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ABSTRACT

Multi-armed bandits (MAB) are commonly used in sequential online decision-
making when the reward of each decision is an unknown random variable. In
practice, however, the typical goal of maximizing total reward may be less im-
portant than minimizing the total cost of the decisions taken, subject to a reward
constraint. For example, we may seek to make decisions that have at least the
reward of a reference “default” decision. This problem was recently introduced
in the Multi-Armed Bandits with Cost Subsidy (MAB-CS) framework. MAB-
CS is broadly applicable to problem domains where a primary metric (cost) is
constrained by a secondary metric (reward), and there is an inability to explicitly
determine the trade-off between these metrics. In our work, we first introduce the
Pairwise-Elimination algorithm for a simplified variant of the cost subsidy prob-
lem with a known reference arm. We then generalize PE to PE-CS to solve the
MAB-CS problem in the setting where the reference arm is the un-identified op-
timal arm. Next, we analyze the performance of both PE and PE-CS on the dual
metrics of Cost and Quality Regret. Our instance-dependent analysis of PE and
PE-CS reveals that both algorithms have an order-wise logarithmic upper bound
on Cost and Quality Regret, making our policy the first with such a guarantee.
Finally, experiments are conducted using the MovieLens 25M dataset for both
PE and PE-CS and using a synthetic toy experiment for PE-CS revealing that our
method invariably outperforms the ETC-CS baseline from the literature.

1 INTRODUCTION

Online sequential decision-making problems capture many applications where decisions must be
made without knowing their outcomes in advance. After each decision, the resulting outcome or
reward is observed, and an internal model is updated to improve future decisions. In clinical trials
for example, the goal is to compare the therapeutic value of various drugs against an ailment. The
decisions in this case represent administering a certain drug and the rewards are the apriori unknown
efficacies of the candidate drugs. Communication networks are another example. Here decisions
must be made about the communication channel to be employed. In this scenario the reward rep-
resents the success or lack thereof of communicating over a chosen channel. Multi-Armed Bandits
(MABs) (Lattimore & Szepesvari, [2020) are a framework for stateless sequential decision making
where the available decisions are abstracted as arms of a MAB problem instance. The stateless
assumption implies that the distribution of rewards associated with an arm is not affected by the
choices of past arms. The setting within MABs we work with is that of stationary stochastic bandits
where the distribution of arm rewards does not evolve with time.

The generality of the assumptions imposed by the stationary stochastic bandits setting provides a
wide net to capture a range of problem domains. However, in real-world applications there are
often several competing objectives that go beyond the limited goal of maximizing reward. For
instance consider the problem faced by a marketing agency where there are several communication
modalities available to communicate the agency’s advertising message. Blindly maximizing the
overall success rate (reward) in this case would be naive. Since such an approach would ignore the
drastically different costs of using these modalities. Our example reveals that costs being associated
with the sampling of any particular arm is a structure that appears quite naturally in applications.
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In the marketing agency problem we know that the various communication modalities shall have un-
known success rates for any brand new ad campaign. However, the cost of employing any modality
will typically be known. These known arm sampling costs might manifest themselves in the form
of a prescribed cost budget (Badanidiyuru et al.,|2018), or as a metric whose cumulative value is to
be minimized (Sinha et al., 2021), to specify two among many possible cost structures. We work
with the latter among these settings. In particular our paper works with variants of the MAB with
Cost-Subsidy (MAB-CS) framework introduced recently in|Sinha et al.| (2021]).

1.1 MULTI-ARMED BANDITS WITH COST SUBSIDY (MAB-CS) SETTING

What makes the MAB-CS setting so interesting is that it requires the bandit policy minimize cu-
mulative costs while obtaining cumulative reward that is feasible and not necessarily maximal. The
problem therefore involves dual objectives: minimizing costs while ensuring that the reward meets
or exceeds the feasibility threshold, denoted by jics. For an MAB-CS problem instance with K arms
we use ¢; to denote the known cost associated with sampling any arm ¢ € [K], and p; to denote the
expectation of the reward received from sampling arm . The optimal arm in our setting is then
the least cost feasible arm. Mathematically if S = {i € [K] : 1; > pcs} denotes the set of feasible
arms, then the optimal arm a* = arg min;cg ¢;.

To honor the dual objectives of minimizing cost while maintaining feasible reward, cumulative cost
and quality regret over a time horizon 7', for instance v, with policy 7 are defined as follows,

K
CostReg (T, v, ) ZE” { Ck, — Ca*)+:| = ZAJ&ZE [n; (T)]

T K
Quality Reg (T, v,7) = Y E, [ ics — w*] =Y AL E[R(T)).
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Where k; is the arm sampled by bandit policy 7 in time slot ¢, and n; (T) is a random variable
denoting the number times arm ¢ was sampled over 7" time steps. The initial definitions of regret
accumulated over horizon 7' in the center have been re-written in terms of the expected number
of samples of each of the K arms at the right. Moreover we have used the definitions of cost gap
Ac; = (¢; — cq+) and quality gap Ag ; = (ucs — p;) in the decomposition. We highlight that as is
standard for stationary stochastic bandits, the operator [E; represents the expectation over the choices
of arm k; made by policy 7 during time slot ¢. In the remainder of this section, we discuss three
variants of MAB-CS, each of which have a different specification for pcs. We end by motivating
the importance of AC i Aai, where 2" denotes max {0, z}, in the regret definitions.

Take as an example the problem faced by a marketing agency. Consider that there are three modal-
ities available for the agency to deliver their message, which are: (1) very expensive personalized
door-step solicitation, (2) moderately expensive automated phone call, and (3) inexpensive email.
Given these modalities, the agency’s goal may be to achieve a prescribed sales rate with the mini-
mum possible cost. Or, the goal may be that sales be at least a prescribed fraction of the sales of a
certain communication modality. Finally, we may not have a reference mode in mind, and we may
just desire a conversation rate that is (say) 80% as much as the highest unknown sales rate.

The first setting is captured by our novel contribution of the fixed threshold setting. In the fixed
threshold setting we specify pcs = po for a known pp € R. We call the second setting the known
reference arm setting which specifies ucs = (1 — ) pe. Here £ is the index of the reference arm, and
a € [0,1] is a known subsidy factor. The third setting was introduced in prior work and specifies
tes = (1 —a)p*. Where p* is the largest among expected rewards. In particular, * is the expected
reward from sampling arm :* = arg max;c (k) p;. Similar to the known reference arm setting « is
the subsidy factor. We refer to this third setting as the subsidized best reward setting.

With the MAB-CS framework, we target applications that are agnostic to the level of quality as
long as the quality exceeds threshold pcs. This structure necessitates the zero-clipped operation
inside the cost and quality regret definitions. Consider for example a problem where it is known
that customers need to be provided a certain (possibly unknown) service quality level for them to
continue their subscription. Any quality on top of the feasibility level pcs would not improve the
performance of our solution. For the marketing communication example from earlier, the quality
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threshold represents a sales conversation rate beyond which the profitability of the campaign is
ensured. In this case too we would like decisions that are agnostic to sales success over fics.

In the absence of the zero-clipped structure, cost and quality regret that are sub-linear in horizon
T could be achieved for our examples in an unintended fashion. An algorithm that samples sub-
optimal arms ¢ % a™* a linear fraction of times but balances positive regret from infeasible decisions,
by negative regret from stellar decisions would satisfy the un-clipped quality constraint but would
be unsuitable for our example applications.

1.2 KEY CONTRIBUTIONS

Our first contribution is to extend the MAB-CS framework to include two new settings. (1) The fixed
threshold setting, and (2) The known reference arm setting. Second, we present instance dependent
lower bounds on the expected number of pulls of any sub-optimal arm i # a* for our two novel
settings as well as the third subsidized best reward setting from the literature.

Next, we present an original order optimal algorithm Pairwise Elimination (PE) for regret minimiza-
tion in the known reference arm setting. Under PE non-reference arms are pit against the reference
arm in the ascending order of their costs. PE uses a principled elimination based regret minimiza-
tion algorithm called Improved-UCB (Auer & Ortner, 2010) to determine whether an arm provides
feasible rewards. We show that our PE has an instance dependent upper bound on both expected
cost and quality regret that is O (logT'), and that PE only samples arms more expensive than the
optimal action a* at most a constant number of times under expectation.

Next, we develop a generalization of PE for the subsidized best reward setting called PE-CS. We
show that PE-CS too admits an O (log T") instance dependent upper bound on both cost and quality
regret that involves both notions of conventional sub-optimality gaps and quality gaps. Not only
is PE-CS the first algorithm for the subsidized best reward setting with instance dependent upper
bounds on regret, but also PE-CS offers a substantial improvement in performance over the only
other algorithm from the literature for the subsidized best reward setting which admits a guarantee,
namely ETC-CS. Although we find that PE-CS is not order optimal for all instances, our contribution
includes characterizing the class of instances for which PE-CS is order optimal.

2 RELATED WORK

Structured Bandits: There have been numerous works that impose additional structure onto the
stationary stochastic bandits problem with the goal of better addressing specific application domains.
This structure can sometimes come in the form of relationships imposed on the rewards of arms.
These reward-relationships may be known (Kleinberg et al.|[2008) or unknown (Gupta et al.|[2021).
Adding constraints that depend on the risks associated with sampling the rewards of an arm as in
Wu et al.|(2016)) or|Chen et al.|(2022) is another form of the structured problem.

Bandits with Costs: We contextualize the core contributions of this paper by comparing and con-
trasting our setting and methods with related ones from the Literature. We build on the MAB-CS
setting introduced in [Sinha et al.| (2021). A core component of the MAB-CS setting is that there
is a known cost associated with sampling any arm that is specified as part of the problem instance.
There have been numerous works within the MAB literature that include the notion that a price has
to be paid for sampling an arm. Notably the Bandits with Knapsacks (Badanidiyuru et al.| [2018)
line of work also considers a setting with known costs. However, in[Badanidiyuru et al.|(2018)) there
is a limited cost-budget and reward must be optimized while satisfying strict budget constraints. In
MAB-CS and its variants on the other hand, the goal is to minimize cumulative costs without there
being any explicit constraints on cost. In MAB-CS, the constraints are in fact on reward, and are
referred to as quality constraints.

Bandit with Constraints: The quality constraints in our work closely resemble the constraints on
expected rewards that are imposed in the work on Conservative Bandits (Wu et al., |2016). In both
our work and in [Wu et al. (2016), there is a constraint that requires the accumulated reward to
exceed a (1 — «) discounted version of the reward of a reference arm. The conservative bandits
setting only considers the cases where either the return of the reference arm is a known constant (g,
or the case where the reference arm is known, but its return is unknown. The primary difference in
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our work is that in addition to satisfying a quality constraint, in the MAB-CS setting, we must work
to minimize the cumulative cost. The notion of costs are completely absent in [Wu et al.| (2016),
moreover, in addition to the cases with a known reward threshold p, and a known reference arm
with an unknown return, which we consider as novel extensions to the MAB-CS framework, we also
address the problem of the original MAB-CS framework where the reference arm is the unknown
optimal arm. Another key difference is that Wu et al.| (2016) imposes the reward constraints in a
cumulative anytime manner, whereas we impose it at every time-step.

BAI and Improved UCB In our paper, we work with the notions of Cost Regret and Quality Regret
which are identical to the ones introduced by [Sinha et al.| (2021), however unlike the setting in
Sinha et al.| (2021)) which only considers the case where the reference reward comes from the so-
far unidentified optimal arm, we consider the additional cases (1) Where there is a fixed known
threshold to be exceeded (which we call the known threshold setting), and (2) When there is a
known reference arm ¢ whose reward py has to be exceeded however py itself is unknown. In
addition to our novel PE-CS algorithm for the setting from |Sinha et al.| (2021)) we present novel
algorithms for our new settings (1) and (2) as well. In|Sinha et al.|(2021)) the authors present three
novel algorithms for the MAB-CS setting, the former two among which construct a set of empirically
feasible arms by interleaving exploration and exploitation. We build up our approach to optimizing
for the regret objectives by first solving the known reference arm ¢ with unknown reward i, setting
using a successive elimination style algorithm that compares candidate arms one at a time against
the reference arm to see if they are feasible. We call this approach Pairwise Elimination (PE), and we
adapt the elimination based regret minimization algorithm Improved-UCB (Auer & Ortner;, 2010)
to develop it. Then we generalize PE to the case where the reference arm is the unknown optimal
arm by prepending PE with a Best-Arm-Identification (BAI) stage (also based on |Auer & Ortner
(2010)). We call this latter algorithm PE-CS.

3 ALGORITHMS AND ANALYSIS

As discussed in Section [T} we introduce novel settings called: (1) Fixed threshold setting with
1cs = fio, and (2) known reference arm setting with pcs = (1 — «) . In interest of building up to
our presentation on PE-CS we start with the known reference arm setting and relegate the discussion
and analysis of the known threshold setting to Appendix[H| For the known reference arm setting, we
present the lower bound and our novel Pairwise-Elimination algorithm in Section

Our PE algorithm builds upon Improved-UCB (Figure 1 in|Auer & Ortner| (2010)), a regret mini-
mization algorithm for the stationary stochastic bandits setting. We choose to build on the method
since its successive elimination approach to regret minimization readily incorporates our insight that
arms be evaluated in the order of their costs. One of the core features of Improved-UCB is that the
cadence of sampling and elimination is governed by rounds. Each round is a period where every
active arm is sampled to the extent prescribed by a function of the round number. A round concludes
when all active arms have been sampled sufficiently, and at the end of a round, unsatisfactory arms
are eliminated. We inherit the use of these rounds and associated formulas from Improved-UCB.

Finally, our third setting has the reward threshold pcs = (1 — a)u*. This subsidized best reward
setting is strictly more challenging than the known reference arm ¢ setting since the optimal arm
itself is unknown. To solve it, we extend the PE algorithm by pre-pending it with a Best-Arm-
Identification (BAI) stage to develop the PE-CS algorithm. The lower bound for the setting and the
PE-CS algorithm are presented in Section[3.2]

3.1 KNOWN REFERENCE ARM SETTING

The known reference arm setting specifies pucs = (1 — «)uy as the subsidized (unknown) return
of a known reference arm. Without loss of generality, we assume that all MAB-CS setting bandit
instances have arms indexed in the ascending order of their costs. In the known reference arm setting
any arm with cost higher than ¢, is necessarily sub-optimal and can be pruned out. Moreover we
can think of arm ¢ as being an arm with index K + 1. First we provide an instance dependent lower
bound on the expected number of samples of sub-optimal arms for a class of consistent policies. The
definition of consistent policies is available in Appendix
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Theorem 3.1 (Lower bound for known reference arm setting). Under any consistent policy 7 the
expected number of samples of a low cost arm and of the reference arm £ are lower bounded as,

E[n; (T E T 2(1 — a)?
hTIEio%f EZg(T)]_AQQ’i’ forarms i < a”, HTniioréf[lZ;(T)]Z?%%)*{(A?;'

Where T' denotes the problem horizon and the rewards of all K arms are Gaussian distributed with
variance 0% = 1. Low cost is a term used relative to the cost of optimal arm a*.

The proof of Theorem [3.1] (available in Appendix [E)) uses analytic techniques and arguments similar
to those used to establish lower bounds for the classical multi-armed bandit setting (Garivier et al.,
2019). We now discuss our PE (Algorithm [T)) for the known reference arm setting. Under this
setting, quality regret is calibrated against the expected reward of the reference arm ¢ which we
denote 110. For jointly optimizing cost and quality regret, we take an approach where the feasibility
of arms is evaluated in the order of the costs of the arms: cheapest first. This insight motivates a
pairwise comparison between the reference arm ¢ and the non-reference candidate arms.

Function 1: Pairwise Elimination Function PE()

Function PE( n: Sample Vector, fi: Empirical Means, w: Round Numbers, T': Horizon, i:
Episode, {: Reference Arm, o Subsidy Factor ):
A 2w
e 210%2&2)
for k € {i, ¢} do
if ni < 7 then
L L return k,w,? // k; =k, round numbers w and ep. ¢ unchanged

log(TA2
By B
if (1—a)(fu+p) < ju — [ then
Lreturni,w,None // Declare ¢ as winner, set episode to None
elseif i; + 8 < (1 — «) (fir — 5) then
return: + 1, w,7+ 1 // Sample next candidate arm, Rounds w
unchanged, Update episode to that of next candidate arm
else
w; < w; +1 // Increment round only for arm 7 being evaluated
return ¢, w, ¢ // Move to next round within same episode

Algorithm 1: Pairwise Elimination (PE) for a known reference arm /¢

Inputs: Bandit Instance v, Horizon T', Reference Arm /.

Initialize: Samples n; = 0, Empirical Means ji;, = 0, Current Rounds wy = 0,
Vk € [K]U{¢}, PE Episode i = 1.

while t < T do

if ¢ ¢ {None, (} then
ki,w,i+ PE(n, fi,w,T,i,{, ) // receive arm to be sampled,
updated round numbers, and updated episode number

else

th — ki_q // sample winning arm for remaining budget

| A(t+1),n(t+1),t <« sample_and_update(k¢, fu(t), n(t),t) // in Appendix

PE tracks and updates three bookkeeping variables. The number of times each arm has been sampled
n, the empirical mean reward sampled from each arm i, and the round ongoin by each arm w.

! Although the round number wy, achieved by an arm k can be uniquely determined from its number of
samples ny, we track them separately for a more lucid presentation.
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For PE we asses candidate arms in the ascending order of their cost by assigning an episode to each
candidate arm. This is represented by the main loop in Algorithm (1| in which 7 is used to refer to
both the index of the arm being evaluated for feasibility and to the episode number associated with
that arm. PE() keeps getting invoked until all K candidate arms are evaluated and we reach episode
¢, or until when a lower cost feasible arm has been identified.

