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Abstract

We consider the problem of sampling from a probability distribution 7. It is well known that
this can be written as an optimisation problem over the space of probability distributions in
which we aim to minimise the Kullback—Leibler divergence from 7. We consider the effect of
replacing 7 with a sequence of moving targets (m);>0 defined via geometric tempering on the
Wasserstein and Fisher—Rao gradient flows. We show that replacing the target distribution
with a geometric mixture of initial and target distribution does not lead to a convergence
speed up.

1 Introduction

Sampling from a target probability distribution whose density is known up to a normalisation constant is a
fundamental task in computational statistics and machine learning. A natural way to formulate this task is
optimisation of a functional measuring the dissimilarity to the target probability distribution, typically the
Kullback—Leibler (KL) divergence due to the fact that the KL does not require knowledge of the normalisation
constant (Chen et al.| (2023, Theorem 4.1) and |Crucinio| (2025b))).

When the space over which the optimisation is carried out is the Wasserstein space, i.e. probability distri-
butions with bounded second moments equipped with the Wasserstein-2 distance (Ambrosio et al., [2008)),
the resulting gradient descent scheme is referred to as Wasserstein (W) gradient flow.

A second class of gradient flows which has gained popularity in recent years is that of Fisher—-Rao (FR)
gradient flows, i.e. gradient descent w.r.t. the Fisher—Rao or Hellinger—Kakutani distance. Contrary to
the Wasserstein metric, which leads to a diffusive behaviour, the Fisher-Rao metric leads to birth-death
dynamics in which mass is created or removed (Lu et al., [2019; [2023).

Combinining the W and the FR gradient flows by making use of the Wasserstein—Fisher—-Rao metric (Gallouét
& Monsaingeon, 2017)) leads to the Wasserstein—Fisher-Rao (WFR) gradient flow. The WFR flow combines
the diffusive behaviour of the W gradient flow with the FR flow and enjoys more favourable convergence
properties, combining the rate of convergence of the W flow with that of the FR flow (Domingo-Enrich &
Pooladian| [2023; |Lu et al.| [2019); its numerical approximation can considerably speed up the convergence of
gradient based methods for multimodal targets (Lu et al., |2019; 2023).

In this work we consider tempered versions of the Wasserstein, Fisher—-Rao and Wasserstein—Fisher—Rao
PDE:s obtained by considering a time varying target m; o 71')‘“/1(1)7)‘*' for A\t : Ry — [0,1]. We show that in the
continuous time setting, tempering the target m does not improve convergence speed for the Wasserstein, the
Fisher-Rao and the Wasserstein-Fisher-Rao flow (Proposition and. Similar results hold for the discrete
time dynamics (Proposition [3| and equation . We explore the gradient flow structure of these tempered
dynamics and obtain convergence guarantees for the joint optimisation w.r.t. ;4 and A using recent advances
on optimisation on the product space P(R?) x [0, 1] (Caprio et al., 2025-+; |Cruciniol [2025a)). This point of
view allows to not fix A; in advance as is normally done with tempering dynamics but to learn it as time
progresses.
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Our theoretical results complement those shown in (Chehab et al.| (2025) for the W flow and confirm that
tempering does not necessarily improve the dynamics of Wasserstein, Fisher—-Rao and Wasserstein—Fisher—
Rao flows.

Notation We define some notation that will be used throughout the manuscript. We endow R? with the
Borel o-field B(RY) with respect to the Euclidean norm || - || where d is clear from context. We denote by
C(RY) the set of continuously differentiable functions, for all f € C'(RY) we denote the gradient by Vf.
Throughout this manuscript we denote the target by 7 and assume m = exp(—Vy) for some V, € C'(R%).
The initial distribution for the tempering iterates is denoted by py = exp(—Vp) with Vy € C*(RY). Given
7, po we define 7, oc m pd 7 for A : Ry — [0, 1].

2 Tempered PDEs for sampling

We consider a class of PDEs in which the target 7 is replaced by a sequence of moving targets (m)¢>0. We
refer to these PDEs as tempered PDEs. The original non-tempered dynamics can be obtained by replacing
m; with 7 throughout. Samplers based on tempered dynamics have become popular in the literature with
the hope that the introduction of moving targets will improve the convergence of the sampler (Niisken et al.,
2024; |Albergo & Vanden-Eijnden| 2024; |Chehab et al., [2025; |Guo et al., [2025]).

We focus here on the sequence (m;);>0 defined by the geometric tempering iteration m; o T ;L(l)_’\‘ where

the tempering schedule A\; : Ry — [0, 1] is non-decreasing in ¢ and weakly differentiable. This has been
popularised in the sampling literature through its use in sequential Monte Carlo (SMC; [Del Moral et al.
(2006)), annealed importance sampling (AIS; Neal| (2001)), parallel tempering (PT; |Geyer| (1991)) and the
homotopy method (Daum & Huang), 2008).

The tempering sequence )\; is fixed a priori. Popular options include the linear rate A\; = s/t, the exponential
rate A; = 1 — e~ for @ > 0 and the optimal rate for log-concave targets in [Chehab et al.| (2025, Section
4.2). We empirically compare this sequences in Section

2.1 Tempered Wasserstein dynamics

We start by considering the tempered Wasserstein flow of [Chehab et al.| (2025). The corresponding PDE is
given by

put ()
19) =V- 1 tell . 1
pate) =5 - (o) iog (240 )) 1 € p.50) )
This PDE is not a gradient flow of Dk, (u||7) and thus decay of Dkr,(p||7) along the flow needs to be checked
directly (e.g. |Chehab et al.| (2025, Theorem 1)).

