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ABSTRACT

Non-convex Machine Learning problems typically do not adhere to the standard
smoothness assumption. Based on empirical findings, [Zhang et al.| (2020b) pro-
posed a more realistic generalized (Lg, L1 )-smoothness assumption, though it re-
mains largely unexplored. Many existing algorithms designed for standard smooth
problems need to be revised. However, in the context of Federated Learning, only
a few works address this problem but rely on additional limiting assumptions. In
this paper, we address this gap in the literature: we propose and analyze new meth-
ods with local steps, partial participation of clients, and Random Reshuffling with-
out extra restrictive assumptions beyond generalized smoothness. The proposed
methods are based on the proper interplay between clients’ and server’s stepsizes
and gradient clipping. Furthermore, we perform the first analysis of these methods
under the Polyak-Lojasiewicz condition. Our theory is consistent with the known
results for standard smooth problems, and our experimental results support the
theoretical insights.

1 INTRODUCTION

Distributed optimization problems and distributed algorithms have gained a lot of attention in recent
years in the Machine Learning (ML) community. In particular, modern problems often lead to the
training of deep neural networks with billions of parameters on large datasets (Brown et al.| 2020;
Kolesnikov et al [2019). To make the training time feasible (Li, [2020), it is natural to parallelize
computations (e.g., stochastic gradients computations), i.e., apply distributed training algorithms
(Goyal et al., |2017; [You et al.l 2019; [Le Scao et al., [2023). Another motivation for the usage of
distributed methods is dictated by the fact that data can be naturally distributed across multiple
devices/clients and be private, which is a typical scenario in Federated Learning (FL) (Konecny
et al.,[2016; McMahan et al.,|2016; Kairouz et al.,[2019).

Typically, such problems are not L-smooth as indicated by Defazio & Bottou| (2019) that motivated
the optimization researchers to study so-called generalized smoothness assumptions. In particular,
Zhang et al.| (2020b) propose (Lg, L1 )-smoothness assumption, which allows the norm of the Hes-
sian to grow linearly with the norm of the gradient, and empirically validate it for several problems
involving the training of neural networks. In addition, |/Ahn et al.| (2023)); |Crawshaw et al.| (2024));
‘Wang et al.|(2024)) demonstrate that linear transformers with few layers satisfy this assumption, high-
lighting the practical importance of (Lg, L1 )-smoothness. Moreover, the theoretical convergence of
different methods is studied under (Lg, L1)-smoothness in the literature (Zhang et al., [2020bza;
Koloskova et al., [2023a; |Chen et al., 2023} |Li et al.| [2024ajb; [Crawshaw et al., 2024). Noticeably,
most of these methods utilize gradient clipping (Pascanu et al.,|[2013]).

However, in the context of Distributed/Federated Learning, the theoretical convergence of meth-
ods is weakly explored under (Lg, L1 )-smoothness. In particular, only a couple of papers analyze
methods with local steps and Random Reshuffling — two highly important techniques in FL — un-
der (Lo, L1)-smoothness but only with additional restrictive assumptions such as data homogeneity
(Liu et al., 2022, bounded variance (Wang et al.l [2024) or cosine relatedness (Qian et al.| [2021).
Moreover, to the best of our knowledge, there are no results for the methods with partial partic-
ipation of clients under (Lg, L1)-smoothness. Such a noticeable gap in the literature leads us to
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the question: is it possible to design methods with local steps, Random Reshuffling, and partial
participation of clients with provable convergence guarantees under (Lq, L1 )-smoothness without
additional restrictive assumptions? In this paper, we give a positive answer to this question.

1.1 OUR CONTRIBUTIONS

* New method with local steps. We propose a new method with local steps called Clip-LocalGDJ
(Algorithm . This method can be seen as a version of LocalGD (Mangasarian, |1995; [McMahan
et al.| 2016) with different clients and server stepsizes and (smoothed) gradient clipping (Pascanu
et al.| [2013) on a server side. We also prove the convergence of Clip-LocalGDJ for distributed
non-convex (Lo, L1 )-smooth problems without additional assumptions such as data homogeneity
used in the previous works (Liu et al., 2022).

* New method with local steps and Random Reshuffling. The second method we propose —
CLERR (Algorithm [2) — utilizes local steps and Random Reshuffling and clipping once-in-a-
epoch. For the new method, we derive rigorous convergence bounds for distributed non-convex
(Lo, L1)-smooth problems without additional assumptions such as bounded variance (Wang et al.,
2024) or cosine relatedness (Qian et al.| [2021).

* New method with local steps, Random Reshuffling, and partial participation. We extend
RR-CLI (Malinovsky et al.| 2023a)), utilizing Random Reshuffling of clients (as an alternative
to clients” sampling) and clients’ data at each meta-epoch, and adjust it to the case of (Lg, L1)-
smooth objectives through the usage of (smoothed) gradient clipping at the end of each meta-
epoch. For the resulting method called Clipped RR-CLI (Algorithm 3], we derive a convergence
rate for distributed non-convex (Lg, L1 )-smooth problems without additional restrictive assump-
tions. To the best of our knowledge, this is the first result for an FL method with partial participa-
tion of clients under (Lo, L1 )-smoothness assumption.

* Results for the PL-functions. For all three new methods, we derive new results under Polyak-
Lojasiewicz condition (Polyakl, {1963} [Lojasiewicz, |1963)) that, to the best of our knowledge, are
the first results for FL. methods under (Lg, L1 )-smoothness and Polyak-F.ojasiewicz condition.
The analysis is based on the careful consideration of two possible cases (the gradient is either
“small” or “big”) and induction proof of the boundedness of certain metrics.

* Tightness of the results. The derived results are tight: in the special case of L-smooth functions,
our results recover the known ones for the non-clipped version of the algorithms.

* Numerical experiments. Our numerical experiments illustrate the superiority of the proposed
methods over the existing baselines.

1.2  PRELIMINARIES

In this paper, we consider a standard distributed optimization problem

M
. def 1
=37 m ’ 1
min {f(x) Mmglf (x)} (1)
where [M] et {1,2,..., M} represents the set of all workers participating in the training, and each

fm : R? — R is a non-convex function corresponding to the loss computed on the data available
on client m for the current model parameterized by 2 € R?. Throughout the paper, we consider
two setups: either workers can compute the full gradient V f,,, () of their loss functions or they can
compute only a stochastic gradient at each step. In the latter case, we will assume that functions
{fm }M_, have the finite-sum form

1 N
fm(w) = szmj(aj)v Vm € [M]v

where f,,;(z) corresponds to the local loss of the current model parameterized by = € R?, evaluated
for the j-th data point on the dataset belonging to the m-th client.
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1.3 RELATED WORK

Local training. Local Training (LT), where clients perform multiple optimization steps on their
local data before engaging in the resource-intensive process of parameter synchronization, stands
out as one of the most effective and practical techniques for training FL. models. LT was proposed
by Mangasarian| (1995); [Povey et al.| (2014); Moritz et al.|(2015) and later promoted by McMahan
et al.| (2016). Early theoretical analyses of LT methods relied on restrictive data homogeneity as-
sumptions, which are often unrealistic in real-world federated learning (FL) settings (Stichl 2018;
Li et al.,2019; Haddadpour & Mahdavi, 2019). Later, |Khaled et al.[(2019a}b) removed limiting data
homogeneity assumptions for LocalGD (Gradient Descent (GD) with LT). Then, [Woodworth et al.
(2020); |Glasgow et al. (2022) derived lower bounds for GD with LT and data sampling, showing
that its communication complexity is no better than minibatch Stochastic Gradient Descent (SGD)
in settings with heterogeneous data. Another line of works focused on the mitigating so-called client
drift phenomenon, which naturally occurs in LocalGD applied to distributed problems with hetero-
geneous local functions (Karimireddy et al.| |2020; [Tran-Dinh et al.| [2021} |Gorbunov et al., 2021}
Thapa et al.,[2022; Mishchenko et al.| [2022; Malinovsky et al.| [2023b)).

Random reshuffling. Although standard Stochastic Gradient Descent (SGD) (Robbins & Monro,
1951)) is well-understood from a theoretical perspective (Rakhlin et al., 2012} Bottou et al., 2018j
Nguyen et al.l [2018}; |Gower et al., 2019; |Drori & Shamir, 2020; [Khaled & Richtarik} |2020; [Demi-
dovich et al[2024), most widely-used ML frameworks rely on sampling without replacement, as it
works better in the training neural networks (Bottou, [2009; Recht & Ré, |2013; |Bengio} [2012; |Sun,
2020). It leverages the finite-sum structure by ensuring each function is used once per epoch. How-
ever, this introduces bias: individual steps may not reflect full gradient descent steps on average.
Thus, proving convergence requires more advanced techniques. Three popular variants of sampling
without replacement are commonly used. Random Reshuffling (RR), where the training data is ran-
domly reshuffled before the start of every epoch, is an extremely popular and well-studied approach.
The aim of RR is to disrupt any potentially untoward default data sequencing that could hinder train-
ing efficiency. RR works very well in practice. Shuffle Once (SO) is analogous to RR, however, the
training data is permuted randomly only once prior to the training process. The empirical perfor-
mance is similar to RR. Incremental Gradient (IG) is identical to SO with the difference that the
initial permutation is deterministic. This approach is the simplest, however, ineffective. IG has been
extensively studied over a long period (Luo, 1991} |Grippol [1994; |[Li et al.l 2022} [Ying et al.| 2019
Glirbiizbalaban et al.|[2019; Nguyen et al,2021)). A major challenge with IG lies in selecting a par-
ticular permutation for cycling through the iterations, a task that Nedic & Bertsekas|(2001) highlight
as being quite difficult. (Bertsekas), 2015) provides an example that underscores the vulnerability of
IG to poor orderings, especially when contrasted with RR. Meaningful theoretical analyses of the
SO method have only emerged recently (Safran & Shamir, [2020; [Rajput et al.l |2020). RR has been
shown to outperform both SGD and IG for objectives that are twice-smooth (Gtiirbiizbalaban et al.,
2015; [Haochen & Sral 2019). Jain et al.| (2019) examine the convergence of RR for smooth objec-
tives. [Safran & Shamir|(2020); Rajput et al.| (2020) provide lower bounds for RR. Mishchenko et al.
(2020) recently conducted a thorough analysis of IG, SO and RR using innovative and simplified
proof techniques, resulting in better convergence rates. Recent advances on RR can be found in (Cha
et al.,[2023}; |Cai et al.| |2023; [Koloskova et al., [2023Db)).

Generalized smoothness. Let us remind that the function f is said to be L-smooth if there ex-
ist L > 0 such that |Vf(z) — Vf(y)|| < L||z — vyl for all z,y € RY. For twice-differentiable
functions, it is equivalent to HV2 f(x) H < L, for all z € R?. This assumption is very standard in
the optimization field. Recently, based on extensive experiments, [Zhang et al.[(2020b) introduced a
generalization of this condition called (Lg, L1 )-smoothness. Namely, twice-differentiable function
[ is said to be (Lo, L1 )-smooth if ||V f(z)|| < Lo + L1 |V f ()], for all z € RY. Compared to
the standard smoothness, this condition is its strict relaxation, and it is applied to a broader range
of functions. |Zhang et al.| (2020b) demonstrated empirically that generalized smoothness provides
a more accurate representation of real-world task objectives, especially in the context of training
deep neural networks. During LSTM training, it was noted that the local Lipschitz constant L
near the stationary point is thousands of times smaller than the global Lipschitz constant L. Un-
der this condition, Zhang et al.| (2020b) provided a theoretical justification for the gradient clipping
technique (Pascanu et al, [2013), which is considered effective in mitigating the issue of exploding
gradients. Their results were improved by (Zhang et al., |2020a; Koloskova et al.| [2023a). (Chen
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Algorithm 1 Clip-LocalGDJ: Clipped Local Gradient Descent with Jumping

1: Input: Synchronization/communication times 0 = to < t; < to < ... < tp_1, initial vector

zo € R%, number of epochs P > 1, constants cg, c; > 0.

2: Tnitialize 27 = &9 = a forall m € [M] & {1,2,..., M}.

3: forp=0,1,...,P—1do

4:  Choose the server stepsize v, = m.
0t+c1 tp

5:  Choose small inner stepsize o, > 0.
6: form=1,...,M do

7: T =y,

8: fort c {t,,...t,41 — 2} do

9: i =2 — Vi (2)

10: end for

11:  end for
. — 1 A, 1 M 2
20 9% = w15 (xtp =W Lm=1 xg;rl*l)

13: i’tpﬂ = ﬁctp — YpIp
14: end for

et al., 2023)) establish various useful properties of generalized-smooth functions, propose general-
izations of (Lg, L1 )-smoothness and optimal first-order algorithms for solving generalized-smooth
non-convex problems. |Li et al.[(2024a:b) extend the (L, L1)-smoothness condition, introduce a
novel analysis technique that bounds gradients along the trajectory, analyze GD, SGD, Nesterov’s
accelerated gradient method and Adam. (Crawshaw et al.||2024) consider a coordinate-wise version
of generalized smoothness. (Ahn et al.,2023;|Crawshaw et al.,[2024; Wang et al.,2024) demonstrate
that linear transformers with few layers satisfy generalized smoothness empirically. There are few
papers on distributed algorithms that combine local steps or reshuffling with generalized smooth-
ness. (Qian et al.| (2021) examined clipped IG;|Wang et al.| (2024)) investigated Adam with RR; (Liu
et al.,[2022)) studied LocalGD, however, all of the papers contain additional restrictive assumptions.
This is a significant gap in the literature and we close it in our paper.

2 NEW METHODS

In this section, we introduce the new methods — Clip-LocalGDJ (Algorithm [I), CLERR (Algo-
rithm 2)), and Clipped RR-CLI (Algorithm [3).

