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Abstract

This paper provides theoretical analyses of problem-independent upper and lower
regret bounds for Gaussian randomized algorithms in semi-bandits with sleeping
arms, where arms may be unavailable in certain rounds, and available arms satis-
fying combinatorial constraints can be played simultaneously. We first introduce
the CTS-G algorithm, an adaptation of Thompson sampling with Gaussian priors,
achieving an upper bound of O(m NT) over T rounds with N arms and up to m
arms played per round, where O hides the logarithmic factors. Next, we present
CL-SG, which improves upon CTS-G by using a single Gaussian sample per round,
achieving a near-optimal upper regret bound of O(v/mNT'). We also establish that

both algorithms have lower regret bounds of Q(/mNT In &) and Q(v'mNT),

respectively.

1 Introduction

We consider a sleeping semi-bandit problem with a fixed set [N] = {1, 2, ..., N} of N base arms
and each base arm @ € [N] is associated with an unknown probability distribution p, supported on
[0, 1] and mean r,. Unlike standard combinatorial bandits (Kveton et al.,|2015), where a learning
agent, in each round ¢t = 1, ..., T, plays a super arm (combinations of base arms) A; € O,
where © C 2N is a feasible set that satisfy certain constraints, sleeping semi-bandits involve a
time-varying feasible set ©, C O, revealed at each round ¢. After observing the feasible set ©; in
round ¢, the learning agent selects a super arm A; € Oy, observes rewards 7, + ~ p, for each base
arma € A, and aims to minimize the 7-round (pseudo)-regret defined as follows.

T
R(T) = t; E |Yca: Ta = Yaea, Tal » (1
where A} := arg max,cg, > ,ca Ta denotes the optimal super arm in round ¢ and the expectation

is taken over ©,, A;, and A;. Note that A} is determined by ©,;. We further denote by m :=
maxaco |A|the maximum number of base arms in any super arm.

The upper confidence bound (UCB) (Agrawall [1995; |Auer et al. 2002) and Thompson sam-
pling (TS) (Thompson, 1933} |[Kaufmann et al., [2012; |Agrawal & Goyal, 2012} [2017a) are two
leading algorithmic families for addressing stochastic bandit problems. For semi-bandit settings, the
minimax lower bound is established as Q(v/mNT')(Kveton et al., 2015; Merlis & Mannor,2020), and
UCB-based algorithms achieve an upper bound of O(vmNT In T) (Kveton et al., 2015). Although
TS-based algorithms have been analyzed for problem-dependent bounds in semi-bandits (Wang &
Chen, 2018} |Perrault et al., |2020), their results cannot be simply extended to reasonable problem-
independent bounds because their bounds contain constant terms that grow exponentially with m.
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While a substantial body of literature has explored the setting of sleeping semi-bandits (Hu et al.|
2019; L1 et al.| 2019; Wu & Li, 2024) using upper confidence bound (UCB)-based algorithms with an

upper bound of O(vmNT In T), the upper and lower bounds for Thompson sampling (TS)-based
algorithms for (sleeping) semi-bandits still remain an open problem. Since TS is highly competitive
with advanced UCB-based algorithms and widely used in large-scale applications (Chapelle & Li,
2011), investigating the theoretical performance of TS-based algorithms is crucial.

This work addresses long-standing gaps in the literature by introducing two algorithms with provable
theoretical guarantees. The first algorithm, CTS-G, is an adaptation of TS with Gaussian priors

specifically designed for sleeping semi-bandits, achieving an upper bound of O(m\/ NT), where

O hides the logarithmic factors, and a lower bound of Q(y/mNT In %) We further introduce
CL-SG, which improves upon CTS-G both theoretically and practically by employing only a single
Gaussian sample, resulting in tighter bounds: an upper bound of O(v/mNT') and a lower bound of

Q(vmNT). CL-SG is minimax-optimal up to logarithmic factors compared to the known lower
bound for combinatorial bandits (Kveton et al., 2015 Merlis & Mannor, [2020).

2 Gaussian Randomized Algorithms

We first present some notations specific to this section. Let n, ; = ZtT_:ll lla € A;]denote the

total number of times that base arm a € [N] has been pulled at the beginning of round ¢. Let

t—1
~ >i_ 1la€AL]- . ..
Tang e *— =l — 7 %7 7[: . ITa.r denote the emplrlcal mean of base arm a at the beglnnlng of round
o a,t

t, which is the average of n, ¢ i.i.d. random variables according to reward distribution p,. Let F;
collect all the actions and observed rewards up to the end of round ¢

In Sec. we present CTS-G, an algorithm enjoying O(m\/ NT) and Q(1/mNT In %) upper
and lower regret bounds. In Sec. we present CL-SG, an algorithm enjoying O(\/ mNT) and

Q(vmNT) upper and lower regret bounds. The practical performance of both algorithms is discussed
in Appendix [A] and all the detailed proofs can be found in Appendix [C]to D}

2.1 Combinatorial Thompson Sampling with Gaussian Priors (CTS-G)

CTS-G presented in Alg.[T]is a direct adaptation of TS with Gaussian priors (Agrawal & Goyal,2017b)
to the sleeping semi-bandit problems. The core idea is to use posterior distributions to model the mean
reward 7, of each base arm a € [N]. In each round ¢, CTS-G draws a Gaussian posterior sample

War ~ N(Tan,, "ZL'” In L) foreacha € [N], wherey > 0 isa constant parameter to control the

exploration levelﬂ We can view the collection w, = {w,, Ya € [N]} of all posterior samples as
the “sampled problem instance” based on which the learning agent conducts learning in round ¢. Then,
based on the revealed feasible set ©;, CTS-G plays the super arm A; € arg max,ce, > qca Wa,t
with the highest aggregated value of posterior samples and observes each individual base arm’s
random reward.

Theorem 1. (/) The regret of CTS-G is O (m In(T)/ NT). (2) There exists a problem instance
such that CTS-G suffers ) ( mNT In (%)) regret.

Discussion. Theorem [1|states that CTS-G is worst-case optimal up to an extra In(7")/m factor.
Compared with UCB-based algorithms for sleeping semi-bandits, our upper bound has an extra
factor of v/m In T with the ones by [Hu et al.| (2019); LLi et al.| (2019), which are O(vVmNT In T).
However, it is important to note a significant aspect of our model: unlike the assumptions in/Hu et al.
(2019); L1 et al.| (2019), our bound is derived without relying on stochastic assumptions regarding
the availability of arms. Furthermore, the upper bound is minimax optimal up to an extra In(T")/m

factor as compared to the €2 (\/ mN T) minimax lower bound for combinatorial bandits shown in
Merlis & Mannor (2020).

