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Abstract

The problem of minimizing the sum of n functions in d dimensions is ubiquitous
in machine learning and statistics. In many applications where the number of
observations n is large, it is necessary to use incremental or stochastic methods,
as their per-iteration cost is independent of n. Of these, Quasi-Newton (QN)
methods strike a balance between the per-iteration cost and the convergence rate.
Specifically, they exhibit a superlinear rate with O(d?) cost in contrast to the
linear rate of first-order methods with O(d) cost and the quadratic rate of second-
order methods with O(d®) cost. However, existing incremental methods have
notable shortcomings: Incremental Quasi-Newton (IQN) only exhibits asymptotic
superlinear convergence. In contrast, Incremental Greedy BFGS (IGS) offers
explicit superlinear convergence but suffers from poor empirical performance
and has a per-iteration cost of O(d?). To address these issues, we introduce the
Sharpened Lazy Incremental Quasi-Newton Method (SLIQN) that achieves the best
of both worlds: an explicit superlinear convergence rate, and superior empirical
performance at a per-iteration O(d?) cost. SLIQN features two key changes: first,
it incorporates a hybrid strategy of using both classic and greedy BFGS updates,
allowing it to empirically outperform both IQN and IGS. Second, it employs a
clever constant multiplicative factor along with a lazy propagation strategy, which
enables it to have a cost of O(d?). Additionally, our experiments demonstrate the
superiority of SLIQN over other incremental and stochastic Quasi-Newton variants
and establish its competitiveness with second-order incremental methods.

1 INTRODUCTION

We consider the finite sum minimization problem,

z* = arg min = > fil), (P)
=1

xzeRI N

where each f; is u-strongly convex, L-smooth and has a Lipschitz continuous Hessian. The canonical
example of (P) is the empirical risk minimization problem in supervised learning, where x denotes
model parameters, n is the number of training samples, and f; denotes the loss incurred by the i
sample. Other instances of this problem arise in maximum likelihood estimation (Li et al. (2021,
2020)), control theory (Wu et al. (2018)), and unsupervised learning (Song and Ermon (2020)). In
many applications, (P) is both high-dimensional (large d) and data-intensive (large n).
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When n is large, it becomes infeasible to process the entire dataset at every iteration, thus mak-
ing classical algorithms such as gradient descent or Newton’s method impractical. Consequently,
stochastic and incremental variants of these algorithms have been widely adopted for such problems,
because their per-iteration complexity is independent of n. While first-order methods like stochastic
gradient descent (SGD) enjoy a low per-iteration complexity of O(d), their convergence rates, even
with enhancements like variance reduction or acceleration (Defazio et al. (2014); Johnson and Zhang
(2013)), remain linear at best. In contrast, second-order methods like Newton Incremental Method
(NIM) by Rodomanov and Kropotov (2016), achieve a superlinear rate but at a O(d?) cost, which is
prohibitively large for high-dimensional problem settings.

Stochastic and incremental Quasi-Newton (QN) methods strike a balance between the computational
efficiency of SGD and the fast convergence rate of NIM. Specifically, the Incremental Quasi-Newton
(IQN) method from Mokhtari et al. (2018), was the first QN method to achieve a superlinear
convergence rate with a per-iteration complexity of O(d?). However, the analysis presented in
Mokhtari et al. (2018) was asymptotic and did not include an explicit rate of convergence. Typically,
explicit rates are preferred over asymptotic ones as they enable a more fine-grained comparison among
algorithms. For instance, with p € (0, 1), both O(pt2) and O(p!™(")) qualify as superlinear rates.

However, the former, (’)(ptz), is faster than the latter, O(p!'™(*)). Furthermore, the mathematical
expression of p informs the rate’s dependence on parameters like condition number and dimension.

The Incremental Greedy BFGS (IGS) method by Gao et al. (2020) aimed to address this issue by
incorporating the greedy updates, first introduced in Rodomanov and Nesterov (2021a), into the IQN

framework. While IGS achieves an explicit superlinear convergence rate of O(e‘tQ/ n? ), it suffers
from several major drawbacks: First, like NIM, it has a large per-iteration cost of O(d?). This stems
from IGS’s Hessian updates not being low ran, which precludes an efficient evaluation of the Hessian
inverse. Since this complexity mirrors that of NIM, it undermines the computational advantages
of incorporating QN updates. Second, the empirical performance of IGS was not studied in Gao
et al. (2020), and our experiments (ref. Figure 2) indicate that on multiple datasets, IGS severely
underperforms compared to IQN. Finally, IGS lacked theoretical analysis to support its lemmas and
theorems. In this light, we ask the following question:

Can we devise an incremental QN method with a per-iteration complexity of O(d?), achieving the
. — 2 2 . . . .
best-known incremental rate of O(e™* /n ), and demonstrating superior empirical performance?

We put forth the Sharpened Lazy IQN (SLIQN) method that meets all these objectives. SLIQN
is inspired by the recent work of Jin et al. (2022), which showcased the superior performance of
sharpened updates over greedy updates in the non-incremental setting. We first show that a direct
incorporation of sharpened updates into the IQN framework does not work because the Hessian
update matrices corresponding to sharpened updates are not low rank, and therefore the resulting
Sharpened IQN (SIQN) method incurs a per-iteration cost of O(d®). We then propose our novel
Sharpened Lazy IQN (SLIQN) algorithm that overcomes this limitation by modifying the updates
of SIQN using a clever constant multiplicative factor and incorporating a lazy propagation strategy.
The resulting algorithm incurs a per-iteration complexity of O(d?) and achieves a convergence rate

of O(th/ "2), where p := 1 — p/dL, which is the best-known rate in the incremental setting. We
also establish an explicit linear rate of convergence of the Hessian approximation to the true Hessian.
Moreover, in contrast to IGS, we provide a comprehensive theoretical analysis. Furthermore, we
demonstrate the superior empirical performance of SLIQN as compared to IQN, IGS, and other
state-of-the-art incremental and stochastic QN methods.! Notably, SLIQN demonstrates performance
competitive to NIM, which is a second-order algorithm, with a O(d3) cost, that utilizes the full
Hessian information when taking the descent step.

2 RELATED WORK

In recent decades, several works have developed first-order, QN, and second-order methods for
stochastic or incremental settings. Typically, the goal for first-order methods is to achieve a linear rate
at a O(d) cost, while for QN and second-order methods, the goals are to achieve superlinear rates
at costs of O(d?) and O(d?), respectively. These methods cater to different objectives: first-order
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Algorithm Memory Computation cost | Convergence Rate Limit
SN o(d?) O(d®) Linear Non-asymptotic
NIM O(nd + d?) O(d?) Superlinear Non-asymptotic
IQN O(nd?) O(d?) Superlinear Asymptotic
IGS O(nd?) O(d®) Superlinear Non-asymptotic
SIQN(This work) O(nd?) O(d?) Superlinear Non-asymptotic
SLIQN(This work) O(nd?) O(d?) Superlinear Non-asymptotic

Table 1: Comparison of the maximum memory requirement, computation cost (per iteration),
convergence rate, and the limit of attainment of the convergence rate for different algorithms.

methods are preferred for low-precision solutions, due to their lower computational cost, whereas
higher-order methods are more effective for high-precision solutions, due to their faster rate.

Early works like Mokhtari and Ribeiro (2014, 2015); Byrd et al. (2016) were only successful in
developing QN methods with sub-linear convergence guarantees. Subsequent works like Moritz et al.
(2016); Chang et al. (2019); Derezinski (2023) employed various acceleration and variance reduction
techniques to recover a linear rate. IQN by Mokhtari et al. (2018) was the first QN algorithm to
achieve an asymptotic superlinear rate of convergence. IGS by Gao et al. (2020) employed greedy
updates, introduced in Rodomanov and Nesterov (2021a), within the IQN framework to derive a
explicit superlinear rate, albeit at a large O(d®) per-iteration cost. Another recent work, Chen et al.
(2022), put forth a QN style algorithm with a cost of O(d) for Generalized Linear Models (GLMs).
However, the method only enjoys a linear rate of convergence, and is inefficient for general functions
with a cost of O(d®).

Other works have focused on developing first-order and second-order methods for stochastic or
incremental settings. First order methods like Defazio et al. (2014); Johnson and Zhang (2013) have
employed variance reduction techniques to derive methods with a linear rate of convergence. On
the second-order front, recent works include the Newton Incremental method (NIM) by Rodomanov
and Kropotov (2016) and Stochastic Newton (SN) by Kovalev et al. (2019). While SN and NIM
are both Newton-like methods with a per-iteration complexity of O(d?), NIM has a fast superlinear
convergence rate while SN only enjoys a linear rate of convergence. The only setting under which
SN has been shown to converge superlinearly is with a full batch of size n. We have consolidated the
memory usage, computational cost, and convergence rates of principal-related algorithms in Table 1.

In a different line of work, Newton-LESS from Derezinski et al. (2021) utilized sketching algorithms
like Newton Sketch Pilanci and Wainwright (2016, 2017) to attain a local linear convergence rate.
Additional works such as Gonen et al. (2016); Liu et al. (2019) have used second-order information
to accelerate SVRG, which is a first-order method. However, both methods were only able to attain
an improved linear rate of convergence.

3 NOTATION AND PRELIMINARIES

Vectors (matrices) are denoted by lowercase (uppercase) bold alphabets. The i-th standard basis
vector of R? is denoted by e; € R? for i € [d] = {1,...,d}. We define the index function
it '= 1+ (t — 1) mod n. The symbol 0 denotes the all-zero matrix or vector, whose size can be
inferred from the context. We use X > 0 and X > O to denote that the symmetric matrix X is
positive semi-definite and positive definite, respectively. Likewise, the notation X >~ Y (X > Y)
denotes X —Y > 0 (X —Y = 0). For vectors u,v € R? we denote the inner product by
(u,v) = u'v and the Euclidean norm by ||u|| := \/{u,u). For matrices X,Y € R%*4, we
define (X,Y) = Tr(XTY), and we let || X|| denote the spectral norm of the matrix. Given a
convex function f : R? — R, we define the norm of the vector y with respect to V2f(x) as

lyll, = (¥, V2f(x)y). For a function f, we denote p as the strong convexity parameter, L as

the smoothness parameter, L as the Hessian Lipschitz continuity parameter, and M = f/u_% as the
strong self-concordance parameter.



3.1 Quasi-Newton (QN) Methods

We introduce QN methods as an iterative algorithm to optimize the problem (P) with n = 1. At
iteration t € Z, , given the current iterate ! and the positive definite Hessian approximation B? of
V2 f(x!), the next iterate '™ is computed as,

't =gzt — (BY) 'V (). (1)

The Hessian approximation for the next iteration B**!, is obtained by applying a constant rank update
to B®. The precise update distinguishes the exact type of QN algorithm, such as BFGS, DFP, or SR1
(Nocedal and Wright (1999)). The efficiency of QN methods, O(dQ), over second-order methods,
O(dB), stems from the fact that the B* update is low rank, which allows us to use Sherman-Morrison
formula (Appendix A) to efficiently evaluate (B*™1)~! from (B*)~! in O(d?) cost.

Though in the remainder of the paper, we are primarily concerned with BFGS updates, all the follows
can also be extended to the entire restricted Broyden class (Appendix H). Given a matrix K and its
approximation B, the generalized BFGS update refines this approximation along direction u € R?
as,

Buu'B n Kuu'K
(u,Bu) = (u,Ku)’

Setting Kt = fol V2f(xt + (2!t — 2t))dr, and u! = st := x!*t! — x! yields the classical BFGS
update,

BFGS(B,K,u) =B, =B —

@

Bist(s)TBt  yt(y")T
(s",Bis')  (s'y")’
where y;, == K's! = Vf(z!*!) — Vf(x!). This update seeks to approximate the Hessian along
the Newton direction st and has been shown by Jin and Mokhtari (2022); Rodomanov and Nesterov
(2021¢,b) to achieve a superlinear convergence rate. Furthermore, since BFGS makes a rank 2 update
to B?, we can use the Sherman-Morrison formula twice to evaluate (B**1)~! from (B*)~! in O(d?)
cost.