Clip-LocalGDJ. As standard LocalGD, the first method (Clip-LocalGDJ, Algorithm alternates
between local GD steps on each worker and synchronization/averaging steps. However, there are two
noticeable differences between Clip-LocalGDJ and LocalGD. The first one is the usage of different
clients’ and server’s stepsizes. In our method, clients’ stepsizes are typically smaller than the server’s
ones, which allows us to handle the client drift. Then, on the server, the pseudogradient g,, is
computed, and the server performs a Clip-GD-type step, which is a second important difference
compared to LocalGD. Since the server’s stepsize is typically larger than the clients’ stepsizes, the
local steps can be seen as steps determining the update direction, and the server step can be seen as
a larger “jump” in the averaged update direction.

CLERR. In CLERR (Algorithm [2), each client does a full epoch of RR before between synchro-
nization steps (similarly to (Malinovsky et al.,|2023b))), and similarly to Clip-LocalGDJ, (smoothed)
clipping is applied only to the averaged pseudogradient g; once in an epoch. In contrast, a naive
combination of clipping with RR uses clipping at each step, which can amplify the bias of RR and
lead to poor performance (as we illustrate in our experiments).

Clipped RR-CLI. Clipped RR-CLI (Algorithm [3) is the first FL algorithm that combines clip-
ping, local steps, local dataset reshuffling, server and client step sizes and regularized client partial
participation (sampling of clients without replacement). It is based on RR-CLI proposed by Ma-
linovsky et al| (2023a) and leverages the core techniques proposed in FedAvg (McMahan et al.,
2016). The key idea is similar to CLERR, but in addition to the reshuffling of clients’ data, Clipped
RR-CLI performs a reshuffling of the groups of clients as an alternative to the standard i.i.d. sam-
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Algorithm 2 CLERR: Clipped once in an Epoch Random Reshuffling

1: Input: Starting point o € R?, number of epochs T, constants cg, ¢; > 0.
2: fort=0,...,T—1do

3:  Choose global stepsize v; = m.

4:  Choose small inner stepsize a; > 0.

5:  Sample a permutation 7 = {m¢(1),...,m(NV)}.
6: form=1,...,Mdo

7: xo =Tt

8: for j=0,...,N —1do

9: LL‘ZLJ»+1 = »LZLJ - atvfm;frt(j)(m??j)'
10: end for
11 9i" = ﬁ(xt —l'??]v)
12:  end for

B g= A S g
14: Ti+1 = Tt — Vet
15: end for

16: return xr.

Algorithm 3 Clipped RR-CLI: Federated optimization with server and global steps, clipping, ran-
dom shuffling and partial participation with shuffling

1: Input: cohort size C' € {1,2,..., M}; number of rounds R = M/C; initial iterate/model

zo € R%; number of meta-epochs T' > 1, constants ¢y, c; > 0.

2: for meta-epocht =0,1,...,7 — 1do
3: Choose global stepsize 0; = o7y
4:  Choose small server stepsize 1; > 0.
5:  Choose small client stepsize y; > 0.
6.
7
8
9

LL‘? = Tt
Client-Reshuffling: sample a permutation A = (A\g, A1, ..., Ag—1) of [R]
for communication rounds r = 0,..., R — 1 do
Send model x} to participating clients m & St)”‘ (server broadcasts z} to clients m, € S;")
10: for all clients m € S f\”', locally in parallel do
11: x:ﬁ?t =z} (client m initializes local training using the latest global model )
12: Data-Random-Reshuffling: sample a permutation 7, = (70, 7} ... 7N=1) of [N]
13: for all local training data points j = 0,1,...,N — 1 do
14: x,! ;r = A f’:,r;” (7)) (client m passes once its local data in 7, order)
15: end for 7 7
16: Gt = %1N (xf — x:,ﬁ) (client m computes local update direction gy, )
17: end for
18: g; = % > it (server aggregates local directions g, of the clients cohort Sy)
mES? T
19: $;+1 =x; —ng; (server updates the model in aggregated direction g; with server stepsize 7;)
20:  end for
2 g =5 ar
22: Tep1 = x4 — Orgy (global step after all communication rounds during meta-epoch)
23: end for

pling of clients at each communication round. At the end of each meta-epoch, the server performs a
smoothed Clip-GD-type step similar to the one used in CLERR, which allows the method to make
a larger step with an accumulated pseudogradient.

When the number of workers is large, partial participation is preferable. In this case, Clipped RR-
CLI (Algorithm [3) is the best option as it utilizes partial participation. Otherwise, if we have access
to full gradients on the workers, then Clip-LocalGDJ(Algorithm [T)) is preferable. In case when the
workers can compute only a stochastic gradient, then CLERR (Algorithm 2)) is recommended.
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3 ASSUMPTIONS

In this section, we list assumptions adopted in the paper.
Assumption 1. There exists f*, fr,, [;,; € R such that fx) > f*, fm(x) > [l fmj() > Frmjs
m € [M], j € [N], for all z € R9.

The next assumption is a strict relaxation of the standard smoothness.

Assumption 2 (Asymmetric (Lo, L1)-smoothness (Zhang et al., 2020bj |Chen et al.l 2023)). The
Sunctions f(x), { fm(z )} _y and { fm;(z )}71\5,:1\1/‘]_:1 are asymmetrically (Lg, L1)-smooth:

IVF(@) = VW) < (Lo + LV f(@) D]z = yll, Yo,y € R,

IV (@) = V@ < (Lo + LilV fm(@)Dllz = yll,  ¥m € [M],z,y € R,
IV fmj (@) = V fimg @I < (Lo + La||V fin (@) D]l = yll,  Vm € [M],j € [N], 2,y € RY.
Empirical findings of |[Zhang et al.| (2020b) revealed that generalized smoothness characterizes real-
world task objectives in a more precise way, particularly when applied to the training of DNNs.

Moreover, the above assumption is satisfied in Distributionally Robust Optimization for some prob-
lems (Jin et al., [2021)).

The assumption below generalizes the smoothness condition even further.
Assumption 3 (Symmetric (Lo, L1)-smoothness (Chen et all [2023)). The functions f(x),
{fm(x )}m L and { frm;(x )}m ]\1[] | are symmetrically (Lo, Ly)-smooth:

IVf(z) = VIl < (Lo+ Ly sup [[Vf()|)llz—yll, Vz,yeR?,

u€lz,y]
IV fm(2) = Vim@)l < (Lo + Ln up IV fm(@)Dllz = yll,  Ym € [M],z,y € RY,
ue|z,y
IV fmi (@) =V fmj ()| < (Lo +Ln sup IV fms (@) Dllz—yll,  Vm € [M],j € [N],z,y € R%.
ue|x,y
A common generalization of strong convexity in the literature is the Polyak—t.ojasiewicz condition.

Assumption 4 (Polyak—Lojasiewicz condition (Polyakl [1963; |Lojasiewicz, [1963)). Suppose As-
sumptionholdsfor the function f. There exists p > 0, such that HVf(x)H2 >2u(f(x)— f*).

4 THEORETICAL CONVERGENCE RATES

. . . . . def
In this section, we describe our convergence results Let us first 1ntr0duce the notation. Put A* =
4* def

- M Zm 1 f;ﬁ = i Zm 1N ZJ -0 f';zy Deﬁne (50 = f(l'()) f*. Let C be a
constant such that 0 < ¢ < }1. Fix accuracy € > 0. Let P > 1 be the number of epochs. For all
0 <p< P —1,denote

ap = Lo+ LillVf (i), @y = Lo+ Lymax [V f(iy,)ll, 1<ty —t, < H.

We start by formulating the convergence result for Clip-LocalGDJ (Algorithm EI) in non-convex
asymmetric generalized-smooth case. More details can be found in Appendix [B.1]

Theorem 1. Let Assumptions [Z] and [Z] hold. Choose any P > 1. Choose small local stepsizes o,
server stepsizes 7y, so that aC < < H' Then, the iterates {xt } _ ofAlgorlthmIsatlsj'}/
P P -

T 5, 3(H-1)a2a? P
g (IS VG ()
0<p<P-1 | 8 Lo ; I, < e ;
3(H — 1)a2d? A
24, :
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Corollary 1. If P > 32% and  op is  small  enough, then

N 2 -
ming<p<p-1 {min { HVf(Lwtp)H : HVfixtp)H }} <e.

0 1

The rates we obtain in Corollary [I] are consistent with the previously established rates of LocalGD

and GD in the standard smooth case, i.e., when L; = 0. Indeed, we recover the rate O (%) for
LocalGD (Koloskova et al.l [2020). Notice, that if H = 1, the Algorithmﬂ] reduces to vanilla GD,
and we recover its rate O (L“ 50) (Khaled & Richtdrik, 2020). In the (Lg, L1 )-smooth case, setting

H =1, we recover the rate O (LO 50) of clipped GD from (Zhang et al.,[2020b).

Below we state the convergence result for Clip-LocalGDJ (Algorithm|I)) in non-convex asymmetric
generalized-smooth case under the PE-condition. For more details, see Appendix [B.2]

Theorem 2. LetAssumpnonsIandIhold LetAssumptlonIhold Choose any integer P > 642‘2

Choose small local stepsizes c,, server stepsizes 7y, so that % <7 < ap . Let P be an integer
~ 6450 L2 5 def o
such that 0 < P < ===+, A > 0 be a constant, o < \/ 3% Put p = f (1) — f*. Then, the

iterates {itp };3: o Of Algorithm I satisfy

pP-P
uC 4LoAa?
op<(1—--—"- 0o + —.
P—( 4L0) O T

2
Corollary 2. Choose o < min {1/12‘;3, Lqy/ LSO(S,TP} AfP > 6427051 + 4&“ In 260 , then dp < ¢.

In the standard smooth case, when L; = 0, we guarantee the iteration complexity O (LO In 250) ,
which matches the LocalGD (Koloskova et al., 2020) and GD (Khaled & Richtarikl |2020) rates.

The above results can be generalized to the symmetric (Lg, L;)-smooth case, see Theorem [5| in
Appendix [B.3] for details.

Let T' > 1 be the number of epochs. Forall 0 <¢ < T — 1, denote
= Lo+ L1||Vf($t)||7 a; = Lo + Ly m”E%X ||me(33t)|| s a; = Lo+ L rf}LaJX ”mej (xt)” .

Further, we outline the convergence result for CLERR (Algorithm [2)) in non-convex asymmetric
generalized-smooth case. For more details, see Appendix [C.1]

Theorem 3. Let Assumptions[I|and 2| hold. Choose any T > 1. Choose small client stepsizes o,
global stepsizes v, so that a% < < 4—}“. Then, the iterates {xt}z:ol of Algorithm@satisfy

El i {ml {nwm)n? |Vf<xt>|}H
t=0,....,T—1 ) 8 Ly = Ly

8 (1 + 3905 (N~ 1)(2N — 1) + 2(N + 1)))T

6aZa3
< 5 EL(N + 1A (2
< T 0+ Q. (N+1) 2)
Corollary 3. If T > 256%  gpnd oy is  small  enough, we  have

Ce

E [mine—o, .rs {min { IO I9/GIILY] <

In the standard smooth case, we recover the rate O (%) of RR (Mishchenko et al.,|2020).

We relegate the convergence result for CLERR (Algorithm [2) in non-convex asymmetric
generalized-smooth case under the PE-condition to Appendix [C.2] In the standard smooth case

we recover the rate O (% In %) of RR (Mishchenko et al., [2020).

Further, we formulate the convergence result for Clipped RR-CLI (Algorithm [3) in non-convex
asymmetric generalized-smooth case. For more details, see Appendix [D.I}
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Theorem 4. Ler Assumptions |l|and|2|hold for functions f, { fm}i\g: 1 and { fm; }7]‘::]\1[ j=1 - Choose

any T > 1. Choose small local stepsizes ¢, small server stepsizes 1, global stepsizes 6; so that
a% <0, < 4—}“. Then, the iterates {xt}z:ol ofAlgorithm@satisﬁ/

e[, uup, {Sum {nwm)n? AN

0<t<T—1 Ly 7 I

2a.a;+a; (2 2 P24 2 A7 2 r
(1—|—%(ntat+nt}% a,t—|—’ytNat+77tRat))
)

< 4a?
< T 0
2&15&’% + dg 2 * 2a75 A* 2 *
74&2 (r]tatA —I—'ytNatA +T]tRCLtA )
t
Corollary 4. If T > % and  y,m¢ are small  enough, then
2
E |mins—o,.. 7-1 {min { vaé?)l‘ ) ”WL(ft)H }H <e.

Finally, we provide the convergence result for Clipped RR-CLI (Algorithm [3) in non-convex asym-
metric generalized-smooth case under the PE-condition in Appendix [D.2]

5 EXPERIMENTS

We split our experimental results into 3 parts. In Section[5.1} we provide results for the Algorithm 2]
with random reshuffling and jumping in the end of each epoch. In Section [5.2] we consider Al-
gorithm |1{ with local steps and jumping in the end of every communication round. In Section
we consider Algorithm [3] which has local steps, uses random reshuffling of clients and client data
and performs jumping in the end of every epoch. Moreover, in Section [E] we provide additional
technical details on the experiments. Finally, in Section | we provide additional logistic regression
experiments, that did not fit in the main text.

All the mentioned methods have a parameterized stepsize v, = If we denote

1
coteillgell”

1 c
B=g—0 A=, 3)
Co C1

we can estimate -y, as stepsize multiplied by clipping coefficient: gmin {1, m} < v <

£ min {1, m} We use this connection in the process of tuning constants ¢ and c; .

In our experiments, we consider the synthetic problem, a sum of shifted fourth-order functions:
1N
f(x) = N ; |z — 2;||*, =; € [-10,10]¢. 4)

The main reason to consider this problem is that it is (Lo, L1)-smooth, but not L-smooth [Zhang
et al.| (2020b). Additionally, in Section @] we consider the problem of image classification of
ResNet-20 [He et al.| (2016) on CIFAR-10 dataset Krizhevsky et al.| (2009). All the methods and
baselines were tuned with grid-search over logarithmic grid.