We now analyse the decay of the Kullback—Leibler divergence along the tempered W PDE and compare it
with its standard non-tempered counterpart. We obtain a result similar to |Chehab et al.| (2025, Theorem 1)
(see Appendix [A] for a proof). Our result carries the same message as |Chehab et al.| (2025, Theorem 1) but
allows for an easier comparison between tempered and standard PDEs by splitting the contribution to the
decay of KL into the classical rate for standard W flows and a bias term.

In order to obtain our results we make the following assumptions on 7, pp. These assumptions are strong
but somewhat classical in the study of convergence of Langevin based samplers (e.g., Durmus et al.| (2019);
Chehab et al.| (2025))).

Assumption 1. The negative log-densities Vi, Vy have Lipschitz continuous gradients with Lipschitz con-
stants L, Lo, respectively. In addition, there exists c.,co > 0 such that

(x — ', VVi(z) = VVe(z)) > collz — 2|, (x — ', VVy(x) — VVo(z")) > collz — 2’|

Assumption (1| implies that 7 satisfies a log-Sobolev inequality (e.g.,|Chewi et al.| (2024)):
-1

c‘ﬂ'
Dis(ullm) < %= [ ulViog 22, )
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In addition, Assumption [I] implies the dissipativity condition
(2, VVa(z)) 2 axl|z]* - br,

for some a, > 0 and b, > 0. Assumption [I| also implies that VV; := (1 — X\;)VVy + A V'V, is Lipschitz
continuous with Lipschitz constant L; = (1 — Ay)Lg + AL, and strongly convex with constant ¢; > (1 —
)\t)CO + )\tCﬂ—.

Proposition 1 (Tempered W). Under Assumptz'on the tempered W PDE equation reduces the Kullback—
Leigbler divergence at rate

t
Dy (pe||m) < e Dy (po|) + A/ e 2(t=en (1 — \,)ds, (3)
0

where A < 00 is a constant which only depends on the dissipativity and Lipschitz properties of Vi, Vy. The
convergence rate of the standard W PDE is recovered for A\s = 1.

The first term corresponds to the rate of the classical W PDE, to which a bias term is added due to the
fact that m; approaches m only as ¢ — oco. The bias term only disappears for Ay = 1, corresponding to the
standard Wasserstein gradient flow.

2.2 Tempered Fisher—-Rao dynamics

Given the tempering sequence m;, one can also define the tempered FR, PDE

i = on(2) . (2]

Similarly to equation [} the PDE equation [4]is not a gradient flow of Dxp,(p|).

Using the fact that

e’ log iy () Tt
— = e'logmi(z) — 'K, {log (Mtﬂ

and the expression for 7m; we can obtain an analytic expression for the solution of the tempered FR PDE

Ts

t
log j14(x) = log Mo(x)(/ el = A)ds +e7h) + logﬁ(l")/esftksds —/ e By, [1og (M)] o
0 S

It follows that

t
eft—&-fo e TH1=Xs)ds ft €5t Aods
Mt X Hg /o .

(5)

We now show that equation {4 reduces Dxr,(p||m). We consider the same assumptions required to obtain the
convergence results for the standard FR flow in |Chen et al.| (2023, Theorem 4.1).

Assumption 2. Assume that pg, ™ have bounded second moments [ ||z||*uo(x)dz < B, [ ||z|*r(z)dz < B
and

oM+ < £0(T)  ar(te)?) (6)
< S

for some M > 0.

Under this assumption, we can show that equation |4 reduces Dkr,(u||7) at a rate which is always worse than
that of the standard FR PDE (see Appendix [A] for a proof).
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Proposition 2 (Tempered FR). Assume @ The tempered FR PDE equation reduces the Kullback—Leibler
divergence at rate

t t
Dy, (pue||m) < M (1 — / e5 7t \yds) {2 + B + Bexp <M(1 + B)(1 - / eSt)\sds)ﬂ . (7)

0 0
The convergence result for the standard FR flow in |Chen et al| (2023, Theorem 4.1) is recovered setting
A = 1.

Since 1 — fot et \yds — et = fot e*~H(1 — Ag)ds > 0, we conclude that the tempered FR PDE does not
improve on the convergence rate of the standard FR PDE given by Me™*[2+ B + Bexp (M (1 + B)e™)].
To further see. thls consider the evolution equation [5]and compare with the evolutlon along the standard FR
PDE p; o< pu§ ‘r1=¢"" We have ur = 7 only for ¢ — 400, and since 1 — f estAgds > et it is clear that
the tempered FR evolutlon moves more slowly than the standard untempered one.

2.3 Tempered Wasserstein—Fisher—-Rao dynamics

Given the tempered W and tempered FR PDE one can naturally define a tempered WFR PDE

e (o (20)) e (o (22) o ().

By defining the derivative of Dxr,(p||7) along the tempered W flow equation [1|and that along the tempered
FR flow equation [4] as

d 7
D) = [l Tiog 212 4 () 108249 - (1o (1))
n ™ Ho

d
o — Dk (g FRH’]T) = —var,, (log %) — (1= A)covy, (log %,log :())

we can write

d T-WFR d T-W d T-FR
dtDKL(:ut ||7) = dtDKL( [[7) + dtDKL( [|7),

showing that the W and FR geometries are indeed orthogonal as shown in (Gallouét & Monsaingeon, 2017)).

