in Appendix B.2.2. The total number of self-interactions equals the max
correlation order vmax, where vmax corresponds to (body order − 1). In our implementations, we use three
self-interactions because the highest body order we consider in each layer is 4. Although vmaxn channels
without self-interactions can achieve the same expressiveness theoretically, we find adding these additional
self-interactions can significantly enhance the empirical performance.

4 Related Works

4.1 Universality Analysis

Universality is a powerful property for neural networks that can approximate arbitrary functions. While Zaheer
et al. (2017); Maron et al. (2019); Keriven & Peyré (2019) study the universality of permutation invariant
networks, several works have recently studied the rotational equivariant networks. Dym & Maron (2020) takes
use of the proposed tensor representation to build D-spanning family and shows that Tensor Field Networks
(TFN) (Thomas et al., 2018) is proved to be a universal equivariant network capable of approximating arbitrary
equivariant functions defined on the point coordinates of point cloud data. Furthermore, GemNet (Gasteiger
et al., 2021) uses the conclusion in Dym & Maron (2020), and is proved to be a universal GNN with directed
edge embeddings and two-hop message passing.

4.2 Equivariant Graph Neural Networks

In recent years, equivariant graph neural networks have been developed for 3D molecular representation
learning, as they are capable of effectively incorporating the symmetries required by the specific task. Existing
equivariant 3D GNNs can be broadly classified into two categories, depending on whether they utilize
order ℓ = 1 equivariant features or higher order ℓ > 1 equivariant features. Methods belonging to the first
category (Satorras et al., 2021; Schütt et al., 2021; Deng et al., 2021; Jing et al., 2021; Thölke & Fabritiis, 2022)
achieve equivariance by applying constrained operations on order 1 vectors, such as vector scaling, summation,
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linear transformation, vector product, and scalar product. The second category of methods (Thomas et al.,
2018; Fuchs et al., 2020; Liao & Smidt, 2023; Batzner et al., 2022; Batatia et al., 2022a;b; Brandstetter et al.,
2021) predominantly employs tensor products (TP) to preserve higher-order equivariant features.

4.3 Atomic Cluster Expansion

Molecular potential and force field are crucial physical properties in molecular analysis. To approximate these
properties, the atomic cluster expansion (ACE) (Drautz, 2019; Kovács et al., 2021) is used to approximate
the atomic potential. Recently, several neural networks aiming to predict atomic potential and forces have
been developed to consider many-body interactions by incorporating ACE into their model architectures.
Specifically, BOTNet (Batatia et al., 2022a) takes multiple message passing layers to encode the many-body
interaction and analyzes the body order for various message passing schemes. MACE (Batatia et al., 2022b)
takes generalized Clebsch-Golden coefficients to couple the aggregated message to incorporate higher-order
interactions. Allegro (Musaelian et al., 2023) uses a series of tensor product layers to calculate the equivariant
representations without using message passing, learning many-body interactions.

4.4 Comparison to Existing Works

NequIP (Batzner et al., 2022) builds its message using the original spherical harmonics. Hence, its edge boost
term Nboost can be treated as 1. In addition, given that NequIP lacks a many-body interaction layer, its max
correlation order can be considered to be vmax = 1. Hence, the lower bound of the polynomial degree that
NequIP can approximate is D = min{2, 1}. While Linear ACE (Kovács et al., 2021) and MACE (Batatia
et al., 2022b) incorporate the many-body interaction layer and have a max correlation order vmax, they still
use the original spherical harmonics instead of the edge-boosted message used by PACE. Hence, the lower
bound of the polynomial degree that Linear ACE and MACE can approximate is D = min{2, vmax}. By
using edge booster and ACE, the lower bound of the polynomial degree that our PACE can approximate is
D = min{2 ∗ Nboost, vmax}. Moreover, by using additional self-interactions, PACE needs fewer channels to
approximate the same amount of positions in D-spanning functions.

5 Experiments

We conduct experiments on three molecular dynamics simulation datasets, the revised MD17 (rMD17), 3BPA
and AcAc datasets. The proposed PACE is trained using these datasets to predict both the invariant energy
of the entire molecule and the equivariant forces acting on individual atoms. Among our baselines (Kovács
et al., 2021; Christensen et al., 2020; Bartók et al., 2010; Smith et al., 2017; Gasteiger et al., 2021; Batzner
et al., 2022; Batatia et al., 2022a; Musaelian et al., 2023; Batatia et al., 2022b), NequIP, BOTNet, Allegro
and MACE are all equivariant graph neural networks (GNNs) with rotation order ℓ > 1. In particular,
BOTNet, Allegro, and MACE incorporate many-body interactions, while ACE is a parameterized physical
model that does not belong to the class of neural networks. Our experiments are implemented with PyTorch
1.11.0 (Paszke et al., 2019), PyTorch Geometric 2.1.0 (Fey & Lenssen, 2019), and e3nn (Geiger & Smidt,
2022). In experiments, we train models on a single 11GB Nvidia GeForce RTX 2080Ti GPU and Intel Xeon
Gold 6248 CPU.

5.1 The rMD17 Dataset

Dataset. The rMD17 (Christensen & Von Lilienfeld, 2020) is a benchmark dataset that comprises ten
small organic molecular systems. Each molecule in the dataset is accompanied by 1000 3D structures, which
were generated through meticulously accurate ab initio molecular dynamic simulations employing density
functional theory (DFT). These structures capture the diverse conformational space of the molecules and are
valuable for studying their quantum properties.

Setup. In our experiments, we use officially provided random splits. Next, we use the same splitting seed as
MACE to further divide the training set into a training set comprising 950 structures and a validation set
comprising 50 structures. Then, we perform our evaluations on the test set with 1000 structures. Training
details are provided in Appendix C.
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Table 1: Performance on the rMD17 dataset. Mean absolute errors (MAE) are reported for both energy
(E) and force (F) predictions, with meV and meV/Å as units, respectively. Bold numbers highlight the best
performance.

ACE FCHL GAP ANI GemNet (T/Q) NequIP BOTNet Allegro MACE Ours

Aspirin E 6.1 6.2 17.7 16.6 - 2.3 2.3 2.3 2.2 1.7
F 17.9 20.9 44.9 40.6 9.5 8.2 8.3 7.3 6.6 5.8

Azobenzene E 3.6 2.8 8.5 15.9 - 0.7 0.7 1.2 1.2 0.5
F 10.9 10.8 24.5 35.4 - 2.9 3.3 2.6 3.0 2.2

Benzene E 0.04 0.35 0.75 3.3 - 0.04 0.03 0.4 0.4 0.02
F 0.5 2.6 6.0 10.0 0.5 0.3 0.3 0.2 0.3 0.2

Ethanol E 1.2 0.9 3.5 2.5 - 0.4 0.4 0.4 0.4 0.3
F 7.3 6.2 18.1 13.4 3.6 2.8 3.2 2.1 2.1 1.8

Malonaldehyde E 1.7 1.5 4.8 4.6 - 0.8 0.8 0.6 0.8 0.5
F 11.1 10.3 26.4 24.5 6.6 5.1 5.8 3.6 4.1 3.6

Naphthalene E 0.9 1.2 3.8 11.3 - 0.9 0.2 0.2 0.5 0.2
F 5.1 6.5 16.5 29.2 1.9 1.3 1.8 0.9 1.6 0.9