5.1 METHODS WITH RANDOM RESHUFFLING

We conduct this experiment on problem @), where d = 1, N = 1000. We consider the Shuffle
Once methods, which shuffle data once at the beginning of training. As baselines, we consider the
following methods: regular SO method, which is just SGD with shuffling at the start of training,
Nastya from Malinovsky et al.| (2022) with one worker, Clipped SO (CSO), which clips stochastic
gradients at every step of the method. The results are presented in Figure[I] As one can see from
Figure [T} methods with clipping significantly outperform the rest. This empirical result justifies
the theoretical fact of the importance of clipping for optimization of (Lg, L1)-smooth objectives.
Additionally, we see that among methods with clipping, CLERR shows better results than CSO.
From this, we can conclude that clipping the final (pseudo)gradient approximation at the end of an
epoch gives better results than clipping on every step.
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Figure 2: Loss, gradient norm and accuracy on test dataset for ResNet-18 on Cifar-10, a; = 0.01

5.1.1 RESNET-18 ON CIFAR-10

InZhang et al.|(2020Db)) the authors obtained results on a positive correlation between gradient norm
and local smoothness for the problem of training neural networks in language modeling and image
classification tasks. To check, whether our findings in synthetic experiments also take place for
neural networks, we decided to test Algorithm [2]in the same image classification problem: train
ResNet-18 [He et al.| (2016) on the CIFAR-10 dataset |Krizhevsky et al.| (2009). Additionally, we
consider heuristical modification of Algorithm 2} which we call CLERR-h. The details of it we
provide next. The overall results of the experiment on test data are shown in Figure[2] Additionally,
we provide results on train data along with technical details in Appendix [E.I.1]

From this Figure we can see, that both jumping (Nastya and CLERR) and clipping on outer step
(CLERR) does not have any impact on this problem. On the other hand, CSO shows the best results.
Since in this problem regular clipping already works very well, we decided to heuristically modify
our Algorithm[2} take the best clipping level and inner stepsize of CSO and use it on inner iterations,
and tune ¢y with c; for outer stepsize. We call this method CLERR-h and also provide its results in
Figure 2] CLERR-h chooses a rather big outer stepsize, while the outer clipping level is very tiny.
For big clipping levels method diverges. These results show that jumping does not give performance
gains when the method clips on every inner step.

5.2 METHODS WITH LOCAL STEPS

In this experiment, we aim to show the effect of the jumping technique on federated learning meth-
ods. We consider problem (@) with d = 100, N = 1000. To make the distributions of data on each
client more distinct between each other, we sort the whole dataset at the beginning of the experiment
by ||z;||. Here we consider a high-dimensional setup so that the starting point has less impact on
the algorithm performance. Indeed, in one-dimensional case, if we started from zo ¢ [—10,10],
the anti-gradient of every fi(x) = (x — 2;)* would point towards minimum. Therefore, we could
find such stepsize, that method converges in one iteration. On the other hand, if we consider a high-
dimensional setup, then regardless of the starting point, the gradient of each f;(x) has a different
direction. In this experiment we compare Algorithm [T] (C-LGDJ) with Communication Efficient
Local Gradient Clipping (CELGC) (Liu et al.| [2022) and Clipping-Enabled-FedAvg (CE-FedAvg)
Zhang et al.|(2022)). The results are shown in Figure@
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Figure 3: Function residual for (@), starting from different ¢ for different number of local steps on
the client device 7.

Overall, we arrive at two conclusions. Firstly, local steps do not have any positive effect on this
problem. The plots with the increased number of client steps 7 only strengthen this point. Secondly,
since local steps are pointless, the method works better if the server gets a better gradient approxi-
mation, which is true if the method clips gradients on the server, not on the client. This is exactly
the reason why C-LGDJ has better performance in Figure [3b]

5.3 METHODS WITH LOCAL STEPS, RANDOM RESHUFFLING AND PARTIAL PARTICIPATION

—— CRR-CLI

In the final experiment, we consider methods with partial o
participation. The goal of this experiment is to investigate ,
how clipping, local steps, partial participation and random
reshuffling of both clients and client data works together.
We compare Algorithm [3] with CE-FedAvg [Zhang et al| .o
(2022)) with partial participation (CE-FedAvg-PP) on prob- = -
lem @) with d = 100, N = 1000. Again, to make the
distributions of data on each client more distinct between
each other, we sort the whole dataset at the beginning of the "
experiment by ||z;|. The results are presented in Figure 4] o x5 s 75 0 15 10 75 20

Number of meta-epochs (communications)

—— CE-FedAvg-PP, =10

Since CRR-CLI uses random reshuffling of the data in-

stead of sampling with replace, and clips only in the end Figure 4: Function residual for (@),
of meta-epoch, it has better gradient approximation on the ggarting from o = (1,...,1) with batch
global step, which results in better performance, than CE- gjze 16.

FedAvg-PP.

6 DISCUSSION

In this paper, we consider a more general smoothness assumption and propose three new distributed
methods for Federated Learning with local steps under this setting. Specifically, we analyze local
gradient descent (GD) steps, local steps with Random Reshuffling, and a method that combines local
steps with Random Reshuffling and Partial Participation. We provide a tight analysis for general non-
convex and Polyak-t.ojasiewicz settings, recovering previous results as special cases. Furthermore,
we present numerical results to support our theoretical findings.

For future work, it would be valuable to explore local methods with communication compression
under the generalized smoothness assumption, as well as methods incorporating incomplete local
epochs. Additionally, investigating local methods with client drift reduction mechanisms to address
the effects of heterogeneity, along with potentially parameter-free approaches, represents a promis-
ing direction.
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[ Logistic regression experiments| 53

A IMPLICATIONS OF GENERALIZED SMOOTHNESS

Lemma 1. Let f satisfy Assumption Then, for any z,y € R% we have

Lo+ Ly||Vf(x

F) < f@) + (Vi (a).y - z) + LIV

Moreover, if f* :=inf cpa f(x) > —00, then, for all x € R?, we obtain
IV f(2)]?

2(Lo + L[|V f()]])

I
lz = y]*.

< flz) - f*

Proof of Lemmal[l] The first statement of the lemma is proven in (Zhang et al] 2020b, Ap-
pendix A.1). The second statement follows from the first statement, if one substitutes y for

T — 7%4‘_'51’?‘%}“@)” V f(z) and uses the fact that f* < f(y). O

Lemma 2. Let f satisfy Assumption Then, for any z,y € R% we have

1)~ f@) < (V@)y—a) + 20 F LgIVf(x)n

Moreover, if f* = inf cga f(x) > —o0, then, for n > 0, such that nexpn < 1, for all z € R¢, we

obtain
nl V)|
2(Lo + L1 ||V f()]])

exp(L1lz = yl)llz — ylI*.

< fle) = 1"

Proof of Lemma[2] The first part of this lemma is one of the results of (Chen et all, 2023] Propo-
sition 3.2). To deal with the second statement, let us substitute y in the first statement with

nllVf ()] )
T = oornivren V(@)

Lo+ Li||Vf(2)|
2

fm<fy) < f2) +{Vf(@),y —2) + exp(Li [l — yl)llz — yI?

V@)

=) L L@

Lo+ Li|[Vf(x)] Lin||V £ ()] 2|V f(@)]?
* 2 P (Lo +L1||Vf(x)l) (Lo + L[V F(@)]])?
V@I V@)

< flz) — - 1) €xp
O L Lvi@l T A+ Lv s P
[V f ()]
< f(x) — .
<) = S+ LIV @)
Rearranging the terms, we get the second statement of the lemma. O

Lemma 3. Assumptionholds for the function f if and only if. for any x,y € R,
IVf(z) = VIl < (Lo + Ly [V W) exp (Ly [l = yl) [lo = yll -

Proof of Lemma EI This lemma is one of the results of (Chen et al., 2023| Proposition 3.2) O

B LOCAL GRADIENT DESCENT

B.1 ASYMMETRIC GENERALIZED-SMOOTH NON-CONVEX FUNCTIONS

Theorem 1] (non-convex asymmetric generalized-smooth convergence analysis of Algorithm/[T)). Let

Assumptionsand@holdforfunctions fand {fm}fn{:l. Chooseany P > 1. Forall0 < p < P—1,
denote

(Alp:LQ+L1HVf(QA7tp)H, ap:L0+L1 mrgXHme((lA?tp)”, 1 Stp+1*tp SH

18
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Put A* = f*— Z _1 [, Impose the following conditions on the local stepsizes o, and server
stepsizes yp :

1 1 a ¢ 1
< mi P > <y, <—, 0<p<P-1
Qp mm{QHap’cap ap}’ = S N SpPps s

where 0 < ( < 1 ¢ > V/P. Let & “ f(z0) — f*. Then, the iterates {3y, }5;01 ofAlgorithm
satisfy

; " S Dazay ) "
[ IV IV (1+ 2 ) 5
o<p<P-1 | 8 Lo L. = 7 0
| 30— Dayay 5
24y,

Put Up déf tp+1 — 1.

Lemma 4. Assume that f and each f,, satisfy Assumptions[I|and 2] Then we have the following
bound:

S

Z Hx;”fitpHQ < 8(vp —tp)? apo (f(&e,) — [*+ A%).

m=1t=t

Proof of Lemmald] We have

2

t—1
e =20, |* = || 32 @V fin (&)
=

2 2
t—1 t—1
<2|[> " ap (Vhm(@]") = Vim(@s,)) || +2( D apVim(ds,)
J=tp j=tp
t—1 )
2t~ 1) Y (ap)” (Lo + Lo [V ae, ) | — e, |
J=tp
t—1 2
+2 Z apV fm(24,)
j:tp
Averaging, we get
| M ) ot — 4y M =1
i Z ||:z:;n — :litp||2 < % Z (Oép)2 (Lo + Ly ||me H) H:Z: — I, ||2
m=1 m=1 j=t,
9 M |lt=1 2
+ M Z Oépvfm<-75tp)
m=1 ||j=t,
M t—1
2(t —t A
< 2t )2 3 5 ()P oy -
m=1 j=t,
9 M |t 2
3 @V,
m=1 ||j=t,
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Recall that o, < . Then we have

1
2H (Lo+L1 maxo, ||V fm (3¢,)]])

2
- E Hlﬂn _ mt

9 M t—1
+ 37 2 |12 @V i) (5)
m=1 ||j=t,

Let us bound the last term:
2

M
31 2 | 2 el < 5 3 [V hmGan I 1
m=1 ||j=t, m=1
P
< oS (Lt L)) (i () £2)
m=1
x (t — p)2 04121
4t —t,) apa? &
< ( ];\}) apQ, Z (fm (-Ttp) _f;;)
m=1

Further, summing (7)) with respect to ¢, we obtain

1 &Y .
MZ Z th xt || §2H2MZ Z t=1p ZHxT xtPH2

m=1t=t,+1 m=1t=t,+1 tp

+ Z 4(t—t,)? apery (f(&r,) — f*+ A%)

ol S S S pa

m=1t=t,+1j=t,

- 2H2M
+4 Z (U*tp)2apa§ (f(jtp)*f*JFA*)

+4(v—t,)apa (f(iy,) — f*+A%).
Using the fact that v — ¢, < H — 1 < H, we obtain that

fZ Sl — o, [ < 80— ) apod (Fan,) - 57+ A7)

m=1t=t,+1

Proof of Theorem[I] Applying Lemmal|I] we obtain that

2
75 gl
o

F@e,00) < F@e,) = 1(Vf (21,)  9p) + (Lo + L ||V f (2,)]])

20
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Additionally, from the fact that 2(a, b) = —|la — b||* + ||a||* + ||b]|?

Flity) < FGi,) =30V F (31,) ) + (Lo -+ Ly 95 (3, )) 2202l

< fld,) - %p(—IIVf(fczep) = gpl* + IV F (@) II” + llgpll*)

2 2
N Al
+(L0+L1||Vf($tp)|\)%
~ Yp A 2 Yp ~ 2 ~ 'Yp%ngHQ
< (i) = LIVFGu)IP + 21V () = gpll2 + (Lo + LalIV G, ) 25
Consider 2|V f(Z,) — gp|*. We have
2
Y || 1 <
2NV (Ee,) = gl = Z V fm (2 (27")
2 2 m:1 v—t,
~y M v
< Y 2 o+ LV )0 3 e~
m=1 j—tp
< ﬁ@o + Lymax ||V fn (2 Z Z [ = &4, |12
m=1 j=t,
2
ok T Z 3 e
(v tp Mm =
Notice that
2 2 2 M 2
Y llol™ 1 -
=2 Vfm (27)
2 2 M(v—tp)mzzlj_tpﬂ J
2
,}/2 1 M v
p
S( —t,)? MZ Z (Vi (@) =V fin (21,))
v m=1 j=t,+1
2 M 2
Tp 1 - .
+ ar vfm xtp
(U - tp)Q M mz=1 J=tp+1 ( )
2 M v
gl . 21 m . 112
< g (Lo Lumax [ V() 57 30 D lla — |
(U - tp) m M m=1j=t,

Vpa N .
= ”_p QZZIIx A AAACRI

m=1 j=t,

21
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Therefore, we obtain

AN A2 2
P (#,) < fl,) = IV + 5 22 warl)
m=1

= |12+ “22

5" — e, |1

>
Jj= =tp
< 1) = FIVF G+ 3702 Z >

m=1 j=t,

v
a (l ’}/ R R .
Zﬁ - 2 Z Z ||'r xtp||2 +ap7§ va (xtp)||2

m=1 j=t,

= f(ie,) + (a2 - 2) HVf (2,
. 9 9 717“127 -
+ | Gy, + =5 ) Z > llay e, ||

m=1 j=t,

Recall that v, < ﬁ. Then, using Lemma we have
7, N 2
f( p+1)<f( )—fHVf(ﬂft H

X Tl 3
(ot + 252 ) g 2o -

m=1 j=t,
< f (@) = 2|V (3,)]

2
N Tp@ A * *
+ (apaf,’yg + P2 p) 8(v — tp)apai (f(xtp) - +A )

3(H—1)a

< J (@) = VI (@) +

Let us rewrite the inequality in the following way:

v ) 9 . ) 3(H — 1)a3a? f(@e,) — f*+ A*
297 (o, ) < 7 (o) 1 (i) + el R
Since vy, > é, we get that
. 2 . 2
W[V @) SV ()]
4 - 4ay,
Therefore,
Vf(@e,)l? N . N
Wiy pEIE > {w IV £l < 220 _ <mm{ V£ Gr, )| Vf<a:tp>||}.
4 ! Tajtp7 ||Vf(.’i'tp)|| > %a 8 LO Ll
Denote 8, & f (#,) — f*. Then we have
¢ . IVF@)I? IVF(E,)l 3(H — 1)ajay (3, + A*)
g nin Lop , I £ < 0p — Opt1 + 5&: b .
Let oy, < ,/a , where ¢ > +/P. Applying the result of Mishchenko et al.[(2020, Lemma 6), we
appear at
R ) 3(H— 1)(x2a3 P
g IR IvsGgI  (E)
0<p<pP-1|8 Lo ’ Ly - P 0
N 3(H —Al)ozf)af; A*
24y,
O

22
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Corollary 1. Fixe > 0. Choose ¢ = \/3(H — 1)P. Let cv, < 2, /%. Then, if P > 3250,

IVF@Ee ) IV F (@)l
L 13 }} <e.