Exploiting the fact that the time derivative of Dky, along the tempered WFR PDE factorises into two terms
as in the case of the standard WFR flow, if u; follows the tempered WFR flow equation

D (pe|m) < min { Dr, (uf "V [|7), D (i "™ 1m) } 5 9)

i Vllw )

where an upper bound to Dxr,(p; ) is given in equation I 3| and one for Dk, (u in equation

2.4 Multivariate Gaussian case

Our results as well as those in |Chehab et al.| (2025) suggest that the tempered dynamics do not improve on
the gradient flow ones discussed in the previous section. However, our convergence results only obtain upper
bounds for the decay of Dgj, which are not necessarily tight. To confirm that the tempered PDEs do not
improve over the standard ones, we consider the special case of transporting a Gaussian po(z) = N (z;mg, Xo)
to a target Gaussian m(z) = N (z;my, X,), for which the W, FR, WFR, and their tempered versions can be
solved analytically (see Appendix [B).

In particular, observing that both the tempered W flow and the tempered FR flow preserve gaussianity, we
have that 11,(z) = N (z;my, %) for each time ¢ > 0 for equation [1} equation [ and equation [8} The evolution
of m; and ¥, is given by the following ODEs for the tempered W flow

e = —(AEI1 + (1 - A5 (mt (1= A)MoSr 4+ A o) (AT + (1 — At)zﬂ)*l)
Y= —(AZ 4 (1= A)Eg D% — SN (1= A)Sgh) + 21,
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Figure 1: Evolution of mean, variance and Dxgp, along different PDE flows in the 1D Gaussian case with
wo(z) = N(x;0,1) and 7(x) = N (x;20,0.1) (first row), 7(x) = N (z;1,5) (second row).

and for the tempered FR flow by

mt = —Et()\tE;l + (1 — )\t)Eal)(mt — mﬂ—)
Y= —S(Z 4+ (1= )80 HE + 2

The standard (i.e. non-tempered) flows are obtained by setting A; = 1 in the above equations. The tempered
WFR flow is obtained by summing the r.h.s. of the W and the FR flows.

Figure [I|shows the evolution of mean, covariance and Kullback-Leibler divergence along different PDE flows
in the case of 1D Gaussians. For the tempered PDEs we use the linear schedule A\; = s/t. The initial
distribution is a standard Gaussian and we consider two different targets: for target 1 (first row) we set
my, = 20,3, = 0.1. In this case the W flow is faster than the FR one and the WFR flow behaves more like
the W flow (Figure [I| top row). For the second target (second row) we have m, = 1,X, = 5; the FR flow
is faster than the W flow for all sufficiently large ¢, and the WFR flow more closely follows the FR flow.
Figure [I] confirms our theoretical results: the tempered PDEs result in a slower convergence to the target
than the corresponding standard flows.

2.5 Discrete time convergence

Tempered unadjusted Langevin algorithms (Tempered ULA;|Chehab et al.|(2025)) provide an approximation
of the tempered Wasserstein PDE equation [I| by using an Euler discretisation of the associated SDE

dX; = Vlogm(X;)dt + V2dB;. (10)

Denote by 7, 7r’\nu(1fA" obtained by considering a time discretisation 0 = Ag < Ay <--- < A, < A1 <
.of Ayt Ry — [0,1] with A, = A,,. The Tempered ULA dynamics for discretisation steps (yy)n>0 are

given by

Xn=Xp_1+ 'anlogﬂ'n(Xn—l) + v 2’7715717 (11)
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where &, ~ N(0,Id). Denoting by p,_1 the law of X,,_;, the update equation [11] corresponds to

pntz) = (3 [ exp (—Qﬂnw YV log (W) )un L(y)dy

where u,, denotes the law of X,.

Under Assumption|[I]we can then obtain an equivalent result to Proposition[l]in discrete time (see Appendix|[C]
for a proof). This result is similar to [Chehab et al.| (2025, Theorem 3) and carries the same message. As
in the case of Proposition [I] it allows for an easier comparison between tempered and standard PDEs by
splitting the contribution to the decay of KL into the classical rate for standard W flows and a bias term.

Proposition 3. Under Assumption if ¥ < min(1, %, T ), then

k
Dxr (] |7) < Dcr(po]|)e™ 2=t V505 4 Z 6r2dL2 + (1 — ) A)e ™ 2ot 754,

where A’ depends on the constants from Assumption the second moment of the initial distribution ug, and
linearly on the dimension.

Similarly to Proposition [T} this result shows that the rate of convergence of tempered ULA is upper bounded
by the rate of standard ULA (e.g. [Vempala & Wibisono (2019, Theorem 1)) plus a bias term which disappears
Consider the tempered FR PDE equation [} instead of using the exact evolution equation [f] consider an
explicit time discretisation with discretisation steps (yn)n>0

() ~ 08(ptn-1) = = (105 (22 ) = .., frog (1)), (12)

where m, o 7k o An Observing that E,.. . [log (’L n 1)} is just a normalising constant, we obtain the

sequence of distributions

/in O(‘LL,'(,ll l'Yn) n7 7}1,57417 ’Y'n) )\,L 1Yn (17)‘n71)7n' (13)

Proceeding recursively the above becomes

i X ’utl) Zk | VR AR- 1Hg lc+1 7 71—2::1 VeAk—1 H;L:k+1(1_7j)

which corresponds to one step of mirror descent with time step d,, = >, _; YA -1 H;L:k 4+1(1 =) applied
to the Kullback—Leibler divergence (see |Chopin et al| (2024])). The non-tempered FR dynamics correspond
instead to mirror descent with 6, =1 — [[;_,(1 — %) wich correspond to the above when \,, = 1.