'In practice, we only need to draw posterior samples for available arms to improve efficiency.
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Upper bound proof sketch. The theoretical analysis is non-trivial due to overlapping base arms
among super arms, the dynamic nature of the optimal super arm A, and its unobservability, as only the
played super arm A, is observed in each round ¢ To decompose the regret, we define a high probability

event for the empirical estimates. Let & := {|ru — Tana,| < 1/3111;75]1?, VYa € [N ]} be the

event that the empirical means are close to their true means by the beginning of round ¢. Let

t' = max{y/m, 4} and Eg,[-] := E[- | ©.]. Then, we decompose the regret defined in (1} as
T T
RT) <Y B | ra—Eo, | > wai||+D> E|Bo, | > (war — ra) UE]| | +mt’ + O(1).
t=t’ acAy acAy t=t’ aEA:
=:I, optimism term =:I5, deviation term

The deviation term I is easy to analyze as we can observe A;, and is upper bounded by é(m\/ﬁ)
via using concentration bounds. The center question is how to upper bound the optimism term, which
measures the gap between the maximum amount of true reward ) A; Ta the learning agent could
achieve and the expected maximum amount of reward 3, A, Wat the learning agent can observe
in round ¢. Intuitively, if the learning agent is lucky, i.e., the history F;_; gives > . Az Ta <

Eo, [ZaeAt Wq,¢ |, there is no regret in round ¢ for this term. Let (-)™ := max {-, 0} be an
activation function. Then, we have
+
ZaeAZ Ta — E(“)t [ZaeAt wa,t] < (ZaeAf Tq — E(“)t [ZaeAt waﬂf]) : @

Let ¢(7y) be a constant only depending on . In our novel technical Lemma |1} inspired by Russo

(2019), we show
+
Z wa’t‘|>
a€A;

3)

a€A;

+
(ZaeA;“ Ta — E@t I:ZG.EAf, wai]) < 0(7) ' E@t ( Z Wa,t — E@t

which tackles the challenge brought by the unobservability of A;.

~ym In ¢t
Ng,t+1

Next, via introducing an independent “ghost” copy Wa,s ~ N (Tan, .,

+
E Wa,t S EG)t
a€A;

which gets rid of the introduced activation function.

) of wq ¢, we show

] . “

Since wyp — Wayr ~ N (O, Qth flt), we only need to deal with Gaussian random variables and

Z (wa,t - wa,t)

acA,

Eo, > we — Eg,
a€A,

have
T

> E

t=t’

Z (wa,t - ﬁ)a,t)

a€A,

<0 (m In T\/'yNT) . o)

Lower bound proof sketch. Inspired by Theorem 1.4 in|Agrawal & Goyal| (2017b)), the lower bound
is refined by constructing a path selection problem with N links (base arms) and K paths (super
arms) of m links. This reduces the semi-bandits to K independent path selections, and the result
follows using the anti-concentration inequality for Gaussian variables (Appendix [C.7)

2.2 Combinatorial Learning with Single Gaussian Seed (CL-SG)

Since the upper bound of CTS-G still has an extra In(7T)+/m factor from the minimax lower
bound Merlis & Mannor| (2020) for combinatorial bandits, we are motivated to improve the up-
per bound by controlling the amount of randomness injected within the learning algorithm.

Inspired by [Xiong et al.[(2022), we devise CL-SG which enjoys a O(\/ mNT) regret bound. The
key idea behind the removal of the extra y/m factor as compared to the regret of CTS-G (Alg.
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is CL-SG uses a single random seed w; ~ A(0, 1) to perturb the empirical estimates of all the

yIlnt
Ng,¢+1

for all the base arms a € [N], where constant v > 0 controls the exploration level. Then, we play
Ay = arg maxX,co, Y qca Ta,t from the feasible set O in round .

base arms, as shown in Alg. After drawing w;y, we construct 7o ; = g, , + Wy -

Theorem 2. (1) The regret of CL-SG is O (ln TvVmN T). (2) There exists a problem instance such
that CL-SG suffers 2 (\/ mNT ) regret.

Discussion. The extra \/m in CTS-G comes from the m factor in the variance of the Gaussian
posterior sample w, ¢, necessary to keep c(y) bounded by a constant. To bound c(y), we must

lower bound Pre, (ZaeA: Wat = TPama: = Doacas falffl),requiring the Cauchy-Schwarz

inequality to bring the summation inside the square root for the RHS term in the probability, which

: : 41nt 41Int : :
scales with /m, i.e., 3, 4- \/na,t+1 < \/m >acA; noagi- This fact further results in an

extra m in the variance of CTS-G Gaussian samples for the probability to be lower bounded
by a constant. On the other hand, with CL-SG, using a single w;, we lower bound a similar

probability, Pr (ZGGA; Wi/ > Y e /o 13;1), allowing us to divide both sides by

4ln¢ : : -
Y e A: \/ ne.51 and avoid the extra m in the variance.

The lower-bound proof considers the same problem instance to Theorem [I]but differs in addressing

the arms’ dependency in CL-SG due to the common w;. Let A := 4/ % be the reward gap between

each suboptimal arm and the optimal super arm, and let () 4 (¢) be the number of times that super
arm A has been played at the beginning of round ¢. Then, denote by By := {Qa,(t) > t — T}
the event that the optimal super arm A; has been observed enough times at the beginning of
round ¢, where ¢ € (0, 1) is a constant. It is easy to prove that the regret is lower bounded

by ¢cT' - m - A = Q(mNT) when B is false for some ¢ € [T]. The main challenge is
to demonstrate that, conditioned on the past histories F;_; that lead to the happening of event
B}, the probability of playing a suboptimal super arm is at least a constant probability py, i.e.,
Pr(3A € ©\ A : A, = A | F,_1 = F;_1) > po. This leads to lower bound a probability
that the empirical estimates of suboptimal arms are larger than the optimal super arm, i.e.,

yInt yInt

Pr (34 € ©\ A4 : g + —_— > r + ——— | Fto1 = Fo
r( \ Ay GEZAT(I,QA@) wy 0l 11 [)EZA;I Po,Qa, (t) T Wi om0 + 1 | Fiq t 1)

> Pr <3A [SC) \ Al oWt (1 — QA(t)H) > A\/QA(t) + 1 ‘ Fi1 = Ft1> .

QA1 (t) +1

This requires analyzing the play ratio between suboptimal and optimal super arms, while in the
lower-bound analysis of Theorem [I] we can avoid this situation by independently considering the
estimates of the optimal super arm is smaller than 0, and that of suboptimal arms is larger than 0.
The trick to address this ratio is to only consider the regret from a7  to T', with € (0, 1) such that
QaM+1 T+l
Qa, t)+1 — (a—c)T+1
bound for Gaussian variables and solving a non-trivial optimization problem, we can prove such a pg

exists, and regret is lower bounded by (1 — «)T" - py - mA = Q(vVmNT).

is a constant by tuning ¢ and «.. Then, by applying the anti-concentration

3 Conclusion

In this paper, we have studied the problem of sleeping semi-bandits and presented CTS-G and CL-SG
with theoretical guarantees. Our results bridge the existing gap in the literature by providing upper and
lower bounds for TS-based algorithms in sleeping semi-bandits. Future work will focus on narrowing
the gap between these bounds, and studying the relationship between the number of random variables
and their variances.
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A Numerical Experiments

A.1 Algorithm Description for CTS-G and CL-SG
The algorithm descriptions for CTS-G and CL-SG are presented in Algs. [T|and [2] respectively.
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Algorithm 1 Combinatorial Thompson Sampling with Gaussian Priors (CTS-G)

Require: arm set [N], exploration rate -y
Initialize n,,; = Oand 7, ,,, = Oforallbasearmsa € [N]
fort = 1,2,...do
Observe feasible set ©;

A ym In t
Draw wq ¢ ~ N(fan, s s ) for each base arma € [N]
Play super arm A; = arg max ) ., Wa
A€,

Observe rq ¢+ ~ p, for all base arms @ € A; and update n, ; and Tan, . foralla € A,
end for

Algorithm 2 Combinatorial Learning with Single Gaussian Seed (CL-SG)

Require: arm set [N], exploration rate
Initialize n,; = Oand 7, ¢ = O for all base arms a € [N]
fort = 1,...do
Observe decision set O
Draw w; ~ N(0, 1)

Construct 7qt = Tqn,, + Wi - 1/77111:1:1 for all base arms a € [N]

Play super arm A; = arg max Ta,t
A€O®, acA
Observe r, ¢ ~ p, for all base arms a € A; and update n, ; and 74, , foralla € A;.
end for

A.2 Combinatorial Learning with Least Gaussian Seed (CL-LG)

We aim to explore whether further reducing the number of Gaussian samples in the algorithm can
enhance the practical performance. To this end, we propose the Combinatorial Learning with Least
Gaussian Seed (CL-LG) algorithm, as shown in Alg. [3] Different from CL-SG (see Alg.[2)), which
requires an independent Gaussian sample in each round, our approach only draws a single Gaussian
sample w ~ N(0, 1) at the beginning of the game.