Paracetamol E 4.0 2.9 8.5 11.5 - 1.4 1.3 1.5 1.3 0.9
F 12.7 12.3 28.9 30.4 - 5.9 5.8 4.9 4.8 4.0

Salicylic acid E 1.8 1.8 5.6 9.2 - 0.7 0.8 0.9 0.9 0.5
F 9.3 9.5 24.7 29.7 5.3 4.0 3.1 4.3 2.9 2.9

Toluene E 1.1 1.7 4.0 7.7 - 0.3 0.3 0.4 0.5 0.2
F 6.5 8.8 17.8 24.3 2.2 1.6 1.9 1.8 1.5 1.1

Uracil E 1.1 0.6 3.0 5.1 - 0.4 0.4 0.6 0.5 0.3
F 6.6 4.2 17.6 21.4 3.8 3.1 3.2 1.8 2.1 2.0

Table 2: Performance on the 3BPA dataset. Root-mean-square errors (RMSE) are reported for both energy
(E) and force (F) predictions, with meV and meV/Å as units, respectively. Standard deviations are calculated
over three runs with different seeds. Bold numbers highlight the best performance.

ACE NequIP BOTNet Allegro MACE Ours

300K E 1.1 3.28 (0.12) 3.1 (0.13) 3.84 (0.10) 3.0 (0.2) 2.4 (0.1)
F 27.1 10.77 (0.28) 11.0 (0.14) 12.98 (0.20) 8.8 (0.3) 9.1 (0.1)

600K E 24.0 11.16 (0.17) 11.5 (0.6) 12.07 (0.55) 9.7 (0.5) 7.9 (0.2)
F 64.3 26.37 (0.11) 26.7 (0.29) 29.11 (0.27) 21.8 (0.6) 21.4 (0.3)

1200K E 85.3 38.52 (2.00) 39.1 (1.1) 42.57 (1.79) 29.8 (1.0) 29.6 (0.4)
F 187.0 76.18 (1.36) 81.1 (1.5) 82.96 (2.17) 62.0 (0.7) 60.7 (2.0)

Results. Table 1 summarizes the performance of our proposed method in comparison to baselines on all ten
molecules in the rMD17 dataset. Mean absolute errors (MAE) are employed as the evaluation metric for
both energy and force predictions. It is worth noting that our PACE demonstrates state-of-art performance
in energy prediction across all molecules. Specifically, we achieved significant improvements of 33.3%, 33.3%
and 30.8% on Benzene, Toluene, and Paracetamol, respectively. In terms of force prediction, PACE achieves
state-of-the-art performance on nine out of the ten molecules, exhibiting substantial improvements of 26.7%,
16.7% and 15.4% on Toluene, Paracetamol, and Azobenzene, respectively. Besides, we attain the second-best
on Uracil. The comparison of algorithm efficiency and the affect from rotation order can be found in
Appendix D.2 and D.3.

5.2 The 3BPA & AcAc Datasets

Dataset. The 3BPA dataset (Kovács et al., 2021) is also generated through molecular dynamic simulations
employing Density Functional Theory (DFT). Unlike rMD17, this dataset is specifically focused on a single
flexible molecule, namely the 3BPA molecule. 3BPA is characterized by three freely rotating angles, which
primarily induce structural changes at varying temperatures. The AcAc dataset (Batatia et al., 2022a) is
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Table 3: Performance on the AcAc dataset. Root-mean-square errors (RMSE) are reported for both energy
(E) and force (F) predictions, with meV and meV/Å as units, respectively. Standard deviations are calculated
over three runs with different seeds. Bold numbers highlight the best performance.

BOTNet NequIP MACE Ours

300K E 0.89 (0.0) 0.81 (0.04) 0.9 (0.03) 0.73 (0.02)
F 6.3 (0.0) 5.90 (0.38) 5.1 (0.1) 4.2 (0.1)

600K E 6.2 (1.1) 6.04 (1.26) 4.6 (0.3) 3.8 (0.6)
F 29.8 (1.0) 27.8 (3.29) 22.4 (0.9) 16.9 (0.3)

Table 4: Results of ablation experiments. Compared to PACE, PACE (-EB) removes edge booster in the first
layer, and PACE (-SI) uses no additional self-interaction in the polynomial many-body interaction module.
Mean absolute errors (MAE) are reported for both energy (E) and force (F) predictions, with meV and meV/
Å as units, respectively. Bold numbers highlight the best performance.

AcAc 300K AcAc 600K

PACE E 0.73 (0.02) 3.8 (0.6)
F 4.2 (0.1) 16.9 (0.3)

PACE (-EB) E 0.84 (0.04) 3.8 (0.1)
F 4.9 (0.1) 18.0 (0.3)

PACE (-SI) E 0.95 (0.01) 4.0 (0.2)
F 5.7 (0.1) 21.3 (1.0)

also generated through molecular dynamic simulation using Density Functional Theory (DFT). Similar to
3BPA, this dataset specifically focuses on a single flexible molecule, Acetylacetone. Both 3BPA and AcAc
datasets are frequently employed to assess the generalization capability of methods when confronted with
out-of-distribution test sets.

Setup. For both 3BPA and AcAc, We follow MACE to train our model using a training set consisting of 450
structures and a validation set comprising 50 structures. Both the training and validation sets were sampled
at 300K. Then, the performance of the model was assessed on multiple test sets that are sampled at different
temperatures: 300K, 600K, and 1200K. We provide training details in Appendix C.

Results. Table 2 and Table 3 summarize the performance of our proposed method in the 3BPA and AcAc
datasets, respectively. Here, root-mean-square error (RMSE) is used as the evaluation metric. On 3BPA
dataset, the proposed PACE shows comparable performance to MACE, while outperforming other baseline
methods significantly. On AcAc dataset, our PACE demonstrates significant performance improvement from
all baselines. Moreover, we use the model trained on 3BPA to conduct molecular dynamic simulations and
the comparison of PACE-generated trajectories and the ground-truth trajectories is shown in Appendix D.1.

5.3 Ablation Studies

The first ablation study aims to demonstrate the effectiveness of the proposed edge booster, designed to
facilitate a higher polynomial degree. In this experiment, we remove the second tensor product, namely the
edge booster, from the first layer of PACE. As indicated in Table 4, this comparison reveals that the edge
booster, which enhances expressiveness, indeed imrpoves the model’s performance in force field prediction.