Inside the PE() subroutine the sample prescription 7 is computed using the current round number
w; associated with candidate arm ¢ (line 2). Once the sample prescription 7 is met for both arm ¢
and arm ¢, we check for elimination. Since no samples are ever discarded, episodes that are further
downstream will re-use samples of arm ¢ from prior episodes when n, > 7. If candidate arm 7 is
able to eliminate arm ¢ then the optimal arm has been identified. Else if arm £ is able to eliminate
arm 1%, then the episode is incremented and we proceed to evaluating the next cheapest arm. If no
elimination occurs, then we simply increment the round number w;. For the PE algorithm, we show
the upper bound on cumulative cost and quality regret stated in Theorem [3.2}

Theorem 3.2 (Instance dependent upper bound on cumulative cost and quality regret for PE). For
bandit instance v, over horizon T, the expected cumulative cost regret E [Cost_Reg (T, v)| and qual-
ity regret E [Quality _Reg (T, v)| of the PE algorithm are upper bounded respectively as,

32log (TA)) <L 43 43
/i + + +
(1 +?§?ﬁf A2, Ad+ Z A2 Ad, + AL X, Aci

i=1 @t
Contribution from arm € under Contribution from arm £ under Contribution from episodes >a™
nominal termination in PE episode a* mis-termination in PE episode <a™ in case of mis-termination during ep a™
a*—1 2 a”—1
32log (TAY ) 43 43 +
No; + ———=2 -+ - + —— max AJ .
@ A A A2 r<ict @t
; ; a*<i
i=1 Qi i=1 Qi Q,a*
Contribution from arms i < a™ under Contribution from arms i < a™ under Contr 1bu.t10nfro‘m ‘-’P”(’df‘f >a .
nominal termination in PE episode a™ mis-termination in PE episode <a* in case of mis-termination during ep a

There are two dimensions to the execution of PE being nominal. First, within an episode the worse
quality arm should be eliminated after a reasonable amount of sampling. Second is that execution
across episodes should terminate in episode a* (with arm ¢ eliminated). To prove Theorem
we separately bound the expected number of samples of arms with cost lower and higher than the
optimal action a*, and the reference arm ¢. To bound these samples we condition on the desirable
and anticipated events at both the intra and inter episode levels and show that the probability of these
desirable events not occurring is small. The details are available in Appendix [F

Overall, we find that not only does PE achieve cost and quality regret that are O (log T'), but also PE
matches up to constant factors the lower bound on cost and quality regret implied by Theorem [3.1

To see this clearly, we breakdown Theorem by contribution. For cost regret, the O (logT')
dependence on arm £ is contained in the first term, and the dependence on higher cost arms is a
constant captured by the third. For quality regret the first term captures the O (logT') dependence
on low cost arms, and the entire contribution of higher cost arms is captured by a constant.

Practical Extensions of PE. We highlight that although PE makes comparisons between the can-
didate arms and the reference arm in a pairwise manner, samples of the reference arm are re-used
across episodes. Since during most episodes the samples accrued shall be limited to ones of the can-
didate arm undergoing evaluation, this sample reuse is a key feature of the PE algorithm and endows
it with good sample efficiency. In PE as presented in Algorithm [T} during an arbitrary episode eval-
uating the candidacy of arm ¢, the reference arm £ shall only ever have to be sampled if the samples
of arm ¢ start to exceed the samples of reference arm /¢ that were already available. In practice, we
can implement another version of PE called asymmetric-PE. Asymmetric-PE allows for a mismatch
between the number of samples of arms 4 and ¢ that go into computing the exploration bonus terms
{3. The details of the variant and an example comparing it to vanilla PE are available in Appendix[C]

3.2 SUBSIDIZED BEST REWARD SETTING

Theorem 3.3 (Lower bound for subsidized best reward setting). Under any consistent policy m, the
expected number of samples of low cost arms, high cost arms, and the best reward arm i* are lower
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bounded respectively as,
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Where A, = p* — max;.;« [1; is the smallest conventional gap, T' denotes the horizon and the
rewards of all K arms are Gaussian distributed with o = 1.

The proof of Theorem [3.3]closely parallels the proof of Theorem 3.1]barring two salient differences.
First, in Theorem [3.3]there is a non-trivial lower bound on the number of samples of high-cost arms.
This is because unlike the known reference arm setting the arm ¢* and its reward p* are unidentified.
Second, the lower bound on samples of ¢* is not only a function of quality gaps Ag ;,% < a*, but
also depends on the relationship between min;<,- Ag ; and the smallest conventional gap Apiy.
Next we discuss the extension of PE to the subsidized best reward setting to develop PE-CS.

Algorithm 2: Pairwise Elimination for Cost Subsidy Problem (PE-CS).

Inputs: Bandit Instance v, Horizon 7', Subsidy Factor a.
Initialize: Samples ny, = 0, Empirical Means fi;, = 0, Current Rounds wy, = 0, Vk € [K],
BAI Candidates (active arms) A = [K], Arm ¢ = None, PE Episode i = 1.
while ¢t < T do
if len(A) > 1 then
ki,w, A+ BAI(n, fi,w, T, A) // receive arm to be sampled,
updated round numbers, and updated active arms

if len(A) = 1 then
£+ A[0] // set ¢ to be identified best arm
continue // ignore sample recommendation k;

Ise if i ¢ {None, ¢} then
ki,w,i+ PE(n, fi,w,T,i,{, o) // receive arm to be sampled,
updated round numbers, and updated episode number

[¢-]

el;e
th — ki1 // sample winning arm for remaining budget
f(t+1),n(t + 1),t «+ sample_and_update(k;, fi(t), n(t),t) // in Appendix

When solving the subsidized best reward setting we face the additional challenge that the arm ¢* is
unidentified. To solve this problem, PE-CS (Algorithm 2)) comprises two stages, the BAI stage and
the PE stage. The BAI() subroutine uses the same round number based cadence of sampling and
elimination leveraged in PE() and is specified in Appendix [B] Function[3] Under BAI() once the set
of active arms collapses to a single arm, sampling decisions are passed over to the PE stage.

The PE stage in the PE-CS algorithm works identically to the PE algorithm described in Algorithm[I]
In fact, due to the modular and phased nature of PE-CS we use precisely the same subroutine Func-
tion [I] for PE(). For the PE-CS algorithm, there is all the more reason to make best use of the
accumulated samples of the reference arm since not only can n, accumulate during episodes of the
PE stage, but also can accrue in the BAI stage where the empirical best reward arm / is the last sur-
viving and therefore most sampled arm. In passing control from the BAI stage to the PE stage, a key
role is played by the ongoing rounds w. Used in both BAI() and PE(), w is responsible for tracking
the round up to which any arm has been sampled at any point in time. Once the time comes for
passing over control from BAI() to PE(), the PE stage is able to pick up sampling and elimination
checks in any of its pairwise comparison episodes right where the BAI stage left-off. For PE-CS we
show upper bounds on expected cumulative cost and quality regret in Theorem [3.4]

Theorem 3.4 (Instance dependent upper bound on cumulative cost and quality regret for PE-CS).
For bandit instance v, over horizon T, the expected cumulative cost regret E [Cost_Reg (T, v)] and
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quality regret E [Quality_Reg (T, v)] of the PE-CS algorithm are upper bounded respectively as,

321og (TA2) ‘43 32 43
e (v P ) e (S ag (o ot
i=1 N a

Q,a*

32 43 32log (T'A?2)
+ i>;£1,?é([K] Ag’i (Ag * A ) + , Z 4 AJCr’i (1 * A2
@ i>a* €[ K]\ {i*} L

11 32

i€[K] min Gi* 7

i=1

32log (T'A?) 11 32
+ i +
+ > }AQJ <1+ A2 +max AL | &3 +ZE

i>a® ie[K]\{i* min e

a1 2 a1
32log (TA,) 43 32 43
Agi+ el 8ad) ) | + Boilaz Taz
Z ( @y A, Z Ag i>ar£1filé([K] @\ A% Aé,a*

Where A; = p* — ,; are conventional gaps, Ny = p* — max;z;« fu; is the smallest conventional
gap, and A = {Ain} U{Ag ; }j <+ 18 defined to bound samples of arm i* under expectation.

We bound the expected number of samples of any arm under PE-CS by first conditioning on the
outcome of the BAl-stage being either proper (¢ = i*) or improper (¢ # i*). The phased nature
of PE-CS admits a modular analysis where conditioned on the outcome of BAI being proper, the
bounds on samples shown in Theorem [3.2] for PE hold with slight modifications. In particular the
three leading terms in the PE-CS bounds correspond directly (in order) to the three terms in the PE
bounds for cost and quality regret. The fourth term in both the PE-CS cost and quality regret bounds
corresponds to samples of high cost arms accrued during the BAI stage and the fifth term is the
constant contribution to regret from an improper BAI outcome. Proof is available in Appendix

Finally, as with Theorem [3.2] we see that both the expected cost and quality regret are bounded by
a quantity that is O (logT). On comparing the upper bounds in Theorem to the regret lower
bounds implied by Theorem we find a gap between the two. This gap arises from the class
of bandit instances where precisely identifying arm +* using BAI detracts from the actual goal of
sampling cheap feasible arms. A more detailed discussion is available in Appendix [E]

4 EXPERIMENTS

In Section[3]we presented the merits of the PE and PE-CS algorithms in the known reference arm and
subsidized best reward MAB-CS settings. While the presentation so far has been based exclusively
on theoretical bounds on cost and quality regret here we complement our theoretical analysis with
a study of the empirical performance of our methods. In particular, we compare PE and PE-CS
with baselines from |Sinha et al.|(2021) on problem instances derived from real-world datasets. The
real-world datasets we use are MovieLens 25M (Harper & Konstan, [2015) and Goodreads (Wan &
McAuley, [2018). Next we describe how we make use of these datasets for our experiments.

The MovieLens 25M dataset consists of 25 million ratings for 62,000 movies rated by 162,000
users. It is a popular dataset for studying the performance of recommendation systems. The movie
ratings in the dataset are from numerous users and on a 5 point scale. Moreover, every movie for
which ratings are available in the dataset are tagged with one or more genres. The Goodreads dataset
already comes organized into overlapping genres with a single genre containing between 36,514 and
335,449 books. Each book is associated with at least one numeric review and the number of reviews
associated with the books tagged with a certain genre range between 150 thousand and 3.5 million.

Our Goodreads and MovieLens experiments simulate a scenario where a book subscription service
or movie streaming website attempt to recommend books and movies to their users. The available
selection is organized into genres and the service deploys a recommendation system to decide which
genre of content be served to its user. Whenever a genre is chosen by the recommendation system,
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Figure 1: Unknown ¢* MovieLens Experiment. In the experiment: p* = 0.785, pcs = 0.746.

a random book or movie tagged with that genre is drawn with replacement. Under these conditions,
bandit arms become a natural abstraction for genres. The cost associated with pulling the arm
corresponding to a certain genre is simply the average of the royalties that must be paid to the
authors or producers for every new reader of a book or streamer of a movie. Since royalty data is
unavailable as part of either two datasets, we draw the costs associated with sampling any bandit
arm (genre) to lie uniformly at random between O and 1. For every genre we first obtain the mean
5-point scale rating of all books or movies tagged with that genre and then divide this rating by 5
so that it lies between 0 and 1. We then treat this fractional rating as the expected reward return
from that genre. Through this process we end up with bandit instances consisting of 20 arms for
MovieLens and 8 arms for Goodreads the details of which are available in Appendix [A]

In experiments discussed in Section ff] we plot the summed together values of the cost and quality
regret. The goal in all MAB-CS settings is to converge onto sampling optimal arm a*. To do so
reliably we must explore sufficiently but eventually wane exploration. Looking at trends in summed
regret allows us to compare the merit of various methods in achieving this goal. A tangential yet
interesting goal is to understand the trade offs between cost and quality regret. To better showcase
the performance of our methods we relegate trade offs to supplemental experiments in Appendix

4.1 EVALUATING OUR PAIRWISE ELIMINATION (PE) ALGORITHM

To understand the effectiveness of PE empirically, we compare PE to a natural variant of the UCB-
CS algorithm from [Sinha et al| (2021). In the specification of UCB-CS (Algorithm 5] Appendix B},
the target reference arm (whose reward determines pcs) is the optimal arm ¢*. UCB-CS estimates
the index of arm ¢* as the arm with the largest UCB-index in any time-slot. To develop a comparison
with PE for the known reference arm setting, we simply replace this estimate with the known index
of the reference arm while retaining the the rest of the Algorithm. We call this variant of UCB-CS
as UCB-CS Known ¢ and compare it to PE on MovieLens and Goodreads in Figure ??.

In Figure (14| we plot the performance of our novel PE algorithm and compare it against UCB-CS
Known /. Since there is no notion of a reference arm inherent to the MovieLens dataset, we arrange
the 20 arms in the MovieLens bandit instance in ascending cost order and assign the 11th arm in
the sequence to be the reference arm. To achieve sub-linear summed regret, an algorithm must
primarily sample the best action and sample the other actions at most a sub-linear in horizon 7'
number of times. Through the results of Figure [I4] we find that while PE, through its cost-ordered
arm-elimination scheme achieves this goal, UCB-CS known-/ is unsuccessful at it.

From the results in Section [4.1] we see that an interleaved exploration and exploitation approach
such as UCB-CS known ¢ does not work for the known ¢ setting. Next in Section[4.2] we go into the
experiments for PE-CS in the full cost-subsidy setting.
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4.2 EVALUATING OUR PE-CS (PAIRWISE ELIMINATION COST SUBSIDY) ALGORITHM

In Section [3] we saw that PE-CS admitted logarithmic instance dependent guarantees on expected
cumulative cost and quality regret. The only algorithm for the full cost-subsidy problem from the
literature that has an upper bound guarantee on expected cumulative regret is the ETC-CS algorithm
from [Sinha et al|(2021). Moreover their work also prescribes the UCB-CS and TS-CS algorithms
which are approaches to solving the subsidized best reward problem that interleave exploration and
exploitation that lack any performance guarantees. The three algorithms ETC-CS, UCB-CS, and
TS-CS comprise all the algorithms from the literature and are specified in Appendix[B] We compare
PE-CS against all three of these approaches on the MovieLens bandit instance of Table.

In Figure [I| we have simulated PE-CS, UCB-CS, TS-CS, and ETC-CS on the MovieLens bandit
instance for a horizon of 5 Million samples. We plot the summed cost and quality regret for an
average over 100 independent runs on the left, and the worst performing case among the 100 runs
for each algorithm on the right. The specifications of the baselines are available in Appendix
Here the notion of worst is in terms of the summed terminal regret. ETC-CS consists of a pure
exploration phase where each arm is sampled O (T 2/ 3) times followed by an exploitation phase. As
the only other algorithm with a regret guarantee ETC-CS is our primary competitor. We find that not
only does the fixed budget 7 end up sampling infeasible and high cost arms a lot more than PE-CS,
but also it fails to exclude cheap infeasible arms from its empirically feasible set as evidenced by its
linear regret trend in Figure

Moreover PE-CS also outperforms the UCB-CS baseline and the latter algorithm has a linear regret
trend arising from a persistent mis-identification of the best action. Although we find that the average
of the regret over the 100 independent runs for TS-CS is lower than PE-CS, a closer examination
of the regret trend reveals the problem with the performance of TS-CS. While initially it takes PE-
CS more exploration to lock onto the best action, it does so in a consistent and reliable way and
once it does, there is no further incremental regret. This is seen from both the average and worst-
case regret trends in Figure [T] and from our upper bounds in Theorem [3.4] Whereas for TS-CS,
while interleaving exploration and exploitation leads to lower regret at the outset, there is a distinct
slow-but steady upward trend in regret observed for the method. The worst case summed regret
trend reveals that a consistent failure to identify and exploit the best-action occurs for the worst
performing case of TS-CS exhibiting its unreliability. The worst and other similar traces of TS-CS
contributing linear regret disproportionately contribute to the upward regret trend for TS-CS.

A close examination of the Algorithm descriptions for UCB-CS and TS-CS reveals the source of
their unreliability that we see in Figure |1} Both these algorithms work by constructing a set of em-
pirically feasible arms and choose to sample the cheapest arm in this empirical set. This approach is
vulnerable to a feasible arm being consistently excluded as a result of an initially poor performance.
In our PE-CS on the other hand there is a systematic comparison between the arms where they are
evaluated in the order of their costs and eliminated only when they have been sampled to be excluded
with sufficient confidence.

To take a closer look at the sensitivity of PE-CS and all three baselines, we perform an additional
synthetic experiment in the known reference arm setting which we call the toy experiment. For the
toy experiment, we create a family of 12 subsidized best reward problem instances each with four
arms. Then we run all four algorithms over 50 independent runs of each instance. The expected
reward of the first arm in the instance varies uniformly in the range 0.6 through 0.93 over the 12
instances in the family. Since the optimal return in all instances is ;1 = 0.95 and the subsidy factor
is a = 0.2, the reward threshold pcs for all the instances is 0.8 x 0.95 = 0.76.

In Figure [I5] we plot the results from the toy experiment on a scatter plot. On the y-axis is the
summed terminal cost and quality regret (in log scale) and on the x-axis is the value of the varying
expected return of the first arm of the instance family. Firstly, we find that on almost all instances,
PE-CS performs either similar to or better than our primary comparator ETC-CS. Among the 12
instances tested here, the ones where the return of an arm is close to pucs = 0.76 are the most
challenging. We find that most runs of UCB-CS and several runs of TS-CS are unsuccessful at
satisfactorily solving the p; = 0.78 case. Moreover, from Figures [T]and [I5] we conclude that among
the four algorithms tested here, PE-CS arguably offers the best balance between performance and
reliability.

