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Abstract

We study bilevel optimization problems where the lower-level problems are strongly
convex and have coupled linear constraints. To overcome the potential non-
smoothness of the hyper-objective and the computational challenges associated
with the Hessian matrix, we utilize penalty and augmented Lagrangian meth-
ods to reformulate the original problem as a single-level one. Especially, we
establish a strong theoretical connection between the reformulated function and
the original hyper-objective by characterizing the closeness of their values and
derivatives. Based on this reformulation, we propose a single-loop, first-order
algorithm for linearly constrained bilevel optimization (SFLCB). We provide
rigorous analyses of its non-asymptotic convergence rates, showing an improve-
ment over prior double-loop algorithms — form O(e =3 log(e 1)) to O(e~3). The
experiments corroborate our theoretical findings and demonstrate the practical
efficiency of the proposed SFLCB algorithm. Simulation code is provided at
https://github.com/ShenGroup/SFLCB,

1 Introduction

In recent years, bilevel optimization (BLO) has gained significant popularity for addressing a wide
range of modern machine learning problems, such as hyperparameter optimization [35, (7, |32]], data
hypercleaning [37]], meta learning [36l [13]], reinforcement learning [40, [11] and neural architecture
search [26} [23]]; see survey papers [31, 27, 39] for additional discussions. While numerous works
for unconstrained BLO problems have been proposed [9} 30, [15} IS} [11} 22], studies focusing on
constrained BLO problems are relatively limited.

In this paper, we consider the following BLO problem where the lower-level (LL) problem has
coupled constraints:
. A *
min  ®(z) = f(=,y"(x)) M
st.  y*(z) € arg min g(z,y).
yeY(x)

The upper-level (UL) objective function f : R% x R% — R and the lower-level objective function
g : R% x R% — R are continuously differentiable. Moreover, we assume that g(z, ) is strongly
convex with respect to y. The feasible sets are defined as X = R% Y(x) = {y € R% | h(x,y) <
0} where h : Rd= x R — Rén,
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For this setting, we develop a single loop algorithm for the special case h(z,y) = Bx + Ay — b,
where B € R% 4= and A € R% >4y This special class of constrained BLO problems covers a
wide class of applications, including distributed optimization [47], hyperparameter optimization
of constrained learning problems [45] and adversarial training [52] and draw significant attentions
(411 18}, 20].

A popular approach for solving unconstrained BLO is implicit gradient descent [9} {15} [14}14,|19]. For
constrained BLO, several studies have extended this approach to accommodate different constraint
settings [41, 18], 145l 44]. However, these implicit gradient-based methods in constrained BLO
necessitate computing the Hessian matrix of the lower-level problem [41} |18l 45 |44]. The potential
computational challenges associated with the Hessian matrix limit their practical applicability for
large-scale problems.

Recently, some first-order methods [21}149]!48| |16, 20] have been proposed for addressing constrained
BLO problems. Most of those works considered transforming the original problem (I) into a single-
level one and trying to find the stationary points of the reformulated problem. For example, [49, 48]
reformulated the original problem into some approximated functions and proposed single-loop
algorithms for finding the stationary point of the approximated problem. However, neither [49] nor
[48] establishes clear relationships between the stationary points of their approximated problems and
the original one.

Works most closely related to ours are those by [21] and [[16], both of which reformulated the problem

() as

min x, s.t. g(z,y) — min g(x,2) <0, 2
meX’yey(w)f( y) 9(z,y) Zey(w)g( ) ()

and considered optimizing the following function with a penalty parameter d:

min[®s(z) £ min max ®s(z,y, 2 3
min[®s(z) i max s(x,y,2)] ()

where ®5(z,y,2) = f(2,y) + §[9(x,y) — g(x,z)]. Based on this reformulation, [21]] proposed
algorithms for solving BLO with LL constraints y € ) and [16]] proposed algorithms for solving
coupled LL constraints Y(x) = {y € R%|h(z,y) < 0}. However, [21] only considered the
LL constraints ) that are independent of x and their methods require projection oracle to ) at
each iteration. Algorithms in [[16] require complex double or triple loops, resulting in sub-optimal
convergence rates and difficult implementation. Moreover, the connection between the stationary
point of the reformulated function ®; and the original hyper-objective ® is not discussed in [21}[16]
for coupled constraints Y(x).

To address these limitations, in this paper, we establish a rigorous theoretical justification for this
reformulation (3) and propose a single-loop Hessian-free algorithm for the linearly constrained cases.
Our main contributions can be summarized as follows.

* We establish a rigorous theoretical connection between the reformulated function ®5 and the
original hyper-objective ® by proving the closeness of their values and derivatives under coupled
constraints J(z) = {y € R%|h(x,y) < 0} with certain assumptions, which provides strong
justifications for the reformulation (3)).

* Based on this reformulation and equipped with augmented Lagrangian methods, we proposed
SFLCB, a single-loop, first-order algorithm for linearly constrained bilevel optimization problem.
and provide rigorous analyses of its non-asymptotic convergence rates, achieving an improvement
in the convergence rate from O (e =3 log(e 1)) to O(e~3) compared to prior works (See Tablefor
a more comprehensive comparison of our work with previous studies). The simple single-loop
structure also makes our algorithm easier to implement in practice compared to [16].

* QOur experiments on hyperparameter optimization in the support vector machine (SVM) and
transportation network design problems validate the practical effectiveness and efficiency of the
proposed SFLCB algorithm.

2 Related works

BLO without constraints. One popular approach for solving unconstrained BLO is to use implicit
gradient descent methods [35]. It is well established that when the LL problem is strongly convex



Table 1: Comparison of our paper with [21} 16} 20]. More detailed introductions and discussions of
other related works can be found in Section 2] Here, the “Complexity” for [21,[16] and SFLCB means
the complexity needed to achieve the e-stationary point of ®s; for [20], it means the complexity
needed to achieve the (0, €)-Goldstein stationarity defined in [20].

Methods LL Constraint Complexity Loops
[21] y € Y, YV is a convex and compact set O(e 3log(et)) single/double
[16] h(z,y) <0, LICQ holds O(e75log(e™1)) triple
[16] B(x) + A(z)y <0, A(z) is full row rank ~ O(e 3 log(e™1)) double
[20] Bz + Ay — b < 0, LICQ holds O(dé—1e3) double
[20] Bx + Ay — b < 0, LICQ holds 0(5’16*4) double
SFLCB (ours) Bx + Ay — b < 0, A is full row rank O(e3) single
SFLCB (ours) Ay < 0, LICQ holds at the initial points O(e?) single
SFLCB (ours) Ay <0 O(e™%) single

and unconstrained, y*(z) = argmin, g(,y) exists and is differentiable, and the gradient of the
hyper-objective can be calculated by V®(z) = V. f(z,y) + (Vy*(z)) "V, f(2,y*(z)) [9]. Later
works improved the convergence rates and studied the gradient descent methods under various settings
[15, 114} 14,119 146]]. Another popular approach is based on iterative differentiation, which iteratively
solves the LL problems and computes Vy*(z) to approximate the hypergradient [33] 10, 29, [2].
Recently, penalty-based methods have gained traction as a promising approach for solving BLO.
Those works usually reformulate the original BLO as the single-level one and use the first-order
methods to find the stationary point of the reformulated problems [28| 34,125} 22, |38} I8} 131]].

BLO with constraints. There are two primary types of methods for solving constrained bilevel
optimization problems. One is based on the implicit gradient method. Generally, when the LL problem
has constraints, the differentiabilities of y* () and ®(z) are not guaranteed [[8]]. [41] proved the
existence of V®(x) under additional assumptions for linearly constraint Ay < b and proposed
an implicit gradient-type double-loop algorithm. [18]] proposed a perturbation-based smoothing
technique to compute the approximate implicit gradient for linearly constraint Ay < b. [45]] used
Clarke subdifferential to approximate the non-differentiable implicit function ®. However, they only
provided an asymptotic convergence analysis of their algorithm. [44] proved the existence of V¢
where the LL has equality constraints Ay + H(x) = ¢, and introduced an alternating projected SGD
approach to solve this problem. However, these implicit gradient-type algorithms [41} [18], 145 44]
require the computations for the Hessian matrix of the LL problems, which potentially limit their
practical applicability for large-scale problems.

Another commonly used approach for solving constrained BLO problems is based on penalty
reformulation. For example, [49]] reformulated the original problem into a proximal Lagrangian value
function and proposed a single-loop, first-order method to find the stationary points of the reformulated
value function. However, their algorithm requires the implementation of the projection operator
on C = {x,y|h(z,y) < 0} at each iteration, which can be potentially costly. [48] reformulated
the original problem into a doubly regularized gap function and proposed a single-loop, first-order
algorithm. Compared to [49], [48] did not need the projection operator to the coupled constraint
set. However, both [49] and [48]] did not establish very clear relationships between the stationary
points of their approximated problems and the original one. For example, [48]] only provided an
asymptotic relationship between the original problem and their reformulated one, i.e., as their penalty
parameter approaches infinite, their reformulated problem is equivalent to the original one. Recently,
[42,[17] proposed algorithms based on barrier approximation approach for constrained BLO problems.
However, their algorithms also require the computations for the Hessian matrix.

[21]] and [16]] considered the same reformulation as ours. [21]] studied the case where the LL variables
y € Y are independent of x and characterized the conditions under which the values and derivatives
of ® and ®; can be O(d)-close for y € ) constraints. Compared with [21]], we prove similar results
under coupled constraints J(z) = {y € R% |h(z,y) < 0}. Moreover, the algorithms in [21]] require
the implementation of the projection operator to ) at each iteration, which can be costly. [16] studied
the coupled constraints Y(x) = {y € R%|h(x,y) < 0}. While [16] considered more general




constraints than ours, however, it did not characterize the gap between the stationary point of the
reformulated function ®5 and the original hyper-objective ®. Our Theorem .9 provides further
justifications for their reformulation in coupled constraints. Moreover, compared with the double- and
triple-loop algorithms in [21]], we propose a single-loop algorithm SFLCB and prove an improvement
in the convergence rate from O(e =2 log(e 1)) to O(e™3).

Recently, [20] also proposed first-order methods for linearly constrained BLO. Especially, they proved
a nearly optimal convergence rate 0(6’2) for linear equality constraints and proposed algorithms that
can attain (0, €)-Goldstein stationarity for linear inequality constraints. However, their convergence
rates for linear inequality constraints either have additional dependence on dimension d (such as
O(dé ~1¢73)) or need additional assumptions to access the exact optimal dual variable (such as
0(5 ~1e¢=%)), while we do not require the exact optimal dual variable assumption. Compared with
the double-loop algorithms in [20], our proposed single-loop one is easier to implement in practice.
Moreover, our techniques are also different from theirs under linear inequality constraints, thereby
highlighting the distinct contributions and independent interests of our work.

3 Preliminaries

Notation. For vectors a,b € R, we denote a < bif for all i € [d], a; < b;. We use || - || to denote
the [ norm of a vector and the spectral norm of a matrix. We define the projection operator that
project z to a set P as IIp(z) = argmin, p 3|z — 2’||2. We denote the projection operator that

projects a x € R? to the set R? as TI_ ().

We state the following assumptions for problem (I), which are commonly used in the theoretical
studies of BLO.

Assumption 3.1. For any « € X, Y(x) is nonempty, closed, and convex and ®(z) is lower bounded
by a finite, ®* = inf,cx ®(z) > —o0.

Assumption 3.2. f,V f, Vg are Lipschitz continuous with [y, ls 1,141 respectively, jointly over
X x Y(z).

Assumption 3.3. For any fixed x € X, g(z,y) is pg-strongly convex with respect to y € Y(x).

We introduce the standard definition of the e-stationary point for a differentiable function.
Definition 3.4. We say & is an e-stationary point of a differentiable function f if ||V f(£)|| < e.

4 Reformulation

In this section, we provide a theoretical justification for our reformulation (3) and establish the
conditions under which the function values and gradients of the reformulated function ®5 and the
original hyper-objective ® become sufficiently close. Note that in this section, we considered general
coupled constraints Y(x) = {y € R%|h(z,y) < 0} which include, but are not limited to, the linear
constraint case. The complete proofs for the lemmas and theorems in this section can be found in
Appendix [C]

First, we assume § <

27] “— and introduce the following notations:

y5(z) = argmind f(z,y) + g(z,y)
yeY(x)

y*(z) = 2" (z) = argmin g(z,y)
yeY(z)

¢§(‘Ta Y, Z) = 5(1)5(1'7 Y, Z)
ds(z) = ¢s(z,y5 (), 2" ().
Similar to Theorem 3.8 in [21]], we have the following theorem to bound the difference between ®

and @5, as well as y*(z) and y; (z) in the coupled constraints.
Theorem 4.1. When Assumption and[3.3|hold, we have

§12 201
0< @(r) — Bs(x) < 10 y(a) —y" (@) < =2,
Hg Hg



Theorem [.1] characterizes how the difference in function values and the optimal LL variables
between the reformulated problem and the original one are controlled by the penalty parameter §.
Therefore, by choosing a sufficiently small 4, i.e., § = O(e), we can treat the reformulated problem
mingcy ®5(x) as an approximation of the original problem and solve this approximated problem
instead. In the following lemmas, we will provide the conditions under which the reformulated
function ®;(x) is differentiable. Before that, we first introduce the well-known and commonly used
Linear Independence Constraint Qualification (LICQ) condition.