B! = BFGS(B', K',u') = B? 3)

In contrast to classical BFGS update, the greedy BFGS update by Rodomanov and Nesterov (2021a)
sets K = V2 f(z!), and defines the greedy vector,
u(B', K") :== argmax %, 4)
uefei}d,
which results in B‘*! = BFGS(B?, K, 4!(B?, K')). Greedy BFGS, similar to classic BFGS, ex-
hibits a superlinear rate of convergence. However, unlike classic BFGS, it can guarantee convergence
in the o sense. Specifically, the Hessian approximation error,

o(B',K') = ((K")"",B' - K'), )
decays linearly with ¢. In practice, a trade-off exists between the two updates. Greedy BFGS dedicates
initial iterations to construct a reliable Hessian approximation. In contrast, classic BFGS gains an
initial advantage because it updates along the Newton direction. Greedy BFGS only outperforms
classic BFGS if it has enough time to build an accurate approximation before convergence. Sharpened
BFGS proposed by Jin et al. (2022) incorporated both classic and greedy BFGS updates, to achieve
the best of both updates: an explicit superlinear convergence of x?, a linear convergence of B and
no initial “ramp-up” phase to build the approximation.

3.2 Incremental Quasi-Newton (IQN)

We now introduce IQN by Mokhtari et al. (2018). For each iteration ¢ > 1, IQN maintains tuples of
the form (2!, V fi(2!), BY) for each index i € [n]. Here 2! € R is the iterate corresponding to the
function f;, V fi(2!) is the gradient of f; at z{, and B is the positive definite Hessian approximation
of V2 fi(z}).

1

IQN begins by constructing a second-order Taylor approximation g! of each f;, centered at zf_ and
using the Hessian approximation Bffl as,
_ _ _ 1 _ _ _
gl(@) = =)+ (VAT e -2 ) 4 Sle -2 B @A) ©



The iterate x! is then calculated as,

t : 1 E t pt—1\—1 En t—1_t—1 t—1
r = a min — (] ) = B B Z — ;7 2 ;
I'g 1 n 7,( ) ( ) — ) 1 fl( T ) ) ( )

i=1
where B! = Sy Bf_l. In every iteration ¢, IQN only updates the tuple whose index is given by
it = 14 (t — 1) mod n, using the following scheme:

1.z} ="V (2])=Vfi(z).

1t

2. 2t =271 Vf(2h) = V(27 and BS = BY 7Y forall j # iy
3. B!, =BFGS(B] ', K',z! — z|""), where K' = f01 V2fi (z 72, — 27 h))dr

The per-iteration complexity of IQN: the cost of gradient evaluation in (1) is O(d), the no-operation
step in (2) incurs no cost, and the BFGS step (3) has a O(d?) cost as it is a constant rank update
to B! . To compute the iterate ‘!, we first evaluate the inverse of B* = B*~! + B! — B!™!
from (B'~!)~! using the Sherman-Morrison formula at a cost of O(d?). Then, we calculate
S Biz! — Vfi(2!) from the memoized value of > | B! 7 '2!"1 — V f;(2/!) in O(d?) cost.

Therefore, the overall per-iteration cost of IQN is O(d?). Please refer to Appendix C for details.

4 PROPOSED ALGORITHM

We first introduce the SIQN method, which incorporates the sharpened updates into the IQN frame-
work. However, this direct incorporation results in an inefficient O(dg) method. This is because,
ensuring the positive semi-definiteness of the Hessian approximation with respect to the true Hessian
results in Hessian updates which are not low rank. And consequently, the Hessian inversion incurs a
large O(d?) cost. We then propose the SLIQN algorithm that overcomes this problem by modifying
the SIQN updates using a constant corrective multiplicative factor based on the theoretical analysis of
SIQN. It then utilizes a novel lazy propagation strategy to implement this factor correction efficiently
with a per-iteration cost of O(d?).

4.1 Sharpened Incremental Quasi-Newton (SIQN)

Similar to IQN, SIQN also maintains tuples of the form (2!, V f;(z!), B}) for each iteration ¢ > 1
and each index i € [n]. The iterate ' is calculated as,

2t = (B')~! (ZBf-le-l - Vfi<zf—1>), ®)
=1

where Bt~! = Z;L:l Bf ~1. The tuples are updated in a deterministic cyclic order as follows:
Lz = xt, Vi (zf) =Vfi (xh).
2. 2 = z;fl, Vfi(zh) = ij(z;fl), and B} = B;fl, for all j # ;.
To update Bft, SIQN first performs the classic BFGS update followed by the greedy update,
3. Q' =BFGS((1+ £)*B} ', (14 B K", zl, — 2, 1),
Bj, = BFGS(Q", V*fi,(2],), u(Q", V*fi,(2},))),
where, K* := fol V2fi, (2" +7(2!, — z{"))dr and the scaling factor 3; := & ||z! — 2z Hz:‘}_l
ensures that before the classical BFGS update, the Hessian approximation is positive semi-definite

with respect to the corresponding Hessian, (1 + 6t)2Bft_l = (1 + B;)K". For technical details,
please refer to Lemma E.1. The pseudo-code for SIQN is provided in Algorithm 1.

We now consider the per-iteration complexity of SIQN: the cost of gradient evaluation is O(d), the
no-operation step incurs no cost and the BFGS step can be computed in O(d?) cost. To compute



Algorithm 1 Sharpened Incremental Quasi-Newton

1: Initialize: {20 = %} | {BY}" ; such that for all i € [n], B? = V?f;(z;)°
2: while not converged:

3:  Setcurrentindex i; = (t — 1) mod n+ 1;

4:  Update x* as per (8);

5. Update 2z}, = x' and B}, as per (3);

6:  Update the tuples with index j # i; as 2% = z;i_l, B! = B;‘l;

7

8

Increment the iteration counter ¢;
: end while

o', we need to calculate the inverse of B! = B'~! + B! — B},
B - B, ' = BFGS(Q", V*fi.(z],), u(Q", V*fi(2},)) - Bi ",
Q'al(w")TQ" Vi (z])u'(u') V2, (2])

- _ -1
_Qt <'U/t,Qt’u,t> + <’LL V2f“( ) > Bff s
Bt 1 t Bt 1
:((Hﬁt)Q*UBffl*(Hﬂt) (s E?ltl 0
tat(ut)TQ? 2 To2
+(1+Br) yy ~Qlaf(a)TQ' | VAfi (2 )u'(u!) V2 S (2 l)) o

WTsl) Q) (wh VRS, (aL)al)

[
= _ - ~1
where u' = w(Q', V2f;, (2!))), s, = 2! — 2 Land Yl =V, (zl) = Vfi,(2{7"). Observe that
the expression (9) is generally not a matrix of constant rank, since the rank of ((1 + 3;)% — l)Bft_1
may be as large as d. Therefore, it is not possible to compute the inverse of B! by using the inverse
of B*~!in O(d?) cost.

4.2 Sharpened Lazy Incremental Quasi-Newton (SLIQN)

We now present the SLIQN method as a solution to the aforementioned issues. We observe that the
primary reason for the update of B? in SIQN not being low-rank, is the presence of the scaling factor
0. To resolve this issue, we begin by noting that the convergence analysis of SIQN (ref. Appendix E)
indicates that there exists a factor af;/,, 17, such that 3; < a4/, 17 and using o, 1] instead of
B preserves the convergence properties of SIQN. Since v/, 17 is constant throughout an epoch,
rather than multiplying s/, —17 to Bf:l at iteration ¢, we instead pre-multiply a4/, 17 to each
Hessian approximation at the start of every epoch. This enables us to compute the inverse of B?
trivially by dividing the old inverse by a¢/,,—17. However, this pre-multiplication step is a O(nd?)
operation and it undermines the utility of incremental algorithms. To address this issue, we employ a
lazy propagation strategy, wherein we scale the individual Hessian approximations just before they
are updated in their respective iterations, but treat all memoized quantities as if the approximations
are already scaled. These key changes enable SLIQN to achieve an O(d?) per-iteration cost along
with an explicit superlinear rate.

In what follows, we will denote the Hessian approximations by {D?!}" , instead of { B!}, to
distinguish SLIQN updates from SIQN updates. We now formally present the SLIQN algorithm.

Initialization: At ¢ = 0, we initialize the iterates {z0}7 | as 2 = z" and their corresponding

hessian approximations {DO}”:1 as DY = (1 + 040)2I0 where xo, g, {IP}7; satisfy the the
premise of Lemma 2.

Iterative Updates: For each iteration t > 1, we set the iterate x* as,
T _(Dt 1 (ZDt 1 t 1 vfz( t 1)) (10)

where D'~' = """ | D!~'. The scheme to update each tuple is as follows:

1. zft = xt, qu;t(zft) =V, (z").



2. 2t =2!"', D! = w,D!"", Vi € [n]\{i+}, where w; := (1 + a[;/,7)? if t mod n = 0 and
1 otherwise.

3. Q' =BFGS(D} ', (14 apm_17)K" 2!, — z71),

D! = wBFGS(Q', V2 f;,(2!),u"(Q", V*fi,(2}))).

Algorithm 2 provides the pseudo-code for SLIQN. We now consider its per-iteration complexity.
Observe that in the j + 1" epoch, the updates (2) and (3) are carried out differently for ¢ mod n = 0
and ¢ mod n # 0. Specifically, fort € {nj + 1,...,nj + n — 1}, we can carry out the update (10)
in O(d?) cost using Sherman-Morrison formula (ref. Appendix F.1) and can compute other iterative
updates in O(d?) cost as they consist of a constant number of matrix-vector multiplications. However,
for t = nj + n, each D} is multiplied with the scaling factor of (1 4 cj+1)?, which incurs a large
O(nd?) overhead. Instead, we implement this step by lazily scaling the Hessian approximations at
the iteration in which they are updated while treating all memoized quantities as if the approximations
are already scaled. The details of the lazy strategy are provided in Appendix F.2.

Algorithm 2 Sharpened Lazy IQN

1: Initialization: Initialize the iterates {2{}" ; as 2) = x” and their corresponding hessian
approximations {D?}" ; as D? = (1 + «g)?I?

2. while not converged:

3:  Update x! as per (10);

4:  Update 2} as z! ="

5. Update Q" and D], as per (3);

6:  Update the tuples with index i # i; as per (2);

7:  Increment the iteration counter ¢;

8: end while

Remark 1 We remark that both IQN and SLIQN exhibit a per-iteration cost of O(d?) which is in
contrast to the O(nd?) cost for QN methods. However, this efficiency comes with an increased
memory cost of O(nd?). To address this issue we propose a pipelining scheme in Appendix D, in
which we leverage a much larger disk to augment the main memory by prefetching the data and
processing the updates in parallel.

S THEORETICAL ANALYSIS OF ALGORITHM 2

5.1 Assumptions

We analyze SLIQN under the assumptions of smoothness, strong convexity, and Lipschitz continuity
of the Hessian. These assumptions are commonly used in the analysis of Quasi-Newton methods.

Al (Strong convexity and smoothness) The functions { f;}I'_, are p-strongly convex and L-smooth,
thatis § ||y — @||* < fi(y) — fi(@) — (Vfi(x),y — @), and fi(y) — fi(=) — (Vfi(z),y — @) <
5lly - x|? hold for all z,y € R%, and for all i € [n).

A2 (Lipschitz continuous Hessian) The Hessians {V2f;}r_| are L-Lipschitz continuous, that is,
V2 fi(y) = V2 fi(z)|| < Ly — ||, for all @,y € R?, and for all i € [n].

The above assumptions also imply that the functions { f; }7_, are M -strongly self-concordant, which
3

is defined as, V2 f;(y) — V2fi(z) < M ||y — x|, V2f;(w), Yz, y, z,w € R? with M = Ly~ >
(Rodomanov and Nesterov, 2021a, Ex 4.1).

5.2 Convergence Lemmas

We establish the convergence guarantees in three steps: Lemma 1 establishes a one-step inequality
that bounds the residual ||z! — z*|| in terms of the previous residuals ||zf_1 — «*|| and the norm

error in the Hessian approximation ||D;?_1 — V2fi(zh)

|, Vi € [n]. Lemma 2 uses the result of



Lemma 1 to inductively show that both the residual ||z — =*|| and the Hessian approximation error
in the o sense, i.e., o(D} ,V?f; (2! )), decrease linearly with [¢/n]. Using the result of Lemma
1 and Lemma 2, Lemma 3 establishes a mean-superlinear convergence result. We finally show in
Theorem 1 that the residuals can be upper bounded by a superlinearly convergent sequence.

Lemma 1 If Assumptions Al and A2 hold, the sequence of iterates generated by Algorithm 2 satisfy

t o« LUV SN |2 -1 - t—1 o2 (-1 =1 o«
=" — 2] < 2 > l= CH RE W 2% V2 iz = z
i=1 i=1

)

Y

forallt > 1, where I't := H(E?:l Df)_lH'

The proof of this result can be found in Appendix G.1. It is important to note that our bound
in (11) differs from a similar result presented in (Mokhtari et al., 2018, Lemma 2), where they
utilize || D! ™" — V2 f;(x*) | instead of || D} ™" — V2 f;(z{~")||. This modification helps connect the
approximation error in the norm sense, i.e., } fol - V2 fi(szl) H with the error in the o sense, i.e.,
o(D!, V2 f;(2L71)). This connection is crucial for quantifying the improvements achieved by the
greedy updates.