Algorithm 3 Combinatorial Learning with Least Gaussian Seed (CL-LG)

Require: arm set [N], exploration rate
Initialize n,; = Oand 7, ¢ = O for all base arms a € [N]
Draw w ~ N(0, 1)
fort = 1,...do
Observe feasible set ©;
Construct 7y y = Tam,, + W = 1/ 1:1+t1 for all base arms a € [N]
Play super arm A; = arg max ), Ta
A€O,
Observe ry ¢ ~ p, for all base arms a € A; and update n, ; and 7, , foralla € Ay
end for

A.3 Experiment Settings

We conduct experiments in two settings to show the performance of the proposed algorithms with
v = 0.1 to study the number of Gaussian seeds and the impact of different -y, which can be found in
Appendix [A.4|and[A.5] All the experiment results are the average of 100 independent experiments
conducted on a MacBook Pro with M1 Max and 32GB RAM using Numpy.

In Setting 1, we consider a simple environment with V' = 10 arms, and at most m = 3 arms can
be played in each round. The actual rewards for all the arms follow the Bernoulli distributions, while
the first three arms have a mean reward of 0.9, and the rest of the arms have a mean reward of 0.8.
In Setting 2, we consider a more complicated setting where N = 50 and m = 15. In this setting,
rewards are again based on Bernoulli distributions, where the first five arms have mean rewards
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generated uniformly from [0.725, 0.75], and the rest of the arms have mean rewards generated
uniformly from [0.7, 0.725]. For both settings, the availability of each arm is determined by a
Bernoulli distribution with a mean of 0.5. The reason we chose Bernoulli distributions for the
rewards is that we want to compare with the following CTS-B (which requires Bernoulli rewards)
and CombUCB algorithms. Both algorithms play arms A; := arg max,cg, Y ,ca 0a,:» Where
0., 1s defined differently as follows.

* CTS-B (Wang & Chen, |2018): In each round ¢, CTS-B draws random samples from Beta distribu-
tions for each available arm 6, ; ~ Beta(fa,na)tna,t + 1, nat — Nafang, + 1), and plays
arms Ay = arg maXsce, ) aca at-

e CombUCB (Kveton et al., 2015)): In each rount ¢, CombUCB estimates the UCB values for each

arm 0, ¢+ = Tan,, + 4 /%hzt in each round ¢.

A.4 Impact of Number of Gaussian Seed

The regret results over T = 10° rounds are shown in Fig. [1| with 97.5% confidence intervals.
In both settings, CTS-G performs worse than others, suffering the highest regret, because of the
algorithm’s reliance on Gaussian random samples, which are unbounded and result in an excessive
exploration rate. This overemphasis on exploration, at the expense of exploiting known rewarding
arms, fundamentally undermines the algorithm’s efficiency.

On the other hand, CL-SG demonstrates comparable performance to CL-LG in Setting 1, both
outperforming CTS-B. In Setting 2, CL-SG maintains its advantage, whereas CL-LG falls behind
CTS-G. This highlights the effectiveness of CL-SG’s design in optimizing the exploration-exploitation
trade-off more efficiently than its counterparts.

Notably, in both settings, CL-LG with v = 0.1 outperforms CombUCB, suggesting that the initial
randomness incorporated in CL-LG helps balance the trade-off between exploration and exploitation.
It remains an open question of how initial randomness helps.

x10?

1.0

0.8 —e— CTS-G (y=0.1)

CL-SG (y=0.1)

CL-LG (y=0.1)

0.4 —— CombUCB
—— C(CTS-B

0.6
—— CTS-B

Regret

(o e T e e m— — — — —

0.0

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
t x10° t x10°

(a) Setting 1 (N = 10andm = 3) (b) Setting 2 (N = 50andm = 15)

Figure 1: The comparison of regret for both settings with v = 0.1.

A.5 Impact of Different v

We performed experiments with the CTS-G, CL-SG, and CL-LG algorithms under Settings 1 and 2.
The experiments utilized  values of 0.01, 0.1, 0.5, and 1. The results are illustrated in Figs. |Z| and@

Regarding Setting 1, CTS-G performs worse as +y increases, as shown in Fig.[2a] because a higher y
corresponds to a higher exploration rate, which will over-explore the simple scenario. For CL-SG,
the performance with v = 0.1 is better than that with other  values. CL-LG achieves the best
performance with 0.5, which indicates the performance of algorithms is not necessarily linear with .

When comparing the algorithms at their optimal + values (see Fig. 2d), CTS-G shows the worst
performance, whereas CL-SG performs comparably to CL-LG.
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CL-LG (y=0.1) 0.4 —e— CTS-G (v =0.01)
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(c) CL-LG (d) Best-case Comparison

Figure 2: The comparison of different v for CTS-G, CL-SG and CL-LG in Setting 1.

Additionally, CTS-G is very sensitive to the change of y, and the performance of CTS-G withy = 1
is about 200 times worse than that of CTS-G with v = 0.01. In contrast, CL-SG and CL-LG
demonstrate greater robustness to changes in -y, showing that fewer Gaussian samples may prevent
over-exploration.

Regarding the more complicated Setting 2, we can observe a change in CL-LG, where v = 1 leads
to the worst performance, while v = 0.5 achieves the best performance. This indicates that CL-LG
with v = 1 will over-explore. When comparing all the algorithms with their optimal -y values, we
can see that CL-SG with v = 0.1 achieves the best performance. More interestingly, we can observe
that algorithms with fewer Gaussian samples require higher ~ to achieve better performance.

From this experiment, we can see that different Gaussian samples react differently to different
exploration rates. This observation raises an intriguing question for future research: what is the
relationship between the number of random variables and their variance, and what is the optimal
combination to achieve the best results?

A.6 Tightness of regret bound

We consider a setting of 100 arms, and at most 10 arms can be played in each round. The mean
rewards for the first 10 arms are 0.925, and the mean rewards for the rest suboptimal arms are 0.9.
We compare the regret of CTS-G with the lower regret bound 0.1,/ mNT 1n(%) in Fig. As we

can see, there are still gaps between the actual performance and the theoretical lower bound, and the
increasing rate of CTS-G is larger than the lower bound, which indicates that the lower bound may
still have room to be improved.

Similarly, we compared CT-SG with the lower bound of 0.1v/mNT, and we can see that the regret
of CL-SG increases faster than the lower bound, indicating that the lower bound can be improved.
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Figure 3: The comparison of different v for CTS-G, CL-SG and CL-LG in Setting 2.
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Figure 4: Tightness of Regret Bound for both CTS-G and CL-SG.