The second ablation study is for demonstrating the effectiveness of using different atomic bases Aiv for
different body orders in many-body interaction. In this experiment, we remove additional self-interaction
operations and directly use Ai in symmetric contraction in the polynomial many-body interaction module. The
comparison shown in Table 4 justifies that different atomic bases Aiv produced by additional self-interactions
can improve the expressiveness and model performance without increasing the number of channels.
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6 Conclusion

In this work, we introduced PACE, a new equivariant network for atomic potential and force field predictions.
Our PACE is designed from two perspectives, increasing the ability to approximate more positions in D-
spanning functions, as well as expanding the space to cover higher degree polynomial equivariant functions.
The integration of the edge booster and Atomic Cluster Expansion (ACE) technique with additional self-
interactions allows PACE to approximate SE(3) × Sn equivariant polynomial functions with higher degrees,
thereby improving the accuracy in prediction. The comprehensive experimental results and analyses provide
compelling evidence for the efficacy of the proposed PACE model. In the future, we aim to advance
the development of models capable of approximating polynomial functions of even higher degrees while
simultaneously maintaining high computational efficiency.
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A Background and Related Work

A.1 Spherical Harmonics and Irreducible Representation

To encode geometric information of molecules into SE(3)-equivariant features, spherical harmonics are used
for its equivariance property. Specifically, we use real spherical harmonic basis functions Y to encode an
orientation r̂ij between a node pair. If the molecule is rotated by a rotation matrix T in 3D coordinate
system, then we have:

qℓY ℓ(T r̂ij) = (Dℓ(T )qℓ)Y ℓ(r̂ij), (24)
where ℓ ∈ [0, L] is the degree, qℓ with size 2ℓ + 1 denotes coefficients of spherical harmonics, and the Wigner
D-matrix Dℓ(T ) with size (2ℓ + 1) × (2ℓ + 1) specifies the corresponding rotation acting on coefficients
qℓ. In practice, equivariant features are often represented by irreducible representations (irreps), which
correspond to the coefficients of real spherical harmonics. Concretely, irreducible representations are formed
by the concatenation of multiple type-ℓ vectors, where ℓ ∈ [0, L]. More detailed explanation about irreducible
representations can be found in Liao & Smidt (2023).

A.2 Tensor Product

Equivariant networks using higher order ℓ > 1 equivariant features (Thomas et al., 2018; Fuchs et al., 2020;
Liao & Smidt, 2023; Batzner et al., 2022; Batatia et al., 2022a;b) predominantly employs tensor products
(TP) to preserve higher-order equivariant features. Tensor product operates on irreducible representations u
of rotation order ℓ1 and v of rotation order ℓ2, yielding a new irreducible representation of order ℓ3 as

(uℓ1 ⊗ vℓ2)ℓ3
m3

=
ℓ1∑

m1=−ℓ1

ℓ2∑
m2=−ℓ2

C
(ℓ3,m3)
(ℓ1,m1),(ℓ2,m2)u

ℓ1
m1

vℓ2
m2

, (25)

where C denotes the Clebsch-Gordan (CG) coefficients (Griffiths & Schroeter, 2018) and m ∈ N denotes the
m-th element in the irreducible representation. Here, ℓ3 satisfies |ℓ1 − ℓ2| ≤ ℓ3 ≤ ℓ1 + ℓ2, and ℓ1, ℓ2, ℓ3 ∈ N.
High-order equivariant 3D GNNs commonly use tensor products on the irreducible representations of neighbor
nodes and edges to construct messages as

mℓo
ij =

∑
ℓi,ℓf

R(ℓi,ℓf )(r̄ij)Y ℓf (r̂ij) ⊗ xℓi
j , (26)

where |ℓi − ℓf | ≤ ℓo ≤ ℓi + ℓf , xj denotes features of node j, and R is a learnable non-linear function that
takes the embedding of pairwise distance r̄ij as input.

A.3 Atomic Cluster Expansion

Molecular potential and force field are crucial physical properties in molecular analysis. To approximate these
properties, the atomic cluster expansion (ACE) (Drautz, 2019; Kovács et al., 2021) is used to approximate
the atomic potential denoted as

Ei(θi) =
∑

j

∑
v

c(1)
v ϕv (rij) + 1

2
∑
j1j2

∑
v1v2

c(2)
v1v2

ϕv1 (rij1) ϕv2 (rij2)

+ 1
3!

∑
j1j2j3

∑
v1v2v3

c(3)
v1v2v3

ϕv1 (rij1) ϕv2 (rij2) ϕv3 (rij3) + · · · , (27)

where θi = (rij1 , · · · , rijN
) denotes the N bonds in the atomic environment, ϕ is the single bond basis

function and c is the coefficients. The computational complexity of modeling many-body potential increases
exponentially with number of neighbors. To reduce the complexity, ACE further makes use of density trick
to calculate the atomic energy via atomic base Aiv =

∑
j ϕv(rij), which has a linear complexity with the

number of neighbors, denoted as

Ei(θi) =
∑

v

c(1)
v Aiv +

v1≥v2∑
v1v2

c(2)
v1v2

Aiv1Aiv2 +
v1≥v2≥v3∑

v1v2v3

c(3)
v1v2v3

Aiv1Aiv2Aiv3 + · · · . (28)
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In this case, the computational complexity of modeling many-body interactions decreases to linear growth
with the number of neighbors. With the reduced linearly complexity, many equivariant networks are designed
to learn the many-body interactions. In these networks, spherical harmonic functions Y (r̂ij) combined with
radial functions R(r̄ij) are usually taken as the single bond basis function ϕv(rij). Then the aggregated atomic
bases Aiv, typically represented as equivariant irreducible representations in these networks, are combined
through tensor product operations to encode the many-body interactions while maintaining equivariance.
Note that v = 0, 1, 2, . . . distinguishes among different basis.

A.4 Tensor Contraction in Polynomial Many-Body Interaction Module

In the polynomial many-body interaction module of PACE, we apply tensor contraction to different atomic
bases for encoding the interaction of multiple nodes around the central node. The tensor contraction which
is originally proposed in (Batatia et al., 2022b). However, Figure 2 illustrates the computation of tensor
contraction described in Equation (22). This figure demonstrates an example of 4-body interactions with the
max correlation order vmax = 3, where different atomic bases Ai1, Ai2, Ai3 are fed as inputs. Intuitively, this
example is the computation similar to Ai1 ⊗ Ai2 ⊗ Ai3 + Ai1 ⊗ Ai2 + Ai1, where Ai1 ⊗ Ai2 ⊗ Ai3 approximates
4-body interactions, Ai1 ⊗ Ai2 approximates 3-body interactions, and Ai1 approximates 2-body interactions.
For easier understanding, this example only has 1 hidden channel, and only shows one output LM , that is
L3 = 0, M3 = 0. Generally, the complete final output irreducible representation is the concatenation of all
required L3M3.

Let’s delve deeper into the “contract weights” box and “contract features” box at the top of this figure. The
path η[3] here denotes a coupled path tuple (l1, l2, L2, l3, L3). The purpose of using such coupled paths is
for computing consecutive tensor products as a whole instead of applying tensor products one by one. For
each path, there is a generalized CG coefficient matrix with shape of (l2

max, l2
max, l2

max, l2
max, 2 ∗ L3 + 1). Note

that L3 = 0 in this example. The top “contrast weights” box executes the first step to take a weighted sum
of the generalized CG matrices with learnable weights over the paths. Then, the “contract features” box
below applies a dot product on this summed generalized CG matrix and atomic base Ai3 along the dimension
denoted as l3, m3. The output of this step is denoted as ãL3M3

i2,L2M2
. Then, ãL3M3

i2,L2M2
is further contracted

with Ai2 and Ai1 to obtain the final result with similar “contract features” operations. This flow considers
the 4-body interactions. To further consider 3-body and 2-body interactions, similar “contract weights”
operations are applied over η[2] and η[1]. Then, the results of contracted weights are added to ãL3M3

i2,L2M2
and

ãL3M3
i1,L1M1

(represented by arrows pointing from right to left). The summation of generalized CG and the
addition of contracted weights to ãLvMv

iv,LvMv
is for efficient computation of various paths and various body

order interactions simultaneously.