0 ? 1

Proof of Corollary[l} Since ¢ = \/3(H — 1)P and oy, < (%, / z—p, ap < 24 /%, due to
CQp 'p P

the choice of P > 3?‘20 , we obtain that

we have ming<,<p_1 {min {

3(H-1)a2a®\ T
(14 2 )
2a, 50<\/€50<250<<E

P - P — P 16’
and that
3(H fAl)ozf,ag v < Ce
2%, =16
. 2 .
Therefore, ming<,<p—_1 {min { ”vf(;:p)” , vaift”)” }} <e. O

B.2 ASYMMETRIC GENERALIZED-SMOOTH FUNCTIONS UNDER PL-CONDITION
Theorem 2| (Asymmetric generalized-smooth convergence analysis of Algorithm|[I]in PE-case). Let
Assumptionsandhold for functions f and { fm}%zl .LetAssumptionhold. Choose 0 < ( < %.

2
642‘2L1 .Forall0 < p < P — 1, denote

Let 0g déff (xg) — f*. Choose any integer P >

(?Lp:LQ+L1HVf(£%tp)”, ap:L0+L1 mﬁxHme(:itp)H, 1 Stp+1*tp SH

M . . .
Put A'* = f*— ﬁ m—1 Jom- Impose the following conditions on the local stepsizes o, and server
stepsizes yp

a, < min ! i % HG
P 2Hay,’ cap \| ap’ \[ 48LY(H — 1)a3 (f(2:,) — f* + A*)’

260d,
3P(H — 1)a3 (f(#r,) — f*+A%) [’

1
d£§7p§57 0<p<P-1,
P P

where ¢ > \/P. Let P be an integer such that 0 < P < %, A > 0 be a constant, o < 1/%.
Then, the iterates {;%tp }520 of Algorithmsatisfy
P-P 2
MC 4LQAO(
e (1 48) g S
4 Lo 78

where 6 p d:eff (Zep) — f*.

Proof of Theorem[2] Let us follow the first steps of the proof of Theorem|[I] Consider (6)):

3H*1 (13052 jt _ f* A*
07 @I S 1 ()~ 1 () 4 2B ) S L),

Since 7y, > &i, and f satisfies Polyak—t.ojasiewicz Assumptionﬂ we obtain that
P

g (f(2e,) = 1)

2,

3(H - 1)a}3,a12, (f(i"tp) — f*+ A*)

S f (i.tp) - f (‘(i.tp-%—l) +

24,

23
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1. Let P be the number of steps p, so that ||V f (i,)|| > 9. For such p, we have Lo +
L, HVf (55%)” =a, <20, HVf (i}p)“ . Therefore, we get

1 (f(@,) = 1) . . 3(H —Dajay (f(&,) — f*+ A%)
BT ) o — )+ — :
4L1 va (:it,;)|| — f (xtp) f (xtw ) 2%

Notice that the relation @, < 2L ||V f (&,)|| and Lemmamtogether imply

197 Gl _ 95 o)
AL~ 2a,

< f(itp) _f*'

Hence, we have
3(H — 1)af’)o<]2J (f(fctp) -+ A*)
24, '

7 < (@) = (i) +

Subtracting f* on both sides and introducing §,, = tp) — f*, we obtain

£ (@
p¢  3(H = Dagog (f(@e,) — f* +A%)
1612 24, '

5p+1 < 510 -

uCayp . 3(H— l)a o (f(:vtp) f*+A*) u
AS 0 S\ R ((or,) - rar) 1t Tollows that %, S mrf

Therefore, we get

S
Op+1 < 0p — 3212
2. Suppose now that ||V f (&,)|| < %’ For such p, we have Lo + L1 |V f (24,)|| = @, < 2Lo.
Hence,

g (f(e,) = f*)

_ 3.2 ~ ok .
AL < f (ii'tp) — f (‘(i.tp+1) 4 3(H 1)apOZp (f((L‘tp) f + A )
0

24,

Subtracting f* on both sides and introducing 6, &f f (itp) — f*, we obtain

0

5.1 <6
p+1 = Opp 24,

def . . 244,
Let ap = adyp and &, < \/3(H—1)a3(f(5c,p)—f*+A*) for some constant A > 0. Then,

Opt1 < pdp + Aa?.

Unrolling the recursion, we derive

5p < p" P +Aa2ZPi - 32L2 Z P
i=0

Ao’ 1-pP ¢

1—p 1—p 3203

< PP_P(SO +

Notice that §, 11 < d, + Aa?, which implies

LS
5p <6 (P P)A e
P=o TR
Since o < ﬁ, we conclude that
5 MG 5 _ 6460L7
0<6p<20g— P—=5, =P —.
P=20" 32 =
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6480 L2

Therefore, for P > e ——>—1 we can guarantee that P — P > 0and
; Aa® o p ol
op < p=ts — Pp*
P=p o+ 1_ P P 32L%
- Aa2
< pP 7P +
L—p

O

Corollary Fixe > 0. Choose a < min {\/ AP7L1 } Then, if P > 6460 i + 4L° In 2%

e

we have 6p < €.

~ 2
ProofofCorollaryEl Since 0 < P < 645°L1 ,A>0,a < %, a < 14 LSO‘SZ;, due to the

choice of P > 642‘2 14 4L0 In 220 we obtam that
I—M—C (5 <6_ﬁ(P_P)5O <<
4L = =
and that
Alod %0 _ e
pu¢ AP T2
Therefore, dp < . L]

B.3 SYMMETRIC GENERALIZED-SMOOTH NON-CONVEX FUNCTIONS

Theorem 5. Let Assumpttonsland Ehold for functions f and { fm} . Choose any P > 1. For
all0 < p < P —1,denote

(Alp:LQ+L1HVf(QA7tp)H, ap:L0+L1 mrgXHme((lA?tp)”, 1 Stp+1*tp SH

Put A* = f*— =& %:1 f.- Impose the following conditions on the local stepsizes o, and server
stepsizes 7yp :

1 1 fa C ¢ 1
< i P < < — 0<p<P-1
O‘p—mm{map’cap \/ ap’Lo—f—LlAtp}’ G~ P, —P= ’

def 2LoM(8:, +A*) 2Ly M (5., +A*
wher60<(<4,c>\/ C’<h115 Ay, —efmax{ oM (00, + ), LM (Ouy )},z/such

v v

that vexpv = 1. Let 0y & f (xo) — [*. Then, the iterates {itp };:01 ofAlgorithmsatisfy

min
0<p<P-1

3(H-1)a2a®\ ¥
¢ {IVIGIR IV 0T
8 LO I Ll < o

Let us remind that a, = Lo + L1||V f(Z,)l|, ap = Lo + L1 maxy, |V fp, (&, )| and A* = f* —

ﬁ Z:\n/lzl m:* Put Up _f tp+1 -1
Lemma 5. Assume that f and each f,, satisfy Assumptions[I|and[3] Then we have the following
bound:

M v
Z Z |27 — itpHQ <16 (v —t,)° ap (f(&e,) — f*+ AY).

m=1t=t,+1

25
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Proof of Lemma[3] We have

2
t—1
e = e, [I* = | 32 Vi (27)
i—t,
’ 2 2
t—1 t—1
S 2 Z ap (vfm(x;n) - vfm(jtp)) + 2 Z O‘pvfm('j:tp)
J=tp Jj=tp
t—1 )
<2t—ty) Y () (Lo + Lu |V (i, )|])
j:tp

2

t—1
xexp {Ly [|eft — o, ||} |27 — e, ||* + 2| Y apVfin(ds,)
j=t

t—1
2(t—tp) > (0p)° (Lo + L1 |V fim(i,)|))?
J=tp
j—1 ) t—1 2
x exp { Ly Zaprm(xZ”) Hm}"—i:tpH +2 Zaprm(i:tp)
i=t, j=t,

H m
Let us show that if Qg < Lo+L1 max,, maXg, <e<t, T~ Fon (@) 2 then fm( ) < fm(xt ) for tp <

¢ <t,11 — 1. Notice that locally we perform the iterations of gradient descent. It means, that

Fn(@i1) < Fnal) — apl|V fun (|2 + 20F Llllgfm(x’f)\l

< Fn@f) = pllV Fn @) P + LNV fon ()
= ful@}") = LIV Enl)]

Then fin(7") < fu(af’) = fim (#4,) for t, < € < t,41 — 1 follows. Therefore, for such o, we
have that

[V fu (g

M
Fmn (@) = F < fin <7 (fmlal) = f) = M8y, + MA".

m=1

From Lemma[2] we have

m 2 m m
mm{vwmm)n u||me<xe>||}< AVIGDIE oy g

Ly ’ 14 - 2(L0 + L1||me($2n)H)
<M (6, + A%).

For every t, < ¢ <t,41 — 1, for every m, we establish

QLM (6, + A*) 2Ly M (6, + A*
IV fon (27| < max \/ oM (b, +4%) 1M (6, +A%) detAt

’
v v

Let us choose o), < ﬁ for some C' < lné"r’ and show by induction that for such lo-
cal processes maxy, |V fm (2]")|| < Ay, forall t, < £ < t,11 — 1. Indeed, for ¢ = t,
it holds trivially. Suppose it holds for all ¢ such that ¢, < ¢ < ¢" for some /¢'. Then,
fm (x?} +1) < fm (x?}) holds for any oy, < m, including the chosen stepsize. Hence,

fm (231) < fu(e,). Therefore, max,y, |V fn (z7)|| < Ay, forall t, < ¢ < t,41 — 1. Then,
c

< L .
Lo+L1Ar, = Lo+Limaxy maxe,<e<t,,; [Vim (@il
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It means that exp {Ll HZ%;SP apV fm (:czn)H} <enld =135,

Averaging, we get

2

Uk 2 3t —ty) = ) N2 (m .
a7 2 et =, |7 < > D (@) (Lot Ly [V ,)|) |25 = o, |
m=1 j

M m=1 j=t,
2
o M|t
+ 37 2 |2 @ Vin(a,)
m=1 ||j=t,
30t ¢ M ot-1 )
< Mt 23S () |
m=1 j=t,
2
o M |-t
+MZ Zapvfm(xtp)
m=1 ||j=t,
Recall that oy, < ﬁ Then we have
1L e 15 —t) e N e
37 2 et = a7 < = D0 D Ml = | (7
m=1 m=1 j=t,
2
5 -1
+ 37 2 || 2o @ Vin(it,) ®)
m=1 ||j=t,

Let us bound the last term:

m=1
x (t —t,)° o
8(t—ty)% apa A
<2 0% S (a) - 1)
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Further, summing (7) with respect to ¢, we obtain

v

1 Moo 15 M t—1 )
M Z Z Hmt mtp” —9H2M Z (t_tp) Z szn _jjtpH

m=1t=t,+1 m=1t=t,+1 j=tp

+ Z 8(t— tp)z apaf) (f(&e,) — "+ A%)

= 2H2M Z Z ZHx i"t,,H2

m=1t=t,+1 j=t,

+8 Z (v—tp) apa 2 (f(@e,) — f*+ A%
t=tp+1
)2

< 2HQM ZZHCE —dy, ||

m=1 j=t,
+8(v—tp)° apa? (f(ir,) — f*+ A%).
Using the fact that v — ¢, < H — 1 < H, we obtain that

1 M v
M Z Z Hx;nfitpHQS?’Z(”*tp)sapag (f(ii"tp)*f*JrA*).

m=1t=t,+1

Proof of Theorem[5] Applying Lemma[T] we obtain that
) . . ) 72 || gplI*
Fty0) < 1000) 1091 (21,) )+ (o + La |9 2, ) 20221
Additionally, from the fact that 2{(a, b) = —||a — b||> + ||a||? + ||b]||?

2 2
Fe,0) < f@,) =1 (VS (2,) . 9p) + (Lo + L1 |V f (24,)]]) oo llopl”

2
< f(dy,) - él(_||vf(it ) = 9pll? + IV £ (@)1 + llgpl?)