Definition 4.2 (Active set). We denote Z, C [d}] as the active set of y, i.e. Z, = {i € [dp] |
hi(x,y) = 0}.

Definition 4.3 (LICQ). We say a point y satisfy the LICQ condition if, for all i € Z,,, V, h;(z, y) are
linearly independent.

Then, similar to Lemmas 2 and 3 in [16], we have the following lemma.
Lemma 4.4. When Assumpnonn q Fhold and § < pg/ (2l 1), if, forall x € X, the LICQ
y

condition (Definition -) holds for nd y5(x), then there exist the corresponding unique
Lagrangian multipliers \*(z) € R and \;(x Rdh such that
A*(x) = argmax min g(x, y) + AT h(z,y) )
)\ER+ yey(x)
Nj(w) = argmax min 3f(z,) + g(z,y) + ATh(z,y). )

AeR, YEY(x)

Furthermore, we have
* 1 * * *
V&s(2) = Vo f(a,y5(2)) + 5 [Vag(z, y5(2)) + Vah(z, y5 (2))A5(2)

= Vag(z,y" (2)) = Vah(z, y"(2)) A" (2)].

While the gradients of ®s(x) exists under LICQ conditions, for general problem (I)), ®(z) is not
guaranteed to be differentiable. For example, [18]] provides an example where the LICQ condition
holds, ®(z) is non-differentiable at some points. However, if a given x satisfies the following
conditions, then V®(z) exists at x.

Assumption 4.5 (Strict Complementarity). Let A*(z) be the Lagrange multipliers for y*(x) (@). For
any i € Ly (5), [A*(2)]; > 0.

Assumption 4.6. V?f, V2g are Lipschitz continuous with 5 2, [, » respectively, jointly over X x
Y(z). Fori € [dy], hi(z,y) is convex with respect to y, h;, Vh;, V2h; are respectively Lipschitz
continuous with {5, o, 1, {1, 2 jointly over X x Y(z).

Note that Assumption [4.5] [4.6]are commonly used in constrained BLO literature [41} [18] 45| 17, 21]
to ensure the existence of V& (x).

Lemma 4.7 (Theorem 2 in [43]). When Assumption [3.1] - [3.3] H.6| hold, if, for a given z,
Assumption[d.3|and LICQ (Definition4.3) condition hold for y*(x), then V' ® () exists at .

Moreover, with additional assumptions, we can establish a non-asymptotic bound for ||V®(x) —
Vés(z)|.

Assumption 4.8. For any ¢ € [0, d],

(1) y; () satisfies the LICQ condition (Definition[4.3) with the same active set as y* (z). Denote
this active set as Z. Let A} (x) be the Lagrange multiplier for v} (=) in (3). For anyi € T,
[A7(x)]; > 0 (Strict Complementarity). We assume |[A}(x)|| < A, where A is an O(1)
constant. ~

(2) Denote Vyh(z,y; (z)) = Vy[h(z,y;(z))]z. The singular values of V,h(x,y; (x)) satisfy
O'max([vyh(xv y: (33 )) S Smaxs Umin(vyh(x7 yzc (JU))) Z Smin > O, where Smax) Smin are
O(1) constants.

Assumption [4.8|is made for ¢ € [0, §]. When § is sufficiently small, i.e., § = O(e), y* () and y; ()
are very close according to Theorem Thus, we expect that for ¢ € [0, d], y; (z) will have similar
properties as y* (). Similar assumptions have also been used in [21] to establish the non-asymptotic
bound for ||[V®(z) — V®s(z)].



Theorem 4.9. When Assumption hold and § < 4/ (214 1), if Assumption 4.8 holds

for a given x, we have

Ve () = Vos5(z)[| < O(5).

Similar non-asymptotic bound for | V®(z) — V®;(x)]| has been established in [21]; however, their
bound is established only for the LL constraints ) that do not depend on x. Our Theorem 49| provides
a more general theoretical justification for the validity of the reformulation (3) for coupled constraints
Y(z) = {y € R%[h(z,y) < 0}.

S The SFLCB Algorithm

In the last section, we have justified the validity of our reformulation for coupled constrained
BLO. In this section, we focus on a special and important case where the LL constraints are
h(z,y) = Bx + Ay —b. This particular category of constrained BLO problems encompasses a broad
range of applications, including distributed optimization [47,|18]], adversarial training [52,[18]], and
hyperparameter optimization for constrained learning tasks such as hyperparameter optimization in
SVM (see Section @) For this special case h(z,y) = Bx + Ay — b, we introduce a novel single-loop,
first-order algorithm SFLCB, which achieves an improvement in the convergence rate compared to
prior works [21} [16].

First, we introduce the following slackness parameters o, 3 € R% and define 3/ = (y7,a")7,
2/ = (27,8T)T. With these slackness parameters, we can convert the original inequality constraints
to equality constraints, i.e. we can reformulate ming ¢y yey(z) MaX ey (a) os(x,y, 2) as:

min max o¢s(x,y, 2 (6)
TEX,y’ €Sy (x) z’ESy(w)¢( y )

where P, = {y € R%, o € R™"}, S, (x) = {y,a € P,|h(x,y) — o = 0}. The Lagrangian of (8)
with multiplier u, v € R% is

Ls(x,y', 7' u,v) =ds(x,y,2) +u' (h(z,y) —a) — v (h(z,2) — B).

According to Proposition 5.3.4 in [[1], we know that

¢s(r) =  min max  Ls(z,y, 2, u,v).
Yy €EPy,vERh 2/ €Py ,ucRen

Note that when ¢ < p,/(2l51), ¢s5 is pg/2-strongly convex with respect y. However,
Ls(z,y', 2, u,v) is only convex with respect ¢’ and concave with respect z’. To make the ob-
jective function strongly convex with respect to i’ and strongly concave with respect to z’, we can
construct an augmented Lagrangian K:

K(e,y, 2 u0) =La(x,y', 2 u0) + Bllh(a,y) - ol = 2, 2) - 8
With 0 < p; < % and 0 < py < %, according to Lemma K is strongly convex
with respect to 3y and strongly concave with respect to z’. Moreover, we have

min max  Ls(z,y, 2 u,v) = min max  K(z,y, 2, u,v).
Yy €Py,wERh 2/ €Py ucRéh Yy €EPy,vERh 2/ €Py ,ucRen

Note that Ls and K have the same optimal points and same optimal function value. Thus, we can
reformulate the problem (6)) to the minimax optimization problem over K:

min max  K(z,y', 2" u,v). 7
TEX,y €Py,wER 2/ €Py ucR

Motivated by these theoretical analyses, and applying gradient descent ascent (GDA) over problem
({7), we propose SFLCB. A compact description can be found in Algorithm (T}



Algorithm 1 SFLCB

Input: 6, p1, P2, Nas My, Nz Moy Mus T
Initialize: zo € X, 9}, 2y € Py, uo,vo € R
fort=0,1,....,T — 1do
upy1 = up + Nu(h(@e, Y1) — i)
V1 = V¢ + Mo (h(e, 2¢) — Br)
Tyl = Tt — UwVwK($t7y£, Z£7Ut+la Vit1)
Yipr = HPy{yé - nyV;K(xt,yé, 24, Uty 1, Vet1) }
Z£+1 = HPy{Zé + VLK (2,4, 24, Up g1, Veg1)
end for

5.1 Convergence results

In this section, we provide the non-asymptotic convergence results of SFLCB (Algorithm [T)) for two
constraint settings: 1) h(z,y) = Bx + Ay — b, where A is full row rank, and 2) h(y) = Ay — b,
where A is not required to be full row rank.

Note that when the LICQ condition (Definition[4.3) holds for y* () and y; (), the optimal Lagrangian
multipliers of y* («) and y¥ () are unique. Thus, we first introduce the following lemma and notations
for these optimal Lagrangian multipliers.

Lemma 5.1. When the LICQ condition (Definition holds for y*(x) and yj;(x), the optimal

Lagrangian multipliers of y*(x) and y} (x) are unique, and we have
u}(z) = argmax min gs(x,y) +u' h(z,y) = argmax min K(z,y’, 2, u,v),
ueRy YEY(@) weRdn Y EPy
v*(x) = argmax min g(z,z) +v' h(z,z) = argmin max K (z,y’, 2, u,v).
veR, zeY(x) veRn 2/ €Py

The proof of Lemma [5.1|can be found in Appendix [E]
Next, we introduce the following notations:

ys (z,u) = argmin K (z,y, 2/, u,v), 2*(z,v) = argmax K (x,y’, 2", u,v), A = (A, -I).
y'E€Py 2 €Py

Then, we present the convergence results of SFLCB (Algorithm for coupled constraints h(z,y) =
Bax + Ay — b, where A is full row rank. Note that BLOCC in [16]] that achieves the complexity of
O(e~3log(e 1)) also needs the matrix A to be full row rank (See Table . For A that is not full row
rank and B = 0, we provide the convergence results in Theorem [5.4]and Corollary [5.5]

Theorem 5.2. When h(x,y) = Bx + Ay — b, A is full row rank, AssumptiOn hold and
d = 0O(e) < pg/(2l51), if we apply Algorithmwith appropriate parameters (see Appendix @) then
we can find an e-stationary point of ® 5 with a complexity of O(e™%).

Moreover, if we have initial points xg, Yo, 20, %o, Vo such that
lyo — y5 (zo)[| < O(6), |luo — uz(zo)| < O(9), ®)
20 — 2" (w0)|| < O(9), [[vo — v*(z0)|| < O(3), ©)

then we can find an e-stationary point of ® s with a complexity of O(e~3

The formal statement and the complete proof of Theorem[5.2]can be found in Appendix

Proof sketch for Theorem [5.2] The key new idea in our proof is the construction of a novel potential
function V; and prove the descent lemma of V; (Lemma |EE|) V; is defined as:

1
Vi = iK(xhy;ﬁazéautvvt) +2q(we, ve) — d(@e, 2y, ur, vr)
where d(z,2',u,v) = K(z,y5(z,u),2’,u,v) and q(z,v) = o¢5(z,y5(z),2"(z,v)) —
v (A2 (z,v) — b) — 22[|A’2"*(z,v) — b||>. To prove Lemma [E.4] we need to first prove sev-
eral novel error bounds in Lemma[D.2] Lemma[E.3]and Lemma[E.2] Those error bounds may be of



independent interest for solving other similar problems. The full row rank property of A is used in
Lemmato bound |lu;y1 — uf ()] and ||vip1 — v* ()]

Since A has full row rank, then according to Theorem 6 in [16], we can easily find initial points
satisfying (8)-(9) with a complexity of O(log(e~!)) and we have the following corollary.

Corollary 5.3. When h(x,y) = Bx + Ay — b, A has full row rank, Assumption
hold, and 6 = O(e) < pg/(2l51), if we apply projected gradient descent (PGD) for
maxXyer, Min,cpa, g(xo,y) + v (Bxzo + Az — b) with a fixed x, we can find v, 2 such that
|6 — v*(z0)|| < & and ||2 — 2*(x0)|| < & with a complexity of O(log(e™1)). Set yo = 20 = 2,
ug = vg =0, ag = h(xo,Y0), Bo = h(xo, 20). With xo, Y}, 24, to, Vo as initial points and applying
Algorithm|l| we can find an e-stationary point of ®s with a complexity of O(e=3). Thus, the total
complexity is O(e ™2 + log(e™1)) = O(e™3).

The proof of Corollary [5.3] can be found in Appendix [E] Thus, compared to [16], we achieve
an improvement in the convergence rate from O(e 3 log(e~!)) to O(e~3) for the coupled linear
constraint (See Table[I).

Additionally, we have the following convergence results for constraints h(y) = Ay — b, where A is
not required to have a full row rank.