As mentioned this example is computing something similar to Ai1 ⊗Ai2 ⊗Ai3 +Ai1 ⊗Ai2 +Ai1 for many-body
interactions. However, they are not exactly equivalent, because two tensor products in Ai1 ⊗ Ai2 ⊗ Ai3
consider the coupled path η with generalized CG, which is beyond the original tensor product.

A.5 Defination

Definition A.1. (D-spanning). For D ∈ N+, let Ffeat be a subset of CG(R3×N , W N
feat). We say that Ffeat is

D-spanning, if there exist f1, · · · , fK ∈ Ffeat, such that every polynomial R3×N → RN of degree D which is
invariant to translations and equivariant to permutations, can be written as p(X) =

∑K
k=1 Λ̂k (fk(X)), where

Λk : Wfeat → R are all linear functionals, and Λ̂k : Wfeat → R are the functions defined by element-wise
applications of Λk.

B Theoretical Proof

B.1 Proof of Theorem 3.1

Proof. Since QD
K is a D-spanning family, then there exists f1, · · · , fK ∈ Q

(t)
K with ∥t∥1 ≤ D, that each

polynomial function p with the highest degree no more than D can be represented as the linear combination
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<latexit sha1_base64="c05QEc/Zb5pvW4rbzs1/+ZfAMQg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cIeUGyhNnJbDJmdmeZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e4KEikMuu63U1hb39jcKm6Xdnb39g/Kh0cto1LNeJMpqXQnoIZLEfMmCpS8k2hOo0DydjC+m/ntJ66NUHEDJwn3IzqMRSgYRSu1eigibvrlilt15yCrxMtJBXLU++Wv3kCxNOIxMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aGlO7xM/m107JmVUGJFTaVoxkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz1MxEnKfKYLRaFqSSoyOx1MhCaM5QTSyjTwt5K2IhqytAGVLIheMsvr5LWRdW7rl49XFZqjTyOIpzAKZyDBzdQg3uoQxMYPMIzvMKbo5wX5935WLQWnHzmGP7A+fwBvtWPUA==</latexit>⇥<latexit sha1_base64="/wzGGn3piiQLvouW1D89286fIGc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9gVX8eAF48J5AXJEmYnvcmY2dllZlYIIV/gxYMiXv0kb/6Nk2QPmljQUFR1090VJIJr47rfTm5jc2t7J79b2Ns/ODwqHp+0dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC+n/vtJ1Sax7JhJgn6ER1KHnJGjZXq5X6x5FbcBcg68TJSggy1fvGrN4hZGqE0TFCtu56bGH9KleFM4KzQSzUmlI3pELuWShqh9qeLQ2fkwioDEsbKljRkof6emNJI60kU2M6ImpFe9ebif143NeGdP+UySQ1KtlwUpoKYmMy/JgOukBkxsYQyxe2thI2ooszYbAo2BG/15XXSuqx4N5Xr+lWp2sjiyMMZnEMZPLiFKjxADZrAAOEZXuHNeXRenHfnY9mac7KZU/gD5/MHdaOMyA==</latexit>

(
<latexit sha1_base64="l0a+JfkaL7+9rGCxUS4OLJif2hI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7Arvo4BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0P/NbT6g0j2XdjBP0IzqQPOSMGivVLnrFklt25yCrxMtICTJUe8Wvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MD52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IR3/oTLJDUo2WJRmApiYjL7mvS5QmbE2BLKFLe3EjakijJjsynYELzll1dJ87Ls3ZSva1elSj2LIw8ncArn4MEtVOABqtAABgjP8ApvzqPz4rw7H4vWnJPNHMMfOJ8/dyeMyQ==</latexit>

)<latexit sha1_base64="1z4NptjvBiQDziVont3WeJFZM9s=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB0DXjwmkBckS5id9CZjZmeXmVkhhHyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hofua3nlBpHsu6GSfoR3QgecgZNVaqXfSKJbfszkFWiZeREmSo9opf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQnv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZuylf165KlXoWRx5O4BTOwYNbqMADVKEBDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AHovjMs=</latexit>

+

Contract 
features

Features

<latexit sha1_base64="c05QEc/Zb5pvW4rbzs1/+ZfAMQg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cIeUGyhNnJbDJmdmeZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e4KEikMuu63U1hb39jcKm6Xdnb39g/Kh0cto1LNeJMpqXQnoIZLEfMmCpS8k2hOo0DydjC+m/ntJ66NUHEDJwn3IzqMRSgYRSu1eigibvrlilt15yCrxMtJBXLU++Wv3kCxNOIxMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aGlO7xM/m107JmVUGJFTaVoxkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz1MxEnKfKYLRaFqSSoyOx1MhCaM5QTSyjTwt5K2IhqytAGVLIheMsvr5LWRdW7rl49XFZqjTyOIpzAKZyDBzdQg3uoQxMYPMIzvMKbo5wX5935WLQWnHzmGP7A+fwBvtWPUA==</latexit>⇥

Contract 
weights

Scalar weight

<latexit sha1_base64="c05QEc/Zb5pvW4rbzs1/+ZfAMQg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cIeUGyhNnJbDJmdmeZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e4KEikMuu63U1hb39jcKm6Xdnb39g/Kh0cto1LNeJMpqXQnoIZLEfMmCpS8k2hOo0DydjC+m/ntJ66NUHEDJwn3IzqMRSgYRSu1eigibvrlilt15yCrxMtJBXLU++Wv3kCxNOIxMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aGlO7xM/m107JmVUGJFTaVoxkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz1MxEnKfKYLRaFqSSoyOx1MhCaM5QTSyjTwt5K2IhqytAGVLIheMsvr5LWRdW7rl49XFZqjTyOIpzAKZyDBzdQg3uoQxMYPMIzvMKbo5wX5935WLQWnHzmGP7A+fwBvtWPUA==</latexit>⇥<latexit sha1_base64="/wzGGn3piiQLvouW1D89286fIGc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9gVX8eAF48J5AXJEmYnvcmY2dllZlYIIV/gxYMiXv0kb/6Nk2QPmljQUFR1090VJIJr47rfTm5jc2t7J79b2Ns/ODwqHp+0dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC+n/vtJ1Sax7JhJgn6ER1KHnJGjZXq5X6x5FbcBcg68TJSggy1fvGrN4hZGqE0TFCtu56bGH9KleFM4KzQSzUmlI3pELuWShqh9qeLQ2fkwioDEsbKljRkof6emNJI60kU2M6ImpFe9ebif143NeGdP+UySQ1KtlwUpoKYmMy/JgOukBkxsYQyxe2thI2ooszYbAo2BG/15XXSuqx4N5Xr+lWp2sjiyMMZnEMZPLiFKjxADZrAAOEZXuHNeXRenHfnY9mac7KZU/gD5/MHdaOMyA==</latexit>

(
<latexit sha1_base64="l0a+JfkaL7+9rGCxUS4OLJif2hI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7Arvo4BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0P/NbT6g0j2XdjBP0IzqQPOSMGivVLnrFklt25yCrxMtICTJUe8Wvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MD52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IR3/oTLJDUo2WJRmApiYjL7mvS5QmbE2BLKFLe3EjakijJjsynYELzll1dJ87Ls3ZSva1elSj2LIw8ncArn4MEtVOABqtAABgjP8ApvzqPz4rw7H4vWnJPNHMMfOJ8/dyeMyQ==</latexit>