Lemma 2 If Assumptions Al and A2 hold, for any p such that 0 < p < 1 — J%, there exist positive

constants € and oo such that if ||€° — x*|| < € and o(I?,V? fi(x")) < oo for all i € [n), the
sequence of iterates generated by Algorithm 2 satisfy

ot — 2] < o5 a0 — o). 12
Further, it holds that
ol "Dl V2 fiu(=) < (1= 45)'" s, (13)
where § := ewlfl/ﬁze 0o —‘rE% , M = L ,u%, wi = (1 + arg/n1)? ift is a multiple of n and 1
T——— [t/n]
dL

otherwise, and the sequence {oy} is defined as ay; := M~/Lep® Yk > 0.

The proof of Lemma 2 can be found in Appendix G.2. Under the hood, the proof uses induction to
show that if the initialized = is close to * and DY is close to V2 f; (), then the iterate =* converges
linearly to =* and Dﬁt converges linearly to V2 f; (zft ). Our result is stronger than (Mokhtari et al.,
2018, Lemma 3) as we establish the linear convergence of DE, whereas Mokhtari et al. (2018) were
only able to establish that HDf — V2fi(x*) H does not grow with ¢t. Moreover, Mokhtari et al. (2018)
did not guarantee convergence of DY. Also, there is no equivalent convergence result presented in the
analysis of IGS.

Lemma 3 [f Assumptions Al, A2 hold, then there exist positive constants € and oq such that if
|2® — @*|| < € and o(I?, V2 f;(x°)) < 00 forall i € [n)], the sequence of iterates generated by
Algorithm 2 satisfy

BATET L e
o' = < (1= ) =y et e
i=1

The proof of Lemma 3 can be found in Appendix G.3. The main idea behind the proof is to substitute
the linear convergence results, specifically (12) and (13) from Lemma 2, back into the result from
Lemma 1. By doing so, the first term on the right-hand side of (11) converges quadratically, while
the second term converges superlinearly, which proves the result.

Our result is markedly different from (Mokhtari et al., 2018, Theorem 6) which proves asymptotic
superlinear convergence of IQN. Their proof is based on a variant of the Dennis-Moré theorem
to show that superlinear convergence kicks asymptotically. Since their proof is existential, unlike
Lemma 3, it cannot be used to derive an explicit rate of superlinear convergence.
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Figure 1: Normalized error vs. number of effective passes for the quadratic minimization problem

Theorem 1 If Assumptions Al, A2 hold, then there exist positive constants € and o such that if
|2 — &*|| < eand o(I?, V2 f;(x°)) < o0 foralli € [n), and for the sequence of iterates generated

by Algorithm 2, there exists a sequence {C*}, k > 1 such that ||zt — x*|| < (U5 forallt > 1 and
{¢*} satisfies,

L [ G20t
¢ Sﬁ(l—ﬁ) ’

(14)
The proof of Theorem 1 involves the construction of a sequence that provides an upper bound on the
residual ||z’ — *||, and can be found in Appendix G.4.

Remark 2 It is instructive to compare our convergence rate with that of IGS (Gao et al., 2020,

k(k+1)
Theorem 3). According to their result, the rate is given as ||@' —x*|| < (1 — £) "2 rko|[x0—z*

vt > 1,r e (0,1),k = L%J + 1 — kg and kg is a constant such that (1 — ﬁ)ko D < 1. The
parameter D depends on the underlying objective function. Observe that their superlinear rate only
takes effect after L%J > ko — 1, and kg could potentially be large, though it is not possible to infer
the bounds on kg from Gao et al. (2020). In contrast, our convergence rate guarantees superlinear

convergence right from the first iteration.

i

6 NUMERICAL EXPERIMENTS

6.1 Quadratic Function Minimization

We begin with a comparative analysis of the empirical performance of SLIQN, IQN, Sharpened
BFGS (SBFGS) Jin et al. (2022), and IGS on a synthetic quadratic minimization problem.

Problem Definition: We consider the function f(z) = 23" | (3(z, A;x) + (b;, ), where
A; = 0,and b; € R%, Vi € [n]. The detailed generation scheme for A;, b; can be found in Appendix
I.1.

Experiments and Inference: We study the performance of the algorithms on two extreme cases: d >
n (Fig. 1a), and n > d (Fig. 1b). In each case, we plot the normalized error ||z — @*|| / ||« — =*||
against the number of effective passes or epochs. We see that in both these cases, SLIQN outperforms
IGS, IQN, and SBFGS. We also observe that in the case where n >> d, IGS outperforms IQN, whereas
in the case where d > n, IQN surpasses IGS. This is because IGS devotes the initial O(d) iterations
to constructing a precise Hessian approximation, after which its fast convergence phase kicks in. On
the other hand, since IQN takes the descent step in the Newton direction, its Hessian approximation
is never precise and therefore its normalized error decreases at more or less a “consistent” rate.
SLIQN combines the strengths of both IQN and IGS: during the initial iterations when its Hessian
approximation is not accurate enough, the classical BEFGS updates are responsible for the progress
made. In the later iterations, when the Hessian has been sufficiently well approximated, its fast
convergence phase kicks in.
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Figure 2: Normalized error vs. number of effective passes for regularized logistic loss minimization

6.2 Regularized Logistic Regression

We now compare the performance of SLIQN against IQN, IGS, NIM, and SN on the regularized
logistic regression task given by

N
M 1 —(T,Z; xT,z; A
min /(@) i= 1 (silog(1+ e~ =) + (1 - yi) log(1 +€l==))) + S all”,  (15)
i=1

where {z;} , are the training samples, {y;}~ ; are their corresponding binary labels and p is set
at 2.1. It is easy to observe that f(x) is smooth, strongly convex and has a Lipschitz continuous
Hessian, thereby satisfying Assumptions Al, A2. We compare the algorithms across 9 datasets with a
large variation in the values of n and d. Each algorithm is initialization with the same iterate and
the regularization parameter is set as A = 1/N. For SN, we set the mini-batch size 7 = N since
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that is the regime it works best in. Please refer to Appendix I for a complete experimental setup.
We observe in Figure 2 that SLIQN outperforms IGS, IQN, and SN on each of the 9 datasets from
LIBSVM by Chang and Lin (2011). This supports our claim that SLIQN offers the best of both, IQN
and IGS. Furthermore, we observe that while NIM outperforms SLIQN, their performance remains
comparable. It is important to note that NIM utilizes the full Hessian information for the descent step
and is an O(d?) algorithm, while SLIQN has a per-iteration complexity of O(d?). Thus, these results
underscore the superiority of SLIQN over other incremental QN style methods.

7 CONCLUSION AND FUTURE WORK

We introduced the SLIQN method for minimizing finite-sum problems. SLIQN enjoys the best

known incremental rate of O((1 — ﬁ)ﬁ/ ”2), has a O(d?) per-iteration cost, an explicit superlinear
convergence rate, and exhibits a superior empirical performance compared to several other incremental
and stochastic QN methods. The key novelty in the proposed algorithm is the construction of modified
update rules using a clever multiplicative factor and a lazy propagation strategy. We back up our
empirical results with a comprehensive theory that explains the superior performance of SLIQN. The
convergence rate of SLIQN is locally superlinear; analyzing the global convergence of the proposed
algorithm remains as a future work.
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A ESTABLISHED RESULTS

Lemma A.1 (Banach’s Lemma) Let A € R¥*? be a matrix such that its norm satisfies || A|| < 1.
Then the matrix (I + A) is invertible and
1

<||(IT+A4)7 | < ———.

1
L+ [lAf
Proposition A.1 (Sherman-Morrison Formula) Ler A € R¥*? be an invertible matrix. Then, for
all vectors u, v € RY, we have
A lypT AT

A Ntl=Aa"t-— =
(4+uv’) 1+ (v, A1)

(16)

Lemma A.2 (Lemma 2.1, Lemma 2.2 Rodomanov and Nesterov (2021c)) Consider positive def-
inite matrices A,G € R4 and suppose G = BFGS(G, A, u), where u # 0. Then, the
following results hold:

1. For any constants £, n > 1, we have

%Ajcan — %jG+jnA-
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2. If A <X G, then we have
U(A7 G) > U(A7 G+)

Lemma A.3 (Lemma 4.2 Rodomanov and Nesterov (2021a)) Suppose an objective function f(x)

is strongly self-concordant with constant M > 0. Consider ¢,y € R%, r := ||y — x| » and
K = fol V2f(x + 7(y — x))dr. Then, we have that
V2 f(x ) 2 2
I SV ) < (L4 MOV (@),
Vif(x ) Mr. o
<K~<(1+—
sz( ) Mr. o
<K=<(1+— .
L S K200V )

Lemma A.4 (Theorem 2.5 Rodomanov and Nesterov (2021a)) Consider positive definite matri-
ces A,G € R¥™? such that A < G and I < A =< LI for constants p, L > 0. Suppose
G, = BFGS(G, A, u(G, A)), where u(G, A) (4) is the greedy vector of G with respect to A.
Then, the following holds:

o(G4,A) < “‘E) o(G, A).

B SUPPORTING LEMMAS

Lemma B.1 For all positive definite matrices A, G € R4¥, if A < LT and A < G, then
|G - Al < Lo(G, A).

Proof: For any positive definite matrix X € R?*?, Jet A, (X)) denote its maximum eigenvalue
and let Zle Ai(X) denote the sum of all of its eigenvalues. We can bound 1 |G — A| as

LG - A € 10u(G - A) < 1Y NG - A4) € LTi(G - A).

i=1
Recall from the premise, we have A < LI, which implies that I < LA~ Therefore,
o(G,A)=(A""G-A)>1+{I,G-A)=1Ti(G-A) > 1 |G- A].
This completes the proof. O

LemmaB.2 Let f: RY — R be a real valued function that is ji-strongly convex, L-smooth, and
M-strongly self-concordant. Let ,z, € R?\{0} and B be a matrix such that B = V?f(zx).
Define the constant r = ||x — x|, and the matrix P := (1 + YI)2B. Consider the following
BFGS updates:

Q = BFGS(P,(1+ ¥)K,z, — ),
B, :=BFGS(Q, Vf(z4),u(Q, V*f(z))).

Here, the matrix K := fol V2f(x + 7(xy — x))dT and the vector u(Q,V?f(x)) is the greedy
vector 4. Then, B = V?f(x) and

o(B+,Vif(zy)) < (1-£) ((1 + M) (B, V2 f() + d(1 + 4r)t - d).

Proof: We begin by analyzing the first BEGS update. Since B = V2 f(x), we have the following:
Mr. o2 Lem.A.3 Mr

Btv2f(:v)g>P§(1+7) fl@) = (1+ =K.
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Since P = (1+ X1) K, the metric o (P, (1 + 27)K)) is well defined. Applying Lemma A.2, we
obtain

Q=BFGS(P. (1+ K 2 —a) = (1+ D)K.

Applying Lemma A.3 to relate K and V2 f(x ), we obtain

Q- (1+ g)K G f ().

We now begin analyzing the second BFGS update. Since Q = V2f(z, ), applying Lemma A.2, we
obtain

B, = BFGS(Q, V2f($+>,’l_l/(Q7 vzf(er)) = VQf(w+)7
which completes the proof of the first part. Applying Lemma A.4, we obtain

0By, V2 f(24)) < (1 - 4) 0(Q.V2f(xy)).

Define ¢ := (1 — dLL) for brevity. We are now ready to show the second result. Observe that

o(By, V2 f(x4)) < (1= 0)o(Q, V2 f(z4)),
=(1- C)((VZf(M)_l, Q) —d),

(=) ((1+ 55) (K d),
) (K

(1—o((1+2 —d), (17)

INE

—~
o
=

where (a) follows since

Mr

(14 2V () K = V) < (14 K

In (b), we have defined K = (1 + %)K . Recall that we have already established P > K.
Applying Lemma A.2, we obtain

0(Q,K)<o(P,K) «— 0(Q,K) <o(P,K).