Theorem 5.4. When h(z,y) = Ay —b, Assumption[3.1] 3.2 B.3|hold, and § = ©(€) < pg/(2ly,1). if
we apply Algorithm[I\with appropriate parameters (see Appendix|D), then we can find an e-stationary

point of @5 with a complexity of O(e~%).

Moreover, if we have initial points o, Y, 2, Yo, Vo such that

lyo = u5 (zo)ll < O(), [|A"y5" (w0, u0) — bl < O(9), | A'yp — bl < O(9) (10)
lz0 = 2" (o) | < O(6), [|A"2" (w0, v0) — bl < O(9) [|A"2 — bl| < O(5) (11)

then we can find an e-stationary point of ®s with a complexity of O(e=3).

The formal statement and the complete proof of Theorem [5.4] can be found in Appendix

Proof sketch for Theorem 5.4 The general proof flow of Theorem [5.4] is similar to that of
Theorem @ However, since here we do not have coupled constraints, VK has no relationship
to w or v, and according to the Danskin’s theorem, V¢;5(z) = 6V, f(z, y5(x)) + Vag(z, yi(x)) —
V.g(z, z*(x)) also has no relationship to u}(z) or v*(z). Thus, we do not require Lemma or
the full row-rank assumption on A in this setting.

Next, we show that, as long as the LICQ condition (Definition [4.3) holds for the initial y* () and
y%(z0), we can find initial points satisfying (T0)-(TT) with a complexity of O(e~2) and we have the
following corollary.

Corollary 5.5. When h(z,y) = Ay — b, Assumption[3.]] hold, and 6 = ©(€) < pg/(2l51),
for a given initial point x, if the LICQ condition (Definition|4.3) holds at y*(x¢) and y; (xo), we
can apply Algorithm[I|with fixed xo. Then for a sufficiently small € (see Appendix[D), we can find
i, 2, 1, 0 such that

15 = w5 (o) | < O(3), [|A'y5 (w0, &) — bl < O5), |A'Y = bll < O(), [|&t — us(xo)l| < O(9)
12 = 2" (zo) || < O(9), |A"2" (20, 8) — bl < O(9), |A"2" = b]| < O(9), [|# — v™(w0)| < O()

with a complexity of O(e=2). Set yb = 9/, zb = 2, ug = 4, vg = 0. With x¢,y}, 24, uo, vo as
initial points, we can find an e-stationary point of ® 5 with a complexity of O(e3). Thus, the total
complexity is O(e 73 + €72) = O(e3).

The proof of Corollarycan be found in Appendix [D} The key to proving Corollary [5.5]lies in
Lemma In Lemma|D.4] we prove that, without the full row-rank assumption on A, we can bound
[lwer1 — uji(zo)| and ||vi41 — v* (o) with a fixed z¢. Thus, we can use our algorithm SFLCB to
find suitable initial points with a fixed x.

Note that in Corollary we only need the LICQ condition holds for the initial y*(x¢) and y; (o),
and we can achieve a total complexity of O(e~3). Compared to the decoupled constrained setting

in [21]], we achieve an improvement in the convergence rate from O(e~3log(e™1)) to O(e~?) (See
Table [T).



6 Experiments

In this section, we evaluate the performance of our SFLCB algorithm on three tasks: a toy example,
hyperparameter optimization for SVM, and a transportation network design problem. These experi-
ments demonstrate the practical effectiveness and efficiency of SFLCB. Additional hype-parameter
sensitivity analysis experiments and detailed experimental settings can be found in Appendix [F}

6.1 Toy example

We consider the same constrained BLO problem that was studied

in [[16], which is: 45
X, y)ly=x
e—y;(g;)-‘,—z 4.0 ®  (xr.fixr.yr)
i (1) = ————— + —In ((4dz — 2)* + 1
min, f(o,y"(2) = 5 + g (e =27+ 1)
(12)
st y*(x) € arg min g(x,y) = (y — 2z)? (13)
yeY(x)
where YV(z) = {y € R y < x}. Note that this problem satis- 00 05 10 15 20 25 30
fies Assumptlon 3.1, 32| B-3} Moreover, we have y*(z) = =
and Equation (12)) is equlvalent to ming¢jo,3) f(z,¥)|y=z. In Figure 1: Toy example.

Figure ' we plot the hyper-objective function f(x,y*(z)). The

red points indicate the converged solutions obtained by our al-

gorithm with 200 different initialization values. We notice that SFLCB consistently finds the local
minima of the hyper-objective function, which validates the effectiveness of SFLCB.

6.2 Hyperparameter optimization in SVM

0.800

Hyperparameter optimization in SVM is a well-
known real-world application for constrained BLO
problems that has been used in many prior works
[45] 149,148l [16]. Here we consider the same prob-
lem formulation as in [[16], which formulates this
problem as a coupled linearly constrained BLO
problem. We conduct experiments comparing our

SFLCB algorithm with GAM [43]], LV-HBA [49], |
BLOCC [16], and BiC-GAFFA [48]] on the dia- — Boce

betes dataset [6]]. Results are plotted in Figure 2] e A
We notice that our SFLCB algorithm converges 005 i : 3 i 5
significantly faster than other algorithms, which Time (s)
demonstrates the practical efficiency of the pro-

posed SFLCB algorithm.
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Figure 2: Hyperparameter optimization in SVM.

6.3 Transportation network design

We further conduct experiments on a transportation network design problem, following the same
setting as in [16]. In this setting, we act as the operator, whose profit serves as the upper-level
objective and is influenced by passenger behavior, which is modeled in the lower-level problem.
Detailed formulations and settings can be found in Appendix [ We consider the two synthetic
networks of 3 and 9 nodes, same as those considered in [16]. We compare SFLCB with BLOCC [16]].
Results are plotted in Figure[3] which indicate that SFLCB significantly outperforms BLOCC on this
network design task.

6.3.1 Sensitivity analysis of 0

We also conduct the sensitivity analysis of the J in SFLCB for the 3-node network. We set p; =
p2 = 1000, n, =1y =1, = Ny = Ny = 3e —4, and T" = 20000. Then, we test different ¢
values from {0.01,0.05,0.1, 0.5, 1}. For each ¢, we test with three different random seeds. The final
average results and one standard deviation are reported in Figure[d As can be seen, larger values of
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Figure 3: Results of the transportation experiments on 3 nodes and 9 nodes settings. Larger UL utility
indicates better performance.

0 lead to a faster initial decrease in the loss (increase in UL utility). In contrast, very small § (e.g.,
0 = 0.01) results in significantly slower convergence overall. However, an overly large 6 (e.g.,d = 1)
can lead to large approximation errors in later stages, causing deviation from the true optimization
objective and ultimately poor performance. We observe that moderate values of § (such as 0.05,
0.1, and 0.5) achieve relatively good final performance. These observations are consistent with our
theoretical predictions. For example, our theory indicates that the convergence rate of SLFCB is
inversely proportional to ¢: smaller § leads to slower convergence but smaller approximation error,
whereas larger 6 improves convergence speed towards the approximate problem but incurs greater
approximation error. Figure ] indicates a properly chosen 4 thus can balance convergence speed and
approximation error.
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0.0
—2.54
2 -5.0
E
S -75
—
] 1004 — 6=0.01
’ 6 =0.05
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— 6 =0.50
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Figure 4: Comparison of different 6 in SFLCB for the 3 nodes network.

7 Conclusions and future directions

In this paper, for coupled constrained BLO problem in Equation (I, we theoretically analyzed
the relationship between the original hyper-objective ® and the reformulated function ®; in Equa-
tion (3)), providing a solid justification for the validity of the reformulation. Especially, for the
linearly constrained case, we proposed SFLCB, a single-loop, Hessian-free algorithm, improving the
convergence rate from O(e 2 log(e~1)) to O(e~3) over previous works [21}[16]]. Our experiments
on hyperparameter optimization for SVM and the transportation network design problem validated
the practical efficiency of the proposed SFLCB algorithm. One limitation of our work is that the
analysis is restricted to deterministic and linearly constrained settings. A promising direction for
future research is to extend the current results to stochastic environments or more general constraint
structures. Moreover, since the best-known complexity for first-order methods in unconstrained BLO
[12] is O(e~?2), it is also an interesting problem whether we can achieve this optimal rate in the
constrained cases.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We clearly state this paper’s contributions and scope in the abstract and
introduction.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We discussed the limitations of this work in Section [
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: We clearly state all the assumptions for each theorem. The proofs can be found
in Appendix.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: We provide detailed experimental settings in Appendix [F
Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [Yes]

Justification: We provide the open access to our code and provide detailed experimental
settings in Appendix [F}

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

 The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: We provide detailed experimental settings in Appendix [F}
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

 The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We report the error bar in Figure[2] The definition of the error bar can be found
in Appendix [F|

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).
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8.

10.

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: We provide the information on the computer resources in Appendix [F}
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: To the best of our knowledge, the research conducted in this paper fully
conforms with the NeurIPS Code of Ethics.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This work is theoretical in nature and does not have immediate direct societal
impact.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: To the best of our knowledge, we do not think our paper poses such risks.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We used diabetes dataset and cited the original paper.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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15.

16.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: Our paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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Appendix

The Appendix is organized as follows. In Appendix [A] we introduce some useful lemmas that will
be utilized in the subsequent proofs. In Appendix [B] we introduce some notations that will be used
throughout the Appendix. In Appendix [C] we provide the proofs for the lemmas and theorems in
Section[d] In Appendix [D} we provide proofs for Theorem 5.4 and Corollary [5.3] In Appendix [E]
we provide proofs for Theorem [5.2] and Corollary [5.3] In Appendix [} we present the detailed
experimental settings along with additional hyperparameter sensitivity analysis experiments.

A Useful Lemmas

Lemma A.1 (Lemma 12 in [3]). Suppose f(-) is l-smooth and u-strongly convex, X is a convex
closed set, and ) < 1/1. Define x* = argming, y f(z) and 2+ = Ilx(x — 0V f(x)). Then, we have

N 2
lz ="l < — = — 27|
Hmn

Lemma A.2 (Lemma 23 in [24]]). Suppose for any fixed y € ),
x and suppose for any y1,ys € V,x € X, ||Vof(z,y1) — V
x*(y) = argming,c y f(x,y). Then, we have

f(z,y) is p-strongly convex w.r.t.
F(x,y2)| < lllyr — y2ll. Define

x

* * l
lz*(y1) — 2 (y2)|| < ;Hyl — 12|

Lemma A.3 (Theorem 4.1 in [50]). Suppose f(x) : R% — R is I-smooth and p-strongly convex,
P ={z|Cx <e},S(r) = {x € P|Ax — b =r}, where C, A € R%*% ¢ b r € R%. Define

L(z,u) = f(z) +u' (Azx —b)
“(u)

x

x*(u) = argmin L(z, u)
zeP

x) = argmin f(z)

zeS(r)

where u € R% is the Lagrange multiplier. We have

[[27 (u) = 2| < onl|Az™ () = b]|
7 — 2]l < o7l

where

Va2 4+ 1)
n

B AT CT
v=(v %)

Oy =

0= max o2

0% (00)/ b (01)

min

M is the set of all submatrices of M with full row rank.

Lemma A.4. Suppose f(x) : R% — R is p-strongly convex w.rt. x. Define L(x,a,u) =
f@)+u' (Az—b—a)+ 5| Az —b— o where a,u,b € R%, A € R%W*% p e (0, /02, (A)).
Denoting ' = (x7,a™) 7, L(2',u) = L(x, a, u), we have L(x',u) is ji,-strongly convex w.r.t. x’,

where pi, = min{u — pof . (A), 5}
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Proof. For any x1,72 € R% a1, as € R%, denoting 2} = (2,0 )", 4 = (29,09 )7, A’ =
(A, —1I), we have

L(wy,u) — L(wh,u) = (Vo L(h, u), @) — a5)
=f(@1) = flag) +uT Al —ab) + Ll Az —b|2 = Ej| A’z — b

— (Vo f(@s), a1 —a2) = uT A'(a} — ) — p(AT Az — ATH)T (2} - 2})
>L s — a2 + £]|4' (2} — )]
>Elar = a2 + Ellas — a2l = ZJ|Afar — a2) 2

> H— pojnax(A)

>EE |l — a2

lar — ol + Fllen — as

where i, = min{y — po2,, (A), 5} O

B Notations

Denote I5 = p14/2. We introduce the following notations.