The fact that the mirror descent update reduces Dk, follows from (Chopin et al.| (2024, Proposition 1) with
vn, replaced by 6, therein:

D (pallm) < (607 TT (1 = 68) Dicw. (7| 120)- (14)

k=1
It follows that, since d,, <1 for all n > 1, the tempered FR flow reduces KL at a geometric rate [;_; (1 —
dr) — 0 as n — oco. To compare the tempered FR dynamics with the standard FR dynamics consider 1 — 4,

in the tempered case 1 — 0, = Y ;_; VeAe—1 H] k1 (=) < S e [ (0 =) = TTema (1 = )
Thus tempering reduces the convergence rate in equation @

3 Gradient flow structure of tempered PDEs

The tempered PDEs described above do not correspond to gradient flows of Dk, (u||7). To identify a gradient
flow structure, we consider the functional F(u,\) : P(R?) x [0,1] — R defined as F(u, ) := Dxr(u||7y)
where m) ul ArA and optimisation now occurs over both p and A. In this case the sequence ); is not
fixed a priori but learnt as time progresses.
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3.1 Tempered Wasserstein dynamics

To define a gradient flow of F we need to consider a metric on P(R?) x [0,1]. To derive the tempered
Wasserstein dynamics equation [I| from a gradient flow point of view, we consider the Wasserstein metric on
P(R?) coupled with the Euclidean metric on [0, 1]. The metric structure of this product space is investigated
in Kuntz et al.| (2023, Appendix A), which guarantees that P(R%) x [0,1] is a metric space.

We follow Kuntz et al.| (2023) and consider VF(u,A) = (V. F(i, A),OnF (i, A)), where V,, denotes the
gradient w.r.t. p in Wasserstein distance and Jy the usual derivative in Euclidean space. Using [Kuntz et al.
(2023, Lemma 1 and Eq. (18)), we find

Vo F(,\) =V - <w log 7;;) , NF (1, \) = — / 11(x)0y log 7 () dz.
The gradient flow dynamics are then given by
o ™ (%)
O () = =V (ut(x)VIOg 12 (@) ) (15)
. _ m(x) 7(x)
>\t - /,u‘t (x) a)\ log PN ('T)‘)\z)\t dr = /Mt ('T) log o (x) dx \/ﬂ-)\t (x) log /J/()(x) dx

Tr(r)

as 9y logmy(z) = log = uo ) — [ 1og dx It is now easy to see that the evolution of u; coincides with

the tempered W PDE equation [I] prov1ded that the appropriate \; is chosen.

Under Assumption [1} |Caprio et al.|(2025+, Theorem 1) guarantees that the Wasserstein gradient flow of F
given by equation [15] converges exponentially fast.

Proposition 4. Under Assumption [, the Wasserstein gradient flow of F given by equation[I5 satisfies
0 < Flue, Ae) < F(v, £)e2teoner) )

where ¢y, ¢, denote the convezity constants of po,m, respectively, and (v,£) is the initial condition of equa-
tion [13.

Proof. To apply |Caprio et al.| (2025+, Theorem 1) we check Assumption 1 and 2 therein as well as the
extended log-Sobolev inequality (Eq. (11) therein).

The mapping A — ) = ,uz‘)_)‘7r>‘ /Z is twice continuously differentiable with derivatives

=10 Tr(x) - T2 ) 1O, 7T($) X 2 og (X ) = var 1
ontogmy (o) =tox 0 = [ my(a)tog M, o lowma(o) =vars, (1)

which are finite quantities under Assumption[I] In addition, m(z) > 0 for all A, z if yo(z) > 0 and 7 (z) > 0.
The Lipschitz continuity in Assumption [1] then guarantees that [Caprio et al.| (2025+, Assumption 2) is
satisfied.

To check the extended log-Sobolev inequality in (Caprio et al.| (20254, Eq. (11)) we note that 7* = 0 and,
since 7y is strongly log-concave under Assumption [T}

Fu ) = Drallms) < 5 [ 190108 20 Pua)ds < 5 [19, 10 22 Puta)aa

where ¢y > (1 — X)cg + Aer > ¢o A ¢ is the convexity constant of my.

3.2 Tempered Fisher—-Rao dynamics

We exploit the fact that mirror descent provides a time discretisation of the Fisher-Rao dynamics (Chopin
et al.l |2024)) and consider directly the time-discretised solution of the tempered FR PDE equation
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Similarly to [Crucinio| (2025a), we consider a mirror descent scheme on the product space P(R?) x [0, 1].
Given an initial 29 € P(RY) x [0,1] and a sequence of step-sizes (V,)n>1, one can generate the sequence
(2n)n>0 as follows

Zpy1 = argmin {-F(Zn) +(0F (2n), 2 = 2n) + (7n+l)7lB¢(Z‘Zn)} ) (17)
z€P(R4)x[0,1]

where B, denotes the Bregman divergence induced by a convex and continuously differentiable functional
é: P(RY) x [0,1] — RT, and §F(z) the first variation of F at z = (i, \) (see Appendix |§| for a derivation).
Writing the first order conditions of equation we obtain the dual iteration

Vé(zn) — Vé(zn—1) = = 0F (2n—1).

Let By be any Bregman divergence over [0,1] and denote z = (p,\). Then By(z1|22) = Bp(A|X2) +
Dxr,(pa|p2) is a Bregman divergence over P(RY) x [0,1] with ¢ : (u,A) — [log(u(x))u(z)dz + h(N) as
guaranteed by |Crucinio| (2025a, Proposition 1). Writing the first order conditions of equation with
Bregman divergence as above, we obtain the dual iteration

V() = VA(An_1) = 7 / Onlogmy(#)lsey. | finor(z)dz (18)
log i () —log pin—1(x) = —yn-1 [log pt—1(2) —logmx, ()] .