2
b Lo+ LV £, ) ) 221221

2
< a1,) — 21T 1P+ 21T 1G1,) - gl + (Lo + Lal £, ) 212

Consider 22|V f(24,) — gp||*>. We have

2

M
7 N Y, 1
SV FEn,) =gl = 7|57 D | Vim(ir,)

m:l ] =ty

M v
7 N m 4
< ;M U—t P Z LO+L1||Vf7”/(xtp)||)2 Z ||],‘] _xtp||2
m=1 Jj=tp

M
Yp 1
< CTOETmE (Lo + Ly max ||V fin (21,)]) )2— Z Z 2 — &y, ||
m:lj:tp
'7 M v
p p
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Notice that

2
2lgl® 2 ‘

1 v
‘M(v—t Z Z me

2 2
mlj tp+1
2

S@*t Z > (Vhn ) - Vi (22,))

mlj tp+1

2

+ vfm JCt
2,2,
< 7’2’ Lo+L V fin (& SRIE R N
—<U_tp>z( o+ Limax [Vin(n)])) 57 30 3 [l =, |

m=1 j=t,

+7 V1 (3, )H2

- ””_p QZZHI o, |” 422V )|

m=1 j=t,
Therefore, we obtain
A 2 2
R R R apYp 19l
F (Fy0) < £(0,) = FIVI )P + 570 Z S ot — | + 222219210
m=1 j=t,
< f@r,) = 2NV (@, 1P + L) Z S |
m=1 j=t,
apapvp Mo 9
T 3 3 Iy =l a9 )]

=tp
= i)+ (i - %) HVf (o)

R Vpa . .
+ <apa12)7§ + p2p> U _ 2 Z Z Hx xtPHQ'

m=1 j=t,

Recall that v, < ﬁ. Then, using Lemma we have

f(#,00) < f (30,) - 7”Hw( >y|
( Wt ) M(o—1,) mZZHx g, |
< [ (#n,) = LIV @)
( azy, + L p) 16(v — ty)apal (f(d,) — [*+ AY)
< f(@0,) = 2 [[VF (@) + 3(H — V)ajog (f(ir,) = f* + A7)

ap
Let us rewrite the inequality in the following way:

VB2 (£(A ) £k .
TS () < 5 () £ (oy,,) + ST ) 2 S AT

ap

29
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Since v, > C , we get that

w91 )P <97 )]

4 - 4ay,
Therefore,
Vf(@e,)lI? . N N
W v s, )2>{“Z(L0“”7 ||Vf<wtp>||<§g,_<mm{Vf<:ctp>||2 Vf<:ctp>||}
P72 avi@Eyl A = ; :
4 Al VA, > R, 8 Lo Ly

Denote 6, & f (:%tp) — f*. Then we have

¢ { IV £ G2 V4G

)| 3(H — l)agag (0, + AF)
P < — .
4 Lo = I < 0p = Opp1 F

ap

Let o, < s | / Z", where ¢ > +/P. Applying the result of Mishchenko et al. (2020, Lemma 6), we
appear at

0

R R 3(H—-1)a2a? P
e (IR VRGN ()
o<p<P-1 | 4 LO ’ L1 - P

+ p PA*.

B.4 SYMMETRIC GENERALIZED-SMOOTH FUNCTIONS UNDER PL-CONDITION
Theorem 6 (Symmetric generalized-smooth convergence analysis of Algorithm[I]in PE-case). Let
Assumptionsandhold for functions f and { fm}M LetAssumptionhold. Choose 0 < ( < i.

% Forall0 < p < P — 1, denote

ip = Lo+ Lul[VF(@0)ll, ap = Lo+ Lomax [V (i), 1< tyis —t, < H.

Let 6 dzeff( 0) — f*. Choose any integer P >

Put A'* = f*— M Zm 1 for,- Impose the following conditions on the local stepsizes o, and server
stepsizes yp

Ap pncay
<mm{2Hap cap\/> \/96L2 H—1)a3 (f(2,) — f*+A%)’

(50ap
\/3P<H —T)af () — 1+ A7) } |

1
p P

~ ~ 2
where ¢ > \/ﬁ Let P be an integer such that 0 < P < 64i°€L1 , A > 0bea constant, a < / %.
Then, the iterates { ztp} o of Algorzthmlsatlsfy

ué ) 4LoAa?
5p 1— - do + —,
( 4L T
where 0p d:eff (Zep) — [
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Proof of Theorem 6] Let us follow the first steps of the proof of Theorem 5] Consider (9):

3(H — 1)a3a?2 2 X A*
B ) <5 61) 1 ) + 2R ) L ED

ap

Since v, > é, and f satisfies Polyak-t.ojasiewicz Assumptionﬂ we obtain that

g (f(e,) = f*)

2,

3(H — l)af,af) (f(ci‘tp) -+ A*)

ap

S f (itp) - f (‘f;tp+l) +

1. Let P be the number of steps p, so that ||Vf (:%tp)H > i—‘l’ For such p, we have Ly +
L, HVf (1,)| = ap < 2Ly HVf (:%tp)H . Therefore, we get

e (f(i‘tp) - f*) . . 3(H —1)a2a? (f(iftp) g A*)
s G =T ) T ) 2 UG |

Notice that the relation @, < 2L ||V f (&¢,)|| and Lemmatogether imply

V(& V(2|
o2 Gl 197 e,
Hence, we have
. ) 3(H — Dajaz (f(&r,) — f*+ A*
152% < f(xtp) _f(xtwl) + % (d: )

Subtracting f* on both sides and introducing 6, et f itp) — f*, we obtain

(
u 3(H — 1)af,az2, (f(:i“tp) — [+ A*)

Opr1 < 6y — .
P = 1612 ap
uéa : 3(H-1)aga (f(@,)—f"+A") uc
As ap < %L%(Hil)a%(ﬂ;p)ﬂch*), it follows that z, < 3307

Therefore, we get

Jus
5p+1 S 5? - ﬂ

2. Suppose now that |V f (2, )| < f—‘; For such p, we have Lo + L1 ||V f (3¢, )| = @, < 2Lo.
Hence,

3(H — Dada (f(2, ) — f* + A*
< (@) = f(80,,) + ( Jada2 (f(d,) — f )

ap

pC (f(2e,) — f*)
4L,

Subtracting f* on both sides and introducing 6, &t f (xtp) — f*, we obtain

3(H — 1)a2a? (f(2:,) — f*+ A* R
Opt1 < Opp + ( )2 p(J;( tn) —J ), wherepd:fl—f—[i.
p
Let o, def oy, and &, < \/3(H1)ag(flééz;)f*+w) for some constant A > 0. Then,

6;0-‘1—1 S p(5p —|— Aa2.

Unrolling the recursion, we derive

%) N-—1

—P i pC i

5p < pP P50+Aa2§ P = 3912 E P
i=0 1 =0

Ao®  1-pP g

< pP=P;5 .
e S DY
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Notice that d,1 < &, + A, which implies

5 5_HC
op < do+ (P P) Aa® = P00
P00t Y7
Since o < %, we conclude that
s -~ 6450L2
0<dp <25y—P , =P < ——.
32L% s
Therefore, for P > % we can guarantee that P — P > 0and
p Ao® o 5 g
op < pP=Fs — PpP
P>p o+ 1-p p 32L%
_ 2
< pPiP(So + Aa .
I—p

Corollary 5. Fixe > 0. Choose o < min {, /5%, Ly ) £ } . Then, if P >

we have 6p < €.

Proof of Corollary[§] Since 0 < P < 64?:’;%, A>0a< 5—(1’3, a < Iy
choice of P > % + 4’% In %, we obtain that
ue \"7 4 (P-P) £
1- = <e g\ P)s < =
( 4Lo) dp < e o 50_2’
and that
4LOA 50 < 3
uC AP — 2

Therefore, dp < .

C RANDOM RESHUFFLING

I8

8506
LoAP’

6460 L?

O

In 2%

e

due to the

There are several approaches, that fall under the category of permutation methods, and one of
the most popular is Random Reshuffling (RR). In each epoch ¢ of the RR algorithm, we sam-
ple indices m¢(1),...,m:(M) without replacement from the set {1,2,...,M}. In other words,
me(1),...,m (M) forms a random permutation of {1,2,..., M}. We then perform M steps in the

following manner:

x;n = f;nil - O‘tvfm,(Tn)(x;nil)v

(10)

where fr, (,,,) is the m-th function after permutation 7; on epoch ¢, and « is a stepsize at ¢-th epoch.

If we denote x; = x‘t), we can rewrite this step as

Tt =x— oy Z Vfwt(j)(${71)~
j=1

After each epoch we perform additional outer step with stepsize ;:

M
1 1
Tip1 = Tt — VG, Gt = ;M(xiw —x) = i Z V fro(m) (T
t m=1

32
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C.1 ASYMMETRIC GENERALIZED-SMOOTH NON-CONVEX FUNCTIONS

Theorem 3] (non-convex asymmetric generalized- smooth convergence analysis of Algorithm2). Ler

Assumptwnsand @hold for functions f and { fm} . ChooseanyT > 1. Forall0 <t <T—1,
denote

ar = Lo+ L[|V f(z)ll, ar = Lo+ Ly max IV fing (@e)]] -

Put A" = - M ~ Z Zm 1 [ Impose the following conditions on the client stepsizes o
and global stepsizes vy :
2 G 1
atgmin{ V2 ,\/i}, Aﬁgwg —, 0<t<T -1,
3N(N —Da; ca’ ay day

where 0 < ¢ < 1, ¢ > /(N—1)2N —1) +2(N +1))T. Let & =4 f(zo) — f*. Then, the

iterates {x; }tT;()l of Algorithm 2| satisfy

. IV f@)l? 1VS ()]
E |\t—01713.1,r’}1—1 { 8 min { LQ ’ L1 }}

T
8(1+ 3o “t((N—l)(2N—1)+2(N+1))) 6023
7 So + i YN +1)A*

Lemma 6. Recall that &, = Lo + L1 maxy, j ||V fm;(z¢)|. Then

<

N-1 M
Yellgell” ||gf|\2 < ay? 1 27 — 2|2 + 2V f (). (12)
2 Y MN < t.d t
7=0 m=1
Proof.
N-1 M 2
llgell? 1
2 5 MN Z vamwm) (1)
=0 m=1
| N1 2
m 2
=37 2 2 (Vhnm (@) = Vnm@ @) | +I1VF @
7=0 m=1
, V-1 wm i
J— m 2
<o 2 2o (Lot L [V fonim iy (@) [0 (27 — el | + IV f ()]
7=0 m=1
| N-1 M ,
_ 2
< @)’ 575 2o 2 ety ="+ 19 £
7=0 m=1
; N-1 ,
~ 2 m 2
) MN (|27 = ael|” + IV f ()™

7=0 m=1

O
. . M .
Lemma 7. Let Assumptions |l and 2| hold for functions f and { fn,},,_, . Then, if we choose oy <

V2
3n(n—1)(a;)’

1 M
m 2
| 3 e -

we get

zt] < 20fa; (N = 1)(2N = 1) + 2(N + 1)(f(z:) = 7))

+ 40?a (N +1)A". (13)
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Proof. From (I0) we have

j—1
wiy = o — NV -0 (@) = 2 — Zatvfm,m(k) (%)
k=0
Thus,
j—1 2
m 2 m
ot = 2el|” = D eV fomm (21)
k=0
j-1 2
211> " o (Vfimma) (@F%) = Y fonm, iy (1))
k=0
Jj—1 2
Z atvfm,ﬂ't(k) ($t>
k=0

<%§:at (Lo + L |V fo iy () ) e — e

2

j—1
Zatvfm,ﬂ't(k:) (xt)
k=0
Using last inequality, we get
LR 2 _ N\~ 2 " 2
LS oyl £ 3 25wl (Lot L[ i wl)? of — ]
j=0 =0 " k=0
g N-1|j=1 2
N Z atvfm ;e (k) xt)
=0 =0
N-1 9j 1= o2 N=1|li=t 2
)y NE:W% wl + 5 33 Vi
7=0 k=0 7=0 |lk=0
Let oy < £, where [ is constant. Then, we take a conditional expectation of the last inequality and
get the following
N-1 N-1 j-1 i
1 m 2 232 m 2
B | Y oyl || <225 53 e |
7=0 7j=0 k=0 ]
202 N-1 [|li-1 2
+ N Z E ];)me,m(k) (we)|| e

<
I
o)

2 .
, and consider

Denote 07 = 4 Z o IV fonme () (1) — f (1)

i1 2
Z me,ﬂ't(k) (l‘t) Tt
From Malinovsky et al.| (2022, Lemma 1) we get
i1 2 i1 2
vam,ﬂ't(k:)(xt) x| < j2 va(zf)” +j2E | (vfm wt(k:)(xt) f(xt)) Tt
k=0 k=0
. iV —j
< 2190+ =02
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Thus,
1 Nl 952 N=1 j-1
E[N e, — x| ] <E[N i3 N = ) o
j=0 j=0 k=0
20‘§N71 2 JIN =3)
> (#1vseol+ =202
282 N(N —1) =
§E4%4(2 )3 Mfm]
=0
202 ((N(N —1)(2N — 1
+ 2o (=B 9 sy ?)
202 N(N +1) ,
N 3 ’r
Further,
1 N-1 - 1
38|+ S lapy — il o] <382N (v 1B Nznxm—xtu .
7=0

+ 207 ((N — )22N k) HVf(a?t)H + (N + 1)0?) )

Thus, if we choose 8 < , /W, we get

[ XN%JIN

7=0

xt] (3 - 382N [ ZH%

7=0

b

VI f )2 + (V + 1)03)

2
< 203 ((N = 1)@N = )(f(@) = f*)(Lo + Ly [V f ()]
N-1
FOV 4D S [V min @)
7=0
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Now, adding and removing f* to the sum factor on the right-hand side, we get

N—-1 M

1 ” 2 ~
E |y |2p = e||” |ze | < 207a(N —1)(2N — 1)(f(z¢) — f*)
7j=0 m=1
| N1w
+4aja (N + 1)W 2 n;(fmj(xt) — fimj)
= 203a; (N = 1)(2N = 1) + 2(N + 1)(f(2¢) - f*))
+4a?a (N + 1)A”
O
Proof of Theorem[3] From Lemma|T]and (IT) we get
o L Rlael?
F@en) < fx) =7V f @), ge) + (Lo + Lal|V flan)) =5
Additionally, from the fact that 2 (a, b) = —||a — b||? + ||a||? + ||b]|*> we can get
- _ I 2 llgell
F@en) < f@e) =7V f (@), g6) + (Lo + L[V f@)]) =5
< flz) — (—||Vf(33t = gell® + IV f () II” + llge?)
2
+ (Lo + LV e 202
2
g g e llg
< fa) = LUV @I+ L1950 - gl + (Lo + Ll ) 0
Consider ||V f(x;) — g|/* and denote a; = (Lo + L1||Vf(2y)|) and a; = (Lo +
L1 max,, ||me(xt ), then:
" y | N1
t 2 t m
EHVf(zt) —g:” = 5 |7~ 252 X%me ) (@) = V o, () (27)
v 1 N M
t 2
< Em par MZZI LO + L1||vf7n Tl't(])(xt)”) th - xt]”
y , N1
t~2 m |2
_Ea'tm Z th—xt]”
7j=0 m=1
From the above inequality and Lemma [f] we get
o 2, a2 LS 2 o 22l
f(@er) < flze) = S (IVF(@) " + 58— Z |ve — 2% |17 + a
2 2 N oo’ 2
@ o Yt 1 - < 2
f(@e) = IV f (@) TS %N Z |ze — %]
7j=0 m=1
1 X 2
. . 2
+ ata Mi Z Z ajt,j - xt” +at7t2 ||vf(xt)H
j=0 m=1
" y , N1 ,
. _ t - m
< flz) + (awf - 5) IV f () |I” + (ataf%z + - 2) VN 2 mz::l |2 — ]|
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1
Let v < T then

N—-1 M

Flaeen) < £ = LIV I + (was? + 2ad) oo S 5 [l — el

7j=0 m=1

Now, if we take conditional expectation of this and use Lemma[7} we get

E[f(wesn)la] < flae) = 2V F ()2
Y, 1 M 2
+ (atdfvf + gt 2) E\ v ' > ety — ]

< fe) = LIVI@)I?