D5 Z, 72) ( (I’y)+g(zay)79(x7z))
bs(x,y, 2 *5f( Y) +9(x,y) —g(z, 2)
gs(x,y) =0 f(x,y) + g(x,y)

ys(x) = m)gs(rf ' Y)

y*(z) = yglyl&)g(x 'Y)

Ly=1s+141

Ly=15+2l,,

®(z) = f(z,y"(2))
Py(z) = <I>5(x Y5 (2),y" (2))
(b(;(l‘) - ¢5(sc,y5(a?)7y*(m))

When § < p1,/217 1, we have 61y 1 < pg/2 =I5 and thus, gs(x,y) is Ly-smooth and ¢5(z, y, 2) is
Lg-smooth.

C Reformulation
In this section, we provide the proofs for the lemmas and theorems in Section ]

Theorem 4.1
When Assumption[3-1] [3-2) and 3-3| hold, we have

52
0<o [
< P(x) — 5(x) < = 2%
\ . 201},
ly; () — " (x)|| < =L
Hg

Proof. Similar results and proofs of Theorem@ can also be found in [21}[16]]. For completeness,
we also provide our proofs for Theorem -] here.
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Note that y} (x) satisfy
My (Y5 () = [6Vy f (2,55 (2)) + Vyg(z, y5(2))]/ Lg) = y5(2)

Since g(z, -) is pg-strongly concave and [, -smooth and Ly > [ 1, according to Lemma |A.1} we
have

Y5 (2) — 2" (2) | SZML:’IyE(w) — My (@) (45 (2) = Vyg(@,95(2)) /Lo )|

=1L:’|Hy<z>(y§(w> — [6Vy f(x,y5 () + Vyg(z, 93 (x))]/Ls)

— My (Y5 (%) = Vyg(x,y5(x))/Lo)|l

1)
<2V, f @ (@)
Hg

20
Hg
For ®5(x), we have
B5() =F (.3 () + 5 00,3 () — 9, y" (2))
<l () + 5 (00" () — 9l y" ()

and

®5(x) =f(, y5(z)) + %[9(%?/3(33)) —g(z,y"(x))]

> f(, y5 () + %Ilyf{(w) —y (@)

>f(x,y" () + %Ilyfs‘(x) — " (@)I* = Lrollys (@) — v (@)l

_ o
2

where the first equality is due to the quadratic growth of a strongly convex function, the last equality
is due to ax? + bz > —b?/(4a).

>d(x)

)

O

Lemma 4.4

When Assumption hold and 6 < pg/(2ls1), if, for all x € X, LICQ condition (Defini-
tion hold for y*(x) and y3(x), then there exist the corresponding unique Lagrangian multipliers

N (z) € R and N}(z) € R such that

N (z) = argmax min g(x,y) + X' h(z,y) (14)
AeR, YEY(x)
Ny(w) = argmax min 6f(z,y) + g(z,y) + A" h(z,). (15)

AeR, YEY(%)

Furthermore, we have

V&s(x) =V f(z,y5(x)) + %[ng(x,y(? (@) + Vah(z, ys5(2)) A5 (x)

= Vay(z,y* (2)) = Vah(z,y"(2)) A" (z)]. (16)

Proof. The uniqueness of Lagrangian multipliers is a direct result from the LICQ condition [43]].
According to Lemmas 2 and 3 in [16]. We know that when Assumption [3.1] 3.2} B3] hold, § <
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trg/(21g,1), if, for all z € X, LICQ condition (Definition [4.3) holds for y*(x) and y; (z), defining
¥(z) = g(z,y"(x)) and s (x) = gs(x, y;(x)), we have

Vath(#) = Vag(@,y" (2)) + Voh(z, y* (2)) A" (2)

Vatps(x) = 0Va f(2,y5(x)) + Vag(z,y5 () + Vah(z, y5(x)) A5 (2)

Since @5(z) = f (2,5 (2)) + 5(95(x,y5(2)) — g(w,y"(x))), we have

V&s(x) =V f(z,y5(x)) + %[ng(ﬂf,y?{ (@) + Vah(z,ys5(2)) A5 (x)

= Vag(2,y" () = Vah(z,y* (2)) A" (2)].

Lemma[4.7]

When Assumption 3.1} 3.2} @ H.6 hold, if, for a given x, Assumption.3] and the LICQ condition
(Definition{.3) holds for y* (x), then V ®(z) exists at x and can be expressed as

V&(z) = Vaf(z,y) + (Vy' (@) Vy f(a,y" (@)
where Vy*(z) can be calculated according to (20).
Proof. According to Theorem 2 in [43], we know that when Assumption 3.1} @, 331 @-6]hold, if,

for a given z, Assumption[d.5|and the LICQ (Definition 4.3 condition holds for y*(z), then V®(z)
exists at z.

Moreover, we can give the explicit expression of V& (x).

With A € R%, we have the following Lagrangian function
L(z,y,N) = g(z,y) + AT h(z,y)

Denote \*(z) as the optimal Lagrangian mult1pher I, C [dp] as the active set of y*(z), i.e.
I, = {i € [dp][h(z,y)]; = 0} Denote h(z, y*(z)) = [h(z,y*(x))]z, and \*(z) = [A\*(z)]z,. We
have the following KKT conditions:

Vyg(z,y* (@) + Vyh(z,y* (@) "X (2) = 0

h(z,y*(z)) = 0.

Differentiating the KKT conditions with respect to z, we have
V9@, y* (@) + Vi gz, y* (2)Vy* (2) + V3, bz, y* (2) "X
+ V2, A,y (2)) A (2) VY (2) + V(e y (1) TYA () = 0
Voh(z,y"(2)) + Vyh(z,y" (2))Vy* (z) = 0

—
8
~—

Thus, Vy*(x) and A*(z) satisfy the following equation.

{Viyg(x,y*(l‘)) + V2, h(z,y*(x) T A (x) Vyh(l“’y*(x))q V@_/*(w)] (17)
Vyh(z,y*(z)) 0 VA* ()
_[-V2, 9z, y*(x) = V2, h(z, y* (x) T A" (2)
‘[ VR, (x)) ] (18)
Denote
_ V2,9, y* () + V2, h(z,y*(2) TA*(z)  Vyh(z,y*(z)T
"= { V(e y () 0 } (19)

)]i = 0. More-

Since g is strongly convex, h is convex, V2 g(x,y*(z)) > 0, V2, h(z,y* (x
) > 0. Additionally,

[
over, since \*(z) > 0, we have V2 g(z,y*(z)) + ngh(a:,y (z)) T\ (x
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Vyh(z,y*(x)) has full row rank. Thus, according to Lemma A.2 in [20], H is invertible. We can
calculate Vy*(x) and A*(x) with the following equation.

W)= V(v (@) 20

According to [9]], we have
Vo(z) = Vaf(z,y) + (Vy*(2)) " Vy f(,y* (2)).

O
Theorem [4.9]
When Assumption hold, and 6 < pg/(2ls1), ifAssumptionholdsfor a given z,
we have
[IVe(z) — Vs(2)| < O(9).
Proof. With A € R, we have the following Lagrangian function
Ls(x,y,A) = gs(x,y) + A h(z,y).
Denote A (z) as the optimal Lagrangian multiplier. We have the following KKT conditions.
Vygs(@, 5 (2)) + Vyh(z,y5(2)) " A () = 0
h(z,y;5(x)) = 0.
Differentiating the KKT conditions with respect to §, we have
* * d * 7 * N * d *
Vyf(@,y5(x)) + szgé(fca Ys (I))%yé (z) + szh(% Ys (I))T)\a(x)%ya (z)
7 * d 3 *
+ Vyh(z, ys (z))T%Aé(fE) =0
7 * d *
Vyh(z, ys (x))%y(; ()=0
We have the following equation:
{Vfwga(% Y3 (2)) + Vi, Mz, y5(x)) A5 (x)  Vyh(z, yS‘(I))T} {cffl_/is*(x)}
Vyh(z, y5(x)) 0 55 ()
— {Vyf(g, Ys (:L‘)):| . (21)
Denote
o — {Viyga(x, v (2)) + Vi, b,y (@) T A5 (2) - Vyh(z, 3 (:v))T] . 22)
Vyh(z,y;(z)) 0

We can notice that Hs—o = H, where H is defined in (T9).

Then, we have
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where we denote

Note that according to (Z0), we have

Vy*(z)=—[1 OJH T

(Vy* (@) TV, @,y (2) = TTH! [V”f (ﬁ’y*(x”]

Thus,

o [V29(@. 5 (2)) + Voh(@, 55 @)\ (@)] = [Vag(a,y* (@) + Voh(z,y* @)A (@)
6—0 1)

=(Vy*(2))"Vy f(z,y" (z)) (23)

Note that, according to Lemma[4.4] we have

Vag(x,y5(2)) + Vah(z, y5(2)) A5 (@)] = [Vag(z, y™(2)) + Vah(z, y* () A" (2)]
)

V@g(x) = [
+ Vo f(z,y5(2)).

Then, we consider to bound V®s(z) — V&(z).

Vo, (z) — Vo(z)

[Vag(@,y5(x)) + Vah(z, y5 (2)) A5 (2)] = [Vag(@, y™ () + Vah(z, y* () A" (2)]
1

where the last equality is due to (23).
For the first term in (24), we have

< 20l50l50

IV f(2,y5(x) = Ve f (5" (@) < lpallys () —y™(2)]] iy
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For the remaindering terms in (24)), we have

Vag(z,y5(x)) = Vag(z, v (z))

5 = Vgl (@) 5503 ()50

n Vaeh(z, yi(z))Xj(x) — Vih(z, y* ()N (x)
0

V(e (2)) SR ) om0

1 é

=5/ (V2y9(w yr (z ))% H(x) = V2,9(z,y" (2 ))i;yé‘(x)la—o) gt

d d
) 7

21 (2) + Vah(z, v (2))

/ V h(, i (
= /t:O (720000 @) 5o 0) + Vo (@0) ) ) Lot
§

5 | [P = Vi gle.y @)] i
1 [9 , ) d . i
+ g /t:() nyg(ﬂﬁ,y (-77)) thyt ($) — £yé (x)|s:0:| dt
§
+ % /t » (V3 (@, i (@) = Vi, bz, y* (2))] %y;(x)dt
L0 2 " d d ,
+ g /tzo meh($7y (-’L')) [dtyt (3?) — ﬁys ($)|s—o] dt
5
+ % /t: [Vieh(z,y; () — Vih(z,y" (v))] %/\f(ir)dt
1[0 . d . N
+3 tZOVIh(:c,y (z)) [th () — S(m)s_o] gt

For the first term in (23), we have

I d
. / O[VZ,,g(x @) = V200" (@) Sy ()it
[ @I alsi) v @) -a
<- / lg2Cy -t - dt
0 Ji=o
=5lg,20y/2
where the last equality is due to Lemma[C.}
Similarly, for the third, fifth terms in (23)), we have
1 b 2 * 2 * d *
5 [ 92l @) = V2 by (@)] o (o)
6 Ji=o dt
1 0 * * d *
+< | [Voh(z,yi(2)) = Veh(z,y" (2))] —A; (2)dt
0 Ji=o dt

<0(lp2 + lh,l)CE/Z

27
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X (z)dt
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For the second term in (23), we have

é
I3 [ Vatw e (i )—di @l ) i

t=0
<Lyw / / 1Ly (o) dsdt
=5 xy J) y o /s () ds 2y5 s
1
<1v2 ) 2
<51V, oy @) - maxe Hdsz yi(@)|| -6
Sélg,lLy

where the last equality is due to Lemma[C.}
Similarly, for the fourth, sixth terms in (23)), we have

LI ptar o) [t - o]

/ Vit (0)) | 0 0) - X0l

<8(lp,1 + o)Ly

Therefore,
V®5(z) — VO(z)[| < O(9).
O
Lemma C.1. When Assumption hold, and § < pg/(2l5.1), ifAssumptionholds

for a given x, we have
d , %
I
i) <<

‘ [ :;(@]
52 3(37)

where Cy, L, are O(1) constants.

Proof. According to (21)), we have

where

According to Lemma|[C.2] we have

1k

5 (@) -1 _
Wl < el < cuteo =,

Denote

B DT
T
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where
B =V>,95,(z,y5,(x)) + V2 B(a? Y3, (2)) " N5, () = Vi, g5, (2,95, (2)) — Vi, h(z,y5, (2) " A5, (z)

=8V, f (2,5, (x)) — (9: ya () + Vi, 9(x,y5,(2)) — Vi,9(z,y5, (z))
+V§yﬁ(xvy52(x)f ( ) Vi h(z,y;, (2) T X5, (o)
=61(V3, f(x,y5,(x) — yyf(x Y5, () + Vyyf(z Y5, (2))(62 = 61) + Vi, 9(x, v, (2))
Vi ,9(x,y5, () + [V, bz, y5, () — Vi, bz, 45, ()] T A, (2)
+ V2 h(x,ys, (2) T[N, ( ) = A, (@)
Thus

244l
181 < (252226, 4 113 + 1,20, + AnaCy 1116, ) 62 = b

ID|| = [IVyh(z, 5, () = Vyh(z,y5, (@) < lna(ys, () — 5, (2) < 1h1Cyl61 — b
Therefore, we have
||H52 - H51 H < MH|51 - 52|

Moreover, we have

)] - [z

=[|Hy 'ps, — Hy,'ps, |

=||(H5,' — Hy,")ps, + Hy, (05, — ps,)|

<|[(Hg, (Hs, — Hs,)H;,"l[lps, | + [|1H5, [[ps, — pss |

< (CHlyoME + Culyn) |61 — 02| = Ly|61 — 6|
where L, = (C{lr oM} + Crlyy).