10
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B APPENDIX ALGORITHMS

In this Section we collect all the Algorithm blocks relevant to our work that couldn’t find space
in the main paper. First we present the sample_and_update() subroutine used in Algorithm [T] and
Algorithm [2]and also used in the baselines in the current Appendix section.

Function 2: Sample and Update Function to update variables in-place and return them

Function sample_and_update( ki: Chosen Arm, f1: Empirical Means, n: Sample Vector, t:
Time-Step ):

ry < sample(k;) // sample reward for arm k;
fig, (8 + 1) < (G, () X ng, (£) +74)/(ng, (¢) + 1) // update mean
ng, (t+1) < ng, (£) +1 // update number of samples

return i(t + 1),n(t+1),t+1 // return updated means, samples, and
time-step

Next we have the specification for the sub-routine BAI( ) used in PE-CS Algorithm 2]

Function 3: Best Arm Identification BAI()

Function BAI( n: Sample Vector, i: Empirical Means, w: Round Numbers, T': Horizon, A:
Active Arms ):

A (9 —max;c(k] Wi

A2
for k € Ado
if n; < 7 then
Lreturn k,w,A // next arm to be sampled, unchanged w and A

log(TA?2
B = (27' )
fori € Ado

| B P = i+ B, — B
AT+ {ie A: pY® > maxjea M%CB} // update set of active arms
k; < Uniform (A™) // tentatively, the next arm to be sampled
foric A" do

Lwi —w;+1 // increment round number for still active arms

return k;, w, A"

Next, we provide a precise specification of algorithms from prior work that we compare our methods
against. In particular these are the ETC-CS, TS-CS, and UCB-CS Algorithms introduced by |Sinha
et al| (2021)) and specified in Algorithms [3] [ and [5] respectively. For the upper bound on regret

2
provided in|Sinha et al.| (2021) to hold, we require the exploration budget 7 to satisfy 7 = ¢ (%) 3

where c is some unspecified proportionality constant. Based on a few trial runs and examples we
pick ¢ = 5 since in the average case, the above seemed to give the best performance overall for the
ETC-CS approach.
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Algorithm 3: Cost-Subsidized Explore-Then-Commit (ETC-CS)

Inputs: Bandit instance v, Cost Vector ¢, Horizon T', Exploration Budget 7.
Initialize: Empirical means [ix, = 0, Number of Samples n;, = 0, Vk € [K].
while t < K7 do
ki <+t mod K
p(t+1),n(t+1),t < sample_and_update(ky, i(t), n(t),1)
while K7 <t <T do
for i € [K] do

Bilt) « /5%
o % = min {f1;(t) + B;(t), 1}

0}

PO max { (¢ ) pi(t),

by +— arg max;e (g py B (t)

Feas(t) < {i: pfB(t) > (1 — a)uyB(t)}

ky < arg mlnzeFeas(t) Ci

p(t+1),n(t+1),t < sample_and_update(ky, fi(t), n(t),1)

Algorithm 4: Cost-Subsidized Thompson Sampling with Beta Priors (TS-CS)

Inputs: Bandit Instance v, Cost Vector ¢, Subsidy Factor «, Beta Priors and Binomial
Likelihood (Bernoulli Rewards).
Initialize: Successes Sj, = 0, Failures Fj, = 0 Vk € [K].
while t < K do
kt —t
ry < sample (k¢)
Sk, (t+1) < Sk, (t) + 74
Fkt(t + 1) — Fkt(t) + Ty
t—t+1
while K <t < T do
fori € [K] do
L 0;(t) ~ Beta (S;(¢t) + 1, F;(t) + 1)
Uy < arg maxze (&1 0i (1)
Feas(t) < {i:0;(t) = (1 — a)0y,(¢)}
ky < arg minieFeas(t) &
ry < sample (k¢)
Sk, (t + 1) — Sk, (t) + 7y
Fro(t+1)  F(t) + (1 —7y)

C ASYMMETRIC PAIRWISE ELIMINATION

Algorithms [1] and 2] as described in Section 3| use Function [1] PE() as a sub-routine. While in PE()
the round number w; is used to determine the stipulated number of samples for both the candidate
arm 7 and the reference arm ¢, this does not have to be the case. By the time we commence episode
i to evaluate the candidacy of arm ¢, we would have already accrued numerous samples of arm ¢.
In particular, we denote the number of samples of arm ¢ as ny(t) = 7,,,, where the vector w, first
introduced in Section |3} is a vector recording highest round up to which the samples of each arm
have evolved. Consequently, wy is the highest round number reached for the samples of reference
arm /.

Based on this observation about the greater progressed round number w, we create a variant of PE
called Asymmetric-PE in Function [ that replaces Function[I]in Algorithm I

Asymmetric-PE described in Function [4] has all the same inputs that conventional PE did. In addi-
tion, it has an input « called the Maximum round deviation. While we have no bound on how much
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Algorithm 5: Cost-Subsidized UCB (UCB-CS)

Inputs: Bandit Instance v, Cost Vector ¢, Horizon 7', Subsidy factor «.
Initialize: Empirical means ji, = 0, Number of Samples n, =0 Vk € [K].
1 whilet < K do
2 kit
p(t+1),n(t+1),t <+ sample_and_update(k¢, fi(t), n(t),t)

while K <t <T do
fori € [K]do

3
4
5
6 ﬁz(t) — 2logT
7
8
9

ni(t)
py® <= min {j1(t) + B;(t), 1}
£ < argma;c (s 1B
Feas(t)  {i € [K]: p/® > (1 —a) x P}
10 k¢ < arg min;egeqs(t) i
11 p(t+1),n(t+1),t < sample_and_update(ky, fi(t), n(t),1)

Average Regret
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500.0 —®&— pe
asymmetric-pe
400.0¢ |

300.01 |

200.0+

100.0

Cost Regret + Quality Regret
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Figure 16: An experiment that illustrates potential savings in regret from the asymmetric-pe opti-
mization. Bandit instance with Expected rewards: pq = 0.74, o = 0.5, us = 0.8, uqg = 0.75, and
costs: ¢; = 0.15,¢c5 = 0.2, ¢c3 = 0.21, ¢4 = 0.25, subsidy factor: o = 0.0, £ = 3.

larger wy is compared to w;, when it comes to inferring the gap A, corresponding to arm ¢ in Line 2
of Function[d] we restrict the round number we use to be at most « larger than the round w;.

Effectively, the use of the further advanced round number w, trades performance for tightness of the
upper bound (as we shall see in the analysis of Section[F). We get an improvement in performance
since 3 < f3; potentially leading to a resolution in lines 7 or 9 of Function[d] with a smaller value of
B thereby requiring fewer samples of candidate arm i.
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Function 4: Asymmetric Pairwise Elimination Function Asymmetric_PE()

Function Asymmetric_PE( fi: Empirical Means, {: Reference Arm, n: Sample Vector, T':
Horizon, w: Round Numbers, i: Episode, a: Subsidy Factor, k: Max Round Deviation ):

for

f(

Ise

(-]

else

ke {il} do
Ak — 2—max{wq,+n,wk}

2log(TAZ
T [7%&% ’“)—‘
if n; < 7, then
return k, w, i // ki =k, round numbers w and episode 1
unchanged

/ log(TAi)
L B 27

1 —a)(fig + Be) < f1; — B; then

return ¢, w, None // Declare ¢ as winner, further episodes are
None

if ﬂz + Bl < (]. — a) (/:Lg — Bg) then

return: + 1, w,7+1 // Sample next candidate arm, Rounds w

unchanged, Update episode to that of next candidate arm

w; <—w; +1 // Increment round only for arm 7 being evaluated
return i, w, ¢ // Move to next round within same episode
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D PRELIMINARIES

In this section of the appendix, we collate the preliminary results required for the analysis of our cost-
subsidy framework algorithms that follow in the forthcoming sections. The results stated without
proof are standard results from the MAB literature.

Definition D.1 (Subgaussian Random Variable). We say that X is o-subgaussian if for any € > 0,
.2
Pr(X —E[X] > ¢) < exp <2;) (1)
Lemma D.1 (Bounded random variables are Subgaussian, Example 5.6(c) in |Lattimore &
Szepesviri (2020)). If Random Variable X € [a, b] almost surely, then X is b*T“ subgaussian.
Lemma D.2 (Hoeffding Bound, Section 5.4 in |Lattimore & Szepesvari (2020)). Let

X1, Xa,..., X, be n independent random variables, each bounded within the interval [a,b] :
a < X; <b. The empirical mean of these variables is given by,
1 n
X=- X;. 2
- ; 2)
Then Hoeffding’s inequality states that,
_ 2nt?

Lemma D.3 (Iterated expectation over mutually exclusive and exhaustive events). Let X be any in-
tegrable random variable over probability space (Q, F,Pr), and let { E;},_, be a collection of mu-
tually exclusive and exhaustive measurable events. Thatis | J;_, E; = Qand E;NE; = ¢, Vi,j €
[n],i # j. Then the following identity holds,

E[X] =) E[X|E]Pr(E). (4)

i=1
As a special case if the events are just some E and its complement E°, then,

E[X]=E[X | E|Pr(E)+E[X | E]|Pr(E°). (5)

Proof. Define a sub o-algebra of F, G = {¢, E1, Es, ..., E,,Q}. Then,

E[X]=E[E[X | G]] (Because G C F) (6)
=) E[X|E]Pr(E). (7)

i=1
O

Lemma D.4 (Expectation is at most equal to larger of the conditioned expectations). Let X be
any integrable random variable over probability space (2, F,Pr), and let { E;},_, be a collection
of mutually exclusive and exhaustive measurable events. That is U?zl E,=Qand E;NE; =

¢, Vi,j € [nl],i# j. Then,
E(X] < max {E[X | E]}. ®)

i€[n]

Proof. Lemma[D.4]can be considered a Corollary to Lemma as is illustrated by the following
proof,

E[X] = Z E[X | E;] Pr (E;) (From the proof of LemmaD.3). )
i=1
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1€[n]

< <Z Pr (El-)) : (Inax {(E[X | E; ]}> (10)

_Hel?)]({E[X|E” 1D

O

Lemma D.5 (Regret Decomposition Lemma, Lemma 4.5 in [Lattimore & Szepesvari| (2020)). For
any policy m and stochastic bandit environment v with K arms, for horizon T, the Expected Cumu-
lative Regret Reg.. (T, v) of policy 7 in v satisfies,
E [Reg, (T,v) Z AE [ni(T)]. (12)
1€[K]
This result may be trivially generalized to other notions of regret where the gap determining the

incremental regret due to arm 1 is some arbitrary Ax ;. In this case, the regret decomposition shall
be,

E [Reg7r (T,v) Z Ax En,(T)]. (13)
1€[K]

In particular in our problem we have Cost and Quality regret which are,

E [Cost_Reg(T, v)] Z AciEn; (T)] (14)
1€[K]

E [Quality Reg(T, V)] Z AL E JE (7)) (15)
i€[K]
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E INSTANCE DEPENDENT LOWER BOUNDS FOR MAB-CS

LOWER BOUNDS FOR THE KNOWN REFERENCE ARM SETTING

We consider the case where the reference arm, denoted by arm /, is known. Let v = {1/2-}1':17__,7 K0
denote the vector of reward distributions associated with all arms ¢ = 1,..., K, /, where the index
of the reference arm can be thought of as / = K + 1. Let M denote the model under consideration
that is a collection of all possible instances v. Recall that without loss of generality we assume the
arm indices are cost ordered, i.e., c; < ca < --- < cxg < ¢y, and that a* denotes the optimal action
defined as the cheapest arm whose mean reward meets the feasibility threshold pcs. In the known
reference arm setting, the feasibility threshold is defined as pcs = (1 — )y for some o € [0, 1)
where 1, is the mean reward of the reference arm ¢, which yields a* = arg ming;.,,, >(1—a)u,} Ci-

Definition E.1 (Consistent Policies). A policy 7 is consistent if for all bandit instances v and for all
arms i # a*, E[n; (T)] = o(T7) forall 0 < v < 1.
Definition E.2 (The key quantity D). Let KL denote the Kullback-Leibler divergence between two
probability distributions. Given a distribution v; € M and a real number x, we define

Di(vi, x) = inf {KL(v;,v}) : v; e M and E[v] >z},

where E[v]] denotes the mean of the distribution v,. We also need a slightly modified version of this
key quantity defined as follows:

Dinf'(y,;,x) =inf{KL(v;,v)): vieM and E[v)] <z}.
Although not always explicitly stated, we will be using Di,(v;, x) for distributions v; with p; < x
and Dy (v;, x) for distributions v; with p; > x.

Proofs of both Theorem and Theorem follow arguments similar to those used in establish-
ing the well-known lower bounds for the classical multi-armed bandit setting. Here, we adopt the
approach presented in |Garivier et al.| (2019) that is based on the following fundamental inequality
(Garivier et al.|(2019)[F]): For any v, v/,

> B [n(T)KL(v;,v}) > KI(E,[Z],E,[2]) (16)
i€{l,....K,L}

where kl denotes the Kullback-Leibler divergence for Bernoulli distributions, i.e.,

p l-p
vp,q € 0,1 K(p,q) =plog -+ (1—p)log 7—,
and where Z is any random variable with values in [0, 1] (that is measurable with respect to the
probability space that all reward random variables are defined on).

We will use with Z = # for some arm 7, and will also rely on the bound

—log 2 a7

D 1-p 1
Kl(p, q) =ploga+(1—p)log . > (1—p)log .

Theorem E.1 (Lower bounds for the number of pulls of low-cost arms). For any bandit instance v
over horizon T, for all consistent strategies, we have

E, [n; (T)] S 1

lim inf > , forarms i=1,...,a" — 1.

T—o0 lOgT Di,,f(l/i, (1 — oz),ug)
Proof. Given any bandit instance v and any arm ¢ = 1, ...,a* — 1, we consider a modified instance
v’ where i is the unique best action: v} = v; forall j € {1,..., K, ¢} — {i} and v; is any distri-

bution in M such that its expectation p satisfies u; > (1 — a)pe. The key idea here is that any
consistent policy should have E, [n;(T)] = o(T") while E,/[n;(T)] = T — o(T”). We now apply
the fundamental inequality with Z = # Noting that all KL terms except that for arm ¢ is
zero on the left hand side and using (I7), we get

E, [ni(T)KL(vi, ) > kI (EVWTH Ew[m(T)])

i T ' T
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(- B (T

Given that arm ¢ # a* in instance v and ¢ = a* in v/, any consistent policy must have E, [n;(T)] =
o(T")and E,/ [n;(T)] = T — o(T") which leads to,

. T [ (] > -
U inf 3T (1 v )\ T E ) 7T

for all 0 < v < 1. Thus, we get

lim inf Ey [n: ()] > !
T—oo  logT KL(v;, )

19)

and taking the supremum in the right-hand side over all distributions i > (1 — «)ue, we get the
bound of Theorem[E1]

Remark E.1. The line of arguments used in the proof given above would not yield a similar lower
bound for high-cost arms, i.e., arms i = a* + 1,..., K. This is because even if the reward distri-
bution of an arm i € {a* + 1,..., K} is modified to make its mean exceed the feasibility threshold
(1 — ) e, arm a* would remain to be the optimal action and thus we would not be able to state that
E, [ni(T)] = T — o(T"). This is consistent with the upper bounds established in Lemma[F.7] for
our PE algorithm where the number of samples for high-cost arms was seen to be upper bounded by
a O(1) term. In fact, the upper bounds for the PE algorithm will be seen to match within a constant
factor the lower bounds for all sub-optimal arms; see Remark[EZ2]below.

Theorem E.2 (Lower bounds for the number of pulls of the reference arm ¢). For any bandit in-
stance v over horizon T, for all consistent strategies, we have

lim inf M > max ; !

;. — (20)
T—o0 10gT Dinf (VE; {Lj*a) 1=1,..., a*—1 Dinf (Vfa 1#1@(1)

Proof. Proof of Theorem [E.2]follows similar arguments to that of Theorem [E.T] but requires a more
subtle application of the fundamental inequality (I6). We will first establish the second part of (20)
(associated with modifications that make an arm ¢ < a* optimal) followed by the first part (that
arises from modifications that make an arm ¢ > a* optimal).

Consider any bandit instance v with arm a* being the optimal action. If a* = ¢, then any consis-
tent policy must choose it at least 7' — o(T"7) times and the bound given in the Theorem follows

immediately. Next, we assume a* # ¢. Consider any arm ¢ = 1,...,a* — 1 and note that we must
have p; < e~ for all such arms. Now, consider a modified instance v/, where V;» = v; for all
j=1,..., K and v is any distribution in M such that its expectation /i, satisfies (1 — o)uy < p;.