B Notations and Facts

Notations: Let F,_; denote by the history of past actions and rewards until the end of
round ¢ — 1. Recall that Eg,[] := E[- | ©] and Pre,(-) := Pr(- | ©,). Denote by & :=
{Va € [N] : |ra — Tama.| < f’llnt flt} the high-probability event that the empirical mean

is close to the true mean reward for arm a, and by & the complementary event of &;. Recall that
Bap ~ N(Fan, ., Z28L) isiid. of way for CTS-G, and 7y 1= fa,, + Wiy/ 7225, where
wy ~ N(0, 1) is i.i.d. of w; for CL-SG.

Fact 1. For a Gaussian distributed random variable Z with mean 1. and variance 62, for any z, we
have that

1
Nz

1
LT < Pr(|1Z — pu| > z0) < 56_22/2, (6)



270 and forany z > 0,

1 z 22
Pr(Z — p > zo) > Tﬂﬁe 2 @)
o711 Fact2. Let X1, ..., Xy be N real random variables with X; ~ subG (02) ,i=1,..., N,
272 not necessarily independent. Then,
E |:I{13,X | X5 @ < 04/2 log(2N).
273 C  Proofs for Theorem/I]
272 C.1  Proof of Lemmal[ll
275 Lemma 1. In any roundt > max{\/m, 4}, the optimism part in CTS-G satisfies that
T
E Z Z Te — Z Wa,t < 8y/3vP(—+/4 YmIn TVN (8)
t=max{y/m,4} \a€A] a€Ay
276 Proof. Foreacha € [N], weletw,; ~ N (fa,na,m ’Zztlif) be an independent copy of wq ;.
277 Let () := max {, 0}. Let w collect all the Gaussian random variables w, ; for all a € [N].
27e  Recall that Eg,[-] := E[- | ©;]. There are three steps for the proofs.

279 Step 1: we show that in each round ¢ > max{y/m, 4}, we have

.
%tzm—z%tgww/m@<z%PE wa

acAy a€Ay ac€Ay a€A;
©
280 Step 2: we further bound the expectation term in the RHS of (9) as follows.
+
(z%—%§yq>s%tz%—zmﬂ (10
a€A; a€Ay a€A ac€Ay

281 Step 3: summing over 7', we show that is upper bounded as follows.

T
ST war — > wa,t] < 4m In T\/3yNT (11)

t=1 |acA; a€Ay

282 Combining these three steps, we have

T
E Z Z Ta — Z Wa,t
t=max{y/m,4} \a€A; acAy
T

< (b(_\/M)ilE Z Z Wa,t — Z Wa,t (12)
t=max{y/m,4} la€A; a€A;
T

< 20(— i) zz%Fzmﬂ
t=1 |a€A; acA;

IN

8v/37®(—v/4/7)"'m In TVNT.

283 Now, we give the details for these three steps.

284 Leta := Eg, [ZaeA; Ta = Daca, waﬁt].

10



285

286

287
288

290

291

292

294
295

Step 1 proof. Ifa = Ee, {ZaeA;‘ Ta — ZaeA, wa,t} < 0, the proof is trivial as the RHS of
@) is non-negative. Note that 2¢(— M)*l < 400

For the case where o > 0, we view (> ,c4 War — Eo, [ ,ca, wa7t])+ > 0 as a non-
negative random variable and use Markov’s inequality. We have

Eo, [(Cuca, wat = Bo, [Caca, war]) ] = aPro, (Coca, war = Bo, [Coca, war] = a)
(13)
which gives

+
Z wa?t} )
ac€Ay

Ee, < > wer — Eeg,

acAy
a <
Pr(-)t Z Wq,t — E(-)t Z Wq,t >«
a€Ay a€Ay

+
Z wa’t:| )
acAy

Z Ta — Z wa,t:|>

a€Af a€A,;

Eo, < Y wat — Eg,

a€Ay;

Z wa,t

acA;

+ +
Z wa,t:|) E(—)t ( Z Waq,t — E(—)t Z wa,t:|>
a€A; (a) a€A, a€A,
<

Pr(_)f (Z Wa,t 2 Z Ta) : Pr@t (Z Wq,t > Z Ta)

acAy acAy ac€Ay acAy

5]

ac€Ay

> Eeg,
acAy

Pro, ( > wat — Eo,

Eo, ( > wet — Eg,

a€A,

(b)
< 20(—/4/7)7' - Ee, (Z wa — Ee,

a€A;

(14)
where step (a) is due to that A; is the optimal super arm, and thus, we have ) aedr Wait <
t
Zae 4, Wa,t and step (b) uses the result shown in Lemma

Na,t+1
and A, is the optimal super arm based on ©, and w. We have Eg, [ZaeA,, wavt}
Eo, [maxaco, Y ,ca War] = Bo, [maxaco, Y,en Wait] > Bo, [Xaca, War | A =
Eo, [ZaeAt Wa | Aty w]. Then, we have

Step 2 proof. Recall that w,,; and w,; are iid. according to N (fa,na’t, my lnt),

11



)

a€A,

+
Z U7a,t \ At-,W:|>
a€A,

)]

i -
Z wa7t:|> S Eet ( Wa,t — E
a€Ay L a€A,

= Ee, (Z wat — Eo

a€A,

(Z Wq,t — Z wa,t) | A, w

= Ee, (Eat
a€Ay a€A

< Bo, | [Bo, (z vor — 3 w> | Ahw} H
L a€A, acA,

< Bo, [Bo || e - 3 ] | Ao }
L ac€Ay a€A

CEe Y - Y w} .,
Llae A, a€A,

(15)
296 where the last inequality is due to Jensen’s inequality.

207 Step 3 proof. Sincew,; — War ~ N (07 %),wecanexpress Wat — Wat a8 V2Cat00ts

298 where (qr ~ N(0,1)and 0, = 4 /Z::tlilt. Thus, we have

>

t=1

E Wa,t — E wa,t

a€A, a€A,

]S\/iE

T
Z Z |Ca,t6a,t|1

t=1 a€A;
t=1 acA; ]

(a)
< V2E qglax |Ca,t Z Z |0,

In ¢t
= V2E a TRILL(6)
te[%r]la)e{ Gast ; a; Ngt + 1
(b)
< 2m+/2yNT In TE{ max (g t]
te(T),a€[N]

()
< 2my/2yNTInT - V6 In T
< 4dm In T+/3yNT.

200 where step (a) is due to Holder’s inequality. Step (b) is due to Lemma [5] such that

300 Zf_l > e A, 1in“%+1 < 2v/mNT'. Step (c) is due to the maximal inequality for Gaussian

so1 variables (Fact I) such that E [maxte [T],a€[N Qa t] < V2In 2NT < V6 1In T because 2 <
32 N < T. O

303 C.2 Proof of Lemmal[2]

Lemma2. Let &, = {Va € [N], Pana, — Ta < /3 3 In Nt} In CTS-G, the regret of the devi-
ation part is

T
> (Z War — Y ra) 1[&]1 < 2m In T\/6yNT + 2V6mNT In T.