+208a; (@i} + 4a )
% ((F() = FIN = DEN = 1) + 2N + 1)) — £) + 2N + DE)).

then

Since v, < 4a ,

2~3
2N @) < o) — Bl (ors)lodd + 25

X ((f(ze) — )N =1)@2N = 1)+ 2(N + 1)d; + 2(N + DA")).  (14)

Consider the left-hand side of (T4). Due to the bounds 7+ - =Yt = 3o on 7y, we have
gl CIIVf(w [§
N ||Vf($t)|| Tft
Then, we get
SV za)ll < @
sl > {CWM Vi@l <
R AGICH]
= o [ IS @ 950 s
8 Lo Ly

Denote 0; = f(x;) — f*, then from (I4) and (I3) we get
f(@e) = f(we41)

a?ad
4 3000 () — F7)(N — D@N = 1)+ 2V + ), +2(N + DE)
= b= b 25 () — PN — DEN — 1)+ 2N + D+ 2(N + )E))

+
¢ IV IVF (@)
3 mm{ I , L }

Let oy < Cét . ,/Z—i, where c is a constant such that /(N — 1)(2N — 1) + 2(N +1))T < ¢. Now
we take full expectation and use from Mishchenko et al.| (2020, Lemma 6):

El i {Cmm {nwm)n? |Vf<xt>|}}
t=0,..., T-1 18 LO ’ L1

(1 Sa at T
+ 2908 (N~ 1)(2N — 1)+2(N+1))) 2023
T 4ay

IN
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Corollary Fix ¢ > 0. Choose ¢ = +/((N—1)(2N —1)+2(N +1))T. Let oy <
84 /m. Then, if T > 2“%50, we have
2
. {min { 195l IV /Gl }H ..
t=0,...,T—1 Ly Ly
Proof of Corollary[3} Since ¢ = /((N —1)(2N — 1) +2(N + 1))T and oy < i %, ap <
8, /m, due to the choice of T > 25?"0 we obtain that
T
Satat
(135 (V- DEN =D 2N D)) s 26 ce
60 S S = S TR0
T T T 16
and that 25
304{ (N+1A" < Cs
Qg
Therefore, E [mint:O)m’T,l {min { ”vféﬁ‘)HQ, ”VfL(f”)” }H <e. O

C.2 ASYMMETRIC GENERALIZED-SMOOTH FUNCTIONS UNDER PL-CONDITION

Theorem 7. Let Assumptions I and @ hold for Sunctions f, { fm}m , and { fm7}M’N_.1 . Let

m=1,5=0
Assumptiond|hold. Choose 0 < ( < 1. Let 50 f( 0) — f*. Choose any integer T > %. For
all0 <t <71 —1, denote
ay = Lo+ La|[VF ()], ar = Lo + Ly max|[[V fpn ()] -
Put A" = = f*— # %:1 ;V:_Ol I mj- Impose the following conditions on the client stepsizes a
and global stepstzes Ve
: { V2 a
oy < min )
3M(M — 1)(115 Catd/2
a i€
12026, <5t((N “1)@N — 1) +2(N +1)) +2(N + 1)Z*)
8a+dp }
3T, (5t((N —1)(2N — 1)+ 2(N +1)) + 2(N + 1)Z*) ’
¢
—<m<—, 0<5t<T—1,
Qy 46Lt
where ¢ > /(N —1)(2N — 1) +2(N + 1)) T. Let & 4 f(z0) — f*. Let T be an integer such

that0 < T < 642(’CL1, A > 0 be a constant, o < \/%. Then, the iterates {xt}z:ol ofAlgoritth
satisfy

uC 4LoAc?
< - R
e (1 4L0> SRR

where o7 d:eff (xr) — f*.

Proof of Theorem[7] Let us follow the first steps of the proof of Theorem 3] Consider (14):
Tt
L IVF@)” < flo) = @)

2-3
3azay

8ay

((f(ze) = M = 1)(2M = 1) +2(M + 1)) + 2(M + 1)A").
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Since 7y, > 57 and f satisfies Polyak—t.ojasiewicz Assumptionﬂ we obtain that
D

ug (f(@,) = f*)

2,

< f@e) = fae)
3atd;®
8at
1. Let 7" be the number of steps ¢, so that |V f (i) > %) For such ¢, we have Lo+L1 ||V f (x4)|| =
Gy < 2L1 ||V f (x¢)|| - Therefore, we get

1G (f(xe) — f7)
4Ly [V f ()]

(6t((N C1)@@N — 1) +2(N 1)) +2(N + 1)2*) .

< f@e) = f(@es1)

30[%dt3
8a

Notice that the relation @, < 2L1 ||V f(x;)|| and Lemma|l]together imply

IVfll _ IV £ (o)]”
4L, — 204

<5t((N —1)(2N — 1)+ 2(N + 1)) + 2(N + 1)Z*) .

< flz) = .

Hence, we have

I8
@ < flwe) = f(weg)
304%6?,53
8a

(5t((N “1)(2N — 1)+ 2(N +1)) + 2(N + 1)2*) .

Subtracting f* on both sides and introducing ¢, def f (z) — f*, we obtain

LS
16L2

3aid?

8y

Orr1 < 6t

(6t((N —1)(2N — 1)+ 2(N + 1)) + 2(N + 1)Z*) .

apg o
As g < \/12L§a}3(6t((N1)(2N1)+2(N+1))+2(N+1)A*) , it follows that
30(752@}3 J— /_/,C
= (6t((N “1@EN 1) +2(N+1)) +2(N +1)A ) <
t

- 32L% '
Therefore, we get

LS
3202

2. Suppose now that |V f (z;)]| < %’ For such ¢, we have Lo+ L1 |V f (z¢)|| = a, < 2L¢. Hence,

pé (f (xe) — f*)
AL,

Oip1 < 0

< f(we) — f(weg1)
30&%(]7,53
8a

(5t((N —1)(2N — 1)+ 2(N +1)) + 2(N + 1)2*)).

Subtracting f* on both sides and introducing ¢, def f (z) — f*, we obtain

3ajd,® x*
Si41 < Sip+ Oét&at (6:((N = 1)(2N — 1) + 2(N + 1)) + 2(N + 1)A").

t

def - pu¢ def . A 8a; A
where p = 1 iLs Let oy = ady with & < \/3(1}3(6t((N—1)(2N—1)—:—2(N+1))+2(N+1)Z*) for

some constant A > 0. Then,
i1 < pdy + A
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Unrolling the recursion, we derive

o7 < p" "o + A Z 32L2 Z P’
i=0

5 Aa? 1-—
SpP_P5o+ _ P MCQ.
1-p 1—p 32L7

Notice that §;; < &§; + Aa?, which implies

- LS
5 <6 (T - T) Aa? — T HS
T=%t 32L2
Since o < AT, we conclude that
= ¢ _ 6450L2
0<6r<25g—T =>T< ———=,
TeT0 T Ty o
6460 L2 =
Therefore, for T' > Tl we can guarantee that 7' — 7" > 0 and
; Ao® o g
6 < T—T(S _ T T
TSP T, T R
Aa
- 1-—

Corollary 6. Fixc > 0. Choose v < min { \/ 25, Ly szg;} . Then, if T >

we have o1 < €.

Proof of Corollary[§] Since 0 < T < 6450L1 il

645°L1 + 4L° In 250 , we obtam that

S — 45 (7-T)
(1 4L0) 6 SB 50 S

choice of T' >

and that
4L0A (SQ < 3

uc CAT T2

Therefore, 1 < .

D PARTIAL PARTICIPATION

D.1 ASYMMETRIC GENERALIZED-SMOOTH NON-CONVEX FUNCTIONS

JA> 0,0 < /% a <Ly

O

_|_ 4L0 In 250

due to the

Theorem |4 Let Assumptionsand hold for functions f, { fm}m 1 and { fm; }m 1 j=1 - Choose

anyT > 1. Forall0 <t <T — 1, denote

= Lo+ Li[|[Vf(z)ll, ar= Lo+ Ly max IV fm(xe)ll, @ = Lo+ Ly max IV i (s

Put A* = f* — & n]\f:l I and A = - & Zm 1w ZJ o f,*n] Impose the following

conditions on the local stepsizes g, server stepstzes 1, global stepsizes 0y :

16a;" ¢ \ a; (2a.a? + a3

1 2a 1 2a
%NRST)tRSmin{at A)}7 %SCat
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1
TC <O <—, 0<t<T-1,
Q¢ 4045

where ¢ > /T,0 < ¢ < . Let §, d:eff (xo) — f*. Then, the iterates {zt}z:ol ofAlgorithmsatisfy

e[, up, {Son Il |94t W]

2a.a2+a3 24 T
1+ =0 (nfay + 7 R%ay + 7 Nay + 0} Ray)
< - T do
2&ta‘§ + &? 2 A* 2N~ Z* 2 A*
T&% <77tat + v Na:A™ +n; Ray ) .
We need to use the following relations to establish convergence guarantees:

donen S Xy SV ()

m€$’>"
=T — Utz Zl\k Z V m ( ) ’Vtzv ( ) ’
k=0 meS;
Tt41 :Jit—%(ﬂft—xf).

We assume that the whole sum is zero when the upper summation index is smaller than the lower
index. We can derive the following recursion from the above relations:

0

.’l?t—xt+1:’r’t7tR(fEt—{L'?)
Z > § ZVf’”(”)
mES”

Further, the first statement of Lemmal|T] yields the following inequality:

F(ween) < Fl@e) — (VF (@) — wemn) + (Lo + Ly [V F @)]) w

We deal with the last term, using the second statement of Lemmam

o — @l = Z oo ZW’”( W)

mGSXT
2
1 By 1 =t ; A ,
<202 5> = > o 2 (VA (w) - VH@)) |+ 202V @)
R C N <4
r=0 ~ mespr j=0
29? 9 R—1 N-1 o 2
< o (Lo + Ly |9 (@)]) o0 = a7,
RCN r=0 meSpr j=0
).

+407 (Lo + Ly [V f (o)) (f(e) = f*
We use the following notation: d; = Lo + L1[|V f(z¢)]|, ar = Lo + L1 maxy, |V fm (2|, ar =
Lo 4+ Ly max,, ; HVf],T; (xt)H . Next, we have that

o~ ot ”Z‘ié 2w Z i (« ”)wjiwﬁ (a5,)
=0 s Y =0
2 2
<277tZé, Z Jbzvfﬂj(nijt) +2 ’Ytjzlvfﬂ(rl)
meSHF 1=0
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Using Young’s inequality, we obtain
st <o [ 5 4 (o (o) o2 )
t un C N m m,t m t

+ 477t2

+ 47 | 3 (Vo (wils) - £ (a:t>)|

+ 47 Z Vf;;l (1)

.12
L&Y

Using Malinovsky et al.| (2022, Lemma 1), we derive the following upper bound on ‘ Ty — Ty

Ty — X <47) Gy)

m, t

k=0mesS}k j= =0

+ 4n?

<N202T2|Vf($t)”2 + Cr(M = Cr) 2)

1
N2C?2 M—1 °t

j—1
+ 4425 (a) QZ‘

xt—x

. (N —j
+02 (PIV @I+ Mam) ,

where

N—
Z Z IV F5 (20) = V fn (20)|1%,
1
N

. 2
Tt = || S (@) =V fn ()7
7=0
. ) rj def N=1]| rj 2
Using this bound on th - m"’ht for V, = &= Z Zmes“ > ’ Ty — xtH , We ob-
tain
R—1 N-1

BV = gy 2 3 SB[

<
CRN
R—1 N—-1 1 r—1 N—-1 j—1 2
E 2.2 k,j 2. r,l
X 477tT rCN ‘xt—wmt +4’7t] E me,t_wt
r=0 mES’f" 7=0 k=0 mGS:‘T 7=0 =0

1 N
T CRN 2 X <4vf <3‘2||Vﬁn(sct)||2 + J(N_f)gzn,t»

R—1 N—-1
1 1 M —
P (9 3z (V219 sl + UL E02) ).
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Recall that v NR < R < %at Summing over indices, we arrive at

R(IR—-1 . M(M -1 .

e < MYy a2 em) + YD 6 E W)
L 2pl f[j IV fon () [2(N — 1)(2M — 1) + 272 (N + 1) iwj 2
37 0 2 VY mi 37t M 2 T
2 M-C LR+,

+ 2RIV >||2<R—1><2R—1>+§(M o

<22 (a)* (1 + ROE[V)] +

OJ\[\D

M
Z IV fm () [P(N = 1)(2M — 1)

2 2
3RV @) PR - D@R 1) + 292N +1) 5 Z T

2 2R +1 M-C ,
- ~0¢.
3TN r— 1)t
To derive the bound on EE [V;] we need to require that 7 N R < 1; R < 15— to have 1—27 (ar)” (14
R?) > 0. Using Lemmal we have

E [Vi] <27§N2 Z IV fon (o) |? + 2077 RV f ()|

R M-C
2 2
+2’>/t]\']]\4Zo'mt<i>277t]\72(]\4 1)0016

M
1 *
< 4%&2]\7 Z Lo + Ll |me($t)||) (fm(aft) - fm)
=1
Mo Nl
+ A R4y (f(20) = f(2) + 208N 37 D0 D IV ()
m:l 3=0
M
M — 1
2
+277tR(M 10 mZ:1||me xt)

M
Z Lo+ Ly [V () []) (fm (1) = f73)

m=1

+ 40 R%ay (f (20) — f(24)
1 M 1 N—-1
+4%2N N (Lo + Ly [V 7 (@o)l]) (fd () — 0 ")
=1 =0
M-—C L
+477?RW 7 2 (o L[Vt Unte) = )

=1
The bound for E [V}] is given by the following:

M
Em]szxnfat( w)— 1"+ (f*—AZval))JrM?Rth (flw) = )

fla (f*—z Zf’”’))
+4n§Rat(M S (f(xt)—f*+<f*—ﬂl4n;f;>>.