This means that arm : is feasible in the modified instance v/, and given that it has lower cost than
a*, a* is no longer the optimal action. In fact, in 2/, the optimal action is guaranteed to be among
the arms {1,...,i}. Let j € {1,...,4} be the new optimal action. We will apply the fundamental
inequality 1} with Z = % and note that any consistent policy should have E, [n,;(T)] = o(T")
while E,/[n;(T")] = T — o(T"). Proceeding similarly with the proof of Theorem [E.1} we get

B DKLy > 0 (BT, E )

> (1 - W) log <TEVTWT)]) — log 2. Q1)

Noting that E, [n;(T)] = o(T7) and E,/[n;(T)] = T — o(T") and using similar arguments as in
the proof of Theorem [E.T| we get

lim inf E, [ne (T)] > 1
T—ro00 log T K]_,(l/g7 Z/;)

(22)
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Taking the supremum in the right-hand side over all distributions v, € M with 1, < -, we get
E, T 1
i inf 2 e D] (23)
T—o0 10g T Dinf (VZ, 1liia>
Finally, since these arguments can be applied for any arm i = 1,...,a" — 1, we get
E T 1
g BT 1 o
T—oo logT =1t =1 f (w7 1@04)

To complete the proof of (20), we now consider a modified distribution that would make a* sub-
optimal. Consider any bandit instance v with arm a* # /¢ being the optimal action. Consider a
modified instance v/, where z/;» =y, forall j = 1,..., K and v} is any distribution in M such
that its expectation yj, satisfies (1 — «)py > fiq+. With this modification, the arm a* is no longer
feasible and thus not optimal. The optimal action should then be in the set {a* + 1,..., K, ¢}. Let
j€{a*+1,..., K, (} be the new optimal action. We will apply the fundamental inequality

with Z = # and note that any consistent policy should have E, [n,(T)] = o(T") (since in the
original instance a* # j was optimal) while E,.[n;(T)] = T — o(T"”). Using the same ideas as
before, we then get
E, T 1
lim inf [ (T)] >
T—o00 log T KL(I/Z7 Z/é)

(25)

and taking the supremum in the right-hand side over all distributions v, € M with p, > 2= we
get

E,
lim inf [ne (7)) > !
T—00 log T D (VZ’ fr* )

e’

(26)

Finally, we combine [24]and [26]to complete the proof of 20]

Remark E.2. When the reward distributions are Gaussian, i.e., the family M of distributions con-
tain all Gaussian distributions with a common variance o2, the key terms Di(v;, x) and Dy(v;, )
take the form of
2
~ /’L — X
Di'lf(yiv $) = Dinf(Vi7 :L') = (1272)
o

More generally, it was shown in|Lattimore & Szepesvdri (2020) that Di(v;, x) = O((u; — x)?) for

most distribution families. Using this with o> = 1, we obtain from Theoremand Theorem
that

27

E[n; (T .
hTHLio%f EZg(T)] > AEM, forarms i =1,...,a" —1..
and
E T 2(1 — a)?
lim inf M > max w‘

T—o0 logT T i<a* AQQ,z

where Ag ; is defined as before, i.e., Ag ; = (1 — a)pg — p;. These results match within a constant
factor the upper bounds of our PE algorithm established in Lemmas [F.2] and [F.3] showing that the
PE algorithm is order-wise optimal.

LOWER BOUNDS FOR THE SUBSIDIZED BEST REWARD SETTING

We now present lower bounds for the subsidized best reward setting. The core ideas in establishing
these results are the same with those used in the known reference arm case. Namely, to establish
a lower bound on the number of pulls needed from a given arm, we are seeking a modification
in that arm’s reward distribution that leads to a change in the optimal arm, i.e., arm a* being no
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longer optimal. Among the modified distributions that change the optimal arm, the one that has
the minimum KL-divergence with the original distribution leads to the tightest lower bound on that
arm’s number of pulls. We will repeatedly use this argument in the following discussion but the
repetitive parts of the proofs are omitted for brevity.

Let M denote the model under consideration that contains all bandit instances v, where v specifies
the reward distributions v; of all arms ¢ = 1,..., K. Recall that the arm indices are cost ordered,
ie,cp < <cgr <--- < g < --- < cg,where a” is the optimal action and ¢* is the arm with
the largest mean reward; namely ¢* = argmax;c(1, . x}) p; and a* = argming;.,,;>(1—a)u*} Ci

where p* = max;e(1,... xy i = pi=- The definition of a consistent policy and key quantities D,

Diy¢ remain as in the previous section.

LOWER BOUND ON THE NUMBER OF SAMPLES FOR ARMS 7 < a*

Theorem E.3 (Lower bounds for the number of pulls of low-cost arms). For any bandit instance v
over horizon T, for all consistent strategies, we have

E, [n; (T 1
lim inf v [ni ()] > , forarms i =1,...,a" — 1.
T—o0 IOgT Dinf(yia (1 — a),u*))
Proof. For arms cheaper than the optimal action a*, i.e., arms ¢ = 1,...,a* — 1, our approach is to

modify their reward distribution so that their mean reward is now larger than the feasibility threshold
(1 — )™, Since these arms have a lower cost than a*, a* will no longer be optimal in the modified

instance, paving the way to establishing a lower bound for the number of arms ¢ = 1,...,a* — 1.
Formally, given any bandit instance v and any arm ¢ = 1,...,a" — 1, we consider a modified
instance 1’ where i is the unique best action: v} = v; forall j € {1,..., K} — {i} and v is any

distribution in M such that its expectation i satisfies u; > (1 — a)p;+. In the modified instance
v/, the feasibility threshold is either (1 — «)p;« as before, or it changes to (1 — )} by virtue of
arm 4 being the arm with the largest mean reward. In either case, p] exceeds this threshold and since
c; < cq+, arm a* becomes a sub-optimal action. This proves that

lim inf Ey [n: ()] > !
T—oo  logT KL(v;, )

(28)

and taking the supremum in the right-hand side over all distributions v/, € M with u > (1 — a)p*,
we get the bound of Theorem [E.3]

Remark E.3. For arms i = 1,...,a" — 1, recall that the quality gaps are defined as Ag; =
(1—a)p* — ;. Recalling Remark|E.2} we see from Theorem|E.3|that when the reward distributions
are Gaussian with 0% = 1

Elni(T)] 2

T—o00 logT — Az?,z ’

forarms i =1,...,a" — 1.
matching the upper bound of our PE-CS algorithm given in Lemma|G.J|

LOWER BOUND ON THE NUMBER OF SAMPLES FOR ARMS i > a*,i # i*

Theorem E.4 (Lower bounds for the number of pulls of high-cost arms). For any bandit instance v
over horizon T, for all consistent strategies, we have

lij{n inf Eyl[ni;T)] > 1 ,
—00 0] a*
& Dy (Vzv (=) _a)>

forarms i € {a* +1,..., K} —{i"}.

Proof. For arms more expensive than a* but with mean reward less than p*, the only modification
we can make in their reward distribution to render a* sub-optimal would be to increase their mean
reward to a level where they will be the highest-mean arm and (1 — «) times their new mean exceeds
e~ (sothat a* is no longer feasible and thus can not be optimal). Formally, given any bandit instance
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vandany armi € {a* +1,..., K} — {3}, we consider a modified instance v’ such that v/} = v
forall j € {1,..., K} — {i} and v/ is any distribution in M such that its expectation 1 satisfies
(1 — a)u; > pg+. In the modified instance v/, we have p > pq+/(1 — ) > p;» with the second
inequality following from i+ > (1 — )+ since a* was feasible in the original instance. Thus, in
the modified instance arm 4 has the highest mean and the feasibility threshold becomes (1 — o)
which exceeds the mean reward p,+ of arm a* by construction. Thus, in the modified instance v/,
arm a* is no longer the optimal action leading to

EV [ni (T)] > 1

lim inf 29
Toee  logT = KL(1;,v) 29)
and taking the supremum in the right-hand side over all distributions v; € M with pj > 2= we

get the bound of Theorem[E.3]
Remark E.4. As before, when reward distributions are Gaussian with 02 = 1, Theoremgives

lim inf E[n: ()] > 2 ,
T—oo logT (£a= — ;)2

l1—a

forarms i€ {a*+1,..., K} — {i"}.
The corresponding upper bound for the number of samples from the high-cost arms for our PE-CS

algorithm, given in Lemma scales as é. Since arm a* is feasible, we have

Hax
11—«

— g > = = A

This suggests that there is potential for improvement in the PE-CS algorithm regarding the number
of samples drawn from high-cost arms. For instance, if the two arms with the highest mean rewards
have a small gap, it may not be critical to determine which one is superior (making A; less relevant),
provided that there exists a cheaper arm whose mean reward significantly exceeds the feasibility
threshold corresponding to either of the two arms in contention to be the one with the largest mean
reward.

LOWER BOUND ON THE NUMBER OF SAMPLES FOR ARM ¢*

Theorem E.5 (Lower bound on the expected number of samples of the best arm). For any bandit
instance v over horizon T, for all consistent strategies, we have

E, [ng (T 1

lim inf EZ T( IS . (30)
— 00 U o *
& Dinf (Vi*v ({—a))
Also, with j1j = maX;e(1,... a*—1} Ki And 2 = MaX;e(1,.. K} i i, we have

E, [ng (T 1 .

lim inf {n T( ) > — : i > (1—a)us. (1)
—00 0g Dy (yz-*, (1674&))

Proof. For the arm * that has the largest mean reward, establishing a lower bound is more subtle
since we need to consider modifications in two different manners. First, we shall consider modifi-
cations to its reward distribution to make its mean larger such that arm a* is no longer feasible and
thus not optimal. Formally, given any bandit instance v, we consider a modified instance v’ such
that v] = v; foralli € {1,..., K} — {i*} and /. is any distribution in M such that its expectation
i satisfies (1 — a)pls > g+ In the modified instance v/, arm ¢* is still the one with the largest
mean reward and the feasibility threshold has changed to (1 — a)p}.. Since pig+ < (1 — a)p}. by
construction, arm a* is no longer feasible and thus can not be optimal. This leads to

EV ¥
lim inf (- (T)] > !
TS logT KL (v, V)

(32)

and taking the supremum in the right-hand side over all distributions vj. € M with pj. > +2= we
get the first bound [30] of Theorem
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Next, we consider ways of reducing the mean reward of arm ¢* that would render a* sub-optimal by
making one of the cheaper arms ¢ = 1,...,a* — 1 feasible. Here, we shall notice that by reducing
the mean reward of arm ¢*, we can reduce the feasibility threshold to no lower than (1 — o) o where
w2 is the second largest mean reward among all arms, i.e., g2 = max;e(,... K} —{s~} - Even then,
this modification would make a* sub-optimal only if one of the arms ¢ = 1,...,a* — 1 (that all have
smaller cost than a*) has a mean reward that would make it feasible at this threshold. Namely, with
Hj = MaX;e{1,... .a*—1} Mi (€., f1; is the largest mean reward among arms 1, ..., a* — 1, and second
largest among arms 1, ..., a*), this would be possible only if 11; > (1 — a)po. If p1; < (1 — @),
then no matter how much the mean reward of arm ¢* is reduced, the arms ¢ = 1, ..., a*—1 would not
be feasible (with feasibility threshold being at least (1 — «)u2), and arm ¢* would remain optimal.
In such cases, the only lower bound we can establish for the number of samples of arm +* is that

given by (30).

Now, consider any bandit instance v for which p1; > (1 — &) 2. Then, consider a modified instance
V' such that v, = v; foralli € {1,..., K} — {i*} and v/. is any distribution in M such that its
expectation yf. satisfies (1 —av)uj. < p1;. Since arm j was not feasible in the original instance v, we
must have (1 —a)p+ > pj, o i« < pi+. In the modified instance v/, the arm with the largest mean
reward is either still ¢* or it becomes the arm with mean po. Thus, the feasibility threshold changes
to (1 — a) max{pl., o }. By construction p; > (1 — a)p}. and due to our initial assumption on
the instance v we have p; > (1 — «)p2 (which holds in the instance ¢’ since the distribution of all
arms but ¢* remain the same). Thus, we get 11; > (1 — o) max{p;., y2 }, meaning that the arm with
mean reward /i, is feasible in instance v/. Since this arm is in {1,...,a* — 1}, its cost is less than
the cost of arm a* meaning that arm ¢ is not optimal in »/’; instead the arm with mean reward s, is
optimal. This leads to

E, [n- (T 1
i g B P (D] 33)
T—o0 logT KL(v;+, v).)
and taking the supremum in the right-hand side over all distributions v/. € M with p}. < l’fa, we
get the second bound 31| of Theorem [E.3]
Remark E.5. As before, when reward distributions are Gaussian, Theorem[E.3| gives us
E [ng (T 2(1 — a)? 2(1 — «)?
lim inf Efni- (D)) > max 1= JLpy > (1 — a)pe] Chalc)
Tooo  logT (1= a)pis = pa-)? (1= a)pir — py)?
1 1
=2(1 - a)® max { A7 AT Ay = (1- Oé)ua]}

1 1 .
=2(1 — a)” max { A7 , Tnax AZ 1[ZH<I}ZI} Agi<(1- Q)Amin}}
where Ag ; = (1 — a)pu* — p; is the quality gap of arm i, Ay = p* — po is the smallest of the
regular gaps, and the last equality in the indicator function follows from the fact that

min Ag; = (1 - a)u* — ptj = (1= a)Apin + (1= a)p2 = py

Remark E.6. The lower bound established in Theorem [E.5] particularly the need to consider the
case ji; > (1—a)pg separately can be explained as follows. For a policy to determine that a* is the
optimal action, it needs to be able to decide that arms 1,...,a* — 1 are not feasible but arm a* is.
For the latter; the gap between i~ and the feasibility threshold (1 — &)« is important and affects
the number of samples needed from the arm i*, and this is seen in the bound (30). For the former,
i.e., to decide that arms 1, ... a* — 1 are not feasible, a policy may not need any samples from arm
1* if it can determine their non-feasibility through another arm. For example, if the mean reward
of arms 1,...,a* — 1 are all less than (1 — )z, then they can be determined to be not feasible
based on the samples from the arm with mean reward Lo (i.e., the arm with the second largest mean
reward among all). This is what gives rise to (30) being the only lower bound on the samples from
arm i* when pi; < (1 — o)po. On the other hand, when p; > (1 — «) o, then at least one arm in
1,...,a* — 1 can not be deemed non-feasible by comparing it with the arm with mean reward [
and samples from i* would be necessary. The number of samples needed from i* would be tied to
the gaps between the mean reward of arms 1, . .., a* — 1 and the feasibility threshold (1 — o) u* and
the smallest of these gaps is given by (1 — o) p;+ — p; which is consistent with the bound .
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Remark E.7. We now compare the lower bound established in Theorem[E3| with the upper bound
for our PE-CS algorithm given in Lemma We can see that if j1; > (1 — o) s, the dominant
gap term in the established lower bound will be given by min;<,- |Aq ;|, which in this case is also
smaller than A, = p* — pa. Thus, the upper bound of the PE-CS algorithm given in Lemma
matches the lower bound in this case within a constant factor. When p; < (1 — a)uq, as
also explained in the previous remark, the lower bound on the number of samples from i* is only
governed by Aq 4+, while the PE-CS upper bound depends additionally on min; <o« Ag ; and A,
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F ANALYSIS FOR PE IN THE KNOWN REFERENCE ARM SETTING

In this Section we build up to the proof of Theorem [3.2] by upper bounding the expected num-
ber of samples of low-cost infeasible arms, the reference arm ¢, and of high-cost arms under the
Asymmetric-PE setting with maximum round-deviation x. We then particularize these results to the
k = 0 case corresponding to conventional PE to obtain an upper bound on the expected regret for
Algorithm [I] PE.

F.1 DEFINITIONS AND SETUP REQUIRED FOR ANALYSIS

As discussed in the main paper, the PE algorithm is inspired by the Improved-UCB successive
elimination approach where sampling of arms occurs in un-interrupted batches called rounds. In
Improved-UCB, a set of active arms is maintained and at the end of every round, arms in the active
set are re-tested for their candidacy using an elimination criteria. Since in Pairwise-Elimination,
we inherit the un-interrupted round based sampling scheme and elimination-criteria first used in
Improved-UCB, to prove Theorem [3.2| we build on the analysis from|Auer & Ortner| (2010).

For ¢+ < a*, define round number p; to be,
_ Ao
5; = min {wimwi < 'QQ'} (34)

Intuitively, p; is the PE round number during episode ¢ by which we expect to either identify low-cost
infeasible arm ¢ < a* as being unsuitable or identify the best action a* as being suitable. Moreover
from Function |4, we know that for any arm the required number of samples to be drawn by round
wj 1s given by,

2log (TAZL)

T = | (35)

Table 1: Probabilistic Events Descriptions and Symbols for PE Analysis

Symbol Event Description

G1,, Vi < a* | Episode 7 is executed to evaluate arm ¢

Ga,, Vi < a* | Arm i is eliminated by arm ¢ by when round w; = p;, during episode %

G2 0 Arm ¢ is eliminated by arm a* by when w,+ = p,+, during episode a*
G3,i, Vi <a* | Arm £ is not eliminated by arm ¢ by when round w; = p; — 1, during
episode ¢
G3 0+ Arm a* is not eliminated by arm £ by when round w,« = po~ — 1, during
episode a*

FE;, Vi <a" | Available samples ran out during episode i before the sampling for
round p; could conclude and before an arm could be eliminated

To lay the groundwork for the forthcoming analysis we introduce notation n; (¢1, t2) for the random
variable denoting the number of samples of arm ¢ accrued between time steps ¢; and ¢ both inclu-
sive. Further, we use t; to denote the final time-step in episode i. Thereby, the variable n(1,t;)
denotes the number of samples of reference arm ¢ accrued by the end of episode .

At the outset of our analysis, we define a large collection of probabilistic events needed for devel-
oping Theorem 3.2]s intermediate results in Table[I] Each event in Table[I]is a subset of the sample
space 2 associated with a run of PE. In the descriptions of events in Table [l when we say that
an elimination event occurs by a round, we are including the round being mentioned. For example:
“Arm ¢ is eliminated by round p;” means that the arm ¢ was eliminated in round w; such that w; < p;.

Remark F.1. In the event descriptions, whenever we refer to the reference arm £ available to the
algorithm, we are really referring to the action whose expected return is (1 — a) g, where « is the
subsidy factor.
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Arm ¢ not being eliminated by arm ¢ during round p; is covered by G'2 ;, hence the rounds range up
to p; — 1 in the definition of G3 ;. Unlike the episodes 7 < a* where the nominal outcome is for
the reference arm to win over the candidate arm, for episode a*, nominally the arm a* shall be the
winner and therefore the events Gz o+, G'3 o+ are defined separately to account for this reality.

