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Abstract

In data-driven applications nowadays, it is increasingly desirable to collect data
from different sources for enhancing performance. In this paper, we are inter-
ested in the problem of probabilistic forecasting with multi-source time series.
We propose a neural mixture structure based probability model for learning dif-
ferent predictive relations and their adaptive combinations from multi-source time
series. We present the prediction and uncertainty quantification methods which
are applicable to different distributions of target variables. Additionally, given
the imbalanced and unstable behaviors observed during the direct training of the
proposed mixture model, we develop a phased learning method and provide a the-
oretical analysis. In experimental evaluations, the mixture model trained by the
phased learning exhibits competitive performance on both point and probabilis-
tic prediction metrics. Meanwhile, the proposed uncertainty conditioned error
suggests the potential of the mixture model’s uncertainty score as a reliability in-
dicator of predictions.

1 Introduction

Time series data are prevalent in many applications [1, 2], and in this paper we are interested in the
probabilistic forecasting in the setting of multi-source time series. The data source can be distinct
locations, entities, records, sensors, etc., from where data is collected. This multi-source data setting
can fit into a variety of scenarios, where learning from a single source may be sub-optimal. For in-
stance, in finance, different operations by market participants (e.g., performing transactions, putting
limit orders, etc.) are separately recorded, thereby giving rise to distinct sources of features reflect-
ing the underlying characteristics of markets [3, 4]. In environmental monitoring where sensors are
usually deployed in multiple sites, each site is a data source, and collectively using the data from
different sensor sites would be favorable to predictive analytics [5].

Challenges. Multi-source time series data usually carry different dynamics information and have
time-varying relevance to the target variable [6, 7], as illustrated in Fig. 1. Meanwhile, the target
variable might follow different distributions depending on applications [8]. For downstream deci-
sion making, besides point predictions, it is increasingly preferred to provide additional predictive
information, e.g., uncertainty score, quantiles, etc [9, 10, 11]. All the above highlight the need for a
flexible and adaptive probabilistic model structure on multi-source data.

As for the probability mixture model, it is typically composed of hierarchical components, and
the interactions between these components during the training affect the end performance. For in-
stance, as shown in Sec. 4.2, direct optimizing our mixture model’ loss function leads to imbalanced
learning behaviors of different data-source-specific components, implying that some data sources’
predictive power is inadequately or even biasedly captured. This further hinders exploiting the full
capacity of mixture models.
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Contributions. Specifically, the contribution is as follows:

(1) We present the neural mixture structure based probability model on multi-source time series. It
is equipped with a representation module to encode multi-source data, and a representation sharing
mechanism to serve the prediction and weight modules.

(2) We present the adaptive prediction and uncertainty quantification methods, and analyse the im-
plication of different components in the uncertainty score. This inference process is applicable to
different target distributions, e.g., normal, and log-normal distributions in this paper.

(3) We demonstrate the imbalanced learning behaviors when directly minimizing the proposed mix-
ture model’s loss function, and then develop the phased learning method with theoretical analysis.

(4) Through experiments on real datasets from finance and environmental monitoring scenarios, our
mixture model trained by the phased learning exhibits competitive performance on both point and
probabilistic prediction metrics. Meanwhile, we put forward uncertainty conditioned error analysis
to compare uncertainty scores from different methods.
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Mixture Models. Thanks to the flexibility and adaptivity, mixture models are applied in various
areas, such as unsupervised learning [22, 23, 24], natural language processing [25, 26, 27], computer
vision [28, 29, 30], interpretable machine learning [31], etc. Few attempts have been made to explore
mixture model structures, and learning methods for probabilistic forecasting with multi-source data.

As a category of latent variable models, mixture models are normally trained through (stochastic)
expectation maximization (EM) style optimizations [32]. [33] provided theoretical convergence
analysis for linear mixture models. [34] integrated variance reduction into stochastic EM algorithms.
In this paper, we explore the practical treatments for stably and balancedly learning different data
source corresponding modules of the mixture model.



3 Problem and Proposed Model

3.1 Problem Statement

Let y; be the value of the target variable at time t. Assume S number of different data sources, which
are indexed by s = 1,---,.S. The multi-source data used to predict y; is denoted by X1.5,<+ =
{xs,<t}§:1, where each element x, ; is a multi-dimensional time series from a limited window of
historical data of source s prior to timestamp ¢. Depending on applications, the latest timestamp in
Xs,<¢ could be t — 1 for one-step or t — h for h-step ahead prediction. For simplicity, we skip the
notations for time series dimensions and history window length.