)<latexit sha1_base64="1z4NptjvBiQDziVont3WeJFZM9s=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB0DXjwmkBckS5id9CZjZmeXmVkhhHyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hofua3nlBpHsu6GSfoR3QgecgZNVaqXfSKJbfszkFWiZeREmSo9opf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQnv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZuylf165KlXoWRx5O4BTOwYNbqMADVKEBDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AHovjMs=</latexit>

+

Contract 
features

Features

<latexit sha1_base64="c05QEc/Zb5pvW4rbzs1/+ZfAMQg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cIeUGyhNnJbDJmdmeZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e4KEikMuu63U1hb39jcKm6Xdnb39g/Kh0cto1LNeJMpqXQnoIZLEfMmCpS8k2hOo0DydjC+m/ntJ66NUHEDJwn3IzqMRSgYRSu1eigibvrlilt15yCrxMtJBXLU++Wv3kCxNOIxMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aGlO7xM/m107JmVUGJFTaVoxkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz1MxEnKfKYLRaFqSSoyOx1MhCaM5QTSyjTwt5K2IhqytAGVLIheMsvr5LWRdW7rl49XFZqjTyOIpzAKZyDBzdQg3uoQxMYPMIzvMKbo5wX5935WLQWnHzmGP7A+fwBvtWPUA==</latexit>⇥

<latexit sha1_base64="/wzGGn3piiQLvouW1D89286fIGc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9gVX8eAF48J5AXJEmYnvcmY2dllZlYIIV/gxYMiXv0kb/6Nk2QPmljQUFR1090VJIJr47rfTm5jc2t7J79b2Ns/ODwqHp+0dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC+n/vtJ1Sax7JhJgn6ER1KHnJGjZXq5X6x5FbcBcg68TJSggy1fvGrN4hZGqE0TFCtu56bGH9KleFM4KzQSzUmlI3pELuWShqh9qeLQ2fkwioDEsbKljRkof6emNJI60kU2M6ImpFe9ebif143NeGdP+UySQ1KtlwUpoKYmMy/JgOukBkxsYQyxe2thI2ooszYbAo2BG/15XXSuqx4N5Xr+lWp2sjiyMMZnEMZPLiFKjxADZrAAOEZXuHNeXRenHfnY9mac7KZU/gD5/MHdaOMyA==</latexit>

(

<latexit sha1_base64="/wzGGn3piiQLvouW1D89286fIGc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9gVX8eAF48J5AXJEmYnvcmY2dllZlYIIV/gxYMiXv0kb/6Nk2QPmljQUFR1090VJIJr47rfTm5jc2t7J79b2Ns/ODwqHp+0dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC+n/vtJ1Sax7JhJgn6ER1KHnJGjZXq5X6x5FbcBcg68TJSggy1fvGrN4hZGqE0TFCtu56bGH9KleFM4KzQSzUmlI3pELuWShqh9qeLQ2fkwioDEsbKljRkof6emNJI60kU2M6ImpFe9ebif143NeGdP+UySQ1KtlwUpoKYmMy/JgOukBkxsYQyxe2thI2ooszYbAo2BG/15XXSuqx4N5Xr+lWp2sjiyMMZnEMZPLiFKjxADZrAAOEZXuHNeXRenHfnY9mac7KZU/gD5/MHdaOMyA==</latexit>

(

<latexit sha1_base64="l0a+JfkaL7+9rGCxUS4OLJif2hI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7Arvo4BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0P/NbT6g0j2XdjBP0IzqQPOSMGivVLnrFklt25yCrxMtICTJUe8Wvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MD52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IR3/oTLJDUo2WJRmApiYjL7mvS5QmbE2BLKFLe3EjakijJjsynYELzll1dJ87Ls3ZSva1elSj2LIw8ncArn4MEtVOABqtAABgjP8ApvzqPz4rw7H4vWnJPNHMMfOJ8/dyeMyQ==</latexit>

)

<latexit sha1_base64="l0a+JfkaL7+9rGCxUS4OLJif2hI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7Arvo4BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0P/NbT6g0j2XdjBP0IzqQPOSMGivVLnrFklt25yCrxMtICTJUe8Wvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MD52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IR3/oTLJDUo2WJRmApiYjL7mvS5QmbE2BLKFLe3EjakijJjsynYELzll1dJ87Ls3ZSva1elSj2LIw8ncArn4MEtVOABqtAABgjP8ApvzqPz4rw7H4vWnJPNHMMfOJ8/dyeMyQ==</latexit>

)

Generalized CG

Generalized CG

Generalized CG

<latexit sha1_base64="S6c9E/TMVcZU8uGIDT97WGEAH1k=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARXEhJrLdlwY2LKhXsBdoYJpNJO3QyCTMToYRs3fgqblwo4tY3cOfbOG2z0NYfBj7+cw5nzu/FjEplWd9GYWFxaXmluFpaW9/Y3DK3d1oySgQmTRyxSHQ8JAmjnDQVVYx0YkFQ6DHS9oaX43r7gQhJI36nRjFxQtTnNKAYKW25JuwpynySosxNqX1Ud2147drZfVp3q5qqmWuWrYo1EZwHO4cyyNVwza+eH+EkJFxhhqTs2lasnBQJRTEjWamXSBIjPER90tXIUUikk04uyeCBdnwYREI/ruDE/T2RolDKUejpzhCpgZytjc3/at1EBRdOSnmcKMLxdFGQMKgiOI4F+lQQrNhIA8KC6r9CPEACYaXDK+kQ7NmT56F1XLHPKqe3J+XaTR5HEeyBfXAIbHAOauAKNEATYPAInsEreDOejBfj3fiYthaMfGYX/JHx+QN1xpjx</latexit>

ãL3M3

i1,L1M1

<latexit sha1_base64="IejXChucj0/WzuG0CC1gia7Pp7k=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARXEhJWm/LghsXVSrYVmhjmEwm7dDJJMxMhBKydeOruHGhiFvfwJ1v47TNQlt/GPj4zzmcOb8XMyqVZX0bhYXFpeWV4mppbX1jc8vc3mnLKBGYtHDEInHnIUkY5aSlqGLkLhYEhR4jHW94Ma53HoiQNOK3ahQTJ0R9TgOKkdKWa8KeoswnKcrclFaPGm4VXrnV7D5tuDVNtcw1y1bFmgjOg51DGeRquuZXz49wEhKuMENSdm0rVk6KhKKYkazUSySJER6iPulq5Cgk0kknl2TwQDs+DCKhH1dw4v6eSFEo5Sj0dGeI1EDO1sbmf7VuooJzJ6U8ThTheLooSBhUERzHAn0qCFZspAFhQfVfIR4ggbDS4ZV0CPbsyfPQrlbs08rJzXG5fp3HUQR7YB8cAhucgTq4BE3QAhg8gmfwCt6MJ+PFeDc+pq0FI5/ZBX9kfP4Aen+Y9A==</latexit>