Lastly, we define compound event GG; using events in Table/[l]as,
Gi = Gl,i n ((Ggﬂ' N Ggﬂ') U El) . (36)

In English the event G;,7 < a* is the event that episode i occurs (event G ;) and that either an
accurate and timely elimination of one arm by another is made (event G2 ; N G ;), or we run out
of samples before a decision could be made and prior to the conclusion of round p; (event E;).
Conditioning the samples n;(7T) for PE on event G; gives us the following key result,

Pr(n(T) <7, | G;) = 1. 37

We leverage Equation [37]in conjunction with Lemma [D.3]to prove Theorem [3.2] To use this pro-
cedure, we require Lemma [F1] that partitions the probability space € into mutually exclusive and
exhaustive events including G;.

Lemma F.1 (Partition of Q with G;). The events Gy, By; = G ;, and B; = G1,;N (G5 ;UGS ;) N
Ef are exhaustive and pairwise exclusive Vi < a*.

Proof. We can prove that the events stated in Lemma |F. 1| are mutually exclusive and exhaustive by
showing that G§ = B, ; U B;. Since G; and G are exhaustive showing so will show that the three
events are exhaustive. Moreover, since G; and G are mutually exclusive, and since B; ; and B;
are mutually exclusive by construction, we would also have all the events being pairwise mutually
exclusive in addition to being exhaustive.

Bl,i UB; = Gil U (Glﬂ' N ( gz U ng) N EZC) (38)
= (G7,UG:) N (G5, u((G5,UG5,;)NEf))  (Udistributes over M) (39)

iU (G5, UGS,) NEY) (40)

= G- (41)

Where Equation (1] .follows from the expression obtained using De Morgan’s laws for G using the
definition of G; in Equation [36] O

BOUND SAMPLES FOR THE CASE 7 < a*

Lemma F.2 (Bound on the number of samples of a low-cost infeasible arm under Pairwise-Elimi-
nation). When the maximum round deviation k = 0, the expected number of samples of a low-cost
arm with index v < a™ over horizon T is upper bounded by,

32log (TAzQyi) 43

Eln: (T)] <1+ . .
A%, A2

Proof. The expected number of pulls IE [n; (T')] are bound by using the Iterated Expectation Lemma
- ID.3|and conditioning on the event collection G, By ;, B; which are mutually exclusive and exhaus-
tive per Lemma [F1]

En; (T)] = E[n; (T) | Gi] - Pr(Gy) + E[n; (T) | Bui] - Pr(Bi:)
B

+E[ni (T) | Bi] - Pr(B) (42)
<En;(T)|Gi] +T-Pr(B;) (43)
=En; (T)|Gi]+T-Pr(GiN (G5, UGS;) NE{) (B; from Lemma[FI) (44)
<En; (T) | Gi]+T-Pr(Gi:n (G5, UGS,)) (45
=En; (T)|Gi]+T-Pr((G1:NG5,;) U (G, NGS,)) (distributivity of N)  (46)
<E[n;(T)| G| +T-Pr(By;UBs;) (simplifying notation) 47)
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=E[n; (T)| G;]+ T (Pr(Bz;) +Pr(Bs;)) (using the union bound). (48)

Where Equation[43|follows from the fact that n; (T') | By ; = 0 since there can be no samples of arm
1 if episode 7 never occurs, and we define G ; N Ggyi and G1,; N G§ ; as By ; and Bj ; respectively
for notational simplicity.

First we bound the number of samples of arm 4 conditioned on the good event GG;. Since during
episode 7 < a*, we either make the correct decision of eliminating arm ¢ by episode w; = p; as
captured by G2 ; N G'3 ;. Alternatively, under G; we run out of samples as captured by F;. In either
case we will not have more than 7,, samples of arm ¢, where 7,, is given by,

21og(TA2
e = | 2B T2) “W . (49)
A2
Pi
By construction of the round p;, for all © < a*, we have,
l1Aq,il _ & 1Aq,il
A, < 50
1 She < (50)
Plugging in the bounds in Equation [50}
32log (TA )
T S | —— (51
AQ,i
321og(TAZ .
7‘2(2 Q*Z). (52)
Qi
Therefore, we have,
321og(T A% .
Blni(T) | Gil < 7, < 1+ 280 200) 53

2
AG.

Next we bound Pr (B3 ;) and Pr (B3 ;) in order. Since By ; = G1,; N G§ ;, from the specification
of G5 ; and the fact that intersecting with G'; ; puts us in the sub- space of (} where eplsode 1 occurs,
By Vz < a* is the event: “Arm i is not eliminated by arm ¢ by when round w; = p;, during
eplsode i”. Similarly B3 ; V¢ < a* is the event that “Arm / is eliminated by arm ¢ by when round
w; = p; — 1, during episode "

Along the lines of the proof composition in/Auer & Ortner| (2010) for the Improved UCB algorithm,
we construct three clauses on the empirical returns of arms 7 and ¢ in Equations [54] [55] and [56]

log (TAE, )
fli < i+ . (54
log (TAU% )
e > e — o7 (55
wi
) log (TAE,Z)
fre 2> phe — oy (56)
we

Clauses [54] and [55] holding when w; = p; lead to the elimination of arm ¢ by arm ¢ as is shown in
the work that follows,

\/ log (TAgi) /27, <A, )2 < Ag./A. (57)

Therefore,

log (TA!%l)

i + < p;+2 5 (From clause[54] and w; = p; ) (58)
TPq‘,
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log (TA%)
<pi+Agi—2 —r (From the ordering [57) (59)
Pi
log (TA%H)
=(1—a)py—2\| ——= (60)
QTPi
log (TA%Z)
<Q-a)i—(1-a) o (From clause[53] and w; = p; )
Pi
(61)
log (TA?W)
<(1—a)ie— (1 —a)\| —— (Since wy > w;). (62)

27w,

Here, Equation [62]is the criteria for arm ¢ being eliminated by arm ¢ in PE. We upper bound the
probability of the arm ¢ not being eliminated by union bounding the probability of the complements
of the Clauses [54] and [55] using Lemma [D.2] (Hoeffding’s Inequality). In addition, we include the
bound on the complement of Clause [56| which shall be useful later in bounding Pr (B3 ;).

log (T Aii) 1

Pr| g > p + \ o7 < TA2 (63)
log (TAZ, ) - N 1

Pr | fie < e — 27, < exp (W log (TAE’)> = TA2 (Since 7, = 7o)

(64)

log (TA&Z) 1 45 ) -

Pr [ fe < pe — o S TRz S TA? (Since wy < w; + K, and Ay, =27™).

wy Wy

(65)

If either of the two clauses[54]or[53]are violated, then elimination of arm 4 will not occur. Therefore,
we can bound,

2

< T~ . 67

< 7&T (67)
Plugging in round number w; = p; in Equation and then plugging in the lower bound on A i
from Ordering [3_0], we have,

2 32
pi )8

Finally, we wish to bound Pr (Bs ;) . Say that the actual elimination of arm ¢ by arm ¢ occurs in
some round w; = p < p;. To bound the probability of this clause of the event G§, we note that the
clauses in Equations [54] and [56] holding simultaneously preclude arm ¢ from being removed by arm
i regardless of the round number p in question. Therefore, using the results in Equations [63]and [63]
the probability of a round p, where ¢ is removed, existing, can be found by plugging in w; = p, and

is upper bounded by 4 21 While there is no definitive round number associated with p, from the

TAZ

?Because for any events A, B,and C, Pr (AN B) < Pr(C°) = Pr(C) < Pr(A4°U B°).
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clause itself we know that we must have p < p;.

441 R (4 + 1) -
Pr(Bs,;) < T Using A,, = 2°™) (69)
(Bs.i) pz:(:) TAa Z " (Using
4% +1 , . . .
< 3T - 4P (Using the formula for the sum of a Geometric Series) (70)
4K'/
= Since A,,, =27™ 71
3T A ( ) (71)
16 (4% + 1 Agi
= M (Because A > f ) (72)
11 . . .
< —~5— (Since we impose in Lemma[F.2). (73)
TAZ,
Plugging in the bounds in Expressions and[73]into Equation we get the overall bound on
the number of samples stated in Lemma|F2} O

BOUNDING SAMPLES OF REFERENCE ARM /

Let the random variable Z denote the final episode in the run of PE. Then {Z = z} constitutes
a measurable event in the sample space {2 indicating that the terminal PE episode was z. This
construction lets us establish [E3]l

Lemma F.3 (Bound on Samples of Reference arm ¢ under Pairwise-Elimination). Samples of ref-
erence arm [ emanate from the episodes of candidate arms being compared to arm £. When xk = 0,
we show the bound,

32log (TAL,) <L 43 ) .
E[ne(T)] < 1+ max AZ + Z A2 +E[ne(T) | {Z > a*}|Pr(Z > a*).

Where Z is the terminal episode of PE.

Proof. Under Pairwise-Elimination the nominal outcome is for episodes i=1,...,a* — 1 toresult
in the candidate arm ¢ being eliminated by arm ¢, followed arm a™* eliminating arm ¢ during episode
a*. To prove Lemma[F.3]we condition on this nominal sequence and upper bound the probability of
the outcome deviating from this sequence by a factor proportional to T Throughout the episodes
1 =1,...a" the number of samples n, (1) are equal to the number of samples of the most sampled
candidate arm ¢ < a*. This is because in PE we re-use samples of arm ¢ across episodes and only
further sample /¢ to keep up with the samples of a candidate arm. Motivated by this fact about 1, we
begin by defining a compound high-probability good event G.

Definition F.1 (Event G). The compound good event G is the event that for each episode i < a*
that was executed, the episode satisfied the episode-wise good event G;. Mathematically we define,

=U ({Zz}ﬂmGz). (74)

The complement of G, namely G¢ can be written out using the definition of G and De Morgan’s
laws as,

* H'C% 1=

({Z =2z}°U U GC> (75)

cU{Z #a*} (picking z = " from the iterated intersection) (76)

:UGfU{Z<a*}U{Z>a*} (77)

i=1
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= U (Bl,iUBi)U UBl,iU{Z >G,*} (78)
i=1 =1

= U (Bl,i U Bz) U {Z > a*} (79)
=1

=UG§U{Z>G*}. (80)
=1

Where the first term in Equation [78|follows from the equivalence between G¢ and B, ; U B; shown
in the proof of Lemma|[F.I] The second term in Equation [78]is based on the equivalence between the
event {Z < a*}, meaning that the final episode precedes a*, and the event U?’Zl B ; which means
that some episode ¢ = 1, ..., a" was not executed.

We leverage event G to bound the expected number of samples of arm ¢. In particular we consider
three events G, G° N {Z < a*}, and G° N {Z > a*} that are mutually exclusive and exhaustive by
construction. We decompose E [ny(7")] by conditioning on this collection.

E [n(T)]
=E[ne(T) | GIPr(G) +E[neT) | G°N{Z <a*}]Pr(G°N{Z < a*})

+E[n(T) | G°N{Z > a"}|Pr(G°N{Z > a*}) (81)
SEnT) |Gl +T-Pr(GN{Z <a*})+EngT) | {Z >a"}|Pr(Z >a"). (82)

Where bound [82] follows from the simplified form of G¢ developed in Equation 80|

Since samples of arm ¢ are reused between episodes with further sampling of arm ¢ only occurring
to match the demand from a higher round number, we have,

En(T)|G]=E {(I‘Iiaé(ni (1,tz)> | G] (83)
<E [néa)*(ni (1,tq+) | G} (-Z]G<a" (84)

<max7,, (using Equation[37] and by construction of G as N G;) (85)

i<a*

B (50
Pi
2log (TAﬁ)
<1+ max Q2 (87)
N Pi
32log (TA%2 ey ) o )
<1+ max 5 (Using the ordering in Relation [50) (88)
i<a* AQ,i
2
<1+ max ?%i(zmw. (89)
1<a Q,i

To complete the bound E [ny(T')] , we develop a bound on the term Pr (G° N {Z < a¢*}) in Lemma
However, to prove Lemma [F.6] we first require two intermediate results in the form of Lemmas

[E4and[E3

*

Lemma F4. In all the outcomes contained in G° ending in some episode Z = i < a*, some
Bj,j < imust have held.

GCm{Z:i}gUBj Vi< a*. (90)

j=1
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Proof.
G'N{Z=i}=(G;UG)N{Z=4i})NnG* 91)
=(Gin{Z =4i}) U(G;n{Z =1i}))NG° (N distributes over U) 92)
=(GiN{Z=iH)U(G;N{Z=i}NG°) (-Gin{Z =i} CG° 93)
=((BriUB)N{Z =i} ) U(Gin{Z =i} NG°) (- Gi=DB1;UB;) (94
CBUGN{Z=1}nG°) (- BLin{Z=i}=0). (95)

Now consider just the event G; N {Z = i} N G° from Equation We can find an event it is
subsumed within in the following way,

C

i—1 i—1
Gin{z=i}nG=G:n|(GU| (G N{Z=i}nG* (96)
7 1—1
=G n{zZ=i}nG |u|Gn|]Gn{Z=i}nG (97)
i=1 =1

1—1

GinlJ@Gn{z=i})nace (ﬂG N{Z=i} CG,Vi<a")

Jj=1 j=1

98)

= U (B1,; UB;)N{Z =i})NG° (from LemmaFI] (99)
Jj=1

i—1

=en| ) (B N{Z=i)NG" (- B,N{Z=i}=¢Vj<i) (100)

j=1
i-1

c B (101)
j=1

Plugging in Equation[T0T]into Equation 03] gives us the result stated in Lemma[F4] O

Lemma F.5. Within the space of events that constitute G, if an episode i < a* does not occur, then
there exists j < i such that the event B; occurred. Mathematically,

i—1
By ,NG°C|JB;,Vi<a (102)
j=1

Proof. We can prove the result by induction. First note that B; ; = ¢ since Episode 1 always occurs.
Let ¢ = 2 represent the base case. Then,

B1oNG ={Z=1}nG" (103)
C By (Using Lemma[F4). (104)
Now say that the statement in Lemma[F.3]holds true for some i = k < a*. That is,
k—1
BixnG°< | B;. (105)
j=1

To prove Lemma |F.5| we need to show this result for i = k£ + 1.

By k+1ﬂG —(BlkU{Z—k})ﬁG“ (106)
=(B1xNGIYU{Z=k}NG°) nNoverU (107)

k-1 k
- B; U U B;  (using the induction hypothesis and Lemma|F.4). (108)
j=1 j=1
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k
j=1

Where Equation uses the identity By x+1 = B1,x U {Z = k} which breaks down the event of
episode k£ + 1 not occurring into the event that episode & did not occur, or the event that episode k
was the final episode Z. Equation[I09]is the required result from the statement of Lemma[F35] O

Lemma F.6 (Bound on Pr (G° N {Z < a*})). We can upper bound Pr (G° N {Z < a*}) as

Pr(G°n{Z <a*}) < ZPr (B)) (110)
a*—1
< Z 43 +Pr o) (111)

Where B;, Vi < a* is as defined in Lemma and using the bound on Pr (B;) shown in the proof
of Lemma

Proof. We begin by introducing the expanded expression for G¢ developed in Equation
Pr(G°nN{Z <a'})=Pr(G°N{Z <a*}NG° (112)

<P ((U G¢uU{Z > a*}) N{Z <a*}n GC) (from Equation [80) (113)

(U N GC> > (N distributes over U) (114)
1

U (G;NG°) ) (union bound and Pr (A, B) < Pr (A)) (115)
=1
<U ((B1;UB;)N GC)> (by definition of G;) (116)
=1
(U ((B1iNG®) U (B;N GC))> (N distributes over U) (117)

U B; (using Lemma [F3)) (118)

= Pr U ) (119)
< ZPr (Bj)  (Union bound, and {Z > a*} == Bg-). (120)
O

To complete the upper bound on the expected number of samples E [n, (T')] from Equation [82]
we upper bound Pr (B,~) along the same lines as Pr (B;),7 < a* in the proof of Lemma
The key difference being that the roles of candidate arm a* and reference arm ¢ are reversed as
compared to the earlier procedure since .+ > pe. Moreover, just like the earlier proof we can
define By o« = Gy 4+ NGS5, and Bj o+ = G1,0+ N G§ ;. In words By 4+ is the event that “Arm £
is not eliminated by arm a* by when w,+ = p,~, during episode a*”. Similarly, Bs .- is the event
“Arm o* is eliminated by arm ¢ by when round w,+« = pg« — 1, during episode a*”.
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We bound Pr (B3 4~ ) and Pr (Bs 4+ ) separately by constructing clauses on fig, and fi,~ as before.

log (TAE,Q*)
o < e+ | ——L (121)
Tw,
log (TAEJ@)
fre <pe+ N\ —s— (122)
Ha* > Hax — (123)

Clauses[I2T]and[123]holding when wq+ = pq- lead to the elimination of arm £ by arm a* as is shown
in the following steps,

\/ log (TA2, ) /27,,. < A, /2 < |Aqu-/4 (124)

Therefore using wg+ = pg- ,

(125)

(Equation[T2T) (126)

127)

) (From[124)

(128)
(129)
(From Equation[123)) . (130)

Here Equation is the criteria for arm ¢ being eliminated by arm a* in PE. Since Clause and
Clause [123]being true and applicable at round w; = a* imply arm ¢ being eliminated, we can upper
bound Pr (Bg o+ ) as,

Pr(Bag+) < Pr| fie > pe+

(131)

<

7K (Similar to the bounds in[63]and [64]). (132)

Plugging in round number wy+ = pg+ in Equation [I32] and then plugging in the lower bound on
A, . from Ordering we have,

2 32
Pr(Ba-) < (133)

<<
TAz T TAY .
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To complete the bound on Pr (B,~) we must bound Pr (B3 4~ ) which is the the probability of arm a*
being eliminated by arm ¢ by round w,+ = p,+. Similar to the arguments in the Proof of Lemma|F.2}
the clauses in Equations [I21] and [T23] holding simultaneously preclude arm a* from being removed
by arm /¢ regardless of the round number, and we shall have,

16 (4% + 1)
Pr (Bs 4~ —_— 134
rBsa) < e (139

11 .
< 75+5— (When we impose x = 0). (135)
TA o
Using steps identical to those that lead up to Equation 48] we shall have,
Pr (Ba*) S Pr (BQﬂ*) + Pr (Bg_’a*) (136)
4

< TAE?; (from upper bounds in Equations [T33|and [133). (137)

Combining the upper bound on the expected number of samples of arm ¢ in Equation [89] with the
bound on Pr (G°N {Z < a*}) in Lemma[F.6] and the bound on Pr (B,-) in Equation all into
[82] we reach the upper bound stated in Lemma[F.3] O

BOUNDING SAMPLES FOR HIGH COST ARMS a* < i < /

Lemma F.7 (Bound on the expected number of samples of all high cost arms under Pairwise-Elim-
ination). When k = 0 the expected number of samples of all the higher cost, non-reference arms,
that is, arms with index in the range a* < i < { is upper bounded by a constant given by,

S E@n (D) <E

a*<i<t

Where Z is the terminal PE episode.