12



304 Proof. We can do decomposition as follows.

E Z (Z Wq,t — Z Ta) 1[&]1
L a€Ay a€A

sy (Z L SRS SR o ) 1[541
1 a€A, a€A; acAy a€Ay
T
(Z wa,t - Z ’f‘ama,t) 1815 Z fama,t - Z ’I"a> 1[gt]‘|

a€Ay a€A; t=1 a€A, a€A,

o [T ) T 6InT
< E Z Z (wa,t - Ta,na,t,) +E Z Ny + + Ngp + 1
t=1 acA, t=1 o

(®) d
< E Z > (War = Pam,,)| + 2V6mNT In T,

305 where step (a) is because event &; is true and In NT'

s06  due to Lemmasuch that 3/ Yoea, /i

307 We can represent each wa; — 7an, , bY Ca,t0a,t» Where (o r ~ N(0, 1) and 0, = Zlmtlif.
sos8 Then, we can bound the first term on the RHS of the above equation as follows:

T T
Z Z (wa,t - fav”a,t) Z Z Ca,téa,t]

+ E

17)
2 In T because of N < T, and step (b) is

2vVmN

.

<
<

t=1 a€A; t=1 acA;
(a)
< E max a da 18
LIS 99 3| s
ymint
= B | _max (Gl - Z > :
t=1 a€A; Ma,t +1

309 where (a) is due to Holder’s inequality. By invoking Lemma [5|again, we have that
In ¢
Z 3 Vm 2 < /m lnTZ Y T S o9m\/ANT I T.  (19)
t=1 ac€A, t=1 acA;

ato  Then, using the maximal inequality (Fact' we have B [max;e(7)ae(n] [Catl] < V2 In 2NT <
311 V6 In T, where the last inequality is due to that 2 < N < T'. Thus, we have

T
S (war - ran)] < 2mIn T\/67NT. (20)

t=1 acA,;

stz Finally, by substituting (20) into (I7), we complete the proof. O

si3 C.3 Proof of Lemma
Lemma 3. The probability that event & to happen satisfies that

2

d = ™
E Pr(&) < 3
t=1

13



314

315
316

317

318

319

320

321

322

Proof. By a union bound and Hoeffding’s inequality, we have that

T

31n Nt
E Pr (3a € [N] : |ra — Fam, .| > o
t=1 o Nat + 1

—1
31n Nt
ZPr <|7*aS — 7| > - >
— ’ s + 1
T =1 3 1n Nt
= > (Pr (ra > V3 In Nt) + > Pr <|fa,s — rq| > )) 1)
s=1

s+ 1
T t—1
< ¥ (0 +3 3 (m,s — re| > 311;;\”))

E
]

IA
=
M8
e
|
%21

where step (a) is due to 7, € [0, 1], Va € [N] and 3 In Nt > 1 because N > 2, and that
s +1 < 2sforanys > 1.

O

C.4 Proof of Lemmald]

Lemma 4. In each round t > max{\/m, 4}, given any ©,, we have

! < 20 (~Vif) .

Pre, (ZaeA; Wa,t = ZaeA; Ta)

where ®(-) is the cdf of the standard Gaussian distribution.

Proof. Given ©,, A} is determined. Define H; := {Va € A} ra — Pan,,| < 1/M}.
Since t > max{\/m, 4}, we have that

t—1
4Int
PT H > 1 - PI Ta — ’f'as Z
LLUERED 3B 9 Y (FEEIERTELLY
t—1
4Int
=1 — P — Py | >
PO (m Fusal 2 4 1)
t—1
A 41Int
SR b o (R o
>1—mt-2- 6—2-5,,,-4 In t/(2sq)
2mt
2
>1 - =
- t
> 0.5

14



323

324

325

326

327

328

329
330

331
332
333

334

335

336
337

338

We have

gf Z Wq,t 2 Z Ta = o

a€A} a€A} - \a€A; a€Ay

Vv
v
(]
PS
Vv
(]
N
ES

acA; ac Ay
(a) 41Int
> 0.5 - Pr Z Wq,t q Na,t 2 Z

© acAr acA Nat + 1
()
>

|
o
t
olge}
o=
S
Il
<
2
3
Vv
_
3
3
S
=3
_‘—@#
—

(23)
where step (a) is due to and the fact that event &; is true. Step (b) uses the Cauchy—Schwarz
inequality, i.e., we have 3, - \/n4 ltnfl < \/m * Dacar . lffl. The last equality is due to the
standardization of Gaussian distribution. O

C.5 Proof of Lemmal3
Lemma 5. We have Y,_, Swea, \ i < 2VmNT.

Proof. Note that the LHS of the above inequality is a random variable. We provide an upper bound
for this random variable.

Recall n,; = Zi;ll 1 [a € A;]is the number of times that arm a has been played at the be-

ginning of round ¢. Let 7,(n) denote the round for arm a to be played for the n-th time, and thus
Na,re(n) — N — 1.

ZZ nat"'l ZZ nat+1[“€Ad

t=1 a€A, t=1 a€[N

Na,T+1 Ta(n+1)—1

PRI 7%1 -1l € 4]

a€[N] n=1  t=74(n)

SRS o AU

a€[N] n=1
= 2 Z VTa,T+1 S 2 |IN Z N, T+1
a€[N] a€[N]
D oVmNT,
where step (a) partitions all 7" rounds into multiple intervals based on the arrivals of observations from
arm a. Step (b) uses the fact that ZZL(TZE))_l lla € Ay - \/na,‘1+1 = \/n—11+1 = /%, be-
cause ngr,m) = n — land1lfa € A;] = Oforallt € {7,(n) +1,...,7a(n + 1) — 1}

Step (c) uses Cauchy-Schwarz inequality. Step (d) uses the fact that ), ev] Ma,T+1 < mT.
O

15
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347

348

349
350

351

352

353
354

355
356

C.6 Proof of Upper bound

Upper Bound Proof of Theorem(I] Denoteby &, := {Va € [N] : [ra = Tama.| < 4/ %}
the high-probability event that the empirical mean reward is close to the true mean reward for arm a,
and by &; the complementary event of &;.

Lett = max{y/m, 4}. We first decompose the regret as follows:

R(T)ZE[ZTQ—ZTG AYE(Y e Y

a€Ay a€A; acAy a€A;
. T T
(§> m max{ym, 4} + E Z Z Ta — Z ro | 1[&]| + E Z Z Ta — Z re | 1[&)
t=t’ \a€Aj} a€A; t=t’" \a€Af a€A;

(b)
< mmax{ym, 4} + E

T 2
Z (Z Ty — Z Wq,t + Z Wa,t — Z Ta) 1[5t}‘| + m;rw

t=t' \a€A; a€A, acA, a€Ay

T T 5
T
< E E E Ty — E Wt + E E E (War — 74) 1[&]| +m max{y/m, 4} + 3
t=t’ a€A; a€A,; t=t’ a€A;
=:1I;, optimism part =:I2, deviation part

(25)
where step (a) is due to the fact that 3, 4 7a — X_,c4, Ta < m by the definition of r, and m
and step (b) is due to Lemma|[3]

Now, invoking Lemma [I| with proofs in Appendix [C.I] we have term I; bounded as follows:

I < 8/3y®(—/4/y) 'm In TV NT, (26)
and I, can be bounded by using Lemma 2 with proofs in Appendix [C.2}
I, < 2mInT\/6yNT 4 2v6mNT In T. 27

Thus, we have that
R(T) < (2\/67 + 8#37@(—«/4/7)”) mIn TVNT + 2V6mNT In T
2
+ m (max{\/ﬁ, 4} + 7;) :

Using numerical optimization methods searching from v = 0.0001 to v = 100, we can find that
when v = 6.4, the coefficient for the first item can achieve a minimum value of 175.74.