The second component corresponds to the discretisation of the tempered FR PDE equation up to the
normalisation constant, and, since Vh is bijective due to the convexity of h, we obtain the update for \ as
follows

— (vh)! (vmnl) 4 [ i) = 72 () o ;@) d:c) (19)

If Bj, is the Euclidean distance, so that equation becomes a gradient descent update, Assumption
guarantees that 7y is both strongly log-concave and gradient Lipschitz continuous w.r.t. A (see the argument
in the proof of Proposition . We can then apply |Crucinio| (2025a;, Proposition 1) to obtain the following
result.

Proposition 5. Under Assumption if h =1 -|%/2 and if v, < min(c,, 1)~ for alln > 1, we have

0 < F(pns An) < (31) 7" [T (1 = v min(ex, 1) [Drr(wl[v) + 1€ = 1]1%),
k=1

where ¢y, is the convexity constant of 7 and (v, £) is the initial condition of equation .

4 Numerical Experiments

We now present some numerical experiments to support our results in the previous sections. Code to
reproduce our experiments will be made available.

4.1 Algorithms
We briefly describe here the numerical approximations of the tempered W PDE and the tempered WFR
PDE that we use in the following sections.

For the tempered W PDE we use the Tempered ULA dynamics equation[I1} For the tempered WFR PDE we
adapt the sequential Monte Carlo algorithm of |Crucinio & Pathiraja| (2025) to the use of tempered targets.

To obtain a time discretisation of the tempered WFR PDE we consider the solution operator of the tempered
W flow and the tempered FR flow separately. Assume that for certain discrete time n — 1 the solution of
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the tempered WFR PDE is given by p,—1. Given u,_1, a discretisation of the tempered W flow for a time
step v, leads to

1
poyale) o [[exp (=l =y =2 log I ) s ()

which can be implemented using the tempered ULA equation [IT] Using the exact solution of the tempered
FR PDE equation [5] we have

e [T et (A-A)ds oy [T et Auds _ ( m(z)
() X, _1/9(x 0 x)so T\ _1/0(2)
(@) O fin—1 /2 (2) () Hn1/2(@)

> foﬂ{ e’ Y \yds

/Ln—l/Q(x)v (20)

where we used e”! + fot eSTH1 = Ng)ds = 1 — fot e*~*Xyds. Given pi,_1/2, we can obtain u, by importance
Y s—n

sampling with weights (W(x)/un,l/g(x))fﬂ oA

Alternating between one step of tempered W flow approximated via equation[TI]and one step of tempered FR

flow approximated via importance sampling we obtain an approximation of tempered WFR PDE through

sampling-based procedures. A resampling step to avoid the weight degeneracy normally introduced by

repeated importance sampling steps can also be added (Algorithm [I]).

Algorithm 1 SMC-T-WFR.
. Inputs: learning rates (7y,)n>0, initial proposal fi.
: Initialize: sample )}(’) ~ po and set Wi =1/N fori=1,...,N.
:forn=1,...,T do

if n > 1 then B

Resample: draw {X!_;}N | independently from {X_,, W} }¥, and set W = 1/N for i =

1,...,N.
6: end if _ B

W flow: update X! = XZ—l‘*‘\/Eglq/w where X! | = X! 4+v,Viogn(X!_,), & _1/0 ~ N(0,1d)
fori=1,...,N.
8: FR flow: compute and normalize the weights W} oc w, (X?) for i = 1,..., N, where

f‘m e® "I N\ ds
wp(z) = . (@) . ’ : (21)
Nt Ei:l N(z; X}, + v Viog m, (X)), 27, - Id)

>

9: end for _
10: Output: {XE, WiN .

Despite using the tempered unadjusted Langevin algorithm as proposal, Algorithm [I] does not coincide
with the standard tempering SMC sampler (Chopin & Papaspiliopoulos| 2020, Chapter 17). To draw a
connection between the two, consider the time discretisation of the tempered FR PDE in equation [L3]| with
Yo = 1, py < T uél_)‘"). Using this sequence of distributions with the tempered unadjusted Langevin
proposal equation coincides with the commonly used tempering SMC and results in weights w, (z,) =
(m(zn) /1o ()"~ for sufficiently small v (Dai et al., 2022).

4.2 Tempered and Standard PDEs

Propositionshows that the tempered Wasserstein dynamics (T-W) do not improve on the standard Wasser-
stein gradient flows (W) in the case of strongly log-concave target w. A similar result holds for the WFR
flow combining the rates in Proposition [I] with those in Proposition [2 as shown in equation [0} For bi-modal
targets, which satisfy a log-Sobolev assumption but are not log-concave, (Chehab et al.| |2025, Theorem 8)
shows that the T-W flow has exponentially slower convergence than the standard W flow.
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Figure 2: Convergence of approximations to 7 given by tempered and standard PDE flow with target the
Gaussian mixture equation 22} Convergence is measured through the MMD with standard Gaussian kernel
and is averaged over 50 replications. We plot the percent of iterations required to achieve MMD< 0.01
for increasing m. We include standard W & WFR and tempered flows with A\; = s/t, Ay = 1 — e™ %%,
As=1—-1/(2+s).

We empirically show that the same is true for the tempered WFR flow. We consider the same setup of
[Chehab et al.| (2025):

po(z) = N(z;0,1), m(x) =%N(a:;0,1) + %N(m;m,l). (22)

This target satisfies a log-Sobolev inequality (Schlichting, 2019) with Crg; = (14 (€™ +1)/2).