Lemma C.2. For Hs defined in (]T_ZD, we have
1H5 | < C,
where Cg is an O(1) constant depending on 14,151,151, dn, .1, Smins Smax, A

Proof. Denote A = V2 g5(x,y;(x)) + Viyi_z(x,y;‘(a:))Tj\;(z), C = V,h(z,yi(x)). We have

= A"l 4+ ATICT(CATICT)1CA™T —A-ICT(CA~ICT) L

—(CA~1CcT) oA (cA—tcT)t
According to Assumption we know that || A3 (z)|| < A. Thus, 0 < [Aj(x)]; < A. We have
2
A < =
Hg
||A|| < Lg + dhthA
[C] < Smax
_ 1
IC7H < —
Denote
- B DT
me- 8 7]

we have ||B|| < Cp, ||D|| < Cp,||F|| < Cg and so that ||H(il|| < Cy, where Cp,Cp,Cg,Ch
are O(1) constants depending on ftg, g 1,1f,1, dn, 1, Smin, Smax, A

O
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D Proofs of Theorem[5.4 and Corollary [5.5]

In this section, we provide proofs for Theorem[5.4and Corollary[5.5] We first introduce the additional
notations and lemmas that will be used in this section.

Notations

K,y 7 u,v) = g5y, 2) +uT (A'y —b) =0T (A2 = b) + S| Ay —b|2 = 2|47 — |

LK = l§ + 2lg71 + maX{Pla p2}01211ax(A/)

. pl
fy = min{py — ls — p1o2.,(A), D)
. P2
e = min{y — paoi(A), 9
*(x) = min T
ys (@) yey(m)%( Y)
2*(x) = argmin g(z, z)
z€Y(x)
v (2, u) = argmin K (', 2’ u, )
Yy’ €Py

2 (x,v) = argmax K (z,y’, 2', u,v)

2'€Py
[yg‘(:c,u) 7a§(‘r;u)—r]—r = yf;*(w ’LL)
[2*(z,0) ", B%(2,0) "] = 2" (2,v)

Ju,v) = K(z, 95 (2, u), 2, u, v)

(
q(w,v) = 65z, y5(2), 2" (2,0) — v’ (A2 (2,0) = b) - %QHA’Z'*(L v) = bf*

1
Vi = ZK(It’yg,ZLumvt) + 2q(we, ve) — d(xe, 21, ug, vt)

Lemma D.1. When § < p,/(2l51),0 < py < i%fé(lg’; and 0 < pg < 02”79(14), K(z,y', 2 u,v)is

y-strongly convex w.rt. i, pi.-strongly concave w.rt. z', and Ly -smooth w.r.t. x,y', 2.

Proof. According to Lemma [A.4] we know that K (z,y/, 2/, u,v) is pi,-strongly convex w.r.t. 1/,
p.-strongly concave w.r.t. z’. Moreover

V:L’K(x7 yl7 Z/a u, U) = vm(bts(xa Y, Z)
VyK(z,y', 2 u,0) = Vyds(,y,2) + ATu+ pr AT (A'y' — )

sz(xa y/a Zla u, U) = Vz¢5(xv Y, Z) - ATv - pQAT (A/ZI - b)

Thus, K(x,y’, ', u,v) is Lx-smooth w.r.t. x,y’, 2’. O
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Lemma D.2. When 6 < pg/(2l51), 0 < p1 < 62 6( ; and 0 < py < %, Ny, N> < 1/Lg, we

have

i @ ur) — v )| < Opllis — wa (26)
(@1, ) — 5 (2, 0)]] < Oyallas — o] @7)
12 (@, 1) — 2 (2, 02) | < Faallos — v (28)
12 (@1,0) — 2 (@2, V)| < One 1 — 2] (29)
193 (1) — 53 (22)| < oysllas — o] (30)
5% (1) — 2 (@2)]| < 0zal21 — o] 31)
(2, w) — g @) < oyl A () — b (32)
15 (@,0) — 2" (@) ]| < =]l A" (2,0) — b] (33)
55 (@, w) = ']l < 0y [VyK (2,9, 2 1,0 + oalle = T (0 = 1, VoK 2,5/, 2", u,0))]| (34)
12 (@,0) — || < 0l VoK @,y 2w, 0)]| + 0518 — T (B8 + 0.V K (2,5, 2w, 0))]| - (35)
i e wesn) — 5 < —— s — 9] (36)
HoyTly
1% (@, ve) — 2] < ﬁnzzﬂ — 4 (37)
where agu = U“‘*‘;‘:j ), Oys = ley , Opp = 70““‘;(‘4/), Ooz = i—f Oye = #% Ore = #% O = T%m
08 = i Oys = "5 0as = 5,
_ V2(0L% +1)
Uy = luy
” — V2(0L% +1)
Mz

B AT oaQT
= %)

_ (Og,xa, O
G( 0 Idh)

é: max O'2 M 0'4- M
MEB(M) max( )/ mm( )

M is the set of all submatrices of M with full row rank.

Proof. 26), @7, 28), 29, (30), GT) is due to Lemma [A2] (B4), (33), (36, 37 is due to
Lemmal[AT] (32), (33) is due to Lemma[A73] O

D.1 Potential function

In this subsection, we will prove the following descent lemma for V.

Lemma D.3. When 6 < p145/(2l51), 0 < p1 < UQM iy 0<p < 02 (A) ny =1/(4Lk), 1. =
2/(L + ALq), ;. = min{n,u2/(512L2), .42/ (96L2), 0,/ (6402L2), 0, /(402 L2),2/ (L +
4Ld + 8L )} N = nyy’y/(320—max(‘4)) Ny = nzuz/(?’?(fmax(A)) we have

1
Vi — VZ+1>4 @1 — 2® +
Tz

/12 [PV _ 12
16 —— 1yt — yell +8nz|‘2t+1 zl
+ DAY (o) — e+ DA (s ) = B

um T
A — VP + T A — b+ V)
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Thus,

T-1

1 4 .

7 2 1Vés(@)l* < 7~ (Vo —min Vi) (38)
t=0 z

Proof. First, for function d, we have
d(ze, 24y g1, V1) — d(Te, 24, Ur, V1)
=K (24, Y5 (T4, 1), 205 U1, Ver1) — K (e, Y57 (e, ue), 24, e, vr)
> K (4, Y5 (B0 Ur 1), 2 Ue 1, Ve1) — K (e, Y5 (00, Ueg1), 245 s, Vr)
=(ursr — ug) T (A'Y5 (@4, ups1) = b) = (Vi1 —vp) T (A'z; — b)
= —noll A"z} = bl|* 4+ 1 (A'y5 (w1, uig1) — b) T (A'y; — b)
Note that
Vad(z, 2 u,v) = Veos(z, ys (z,u), 2)

' _ | Veg(@,2) = ATv — pp AT (A2 — b)
Vd(x, 2 u,v) = ot (A2~ b)

Thus, according to Lemma D.2] we know that V,d(z, 2, u,v) is (L + L0y )-continuous w.r.t.
z,z" and V', d(z, 2’, u, v) is L -continuous w.r.t. z, 2’. Define Ly = max{Ly + Ly0ys, L }. We
have

A(Tp415 241> U1, Veg1) — A(Tg, 24, Ugg1, Veg1)
> (Vo K (24, ys (24, Weg1), 24, Ueg1, Veg1)s Tog1 — L)

+ <V2’K(xta y(/S* (xtv ut-‘rl)? Z;a Ut+1, Ut-‘rl)a Zé-l,-l - Z£>
Lq
= 5 (lze4r = 2ol + [|2041 — 21%)
1
Z<Vm¢5(xtay§(xt7ut+l)7 Zt),$t+1 - wt) + 777HZ£+1 - Z£||2
z
Lq

= 5 (e = l® + ll2t40 — 21017

Then, for function ¢, we have
q(xe,vt) — (@4, vig1)
> K (24, y5" (0), 2" (w0, 1)y wes 0) — K (24,957 (20), 2" (20, V1) gy Vi1
>K (x4, y5 (w0), 2 (20, ve1), ur, v0) — K (2,957 (24), 2" (06, 0e41), Uty Vi)
>0y (A'2" (24, v141) = b) T (A'z; = b)
Note that
Vaq(z,v) = Vads(z, y5(2), 2% (2,0))
Thus, according to Lemma|D.2} ¢(-,v) is Ly = (L + L0, + Lyoys)-smooth. We have

q(we,ve41) — q(Tey1, Veg1)
* * L
>(Vats(xe, ys (1), 2" (@4, Veg1)), Tt — Tpy1) — f(”xtﬂ —z]%)

Finally, for function K, we have
K(xt,yévzzautavt) - K(xtayg’zéaut+1>vt+l) = *77u||A/?/£ - b||2 + 77vHAIZ£ - bH2
and

/ ! ! /
K (2, y;, 20, wig1, Veg1) — K (o1, Yii1s Zep1s Ues1, V1)

1 1 1
Za”ﬂftﬂ —x|]*+ %Hy;&-u — il - EHZ;H -z

Ly
L s = a0l s = 12 + 411 — ).
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Thus, for V;, we have

Vi — Vi

1
>(Vats (@, ys (Te, Urg1), 2¢), Teg1 — x¢) + n*HZ;,H - 22”2
z

* Ld
+ (A5 (@, urg1) — b) T (A'yp — b) — mo||A'2 — b]|* — = (e = ze|? + Iz — 241%)
+ 2(Vads (e, y5 (1), 27 (T4, Veg1)), T — Tyg1)
+ 20, (A2 (2, v41) — b) T (A'z] — b) — Lg(||zes1 — 20]|)

1 2 1 / 1112
+4%H$t+1 x| +4,’7y”yt+1 Yl 1.

Lk
B =l i — 900+ s — )

T Mo
s — 2012 = 2 Ay = 2 4+ 2z — b2

> = [[Vads (@, y5 (T, ue1), 2) — Vads(@e, Y5 (w), 2" (@, vepr) )| |21 — 24|
N T U * Ul *
(e T Aty — bl + A () — bl = A, — A (e P

(B ) A2 = B A 1, ) = B2 = [ A2 = A’ (w12

- %Hvx%(ﬁﬂuyg(ﬂ?t)aZ*($t7vt+1)) - Vx%(xt,yt,z,e)llz

1
+ — |z — It+1||2 + %Hvxﬁi’é(mt,y;(fﬂt)a 2" (x4, Ut+1))||2

20
1 Lx Ly
+ <4% — % "3~ Lq) 61 — a2

1 1 Ly Ld) , s
+{——-—-— - z —Z
(nz 4172 8 2 H t+1 t”

1 Ly ,
+ (g = %) Wb =il

1 . X X
> - 4n |2t41 — $t||2 - 27791:[’?5‘@:5 (e, uy1) — Ys (xt)||2 - 2771[’2”2/ (T4, V1) — Z£||2
x

2
um M % N0 max A
+ 1A~ b2 + S IAYS (e, wg) - b2 — %

+ 7ZTyIIA’ZZ =l 4 ol A2 (e, ver1) = BIIP = Moo (A2 (¢, verr) — 241

IIyZ;*(xuutH) —y{HQ

— 2 L2 |ly5 () — y5* (e, w11 — 200 L3y (2, wegn) — yil1? = ma L3112 (me, veq1) — 24|

x * * nzt L2 * *
+ 2219 s (@, g (20), 2" (@) |2 — =L |2 () — 2" (@, veg1)|® +
4 2 2

1 L L
i i Rt ) | TP

|z — $t+1||2

4ng 8 2
3 Lx L4
i | TR
1 Lg )
+ (4% - 8) [ A
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and