(28)

O

C.7 Proof of Lower Bound
é O—0—: §@

Figure 5: Problem instance for the lower-bound proof. Nodes S and T are the starting and ending
points for each path.

Lower bound Proof in Theorem[l] Our proof uses similar ideas to the proofs of Theorem 1.4 in
Agrawal & Goyal| (2017b).

We construct a path selection problem involving /V links (each link corresponds to a base arm) and K
paths (each path corresponds to a super arm), as illustrated in Fig.[5] Each path consists of m links,
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and thus, the total number of base arms N = mJ. We consider a fixed availability set throughout
all T rounds, i.e., ©; = © := {Ay, Ag, ..., Ax} forallrounds ¢ € [T] with each super arm
Ay, being a feasible path. We assume the first path A; is the unique optimal one.

We construct the following Bernoulli reward distributions for each base arm. Let A :=
/K In K/T. For any base arm in the optimal super arm A;, we use a degenerate distribution
putting mass 1 on a single point \/YA, i.e., if A; is played, for any base arm in it, we always observe
/YA as the random reward. Similarly, for the remaining base arms in the sub-optimal super arms, we
put mass 1 on a single point 0, i.e., the random reward is always 0 for any base arm in a sub-optimal
super arm.

Let Q4(t) denote the number of times that super arm A € © has been played at the beginning
of round ¢. Since there are no overlapping base arms between two distinct super arms, we have
Qa(t) = ngeforalla € A. Letc € (0, 1) be some universal constant that will be tuned later.
Define B} := {Qa,(t) > t — cT'} as the event that the optimal super arm A; has been observed
atleast (¢ — ¢T') times by the beginning of round ¢.

We lower bound the total regret from round 1 to the end of round 7" by analyzing two cases that are
exhaustive and mutually exclusive based on events B; for all rounds ¢ € [T].

If By is not true for some ¢t € [T], we have the total number of times of playing sub-
optimal super arms by the beginning of round ¢ is ZAE@\Al Qa(t) =t — Qa,(t) >t — (t —
cI') > cT', which implies the total regret by the end of round T is at least <1’ - m - /YA =
Q(mvKT In K) = Q(y/mNT In(N/m)). Note that the total regret from round 1 to round ¢ is a
lower bound for the total regret over all 7" rounds.

If B} is true for all ¢t € [T7, we have the total number of times }_ 4o\ 4, @a(t) of playing
sub-optimal super arms by the beginning of round ¢ is upper bounded by

Yacona, Qalt) =t —Qa(t) <t —(t =) =T . (29)

Due to the spread of a sub-optimal super arm’s posterior distribution, the learning agent will make
mistakes when deciding which super arm to play. Formally, we show that with at least a constant
probability, the learning agent will play a sub-optimal super arm. Note that whether event B} is true
or not is determined by the history information F;_;.

ym In ¢t
Na,t+1
selecting a sub-optimal arm in round ¢ conditioned on instantiations F;_; of F;_; such that B} is
true. We have

Recall wg; ~ N (fama,t, ) Now, we construct a lower bound for the probability of

PI(EA S @\Al A=A | Fi1 = thl)
> PI‘(HA € 0 \ Aq Z Wa,t > Z Waq,t | Fi1 = Ft—l)

acA a€Aq
(@)
> Pr(3A € O\ Ay Y way > myAA | Fooy = Fia)
acA (30)
cPr( ) war < myAA | Fooy = Fig)
acAq
1
b) Pr(3A € © \ A4; : Z Wat > My/YA | Fiow = Fioq) - 5
acA

where step (a) uses the fact that all super arms are independent based on our construction of the path
selection problem. Step (b) uses the fact that the sum of multiple independent Gaussian random
variables is still Gaussian and (Zae A, Wait — m\/TyA) is a zero-mean Gaussian distribution. Note
that the empirical mean of each base arm in the optimal super arm is exactly /7A.
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396

397

398

399

Now, we construct a lower bound for (30) by using Gaussian anti-concentration bounds. We have

Y

r(ﬂAE@\/h:Zwa,t

a€A

r(ﬂAe@\Alzzwa,f,

acA

my/YA | Fio = Ft—l)

(\Y

myYAVInt | Fq = Ft1>

=1-Pr (Z Weyr < MA/yInt,VA € © \ 4 | Fi_1 = Ft_l)

a€A

=1 — H <1 — Pr <Z Wa i/ (Qalt) + 1) > mA\/ (Qalt) Dylnt | Froy = Ft1>>

AcO\ 4, acA

=1 - H 1 —Pr (Z“GA ot/ (Qa(®) + 1) > AV(Qalt) + 1) | Fiuy = Ft—l)

Ao\ 4, myy Int

> -Za2(Qa(H+1)

sl
1 7T A2
1 I <1 _ 1 ia (QA<t>+1))
A€eO\A, 8\/7?
(3D
where the last inequality uses the fact that Laca ;LU“; VantA(t)H ~ N(0, 1) and then the one-sided

anti-concentration inequality shown in ().

Tune constant ¢ = 0.001. Then, we use the upper bound constructed in to continue lower
bounding (3T). We have

L —1a2@at+1)
]. — H <1 — ﬁe 2 A

AeO\A,
(gl _ H 1 — 1 76A2¢W 7%2)
A€EO\ Ay 8f

=1 — H

A€\ A,

1 c
—1- ] (meqlfﬁmw

AcO\ A, 2)

AE@\Al

K-1
=1-(1 -
( w)
(c) K-1
>1 — (e_Wl?K)

1
>1 — e T6V7

)

where step (a) is due to the fact that, constrained on , ie, > Acova, Qalt) < T =

c \/7]"1 2
YETIn K T K the quantity [Taceora, (1 B 4\1f R (I;(TII)AK - ) > maximized when
Qa(t) = Ciw forall A € © \ A;. Step (b) uses the fact that, when ¢ = 0.001, we have

N

K K
2+

57 < 1 when T is sufficiently large, e.g., T" > 5K. Step(c)uses1 — x < e ™.
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Now, we are ready to complete the proof. Letp := % (1 — e 161/?) . By plugging the lower bound
constructed in into (30), we have Pr(3A € © \ A : 4, = A | F,o1 = Fiq) > p,
which implies the total regret by the end of round 7' is at least T'pm. /YA = Q(y/mNT In(N/m)).

O

D Proofs for Theorem 2]

D.1 Proof of Lemmal6

Lemma 6. The optimism part in CL-SG satisfies that

E

T
> ST e = 3 Fad || < 8V29R(—VA/)  n TVINT.  (33)
t=max{m,4} \a€A} a€Ay

Proof. Similar to the proof of Lemmal(l] There are three steps for the proofs.

Step 1:

Step 2:

Step 3:

Let ¢ = max{y/m, 4} we show that the following inequality holds for each round ¢
conditioned on ©;:

+
E@t Z Ta — Z T{L,t:| S 2®(_ \V/ 4/7)71 . E@t [( Z F{L,t - E@g Z T{L,t:|> ]
acAy acAy; acA acAy
(34)
Let7qt = Tap + W/ 7L 1:‘+t1, where w; ~ N(0, 1) is an independent copy of w;. With

Ta,t» we can further bound the last term in (34) as follows.