For the tempered PDEs we consider the linear rate A\; = s/t, the exponential rate Ay = 1 — e™* for
a = 0.01 and the optimal rate of |Chehab et al| (2025), A = 1 — 1/(2 + s) (which follows from setting
wo(z) = N(z;0,1)). We check convergence computing the MMD with standard Gaussian kernel.

Figure [2| shows the number of iteration needed to achieve MMD< 0.01. For the W flows we run N parallel
chains using the same number of iterations and discretisation steps as for the WFR flows. We see that the
tempered dynamics do not perform better than the standard dynamics; the optimal rate performs similarly
to the non-tempered dynamics for both W and WFR. WFR converges faster than the W flow for all choices
of tempering regardless of the log-Sobolev constant Cpsr. The increased convergence speed of WEFR comes
at a higher computational cost; while ULA and its tempered variants have O(N) cost, WFR and Tempered
WFR require the computation of the weights leading to an O(N?) cost (Crucinio & Pathirajaj, [2025).

4.3 Tempered SMC-WFR and Tempering SMC

We now compare two approximations of the tempered WFR flow: Algorithm [I] obtained using the analytic

solution of the FR flow and the usual tempering SMC algorithm (e.g. |Chopin & Papaspiliopoulos| (2020)))

which uses the sequence i, oc 7 /,L(()l_)\") and tempered ULA equation |11|as proposal kernel.

We empirically compare this two approximations on a 1D Gaussian example with po(z) = A (z;0,1) and
m(z) = N(z;20,0.1) using the linear schedule Ay = s/t. We take v € [0.001,0.1] and investigate how well the
two approaches match the exact evolution of Dgp, along the tempered WFR, flow obtained using the moment

10
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Figure 3: Evolution of Dgy, along the tempered WFR PDE flow with linear schedule and two approximations
via SMC. We have po(xz) = N(;0,1) and 7(z) = N (2;20,0.1), v ranges from 0.001 (lighter color) to 0.1
(darker color).

ODEs in Appendix [B] Figure [3] shows that for small v the two approximations are both close to the exact
evolution along the tempered WFR PDE but as v increases tempering SMC deviates from the continuous
time evolution by slowing down convergence.

Despite the slower convergence, tempering SMC has some advantages over the approximation of the tempered
WFR flow given by Algorithm [I} setting 7, = 1 in equation [13| results in weights which only involve 7, ug
and thus can be computed in O(1) time against the O(N) time of equation In addition, when using
the sequence of distributions p, oc mt» u(l)_/\", one can set Ay = 1 for some large 7" and therefore obtain
7 in finite time; this is not the case for the exact solution of the tempered FR PDE equation [5] for which
convergence to 7 only occurs in the infinite time limit.

5 Discussion

We consider tempered dynamics and show that, both in continuous and in discrete time these dynamics do
not improve the convergence speed of the standard, untempered ones. Even if our theoretical and empirical
results (Section suggest that tempered dynamics are not beneficial for sampling, we point out that the idea
of tempering, i.e. to slowly move the initial distribution pg to the target = via a geometric path, coincides
with the unit time FR flow

Bpe(z) = () (log (;((”;))) ~E,, {log (;)D tel0,1], (23)

as highlighted in [Chopin et al.| (2024); Domingo-Enrich & Pooladian| (2023)).

Unit time FR flows are easily rescaled to the infinite time interval as shown in [Domingo-Enrich & Pooladian|
(2023). We can therefore connect the tempering dynamics considered in this work with the Fisher—Rao
flow in infinite time. It is intuitive that tempering the FR flow itself will not improve on its convergence

(Proposition [2)).
Combining the infinite time FR flow with the W flow leads to the WFR flow and is known to improve

convergence 1, 2019). Therefore, changing the target in time using m; ,utlf)‘tﬂ“\t only introduces a
bias and does not speed up the WFR dynamics.
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A Continuous time convergence

A.1 Tempered Wasserstein PDE

Consider the W PDE

Orpr =V - (Mtng (?))
t

where m; oc M ,ué_At and \; : Ry — [0, 1], \; is non-decreasing in ¢ and weakly differentiable.
A direct computation of the decay of Dkr,(put||7) along this PDE gives
d 7r
Dl = = [ V1o 2124 (1= 2 1082 (1uviog (2 ))
t 0 s o

= 7/,ut||Vlog %Hz +(1- )\t)/,ut [AVh — AV, — (VVL, VVy — V V)]

where we used the expression for m; and multiple applications of integrations by parts.

To proceed we recall that Assumption [I] implies the dissipativity condition
(@, VVa(z)) 2 axl|z]|* — br, (24)

with az = ¢; — 1/(2¢) > 0 and b, = €||[VV,(0)]|?/2 > 0 for € > 1/(2¢,) (see, e.g., Crucinio et al. (2024,
Appendix B.3) for a proof); and similarly for pug. A consequence of the dissipativity equation [24] is

1 by d+b,
E[IIX[%] < —Ex[(X, VVR(X))] + = = : (25)

2 2

In addition, V;; must be minimised at some point 2y € B(0, 4/ g—"), thus the Lipschitz assumption implies

IOVl <222 (Ja1? + 25 ). (26)

™
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The same properties follow for pyg.