> ni(1) ] {Z>a*}] Pr(Z>a").

a*<i<l

Proof. We can upper bound the expected number of samples . _, ,E [n; (T')] by conditioning
on the event {Z < a*} and its complement.

Z E[ni(T)]:El Z ni (T)

a*<i<t a*<i<t

(from the linearity of Expectation operator)  (138)

—E[ > w1 {ZSa*}] Pr({Z <a'})

a* i<l

+E| > ni (1) |{Z>a"}

a* <i<t

-Pr({Z > a*}) (from Lemma[D.3).

(139)

Where E {Zf:a* (M) [{Z <a }] = 0 follows from the fact that there cannot be any samples
of an arm ¢ > a* in the case when the final episode Z is less than a*. [

Finally, we are in a position to Prove Theorem [3.2]

Proof of Theorem[3.2] First, we apply Regret decomposition in Lemma[D.5]to Cost Regret,

4
E[CostReg(T,v)] < > Al E[n;(T)] (because Ac; < 0fori < a*) (140)
i=a*+1
= AL Elne (D] + Y ALE[n (T)] (141)
a*<i</t
+ +
SALE (D) + max AS, *;d]E[ni (T)] (142)
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32log TAQZ o
<<1+§gaz< tlm )

JrAaéE[ng( )|{Z>a }]~Pr(Z>a)

+an3§[AclE Z ni (T) | {Z > a*}| -Pr(Z > a*) (143)
a*<i<t
32log (TA o
< <1+%§gm Z )A&
+ max, ACZ T-Pr(Z>a" ) (144)
a* <1
32log (T A2 o
= <1+£2%¥g G + )A&
+ max, ACZ T -Pr(Bg) (. {Z>a*} = By-) (145)
a* <1

32log (TAL,) & 4
< <1+maxg Z ) Aaz 3 max Agz

i<a* A2 e a*<i<t
(1406)
Where the final inequality follows from the bound in Similarly for Quality Regret we have,
¢
E [Quality Reg(T, )] = Y Al E{n; (T)] (147)
a*—1 £—1

=Y AQiE (T + Y AL En (1) (148)
i=1 i=a*+1

< Z AqE[n: (T)]+ max, AL, Z+1 E [n; ( (149)

a*—1 2
32log (TAYL,;) 43 43
Ao ot A (150
< Z < Qi AQ,i + AQ@ + A% « ani%}éf ( )

Which are the bounds stated in Theorem 3.2 O

For an improved understanding of these upper bounds, we provide a description of the terms.

First for Cost Regret,
321log (TAZ 43 43
1 + max M AL+ E AL + max AFL .
i<ax A2 (eN) A2 (eN) A2 ar<i<t CLi
= Qi i=1 Qi Q,a* =
Contribution from £ under nominal Contribution from £ under Contribution from episodes >a*
termination in PE episode a* mis-termination in PE episode <a®  in case of mis-termination during ep a*
Next for Quality Regret,
a*—1 2 a*—1
32log (TAQJ-) 43 T
P Q.i Q.i Q.a a* <i<l
Contribution from i < a™* Contribution from 7 < a™ under Contribution from episodes >a*

under nominal termination in PE episode a* mis-termination in PE episode <a*  in case of mis-termination during ep a™
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G ANALYSIS FOR PE-CS IN THE FULL COST-SUBSIDY SETTING

We now turn towards proving Theorem 3.4]that establishes an upper bound on Expected Cumulative
Cost and Quality regret for PE-CS. The PE-CS algorithm operates in the unknown reference arm
setting, which we also refer to from time-to-time to be the Full Cost-Subsidy Setting [Sinha et al.
(2021)). We have already shown upper bounds on Cost and Quality regret for Pairwise-Elimination
(PE) for its operation in the known reference arm setting. The principle hurdle in generalizing
the PE analysis to an analysis for PE-CS is working through the uncertainty associated with the
identification of the best arm in the BAI stage of PE-CS. To perform the PE-CS analysis, not only
do we need the definitions, notation, and setup from the analysis of PE, but also we require some
additional constructs spelled out in the following Section.

G.1 PE-CS AND UNKNOWN REFERENCE ARM SETTING SPECIFIC DEFINITIONS

As described in Algorithm 2] PE-CS operates in two phases, a Best-Arm-Identification (BAI) phase
and a Pairwise Elimination (PE) phase. As discussed in Section [3} the BAI phase of PE-CS is
the Improved UCB algorithm |Auer & Ortner| (2010) terminated once there is a single active arm
remaining. The single remaining arm is assigned to be the empirical reference arm denoted by /. As
we show in the subsequent work, by the manner in which PE-CS is setup, the event that the identified
reference arm gets arm * in the line ¢ < A [0] (Line 6, Algorithm is a high probability event.
The core idea behind the analysis is to condition the expected number of samples on this desirable
and likely outcome occurring during the BAI stage.

In addition to the notation defined in the main paper, we define more constructs that are specific to
the analysis of PE-CS. For arm 4, define round number o; within the Best-Arm-Identification (BAI)
phase of PE-CS to be,
. A,
oimin{mAm<22}. (151)

Intuitively, round o; is the round number by which we expect arm ¢ to be eliminated by arm ¢* in
the BAI stage of PE-CS.

We let the final round during which arm 7 was sampled during the BAI stage be denoted by the
random variable YJ;. To apportion the contributions of the BAI stage and the PE stage to the total
number of samples n; (T'), we introduce the variable ¢gay to denote the final time-step ¢ in the BAI
stage. As a consequence of these two definitions n; (1,tga1) < 7x,. The highest round number
reached during the BAI stage overall for any and all active arms,

Y= rgléaz(&. (152)

And to denote the set of active arms at the last time-step of the BAI stage we use,

Ay = A(tgar) - (153)

Next, we define a collection of useful events in Table E] for the analysis that follows. These events
are contingent on outcomes occurring during the BAI stage alone.

Table 2: Probabilistic Events Descriptions and Symbols for PE-CS Analysis

Symbol Event Description

I';, Vi #14* | Arm 4 is eliminated by when round m = o; during the BAI-stage

B14, Vi#4* | Arm 4 is not eliminated by when round m = o; and Arm * € A,
during the BAI-stage

B2,:, Vi #4* | Arm 4 is not eliminated by when round m = o; and Arm i* ¢ A,,
during the BAI-stage

F;,Vi# 1" | Final BAlround Xy < 0; and Arm ¢ € Ay
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Remark G.1 (The event F;). The event F; in words is the event that samples run out before the
validity of the event I'; could be checked and before the arm i could be eliminated. Equivalent to
the description in Table[2] we can write F; = {S$§ < 0;} N{i € Ay}. Using De Morgan’s rules, its
complement is given by Ff = {¥; > 0;} U{t ¢ Ay}. Consequently, I'; C Ff, andT'; =T'; N Ff.
Since event F; requires that i € Ay, the event {tpa; =T} C F; Vi #i*.

Remark G.2 (Events are proper subsets of €2). Similar to the events defined in Table [l| for the
analysis of PE, the events in Table [2] are proper subsets of the sample space Q). From the setup
inherited from Improved-UCB, T'; is a desirable and likely fate for Arm i during the BAI-stage.

To analyze the outcome of the BAI stage of the PE-CS algorithm we intuit and validate a three way
partition of the sample space € into the events I', 3, and F'. T is the event conditioning on which
ensures that £ = ¢* by requiring that the events I'; held for each arm ¢ # *. Additionally we require
that there are samples remaining at the end of the BAI stage by intersecting with {tga; < T'}. This
structure makes the downstream analysis of the PE-stage tractable.

= {tgar <T} N [ I (154)
iti*

Let A denote the set of sub-optimal arms, we know that |A| = K — 1. We use P(A) to denote the
power set of A, that is the collection of all the possible sub-sets of A. Let S € P(A) denote an
arbitrary subset of A. We define an event F'(.S) C ) parameterized by the set .S as,

FS)={tea=Ttn|(VEN () (T;nFy) (155)
€S JEA\S

Intuitively, the set S consists of arms ¢ € .S for which F; held thereby making I'; unverifiable. In
contrast the arms j contained in j € A\ S are those for which T'; held. An inspection of the definition
of F(S) in Equation[153] reveals that F'(S1) N F(S2) = ¢ V51,52 € P(A),S1 # S». Taking a
union over all possible F'(.S) we get the compound event F',

F= |J F(9) (156)
SeP(A)

Finally, the event 3 is the event that I'; did not hold for some arm i # i* despite it being verifiable
(F¥ holding).

B=|J @nEr). (157)
i

Lemma G.1 (A partition of Q using I'). The events T, F, and {3 as defined in Equations
and[I57 respectively, form a mutually exclusive and exhaustive partition of the sample space €.
Proof. First we show that the sets are mutually exclusive by showing that their pairwise intersections
namely ' N F, F'N B, and B N T are all ¢. Starting off, it is easy to see that ' N F' = ¢ since,

I'NF C {tgar < T} N {tgar = T} = ¢ (definitions from Equations [[54]and [I56). (158)
Next, to show that F' N B = ¢, it is sufficient to show that F'(S) N 3 = ¢ for arbitrary S € P(A).

FSNB={tea=TIN((VFEN (| T;nF)|n | TFnE) (159)
ieS JEA\S k#i*

Since both F; N (T$ N FF) = ¢ and (T; N FE) N (TE N FE) = ¢, we shall have F(S) N B = ¢.
Lastly, for the pair S N I" we have,
BN = U (TsNFES)N ﬂ I';  (since the indexing for § and I" need not coincide)  (160)
i ji*
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=J@nE)N () @;NEf) (sincel; = FfNT) (161)
i G

=J N (@nF)n(T;nE)) =9 (162)
i A

Next we show that ' U FF U 8 = (, that is, the event collection considered in Lemma @ is
exhaustive.

TUFDTUF(¢) = n (T; NFY)  (plugging F(S) when S = ¢ per Equation[I55)  (163)
iFi*
= TUFUBS [ MinFHU | @EnFy) (164)
iFi* i
= N (@nFy)u@nEy)) (165)
JF i
O ((rsnEHU@NEY) = () Fr. (166)
i i
We shall now show that FFU 3 D |, i2¢+ Ii which combined with Equatlonncompletes the check
on the exhaustive criteria. To do this we show that F; C F'U 5 Vi # i*

PROOF THAT F; C F'U 3:

To prove this result, we start with the event F'({i}),

F({i}) ={tea=T}N [ Fin (] (I;NE) (167)
JEA,jFi
=Fn () @NF) (. FC{ta=T}. (168)
JEAjFi

Without loss of generality, let the set of remaining sub-optimal arms A\ {i} = {p,q,...}. The
idea behind this proof is to identify sub-events F'(-) such that iteratively taking their union with one
another and with events lying in /3 reveals that I; C F'U 3. Since 8 = Uy~ (F NT'}) we have,

(FsnTg) € B = Fin(@gnFy)n (| (@NF)CB (169)
jeA\{ip}

(intersecting with sets keeps us inside /3)

FihuFrn(TsnF)n () (0ynF) CFUB ¢ F({i}) CF) (170)
jeA\{ip}

= FEnFEn () (IynF)CFup (171)
jeA\{ip}

¢ (TN ES) U (T, N ES) from B3, F({i}))

F{{i.ph)UFsnFn (| ([INF)CFUp (172)
jeA(ip}

= FKEn (] ([nF)CFUB (173)
jeA\{ip}

In reaching Equation[I73] we have removed the dependence on Arm p for the event on the left. With
the next series of equations, we further remove the dependence on Arm gq.

Fn () (LnE)CFUB (174)
JeA\{i,p}

= FEn@nF)n () ([I;nF)CFUB (175)
jeA\{i,p.q}
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Similar to what we saw in the first iteration of this procedure, we have,

Fn@nr)n () (TynF)Cp (176)
jeA\{i,p,q}

= FiNF/N ﬂ (1"]- N ch) CFUpB (combining with Equation[I75).  (177)
jeA\{i,p,q}

Similar to how we reached the result in Equation in starting from F({i}), if instead we had
started with the set F'({4, q}), and then eliminated the dependence on p, we would have shown,

FiNFE,N ﬂ (T, NFY) CFUB. (178)
jeA\{i,p,q}
Combining Equations and[I78] we have,
Fn () ([@nF)CFUB (179)
jeA\{i,p.q}

Repeating this procedure iteratively, it is clear that the event on the left can be pruned down to simply
F;, and therefore,

F, CFUB. (180)
Since no assumptions were made on the choice of ¢, we have,
U FEcFus (181)
i

As mentioned earlier, we can combine I' U FFU 8 D ﬂi#* F¢ from Equation and FUB 2
U,z Fi from Equation [I81]to obtain ['U F'U § = Q. O

Corollary G.1 (Corollary to Lemma|G.1). The events I', {F'(5)}scp 4y, B form a mutually exclu-

sive and exhaustive partition over the sample space ). This result follows trivially from Lemma
and the fact that S; # So — F(S1) N F(S3) = ¢.

Next we prove an upper bound on the probability of the event 5 which we will need repeatedly in
proving subsequent results.

Lemma G.2 (Bound on Pr (8)). To bound the expected number of samples in all the cases pertinent
to PE-CS we show the following bound on Pr (3),

11 32
P — —. 182
Proof.

Pr(8)=Pr| |J @¢nE) (183)

iti
=Pr U (ﬂl,i U 52’1‘) (SiHCG Ff M FZ-C = ﬁl,i U 52’1‘) (184)

iti
< Pr U B | +Pr U Ba2.i (Union Bound) (185)

it ii*

< Z Pr(B1,:) +Pr U {Arm i* ¢ A;,} | (Union Bound, Latter clause of 55 ;)
i#ir i
(186)
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=Y Pr(Bu) +Pr({Ami* ¢ A, }). (187)
ii*

Where opmax = max;;» 0;, and Equation follows from the fact that i* ¢ A,, — i* ¢ A,,
when o5 > 07.

The event 3, ; is the event that Arm ¢ is not eliminated by round o; while Arm ¢* is active at the end
of the sampling for round ¢;. The term Pr (3, ;) therefore can be bounded in a manner analogous
to the way the probability of low-cost infeasible arm ¢ not being eliminated by reference arm ¢ was
bound in Equation The difference being that the round number p; is replaced by the round o;,
or equivalently, the gap A ; is replaced by the gap A;. Therefore,

32

(Bl z) TA2

(188)

The problem of analyzing Pr(f2;) is analogous to the analysis of Pr(Bs;) in the proof of
Lemma for the PE algorithm. By applying the Hoeffding bound (Lemma [D.2) to the
clauses in Equations and [56 we were able to establish that the probability of the event
{Arm / eliminated by infeasible arm ¢ after the sampling for an arbitrary round p concludes} is up-

per bounded by 4;&*21. Since for the BAI setting the samples of all the arms are always matched
P

(k = 0) here we shall have,

Mo —1 Mo
P ) < < =
r({ Ami* ¢ As D)<Y TAQ <= Z (189)
p=0 4 p=0
2 . 4Umax
190
- (190)
<X (191
3TAgmdx
32
< 192
S 37AZ (192)
11
1
ST, e

Combining the bounds shown in Equations [T88] and [I93] we obtain the overall bound stated in
LemmalG.2l O

We now move on to analyzing the evolution of samples in the PE stage of PE-CS. The pieces needed
from the analysis of the BAI stage are the partition over €) from Lemma the bound on Pr (53)
shown in Lemma and the Iterated Expectation Lemma The key difference between the
analysis of PE and the PE-stage in PE-CS is the possibility that the round number ¥; to which the
samples of an arbitrary arm ¢ # i* advance during the BAI-stage exceeds the round number p;
defined in Equation Our modular proof technique sequesters both the pathological (event F')
and the unlikely (event 3) outcomes of the BAI stage away from the PE stage. In our approach the
3; > p; case in the analysis of the PE-stage of PE-CS only surfaces for episode a*. Moreover,
analyzing samples accrued during episode a* is only called for when bounding the expected number
of samples of the best arm ¢*.

Remark G.3. Similar to Remark[F.I|we note here that Arm i* during the PE stage of PE-CS really
refers to a hypothetical Bandit Arm with expected return (1 — o) pux.