ãL3M3

i2,L2M2

<latexit sha1_base64="kn+al+Fwbaq/U2JlFjXYgLlKm0I=">AAACCXicbZDLSgMxFIYz9VbrbdSlm2ARXEjJWG/LghsXVSrYC7TjkMlk2tDMhSQjlGG2bnwVNy4UcesbuPNtTNtZaOsPgY//nMPJ+d2YM6kQ+jYKC4tLyyvF1dLa+sbmlrm905JRIghtkohHouNiSTkLaVMxxWknFhQHLqdtd3g5rrcfqJAsCu/UKKZ2gPsh8xnBSluOCXuKcY+mOHNSho7qDoLXDsru07pT1VTNHLOMKmgiOA9WDmWQq+GYXz0vIklAQ0U4lrJroVjZKRaKEU6zUi+RNMZkiPu0qzHEAZV2Orkkgwfa8aAfCf1CBSfu74kUB1KOAld3BlgN5GxtbP5X6ybKv7BTFsaJoiGZLvITDlUEx7FAjwlKFB9pwEQw/VdIBlhgonR4JR2CNXvyPLSOK9ZZ5fT2pFy7yeMogj2wDw6BBc5BDVyBBmgCAh7BM3gFb8aT8WK8Gx/T1oKRz+yCPzI+fwBxDZju</latexit>

ãL3M3

i0,L0M0

<latexit sha1_base64="CHi9pAX43qvkwaR6JiVhejydYQE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pka8eJII5gHJEmYns8mY2ZllZlYIy/6DFw+KePV/vPk3TpI9aGJBQ1HVTXdXEHOmjet+O4Wl5ZXVteJ6aWNza3unvLvX1DJRhDaI5FK1A6wpZ4I2DDOctmNFcRRw2gpGNxO/9USVZlI8mHFM/QgPBAsZwcZKzeteyk6zXrniVt0p0CLxclKBHPVe+avblySJqDCEY607nhsbP8XKMMJpVuommsaYjPCAdiwVOKLaT6fXZujIKn0USmVLGDRVf0+kONJ6HAW2M8JmqOe9ifif10lMeOWnTMSJoYLMFoUJR0aiyeuozxQlho8twUQxeysiQ6wwMTagkg3Bm395kTRPqt5F9fz+rFK7y+MowgEcwjF4cAk1uIU6NIDAIzzDK7w50nlx3p2PWWvByWf24Q+czx9MAI8A</latexit>

Ai3

<latexit sha1_base64="+/T6lLdzHxzwKxTKgrteo0GYYnQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eIF08SwTwgWcLsZDYZMzuzzMwKYdl/8OJBEa/+jzf/xkmyB00saCiquunuCmLOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Gbqt5+o0kyKBzOJqR/hoWAhI9hYqXXdT1kt65crbtWdAS0TLycVyNHol796A0mSiApDONa667mx8VOsDCOcZqVeommMyRgPaddSgSOq/XR2bYZOrDJAoVS2hEEz9fdEiiOtJ1FgOyNsRnrRm4r/ed3EhFd+ykScGCrIfFGYcGQkmr6OBkxRYvjEEkwUs7ciMsIKE2MDKtkQvMWXl0mrVvUuquf3Z5X6XR5HEY7gGE7Bg0uowy00oAkEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4ASnuO/w==</latexit>

Ai2

<latexit sha1_base64="d95BUzjY6OvPA35//UeKSesVH2Y=">AAAB7XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WlbcuJIK9gHtUDJppo3NJEOSEcrQf3DjQhG3/o87/8a0nYW2HrhwOOde7r0nTAQ31vO+0dLyyuraemGjuLm1vbNb2ttvGJVqyupUCaVbITFMcMnqllvBWolmJA4Fa4bDm4nffGLacCUf7ChhQUz6kkecEuukxnU34/64Wyp7FW8KvEj8nJQhR61b+ur0FE1jJi0VxJi27yU2yIi2nAo2LnZSwxJCh6TP2o5KEjMTZNNrx/jYKT0cKe1KWjxVf09kJDZmFIeuMyZ2YOa9ifif105tdBVkXCapZZLOFkWpwFbhyeu4xzWjVowcIVRzdyumA6IJtS6gogvBn395kTROK/5F5fz+rFy9y+MowCEcwQn4cAlVuIUa1IHCIzzDK7whhV7QO/qYtS6hfOYA/gB9/gBI9o7+</latexit>

Ai1

<latexit sha1_base64="QN+KWxF+1u4VSWPqq1PPJMoD0Sg=">AAAB+HicbVDLSsNAFJ3UV62PVl26GSyCq5L4XhbcuJIK9gFJCJPppB06MwnzEGrol7hxoYhbP8Wdf+O0zUJbD1w4nHMv994TZ4wq7brfTmlldW19o7xZ2dre2a3W9vY7KjUSkzZOWSp7MVKEUUHammpGepkkiMeMdOPRzdTvPhKpaCoe9DgjIUcDQROKkbZSVKsGyvAoD4hG0D8LJ1Gt7jbcGeAy8QpSBwVaUe0r6KfYcCI0Zkgp33MzHeZIaooZmVQCo0iG8AgNiG+pQJyoMJ8dPoHHVunDJJW2hIYz9fdEjrhSYx7bTo70UC16U/E/zzc6uQ5zKjKjicDzRYlhUKdwmgLsU0mwZmNLEJbU3grxEEmEtc2qYkPwFl9eJp3ThnfZuLg/rzfvijjK4BAcgRPggSvQBLegBdoAAwOewSt4c56cF+fd+Zi3lpxi5gD8gfP5A3KIkwA=</latexit>X

⌘[3]
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Figure 2: Illustration of tensor contraction in the polynomial many-body interaction module. In this figure,
it demonstrates an example of 4-body interactions with vmax = 3 and final L3 = 0, M3 = 0. Note that the
contract weights operation learns weighted summation over all paths η[v], where η[v] = (ℓ1, ℓ2, L2, · · · , ℓv, Lv).

with linear pooling function Λ̂k on them

p =
∑

k

wk ∗ Λ̂k(fk) =
∑

k

wkΛ̂k(Q(tk)
K (θi)) (29)

=
∑

k

wk

∑
P

W ∗
P Q

(tk)
K (θi)(P ), (30)
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where P = (p1, p2, · · · , pK) is the position of the entry, and W ∗
P is the corresponding weight.

Since Q(tk)(θi)(P ) =
∑

ℓm wℓm
1 irrepsℓm

1 , the p can be represented as

p =
∑

k

wk

∑
P

W ∗
P

∑
ℓm

wℓm
1,tk,P irrepsℓm

1,tk,P =
∑

k

wk

∑
ℓmP

w∗ℓm
1,tk,P irrepsℓm

1,tk,P (31)

where the irrepsℓm
1,tk,P can be obtained by various channels and w∗ℓm

1,tk,P = wℓm
1,tk,P W ∗

P . Therefore, the set of
irreps1 is D-spanning.

B.2 Proof of D-spanning irreps in PACE

B.2.1 Lemmas

Lemma B.1. The linear combination of elements for spherical harmonics with radial basis function
Rℓ(r̄ij)Yℓ

m(r̂ij), where 0 ≤ ℓ ≤ Lmax, ℓ ∈ N and −ℓ ≤ m ≤ ℓ, m ∈ Z, can represent any polynomial
function PLmax(rij) with Lmax ≤ 2.