43

+4vy?Na,

/



Under review as a conference paper at ICLR 2025

Recall that A* = f* — LS A= — LS00 LS T £ Therefore,
E[Vi] < 4nfa; (f(ze) = f* + A*) + A R%ay (f () — f7)
M-C

Rewriting, we obtain

. - M-C
E[Vi] <4(f(z¢) — f*) (nfat +niR%a, + i Na, + nj Ray (M 1)0)
* _ C *
+4nfa A + 42 Na A" + 477t2RatWA

<A(f(xe) = f7) (mat + 07 Ry + i Nay +7]?Rat)
+ Anta; A + 492 Na, A" + 492 RayA*.

Following this, we need to establish a bound for the scalar product
_<vf (-/'Et) mt+1> = 9t<vf (Et Z Z Z varJ ( ) ) >
mES“

Using the identity 2(a, b) = |la + b]|* — ||al|* — ||b]|*, we obtain
2

R— N—
0 1 j
(V@) w = aenn) = — | LIV @I+ |5 Z > NZ v (i)
= ¢ mes T j=0
R—1 N-1 2
0, 1 o= 1 1= o i [
r=0 meSs}” 7=0
R—1 N-1 2
B 0; 2 1 =1 I o ( r.j )
r=0 " mespr T i=0
R—1 N-1 2
9t 1 — 1 1 - ol 7,7 )
“Slrie 2 w2 (VU (a) -V )
r=0 mEStA" j=0
Using Lemma(T]and omitting one of the terms, we get
R—1 N—1
0 0 . 1 1 1
—(Vf (@) swe—ar1) < =5 IVS (@)|P+5 @)’ 5 Y = [z~ ||
r=0 = meSpr J=0
Taking the expectation with respect to the randomness of the algorithm, we have
0
Ef(zi1)] < f2) - *tIIVf (a0
9 a?
”Z > § ZH T~
T mGS’\T
a
+ Et e = zepa]
Recalling the definition of E [V;] and taking the conditional expectation, we obtain
0 0;a? . .
E[f(zir)l @] < (@) - §t||vf (@)|® + t2t E Vi) + 67|V f (20)[|* + 6767 E V7]

0.3 A
SIEVI 4+ 62a}E V).

= Jlw) — B (1= 26,80 V7 () +
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Using the fact that 6; < , we arrive at
B[ fren)l o] < Fa0) — P97 @l + B v] 4 -2 B (V)
T _ — .
t+1 t] > t 4 t 8 t 16&? t
Recalling the bound on E [V}], we obtain
Bl f(ren)l 2] < fo0) — IVF @Ol + LB W] + -2 By
t+1 t] > t 4 t S&t t 16 t
0,
< flae) — jl\vf ()]
a; 4 22
(55 * ez ) W) =1 (nfas + 7 R*as + ¢ Nag + 17 Ray )
+ a7 0! (nQatA* + fyzN&tZ* + nQRatA*> . (16)
th 463 t ¢ t
Using the fact that ; > =, we get that
0|V f ()] S Vs (z0)]”
4 - 4a, ’
Therefore,
2 T 2
6.V f (@)ll® {Wf“' Vi@l <$e, _¢ { IV (@l V()] }
AR v > Lo L
Denote 5, & f (x¢) — f*. Then we have
¢ IVF@)I® V()]
S < =4 0
3 min To ) i < —0¢41 + 0t
20,02 + a3 . _
% (nfar + i R*ay + v; Ny + ni Ray) 6
t
2a,a2 + 63 .
% (nfatA* +y2Na; A" + ntQRatA*> )
t

2 24
Recall that n, < 2% W, Y < RN

(2020, Lemma 6), we appear at

: ¢ IV [[Vf(zd)l
1=01 -1 {8 . { Ly = L

f

T
(l_i_m(nta +n?R2at+’Y,52th+n152Rat)) 5

W, ¢ > /T. Using Mishchenko et al.
tayTay

< T 0
W (nfatA* +2Na A" + nfRatA*) .

t
CorollaryH Fix ¢ > 0. Choose ¢ = 2/T. Let n; < th\/%f@amf’iagm e Nt S
N\ wea rapyarr Then if T > Tz, we have

- {mm {nwm)nQ 194l }H ..
t=0,...,T—1 Lo ’ Ly -

Proof of Corollary[)] Since ¢ = 2T and 7, < QG*W Y < 621‘%1;\/ \/ﬁ,
and n; < 2dt\/2m(2at&2ja3)A*RT’ v < 2]‘\1; PRETI ?fzt)A T due to the choice of T' >
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7250 12A* 6A” :
max{ G e e },We obtain that

T
(1 + M (nt ar + ntszat + i Nat + n; Rat))

T - T - T — 24
20,02 + a3 N Ge
# (nfa:A* + nf Ra,A*) < 51
and that )
24,47 + aj 2 Ce
——";Na N < 2=
442 a 24
Therefore, E [mintzo ,,,,, T—1 {min { |W<f£”gt)‘|27 ”VfL(lﬂﬂt)H }H <e. O

D.2 ASYMMETRIC GENERALIZED-SMOOTH FUNCTIONS UNDER PL.-CONDITION

Theorem 8. Ler Assumptions I and E| hold for Sunctions f, { fm} _, and { fm]}fnf’]\l[ jo1 - Let
Assumptzonahold. Choose 0 < ( < 1 7- Let 50 = f( 0) — f*. Choose any integer T > %. For
all0 <t <T —1, denote

ar = Lo+ L1||Vf(z)|, at= Lo+ Ly max IV fm(ze)ll, ar= Lo+ Ly I{lna;( IV [ (z)]] -

Put A* = f* — i %:1 fr and Ny = f*— i %:1 % ;V;Ol Jmj- Impose the following

conditions on the local stepsizes vy, server stepszzes 77t7 global stepsizes 0, :

1 2, a2
NR <R < .
TN = I = T { 164, ¢ \ ar Qacas +a2)’ \/32L§ (0 + A%) ag (262 + @)’

425,
TL% (6t + A*) a¢ (2&t6~l% + d?) ’

2a 1 a2,
YN R < min 2a 5 7?’5 0 ,
¢\ a (2a.a3 + a3) TL? (5t +A ) ay (2aa? + a3)

agpg
3212 (5t + Z*) r (26,2 + 63)

¢ 1
=<6, <
t_4dt7

~ ~ 2
where ¢ > VT. Let T be an integer such that 0 < T < 642(’(L1 , A > 0bea constant, o < 4/ %.
Then, the iterates {xt}tT;Ol of Algorithmlsatisfy

uC 4LoAc?
< - R
e (1 4L0> T

0<t<T-1,

>
&

where 1 d:eff (z7) — f*.
Proof of Theorem|[8] Let us follow the first steps of the proof of Theorem[d] Consider (T6):

%Hw (@)” < f(ae) = f(wee)

(f(ze) = fF) (77t ar +n; R*ay +v; Nay + n; Rat)
2a.a7 + aj

102 (n?atA* + ’ththZ* + nfRatA*) )
i

46



Under review as a conference paper at ICLR 2025

Since 0; > di, and f satisfies Polyak—t.ojasiewicz AssumptionEl, we obtain that
t

Ng(f(;f)_'f ) < f(xt)"f(xt+1)
at
2a,a7 + a3

142
2a.a7 + a3

4a?

(f(xe) = f9) (77t2at + ﬁtZRZflt + ’Ydet + nfRat)
(nfatA* +72Na A" + ntZRatA*) .

1. Let T be the number of steps ¢, so that |V f (i) > %‘1’ For such ¢, we have Lo+L1 ||V f (a4)|| =
Gy < 2Ly ||V f (x)| - Therefore, we get

¢ (f(ze) — f7)
1LV @l < flze) = f(2e41)
2a.a7 + a3

4a?
2a.a7 + a3

4a7

(f(ze) — f*) (nfae + n; R*ay + 7{ Ny + nj Ray)
(ﬁfatA* + fnyZLtZ* + nfRatA*) :

Notice that the relation G; < 2L; ||V f(z)|| and Lemmall|together imply

IVl _ 19/l
414 - 2G4

< flz) = [
Hence, we have

by < @) = fa)

2a.a7 + a3}
463

2a.a7 + a3}
4a3

(f(ze) = f7) (n?at + 07 R?a; +~7Nay + nfRat)
(nfatA* +~2Na, A" + nfRatA*> .

Subtracting f* on both sides and introducing J; &ef f(x¢) — f*, we obtain

IS
1612
2a:a7 + a3
4a?
20,02 + a3
4a?

Or11 < Oy
6 (nfas +ny R%a, +v; Na, + nj Ray)

(nfatA* +2Na A" + nfRatA*) :

Asy; < da; e and n; < \/ daju¢ it follows that
Tt = 128L2(6,+A" )ar R2N2(2a, a2 +4a3) "t = \/ T28L2(6, 4 A% )a, RZ(2a,a2 1a3)

24 ~2 ~3
28 0 s (n2ay + 12 R%G, + 72Ny + 2 Rar) +

187
20,07 + 07 ( 5 2 A7 A* 2 * s
74&% (nt a A" + v Nay A + n; Ra A ) < 32L%'
Therefore, we get
I8
Oppq < 0p — —.
=TT 32
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2. Suppose now that ||V f (x¢)|| < f—f For such ¢, we have Lo+ L1 |V f (24)|| = G, < 2Lg. Hence,
T _ *
e (flwe) = 1*) < F(xe) — f(zem)

4L
20,07 + a3
% (f(ze) = f*) (nfar + n7 R?ay + 77 Nay + 17 Ray)
t
2a.a7 + a3

(nt atA* + ;3 NatA + n; RatA*)
4a?

Subtracting f* on both sides and introducing J; & f (z) — f*, we obtain
2a.a7 + a;
4A2
20,42 + a3
4a?

Oip1 < Oep+ d¢ (ntzat +ni R%ay + 7 Ny ‘H?tzRat)

(nt A"+ Na, A" + n? Ra, A ) .

def def 4a2 A
where p ©f ] — #< Let v = ad¢ and ny = any with 4y < \/4L§(6t+A )ath2N2(2dt&t2+d§f) and

. 447 A
e < \/4L§(5t+A*)atR2(2thz?+&f)’ for some constant A > 0. Then,

i1 < pdy + A
Unrolling the recursion, we derive

(oo}
57 < p" 6o + Aa? Zpi - 32L2 Z '
i=0

_p Ao®  1-pP g
<o’ P6O+1—p71—p32L%'

Notice that §; 1 < §; + Aa?, which implies

78
3202

5T§50+<T T)Aa 7

Since a0 < we conclude that

AT’
s - 646013
O<6T§250—T77 =>T§ .
32L3 s
Therefore, for T' > OCLl we can guarantee that 7' — T > 0 and
j Ao® o5 g
op < pT= 715 —Tp"
A T AETYR:
~ 2
<p" "o+ 1Aa .

O

Corollary 7. Fixe > 0. Choose o < mm{\/ jOT,L“ / fjﬁf}} Then, if T > 645" i + 4L° In 250,

we have 61 < €.

6450 L2

Proof of Corollary[7] Since 0 < T < ,A>0,a < %, a < L %7 due to the

choice of T' > 642(’CL1 + 4ML<° In 250 , we obtain that
(1 - 4”50) §o < e 15 (T-T)5, < %
and that
4L0A 50 < 3
uC AT — 27
Therefore, 01 < €. ]
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E ADDITIONAL EXPERIMENTAL DETAILS FOR MAIN PART

In this section, we provide additional experimental details: parameters search grids and some tech-
nical details that did not fit in the main text. For all the plots we provide in the legend all the
best parameters found by the grid search. The parameter grids are provided as table for every
method. All the code can be seen at https://anonymous.4open.science/r/local_
steps_rr-BASE/|

It can be seen from pseudocode of Algorithms [T} [2] [3] that global stepsize depends on the full gra-
dient. However, our numerical tests showed that use of gradient approximations g,, for Algorithm
[[]and g for Algorithms 2] 3] gives better numerical results while being less computationally expen-
sive. Thus, in our practical experiments we decided to use this approximation in calculation of global
stepsize. We want to point out, that the theoretical analysis for this “practical” version of the algo-
rithm can be done be considering very small inner stepsizes. Although, we decided not to include it
in the current version to keep the presentation more concise and avoid additional complexities.

E.1 METHODS WITH RANDOM RESHUFFLING

10
10°
10°
. — S0, Ir=1e-07
T 10 NASTYA, Ir=1e-06
R —— €SO0, cI=10000.0, Ir=0.0001
= o~ CLERR,ci=1000000, Ir=0.0001 M A
" m v
10"
107
0 20 40 60 80 100

Epochs

Figure 5: Function residual for (@), o, = 10~7. The best parameters are provided in the legend.

In these experiments we compare methods with random reshuffling, that shuffle data once at the
start of training process. The main idea is to show the positive impact of random reshuffling and

clipping on algorithm performance. We incorporate these two techniques inside our CLERR method
(Algorithm [2).