Using all the definitions and constructs introduced in this section, we are now in a position to show
an upper bound on the expected number of samples of low-cost arms in Lemma|G.3] the best arm ¢*
in Lemma|G.4] and high-cost arms in Lemma|[G.5]
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UPPER BOUND ON THE NUMBER OF SAMPLES FOR ARMS ¢ < a*

Lemma G.3 (Bound on the expected number of samples of a low-cost arm under PE-CS). For any
low cost infeasible arm i < a*, its expected number of samples accrued is upper bounded by,

32log (TAY,) 43 11 32

Proof. We begin the analysis by applying the Iterated Expectation Lemma [D.3]to the partition de-
veloped in Lemma |[G.1]

E[n; (T)] = E[n; (T) | TJPr(T) + > Efn; (T)| F(S)|Pr(F(S))+E[n; (T) | B]Pr(s)
SeP(A)
(194)
< max {E [n; (T) | T]{E [ (T) | F(S)}sepis) } + Elni (T) | APr(8)  (195)
(- Pr(l)+ > Pr(F(S)) <1)
<max{E[n;(T)|T],7.,} +En; (T) | B]Pr(B). (196)
Where Equation follows from the fact that conditioned on any F'(S), the maximum round up
to which arm 7 can be sampled is o; both in the case when I'; holds (i ¢ S), and in the case when
i€ S,and F; = {X; < 0;} N{i € A} holds instead. We now proceed by separately bounding the
E [n; (T) | T] term by further conditioning on the cases where 3; > p; and &; < p;.
E[ni(T) | T] = E[ni(T) | X; < pi, ITPr (X; < p; | T')
+E[ni(T) | % > p;,T]Pr(%; > p; |T)  (using Lemma[D.3Jon {%; < p;})
(197)
<E[n(T)|%; < p;,T] =E; [n;(T)] (introducing shorthand notation E).
(198)

Where p; is as defined in Equation In writing Equation we leverage the fact that for a low
cost arm with index ¢ < a*, Ag; = (1 — a)p« — ; is necessarily a smaller gap than A; = p, — p;
since by construction, each of these low cost arms has a return u; < pcs = (1 — @) .. It follows
that Pr (3; > p;,T') = Pr(%; > p; | I') = 0 because the largest value that the random variable ¥;
can take under I' is 0;, and Ag ; < A; = p; > 0;.

BOUND ON E [n; (T)]

Since we enter the PE stage of the algorithm with a round number X; < p;, we use the same event
construction of the compound event G; Vi < a*, defined and used in the Proof of Lemma There-
fore, just as before we work towards a bound by conditioning on the partition with GG; introduced
in Lemma Let A; be the random variable denoting the highest round number corresponding to
which sampling was performed for arm ¢ during the run of PE-CS.

By [ni(T)] = E1 [ni(T) | Gi] Pr(Gi) + Eq [ni(T) | B1i] Pr(Bu,i) 4 Eq [ni(T)) | Bi] Pr(B;)
(199)
< max {E, [mi(T) | i), Ex [ma(T) | Bual} + T - Pr (By) (200)
(Since Pr (G;) +Pr(By,;) < 1)

= max {E; [n;(T) | Gi] , E1 [ni(1, tgar) + ni(tgar + 1, T) | By ]} + T - Pr(By)
(201)

S max {El [TAi | Gl] ,El [Tzi +0 | Bl,i}} + T - Pr (Bi) (202)

3The probability operator Pr is also for the conditional distribution conditioned on {%; < p;i, T}
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(Tm as defined in Equation [35)

<max {7,,, 7, } + T - Pr(B;) (203)
=7, +T-Pr(B;) (since (1 — ) prs — p1i = Agi < Aj = pro — p1; Vi < a*) (204)
32log (TAZ,)

AT, +T-Pr(B;) (Using bound on 7,, in Equation[53). (205)
Where the treatment of the random variable n;(tgar + 1, T') is based on the expression for the addi-
tional rounds for which arm i is sampled during the PE stage of PE-CS. In Equation[202|conditioned
on G; there may be more samples, however conditioned on B, ; there shall be no further samples
since the episode corresponding to ¢ is never initiated. Now to bound Pr (B; | £; < p;,T") we use
arguments similar to the ones in Proof of Lemma

Pr (Bz | Zi S pZ,F) =Pr (Bl,i U Bgﬂ‘ | 21' S pz,F) . (206)
Where B1; = G1; N Gg’i and By ; = G1; N Gg’i as in the proof of Lemma The Probability
Pr(B;;)in Lemmawas bound by the probability of either Clauseor Clause|55|being violated

during round p;. Due to the parallel nature of the construction here, and the possibility of round p;
being conducted, we can upper bound Pr (B, ; | £; < p;,T") identically as,

Pr(By; | 5 < pinT) < mooe. (207)
TA
Now we move on to bounding Pr (Bs; | ¥; < p;,I') by bounding the probability of arm ¢ being
eliminated in any round w; = p lying in the range ¥; < p < p;. Just like in the proof of Lemma
even here Clauses [54] and [56] holding simultaneously preclude arm ¢ from being eliminated by
arm ¢ regardless of round p. Therefore using work identical to the one that goes into establishing
Equations[72] and[73| we have,

pi—1

4% +1
Pr(Byi|Si<pil) < > —= (208)
—~ TA2
pr,L- P
pi—1
4" +1
< - Because X; > 0 209
< z_j T ¢ > 0) (209)
p=0 P
11
< TAT (From Equation [73]in Lemma[F.2] x = 0). (210)
Q,i
Applying the Union bound to Equation and plugging in the bounds in and[210] we have,
43
Pr(B; | % < pi,T . 211
315 S pu) < @i
Substituting the bounds in Equations[211], and Lemma G.2]into Equation [196] we obtain,
En; (T)] <max{r,, + T -Pr(B;), 7., } + E[n; (T) | 5] Pr () (212)
32log (TAZ . 43
o ZLIBTAQ) | 8 gy 81Pe (). @13)
Qs Qi
Which when combined with Lemma[G.2is the bound stated in Lemmal[G.3] O

BOUND ON THE NUMBER OF SAMPLES FOR ARM 7*

Lemma G.4 (Bound on the expected number of samples of the best arm). For the best arm i* =
arg max;e (i1 Mi, the expected number of samples accrued is upper bounded as,

32log (TAZ,) [ 32log (TA ;)
A2 ’ AL,
Qi <a*

min

E[n (T)] < 14 max

a*—1
43 32 43 11 32

Q,a* min A+
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Proof. Just like in the proof of Lemmal|G.3| we sequester away outcomes of the BAI stage that make
analysis of the PE stage intractable.

E[ni- (T)] =E[ni- (T) | TP (D) + Y Eni- (T) | F($)] Pr (F(S)) +E [ni- (T) | 8] Pr (8)
SeP(A) o1
< max {E [ni- (T) | T, {E [ix (T) | F(S)]}sepqs | +Elnis (T) | B Pr(8)
(215)
(-Pr(T)+Pr(F)<1)
< max {E [ni- (T) | 1), 7., } + E [ni- (T) | 8] Pr (8). 216)

Equation 26| results from the observation that the maximum round number up till which any arm is
sampled during the BAI stage under F'(S) V.S € P(A) is 0max. Conditioned on T', the reference
arm £ is identified correctly to be i*. Consequently, the expected number of samples E [n;« (T') | ]
can be analyzed in a manner that closely parallels the analysis of E [n,(7")] in the Proof of Lemma

The key difference from Lemma is that we grapple with the case ¥, > pg+. This possi-
bility arises because our bandit instance may have Ag .« < Ag~, which in turn implies that
Pr(par < Xgr < 0g+ |I') > 0. The outcome ¥,+ > p,+ skips the checks associated with the
events G2 ; and G5 ;. Mathematically, this means that for the event Gy~ as defined in Equation
[36] we shall have Pr (G1a N ((Go,ax NGs,q+) U Eg+) | g« > pg+,T') = 0. This motivates us to
expand the scope of the good event G ,».

First we define new event G4 o« C {2 and then we augment the definition of G~ using this new
event.

G4,0+ : {Arm ¢" is eliminated by arm ¢ in round X+, during episode a* of the PE stage of PE-CS}

Remark G.4. Since arm a* enters the PE stage of PE-CS with samples corresponding to ¥,
number of rounds already accrued, checking whether the event G4 o+ holds does not involve any
further sampling of arms.

The definition of G~ is now changed to the one in Equation 217 which supersedes the prior generic
G- (Equation [36).

Gar =  Gra- N | (Goar NG30:)UEe)U(Gra- N {Za > par}) | - 217)
——
Ep. a™ is executed Prior G . Clause New Clause

Remark G.5 (Implicit event in Prior G~ clause). We remark here that the event {Xq« < po}
is implicit in the event G1 g« N ((G2,0» N G3.4+) U Egx) ie. G0+ N ((Go,0+ N G3g+) UEgs) C
{Xar < pa-}. This is because the event is contingent on correct eliminations happening leading up
to and during pg~.

While retaining the definition of G from Equation [74} and the definition of B .~ from Lemma [F]]
we redefine B+ so that the relation G¢. = B 4- U B, continues to hold.

Gar = G0 N (((Go,ar NG3.4-) UEge) U (Gaar N {Zar > par})) (218)

=G1.0 N (G20 NG34+) UEg)) N{Zg+ < por} U (Gagr N{Zg > pa*})()zlg)

(due to Remark [G.3))

= G =G5 0o U | ((GS4- UGS 42) NEL) U{Sar > par}) N (GSav U{ZSar < par})

Boriginal

a*

(220)
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= Brae U (((BEE™ 0 (S0 < o)) U (S0 > pu))

N((G5ar N{Zar > pa-}) U{Zar < par})) 221)
By U ((Bongman N {Se- < pa- }) (G0 M { B > pa*})> _ (222)
B«

Where Equation follows from A U B = (A N B€) U B being applied to both the left and right
clauses. Equation [222] gives us the updated definition of the event B,~. Armed with the updated
event By, we can now develop a bound for Pr (G¢ | I') using the result in Lemma|F.6] By trivially
generalizing the bound on Pr (G°¢) developed in Lemma to the scenario for this Proof where we
condition on I' we shall have,

*

Pr(G°|T) <) Pr(B;|T)+Pr(B,- |T) (223)
=1
a*—1 3
; AL, +2.Pr (B, | T), (224)

" Equation 211} and Pr(X; > p; |I') = 0 Vi < a*. We need now only develop a bound for

Pr (B,- | ') under its definition in Equation 222]
Pr (B | T) = Pr ((BEE™ 0 {S0r < par}) U (Gha 0 {Zar > pur}) | T) (225)
<Pr (B"“g‘“‘“ N {Sa < pa-} | P) +Pr (GG N {5 > pa} | T)  (226)
(Union Bound)
< Tﬁg - +Pr (G5 .- N{Za+ > pa-} | T)  (From Equation[T37). (227)
From Equatlonnm the Proof of Lemma[F.2] we have the probability of arm € not being eliminated
by arm a* during round w,+ of episode a* as being upper bounded by T' Therefore since

elimination under G4 - happens during episode a* in round X,-,
2
TA2

Pr(GS . N {0+ > pa-} | T) < (228)

') =0, and A,,, decreases with m).
A,

(since Pr (Xq+ > 04+

2 X i
< T3T§ (since by definition of ¢;, A, > s (229)
Combining the bounds in Equationsmandwith the Expression [224] we have,
a*—1
43 32
r(G°|T) 2 . 230
| Z TA2 * <TA3N +TA§*> 230
Armed with the result in Equation 230} we are now in a position to bound E [n;« (T') | T].
E[ns(T) | T =E[n(T) | G,T)Pr (G |T) + E[ni=(T) | G, T]Pr (G° | T) (231)
<E[n=(T)|GT]+T-Pr (GC |T) (232)
a*—1
43 32
E [n;- |G1“+Z (AQQ*+A2*>. (233)

As in the proof of Lemma @ let Z denote the last PE episode. To bound E [n;«(T) | G,T'] we
leverage the result Pr (n;- (T') > max;4;- n; (1,tz) | G,T') = 0. Conditioned on G, I there can be
no further sampling of the best arm i* beyond time ¢, since under I the best arm ¢* is the reference
arm. Consequently,

E[n- (T)| G, T <E {n;éagnz (1,tz) | G, F] (234)
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< n;éaxnl (1,t,+) | G,T (because Pr (Z > a* | G,T) = 0) (235)

E
E [max {{n; (1,ta*)};cpe s 0 (Litax), {ni (1, ta=)}inue } | G, T]  (236)
E

< E [max {{7a, }cqr s T {75 Hingr ) | G T (237)
(using definitions of 7, A, and X)

<max {{7),}, . »max {7, ., 7o, } {70, }ina- | (238)
(because Pr (Ag+ > max {pg+, 04+ }) = 0)

< max {{Tpi}iga* ,Tomax} : (239)

Combining Equations[239)and [233] and using the result in Equation 216 we obtain the upper bound
stated in Lemma[G.4]

a*—1
43 43 32
E[ni- (T)] < max{{TPi}iSa* ’Tamax} + A2Q 4 +2 (AQQ + A2 )
i=1 5 ,a* a*

+E[ns (T) | 5 Pr(8) (240)
32log (TA2,,) [32log (TAY,) ‘= 43
< 1+ max AT , A + > ey (241)
min K i<a* i=1 K
43 32 11 32
2 E [ng (T — — | - 242
M <A2Q*+A2*>+ i A1 Taz—+ 2. 740 (242)
,a a min Gt J
Where Equation 242] follows directly from from Equation [37]and Lemma[G.2] O

UPPER BOUND ON THE NUMBER OF SAMPLES FOR ARMS ¢ > a*,4 # i*

Lemma G.5 (Bound on the expected number of samples of high-cost arms). For any high cost arm
with i > a*,1 # %, its expected number of samples are upper bounded as,

32log (TA?) § 32 43
Eln ()] <14+ =35 +Em (D) [{Z > '} ] | 7507+ i —
11 32
+E[n: (T) | 8] TAZ. " 2. TAZ
min G ]

Proof. To prove the bound stated in Lemma [G.5] we proceed with initial steps identical to the ones
that go into proving Lemmas|[G.3|and [G.4]

Eny(T)] = E[ns(T) [ T]Pr (D) + > E[ni(T) | F(S)] Pr(F(S)) +E[ni(T) | 5] Pr(5)

SeP(A)
(243)
< max {E [a(T) | T], oz Eni(T) | F(S)]} +E[ni(T) | 5] Pr () (244)
C-Pr(D)+Pr(F)<1)
11 32
< max {E[ni(T) | T], 7.} + E[ni(T) [ B | 735 —+ D 7a7 | - (245)
min i* J

Where the final bound is from Lemma|G.2| Now we must bound the expectation term E [n;(T) | T].
For this we recognize that during the PE-stage, the critical event which determines the number of
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samples further accrued for a high-cost arm is whether the final PE episode Z > a* or not. In the
case when Z < a*, there are no further samples of arm ¢ accrued beyond the BAI-stage.
En,T)|T)=E[n(T) | {Z >a"},T|Pr(Z >a" |T)
+E[m(T) | {Z <a’},T|Pr(Z <a” |T) (246)
< T +E[ni(T) | {Z > a"} ,T]Pr(Ba | T) (since {Z > a*} C By~ ) (247)

. 32 43
ST0i+E[ni(T)‘{Z>a }vF] <TA2 +TA2 ) (248)
a* Q,a*

Where the final line follows by using the bound developed in Equation Returning to bounding
E [n; (T')] we obtain the bound stated in Lemma|G.5]

. 32 43
E [ni(T)] < 70, + E[(T) | {Z > 0"}, T]. (TAQ o )
a* Q,a*
11 32
+E [nz(T) | 6] TAZ. + Z TA2 (249)
min ]751* J

32log (TA?) . 32 43
1+T+E[ni(T)\{Z>a},F]- TAZ*+TA2

Quar
11 32

+E(T) | B | mxz—+ D Az | - (250)
min 37&1* J

0

Finally we have all the pieces needed to prove Theorem [3.4] We combine the results obtained in
Lemmas and by adding together the contributions to regret of all three categories of
arms while collating like terms.

Proof of Theorem[3.4] Using Equation [I3] from the Regret decomposition Lemma we can ex-
press and bound the Expected Cumulative Cost Regret as,

E [Cost_Reg (T, v)] (251)
K

= Z AL E [ng (T)] (252)
=1

=Y ALER(D)+ > ALER (T)]+ AL E[ni- (T)] (253)
i<a* i>a* iti*

= Y ALER (D) + AL En- (T)]  (because Ag; =0, Vi < a”) (254)
i>a* i

32log (TA?) 32 43
+ I N . * .
< >Z¢ AL, (1 Tz FEM @) {2 > )T | g AT,

11 32
+En (T) | 5] W+ZW >

min J;ﬁl*

21og (TA2, 321log (TAZ . a1
+ Aé,i* (1 -+ max 32log ( mm) , { o8 ( Q’Z) } + 13
<a*

2 2 2
Amin AQ,i i=1 AQ,i
32 43 11 32
2 (Aﬁ* - A%W> TEe (D] 752, +J; TA? ) (255)
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32log (TAQ)

:ZAC,i 1+E[nz( )|ﬁ TA2 ZTAQ + Z ACz A2

i>a* min GAi* i>ar iskit
321og ( TA2 a -1 39 43
AL L et = Nl
+Ac,; (Ae{Amin}IB?XQ,j}KG*{ } AZ +A2Qa*
* 32 43
+ ZAACJ]EW(T){Z>a},F]-<TA2*+TA2 ) (256)
i>a*,1£* a 0.a
32log (TA )
= Z AC,i + AC’,ma,x TA?nn Z Z E [nl Z AC ; A2
1>a* 1 ] i>a* i>ar kit
321log ( TA2 a -1 39 43
AT . e\ F =)
+Ac,; (AE{Amin}IS?XQ,j}j<a* { } AQ + A2Q -
32 43
e, Ao <TA3* Y ) > B I{Z>a}T) (257)
a i>a*,i£*
11 32 32log (T A2
< Z AC,i + AC’,ma,x A2 + Z P —+ Z chi%
1>a* min G j i>ar ikt 5
321og ( TA2 a -1 39 43
AT L e\ =)
+Ac,; (AE{Amin}IS?Z{Q,j}j<a* { } AQ + A2Q -
32 43 ) ) '
B ma}; Ac,i AZ. + Az (linearity of expectation, total samples T°). (258)
1>a*,1£* e .