1 1 1 Lix Ly
> (5t o 7~ e L) e — ol
2
(g = ) W = o = (na2 + 22 ) - P

3 LK Ld *
n ( L ) 12hir = 2417 = (310L2 + mouae(A)) 127 (@0 vra1) — 241

um um *
+ IHA/C‘JQ —b|* + EHA':U/ (e, ur1) = bl1* = Ano L3 ||y (w4, ueqr) — v ()]

v * T’ L * *

+ %HA/ZQ - b||2 + ﬁv”A’Z/ (T4, ve41) — b||2 - 73; ? ||Z/ (T4, ve41) — 2 (xt)Hz
MNa

+ 2V (0|1

1 Lx Ly
> (- = 5 - 5= L) e = l?

1 Lg 160:L3 + 20u07,,(4) s — gl
Ay 8 uyny t+1
NN T TR Ve Y WP
4772 8 2 MZUZ 1 f
Ui *
+ (f - 405””’1’35) | A y5 (24, wit1) — b))
o2n, L2
+ (771; — 5 ¢ HA/Z/*(xtaUtJrl)*b‘P

um Tl Nz
IHA/yQ —b|1* + ZHA/ZQ — 0>+ ZHV%(%)HZ

where the last equality is due to Lemma|[D.2]
Thus, when & < j1/(21,1), 0 < p1 < 2="(52,0 < po < w25, my = 1/(4Lx), n. = 2/(Lic +

m ax

4Ld)’ Nz j min{ny,ui/(f)lQLi), Uzléz/(%LQ) nu/<64U§Li)anv/(4U§Li)v 2/(LK+4Ld+8Lq)}’
N = ny:uy/(320max(A))’ T = nzlu‘z/('?)2o-max(A))’ we have

Vi —Viga

4 ||$t+1—$t|| 16 Hyt+1 /HZ

+ DAY (o) e A @ vig) B

1
4+ ZI _Z/ 2
gt = Al

DAy = bl 4 LA = b+ Vs () (39)
Thus,
1 T-1
— Z Vs (z)])? < —(VO —minV;) (40)
O
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Proof of Theorem

When 6 < j1y/(215,1),0 < p1 < 25204, 0 < po < sy = 1/(4Lk), m2 = 2/(Lic +4La),
ne = min{ny g/ (512L3), 12p2/ (96 LZ), mu /(6405 L3 ), 100 / (40213, 2/ (L i +4La+8Lg) }, nu =
Myt /(3200 (A))s 1 = 12413 / (32070 (A)), according to [@D), we have

T-1

1 4 .

7 2 IVos(@n)l* < - (Vo —minV2) (1)
t=0 r

Note that

1
Vi :ZK(‘rtuy;thi/tvutvvt) + 2q(x,vp) — d(24, 21, u, vy)

3 5 5 560*  56%1%
>2q(xy,vg) — Zd(xnzé,ut,vt) > ZQ(xtvvt) > Z(bé(xt) > 1 TJ;O

Therefore, when § = O(¢), with T = O(e~%), we have t € [T], such that |[V®s(x)|| =
15V os(ze)]| < e

Moreover, if we have xq, Yo, 20, ©o, Vo such that

o — v (z0) || < O(0)

| A"y (o, uo) — bl| < O(6)
A"y, — bl < O(9)

[20 — 2" (w0)|| < O(9)

| A"z (0, v0) — b]| < O(6)
A"z — b]| < O(9)

Then, we have
Vo

1
=1 [5f($o,yo) + (9(z0, y0) — g(@0, 20)) + UJ(A/?J() —b)— UoT(A/Zé —b)
p p
+ By - of? - a5 - ol
287,500 + (90, 65(00) = 920, "0 10) = o (A5 (an,0) = 1)
- A 0) 0P
- {5f(330’y§(3307u0)) + (g(w0, y5 (x0, u0)) — g(20, 20)) + ug (A'y5* (20, uo) — b)

—vg (A2 = b) + BLIAY (w0, uo) — bl — 2214z — bl
< 1 OM)lsa(llyo — y™ (@o) | + llys (zo) — y™ (wo)[| + [[y5 (z0, uo) — y*(wo)l])

+0(1)Cy (120 — yoll + llys (xo) — 2™ (o, vo)ll + [ly5 (x0, uo) — 2ol])

+ O(|| A"z — bl| + || A"z — bl|* + [ Ay — bl + [[ A"y — b

| A2 (20, v0) — bl| + |42 (o, v0) — > + [| A"y (o, o) — bl| + |4y (o, wo) — bIJ%)

55D
< 4(370) +0(6)
where G = max{g(zo,Y0), 9(xo, 20), 9(xo, ¥5 (z0), g(x0, 2" (20, v0)), 9(%0, Y5 (0, u0) },C = {y €
R |g(z0,y) < G}, Cy = sup,ec Vy9(zo,y). Since g(zo, y) is strongly convex w.r.t y, its sub-level
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set C is compact and convex. Moreover, since g is Lipschitz smoothness, its gradient in this compact
set C is upper bounded by an O(1) constant C,.

‘We can notice that

56[® (o) — 7]

Vo — rntith < + O(3) = O(e)

and
T-1 T-1

4 . e !
= Z [V®s(z)||* = T52 Z Vs () ||* < Tn, 62( mtant) =0 (T) :

Therefore, we can find an e-stationary point of ®5(z) with a complexity of O(e~3).

Proof of Corollary[5.5|
For fixed x¢, define W, = 1 K (zo,y;, 21, ut, v¢) + 2q(xo, v¢) — d(xo, 21, us, v¢). According to (39),
with appropriate parameters we have
Wi — Wi
1 1
_16 Vg1 — /||2+%||Z1/5+1 - z?

+ %||A/y(/§*(x07ut+l) — b+ %JHA/Z/*(IO,WH) - b?
+ DAy, — bl + DAz — b

Thus, when T' = O(€?), we can find ¢ € T such that

1941 = vell <0

[A"ys" (z0, ues1) — bl <0

[Ay; — bl < 6

[2t41 — 2]l <6

A" (20, ve41) — B[ <0

|4z —bl| < 6
Denote the active set at y}(zo) as Z%, J* = [d]/Z. Define A® = min;e 7o |[af(x0)]i]- De-
note the active set of z*(z) as Z?, J? = [dy]/Z. Define A? = min,c ;s |[8*(w0)]:]. Set
€ <min{A%/(60,), A%/ (60,), AP /(605), AP /(60,)}. According to Lemma|D.4] we have

[ug1 = us(zo)| < O(0)

[vr41 = 0" (o) || < O(9)
Then, if we set y) = yj, 2), = 21, Ug = Ut4+1, Vo = Ve41, With o, Y(, 2(, Uo, Vo as initial points,
according to Theorem we can find an e-stationary point of ®s with a complexity of O(e~3).
Thus, the total complexity is O(e 73 + €72) = O(e™3).
Lemma D.4. For a fixed x, denote the active set at y3(xo) as I% J~ = [dy]/Z. We have
[a5 (xo)]ze = 0 and [0f(x0)] 7o < 0. Suppose s&i, = Omin(Aza) > 0. Define A® =

it [l o)kl When ot = uil < A%/(60]. 145 o) =] < 2%/(60,). we
ave

[us 41 = ug (o) | <Uuyzolly£+1 = Yill + ouzeol [ AY5 (w0, ues1) = bll + Furazol| A'y; — bl

where 0.0 = n% lnt(’mdx + L 2970 G000 = iyi Culn = %M(A).
Similarly, for a fixed xo, denote the active set of z*(xg) as I°, JP = [dn]/I. Suppose
s = omm(Azs) > 0. Define AP = mine g |[[B*(x0)li|.  When |z — 2| <

AP [(60p), || A 25 (20, vi41) — bl| < AP /(60,), we have
Hvt+1 - U*(CEO)H <Uuzm0HZ;,+1 - Zrlt|| + 0v2m0||A/2/*(x0>vt+1) - bH + UUIIOHA/ZQ - bH

140 max 105 lg10 _ P20max(A)
where 0y yz0 = 7_’_ STomax 4 ‘; » Ov200 = ~25 22, Op1g0 = B2Tmpel)

M2 Smin min min min
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Proof. Denote the active set of y5 (x¢) as Z, J = [dp]/Z. We have [a (z0)]z = 0 and [of(z0)] 7 <
0. Note that

llae — a5 (zo)|l <lly; — v5" (@o) | < llye — 5 (w0, wer 1) || + |y (z0) — y5 (zo, wrr1)]]
<oallyiir — yill + oyl AYs (2o, ues1) — 0|
Define A = min;e 7 |5 (20)]i]- When [|y; 1 —yill < A/(604), [[A"ys (0, urs1) —b|| < A/(60y),
we have
o — ag(zo)|| < 5 A
loger —ae| < ZA

= Wl

Thus, for 7, we have

[Oét]J < 0
[i11]7 <0

Therefore, there are no projection in the update of ;11 and we have

lur1]g = [us(@o)l 7|l = luea]sll = Inly([ozm]y — [l < nlyllam — o]

Moreover, for Z, we have
Vygs (20, y3 (x0)) + Az [uf(20)lz = 0
Thus,

, 1
Vygs(x0,y¢) + Az [urs1] + A}[Uﬂrﬂj +p AT (Aly; —b) = F(yt+1 - Yt)
Y

Suppose Omin(Az) = Smin » We have

[[wt41]z — [us(2o)]zll

1 *
<Ll =l + Lyl = 35 @0l + 1 0ma( DA%, = B+ Oma(A) sl ]
min y
L | (14 0max )
~ Smi ( ; ax 4 LgUa) ”yz/H—l —yill + Lyoy[|A'y5 (0, uss1) — bl
min Yy

+ plamax(A)HA/yl/f - b||‘|

Thus,

1 = w5 (@o) | <ouyaollYisr = Yell + Ouzao| AY5" (w0, urs1) = bl + ouraol| A'y; — ]

_ 1 1+0omax Lgyoa _ Lgo, _ p1omax(A
where o0 = o + S-omax 2 w200 = 5, Oule0 = £10mex(4)

My My Smin Smin Smin

Smin

Similar conditions and conclusions also hold for ||v;41 — v*(20)]|-

E Proofs of Theorem [5.2]and Corollary 5.3]

In this section, we provide proofs for Theorem[5.2]and Corollary[5.3] We first introduce the additional
notations and lemmas that will be used in this section.
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Notations

K(‘/E? y/’ Zl’ u? U) = (7256(1’7 y7 Z) J’» ,U/T(Bx J’» A/y, - b) - ’UT(BI: + A,ZI - b)
+ B Ba+ Ay — b = B Br + A2 — |

Li =15+ 2ly1 +max{p1, p2} max{crfnax(A’), a?nax(B), Tmax(B)omax(A')}

. P1
ty = min{jg — ls — p10may (A), D)
. P2
pe = min{pg = proma(A), 5

5(x) = min T,
(@) = min gs(a.y)
2*(x) = argmin g(z, z)
z€Y(x)
uj(z) = argmax min gs(x,y) +u' (Bx + Ay —b)
ueR, YEY(w)
v*(x) = argmax min g(z,y) +v' (Bx + Az —b)
veR, €V(@)
ys (z,u) = argmin K (z,v', 2, u,v)
Yy €Py

2 (x,v) = argmax K (z,y', 2, u,v)

z'€Py
[y:;‘(x,u)—r, a§<x’u)T]T = yzli*(m7u)
[z (z,v T,ﬂ*(az,v)T]T = 2"*(z,v)
)

1
W - ZK(xtvygv Z;vuta vt) + 2q($tvvt) - d(xh Z;uuhvt)

Lemma

When the LICQ condition (Definition holds for y*(x) and y3(z), the optimal Lagrangian
multipliers of y* (x) and yj (x) are unique and we have

u}(z) = argmax min gs(x,y) +u' h(z,y) = argmax min K (z,y’, 2, u,v),
ueR, YEY(@) weRdn Y'EPy

v*(z) = argmax min g(,2) 4+ v h(z, 2) = argmin max K(z,y’, 2, u,v).
veRy zEY(x) veRdn # €Py

Proof. Suppose
v] = argmax min g¢(z,y),
veER Zey(w)

ve = argmax min K (z,v’, 2, u,v).
ueRdn V' EPy
The KKT conditions for v; are
Vyg(z, 2% (z)) + Aoy =0
Bx+ Az*(z) —b<0
V1 2 0
v] (Bx + Az*(z) —b) =0
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The KKT conditions for v are
Vyg(z, 2*(x)) + ATvy + pa(Bz + A'2/*(2) —b) =0
Bz + A2 (z) —b=0
B<0
vy € OI_ (6)

Note that these two KKT conditions are equivalent. Moreover, since the LICQ condition (Defi-
nition holds for z*(x), we have v; = vy. Similar conditions and conclusions also hold for
uj(z). O

Lemma E.1. K(z,y, 2, u,v) is py-strongly w.r.t. yf', pu.-strongly concave w.r.t. z', and L g -smooth

wrt. x,y, 2.