The task is to model the predictive density function p(y: | X1.5 <¢) for providing predictive quan-
tities such as point predictions, uncertainty scores and so on [35, 36]. Note that in this paper, we
assume that x;.5 « implicitly contains the auto-regressive data of the target variable, i.e., y; when
available, either as an individual data source or being included into one.

3.2 Model Structure

The idea of the mixture structure on p(y; | X1.5,<¢) is to introduce a latent discrete random variable
z; for differentiating various predictive relations between x1.5 <; and ¥,. In our case, 2, is defined
on the data source index set, i.e., z; € {1,---, S}, thereby leading to data-source-wise prediction
modules. The probability mass function of z; serves as the weight module.

Meanwhile, instead of using the raw data x;.5 < as inputs to the weight and prediction modules,
we feed a set of latent representations that are learned from x;.5 <; by powerful neural networks.
Let hy.s; denote this set of representation vectors {hsjt}SS:l. The factorization of the joint density
function including z; and h;.g, as latent variables is expressed as:
S
p(yt | X1:s,<t) = /P( hi.s | Xl:S,<t) : Z]P(Zt = 5] hl:S,t) p(ye | 2 = s, hs,t) dhy.g; (D

s=1

representation module weight module prediction module

Representation Module is to encode each source’s data into the latent representations that will serve
the prediction and weight modules. There are various probabilistic representation learning methods
for time series, e.g., state-space models, stochastic recurrent neural networks, etc [37, 38, 21]. Since
advancing the representation learning is not the focus of this paper, we choose a simple yet flexible
way to formulate the representation module, namely, placing a Dirac delta distribution centered at
the hidden state output of a temporal data encoder [39, 17, 40]. This module is formulated as:

S
p( hi.s; |X1:S,<t) = H 5(hs,t - hs,t) st.hy, = NN, (Xs,<t)aV3 =1,---,8 2
s=1

, where 6(a) = 1 only when a = 0. NN, (x, <) is the encoder to model the temporal dynamics of
source s and 7 denotes the trainable parameter in it. In the experiment, we employ a LSTM as the
temporal encoder, while it is flexible to use others.

If it is hypothesized to there exist global latent factors governing the dynamics across data sources,
the above formulation is extensible by learning a global representation from all sources and then
sharing it across individual representations [41, 9].

Prediction Module is to parameterize the source-wise predictive distribution p,,, (y: | z: = s, )
with the learnable parameters ws. For instance, for y; € R and the normal distribution is applied,
we have y; [hyy ~ N(ps,02,), where 1,03, = g, (), and gy, (hs;) can be any flexible
function such as multiple dense layers parameterized by w, [8]. For y; € R™, we can choose the
log-normal distribution, i.e., log y¢ |hst ~ N (ps ¢, ait) [42, 35].

Weight Module is the probability mass function of z;:
exp( fs(hs.t))
5
2 k=1 9xXP( fr(h,t) )

, where 6, denotes the parameters of the logit function for data source s. fy_(-) can be any flexible
function such as neural networks. The trainable parameters from all logit functions constitute the
parameter set of this module, i.e., 0 = {0,}5_;.

Po(2; = s|hy.ss) =

3)



4 Adaptive Inference and Phased Learning

4.1 Inference

We mainly present the adaptive point prediction and uncertainty quantification. Other predictions
like quantiles, intervals, etc., and their derivations are described in Appendix A.2. For simplicity,
we express the weight module as Py(z; = s|-).

Point Prediction. It is the predictive mean of the mixture, which is the weighted sum of each
source’s predictive mean.

S
= Ely: | x1:5,<t] = ZPG(Zt = 5| )E[ys|ze = s,hg ] “)
s=1

, where E[y; | z: = s, }le] denotes the predictive mean by source s. For instance, it is jt, ; for normal
distribution and exp(fs,+ + %Uit) for the log-normal distribution [35].

Uncertainty Score. In forecasting tasks, the predictive variance is commonly used as an uncertainty
measure [43, 44]. With a single forward pass, our mixture model provides the uncertainty score

consisting of two components as follows:
s s

iy =Y Po(ze = s|)Var(yelze = s,has) + Y Polzr = s|) E2ye 2 = 5, D] — B2 [y | x1.5,</]

s=1 s=1

Aleatoric Uncertainty

For instance, the variance term Var(y;|z; = s, flgt)
is 02, for normal distribution, and exp(o2, — 1) -
exp(2ps,e + 02 ;) for log-normal distribution [45].

In Eq.5, the aleatoric uncertainty quantifies predic-
tive noise inherent in the target, while the mix-
ture part reflects the variation among individual data
sources’ predictions. The mixture weights serve to
adjust the contributions of different sources. This is
different from some uncertainty quantification meth-
ods using equal-weighted components, e.g., model
snapshots, latent states [46, 47, 21].