+
Z 'ra,t‘|> < E@t

a€A,

E ’Fa,t - E Ta,t

a€Ay acAy

Ee, <Z Tar — B,

acAy

(35)

Summing over T rounds, we have that

§ fa,t - E ’Fmt

a€A, a€A,

T

D

t=1

E

1 < 41InTy\2ymNT (36)

Combining these three steps, we have

E l
t=max{y/m,4}

T T
Z (Z Ta — Z ra.t)] S QQ(—M)_IE [ Z Z F(L,t - Z 7:a,t‘|
acAy a€A,; t=max{y/m,4} la€A; acAy
< 20(—VA/NTE DD Far = Y Fa,z}

t=1 la€A, a€Ay

8v/27®(—+/4/7)"t In TV/mNT.

IN

(37

Now, we give the details for these three steps.

Step 1 proof. If Eg,

oot — > fa,t] < 0, the proof is trivial as the RHS in is

acAy a€A;

non-negative.
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417

418

419

420

421

422

Recall (-)* := max {-, 0}. For the case where @ := Eg,

SNoora — Y 'Fa,t‘| > 0, we use

a€Af a€A;
Markov’s inequality and have

)

<
e
[
N———
+
A%
Q
o
S

(Z fa,t - E(—)t

a€A; acA; a€A; a€A;
> a - gr ( § fa,t - E®f, E Tn.,t:| > Ol> ’
¢ a€A; acAy

(38)
which gives

|
J
i
@
/N
=
Q
=
@

+
= 2(1)(_\/4/7) L. E(")t (Z Ta,t E@f Z 7Ta,t‘|>
a€Ay a€A,
(39
Step 2 proof. Since w; and w; are iid., we have Eg, | > ra,tl =
ac€Ay
Ee, |:maXAe®t > Ta,t:| = Eeg, |:maXAe®,, > fa,t:| > Eeo, | > Tar | A| =
acA acA a€A;

Eo, | > Tat | At we|. Then, we have

a€Ay
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423

424
425

426

427

428
429

+ i +
Eg, <Z Tat — Z 7"at:|> < Eg, <Z Tat — Ee, Z Tat | At )
acAy a€A; L acAy a€A;
i +
= Eeg, (Z Tat — Ee, Z Tat | A, wy )
L acAy acAy
+
= EGt (Eet <Z F(L,t - Z fa,t) ‘ At7 Wy )
L acA; a€A;
< Eg, ||Ee, <Z Tat — Z fa,t) | A, we :|
L acAy a€A,
< Eg, |Ee, Z Tat — Z Tat| | As, wy :|
L acAy a€A;
< E@t Z fa,t - Z 'Fa,t:| .
LlacAs acAyg
(40)
Step 3 proof. By Holder’s inequality, we have that
T T yInt Int
>3 - ¥ | B[Sl 320
t=1 |lacA, acA, acA,
yInt
< E |max |w; — Wy
te[T) | | tz; ; Mgt + 1
¢ (41)
(a)
< E |max |w; — @|| - 2¢/ymNT In T
te[T)

g 2vIn 2T - 2/ymNT In T
< 4InTy\2ymNT,

where step (a) is due to Lemma[5] and step (b) is due to Fact[2Jand w; — 0, is a Gaussian variable
with variance 2. O

D.2 Proof of Lemmal(7|

Lemma 7. In CL-SG, the regret of the deviation part is

T
> (Z Fat — 3 ra> 1[54] < 4In T\/AmNT + 2V6mNT In T.

t=1 \a€A; a€A,

lnt

Proof. Recallthat7,; = T4n,, + Wi . When &; happens, we have that

. ~yInt N 3 In Nt
>y ( T+ [ ”‘”}
=1 ach, Na,t + Na,t +
T 1 T
‘= V6 In TE 1 [ ———
Z_: (ag; Na,t + 1) +V6in z_: Ngt + 1
= . =

(42)
where the last inequality is due to that N < 7T'. Regarding the first item in RHS of (42)), we can
apply Holder’s inequality to have that

t=1

E

(5 5o

a€A, ac€A;

< ¥ InT
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E

max |wg| -
1<t<T

a 1
22

t=1 a€A;

(43)

IA

E {max |wy] - 2 mNT]
1<t<T

4vVmNT In T,

IN

430 where the second inequality is due to Lemma [5] and the last inequality is due to the maximal
31 inequality (Fact for Gaussian variables such that E [max;<;<7 |wy]] < v21In 2T < 2V/T.

432 Regarding the second term in RHS of #2), we can invoke Lemma [5] again to give a bound of

433 2¢/6mNT In T.
434 O

435 D.3 Proof of Lemmal§|

s3s Lemma 8. In each roundt > max{\/m, 4}, given any ©., we have that for CL-SG:

1 -1
< 20 <ﬂ/4/7) . (44)
PI'@f, <Z Tat > Z Ta)
acAy acAy
437 Proof of Lemmal[8] Given Oy, Aj is determined. Define He =
438 {Va € A} i |ra — Fame.| < Tfal:‘fl}.Wehave

t—1
Pro, (H:) > 1 - 3 > Pre, (|Ta - 72a,sa| > ialilt
aEA;‘ Sq=0
t—1
= 1= % % Pro, (Ira = fasl = /42])
a€A} sq=1 a
t—1
> 1 - Z Z Pr@g (|Ta - 'ﬁa,sa| > 421811t (45)
a€A} sq=1 a
> 1 —mt- 2. e 2sadInt/(2s)
— 1 — 2mt
= m
> 1 -2
> 05

439 where the last two inequalities are due to that ¢ > max{\/m, 4}.
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441

442

443

444
445

446
447

448

449

450

451

452

453
454
455
456

We have

gf’ Z fa,t > Z Ta o,

v
T
]
?ﬁ\
v
]
s
ES

acAy a€A} acAy a€Ay
= gr g Ta,t Tamg, > § Ta Tamng s Ht
a€A} a€A}

a€A} a€A}
(a) Int 4Int
> 05 Pr | 3wy [T > 3 [
©: acA; Nt + aca: Y Nat +

=05 Pr (wt > \/4/“/)
O
—05-® (—«/4/7) ,
(46)
where step (a) is due to (@3) and the fact that event &, is true. O

D.4 Proof of Upper Bound

Proof. Recall that & := {\m € [N] ¢ |ra — fam,.| < 1/%} is the high-probability

event that the empirical mean reward is close to the true mean reward for arm a, and &, is the
complementary event of &;.

Similar to the proof of the upper bound for CTS-G, we first let ¢ = max{\/m, 4}, and then
decompose the regret as follows:

T T
RI) <D B[ D ra= > far || +DE

> (Fax = 7a) 1[&]1

t=t’ a€A} ac€Ay t=t’ ac€Ay
47
=:Iy, optimism part =:15, deviation part ( )
2
+m (max{\/ﬁ, 4} + 3) ,
Now, invoking Lemma [6] with proofs in Appendix we have term I; bounded as follows:
I < 8/2y®(—/4/y)" " In TVmNT, (48)
and I, can be bounded by using Lemma 7] with proofs in Appendix [D.2}
Iy < 4InTy/ymNT + 2v6mNT InT. (49)
Therefore, we have the regret bounded as follows:
R(T) < <4ﬁ + 8\/27<I>(—\/4/7)*1) In TVmNT + 2V6mNT In T
72
+m (max{\/ﬁ, 4} + 3) ,
where the coefficient of the first term can be minimized to 144.43 at v = 4.57. O

D.5 Proof of Lower Bound

Lower bound Proof in Theorem[2] The main challenge in the proofs arises from the fact that all base
arms share a single random Gaussian seed, creating dependencies between paths that are no longer
independent. However, the lower-bound proof for Theorem [I|relies on the independence of each
super arm. Therefore, this proof must manage these dependencies effectively.
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Figure 6: The regret of CL-SG is lower bounded by the regret from rounds /7" to 7.