Proof. According to Lemma [A.4] we know that K (z,y/, 2/, u,v) is pi,-strongly convex w.r.t. 1/,
1i,-strongly concave w.r.t. z’. Moreover

vxK(xa y/a Z/a Uu, U) :vx(rbé(xa Y, Z) + BT(U - ’U) + plBT(BI + A,y/ - b)
— peBT (Bx + A’ —b)

VyK(z,y, 2 u,0) =Vyd5(z,y,2) + ATu+ p AT (A'Y —b)

V.K(z,y, 2 u,v) =V.¢5(x,y,2) — ATv — pp AT (A2 —b)
Thus, K(x,y’, 2',u,v) is Lg-smooth w.r.t. x,y’, z’. O
Lemma E.2.
[uerr —us(@e)|| < Tuyllyisr — yill + ourl| Bre + A'yy — bl + ow|| Bry + A'ys™ (24, wp1) — O
[vegr — 0" (@) || < ovsllziy — 2/l + oot l| By + A'2f = bl + 0v2| By + A2 (24, ve41) — 0|

_ 1 1 _ _ _oylga — 1 1
where 0wy = ooy (G + Galga), our = 1 ow2 = ZHE 0vs = oy (0 + oslg),

(Tzlg,l

Oyl = P2, Op2 = Omin(A)

Proof. By the optimality condition at y} (z;), we have
Vygs(e, 3 (20)) + ATuj(z,) = 0.
The update rule of y;:

—yt%y_yt = Vy95(xe,y) + A w1 + p1 AT (Bay + Ay — b — ay),
Putting together, we have
AT (uj(2r) = urga)
:yt%y—yt + Vg5 (@, y:) — Vygs(@e, y5 (20)) + pr AT (Bry + Ay, — b — o)

Since A has full row rank, we have

() — upys =(AAT) LA I G g5 () — Vg5 (20 w3 (22)
y
+ p1(Bxy + Ay — b — o),
and
lutr —us(ze)||
1 l ,1 *
Sm”ywﬂ —yel| + m”yt —ys(xe)|| + prl|Bre + Ayr — b — ou|
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Moreover,
lye = y5 (z)ll <llye = v5 (@e, uer ) || + 15 (20) — w5 (e, uega) |
<0allyrr1 — yill + oyl Bz + A'ys" (e, uesr) — ||
where the last equality is due to Lemma[D.2]
Thus,
s = us (o)l < ouyllyis — il + ourl Bre + A'yp = bll + oual| Bry + A'ys" (20, ) — bl

oyl
where Ouy = Gmm(A)( + Ualg 1) Oul = P1,0u2 = g,nying(j‘) .

Similarly, we have
[vep1 = 0" (@)l < 0vzllzigr — 21l + ol Bae + Az = bl + 0| Bry + A'2" (24, v141) = b

ozlga
Where Opz = 70';11;“(14)( —+ O'ﬁlg 1) Oyl = P2, 0yp2 = a_mmg('A).

O

Lemma E.3.
*(22)

— 2" (@)l < ozllz1 — 2o
xl) — 25" (x2)

<
< oypllzr — 22|
auplz1 — T2

—v*(zo)

<
<

uy(z2)| < oupllzr — 22|

lg,102p Lgoys
where Ozb = Umax(A)Uz + 024, Oyb = Umax(A) + Oyx> Ovb = UiTx(A)’ Oub = #}(yAy

Proof. Here, we introduce an additional notation: z"*(x; w) = argminz/eg(w) g(z,2) + %2H Bzx +
Al — b||2’ where g(w = {z/ € Py|Bw + A — b= 0} We can notice that Z/*(J,‘; x) _ Z/*(x)
According to Lemma[A.3] we have ||2/*(z1;21) — 2" (21; 22)|| < 0.||Az; — Axs]|. Moreover, we
have ||2"*(z1;22) — 27 (x2; 22)|| < el — @2 Thus, |[2*(21) — 2*(22)]| < [omax(A)o> +
0.z)||21 — x2||. Moreover,

Vyg(w, 2*(@1)) + ATv* (1) = 0

Vyg(z, 2" (22)) + ATv*(22) =0
Thus,

l
AL
Umin(A)

Similarly, we have [l (21) ~ 45" (2) | < [Omax(A)oy + oyellor — 22| and [[u (1) — ()| <
iyl — s =

[0% (1) — o™ (22)]| <

E.1 Potential function

In this subsection, we will prove the following descent lemma for V.

Lemma Ed4. When & < pg/(2lj1), 0 < py < “g_ééf:&;’ 0

P2 < max(A)’ My = 1/(4Lk), - = 2/(Lx + 4Lq), 1
min{n, 2 /(640L% ), .42/ (640L% ), ./ (240(02 4+ o2y + o021)L%),1./(240(02
02 + 02)L%),2/(Lx + 4Lq + 8L,),1/(1920n,L%02,),1/(1920n.L%02.)}, n.

ny”;/(2560max(14))’ T = nzlu’g/(2560-max(f4)> we have

I+

1
Vi — Vit >47I |zep1 — 9CtH + = 16 ||yt+1 /||2 + @H'Z;H - 22”2
+ ZHBx + A/y6*<xt7ut+1) — b + %UHBx + A2 (g, v040) = 0|

+ | Ba+ Ay, — bl + 2| Ba+ Az — b+ 2 Vs [P @)
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Thus,

T-1

1 4 .

7 2 IVos(@d)l* < 7 -(V —min V) (43)
t=0 *

Proof. First, for function d, we have
d(ze, 2y, g1, V1) — d(T4, 2y, Ug, V1)
=K (24, Y5" (T4, wr1)s 24 Uer 1, Veg1) — K (24, Y57 (20, ue), 245 e, vr)
> K (24, Y5 (0, 1), 25 Wi 15 Ve1) — K (20, Y5 (00, wrg1), 245 e, vr)
> — || Bee + A'2f = b]|* + nu(Bry + A'ys (w1, uer1) — b) T (B + A'y; — b)
Note that
Ved(z, 2 u,v) =Vaos(x,yi(x,u),z) + B (u—v) + p1 B" (Bx + A'y§ (x,u) — b)
— BT (Bx + A'2' —b)
Vad(z, 2 u,v) = Veg(z,2) ;f;;;fﬁ}?i)—k A7 =)

Thus, according to Lemma we know that V,d(z, 2/, u,v) is (Lx + Lxoy,)-continuous w.r.t.
x, 2" and V. d(z, 2', u,v) is Li-continuous w.r.t. z, 2’. Define Ly = max{Lx + Lx0ys, Lk }. We
have

/ !/
d(xt+17 Zt+]_7 ut-‘rla Ut-‘rl) - d(It, Zt7 ut+l) Ut-l—l)

Z<er(mtayg*(xt7Ut+l)7Zévut+17vt+1)axt+l - $t> + <VZ'K(It7yfs*($t,ut+1), 22, Ut+1, UH—l)v Z£+1 - Z;>
Lq
= 5 (lzesr = 2l + 2101 — 217)
. 1
>V K (24, Y5 (T4, Uri1)s 245 Uer 1, Veg1), T — Tp) + W*HZQH — z|?
z
Lqg
- 7(||3?t+1 —zel|? + ||zt — 2)17)
Then, for function ¢, we have
Q(xtavt) - Q(xuvtﬂ)
>K (x4, yé*(xt), Z/*(xtyvt)autavt) - K(ﬂft,y:s*(xt)a Z/*(xtavt+1)a Ug, Viy1)
ZK(UUt, y(/s*(xt), Z/*(l“u Ut+1), Ut, 'Ut) - K($t> y:s*(xt)7 Z/*(xn Ut+1)7 Ut, Ut+1)
>0y (Bry + A2 (w4, v611) — b)T(th + A’z —b)
Note that
Voq(z,v) =Vabs(2, y5 (), 2% (2,v)) + B' (ui(x) —v) + p1 BT (Bx + Ay} (x) — b)
— poBT (B + A2 (x,v) — b)

Thus, according to Lemmaand q(-,v)is Ly = (Lx + Lx 0.0 + Lk oys + Omax(B)ows)-
smooth. We have

q(xe,vi41) — q(@141,Ve41)
* * * L
2<VIK($t,yf§ (l“t)azl (@, Veg1), 0" (T4), Veg1), Tp — Tpg1) — 7q(||$t+1 - xt”?)

Finally, for function K, we have
K(ztay£7 Zévuhvt) - K(xtvygv Z;a ut-‘rlavt-‘rl) = 777uHB'Tt + A/yg - b”2 + ’r]UHth + AIZ;E - b||27
and

/ ! ! /
K (2, y;, 20, wig1, Veg1) — K( o1, Yii1s Zep1s Uet1, V1)

1 1 1
>—|lwerr — 2l + =Ny — vill® = =zt — 2z

Ly
L8 o =l + ks = P + 41 = =4I
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Thus, for V;, we have
Vi — Vi1
1
Z<VIK(xt7y:§*($t7ut+1)7zzvut+1avt+1)v‘rt+1 — ) + U*HZQH - 22”2
z

+ nu(Bry + A'ys (2, ui1) — b) T (B + A'y; — b) — || Boy + A'2f — b|)?

L * * *
- J(”th - =Tt||2 + HZ£+1 - 22”2) + 2<VIK(xt,y(’5 (xt)»zl (@4, Veg1), 0" (T4), Veg1), Tp — Tyg1)
2
+ 2n, (B + A/Z/*(iﬂt, Vit1) — b)T(th + A/ZQ =b) = Ly(lwt+1 — $t||2)
1 1 1 Ny
* 41 — 2| + 1, 1Yt1 — vl — yr [EAREEA 7 1B+ Ay — b|?

Ui L
+ ZyHBfﬂt + Az —b|” - ?(thﬂ — 2l + by — il + 2t — 207

/%

> — |Vo K (@4, Y5 (T4, wg1), 24, Uig1, Ver1) — VoK (2, y5 (@), 27 (20, ve41), 0™ (200), Vo) ||| @1 — 24|

(B =) B+ Ay — bl + B By + A (@ weg) = b = B A — A ()

2 4
(o + 2 =) 1By + A%z — Bl | B + A (0, vn) — Bl = mul| A2 — A'2" (@1, 0040)|

- %HVIK(Iuyfs*(iﬂt),Z'*(mt,vt+1),U*($t),Ut+1) — VoK (26,9}, 21, w1, ves1) ||

1
+ ﬁ“ﬂft —zep|)® + %HVzK(l’t, s (2e), 2" (24, veg1), w0 (1), v ||
T

1 Lx Ly

+ (477 3 3 —Lq> 61 — 2
1 1 Lx Ly

+ (77 .8 2) 281 — 241
1 Lk ,

+ (4% - 8) 1t1 — vell®,

and
Vi—Vin

1 * * *
> - HH%H — xe||® = 3 L |lys (e, wegr) — 5 () |* — Bna L 12" (w4, ve41) — 247
— 30y L |lugpr — u*(ze)|)?
T /o 2, Nu Ik 2 77’11«0.121121)((14) 1% 712
+ ZHB% + A'yy — bl|" + ?HB%& + A'ys" (w4, ug1) — bl|" — f“ya (ze, ues1) — yell
+ %UHB»% + Az = b|* 4 nol| By + A'2" (4, v041) = bl* — 0o oy (A)[|2" (24, ve41) — 21|

I?

= 20a Licllys* (we) — 5" (e, wer) 1 = 200 Lic 5" (@0, wesr) — il — 200 L en — w* (z0) |

= 2, LR (@) = S + 5l = i

VK (i f 0), 2 @), (), 0* @) = me Dl () — 2, v
— N L ||ves1 — v* ()2

- R L o - P

i | TR

1 Ly
+ (3~ %) Wb = i,
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Lq) T

# (g = Y s =t - (na + T ) —of

(= T = ) et — 1P — (B + e () 1 o100 = 1P

+ D\ Bae + Ay; = b + 2| Bry + Ay (e ueen) = bl = 5ma L s (e, wen) — ()|

+ %HB% + A'zp = bl® 4 || By + A2 (@, 0p41) = Ol|® = ne Lo [[2" (4, v41) — 2" () |2

VoK (g (), 2" (@), ), 0 @) |2 = B L s = (@)l = o L lloega = o ()|

1 Lx Ly
> (7~ = 5 L) v —alP

o 8 2
1 L 20m,L% + 21,02, (A)
+ (477 R o 202 & - 15779011%(0'53/ ||y1/5+1 - y1/£||2
y y'ly
3  Lx Lg 20n.L% +4n,0%,.(A)
b (-t e Mt At g 102 ) hety - 1
(%~ 5o3ne L = 15m: Lol ) | Bru + Ay (@, i) = b

+
+ (10 — 0ne L — 302 Lc00y) | By + A2 (4, v611) — b2
+ (T =1 Lio? ) |1 Bro+ Ay = b2+ (B = 3noLoly ) 1 Bae + A'z) = b2 + 22 [ Vs () |

where the last equality is due to Lemma|[D.2| [E.2|and V. K (1, y5* (z1), 2™ (@¢), u* (1), v* (2¢)) =
Vos(x).