Continuing from (17), we obtain

o(By, V2 f(@y)) < (1= o) ((1+47) (K™, P) —d),

= (1 -9 ((1+ %) (K. B) —d),

= (1= ((1+ %) (K. B) —d),
<o+ M) (V2 (@)t B) - d), (18)
where (a) follows from K—' =< (1 + 25)V?f(z)~! (. Lemma A.3). Finally, setting
(V2f(x)"", B) = 0(B, V2f(x)) + d completes the proof. O

Corollary B.1 Under the notation established in Lemma B.2, let o € R be an upper bound on r.
Then, we have the following:

o(B., V2 f(21)) < (1 - 4)e*V* (o(B, V2 f(2)) + 2Mda).
Proof: From Lemma B.2, we have

o(By, V2 f(zy)) < (1 - ﬁ) (1 + %)4(U(B,V2f(m)) + d(l - ﬁﬂy»
2

(%) (1= LM (o(B,V?f(z)) + d(1 — e M),

(2 (1—L)e*M(0(B, V3 f(z)) + 2Mda),

where (a) follows by the inequality 1 + 2 < e*,Vz € R and (b) follows from the inequality
1 —e™® < z,Vz > 0. This completes the proof. O
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LemmaB.3 Let f: RY — R be a real valued function that is ji-strongly convex, L-smooth, and
M -strongly self-concordant. Let & € R? be some fixed vector and 0 < ~ < 1 be some fixed constant
such that the sequence {x*}, for all k € [T satisfies

l2* - 2] <" [l - 2.

Define the constant ry, = ||:c”“ — k! ||wk*1 for every k. Let B® be a matrix such that it satisfies
B = V2f(x°). Consider the following BFGS updates:

Q" :=BFGS(P*!, (1 + M=) K* zF — 2+,
B* := BFGS(Q*, V2 f(z"),a(QF, V2 f(z"))),

where P*~1 .= (1—&-%)23’“‘1, K" .= fol V2 f(zF 7 (b —xk~1))dr, and w(QF, V2 f(zF))
is the greedy vector 4. Then, the following holds for all k € [T):

4AMVIL||z°—&||

o(BF, V2f(zh)) < (1— J)ke” 17 <a(30, V2 () + =" - &) 1_(43_4%)

(19)

Proof: From Lemma B.2, it can be shown that B*¥ = V2f(x*) for k = 1,...,T. There-
fore, o(B*,V2f(x*)) is well defined. We introduce the notation o := o(B¥ V2f(x")),

dy = ||:ck — ||, and ¢ := J5 for simplicity.

To apply Corollary B.1, we need an upper bound on 7. This is trivial via the Triangle inequality
e I it T ik N
(@)
< VI([l2* — ]| + o — ] ) < 2VIyJa" — &

where (a) follows since V2 f (@) < LI. Therefore o, = 2v/Ly*~!||2® — &|| is an upper bound on
r,. Applying Corollary B.1, we obtain

IN

(1 =)Mo (gy_y +2Mday,)
(1 — ¢)e*MVIdr" " (g | 4 AMdVLdyy* ). (20)

Ok

IN

We solve the recursion (20) as follows:

op < (1 70)64A{\/Zd07k_1(0'k_1 +4Md\/Zd0’yk71),
<(1- 0)264M\/fd0(”rk71+7k72)0k72 +4Md\/Ed0(’yk_2(1 _ 6)264M\/Zd0(7k71+7k72)
+ ,yk—l(l o 0)64Mﬁd0’)’k71)

)

k—1

< (1 — o) eMVEO 0 oy 1 AMAVIdy (Y A7 (1 — e)F T etMVEdo i A

=0
<(1- C)ke4Mﬁdo E0 gy + 4Md\/fdoe4Mﬁd° 2207 Z (1 — C)k_j,
j=0
4M\/Zdo
<(1—ofe T (og + M),
T 1l—c

This completes the proof. ]

Remark 3 I can be concluded from the proof of Lemma B.3 that redefining i, := 2v/ Ly*~d,
(which is an upper bound on ||zck — k1 Hmk—l)’ the results of Lemma B.3 remain unchanged.
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C EFFICIENT IMPLEMENTATION OF IQN

Recall that, that at time ¢, IQN updates
B! =BFGS(B] ', K' z! —z"").

it

Define ¢ := > 1" | Bizl —>°" | Vf;(2!). Attime ¢, since IQN only updates the tuple with index
it, we have

¢' =o'+ (B2, — Bz ") = (Vi (2,) = V (2 ). @1)
Therefore, given access to ¢!~ !, we can compute ¢! in O(d?) time. This updating scheme can be
implemented iteratively, where we only evaluate ¢° explicitly and evaluate ¢*, for all ¢t > 1 by (21).
It only remains to compute (B?) ~! where B! := (>, BY). This can be done by applying the
Sherman-Morrison formula (16) twice to the matrix on the right (22).

vyl — Bi'ss,' B
(Wi, st,) (s, B 's!)
t ot t—1 ot _op (ot b1 . .
where y!, = z{ —z; ,s;, = Vfi,(z,) — Vfi(z; ). Applying(16) twice, we get (23) and (24)
Z'(Bi 'si)(B; 'st)" Z!
(sl B, 'si,) — ((Bi's,), 2"(Bj 's},))’

Bt _ Bt—l +Bft _ tht_l _ Bt—l + , (22)

(BHY'=2'+ (23)

where Z! is given by
(B ) 'whyl, (B

Zt — (Bt-1)~1 _ A .
B~ s+, (B ) gL

(24)

By iteratively implementing this scheme, we only need to compute (B®)~! explicitly and (B?)~!,
for all t > 1 by the Sherman-Morrison formula.

D LOW MEMORY IMPLEMENTATION OF INCREMENTAL METHODS

In this section, we illustrate how incremental methods can be effectively implemented for large-scale
real-world scenarios which are characterized by substantial memory requirements of O(nd?). Our
solution leverages the disk, which offers significantly larger storage capacity compared to main
memory but comes with an increased load-store latency. To mitigate this latency issue, we employ a
pipelining scheme. In this scheme, we partition the data into blocks and simultaneously run compute
operations on one block while performing load-store operations on the blocks adjacent to it. This
parallelization effectively extends the main memory capacity to the available the disk size, all the
while avoiding its larger latency.

Formally, let the available main memory capacity be g GB, the number of data samples be n, the
dimensionality of the data be d, and the space requirement for each sample be s. We assume that the
disk is sufficiently large to store the data for all samples, that it the size of the disk is greater than ns.
We divide the data into m = % blocks, denoted as b; for i € [m]. This choice of m ensures that

two blocks can be accommodated in memory simultaneously. The processing proceeds as follows:

1. We assume that the memory holds blocks b; and by, along with the global memoized
quantities for SLIQN. All data blocks are also stored on the disk.

2. Atiteration t = 1, we process the block b; by executing the corresponding algorithm updates
on it.

3. At any iteration ¢ > 1, we execute the algorithm updates on b;9,,,1 while concurrently
storing the already processed block b; back into the disk and loading the block b(;41y9n+1
into memory to be processed next.

In practice, modern disks have access speeds of around 500 MBps, making processing the bottleneck
in this parallel architecture, rather than disk access. For example, in our implementation of SLIQN
with g = 1200 MB, n = 20,000, d = 123, s = 0.1117 MB, and m = 4, we observed that processing
one block took 7.8 seconds, while the load-store operation required only 3.8 seconds.
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E CONVERGENCE ANALYSIS OF SIQN

In this section, we provide the convergence analysis of SIQN, as the convergence analysis motivates
the replacement of 3; with o+ ;7. We begin by showing that at each time ¢, the matrix Q' obtained

after the first BFGS update satisfies Q' = V2f;, (zft ). Using this, we show that the updated Hessian
approximation satisfies B > V2 fi, (2{). These observations are essential in order ensure that
o(Q", V2 fi,(2L)) and o(B*, V2 f;, (2! )) are well defined.

Lemma E.1 Forallt > 1 the following hold true:

Q' = V[ (2), (25)
B! = V*fi(2}), (26)
foralli € [n].

Proof: The proof follows by induction on .
Base case: Att = 0, (26) holds due to the initialization.

Induction Hypothesis (IH): Assume that (25) and (26) hold for ¢t = m — 1, for some m > 1. We
prove that (25) and (26) hold for ¢ = m in the Induction step.

Induction step: Since BZ’;I =V2f (z;:‘n_l), we have the following:

(14 B) 2B = (14 ) V2 fi (20 5 (14 o) K,

tm

m—1

im

where recall that 5, = % Hszn -z Hzm—l' Applying Lemma A.2, we obtain

an _ BFGS((l 4 ﬁm)QBZLn_la (1 + Bm)Km’zm _ zm_l) Lé’m-tAQ (1 n ﬁm)Km

tm Tm

Applying Lemma A.3 to relate K™ and V2f; (2 ), we obtain

m

Qm t (1 + ﬁm)Km LEM.EAB ngim (z;f:l)

Therefore, (25) holds for ¢t = m. Since Q™ = V2f; . (2" ), applying Lemma A.2, we obtain

Lem.A.2
B =BFGS(Q™, V. (2),a(Q", Vi, (2)) = V°fi, (zI").

Therefore, (26) holds for ¢ = m. This completes the induction step. The proof is hence complete by
induction. O

Key steps: We establish the convergence guarantees in three steps: Lemma E.2 establishes a one-step
inequality that bounds the residual ||z! — *|| in terms of the previous residuals Hszl — *|| and
the norm error in the Hessian approximation || B} " — V2 f;(z{~")||, for all i € [n]. Lemma E.3
uses the result of Lemma E.2 to inductively show that both the residual ||z* — z*|| and the Hessian
approximation error (B}, V2 f;, (2! )), decrease linearly with [¢/n]. Using the result of Lemma
E.2 and Lemma E.3, Lemma E.4 establishes a mean-superlinear convergence result. We finally show
in Theorem 1 that the residuals can be upper bounded by a superlinearly convergent sequence.

We now present our one-step inequality. A similar inequality with Bit ~1 replaced with Df_l also
appears in Lemma 1 (for SLIQN). Since the proofs are identical, we refer Appendix G.1 directly for
the proof of Lemma E.2.
Lemma E.2 [f Assumptions Al and A2 hold, the sequence of iterates generated by SIQN satisfy
e el < B 3 ||=t - |F o+ r T B - VR -2 @)
i=1

i=1

forallt > 1, where Tt := H(Z?:l Bf)AH'

18



Proof: Refer Appendix G.1. ]

Lemma E.3 If Assumptions Al and A2 hold, for any p such that 0 < p < 1 — J%, there exist positive

constants " and o"" such that if |2 — x*|| < " and o(BY, V? fi (")) < ab® for all i € [n),
the sequence of iterates generated by SIQN satisfy

sign

t
o - o] < 8 20 — 2. 29
Further, it holds that
iy
o(BL, V2 fi,(24)) < (1— &) g, (29)
) AM~/Let . ) ~ 3
where 5" := e 1=p (o™ + e‘”q"ifMd\pE ), M =L/p2.
T
Proof: For a given p that satisfies 0 < p < 1 — -, let the variables ¢"7", o359 be chosen to satisfy
Fesion .
4+ L§sian
2 < < (30)
7 I+p

Remark 4 Indeed there exists positive constants ", g% that satisfy (30). Recall from the

premise that § is a function of €, a§"", and we can define the left-hand-side of (30) as a function
( stqn “‘1") as
gle™™, 0q

Leti _~_L644M[L:W ( 5’4”+6vzqn 4Md\ﬁ)

Lesian sign 2 1
g(exiqn’ O_Siqn) - P} + L(s _ 1— EHT
u 7
Fix o)™ = 4~ (1+p) > 0. It is easy to see that g(e™",o3®") is continuous and monotonically
increasing in ", Also, note that g(0, # ( 7)) = m and lime,o0 g(€, 31 (7)) = oo. We

can therefore apply the Intermediate Value Theorem (IVT) to guarantee that there exists € > 0 such
that g(€, 37 (155)) < 75

Base case: Att =1, applying Lemma E.2, we have
(ERE ||<7Z||z —a’ +F°ZHBO V() 122 = 2]

Since BY = V2f ( Y) and VQf,( 9) < LI, applying Lemma B.1, we have o(BY, V2 f;(2?)) >
+ 1B — V3fi(= H This gives

1 * 0 E ESiqn sign 0 *
ot —a*| < nr® (F5 4 Lo 2 — o

where we have used 20 = z° and ||z° — z*|| < ¢, 0(BY, V2 f;(2?)) < o ™.