We construct a path selection problem involving NN links (i.e., each link corresponds to a base arm)
and K paths (i.e., each path corresponds to a super arm). Each path consists of m links as illustrated
in Fig. [5)and the total number of base arms is N = mK. We use a fixed availability set throughout
all T rounds, i.e., @y = O := {4y, Ay, ..., Ax} forallroundst € [T] with each A, being a
feasible path. We assume the first path is the unique optimal one.

We construct the following Bernoulli reward distributions for each base arm. Let A := /K/T.
For any base arm in the optimal super arm A;, we use a degenerate distribution putting mass 1 on a
single point /YA, i.e., if A; is played, for each base arm in it, the observed random reward is always
V/YA. Similarly, for the remaining base arms in the sub-optimal super arms, we put mass 1 on a
single point 0, i.e., the random reward is always 0 for any base arm in a sub-optimal super arm.

Let Q 4(t) denote the total number of times that super arm A € O has been played at the beginning
of round ¢. Since there are no overlapping base arms between two distinct super arms, we have
Qa(t) = ngiforalla € A, i.e., all base arms in a super arm have the same amount of observations.

Letc := ¢. Define B; := {Qa,(t) > t — cT'} as the event that the optimal super arm A has
been observed enough times at the beginning of round .

We lower bound the total regret from round 1 to the end of round 7" by analyzing two cases that are
exhaustive and mutually exclusive based on events B; for all rounds ¢ € [77].

If B; is not true for some round ¢t € [T'], we have the total number of times of playing sub-optimal
super arms until the beginning of round ¢ is 3~ ycg\ 4, @a(t) = t — Qa,(t) = cT". This lower
bound implies the total regret from round 1 to the end of round ¢ — lisatleastcT - m - /YA =
QTm+/KJ/T) = QTm+/N/(mT)) = Q(+mNT). Note that this lower bound is also a regret
lower bound for the total regret from round 1 to the end of round 7.

.— 5
Leta := 3.

If B; is true for all rounds ¢ € [T, the total regret from round 1 to the end of round T is lower
bounded by the total regret from round ¢ = T to the end of round 7', as shown in Fig.[6] In each
round ¢t > «oT', we have the following inequalities:

Diacons, @alt) =1 = Qa(t) <t —(t—c-T)=c-T, (50)
Qa,t) >t —c-T>a-T—c-T=(@—-¢-T , (51)

and
Qat) < c-T, VA e O\ A . (52)

From and (52), for each sub-optimal superarm A € © \ A, we have

Qa(t)+1 T+1 _ T/6+1 1
Qfl ®H+1 = (aic)T-i-l - 4T /6+1 <35 (53)
which gives
Qa(t)+1 1
L= Vanoa 22 - (54)
Let pg := ﬁe_%g. In the following, we prove that, with at least a constant probability po, a

sub-optimal super arm is played in each round ¢ > « - T conditioned on event By is true. Note
that whether event B} is true or not is determined by the history information F;_;.
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Conditioned on any instantiation F;_; of F;_; such that event B} is true, we have the probability of
playing a sub-optimal super arm is

PI’(HAG @\AliAt :Alft—l :Ft—l)

T (314 S G\Al : Z’Fa,t > Z fb,t | Fio1 = Ft—1>

a€A be Ay

\%

In ¢ In ¢
= (3 G@\z‘hiZmn,,erz ont 1 Zrbnb,+wt ot |E1=Fz1>
a€cA Mayt

(a) ’ylnt vy Int
= JA € ©\ A4 : > A —_— Fio1 = Fo

O p <3 cONA ) w L—il Z(xfﬁ+wt W)lftl=ﬂl>

acA beA

Int In ¢
= JA € ©\ A : — > A+ — | Fto1 = Fio
( \ A oy 0a0) £ 1 Wy 0a ) + 1 | Fi1 t 1)

(Y

<E| [SC) \ A Wy (1 — m) > A'\/QA(t) + 1 ‘ Fio1 = Ft—l)

1
( [SC] \ Al Dwy oo > A\/QA(t) + 1 | ]:t,1 = thl)
P(wt<2A\/QA VAGO\A1|]-}1—Fz1)7

A

I\/@

(55)
where step (a) uses the fact that for any base arm in a sub-optimal super arm, the empirical mean is 0,
whereas for any base arm in the optimal super arm, the empirical mean is ,/yA based on our reward
distribution construction. Step (b) uses the fact that all base arms in a super arm have the same number
of observations. Step (c) uses the lower bound constructed in , ire.,1 — % > % Note
1
that for \, the only randomness is w ~ A(0, 1) as all Q 4(¢) are determined by the history.

To construct an upper bound for A above we construct an optimization problem first using the
constraint shown in (50). Recall (SO) is 3° 4cg\ 4, @a(t) < cT'. We construct the optimization
problem with the objective functlon shown in the following (56)

max Pr (w < 2AVz, + 1,Va € [K — 1]) , (56)

T1,%2,..,TK —1 w~N(0,1)
and constraints shown in (57)

2o > 0,Ya € [K — 1] and X'z, <ece-T . (57)

Note that the optimal solution to (56)) is the same as the optimal solution to the following objective

function (58):

max Pr <w < min xa) . (58)

1,02, K -1 w~N(0,1) a€[K—1]
It is not hard to verify that the objective function shown in ll is maximized when z, = chl =
(;( 1)A foralla € [K — 1]. Therefore, z, = #5; = (K‘/:A foralla € [K — 1] is also

the optimal solution to (56) and the maximum value of the objective function shown in (56) is
Pry, (w < 2A ) AET 1).

(K-DA
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Now, we are ready to construct an upper bound for A and have

A = Pr (w < 2A/QA(t) + 1,VA € O\ A, | Fiy = FH)
< max Pr (u) < 2AVz, + 1,Va € [K — 1] | Fio1 = Ft,l)

T1,T25 - TK—1 W

max  Pr(w < 2AVz, + 1,Va € [K — 1])

Z1,L2,.. s TK—-1 W

(a) VKT
< < -_
< Pr w_QA\/(K_l)AJrl)

@ L 1f o hant (BT ) (59)
- 8/
9 \1F . - 5an?2ET
- 8/
1 %.e—%»s EEE

8/m

1 s

=1—- — ¢ 3

N
=1- bPo

where step (a) uses the fact that Pr,, (w < 2A (;’(Vfi)TA + 1) is the maximum value of the

objective function shown in (56). Step (b) uses the one-sided anti-concentration inequality shown
in @ Step (c) uses the fact that K — 1 > 0.5K,A = /K/T, and when T is large enough, we

have (?_I%TA > 1.
By plugging the upper  bound for A into 3, we have

Pr(3Ae€ ©\ A : A, = A| F,1 = Fi_1) > po, which concludes the proof for
the statement that with at least a constant probability pg, a sub-optimal super arm is played in round .

To complete the proof, we use the fact that the total regret from round ¢ = a7 to round T is
atleast (1 — )T - po - m - /FA = QTmA) = UTm/K/T) = QTm+/N/(mT)) =

Q(vVmNT), which is also a regret lower bound for the total regret from round 1 to round 7. O
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