In the following, through the testing examples in
Fig.2, we give a qualitative interpretation of these
two uncertainty components. In time period D,
the target variable stays relatively stable in Fig.2(a).
Accordingly, in Fig.2(b), the aleatoric uncertainty
is low. In Fig.2(c), the predictions by individual
sources show some consensus and reside in a close
value range, and thus the mixture uncertainty is also
low in . On the other hand, in period @), when the
target is fluctuating in Fig.2(a), besides the aleatoric
part, the mixture uncertainty drives up the total un-
certainty because of the widened prediction disper-
sion as shown in Fig.2(c). Interestingly, Fig.2(c) also
reveals that when the target is in a volatile period
(e.g., @), just some of the data sources can provide
seasonably reasonable predictions, while the rest of
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Figure 2: Illustration of the predictive un-
certainty by the mixture model on AIR data.
(a) True values, point and interval predic-
tions. (b) Uncertainty and its component val-
ues. The total uncertainty score shown by the
thick line is the sum of values represented by
the light and dark areas. (c) Point predictions
by data-source-specific prediction modules.

the sources output too high or too low predictions and seem to lack enough predictive power.

4.2 TIssues with Direct Learning

In this part, we analyze the imbalanced learning behaviors when directly minimizing the loss func-

tion of the mixture model.



We first define the training dataset D = {yt, X1:8,<t } e where 7 represents the set of timestamps

at which data instances are collected. Let © represent the set of trainable parameters, i.e., © =
{{ns,ws}5_1,0}. Then, the mixture loss is expressed as:

S
L(©;D) = D logEn,g, | > Polz = slho) po, (yel2 = s,hs) ©)

1
‘T| teT s=1
Next, through Fig.3, we illustrate the imbalanced learning status of different data sources when
directly minimizing the mixture loss via stochastic gradient descent (SGD) based methods [48].
This imbalanced and unstable behavior might hinder the mixture model from adequately captur-
ing different data sources’ predictive relations and their combinations, and thus impairs the overall
performance as shown in Sec.5.

Specifically, Fig.3(a) reports the source-wise prediction error which is defined by the rooted mean
squared error between training true values and predictive means by each source’s prediction module
over training epochs. It shows that some error curves converge poorly, e.g., the purple one implies
the corresponding source’s prediction module hardly captures useful predictive relations. As for the
converged curves, the noticeable error dispersion suggests that those prediction modules might be
learned to different extents.

As a comparison, Fig.3(b)
shows the source-wise predic-
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the different predictive powers Figure 3: Illustration of imbalanced and unstable behaviours of
of data sources. Notably, in directly learning the mixture model, compared with the proposed
Fig.3(b), the purple error curve phased learning. Each curve represents the rooted mean squared
also converges nicely. It implies error (RMSE) between target values and predictive means by a
the corresponding data source source’s prediction module over training epochs. The results are
has the predictive power, but based on five different training runs on AIR data in Sec.5.

it is not properly captured in

Fig.3(a). In Sec.5, we will show

that the overall prediction performance of the mixture model considerably benefits from this phased
learning.

Lemma 4.1. In minimizing the mixture loss via SGD optimization, given a random training sample
indexed by t, the vectorized derivative of a source’s prediction and representation modules are
denoted by:

A _310gpws (ye |2 = Svﬁs,t)

ws,t = 7

Buwast Ows, ’@ @
Ologpy, (Y| 2t = s Ilet) g

£ — — A 8

g7757t ahsyt ,t e ( )

s

dlogPy(zt = k) _~

dpi 2 =Y m S Vh, ‘ )

st — it ahs,t )t o

where Vh, ; denotes the Jacobian matrix of source s’s representation w.r.t. 1, Meanwhile, the
posterior weight m, ; is defined as:

_ pu(yelz =5, b ) Po(z = 5] )
o1 P (e | 26 = b, Be) Po(z = k| )

Tor = p2e = 5| yt, X1:5,<13 ©) (10)



Then, the (stochastic) updates to the prediction and representation parameters of source s, i.e., Ws
and ns, are:

'/Ts,t gws,t lll’ld 7Ts,t gns,t + dns,t (11)

(Derivation details in the appendix section.)