We now bound I'. Define X0 := 13" BY Y0:=1%" V2f;(2?). We have the following:

F2 B = T 2 XY = o X0 2 e -

)

where (a) follows since Y0 = L 3% V2 f;(20) = pT (.- Assumption Al). This gives us

Lo_(s)tqn < Laxtqn (30) p

BT L+p

Iy~ x° —1f| <

We can now upper bound I'° using Banach’s Lemma A.1. Consider the matrix (Y°)~!X° — T and
note that it satisfies the requirement of A.1 from the above result. Therefore, we have

Lem<A.1 1 <
IO XO 1) T

(X0 1y || = H(I+ (Y0)"1x0) — 1))—1\ 1+p.
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Recall that I = Y. Using this and the previous result, we can upper bound ||(X°)~!|| as
pl[(XO)7H < (X0 YO < 1+ p. This gives us, IO = £ [|(X%)~!|| < Z£2. Therefore, we
have the following bound on ||:c1 —x* H

e siqn L g goian

o' - o) < ===+ ) o -2 < (140 o — "] < 2 - 2]

By the updates performed by Algorithm 1, we have z; = ! and z} = x° for i # 1. Applying
Lemma B.3, we obtain

ian AMdv'L

N
1 1—c

AM VI S
p (

o(BLV2fi(2) < (1-c)e o(BY, V2 () + )< (1 g,

<op”
This completes the proof for ¢t = 1.
Induction Hypothesis (IH): Let (28) and (29) hold for ¢ € [jn 4+ m], where j > 0,0 < m < n.

Induction step: We then prove that (28) and (29) also hold for ¢ = jn 4+ m + 1. Recall that the
tuples are updated in a deterministic cyclic order, and at the current time ¢, we are in the j® cycle and

have updated the m™ tuple. Therefore, it is easy to note that /""" = /"t for all i € [m], which

refer to the tuples updated in this cycle, and 27" " = /"~"+i for all i € [n]\[m], which refer to
the tuples updated in the previous cycle. From the induction hypothesis, we have

. [inti] 0 _ p* A=
‘ 2" — x| < p[mnnﬂfﬂ N | o bl 31)
[ A— |€° —2*|| i€ [n]\[m]
Step 1
Applying Lemma E.2 on updating z,,1, we have
. LTintm ™ . 2
|t | < =3 et - || +
i=1
n
an+m Z HBgn+m _ v2f1(zfn+m)H ‘ szn+m _z* ’
i=1
i]_"jn+m m ) 2 n ) 9
O3 LY RN C it DU
i=1 i=m+1
m
]_"jn-l—m(z HBin+m _ v2fl(z1jn+m)H ‘ szn+m _p* )+
i=1

2V g

).

e 3 ||
1

From the induction hypothesis, we have

| g{p“”ﬁ o~ icml

G=Dnti
pl
Since B!"""™ = V2 f,(2/"*"™) (Lemma E.1), applying Lemma B.1 and the induction hypothesis for

jn+m _aax )
1 H:co —ax*|| i€ n]\[m],
o, we have the following bound on “Bfn+m — V2 [z H

z; x (32)

Lem.<B.1 L(;Siqn(l — C)r%-l . 1€ [m],
L& (1 — o)l e [n)\[m).

(33)

| B =g

Lo_xiqn(_Bljn—i-m7 v2fi(zzn+m)) < {
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Therefore, the bound on ‘ zf:jlmﬂ — x*|| simplifies to
) (32)33) . Lesian Lesian . B ) )
‘ zg:j{n*%l _ w*H S F]n-&-m (mETPQ_H-Q + (n _ m)%p2] + mLé‘Alql’l(l _ c)j+1p]+1
(34)
+ (n—m)L&""(1 — ) p!) ||&° — x*]],
(35
) ] i sign ) ) ] ) ]
< TImtmpi(n < P AmLS (1 — ) p4-(n — m) L5 (1 — ¢)?) H:J:O —x*|,
—~ —_—— ——
<1 <1 <1
jn+m j Le‘giqn sign 0 _ .*
<T 0 (n +nlLd ) Ha: x H . (36)

We now bound I+ Define X/" ™ := L 57 BI"*™ and Yintm .= LS G2 f; (20" ™),
We follow the same recipe to bound I'? in the base case. Observe that

LY B = e | 2 xen — e 2 ey e
=1

The inequality (a) follows from Assumption Al which implies that uI < L " W2 f;(2/"*™) =
Y intm_ By tracking steps (35)-(36), we can establish that

l Z HBgn-‘rm _ v2fl(z£n+m)H < Lésiqn.
n
i=1

From the above two chain of inequalities, we deduce

Jyamemy x| < L P
122 1 + p

We can now upper bound I'/"*+™ using Banach’s Lemma by exactly following the procedure laid out

in the base case. We get that 1777 = || 327 BI"F™)~1|| < f—#p. Therefore, we obtain
PR N z/E;qn + L§sian o TS T N
HzmH —x | < —=——(1+p)p ||a: —x || < Ha: —x || 37)
Since 2]/t = intmH (28) holds for t = jn +m + 1.

Step 2

Next, we prove that o/(BJ" " V2 f, 00 (2277F)) < (1 — ¢)7+1 6%, We define the sequence
{yr},fork =0,...,5+ 1, such that {y} = {x°, zzi%, e zf,?flmﬂ}. The sequence {yk}iill
comprises of the updated value of z,,1 till the current cycle j. Since {y;} comes about from the

application of BFGS updates as described in the statement of Lemma B.3, therefore {y;,} satisfies
the conditions of Lemma B.3. This implies that

(k—1)n4+m )
lye = < o " 2~ = ot [0 2l
fork € [j + 1]. Since y,41 = z%flmﬂ, we have proved (29) for ¢t = jn + m + 1. The proof is
hence complete via induction. |

Corollary E.1 If Assumptions Al and A2 hold, the following holds true for all t > 1:
A (38)

where Uy := \/pr%*ﬂ esian,
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Proof: We can bound ||z}, — z/~"||_. . in the following manner:
o et

(@) A
=t == s = VI =L =201 < VE(= =2+ [l

< \/Z( [+ er(%])e”q” < 2V/Lplw—tesian,
where (a) follows since V2 f“( ~1) < LI (. Assumption Al). Therefore, the correction term
B = 1\2/[ qu — zt Hz?—l < M\Fp“ 1 gsign — 2U;, which establishes (38). O

Remark 5 (3; can be bounded by a quantity that remains constant in a cycle) Recall that the

correction factor B, = 4 Hzft — zft_lnzt_l in SION was introduced to ensure that (1 +
it

Bi)? B, =1 (1 + B¢) K (we formalized this in Lemma E.1). Intuitively, executing SION with a
higher correction factor 3¢ = MU, > % ||z - z || =1 (follows from Corollary E.1) which

remains constant in a cycle, it should continue to hold that (1 + B2 By~ L (14 Bre K. We
skip the proof for the sake of brevity as it is similar to the analysis SIQN.

Next, we present our mean superlinear convergence result for the iterates of SIQN. The main idea
behind the proof is to substitute the linear convergence results, specifically (28) and (29) from Lemma
E.3, back into the result from Lemma E.2. By doing so, the first term on the right-hand side of (27)
converges quadratically, while the second term converges superlinearly. This combination leads to
the desired result.

Lemma E.4 If Assumptions Al and A2 hold, for any p such that 0 < p < 1 — J=, there exist positive

constants €4 and o such that if ||x° — z*|| < " and o(BY, V? fi(x°)) < o3 for all i € [n],
the sequence of iterates produced by SIQN satisfy

i n
=" =" < ( "%Z Bt P

Proof: Lett=jn+m+1, where0 <j and 0<m< n From the proof of Lemma E.3, we have
an uniform upper bound on [V +™ = H -, B] "+m)

1+p

np
and the following upper bound on HB{"J”” V2 fi(z" T H

an+m S

HBljn—&-m _ Vin(zljn-&-m) LO_(Bgn—Q—m’ VQfl(zzn+m)) S

Lem.<B.1 : . {Léxiqn(l — C)"%—‘ i€ [m]

This gives HB{”JFm - ngi(zf”er)H < L&*(1 — ¢)d, for all i € [n].

Further, from LemmaE.3, we also have ‘ x| < pIt |20 — 2 i € [n] and
2] [n]\[m]. This clearly implies ‘ 2" || <
Sy M.
Applying Lemma E.2 at t = jn + m + 1 and upper bounding I'7"*™, we obtain
) 1 n . . .
||mjn+m+1 —x | < ;p Z ’ jn+m o gn+m - v2f1(zzjn+m)H ) ’ zanrm B m* ’
=1
(a) 1+ 1+p (Lﬁ 4 L(qun ]n—i-m —
nu 2 ’
(b)
1—0 Z‘ 7n+m_w* 1_C(] ZHmt i *7

22
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2k

where (a) follows from the bounds ’ #

< pl ||e° — =*||  and
HBﬁ”*m e fi(z{”“”)H < L&"(1 — ¢)7 discussed above and p < 1 — c. Also (b) fol-
lows since z/"™™ = 2"+ for all i € [m] and z/"*™ = x/*~"+ for all i € [n]\[m], which

implies Y27, ||z/"T™ — x*

=3, Ha:t_i — w*H This completes the proof. O

The mean superlinear convergence result of Lemma E.4 ultimately gives a superlinear rate for SIQN.
Note that an identical result as Lemma E.4 is given by Theorem 1(SLIQN). Therefore, we directly
provide the proof of Lemma E.4 in Appendix G.4 while proving Theorem 1 for SLIQN.

Lemma E.5 If Assumptions Al and A2 hold, for any p such that 0 < p < 1 —

sign

dL, there exist
< € and o(BY, ¥ fi(a)) < o3 for
all i € [n], for the sequence of iterates {x'} generated by SIQN, there exists a sequence {(*} such

that ||zt — z*|| < CL Jfor all t > 1 and the sequence {C*} satisfies

. (k+2)(k+1)
" < 6(1 — dLL) 2 , 39)

positive constants €'" and o

forall k > 0.

Proof: Refer Appendix G.4. g

F EFFICIENT IMPLEMENTATION OF SLIQN

We begin by showing that the update of ! in the SLIQN algorithm (Algorithm 2) can be carried out
in O(d?) cost.

F.1 Carrying out (10) in Algorithm 2 in O(d?) cost

We begin by defining the following variables that track the summands in (10)

n

pr,¢t =Y Dizl,g":= Z;Vfi(zf). (40)

=1

The update (10) (for time ¢ + 1) can be expressed in terms of the defined variables as

2t = (D) (¢' ~g'). (1)
From the updates performed by Algorithm 2 at time ¢, we have
9' =9+ (Vfi(z,) = V(2 ). (42)

Further, we can express ¢’ in terms of ¢! ~! as follows:

n

¢t: Z tht1t1_~_th Zt_wtd)tl WtDt1t1+Dt

1t lt
i=1,i#1,

(43)
This updating scheme can be implemented iteratively, where we only evaluate ¢°, g° explicitly and
evaluate ¢ in O(d?) cost, for all t > 1 by (43) and g* in O(d) cost, for all ¢t > 1 by (42).

Next, we demonstrate the method for updating (D?)~!. We begin by expressing (Dt) ! in terms of

(D) ! in the following manner:

—1
(D ( Z D!~ 1+Dt) — (w(D" - DY)+ D)
i=1,i#1,
—w; YD 4w D, - DY T (44)
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Expanding the BFGS update (3), we can express w; lDt

Q'u'(Q'u")"  V2fi, (= )u' (V2 fi, (#], )u")"

as

71 t @ ~t
Dy, 45
O e T @R G )
where we have used the shorthand @' for @(Qy, V? f;, (2!,)). Further, Q' can be expressed as
Q@D+ vyl Di'sl (Di7'st)T 46)

<yft,s§t> - < Dt ! z:Lt>

where s’;t = z — z ,y“ (1+ ap/n_l])Ktsft = (1+ary,—11)(Vfi, (zft) — Vi, (zft_l))
Adding (45) and (46), we obtain

iy, Di'si(Di's)T  Qal(Qah)T

—1 e t—1 _ _
e R S BT
Vi (24,0 (V7 (1 )"

¢ . 47

(W Vs L )a) “

Continuing from (44), we obtain

_ _ t gt T DtltDtltT tat (Ot t\T
(Dt) 1:(‘01‘/_1<Dt1+ yztyzt ( Zt) Q'U/(Qu)

(l,.s!) <“,th1;> - (af, Qtat)
L VP u(=)u (V2 (z,z)utﬂ)l
(ut, V2f;, (2} )ul) '

Next, we define the following matrix:

vyl ' D 'sl(Di's)T Qlat(Qlat)T

=D + - == —
(ul,.s!,) < wat 'st) (a',Q'u’)

Expressing (D?) " in terms of ;! we get the following:

- V21, (24 ) ut (V2 f, (2))ut) T\
(Dt) 1 U.}t (d}l + <ﬁt7 VQf,;t (th)ﬁt> > )

16 1 -1 Q/Jflvzfit (th)ﬁt(vzfit (th)ﬁt)T¢;1 >

= ("” (@ V2 Fo (2Lyat) 1 (V2 (2L yat, iy VR )

Define the following matrix:

_ tgt T DtltDtltT tat(Otat\T
Py =D+ Yi Y ( si,) — 4 =Py — Qf‘ (Qf‘)
(i) (s WDf, 1 s,) (a!,Q'ut)
Expressing 1| in terms of (0 ! we get
1 19 o ¥, Qe (QMul) Ty, ! )
VT T Q) (Quut Q)
Define the following matrix:
toat T t—1 .t t—1 _t \T
— pt-1 4 Yi Y, D; s;, (D;, ' s;,)
Y3 =D + Tl s = =13 — s D s
Expressing 15 Yin terms of Pa ! we get the following:
1 (19 ¥; Dy 'st (D) s 5
L) (st DI Tsl ) — <Dt1t¢31Dt1t>' (30)
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Finally, using (16) to evaluate 15 L we obtain

B B D1 "yt ot YD)
1/}3—1 _ (Dt—l) 1 ( ) Yi, Yi, _( _)1 ) (51)
(i, st,) + (ui,, (D7) i)

. = -1 1. . - .