Using the above and |Chehab et al.| (2025, Lemma 15) we have
/ 1 [AVo — AV, — (VVy, YV — YV,

br
< Ly = ca) 4202 (Bullal? + ) + [TV v IVVaIR)

b b
< (L — o)+ A2V ZE,) (Bullel?]+ (22 v )

< d(Lyy — ex) +A(L2V I2,) (Euomxnﬂ v I buo tbr (b” v b)) - A

Ao N A ar Qo

Using Gronwall’s Lemma we obtain
t
Dict(pua||) < =27 Dt (pio| ) + A / e=2(t=9)ex (1 _ ), )ds.
0

A.2 Tempered Fisher Rao PDE

oo o (49) - i (2)])

where m; oc ™™ and A\, : Ry — [0,1], A is non-decreasing in ¢ and weakly differentiable. Using
an argument similar to that of |Chen et al.| (2023, Appendix B.1) we can show that this PDE reduces the
Kullback—Leibler divergence w.r.t. 7.

Consider the FR PDE

The normalising constant of p; satisfies

Zy = /uo(x)lffo es_t)‘sdsﬂ'(x)fo es_t)‘sdsdx

)
exp( (1+ |20 /Ot es_t)\sds)> do
)

> exp (/ e ( M(1+ [|z*)(1 - /Ot es_t)\sds)) dac)

> exp (—M(l +B)(1— /Ot eS‘tAsds)> ,

where we used equation [6] and Jensen’s inequality.

Since fot e* "t A,ds < 1 we also have

t o s—t tos—t
Mt(x) B 1 Mo(x)lifo e )\Sdsﬂ_(x)fo e Asds

@) 7 (@)
Zl (Mo(( )))1f0‘ e* "t Aads

t

< exp (M(1+B)(1 —/Ot e~thuds) + M(1 + |2|2)(1 —/O es-fAsds)>

14
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from which we obtain the result
t

Dxr,(pe]|m) < M(lJrB)(lf/O esft/\sds)+M(1+/ut(x)||zH2dx)(lf/O eS 7t \ods)

< M(1+B)(1- /Ot et Ads) + M(1 + Bexp (M(l +B)(1 - /Ot es_t)\sds)) )(1— /Ot e\ ds)

using Proposition [I]
Proposition 1. Assume that [ ||z|?po(z)dz < B, [ |z||*n(z)dz < B and equation[d, then

/,ut(x)HxHde < Bexp <M(1 + B)(1 - /Ot eSt)\sds)> .

Proof. Using the expression for p; in equation [5| and Hoélder inequality with p = (1 — fot e*“thyds)™! and
q= (f(;5 e*“tAsds) "1 gives

1 — teS’t’/\Sds teS’tASds
/ (@) l2l*de = o / (o) lz]?) o (n (@) |]2) o dz
k et hyds

< Zit (/ Mo(a:)|x||2dx)l_f0t T </ﬂ($)||x||2dx> k

< Bexp (M(l + B)(1 — /Ot es_t/\sds)) :

B Analytic solutions: Multivariate Gaussian case

This section focuses on comparing the evolution of the PDEs introduce in this section for the special case
of transporting a Gaussian po(z) = N (z;mg, Xo) to target Gaussian m(z) = N (z;my, X;). In this case, we
can obtain nice expressions for the moments along the flow described by each PDE.

In particular, observing that both the tempered W flow and the tempered FR flow preserve gaussianity, we
have that p:(z) = N (z;me, X¢) for each time ¢ > 0.

We detail here the results needed to obtain the ODEs describing the tempered and standard PDEs for the
special case of transporting a Gaussian ug(x) = N(z;mo, Xo) to target Gaussian m(x) = N (z;my, Xr).
Wasserstein Flow (Langevin) The PDE in this case is the Fokker-Planck equation for the overdamped
Langevin SDE
dX; = —VVx(X;)dt + V2dB,
= -3 N (Xy — ma)dt + V2dB,.

Since the potential takes the form Vx(z) = 1(z —mz)" S ! (z — m), the moment equations are standard as
this essentially boils down to an Ornstein-Uhlenbeck process. They are given by

mt = —E;l(mt — mﬂ)

Y= -2y, -, n 421

and the explicit solution can be found as

S _yy—1
my =e mo+ (I —e Er Ymy,

t
5, = 157 <2/ 652;1(652;1)Td5+20) (2T,
0
In the 1D case, we can easily evaluate the expression for ¥; as

Et — e*QtE;l [EO + Eﬂ(@QtZ;l _ 1)]
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Fisher—Rao flow In the Gaussian case, the ODEs for the mean and covariance respectively are given by

mt = —thgl(mt — mﬂ—)
DIFESIE 31 Dk NS Y

The explicit solutions in this case are known (see e.g. |Chen et al.| (2023, Lemma E.3)),

mi=mz+e ' (1-e S+ e_tZal)_l Yot (mo — mx)
=m, + e_tEtEgl(mo — M)
yol=n e (2 - 20,

™

Tempered Wasserstein flow (Tempered Langevin; (Chehab et al., [2025)) Recall the diffusion
process characterising Tempered Langevin is given by

dX, = —[(1 = M)V Vo + AV, Vi ]dt +v2dB,

where A; : Ry — [0,1) is a non-decreasing function of ¢. The corresponding evolution PDE given by

oni = taevs () - (i (23) ) v (aaees (555) )

where m; 71'/\",11/(1)_/\t. The second equality shows that it can be seen as a sum of two Wasserstein parts with
temperatures Ay and 1 — A;.