Firstly, consider (). For these experiments we take d = 1 and randomly sample 1000 shifts z; €
[—10, 10]. We run all the methods for 10 different seeds on a logarithmic hyperparameter grid. Then
we choose the best hyperparameters according to the best mean loss values on the second half of
epochs. The parameter grid is provided in Table[I] To find f*, we run the Newton method for couple
iterations until convergence.

Since both Nastya and Algorithm [2] have jumping at the end of every epoch, if we tuned the inner
stepsize along with other parameters, the inner stepsize would go to zero and the outer stepsize would
be selected such as these methods solve the problem in 1 step. This would be unfair because other
baselines do not use a jumping technique, so they would not be able to achieve such performance.
Thus, we decided to fix the inner stepsize for Algorithm [2| and Nastya equal to the best stepsize,
chosen for SO, and tune the clipping level and outer stepsize with the outer stepsize not exceeding
the values supported in theory. Here and later, for simplicity, we speak about Algorithm [2]in terms
of stepsize and clipping level, that we can obtain from cq and ¢; from (3). The best stepsize for SO
is 1077, so we choose inner stepsize for Nastya and Algorithm [2| the same. Nastya chooses outer
stepsize equal 10~7, while CSO and CLERR (Algorithm [2)) choose it equal to 10=%. CSO clips
gradients at the level 104, while CLERR — at the level 10°.
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Method Stepsize Clipping Level | Inner Stepsize
SO 10~8,10~2 - -
NASTYA 1078,1072 - 1077
CSO 1078,102 109,10° -
Algorithm[2[ | [107%,10~7 10°,10° 10=7

Table 1: Parameter grids for experiments on methods with random reshuffling on (d).

E.1.1 RESNET-18 ON CIFAR-10

Loss [[VAXx)]] Accuracy
15 1.0
2.0
0.8
1.5 i 10
£ 0.6
S 1.0
=
> 0.4
0.5
0.2
0.0 0
0 100 200 0 100 200 0 100 200
20 20 W
o 15 15 0.6 — 50, Ir=0.01
o —— €SO, cl=10.0, Ir=0.1
. 10 0.4 !
1.0 | 4 NASTYA, in_Ir=0.01, Ir=0.1
5 02 — CLERR, in_Ir=0.01, c/=10.0, Ir=0.1
0.5 0 “ —— CLERR-h, ¢x=0.1, ¢;=10.0
0 100 200 0 100 200 0 100 200
Epochs

Figure 6: Loss, gradient norm and accuracy on train and test dataset for ResNet-18 on CIFAR-10.
The best parameters are provided in the legend.

In this experiment we consider image classification task. We train ResNet-18 on
the CIFAR-10 Krizhevsky et al.| (2009) dataset. The implementation of ResNet-18 was taken from
https://github.com/kuangliu/pytorch—cifar. All the methods are run on 3 differ-
ent random seeds on logarithmic hyperparameter grid. Then we choose the best hyperparameters
according to the best mean test accuracy on the last 25% of epochs.

In this experiment, we do not fix the inner stepsize for Nastya and CLERR, since methods do not
try to make it as small as possible, as it was in the previous experiment. However, both SO, Nastya,
and CLERR choose the same inner stepsize 1072 as the best. Then, both Nastya and CLERR
choose bigger outer step size 10~!, and CLERR also chooses clipping level on outer step size as
10. Despite the fact that both Nastya and CLERR choose bigger outer stepsizes compared to inner
stepsize, jumping does not have any impact on this problem. CLERR clips outer gradients at the
level of 10, so this also does not help method to converge to a better area.

Moreover, we provide results of heuristically modified Algorithm 2] where we fix clipping level
and inner stepsize of Algorithm 2] equal to the best clipping level and the best stepsize from CSO
correspondingly. The tunable parameters are only ¢y and c¢; for outer stepsize. We call this method
CLERR-h. CLERR-h chooses an outer stepsize equal to 5, while the clipping level is very tiny and
equal to 1072, All the parameter grids are provided in Table
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Method Stepsize Clipping Level | Inner Stepsize co c1
RR 10-3,1071 - - - -
NASTYA | [1073,1071 - [10-%,107] - -
CRR 10-3,1071 109,103 - - -
CLERR 10-3,1071 107,103 [107%,107] - -
CLERR-h - 10T 1071 [1072,10% | [1072,107]

Table 2: Parameter grids for experiments on methods with random reshuffling on ResNet-18 on
CIFAR-10.

E.2 METHODS WITH LOCAL STEPS

5 —— C-LGDJ, t=1, cl_Ir=1e-10, c_0=10000.0, c_1=1e-10 2 N C-LGDJ, t=1, cl_Ir=1e-10, ¢_0=10000.0, c_1=0.01
10 CELGC, T=1, ¢_0=10000.0, c_1=1e-10 100 —— CELGC, =1, ¢_0=100000.0, c_1=1e-10
103 —— CE-FedAvg, =1, se_Ir=1.0, cl_Ir=0.0001, cl_cl=10.0 —— CE-FedAvg, =1, se_Ir=1.0, cl_Ir=1e-05, cl_cI=10.0
4
, |~ C-LGDJ, =10, ol_Ir=1e-10, ¢_0=10000.0, ¢_1=1e-10 10°  ---- C-LGDJ, T=10, cl_Ir=1e-10, ¢_0=10000.0, ¢_1=0.01
10 ---- CELGC, 1=10, ¢_0=1000000.0, c_1=1e-15 ---- CELGC, =10, ¢_0=1000000.0, c_1=1e-10
% 10,1 ---- CE-FedAvg, T=10, se_Ir=1000.0, cl_Ir=1e-08, cl_cl=1.0 "~ . 1O1 ---- CE-FedAvg, t=10, se_Ir=1.0, cl_Ir=1e-05, cl_cl=10.0
| \ h | .
107 S 107
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(@ zo = (1,...,1) (b) zo = (10, ..., 10)

Figure 7: Function residual for (@), starting from different z for different number of local steps on
the client device 7. The best parameters are provided in the legend.

In these experiments we compare methods with local steps: Algorithm [T](C-LGDJ) with Communi-
cation Efficient Local Gradient Clipping (CELGC) (Liu et al., 2022)) and Clipping-Enabled-FedAvg
(CE-FedAvg) [Zhang et al|(2022). For comparison we take problem (@) for d = 100, where we
randomly sample 1000 shifts z; € [—10, 10]¢. To make the distributions of data on each client more
distinct between each other, we sort the whole dataset at the beginning of the experiment by ||z;||.
Each method has 10 clients, where each client has equal number of data. We provide results for
two starting points: zo = (1,...,1) and zy = (10, ..., 10). All the methods are run for 10 different
random seeds on logarithmic hyperparameter grid. The best hyperparameters are chosen according
to the best mean loss on the last 25% of epochs.

Each client performs 7 = 1 or 7 = 10 local steps, and each local step is performed on the whole
local data. For ease of implementation and due to computational limitations we iterate over all the
clients sequentially.

We reformulate constants co and c; as server stepsize and clipping level from (3) to better interpret
the experimental results. We start by paying attention to results with a single local step. Firstly,
consider C-LGDJ (Algorithm . It chooses tiny client stepsizes 10~ '° and small server stepsizes
5 - 10~° for both starting points. For Figure [7a|it also takes very big clipping level for server 1014,
compared to Figure [7b, where it clips on level 106, which is obvious because on the second picture
methods start farther from the minimum and have bigger gradients. Secondly, consider CELGC.
In both cases, it takes very small client stepsizes: 5 - 107° and 5 - 10~ respectively, and very big
clipping levels: 10'* and 10'° respectively. Finally, CE-FedAvg also takes small client stepsizes:
10~* and 1072, rather big server stepsizes, which are equal to 1, and average client clipping levels:
10 in both cases. For 7 = 10 we have the same parameters for C-LGDJ, CELGC tries to make even
smaller steps with high clipping levels, while CE-FedAvg uses a much bigger server stepsize and
much smaller client stepsize, for the case from Figure

The grids of hyperparameters for g = (1, ..., 1) are provided in Table [3| and for zy = (10, ..., 10)
— in Table @
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Method Cl. Stepsize | Se. Stepsize | Cl. Clip Level Co c1
Clipped-L-SGD-J | [10~19,10Y] - - [10~1°,10°] | [10~19,10°]
CELGC - - - [10-1°, 10T | [10~15,1017]
CE-FedAvg [10~19,10°] | [10719,107] [10°,107] - -
Table 3: Parameter grids for experiments on methods with local steps on @) for g = (1,...,1).
Here ”’cl.” means “Client”, and “’se.” — ’server”.
Method Cl. Stepsize | Se. Stepsize | Cl. Clip Level Co c1
Clipped-L-SGD-J | [10~19,10Y] - - [1071°,10°] | [10~19,10°]
CELGC - - - [10~1910%0] | [10~1°,1017]
CE-FedAvg [10~1910°] | [10~1°,107] [10°, 107 - -
Table 4: Parameter grids for experiments on methods with local steps on @) for zo = (10, ..., 10).

Here cl.” means “client”, and "’se.” — "’server’”.

E.3 METHODS WITH LOCAL STEPS, RANDOM RESHUFFLING AND PARTIAL PARTICIPATION

—— CRR-CLI, s_Ir=1e-10, ¢_Ir=1e-10, c,=100000.0, ¢;=1e-10
—— CE-FedAvg-PP, =10, s_Ir=10.0, c_Ir=1e-06, ¢c_cl=1.0

0 25 50 75 100 125 150 175
Number of meta-epochs (communications)

200

Figure 8: Function residual for @), starting from zo =
parameters are provided in the legend.

In these experiments we compare methods with clipping, random reshuffling, local steps and partial
participation: Algorithm [3| (CRR-CLI) and with CE-FedAvg Zhang et al.| (2022) with partial par-
ticipation (CE-FedAvg-PP). For comparison we take problem () for d = 100, where we randomly
sample 1000 shifts 2; € [~10,10]%. Again, to make the distributions of data on each client more
distinct between each other, we sort the whole dataset at the beginning of the experiment by ||z;]|.
All the methods are run for 10 different random seeds on logarithmic hyperparameter grid. The best
hyperparameters are chosen according to the best mean loss on the last 25% of epochs.

(1,...,1) with batch size 16. The best

Each method has 10 clients, where each client has the same amount of data. The size of the cohort
is chosen to be 2. The method performs local steps on each client from the cohort, after which it
performs communication and goes to the next cohort. In the Algorithm [3the clients to the cohort are
chosen sequentially with sliding window after Client-Reshuffling. In CE-FedAvg-PP clients to the
cohort are always chosen randomly. The starting point is chosen zo = (1,...,1). All the methods
are run for 10 different random seeds. The best hyperparameters are chosen according to the best
mean loss on the last 25% of epochs.
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For local steps we chose batch size equal to 16. In Algorithm [3|every client goes sequentially over
the whole shuffled local dataset with batch size window. In CE-FedAvg-PP we fix number of local
steps to 10, and each client samples batch on every local step.

Just like in previous experiment in Section [5.2] all the methods try to reduce the influence of local
steps by making inner stepsizes very small. Algorithm [3| chooses both client and server stepsizes
equal 1071, and CE-FedAvg-PP chooses client stepsize equal 10~ and client clipping level equals
1. Speaking of outer steps, Algorithm [3| chooses global stepsize equal to 5 - 10~7 with clipping
level 10'6. And CE-FedAvg-PP has server stepsize equal to 10. The grids of hyperparameters are
provided in Table[5]

Method Cl. Stepsize | Se. Stepsize | Cl. Clip Level ) c1
CRR-CLI 10~19.10°] | [10710,10° - [10719,10°] | [10719,10°]
CE-FedAvg-PP | [10-10,10°] | [10~1°,103 [10°, 107 - -

Table 5: Parameter grids for experiments on methods with clipping, random reshuffling, local steps
and partial participation. Here ”cl.” means “client”, and ’se.” — ”server”.

F LOGISTIC REGRESSION EXPERIMENTS

Since in the experiments on neural networks (Sections [5.1.1] [E.T.T)) regular CSO (SGD with clip-
ping) showed very good results, we decided to conduct additional experiments on logistic regression,
where we compare CSO with our Algorithm[2] We consider gisette and realsim datasets from libsvm
library |[Chang & Lin| (2011). All the methods are run for 3 different random seeds on logarithmic
hyperparameter grid. The best hyperparameters are chosen according to the best mean loss on the
last 25% of epochs. The results are presented in Figure 9]

—— CSO, cl=10.0, Ir=0.001

| —— CSO, cl=10.0, Ir=0.01
CLERR, in_Ir=0.001, cI=1.0, Ir=0.01

100 [ CLERR, in_Ir=0.1, cI=1.0, Ir=0.001 10°
= 107 =
S 10 a3
= =
- 10-2 1071

1073

0 50 100 150 200 250 0 20 40 60 80 100
Epochs Epochs
(a) gisette (b) realsim

Figure 9: Gradient norm for logistic regression problem on gisette and realsim datasets. The best
parameters are provided in the legend.

Since the inner stepsize for CLERR has the same meaning as stepsize for CSO, we decided to take
the same parameter grids for these two parameters. The same goes for clipping levels in spite of
the fact that CLERR clips the gradient approximation only in the end of the epoch. This experiment
shows that CLERR either has the same performance as CSO or better. Since logistic regression
is (Lo, L1)-smooth, such result is expected, as Algorithm [2]is designed for such type of functions.
Figure @ shows us that CLERR chooses very small outer stepsize 102, while inner step size is
bigger than the one in CSO: 107! vs 1072, In the Figure [9b] CLERR chooses parameters in the
opposite way: inner step size is very small and equal to the one from CSO, while the outer stepsize
is bigger. The parameter grids for gisette dataset is presented in Table[6] and for realsim — in Table
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Stepsize Clipping Level | Inner Stepsize
CSO 1073,1071 109,102 -
CLERR | [1073,107 T 107,107 [1073,1071]

Table 6: Parameter grids for logistic regression experiments on gisette dataset

Stepsize Clipping Level | Inner Stepsize
CSO 1075,107 1 10°,10? -
CLERR | [1073,1071 109,102 [107°,1071]

Table 7: Parameter grids for logistic regression experiments on realsim dataset
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