Therefore, given access to (D*~1) ", we can evaluate 13 Yin O(d?) time. Similarly, given access to

_ 1. . S _ =\ —1
Pg ! we can evaluate P, Yin O(d?) time. Continuing similarly, we can evaluate 1); L and (Dt)
. . . . . =gy —1 L

in O(d?) time. This scheme can be enumerated iteratively where we only compute (DO) explicitly

and evaluate (Dt) 71,Vt > 1 by the steps (51), (50), (49), and (48). Therefore, the update (10) in
Algorithm 2 can be performed in O(d?) time.

F.2 Efficient Implementation of Algorithm 2 in O(d?) cost

By lazily carrying out the scaling of the D’s, i.e., only scaling when they are used, we can improve
the per-iteration complexity of SLIQN to O(d?). The resulting algorithm is specified by the following
pseudo code:

Algorithm 3 Sharpened Lazy Incremental Quasi-Newton (SLIQN)

1: Function {Sherman-Morrison} {A~! u, v}
1 A—l TA—l
return A — H—(’L’Jlf+lu)

3: EndFunction

4: Initialize: Initialize {z;, D;}!" ; similar to Algorithm F.2;
= n -1 n n
5: Evaluate D := (Zizl Di) =) Dz, andg:=> . | Vfi(z):
6: Maintain running auxiliary variables x, 4, y, s, Q, DY, K; // x KEEPS A TRACK OF !, @
KEEPS A TRACK OF THE GREEDY VECTOR, 3 KEEPS A TRACK OF V f;,(2!) — Vfi,(2/71), s

KEEPS A TRACK OF 2!, — 2] ', WHEREAS Q, D°*", K KEEP TRACK OF THE INTERMEDIATE
MATRICES

7. while not converged:

8:  Current index to be updated is i; < (t — 1) mod n + 1;

9: Update = as © < (D) (qb — g);

10:  Update s < = — z;,;

11:  Update y < Vf;, (x") — Vi, (zi,);

12:  Compute wy; // wy = (1 + a[t/n])Q IFt mod n = 0 AND 1 OTHERWISE

13:  Update Q as Q <+ BFGS((1 + aft/n—11)?Di,, (1 + arjn—11) K, s), where // LAZY STEP

1
K + / Vint(zit + T(:l?t — Zit))d’T.
0

) _ (w.Qu) .
14:  Update u as © < arg MaXyele}d , uvir,, @)

15:  Update DM a5 Dol D,,;

16: Update D;, as D;, < BFGS(Q, V2 f;, (z!), u);

17:  Update ¢ as ¢ <+ wi(¢p — D°¥z2;,) + D;, xt;

18: Updategasg < g+ (Vf; (z') =V (2:,));

19:  Update D as D < Sherman-Morrison(D, y, <y—1$>y),

20:  Update D as D < Sherman-Morrison(D, —D°s, WMDOMS);

21:  Update D as D < Sherman-Morrison(D, —Q1u, meﬁ)Qﬁ);

22:  Update D as D «+ w; 'Sherman-Morrison(D, V2 f;, (z;, )4, avrrieoe Vo fi(zi)w):;
23:  Update z;, as z;, + x; o
24: Increment the iteration counter ¢;

25: end while
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G CONVERGENCE ANALYSIS OF SLIQN
G.1 Proof of Lemma 1

Forall t > 0, we define H' := (Y1, Df)_l. From the update for * (8), we have

-zt =H!"! (ZDflzfl - ZVfi(zfl)> —x,
; i=1

(St Fonet )

® Ht1<l§;Df_1(zf_1 2) = S (VA - V)
(ZD = >—§ [ v+ et - aan)

< (Z (DIt = V() (217 — )+

nool
202N = V2 (e + (2 — ) (2 — a)dv ).
;/Omz(z )= V2 f(a" + (27— 2t)0)) (! >d)

The equality (a) follows from the definition H'~! = (Y1 | D!™") ~'. The equality (b) uses the
fact that V f(x*) = L 3" | V fi(x*) = 0. The equality (c) follows from the Fundamental Theorem

of Calculus, and the equality (d) follows by adding and subtracting >, V2 fi(zl71) (2!~ — z*).
Taking norm on both sides and applying the Triangle inequality, we obtain

A n
o = )| 2 = (X D6 = PG et =+
1=1

>

i=1

< e 1||(Z|| (Di7" =Vl [l=" - 2|+

1
| (PR -V = ) - e

)

S [ PR =+ e e =)
< |- 1H<ZH DI - V()| [ - 2+
S [ It = PG 17 =] =)

1 n
L (St = - L a-na Y = -
=1 i=1

n

< JE ) (IR = R e = o+ £ D - o),
i=1 i=1

The inequality (a) follows from the known result that if g: R — R is a continuous function, then
H fol g(v) de < fol llg(v)|| dv, and the inequality (b) follows from the assumption that the Hessian of

fiis L— Lipschitz (A2), i.e. | V2f;(2l7) = V2 f(z* + (2] 7" —a*)v)|| < L(1 —v) [|zI7" — =¥
This completes the proof.
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G.2 Proof of Lemma 2

For a given p that satisfies 0 < p < 1 — we choose €, 0 > 0 such that they satisfy

dL’

1 (Lz + LS(1+ MVLe)® + L3 Me(2 + M\Ee)) < ﬁ <1. (52)

Remark 6 Indeed, there exists positive constants €,0 > 0 that satisfy 52. Recall from the premise
that § is a function of €, 0, and we can define the left-hand-side of 52 as a function h(e,0q) as

VLe MdvI 3
L <Le + Le 15 ((704»671 ;(1duL),1)(1+M\Ee)2 +L2M€(2+M\/ZE)) .
—rU=3r

h(€700) = m

Fixoo = 47 (5 +p) > 0. It is easy to see that h(e, o) is continuous and monotonically increasing in e.
Also, note that h0, 37 (£55)) = 2(1+p) and lim._, o h(e, 97 ( 1£p)) oo. We can therefore apply
the Intermediate Value Theorem (IVT) to guarantee that there exists € > 0 such that h(e, 47 (5 ip)) <
e

Similar to Lemma E.3, we use Induction on ¢ to prove the result.
Base case: At¢ = 1, from Lemma 1, we have

1 * LI & 0 *]2 0 0 2
lo' =2 < - _[l&) —2"| +T ZHD = Vi@ |2 — =
i=1

=1

From the initialization, we have that DY = (1 + «g)?I? and 2) = z, for all i € [n], and
H:I:O — w*H < e. Substituting these in the above expression, we obtain

ot~ < 00 (e + 3 0+ 08 = V2D ) o - o). 3
=1

(a) - n
§F0(nL + (14 ap) I0 V2fZ + ap(ap +2) VQfZ ) x
5 0) ZH D +aolao +2) 3 || D) [l

=1 <L

(<b) o ( % +nL(1+ a0)200 + nLap(ao + 2)) ||m0 _ m*H 7

<r° <ng +nL(1+ MvLe)?og + nL3 Me(MVLe + 2)) (B |

<r° <ng +nL(1+ MVLe)*5 +nL? Me(MVLe + 2)) [|2® — 2], (54)

where (a) follows by adding and subtracting (1 + )?V2f;(29) to (1 + ao)?I? — V2£;(2))
and applying the Triangle inequality. To see why inequality (b) is true, first recall from the
initialization that o(I?,V2f(2))) < 09 and I? = V2f,(2)). Applying Lemma B.1, we have
|10 — V2 fi(29)|| < Lo (I? V2f1(z?)) < Loy.

We now upper bound I'’. Define X© := 13" DY and Y?:= 13"  V2f;(2)). Then, we have

where the inequality (a) follows from Assumption Al which implies I < 1 3" V2f;(29) = Y°.
By tracking the parts of steps (53)-(54) which bound || DY — V2 f;(2?)],

§ 20 = TAEDI 2 X =¥ = O - ) E o) X

ZHDO V2f;(20)|| < nL(1+ MvLe)?6 + nL: Me(MVLe + 2).

From the above two chain of inequalities, we obtain
52 p

[(YO)'X°—1| < i(L(1+Mﬁe)2§+L3M6(M\FLe+2)> <y
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We can now upper bound I'’ using Banach’s Lemma A.1. Consider the matrix (Y°)~1X° — T and
note that it satisfies the requirement of A.1 from the above result. Therefore, we have

Lem.A.1 1
<1+p.

H(XO)_lYOH = H(I+ (Y9 1x°) - I))_l‘ < I—[[(YO)IX0 1|

Recall that I =< Y. Using this and the previous result, we can upper bound ||(X°)~!|| as

I
pl[(XO)7H < (X0 7TY O] < 1+ p. This gives us, [0 = 1 [|(X0) 71| < 2Ee.

Substituting this bound on I'’ in 54, we obtain

- (52)
' — 2| < 1#(% + L(1 + MVLe)?§ + L2 Me(MVLe + 2)) |20 —z*| < pllz® — 2.
To complete the base step, we now upper bound o (w; * D}, V2 f;(21)), where w; = 1. Applying

Lemma B.3 with parameters as T = 1,& = x*, P’ = (1 + a)?I? = DY (refer to Remark 3 we
made for Lemma B.3, where we stated that the results of Lemma B.3 remain unchanged on redefining

ri = 2VLpF e > 2V LpF 1 ||a® — x*|]), we get
4AM~VTe 4Md/ L
o(Di,V2fi(z])) < (1 — c)e 1-p (O‘(I?,VZfl(Z(l)» +€17{) < (1-c)é.
_— T 1-c
<oo

Finally, as a technical remark, the proof of Lemma B.3 already shows that D1 = V2f;(21), and
therefore o(D}, V2 f1(z1)) is well defined. This completes the proof for for the base case.

We now prove that (12) and (13) hold for any ¢ > 1 by induction.

Induction hypothesis (IH): Let (12) and (13) hold for all ¢ € [jn + m] for some j > 0 and
0<m<n.

Induction step: We then prove that (12) and (13) also hold for ¢ = jn + m + 1. Recall that the
tuples are updated in a deterministic cyclic order, and at the current time ¢, we are in the 4™ cycle and
have updated the m™ tuple. Therefore, it is easy to note that zf"“" = /"t for all i € [m], which

refer to the tuples updated in this cycle, and z/" "™ = &/»~"+ for all i € [n]\[m], which refer to
the tuples updated in the previous cycle. From the induction hypothesis, we have

| {pwﬁ a0 o i< pm)

(G—1)n+i) 0 .
pl" = |2 —a*|| i< [n)\[ml.
We will execute the induction step in three distinct stages. In the first stage we will establish an upper
bound on 31" [|DJ™ ™ — W2 £;(2/"*™)||. In the second stage, we will use the previous result and

Z_']n-ﬁ—m _ CL‘* <

z (55)

Lemma 1 to bound || z%flmﬂ — «*||. In the final stage, we will prove the linear convergence of the
updated Hessian approximation, i.e., a(w;n1+m+1D%ff+l, V2fm+1(z%‘jlm+1)) < (1= c)itls.

Since th is updated in a different manner for ¢ mod n # 0 and ¢ mod n = 0, we split the first stage
into two cases corresponding to ¢ mod n # 0 and ¢t mod n = 0.