Where A¢ max = max;e(x) Ac,; is the largest cost gap among all arms. Equatlon@ls the upper
bound on Expected Cumulative Cost Regret stated in Theorem [3.4]

Proceeding identically, for Quality Regret we shall have,

[QualityReg (T, v)] (259)

Z ASEln (260)
= Z AgEn: (T + > AfE[n:(T)] 61)

i<a* i>a*,iti*

32log (TAZ,) 43 11 32

<ZAQ,1» It ——5 "+ 5z +Em (D) | A | 55 +ZTA2 (262)

i<a* Qi Qi min g

32log (TA?) 32 43
+ Yo\ T ) ) * .
+ >Z¢ Ab, (1 Ay FEmD {Z> a0 | g5+ AT

+E[n: (T) | 8] - T; +ZT3A22 )

min ];ﬁ’L*

32log TAQ ) 43 11 39 K
l = A} E [ny(T
- Z ( AQi + AQ.i + TAZ. T Z TA? Q,max; [ni(T) | 5]

i<a* min GAi*

K
32 43 ) +
+ (TAg* +TA227&*>?;%§AQ7 > En(T) [{Z>a"},T]+ > AL, (263)

i>a*,1£* i=1
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2
N Z A+ 43210g (TAi)

(264)
N 2
i>a*,1£* A7
32log (TA? 43 321og (TA?
_Z< A )JrA_JrZAJFz gA( )
<a* Qi Qi i>a*,i£* i
32 43 4 11 "
T e R s 9 ) ES DR
JF

Where Equation is the upper bound on Expected Cumulative Quality Regret states in Theorem
and follows from the Linearity of the Expectation operator and the total sample budget being
T. O

Similar to the description that followed the proof of Theorem[3.2] we have for cost regret,

32log (TA?) ‘=43 32 43
Ad <1+Xlé"§{ A? AL 2o ay, T\ AT T Ay

Contribution from ¢* under nomingl Contribution from 3* under
termination in PE-stage episode a mis-termination in PE-stage episode <a*

32log (T A2 32 43
+ Z Ag,i (1 + gA(g )> + _max Aai (AQ + A2
} 7 a*

i>a* 1€ [K]

i>a*,ie[K]\{i* Q,a*
Contribution from high-cost arms Contribution from PE-stage episodes >a™
with a proper end to the BAI-stage in case of mis-termination during ep a™

+ max A%, Ag Z

min i j

Contribution from improper
end to BAI stage

And for quality regret,
*_q .
@ 32log (TA% ;) ‘— 43 32 43
A Qi A+
Qit x| + A tomax AL 45+ 4

i=1 Qs =1 T i>ariclK] a* Q.a*
Contribution from ¢ < a™ under nominal Contrlbutlon from Contribution from PE-stage episodes >a ™

termination in PE-stage episode a™ 4 < a” under in case of mis-termination during ep a™

mis-termination in
PE-stage episode <a™

2
+ Z Aai (1 + 7321(% (TAi)> -+ max AL 1 + Z 32
}

A? ietr) @t | A2 ;
i>a* ie[K]\{i* v K] o g
Contribution from PE-stage episodes >a™ Contribution from improper
in case of mis-termination during ep a™ end to BAI stage

Where A; = u* — u; are conventional gaps, Ayin = p* — max; ;- 1; is the smallest conventional
gap, and A = {Apin} U{Ag }j <, 18 defined especially to bound of arm 7* under expectation.
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H ANALYSIS FOR MINIMUM TOLERATED REWARD SETTING

Algorithm 1: MINIMUM TOLERATED REWARD (MTR) UCB

Input: Number of arms K, Known costs ¢, for each arm k € [K], Minimum Tolerated Reward
Ho-
Initialize: Empirical Means ji;, = 0, Pulls of arm & : ny, = 0, Vk € [K], Time step ¢t = 0.
for Each Round t do
if t < K then
L kt —t
else
N 1
Cy + {k:ﬂk(t)+ iko(%)t 2/10}
if C; # ¢ then
| k¢ < argmingec, ¢

else
| k¢ = Uniform(K)

Xk, (t) < Ber(ug,)

. i, (t—1)nge, (E—1)+ X, (¢
fur, (1) = & ( n)ktk(t(—l)—gl st

nkt(t) <—nkt(t—1)—|—1
t—t+1

H.1 GUARANTEES FOR MTR-UCB

Combining the results from the previous two subsections and the formula for Quality and Cost
regrets the upper bound for Algorithm[I] is stated in Theorem

Theorem H.1 (Overall Regret Upper Bound for MTR-UCB).

Quality Reg (n, ¢, o) = Y E[Ty(n)] AY + > E[T;(n)] A¥ (266)
1€C— jeCc+
8logn 2 u
<> e tirg) X (267)
i€C— v JE[K],j#i*
Cost_Reg (n, d, o) = Z E [T;(n)] Aj (268)
jec+
w2 c
< <1+ 3> > AS (269)
jeCct

H.1.1 ANALYSIS FOR MTR-UCB

Under this setting, the quality gaps are defined as the O-clipped version of the gap between the
known minimum tolerated reward pcs = pg and the expected return of an arm j : A? =
max {0, pes — 45}

For a policy 7, we have, Cumulative Regret,

T
Quality Reg (T, ¢, j10) = Er | > max (110 — fir,, 0)] (270)
t=1
T
COStReg (T7 ¢a ,U/O) = Eﬂ' Z max (C‘ﬂ't — Cix, 0)] (271)
t=1

(272)
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For a policy 7, we have, Incremental Regret,

Quality Regl® (¢, ¢, j10) = Er [max {s10 — pig, , 0}] (273)
COStRegmcr ( ) ¢7 /J’O) Er [max {th — Cix, OH (274)
Also define gaps,
A} = max {po — 4,0} (275)
A = max {¢; — ¢+,0} (276)

Note from 10/25: A key takeaway from the adivising meeting today was that the uncertainty of
the decision making of a policy can be in the construction of the filtered set of arms or in the final
decision taken about arm k; (either or, or both).

Moreover, under the sorted costs structure, for a Bandit Instance ¢ (u, ¢), we have,

i*—1

Quality_Reg (n, ¢, o) = Z E[T;(n)] Af + Z 77

Jj=t*+1

Z E [T;(n)] AS (278)

COSt,RCg (n7 (ba IU/O) =
Jj=t*+1

To bound quality regret,

1. n;(T) and T;(n) are used interchangeably to represent the number of pulls of arm 4 up to a
horizon

2. Bound Pr (k € [i* — 1] entering C}). This is enough since the contribution from the be-
yond ¢* arms will be a constant term as we shall see soon.

3. Pr(fu(t) + /2% 2 o)

4. Where, p19 > pi, pto — pi = Al

({ fin ifé)t > w}) (279)

TRORY L AP (280)
nk(t)
2logt
> AR — 281
<{ I e }> e

To deal with the R.V.
UCB proof in the Auer et al. paper.

L gt)t (nk(t) in denominator), we do the sum/max/min trick in the original

Goal: Bound the probability of the event,

2 [0, (282)

using the Auer et al. paper tricks.
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Leti € [i* — 1] be any arm with A% > 0, then,

Ti(n) =1+ > I{k =i} (283)
t=K+1
<O+ Y Ik =ini(t—1) >0} (284)
t=K+1
~ . 2log(t — 1)
<l+ Iqa(t—1)+ | —F——> > po,ni(t —1) >/ 285
< t:;l {u( )\ =D ZHemt=1) } (285)

At this point we do not have precise knowledge of the number of pulls 72;(t — 1), so we just sum

over all the possibilities and modify the indexing t =t —1. Moreover, we update the notation /i;(s)
to represent the mean return for arm 7 over s samples.

> 1 2log t
<+ H{u, +y 2 Zuo} (286)
L

t=1 s=

fi + ) BB > g = fug(t) — g > A — /28t
Applying Lemma [D.2]to equation[286| we get,

2
Pr (ﬂi(s) > ARy ”ft) < exp | ~25 (Aé‘ - \/mf’ft> (287)
< exp (—23 <(A5)2 L 2loet gnmf 210gt>> (288)
S S

<e ( 2% ( Alogt + AA"\/251og t)) (289)
4A“ 251
<D V2sTogl) (290)
* We want to make the thing inside exp(—2s(+)) smaller for upper bound.
e Make 4/ % term largest = plugin s = ﬁ X’f)ﬂ
Refine the steps from Friday 10/27:
(a) Bound on E [T;(n)] fori < ¢*
(b) Bound on E [T} (n)] for j > ¢*
H.1.2 BOUND ON (A)
For i < i*, we have A" > 0.
Ti(n) =1+ > I{k =i} (291)
K+1
SO+ T{ky =i, Ty(t—1) > ¢} (292)
K+1
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S“—Zﬂ{ﬂi(t—l)‘i‘ WZMO,TLU—UZK} (293)
K+1 it=1

Here the number of pulls s at time ¢ is implicit in the notation. In the next step when we sum over
it, we make it explicit.

Since there is no precise knowledge of the number of pulls T;(n), we resort to summing over all
possibilities and for convenience, we change the indexing of time to be t =t —1, and take the sum

to oo.
> ] 2log t
sZZH{m(s)ﬂ/ = ZM0}~ (294)

t=1 s=/

From previous notes, eventually, on applying Lemma|D.2| we get,

21
Pr (ﬂi(s) > ALy th> (295)
< exp (—23 <(Af)2 + Zogt _ 2A%4/ Zlogt 10gt>> (296)
s s

(297)

Plug in s = 5(5 X)Hg)’; for the red s, and leave the remaining s untouched to work towards the bound.

Key steps from the analysis from the morning session are recapped for continuity,

Ti(n) =1+ Y I{k =i} (298)
K+1
<0+ H{ﬂi(t—1)+ 2;)%(1)1)>M0,T(t—1)>£} (299)
t=K+1
n—1t—1 210gt
SC+D D IS ju(t) + 4 (300)
t=1 s;=¢

Take expectations on both sides,

n—1t—1
2logt

n)] <0+ > Pr <u, — > A Sz_g ) 301)

t=1 s;,=¢

Applying Hoeffding Inequality, we have,
2
2logt 2logt
Pr (u — > AP - Og) <exp | —2s (Af - Og) (302)
S Si
2logt 2logt

exp (—231 ((Ag‘)2 + % —2AK ;)g)) (303)

Plugging into Expected number of pulls expression,

il 2logt 2logt
E[T; <€+ZZexp< 281( & (A?)22Af,/g>>
Sq Si

t=1 s;,=/¢
(304)
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81
We pick ¢ = [(AO;)Z—‘ as usual. (305)
<£+§§exp —4logt + 2s;(A)? log? -1
a t=1 s;=¢ o logn
(306)
since t < n, we have, (307)
810 n n—1t—1
E[T;(n)] < ﬁ +1+ 3 exp(—4logt) (308)
i t=1 s;=0
8logn =1
< 1 — 309
<amet +;t3 (309)
8logn 2
< —— 414 — 310
< TaRp PG (310)

H.1.3 BOUND FOR TERM (B)

Initial Attempt on 10/30/23 corrections added on 11/3/23.
Further notational corrections added on 11/15/23.

Bound E [T}j(n)] for arms j > i*, define, o = p;« — pio, 6o > 0, and note that A%, =0

Ti(n) <1+ > I{k =j} (311)
t=K+1

Just as a note and an aside, these arms j can satisfy, u; — po > 0 or p1; — po < 0. (312)

The former incurs no quality regret but the latter does. (313)

<1+ Z I{i* ¢ Ci} otherwise arm i* would have been pulled and not arm j
t=K+1

(314)
- . 2log(t —1)
<1 IQ jigx(t—1 _— 315
SEDY {u( VN =1y < Ho (315)
t=K+1
i 2log(t — 1)
=1 IQ i (t—1) — pyr < =g — 4| ——= 316
+Z{u( ) = < =00 = [ (316)
t=K+1
Since no direct handle on s is available, we sum over all its possible values (317)
Also NB: We update the notation fi;(s) to represent (318)
the mean return for arm ¢ over s samples. (319)
n t—1
. 2log(t — 1
Tin) <1+ ) Zﬂ{m*(s) — pir < 8o g(s)} (320)
t=K+1 s=1
Taking expectations, and perform a shift of 1 in time-indexing, we have, (321
n—1t—1
R 2log(t —1
E[;(n)] <1+ > Pr (u (8) = pin < =80 — g(s)> (322)
t=1 s=1
> 2logt
<1 —
= +ZZGXP( 25— ) (323)
t=1 s=1
oo t—1

=1+ZZ%4 (324)

t=1 s=1
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2

<1+ % (325)

H.1.4 FINAL UPPER BOUND ANALYSIS

MAB instance: ¢ (u, )

For this instance, without loss of generality, we assume,

c= [617627"'701(} (326)
H= [/1’17#27"'7.U’K]7Where7 (327)
c1<ce<c3 <. < Cpo1 SCx SCrp1 S Scoi (328)

In the MAB-CS with minimum tolerated reward setting, the optimal arm ¢* is the least cost arm that
has expected reward more than 1. We also define C* to be set of feasible arms per the following,

C* ={k:pr > po,k €[K|} (329)
1* = arg min ¢;. (330)
i€C*

We assume C* is non-empty, i.e. at least one arm has expected return higher than the minimum-
tolerated-reward .

Further, for the analysis, define,

T ={k:cp <ci,k€[K]} (331)
t={k:cp > e,k € [K]} (332)
Quality Reg (n, ¢, o) = »_ E[Ti(n)] A + Y E[T;(n)] A% (333)
ieC— jec+
CostReg (n,¢, o) = > E[T, (334)
ject

H.1.5 BOUND ON THE EXPECTED NUMBER OF PULLS OF HIGH COST ARMS

* Anarm j € C" contributes to Quality Regret if u; < pg, otherwise A’ = 0 and there is
no contribution

e Anarm j € C* always contributes to Cost Regret

Ti(n) <14+ Y T{k = j} (335)

t=K+1

<1+ Z I{ke = j,C0 # ¢} + Z I{ke =j,Cy = ¢} (336)
t=K+1 t=K+1

<1+ Y It ¢ G+ Y I{i* ¢ Ci} (337)
t=K+1 t=K+1

2log(t — 1

<142 Z {W (t—1)+ 1_?g(§_1))<u0} (338)

t=K+1 l*

2log(t—1
t=K+1 i
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U 2log(t — 1)
<1 ne — L — e — g —2x 7
<142 ) Zﬂ{uz (8) = pi= < po — pi , } (340)
t=K+1 s=1
Taking expectations, and perform a shift of 1 in time-indexing, we have,
> & 2logt
E[T;(n)] <142) > Pr (iw(s) — prie < o — fhi= — ) (341)
t=1 s=1 s
[o¢) t
2logt
<1423 Y exwp (25 %8 > (342)
t=1 s=1 s
oot 1
=1+2 Z Z t—4 (343)
t=1 s=1
72
<1l+ 3 (344)

Therefore, the expected number of pulls of a high-cost arm under MTR-UCB is given by,

2
B[L;(m)] < 1+ (345)

H.1.6 BOUND ON THE PULLS OF LOW-COST INFEASIBLE ARMS

e Anarm i € C~ always contributes to Quality Regret and does not contribute to cost regret

Tin) =1+ > Ik =i,Ci#¢}+ Y I{k=i,C = ¢} (346)
t=K+1 t=K+1
=1+ Y Hh=iC#¢}+ > I{i*¢C} (347)
t=K+1 t=K+1
=0+ > Ik =i,Ce# ¢, T(t—1) 203+ Y T{i* ¢ Ci} (348)
t=K+1 t=K+1
" R 2log(t —1) - -
={l+ Z [qa (Ti(t —1)) + ﬁZHO:Ti(t_l)ZE + Z I{i* ¢ Ci}
t=K+1 i(t—=1) t=K+1
(349)
> & 2logt >
<£+221{ﬂi<s)+\/ = >uo}+§:ﬂ{i*¢ct} (350)
t=1 s=¢ t=1

Taking expectations on both sides, we have,

E[T;(n)] < { + i 3 Pr <m<sz») — > AP - ,/21§ft> +3 Pr(*¢c) (35D

t=1 s;=¢ t=1

Applying Hoeffding Inequality, we have,

2
t 2logt
Pr (ﬂl —pi > A —y] 2log > <exp | —2s; (Af — o8 ) (352)
21 2logt
< exp (—2si <(A§‘)2 ML LN ;’g>> (353)
Si i
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Plugging in the bound in [353] and recognizing that we have already bounded the term
> e, Pr(i* ¢ Cy) in the previous subsection when we bounded the number of pulls of a high-cost
arm, we have,

oo t
2logt 2logt 2
</ —2s; A2 AR, | T2 — 4
n)] < JrZZexp( 5( s, + (AY) i 5 >>+ 5 (354)

t=1s,=¢

We pick ¢ = [?X)E)Z—‘ as in the proof technique in |Auer et al.{(2002)

00 t
logt 2
< — . H 2 — —
n)] <4+ E E exp< 4logt + 2s;(A}) ( Tog 1)) + 5 (355)

t=1 s;,=¢
since t < n , we have, (356)
8logn it
E [T;(n)] < @t 1+ > " exp(—4logt) + (357)
t=1 s;=¢
8logn =1 a?
< 1 -+ — 358
<@t +;t3+6 (358)
8logn 2
< 1+ — 359
< arE 1t (359)

Therefore, the expected number of pulls of a low-cost (necessarily infeasible) arm under MTR-UCB
is given by,

2

81
o8m 14T (360)
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