Proof. When the radial basis function is set to Rℓ(r̄ij) = r̄ℓ
ij , ℓ ∈ N+, real spherical harmonics with radial

basis function Rℓ(r̄ij)Yℓ
m(r̂ij) are orthogonal polynomials P(r̂ij) with degree ℓ. Moreover, by using multi-layer

perceptrons (MLPs) R0(r̄ij), it can approximate any polynomial with respect to the pairwise distance r̄ij .
(Hornik, 1991; Hornik et al., 1989) Therefore, with 0 ≤ ℓ ≤ Lmax, ℓ ∈ N+, the linear combination of elements
are the terms in polynomial functions in PD(rij). For the terms in PD, the number of terms is C3

D+3 for
different polynomials xαyβzγ , α + β + γ ≤ D. Therefore, when D = 2, the dimension is 10. Then the number
of polynomials in spherical harmonics with ℓ ≤ 2 is 1 + 3 + 7 = 9 and r̄2

ij = x2 + y2 + z2 which can not be
obtained by linear combination of spherical harmonics. But when D ≥ 3, the term in PD(rij) can not be
covered by spherical harmonics. Therefore, the linear combination of spherical harmonics with radial basis
can form any polynomial function PD≤2(rij).

Lemma B.2. If irreps1 can represent Qt1(θi), irreps2 can represent Qt2(θi) and their tensor product output
irreps3 can represent Q(t1,t2)(θi).

Proof. With the aggregated node features with Qt1 =
∑

j1
r⊗t1

ij for tensor representation format, and the
value at position P1 = (p11, · · · , piL) can be represented by linear combination of the elements in irreps1,
shown as

Qt1(P1) =
∑
ℓ1m1

wℓ1m1
1 irrepsℓ1m1

1 , (32)

When the tensor product of irreps1 and irreps2 is irreps3, the representation of irreps3 is denoted as

irrepsℓ3(ℓ1,ℓ2)m3
3 =

∑
m1m2

Cℓ3m3
ℓ1m1,ℓ2m2

irrepsℓ1m1
1 irrepsℓ2m2

2 (33)

When the Qt2(P2) can be linear combination of elements in irreps2, then

Q(t1,t2)(P1, P2) = (
∑
ℓ1m1

wℓ1m1
1 irrepsℓ1m1

1 )(
∑
ℓ2m2

wℓ2m2
2 irrepsℓ2m2

2 )

=
∑

ℓ1m1ℓ2m2

wℓ1m1
1 wℓ2m2

2 irreps1irreps2 (34)
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Then when the linear combination of the irreps3 is shown as

Q
′(t1,t2)(P1, P2) =

∑
ℓ3(ℓ1,ℓ2)m3

w
ℓ3(ℓ1,ℓ2)m3
3 irrepsℓ3(ℓ1,ℓ2)m3

3

=
∑

ℓ3(ℓ1,ℓ2)m3

w
ℓ3(ℓ1,ℓ2)m3
3

∑
ℓ1m1ℓ2m2

Cℓ3m3
ℓ1m1,ℓ2m2

irrepsℓ1m1
1 irrepsℓ2m2

2

=
∑

ℓ1m1ℓ2m2

irrepsℓ1m1
1 irrepsℓ2m2

2

∑
l3(ℓ1,ℓ2)m3

Cℓ3m3
ℓ1m1,ℓ2m2

w
ℓ3(ℓ1,ℓ2)m3
3 (35)

When w
ℓ3(ℓ1,ℓ2)m3
3 =

∑
ℓ1m1,ℓ2m2

Cℓ3m3
ℓ1m1,ℓ2m2

wℓ1m1
1 wℓ2m2

2 , we have∑
ℓ1m1,ℓ2m2

Cℓ3m3
ℓ1m1,ℓ2m2

w
ℓ3(ℓ1,ℓ2)m3
3

=
∑

ℓ1m1,ℓ2m2

Cℓ3m3
ℓ1m1,ℓ2m2

∑
ℓ3(ℓ1,ℓ2)m3

Cℓ3m3
ℓ1m1,ℓ2m2

wℓ1m1
1 wℓ2m2

2

=
∑

ℓ1m1,ℓ2m2

wℓ1m1
1 wℓ2m2

2

∑
ℓ3(ℓ1,ℓ2)m3

(
Cℓ3m3

ℓ1m1,ℓ2m2
Cℓ3m3

ℓ1m1,ℓ2m2

)
=

∑
ℓ1m1,ℓ2m2

wℓ1m1
1 wℓ2m2

2 (36)

Therefore,

Q
′(t1,t2)(P1, P2) =

∑
ℓ1m1,ℓ2m2

irrepsℓ1m1
1 irrepsℓ2m2

2

∑
ℓ1m1,ℓ2m2

wℓ1m1
1 wℓ2m2

2

=
∑

ℓ1m1,ℓ2m2

irrepsℓ1m1
1 irrepsℓ2m2

2 wℓ1m1
1 wℓ2m2

2

= Q(t1,t2)(P1, P2) (37)

Above all, the irreps3 can represent Q(t1,t2)(P1, P2).

B.2.2 Equivariant Polynomial Functions for Polynomial symmetric contraction

Considering tensor product, the path can be represented as η[2] = (ℓ1, ℓ2, L2), we have irreps1 and irreps2 to
represent Qt1(P1) and Qt2(P2) with ∥t1∥1 ≤ v, ∥t2∥1 ≤ v, respectively. Then with Lemma B.2, the output
irreps can represent Q(t1,t2)(P1, P2). Note that there might be multiple channels for the same rotation order
L2, and we use L2(ℓ1, ℓ2) to distinguish them. Meanwhile, the weighted sum over these equivariant irreducible
representations can also achieve representativity.

For the path η[v] = (ℓ1, ℓ2, L2, · · · , ℓv, Lv), the irrepsη[v−1] can represent Q(t1,t2,··· ,tv−1), and the irrepsv can
represent Qtv .

irrepsL′
vMv

3 =
∑

Mv−1mv

CLvMv

L′
v−1Mv−1,ℓvmv

irrepsL′
v−1Mv−1

1 irrepsℓvmv
2 , (38)

where L′
v = Lv(η[v − 1], ℓv) and L′

v−1 = Lv−1(η[v − 2], ℓv−1). Then, in this case, we extend the proof of
Lemma B.2 and prove the

Q
′(t1,t2,tv)(P1, P2, · · · Pv) =

∑
L′

vm3

w
L′

vMv

3 irrepsL′
vMv

3

=
∑

L′
vMv

w
L′

vMv

3

∑
L′

v−1Mv,ℓvmv

Cℓ3m3
L′

v−1Mv,ℓvmv
irrepsL′

v−1Mv

1 irrepsℓvmv
2

=
∑

L′
v−1Mvℓvmv

irrepsL′
v−1Mv

1 irrepsℓvmv
2

∑
L′

v−1Mv

C
L′

v−1Mv

L′
v−1Mv,ℓvmv

w
L′

vMv

3 (39)
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Then we take w
L′

vMv

3 =
∑

ℓ1m1,ℓ2m2
CLvMv

L′
v−1Mv−1,ℓvmv

w
L′

v−1Mv−1
1 wℓvmv

2 , and with similar procedure to Equation
37, we can derive that

Q
′(t1,t2,··· ,tv)(P1, P2, · · · Pv)

=
∑

L′
v−1Mvℓvmv

w
L′

v−1Mv−1
1 irrepsL′

v−1Mv

1 wℓvmv
2 irrepsℓvmv

2

= Q(t1,t2,··· ,tv−1)(P1, P2, · · · Pv−1)Qtv (Pv) (40)

Above all, the output of equivariant base can represent Q(t1,t2,··· ,tv)(θi) with ∥tj∥1 ≤ v, ∀j ∈ [v]. Since it can
select any (t1, t2, · · · , tv) within ∥(t1, t2, · · · , tv)∥1 ≤ v, the constructed D-spanning family QD

K with K = v
and D = v. Then, the set of the output equivariant features is also a D-spanning family with D = v.