Note that m; is a product of 2 Gaussian densities N (mw, %) and N (mo, E—g\t) therefore m; oc N(ay, Pr)

S EA N TR B
R S VR I Wi I S WL W

P =3, (M0 + (1 - \)20) 1%

where

and the intermediate densities are still Gaussian. Then we have the same structure for the moment ODEs
as for infinite time Wasserstein gradient flow, except with m,, ¥, replaced by a;, P; respectively,

1
. s (o (B S Y (B S
e = = (Zo(\So + (1 A)S,) "' 0) (mt (o3 + e 20 ) (224 5

=~ (A7 (1= AT (1= (1= A)moTa + Amao) (Mo + (1= 2)%) ™)
5= — (Se(MS0 + (1= A)S0) 7' 80) T 8 = 5 (S (M S0 + (1 — A)Se) 1 8) T + 27
= (S (1= X)) = B (1= A)8gh) + 21

In the 1D case, the explicit solution is given by

t
my = moei fo

t _ t _ t u _ u _
P N ksdszl/ (1= A8 tmo + )\uEglmﬂ]efo (1-A)dsS5 [ AdsB T g
0

(17)\S)d520_17]0t AedsET?

_ to -1 t _1
5, = Soe 2f0(1 As)dsSg 2fo AsdsZ

t 1 t 1 t u —1 u -1
4902 Jla=nodssgt—2 [Fxdss; / o2 [ra=nodssgt+2 [ n.dss; .
0
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Tempered Fisher—Rao flow Recalling that m; oc N(ay, P;) with a;, P; as before and observing that
tempered FR PDE can be written as

i (355 )
e (l"g (uf@)M ll"g G) ) ) (l"g @8) log (Z)D |

we see that the tempered FR PDE is the sum of two Fisher—Rao paths with temperatures A; and 1 — A;.

The ODEs describing the evolution of the moments of p; are obtained from those for the standard FR flow
replacing m, >, with a;, P;

my = —Et()\tE;l + (]. — )\t)Eal)(mt — mﬂ)
Y= —S(Z 4+ (1= )80 HE + 2

C Discrete time convergence

C.1 Tempered ULA

To deal with the tempered W flow update we use Step 2 in the proof of |Chehab et al.| (2025 Theorem 3) to
obtain

Diculpallr) = Dislionllm) + [ o) tog ™2 (27)

We recall that p, is obtained as

_ 1
o) = (1) [ exp (= e =y = 1T lorma ()P ) - )

and using Vempala & Wibisono| (2019, Lemma 3) with ~,, < ¢, /(4L?) we obtain
D (| |0n) < 77" Dicr, (ptn—1|70) + 677d L.

Thus we obtain

Ly || 7 (T

Z)KL( n|| ) <e ’YnCnDKI (/Jn 1||7Tn) +6’}/2d[2 / (x)l él:)) ]
< e Mt dL2 B 1 7T(.’E)
=¢ KL(’“” 1|| )+6’7n [ﬂnfl(x) Nn(x)] °8 s (x) !

((x) iz,

)
where we used the fact that Dxr,(pn—1|mn) = Dxr(ttn-1]|7) + [ pn—1log™/x, and e~ 7»°» < 1 and that
1-A
T = o " An ) Z

= e " Dip(pn—1||7) + 672d L7 + (1= Ay) /[unfl(w) — pin(2)] log

Let us focus on

1@ = (@) o m(z)

po()

o= [ s (@) Vola) = Ve@)do+ [ on(0) (Val) = Volo))do
< [ @Votw) — inf Vo(olldo+ [ un(a)[Va(e) = inf, Vi(o)lda.

zER?
Using |Chehab et al.| (2025, Proposition 14) under equation we can bound

()
/ in-1(2) = ()] o = 2

bo br
dr < 2L0f+2L +2L0/,un_l(x)||:z:H2dx+2L7r/un(x)Htzdz

b b 2(3(bg +bx)/2+d
<20 4+ 2L, % + 2T + Lo max (B, o], ZELEINEE D)
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using |Chehab et al.| (2025, Lemma 16) to bound the second moment of p, for all n > 0 since v, <

min(17 W) fOI all n > 0.

Using induction we then obtain

n k
DKL(MnHT") < DKL(,UOHW) k LRk 4 Z 6'Yk 1 _ )\k)A,) Zml%m.

D Auxiliary results for Section 3]

D.1 First variation of F

We recall the definition of first variation of a functional F : E — R™ on E. We denote by E* the dual of E
and for any z € E and z* € E* we denote the dot product by (z*, z).

Definition 1 (Derivative). If it exists, the derivative of F at z is the function §F(z1) : EX — R s.t. for
any zo € E, with £ = 29 — 21:

lg (a1 + €€) = F(20)) = (07 (0. €)

and is defined uniquely up to an additive constant.

Using this definition for (s, ) = Dir,(1/|mx) we have for 2 = (s, A), i = 1,2, and € = 25 — 21 = (€x, £,
Flar+e€) = Fla) = [ log (pn + €)(a)) lnr + )@z — [ logms, sy (o) + eyl )da+
+ [logmy @n(a)de — [ 1og (@) s (w)do
=~ [log e, (@)~ logmy, ) ()i — ¢ [ og o, (008 ()

+ f1og (14 2288 (oo + ¢ f10g (1 + <6100 0o

We then have that

lim }(]:(zl +ef) — F(z)) = =& / Oxlog ma(w)[y_y, pa1(w)dw — /logw,\l(:v)gu(x)dm

e—0 €
f,,

o)+ [ log (s (a)) (o)
where the equality follows from the Taylor expansion of the logarithm as € — 0. Therefore, we can write

— [ Oxlogma(@)]yoy, a1 (@)dz ¢
log Ml(&?) +1 , gu .

c—0 €

lim 2 (F (21 + e€) — F(=1) = <

The result follows since §.F is defined up to additive constants.
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