O

Proof of Theorem [5.2]

When § < pg/(2l51), 0 < p1 < l;%:jéﬁ‘;, 0<p2 < 2. my = 1/(4Lk), n= = 2/(Lk +
ALq), 1o = min{nyps/(640L7), =42/ (640L% ), nu/(240(0y + 03y + 0751) L% ), 1m0/ (240(02 +
o3 + o0)L%),2/(Lx + 4Lg + 8Lg),1/(1920n,L%03,),1/(1920n.Lic07.)}, nu =

Nyt (25602, (A)), 1y = 0.2 /(25607,,, (A)), according to (@3], we have

T-1

4
; IVés(@)I” < 7= (Vo — minV3) (44)

1
T

Note that

1
‘/t :ZK(mhyt{? Ziltauhvt) + 26](%7%) - d(fEt, Z1lf>ut7vt)

509" 5621%0
4 8lig

3 5 5
>2q(ze,ve) — Zd(xtazgautavt) > Zq(xtvvt) > Zfbé(xt) >

Therefore, when § = O(e), with T = O(e™*), we have t € [T, such that |V®s(z,)| =
15V és(ze)| < e.
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Moreover, if we have x, 4o, 20, o, Vo such that

llyo — 5 (zo)[l < O(9)
[[uo — uj(zo)|| < O(6)
20 — 2™ (wo)|| < O(6)

[[vo — v*(z0)[| < O(0)

Then, set g = h(xo,Y0), Bo = h(zg, 20), we can easily prove that
| Bzo + A'ys" (x0,u0) — bl < [|Bxo + A'ys" (20, u5(20)) — bl + omax(A")oyulluo — uj (o)l < O(9)
[ Bzo + A"yt — bll < omax(A)|lvo — v (z0)|| < O(0)
and similarly,

| Bzo + A’z (20, v0) — b]| < O(6)

|Bao + A’ — b < 0(6).

Then, we have

Vo :i[éf(xo,yo) + (9(z0, %0) — g(x0, 20)) + ug (Bxo + A'yy — b) — vy (Bao + A'zj — b)
+ 2 1Bao + A'yy — b2 — 22| Bao + A’z — b|]]
+2[6f (w0, Y3 (z0)) + (9(x0, ¥5 (z0)) — g(z0, 2™* (20, v0))) — vy (Bxo + A'2"* (20, v0) — b)
- %HB% + A'2"* (o, v0) — blI*] = [6.f (20, y5* (20, uo)) + (9(z0, Y5 (z0, u0)) — g(z0, 20))
+ ug (Bxo 4+ A'y§ (20, u0) — b) — vy (Bxo + Azl — b)
+ BB + A"y (w0, uo) — bl]* = £2 | Bao + Az — bl

56@ fL‘O) * * * * *
<P 01111l — v o)l + L () — 5 (o) | + i o, ) — 3 o))
+01)Cy (120 = yoll + llys (zo) — 2" (o, vo)ll + l|y5 (xo, uo) — zol)
+O(|Bxo + A’z — bl| + || Bxo + A’z — bl|* + || Bwo + Ay — b + || Bao + A'yg — b|*
+ || Bxo + A2 (z0,v0) — b|| + ||Bxo + A'2"* (20, v0) — b]|?
+ || Bxo + A'ys (w0, uo) — bl + | Bzo + A'ys (20, uo) — b]|*)
<55(I>(£170)
- 4
where G = max{g(zo,y0), 9(w0, 20), 9(w0, Y5 (z0), g(z0, 2 (20, v0)), g(w0, Y5 (w0, u0) }, C = {y €
R |g(zo,y) < G}, Cy = sup,ec Vy9(zo,Yy). Since g(zo, y) is strongly convex w.r.t y, its sub-level

set C is compact and convex. Moreover, since g is Lipschitz smooth, its gradient in this compact set
C is upper bounded by an O(1) constant C,,.

+0(6)

‘We can notice that

56[®(xo) — 7]

Vo — mtith < + 0(8) = O(e)

and

1= 1 = 4 e
— ) 2= 2< — (Vo — mi = .
P 3 VB = 5 3 Vs < g (4~ minth) =0 ()

Therefore, we can find an e-stationary point of ®s(x) with a complexity of O(e~3).

Proof of Corollary[5.3]

When h(z,y) = Bz + Ay — b, A is full row rank and under Assumption [3.1] and § =
O(e€) < pg/(2ls,1) if we apply PGD for max,cr, min,cpa, 9(zo,y) +v' (Bxg + Az — b) witha
fixed x, then according to Theorem 6 in [16], we can find v, Z such that

[vo — v*(zo)|| <6
|20 — 2" (zo)[| <0
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with a complexity of O(log(e1)).
Setyo = 2o = 2, ug = vg = U, ag = h(xo,Y0), Po = h(z0, 20). We have
o — 5 (wo)[| < O(6)
[ Bxo + A'ys" (0, u0) — ]| < O(9)
| Bao + A'yp — bl| < O(5)
[[uo — uz(wo)| < O(6)
|Bxo + A'2"* (29,v0) — b]| < O(6)
|Bao + A’z — b] < O()

with xg, ¥4, 24, to, Vo as initial points and apply Algorithm according to Theorem we can find
an e-stationary point of @5 with a complexity of O(e~?).

Thus, the total complexity is O(e =2 + log(e 1)) = O(e3).

F Detailed Experimental Settings and Additional Experiments

We adapt and modify the code from [16]. The experiments on the toy example and hyperparameter
optimization for SVM are conducted on an AMD EPYC 9554 64-Core Processor. The experiments
on transportation network design are conducted on an Intel(R) Xeon(R) Platinum 8375C CPU. For
the toy example, we set the hyperparameters for our algorithm as 6 = 0.1,n, =7y, =1, =1, =
N =0.01,p1 =p2 = 1.

F.1 Hyperparameter optimization in SVM

Support Vector Machines (SVMs) construct a machine learning model by identifying the best possible
hyperplane that maximizes the separation margin between data points from different classes. In a
hard-margin SVM, no misclassification is allowed, ensuring that all samples are correctly classified.
Conversely, soft-margin SVMs allow certain samples to be misclassified to accommodate cases where
a perfect separation is not feasible. To achieve this, slack variables ¢ are introduced to quantify
classification violations for each sample.

We consider the same problem formulation as in [16], which is

1
min Lo, (w6 = Y exp (1= ba (zgw” + ) + 5l
(2vallva) € Dyal

1
* b* * : - 2
w", %, " = arg min 5wl

st lui(zw+b) >1-&, Vie{l,...,|Dyl}
& <ci, Vie{l,...,|Dyl}.

where D, £ {(#r.4, ltm‘)}g‘il is the training dataset, Dy, = {(2val,is lval’i)}g“f" is the validation
dataset, with z ; (2va1,;) being the features of sample ¢ and [ ; (Iva,;) being its corresponding labels.
The hyperparameter c; is introduced to bound the soft margin violation ;. Note that the LL problem

is equivalent to
1
w', b = argmin 5 lwl|”

st lyi(zgw+b) >1—c;, Vie{l,...,|Dy|}

Then upper level variables are c, and the lower level variables are w, b. Thus, we have a coupled
linear constraint for the lower level problem.

We compared our algorithm SFLCB with GAM [45]], LV-HBA [49], BLOCC [16], and BiC-GAFFA
[48] on the diabetes dataset. For GAM, we follow the same implementation approach and hyper-
parameters as [16]], setting a = 0.05, ¢ = 0.005 and using a different formulation as introduced
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in [45)]. For BLOCC and SFLCB, we set the LL objective as 1||wl[|* + 4£b%, where p = 0.01
serves as a regularization term to make the LL problem strongly convex w.r.t w,b. For LV-HBA,
we set « = 0.01,7; = 0.1,7 = 0.1,n = 0.001. For BLOCC, we setv = 12,n = 0.01,T =
20,Ty = 20,m4 = 0.001, 7 = 0.00001, 124 = 0.0001, n2r = 0.0001. For BiC-GAFFA, we set
p=0.3,71 = 10,7 = 0.01,7 = 0.01,« = 0.001, 8 = 0.001, ¢y = 10, R = 10. For our algorithm
SFLCB, we set § = 0.01,7, = 1y =1, = 1y = 1y = 0.001, p1 = po = 0.01. The hyperparameters
of LV-HBA, BLOCC are the same as those used in [16] and the hyperparameters of BiC-GAFFA
are the same as those used in their original paper [48]]. The experiments are conducted across 10
different random train-validation-test splits, and the average results along with one standard deviation
are reported in Figure [2]

F.2 Transportation network design

We consider the same setting as in [16]. In this setting, we act as the operator to design a new network
that connects a set of stations S. Passengers then decide whether to use this network based on their
rational decisions (lower level). The objective is to maximize the operator’s benefit (upper level).
The operator can select a set of potential links .4 C .S x S, and for each link (¢, j) € A, determine
its capacity x;;. A link is constructed if x;; > 0; a larger x;; attracts more travelers, generating
more revenue but incurring higher construction costs ¢;;. Passenger demand is defined over a set of
origin-destination pairs L C .S x S. For each (o, d) € K, there is a known traffic demand w,4 and
existing travel times t%%*. We assume a single existing network. The fraction of passengers choosing

the new network for each (o, d) pair is denoted by y,4, and y7; represents the proportion using link
(4, 7).

We summarize the notation as follows. We keep the notation the same as in [[16]].

» z;; € Ry, the capacity of the new network for the link (¢, j) € A.

+ 4°% € [0, 1], the proportion of passengers from (0, d) € K choosing the new network for
their travel.

. yfj‘-i € [0, 1], the proportion of passengers from (o, d) € K choosing the new network and
use the link (¢,7) € A

* & = {4 }v(ij)c are the upper-level variables to be optimized.

* X = R‘fl represents the domain of z.
« v = {v° {8 vii.)eatv(o.d) ex are the lower-level variables to be optimized

oY =[e,1 —¢]®l x [g,1 — ]IFI, where ¢ is a small positive number, represents the
domain of y.

 w°, the total estimated demand for (o, d) € K.
» m°?, the revenue obtained by the operator from a passenger in (o, d) € K.
* ¢;;, the construction cost per passenger for link (7, j) € A.

* t;;, the travel time for link (4, j) € A.
. tOd

¢, travel time on the existing network for passengers in (o, d) € K.

* w; < 0, the coefficient associated with the travel time for passengers.

With these notions, we can introduce the bilevel formulations of this problem. At the upper level, the
network operator seeks to maximize the overall profit by attracting more passengers while minimizing
construction costs; thus, its objective is

leémf(x y,(x ( Z mOdy°d( Z Cijxij>a (45)

Y(o,d)eK V(i,5)EA

profit cost
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where 3°%* () are optimal lower-level passenger flows. For the lower-level, the objective is defined
as finding the flow variables that maximize passenger utility and minimize flow entropy cost.

min9(@,9) ( D D ety Y w1y (46)

(0,d)eK (i,j)€A (0,d)eK

passengers utility

Y el -+ Y w0d<1y0d><ln<1y0d>1>>

(o,d)eK (0,d)EK

flow entropy cost

yod ifi=o
st Yyt = Y gt =S —ydifi=d Vi (0,d) eSxK
Vili)eA  Vil(iieA 0 otherwise
(47)
> wlyl < ¥(i,5) € A (48)

V(o,d)eK
where are the flow-conservation constraints and (@8)) are the capacity constraints.

We consider the same 3 nodes and 9 nodes settings as in [[16] and use the same lower level feasibility
criteria. The hyperparameter settings used in Figure [3|are listed below. For the 3 nodes setting, we
set the hyperparameters of our method SFLCB as: § = 0.1, p1 = p2 = 1000, 0z =ny =1, =1y =
1Ny = 3e — 4, and T' = 30000. For the 9 nodes setting, we set the hyperparameters of our method
SFLCB as: § = 0.25, p1 = p2 = 50,1, =10y =10, = 1y = 1y = 3¢ — 5, and T' = 300000. For
BLOCC, we used the same hyperparameters as those used in [[16].
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