Specifically, in the update module in the first layer, it uses symmetric contraction with correlation order
vmax = 3. Since the aggregated messages follow the form Q

(t)
K=1 =

∑
j r⊗t1

ij with t1 ≤ 4. Then, the updated
features after the symmetric contraction is Q

(t)
K=3 =

∑
j1,j2,j3∈Ni

r⊗t1
ij1

⊗ r⊗t2
ij2

⊗ r⊗t3
ij3

, t1, t2, t3 ≤ 4. Therefore,
it covers all the possible t with ∥t∥ ≤ 3, and then represent the D-spanning set with D = 3.

C Experiment Details

Data and splits of rMD17 dataset are downloaded from https://figshare.com/articles/dataset/Revi
sed_MD17_dataset_rMD17_/12672038. The unit of energy is converted from kcal/mol to meV. 3BPA and
AcAc datasets are downloaded from https://github.com/davkovacs/BOTNet-datasets/tree/main.

For all molecules in, we use 2 GNN layers with 256 hidden channels and lmax = 3. For multi-layer perceptions
(MLPs), SiLU is used as nonlinearity. During training, we train each model for 5000 epochs using a batch
size of 5 and a learning rate of 0.01. Besides, we use Adam-AMSGrad optimizer with default parameters of
β1 = 0.9, β2 = 0.999, ϵ = 10−8, and without weight decay. Moreover, an exponential moving average with a
weight of 0.99 is used in training.

For rMD17, edges are built for pairwise distances within a radius cutoff. Edge features are initiated by
either Exponential Bernstein radial basis functions (Unke et al., 2021b) or bessel functions with a smoothed
polynomial cutoff (Gasteiger et al., 2020). Table 5 shows our options for molecules in rMD17 dataset. The
training loss considers both energy and force with a weight ratio of 9: 1000. In addition, we use a rotation
order of 3 for the hidden irreducible representations outputted by PACE’s polynomial many-body interaction
module. For both 3BPA and AcAc, edges are built using a radius cutoff of 5 Å, and edge features are initiated
with 4 Bessel basis functions. The ratio of energy and force in loss is 15:1000. Moreover, the rotation order of
the hidden irreducible representations is 2.

Table 5: Model architectural hyperparameters for rMD17.
Aspirin Azobenzene Benzene Ethanol Malonaldehyde Naphthalene Paracetamol Salicyclic acid Toluene Uracil

Edge embedding Bessel Bessel Bessel EBRadial EBRadial Bessel Bessel EBRadial Bessel Bessel
# of basis 6 4 8 20 12 8 4 10 8 4
Radius (Å) 5 5 5 5 6 5 5 5 5 6

D More Empirical Analysis

D.1 Molecular Dynamic Simulation

To further assess the ability of PACE to simulate realistic structures and dynamics, we conduct Molecular
Dynamics (MD) simulations on the 3BPA dataset using PACE. These simulations are implemented with the
Langevin dynamics provided by the ASE library, using 1000 timesteps with 1 fs for each timestep. We randomly
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Figure 3: Illustration of radial distribution functions (RDF) of MD trajectories. Values are averaged over five
MD simulations with five initial molecular structures. The shell thickness dr = 0.05 is used.

Table 6: Training time and memory consumption, with sec/epoch and MB as units, respectively.
NequIP Allegro MACE Ours

Paracetamol Training time 130 50.3 29.5 45
Memory 3511 10211 3239 4406

Toluene Training time 110 35.8 23.5 35
Memory 3507 3595 2540 3394

select an initial structure from the testing set to generate MD trajectories with PACE. Correspondingly,
we extract the ground truth MD trajectory, starting from the same initial structure, from the testing set.
The total radial distribution functions (RDF) of the ground truth MD trajectories and PACE-generated
MD trajectories are visualized in Figure 3. The results of the MD simulations further affirm that our PACE
model not only achieves state-of-the-art (SOTA) performance in force field prediction but also holds practical
value in realistic simulations.

D.2 Algorithm Efficiency

Table 6 presents a comparative analysis of training time and memory consumption between our proposed
PACE method and the baseline methods. Results are reported in seconds per epoch and MB as units. A
consistent batch size of 5 is used for each method, with average times calculated over 10 epochs, where
validation occurs once every 2 epochs. In these experiments, Allegro is configured with 5 layers and a rotation
order of 3, and NequIP with 3 layers and a rotation order of 3. MACE is configured with 2 layers and a
rotation order of 2. PACE is configured as reported in Appendix C. The results show that compared to
MACE, PACE offers enhanced expressiveness and superior performance, albeit with a justifiable increase in
computational costs. In contrast to NequIP and Allegro, PACE stands out for its combined advantages in
both performance and efficiency.

D.3 Rotation Order

As described in Appendix C, for the rMD17 dataset, PACE utilizes a rotation order of 3 for the hidden
irreducible representations outputted by its polynomial many-body interaction module, contrasting with
MACE’s use of a rotation order of 2 for encoding many-body interactions. Hence, we conduct further
experiments to determine if the enhanced performance of PACE is solely due to this increased rotation order.
The results in Table 7 indicate that while the higher rotation order of hidden representations does contribute
to improved model performance, it is not the sole factor in PACE’s superior performance.
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Table 7: Results of experiments on rotation order of hidden irreducible representation of polynomial many-
body interaction module. PACE uses Lmax = 3 for rMD17 dataset. Mean absolute errors (MAE) are reported
for both energy (E) and force (F) predictions, with meV and meV/ Å as units, respectively. Bold numbers
highlight the best performance.

Ethanol Toluene

PACE E 0.3 0.2
F 1.8 1.1

PACE (hidden Lmax = 2) E 0.3 0.2
F 2.1 1.1

E Examples

Considering |Ni| = 2, ri,j=1 = (x1, y1, z1) and ri,j=2 = (x2, y2, z2), then

f̂xi
=

∑
j∈Ni

Y ℓ=1(r̂ij)⊗2 = Cl=1CT
l=1

 y2
1 + y2

2 y1z1 + y2z2 y1x1 + y2x2
z1y1 + z2y2 z2

1 + z2
2 z1x1 + z2x2

z1y1 + z2y2 x1z1 + x2z2 x2
1 + x2

2

 , (41)

f
′

xi
=

∑
j1∈Ni

Y ℓ=1(r̂ij1) ⊗
∑

j2∈Ni

Y ℓ=1(r̂ij2) = Cl=1CT
l=1 ·

 y1 + y2
z1 + z2
x1 + x2

 ⊗

 y1 + y2
z1 + z2
x1 + x2

 . (42)

For f̂xi
, it has element y2

1 + y2
2 , while f

′

xi
only contains elements like y2

1 + y2
2 + 2y1y2. Thus, f̂xi

can not be
represented as a linear combination of elements in f

′

xi
.
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