Stage 1, Case 1: t mod n # 0

Since t = jn+m+ 1, this case is equivalent to considering 0 < m < n—1. From theT structure o_f thf;
cyclic updates and the pre-multiplication of the scaling factor, it is easy to note that D] ntm D! e
foralli € [m], DI"*™ = (1 + MV/Lep?)2D}" " forall i € [n — 1]\[m], and D"*™ = D",
for ¢ = n.

We want to bound .7, || D™ — V2 f,(2"T™)]||. For all i € [m)], from the induction hypothesis,
we have

o(DIMT V2 fi(27T)) < (1 o),

Lem.B.1 HDZ]“n—i—m _ Vin(Zgner)H _ HDfnJﬂ — V2 fy (@I

<L(1-ol" s (56)
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For all ¢ € [n — 1]\[m], we follow in the footsteps of 53-54 from the base case to get

| i — w2 iz = |1+ MVEe DI - 2 i)

)

< (1+ MVLep')? HD{"’"” ~ V2 (@i 4
MVLep? (2 + MVLep?) || V2 fi(=" )|,
<L
< (1+ MVLep')? HD{”’”“ — V2 (|| £ MLEep (2 + MVIep?),
(a) . ) ) .
< (14 MVLep')?’Lo(1 — ¢) + ML2 ep? (2 + MV Lep?). (57)

The inequality (a) follows from || D"~ """ — 2 f; (@i~ "+%)|| < (1—¢)74, which can be established
from the induction hypothesis in a similar way as we did for the case with i € [m]. Next, for i = n,
we have

|Dirm w2l = | DI - R

)

)

- H“’jn(wfnlDfn = V2fi(2I") + (wjn — V2 fi(2IT™)

2 —1pyJin 2 Jn 2 jn

S wjnllwj, DI = V2 fi(2)] + |wim = UV fi(Z)]),

(a) . ) .

< (L+ MVLep))L5(1 = ¢ + [win — 1|V fi(Z]™),

(b) ; . 3 .

< (14 M~VLep!)L6(1 — ¢ + ML2ep? (2 + MV Lep?).  (58)
To see the deduction (a), we follow in the footsteps of the case with i € [m]. Concretely, from
induction and Lemma B.1, wj_nlDf" —V2fi(zI")] < La(wj_nlDf”, V2fi(z]") < Lé(1 — ).
Inequality (b) uses the fact that w;, = 1+ M+v/Lep’ and ||V2f;(2!")|| < L (.- Assumption Al).

We can now bound the quantity .7 [|D"T" — V2 f;(z"T™)|| using(56), (57) and (58), as
follows:

i HD{"*’” — Vin(z'ijner)H <mL(1 — )’ + (n—m)((1 + MVLep?)*L5(1 — ¢)?
i=1
+ML%epj(2+M\Eepj)),

<mL§ + (n—m)((1 + MVLe)?Lé + ML3e(2 + MvV/Le)),

(a

)
< nLS(1+ MVLe)® + nML%e(2 + MVLe), (59)

where (a) follows since mLd + (n —m)(1 + M~+/Le)?L5 < mL(1 + M~/Le)?Ls + (n —m)(1 +
M+/Le)?Lé = nL(1 + M+/Le)?L6.

Stage 1, Case 2: t mod n =0

Since ¢ = jn + m + 1, this case is equivalent to considering m = n — 1. This is a simpler case, as
compared to the previous case. Here, we have D™ = (14 M+/Lep?)2DI" " foralli € [n — 1],
and DJ™ would be used as it is.

We follow exactly the steps leading up to (57) and (58). For, i € [n — 1], using the reasoning in the
derivation of (57), we get

|Ditm — 92 izt | < (1 MVEep L6~ e + MLEep (2 + MV ep?),
For ¢ = n, from equation (58), we get

| D =2 e[ < (04 MVEep) L6(1 - ) + MLEep) (2 + MVTep?).
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We can now bound the quantity >, HDJ V2 fi(2 ™ H in the following manner:

Z HD{"'H" — V2 (2" ‘ <n(1+ MVLep\L6(1 — ¢)f + nM L2 ep? (2 + MV Lep?),
i=1

(a)

< nL6(1 + MVLe)? + nML3 (2 + M+/Le), (60)
where (a) follows by bounding the terms < 1.

Stage 2

We now use the result from Stage 1 to bound ||z£:f1m+1 — x|,

. Lem.1 Ll"]n-‘ﬂn n
|zimimtt ) T Z Bk

pin+m Z HDZg"ner _ szi(zzjwrm)” Hzljner "
i=1

w4 3D - v ) [0 - 2.
i=1

(60) L A
(59)5(6 ’ I‘J”er(n% +nLS(1+ MvLe)? + nML?e(2 + M\/EE))[)J |2® —=*||.

The inequality (a) follows from the induction hypothesis that ||z/" "™ — 2

all i € [n]\[m] and ||z]"er —x*|| < p T x® — *||, for all i € [m]. Since p < 1, we can have a
|| < p?||2° — z*|, forall i € [n].

We now bound /"7, Define X7+ := 150 DIt apd Yintm .= LS50 @2, (20",
We follow the same recipe when we bound I'? in the base case. Observe that

l i HD?”-Q—W — vzf,(zjn-ﬁ—m)H é HXjn-i-m _ an+mH (;) i H(an-‘rm)—IXjnJ,.m _ IH
n v 1\ = > .
—

The inequality (a) follows from Assumption Al that I < LS W2 f,(2/"*™) = Y™™, Also,
restating the result from Stage 1, we have

1 <& . ) .
=3 | = R pE || < L+ MV + MLE(2 + MVLe)
n
i=1
From the above two chain of inequalities, we deduce

. . 52
[y intmy =i xmtm | < 4 <L5(1 + MVIe)? + MLEe(2 + Mf@) 2 %.
P

We can now upper bound I'"*+™ using Banach’s Lemma by exactly following the procedure laid out
in the base case. We get that TV = ||(327, DI"*™)~1| < 1%#”. Substituting this above, we get

|ZimEm g < 1&”( L2€+nL5(1+Mfe) +nML2e(2+ MVLe))p ||2° — ¥,

(52 .
2t o . b
This completes the induction step proof for (12) att = jn +m + 1.

Stage 3

In this stage, we prove the linear convergence of the updated Hessian approximation, that is, we show
that o' (w ]n+m+1Dfn"f1m+l, V2 frns1 (220 T1) < (1—¢)+16. But first, we establish that the o(-)
metric is well defined, by showing that

jn+m-+1 2 jn+m+1
_/7L+7n+1Dm+1 = \Y fm+1(zm+1 ) (62)
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‘We make two observations to establish 62. The first observation is that

(b)

. (a) . .
—1 jn+m 2 jn+m 1 —1 n+m
wjnerDm-‘rl =V f7n+1(zm+1 ) = (1 + §MTj”+m+1) K’ ’

where (a) follows from the induction hypothesis and (b) follows from Lemma A.3. For convenience,
we restate that r; = [|2f, — 2/ 1.

For the next observation, we first bound 75, 4,1 as we did in Corollary E.1, in the following manner:

intm+1 _ _jnt tmt+l  _jnt
Tjn+m+1 = HfoHm %L+1mHzJ”+’" < \F” gr:LJrlm i:+1m”a

= VLl -t — 2 )
j 1 j 3
VI (25 = 2l + 2 — 2l

(b) : . _ 200
< VL(p 4 pl)e <2VLple = %

IND

where (a) follows from Assumption Al which implies V2 f,, 11 (z%flm) = LI, (b) follows from the

induction hypothesis and (61). Therefore, our second observation is that %

S Q.

We consider two cases depending on m (or equivalently t), similar to Stage 1.

Casel: 0<m<n

Since all the D;’s were scaled by a factor (1 + aj)2 at the end of the cycle 5 — 1,i.e., att = jn, we

have D"/ 7" = (1 + a;)2DY +})”+m+1 Also, from the induction hypothesis, we have

-1 (7—1)n+m+1 2 €] 1)n+m+1
w(j—l)n+m+1D7TJL+1 = V2 fmaa(z )-

Note that if (j — 1)n +m + 1 < 0, we can simply assume those quantities to be super scripted/sub

scripted (as appropriate) with 0. For example, D" """ = DO | w_p4mi1 = wo, ete.
. j -1 1
Since 0 < m < n, we have w(;_1),4m+1 = L. Further, 2" = zU +1)n+m+ . Therefore,

D" = (14 0g)* D™ (14 0g) VP i (201),
Lem.A.2 2 Mr. 1y —1 .
— 1 . 1 Jn+m+ anerJrl
(140 (14 Mismeme ,

= (1+ ) KImmtL,

Case2: m=n-—1

Since the current index m + 1 was last updated at time ¢ = jn, we have Diffjlm = D" 1 and
Zm = 20" + Further, the induction hypothesis yields w; ~lpin 1= VP ga(zh ). Also,

wjn = (1 + a;)? by definition. Therefore,

D%lilm = an( ]nlen:L+1) = (1 + aj)2v2fm+1(zgr:l++1m)‘
Lem.A.3 Mrinim
2 1) Mot

= (1+ aj) KImmL,

—1 .
K +m+1
jn+m ,

Summarizing, for both cases 0 < m < m and m = n — 1, we have established that D%Tf" -

(14 ;) K7"t™+1 The next steps are common for both the cases.

Since nglrlm > (1 + o) K9"t™F1 applying Lemma A.2, we obtain

j 1 j j 1 jn+m+1 jn+m+1
QML = BRGS(DIM™, (14 oy ) KMt gimiml _ pinmed)

Lem.tA.Z (1 . )K]n-i-m-i-l
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Applying Lemma A.3 to relate K7™ +1 and V2 f,,, 1 (22™/™), we obtain

m—+1
. Mr.: 1 . Lem.A.2
an-i—m-i—l (1 + oo )K]n+m+1 (1 + ]n2+m+ )K]n—i-m—i-l t 2fzm( zm)'
Since QI+t = V2 £, 1y (zZ:rlmJ“ ), applying Lemma A.2, we obtain
-1 +m+1 j 1 o2 intm+1y =i 1 o2 jntm+1
Winpmer D" = BEGS(Q ™ V2 fr 1 (201 ), a(Q7 ™ V2 frn (20 H)),
Lem.A.2 .
2 +1
= V fm+1(z£nn_:—1m )
We can now prove the linear convergence of the Hessian approximation.
We define the sequence {yy}, for k = 0,...,j + 1, such that {y} = {z°, 2T}, .. ., zﬂj{"“}.

From the induction hypothesis and Stage 2, we have that ||y;, — z*|| < p*||2® — 2*||, for all k. Since

{y1} comes about from the application of BFGS updates with, r, := 2v/LpF~ ¢, as described in the
statement of Lemma B.3, therefore {yy } satisfies the conditions of Lemma B.3. This implies that,

a(wﬂ'_nlerHD%lrlmH V2 frnt1(yi1)) < (1 —cf*lo.

Since yj11 = zf,ff{"“, the proof is complete via induction.

G.3 Proof of Lemma 3

We prove the Lemma for a generic iteration ¢ = jn +m + 1, for some j > 0and 0 < m < n. We
restate a few observations derived in the proof of Lemma 2. First, we proved an upper bound on

rimtm — (Y D]"+m) ||, given by
- 1
pintm < 2P (63)
nu
We also derived upper bounds (57), (58) on || D" "™ — W2 f;(zI"™)||:
[ i =2 g | < {(Lt MVEQLAA =)+ MLYep(2 + MVIep?) i € [n]\[m],
! = | L§(1 —¢)i ! i € [m].
A common larger upper bound for both the cases is given by
HDg”+m - v2fi(z{”+m)H < (1+MVLep 2LO(1 — ) + ML3ep? (2 + MVLep?), i € [n].
(64)
Finally, we also established that,
|2/ — 2| < p M2 — 2| < p)la’ — 2|, i€ [m]
|2/ — || < pl|2° — 2|, i € [n]\[m]. (65)
We are now ready to prove the mean-superlinear convergence. From Lemma 1, we have

n n
”zg'rzzi—lm—&-l_m*” < an+m% Z ||Zgn+m_x*”2+l—wjn+m Z HDgn—i-m _ Vsz(zgn—i-m)H Hzljn—t-m_x*”7
=1 1=1

S an+m i (%||szn+'m_w*||+HDzj_'n+’rn _ v2fi(zzjn+’m) )Hz]n-‘rm $*H,
i=1

We now substitute the upper bounds from 63, 64, and 65 to get

< e (%pje + (1+ MVLep’)2LS(1 — ¢)f + ML%ep? (2 + M\/Zepj)) Z |27 — |,

— np

< E(Lpiet (14+ MVLO2L6(1 — o) + MLEep! (2+ MVLe) > ||z — 2*]),

np
i=1

(a) i .
< (1—o)f H2(% Le 4 (1+ MVLe)?Lé + ML?e(2 + Mv/Le)) (%Z||zf"+m—w*|\),
(52)

(b)
< p(l—cy ,,Zn e gr|)) < ) ZH:ctl z*||),
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where (a) and (b) follow since p < 1 — ¢. This completes the proof.

G.4 Proof of Theorem 1

Define the sequence {¢'}, for all t > 0, as ¢* := max;¢,) [[£™7 — x*||. Let the constant ¢ be
defined as ¢ := d"L Then, from Lemma 3, we have

Hmnt+i _ x*H < ( t+1 1 Z ||mnt+z J_p ” (66)
< (1 =) max [|2™T 7 — 2*||. (67)
J€ln]

By induction on ¢, we prove the following first:

Hwnt+i _ :E*H S (1 _ C)t+1 _HllaX H:Ent+17j _ :E*H — (1 _ c)t+1<t71’ (68)
7=1,..., n

fort =1,...,n. Substituting ¢+ = 1 in (67) we get

nt+1 w*H <(1- C)t+1 . C)t-&-l(t—l.

|2 (ER

max -z =(1
j=1,....n

This proves the base step (i = 1). Assume, (68) holds for ¢ = k. We prove that (68) holds for
1 =k + 1. Substituting ¢ = k + 1 in (67) we get

HwnH—k+1 _ QZ*H < (1 _ C)t+1 nt+k+1—j5 _ %

max Ha: xr

=1,.

S (1 _ C)t+1 max Hmnt—&-lﬁ—l—j _ iL’*

)

)

Jj=1,...,n+k
= (1 —¢)"' max ( Hac””k — a:*|| ey ||a:”t+1 — a:*|| ,j=1111ax77 Ha}"t“*j — m*“ ),
(a) s
< (1 7C)t+1 max || nt+1—j 733*”7
Jj=1,...,
where (a) follows since Haz”t‘H — w*” < (1—c¢) ' max;_1, ., Hac"“rl_j — w*H - Hm”“k — ac*” <

(1 — ¢ ' max;_1, , Hoc"t“_j — ac*H by the induction hypothesis. Therefore (68) holds for
i =k + 1. This proves (68) fori = 1,....,n

Since (67) holds for¢ = 1,...,n, we have
¢ <(@—-Fi, (69)
for all ¢ > 1. Unrolling this recursion, we get

t(t+3) (t+1)(t+2)

Ctg(l—c)zj';jgo (%) (1—c) 2 plla®—=*| < cl—c) 2,

where (a) follows from Lemma 2 and (b) follows since p < 1 — ¢. This completes the proof.

H GENERALIZED SHARPENED INCREMENTAL QUASI-NEWTON
METHOD (G-SLIQN)

In this section, we extend the SLIQN algorithm, whose Hessian approximation updates 3, 3 are
built on the BFGS operator, to the class of restricted Broyden operators. We refer to this class of
algorithms as G-SLIQN. First, we define the DFP operator

Kz22z"B+ Bz22"K " (2,Bz)\ Kzz'K
(z, Kz) (z,Kz) ) (2,Kz)’

DFP(B,K,z) =B —

for B,K = 0 and z € R%\{0}. The restricted Broyden operator with parameter 0 < 7 < 1 is
defined as a convex combination of DFP and BFGS as follows:

Broyd”*(B, K, z) .= 7rDFP (B, K, z) + (1 — 7)BFGS (B, K, z) ,
where BFGS (B, K, z) is given by (3).
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H.1 The generalized algorithm G-SLIQN

As with SLIQN, we first present G-SLIQN with a maximum per-iteration cost of O(nd?) and an
average O(d?) cost per epoch. Similar to SLIQN, G-SLIQN can be implemented with a maximum
per-iteration cost of O(d?) as per Appendix F.1.

Hyperparameters: Choose 71,72 € [0, 1] as the restricted Broyd operator paramater for the classic
and the greedy updates respectively. Note that setting 7y = 7 = 0 reduces G-SLIQN to SLIQN.

We denote the Hessian approximation matrices at time ¢ as {GL}?_;.

Initialize: At¢ = 0, we initialize {20} | as 2? = 20, Vi € [n], for a suitably chosen z°. We

initialize {G9}7_; as GY = (1 + ap)*I?, where {I?}?_, are chosen such that I? = V?2f;(2!),
Vi € [n]. Here {a }, k € Nis as defined in Lemma 2.

Algorithm: For any iteration ¢ > 1, just like the update in SLIQN 10, we update z?! as
n —1 n n
o= (Yar) (Lert - Y vae) 0o
i=1 i=1 i=1

Next, we update 2} as z{ = z'. To update Q" and G} , we use the chosen restricted Broyd operators
in place of the BFGS operators 3, 3:

Q' =Broyd"(GL ", (1 + apyn_1)) K" 2, — 2,71, (71)
G!, = wBroyd(Q", V*fi,(z},), " (Q", V> [;,(2}))), (72)

where w; := (1 + afe/n )2 if t is a multiple of n and 1 otherwise. For the indices i # i;, we update
z! and G in the following manner:

2l =271 Gl = w,GL Vi € [n];i # 4y (73)

?

Finally, we update (327, G1) ™', 527 Glzt and 327, V fi(z!). Observe that the restricted Broyd
operator induces a correction of at-most 5 rank-1 matrices. We can therefore, carry out this update in
O(d?) cost by repeatedly applying Sherman-Morrison formula. This is similar to what was done for
SLIQN in Appendix F.1. All other updates are a constant number of matrix-vector multiplications

which can be done in O(d?) cost.

H.2 Overview of the Convergence Analysis of G-SLIQN

The analysis of SLIQN can be readily extended to G-SLIQN. Since most of the results established
for SLIQN would continue to hold for G-SLIQN, we do not explictly state them here for the sake
of brevity. However, we discuss the mappings that allow us to conclude that similar results hold for
SLIQN in this section.

Firstly, the result in Lemma A.2 holds even for the restricted Broyden operator as per (Rodomanov
and Nesterov, 2021c, Lemma 2.1) and (Rodomanov and Nesterov, 2021c, Lemma 2.2), which are
restated here for completeness. Note that the results in Rodomanov and Nesterov (2021c) are for the
Broyden operator, but as per Nocedal and Wright (1999) the restricted Broyden operator is a subset
of the Broyden operator, hence the results in Rodomanov and Nesterov (2021c¢) are applicable for the
restricted Broyden operator as well.

Lemma H.1 (Rodomanov and Nesterov, 2021c, Lemma 2.1) Let, G, A be positive definite matrices
such that %A <G = A, where §,n > 1. Then, for any u # 0, and any T € [0, 1], we have

1
3

Lemma H.2 (Rodomanov and Nesterov, 2021c, Lemma 2.2) Let G, A be positive definite matrices
such that A < G < nA, for some n > 1. Then, for any T € [0, 1] and any u # 0, we have

A = G4 :=Broyd? (G, A,u) < nA.

o(G, A) — o(Broyd™(G, A, u), A) > (n . ) 0(G.A ).
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Algorithm 4 Generalized Sharpened Lazy Incremental Quasi-Newton (G-SLIQN)

1: Function {Sherman-Morrison} {A~% u, v}
. —1_ A'wnTAT!

2:  return A7 — SO0

3: EndFunction

4: Initialize: Initialize {z;, Z} *_, as described in Section H.1;
s: Evaluate G == (>, G;) o= Gz andg =3, Vfi(z):
6: while not converged:
7: Current index to be updated is i + (¢t — 1) mod n + 1;
8: Update w; aswy <— 1+ a/n_17;
9: if i; = 1 then
10:  Update G as G + G /w?;
11:  Update ¢ as ¢ + w?¢;
12: end if -
13:  Update = as 2’ < (G) (¢ — g) as per (70);
14:  Update G;, as G;, + w?G,,;
15:  Update vy as vy + o' — 2;,;
16:  Update Q;, as Q;, < Broyd"(G;,,w; K", vy) as per (71);
17:  Update vy as ve < u'(Q;,, V2 f;, (x!));
18:  Update G;, as G;, < Broyd(Q;,, V2 f;, (x"), v2) as per (72);
19: Update ¢ as ¢ <+ ¢ — Gy, z;, + G, xt;
20: Updategasg < g— Vf;, (z,)+ Vf“( ),

21:  Update G as G < Sherman-Morrison(G, —W, G;,v);

22:  Update G as G + Sherman-Morrison(G, —G}, vy, vq{(Kv );

23:  Update G as G < Sherman-Morrison(G ( w%? Kfijl) K;()'i:l , leI’(’.i’l );
24:  Update G as G < Sherman-Morrison(G, — vfé”i& ,Qi,v2);

25:  Update G as G + Sherman-Morrison(G, % V2 fi, (x2h)ve);

26:  Update z;, as z;, + x;
27: Increment the iteration counter ¢;
28: end while

where

(G - Au, A1 (G — A)u) ) 3

6(G, Au) = ( (Gu, A~'Gu)

Since 7 € [0,1] and n > 1, we have % +1—-720 <= 7< % holds vacuously. Therefore,
on taking a restricted Broyden update, we get 0(G, A) > o(Broyd”’ (G, A, u), A) under the
assumptions of Lemma H.2.

Futher, the result in Lemma A.4 holds for the restricted Broyd operator as per (Rodomanov and
Nesterov, 2021a, Theorem 2.5) which is restated here for completeness.

Lemma H.3 (Rodomanov and Nesterov, 2021a, Theorem 2.5) Let G, A be positive definite matrices
such that A < G. Further, let p, L > 0 be such that uI < A < LI. Then, for any T € [0, 1], we
have

o(Broyd™ (G, A, u(G, A)), A) < (1 - d“L)g(G, A),

where u(G, A) the greedy vector (4).

Using Lemma H.1, H.2, H.3, we can establish that the Lemma B.2 (with BFGS replaced by restricted
Broyd), Corollary B.1, and Lemma B.3 (with BFGS replaced by restricted Broyd) hold. Therefore,
the supporting lemmas in Appendix B hold even for the Broyden update.
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Next, we discuss about the main results in Section 5. Firstly, observe that Lemma 1 remains the
same for G-SLIQN. This is because the proof of Lemma 1 hinges on the structure of update (10)
and abstracts out the specific updates made to Dt Since the update (70) for G-SLIQN is the same
as (10), the guarantees of the Lemma and its proof carries through for G-SLIQN. Further, since the
supporting lemmas in Appendix B hold for G-SLIQN, using Lemma 1 and the supporting lemmas, we
can establish that Lemma 2 holds even for G-SLIQN. Since the proof of Lemma 3 leverages the result
of Lemma 2, we can establish that the mean superlinear convergence result given by Lemma 3 holds
for G-SLIQN as well. Finally, using Lemma 3 we can show that Theorem 1 holds for G-SLIQN.

I NUMERICAL SIMULATIONS

As can be clearly observed, the proposed algorithm SLIQN requires the knowledge about €, og in
order to tune the correction factor o;. However, we observed that, empirically SLIQN outperforms a
number of incremental and stochastic QN methods without the correction factor, i.e., a; = 0. For
IGS however, the performance is quite sensitive to the correction factor, g;, and 5; = 0 was not
the best performing correction factor for all the simulations. Therefore, SLIQN does not require
hyper-parameter tuning, unlike IGS.

Initialization: For all our simulations, all algorithms start at the same initial g = awv, where v € R4
is such that each coordinate v; ; ~ Unif[0, 1]. Since, all the algorithms considered for performance
comparison are only locally convergent, the parameter « affects the convergence of the algorithms.

Stopping Criterion: We stop the execution of each algorithm when the gradient norm of f is less
than a threshold. Formally, letting the threshold be gstop, the stopping condition can be expressed as

< gstop.

Typical values of gstop used in our simulations range from 10~7 to 10~5.

I.1 Generating Scheme for Quadratic minimization

We follow the scheme proposed in Mokhtari et al. (2018) to generate { A;, b;}_ ;. We set each
matrix A; = diag({a;}% 1) by sampling the diagonal elements as {al}d/2 Ny Unif[1,10%] and
{a;}L, 241 lrlvd Umf[lO ,1]. The parameter & controls the condition number of the matrix A;.

Under the limit d — oo, the condition number of A; is given by 10¢. Each coordinate b; ; of the
vector b; is sampled as b; ; ~ Unif[0, 1000].
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