Lemma 4.1 sheds light on one potential cause of the imbalanced learning, i.e., the intertwined rela-
tion between posterior weights and parameter updates, and Sec.4.3 will present another theoretical
analysis. Specifically, at the beginning of the training, all representation, prediction, and weight
modules are barely trained. Some data sources receive low posterior weights (i.e., 75 ), if they
happen to have low (stochastic) predictive density values and/or low mixture weights, according to
Eq.10. Then, based on Eq.11, low posterior weights lead to under-weighted (stochastic) updates and
might slow down or even corrupt the learning progress of corresponding source’s modules. In turn,
this posterior weight bias might persist and result in the imbalanced learning status in Fig.3(a).

4.3 Phased Learning

To relax the above issues, we propose the phased learning method splitting the training process into
two phases respectively for unbiasedly learning each data source’s predictive power and then the
adaptive combinations. (The proofs in this part are in the appendix section.)

Lemma 4.2. In the iterative learning process, at any point of ©, there exists the upper bound of the
mixture loss:

L(©;Dy) < L({ns,ws}s_1;Dy) (12)

where Dy is a random training sample Dy £ (ye, Xl;S7<t) eD.

Z({Usaws}f:l ; Dt) £ - log pu, (Yt | 2 = s, i'vls,t) —log Say (13)

M=
W+~

s=1

and ay is a constant value, af = ming( {P(z; = s|-)}).

First, the impartial phase learning is inspired by Lemma 4.2. It minimizes the upper bound Eq.13,
thereby leading to the following update scheme:

1 1
ggws,t and ggns,t (14)

, where g,_+ and g,,_ ; are defined in Eq.7 and 8. These updates only involve the prediction related
parameters, i.e., the representation and prediction modules. Meanwhile, the equal-weighted manner
allows to impartially learn the predictive relation of each data source.

Theorem 4.3. For all stochastic derivatives g € {g.,., 8., dy, } corresponding to the data source
s, suppose it is bounded E||g||* < G?. The trainable parameters related to a data source’s predic-
tion are denoted by O3 = |ws,1s)" and the corresponding gradient is Gs = E[g,,.,g,.]". Over

the learning step i = 0, - - - | I, the convergence of G to a stationary point in the direct optimization
and the impartial-phase optimization are respectively:

I-1 I-1
. 1 2 ( 1 2
g 12 <V — - :
Diree: 73 NG, < V106 [ == +FO 57 (IElgy...] — Eld,, JII°)
5)
Impartial phase: 1Izjllfiﬂg I? < 2G M (16)
p p gt S, I

, where ¥ € (0, 1) is the minimum of poster weights across data samples and iteration steps. L ;
represents the negative log-likelihood of the predictions by data source s at step 1.

Theorem 4.3 explains the convergence patterns of the direct and impartial-phase learning observed
in Fig.3. As shown in Eq.15, there are two more factors that impact the convergence of each data
source’s prediction related parameters in the direct learning, compared with the impartial-phase



learning. The value of 7} is less than 1 and implies the slow value decline of the first term on
the right-hand-side of Eq.15. Meanwhile, if the second term on the right-hand-side of Eq.15 dose
not vanish completely, it converges to the neighbourhood of a stationary point, i.e., the correspond-
ing prediction modules might be inadequately trained. For instance, the converged error curves in
Fig.3(a) are still higher than the counterparts in Fig.3(b).

Second, the collective phase will update all modules’ parameters by switching to minimize the
original mixture loss Eq.6 until the end of the training. The weigh module is now activated to
learn the adaptive combinations. The representations and prediction modules are updated as Eq.11.
Thanks to the reasonably learned representation and prediction modules in the impartial phase, the
posterior weight now in Eq.10 more reliably reflects different data sources’ relevance to the target.
In this phase, it amounts to fine-tuning the representations and prediction modules by considering
the data source relevance reflected in posterior weights. For instance, in Fig.3(b), the zoom-in figure
shows that some sources’ error curves continue to decline in the collective phase.

In practice, the number of epochs of the impartial phase can be tuned as a hyper parameter. On
the experiment datasets, the range of 5 to 15 epochs is enough for the impartial phase. Meanwhile,
we found that the total number of epochs needed in the phased learning is comparable to the direct
learning, i.e., having two phases does not incur the need for more epochs in total. Compared with the
direct learning with a certain number of epochs, the phased learning can mostly present enhanced
performance by running the impartial and collective phase with the same budget of epochs.

5 Experiments

In this section, we report the experimental comparison of different models and learning methods.
The Appendix contains additional experiment details and results.

5.1 Baselines

DAR denotes DeepAR, which uses auto-regressive recurrent neural networks to model the prob-
abilistic distribution of the target variable [8]. DF refers to the Deep Factor model, which is a
global-local method based on a global neural network backbone and local probabilistic random ef-
fect models [9]. AF represents Autoformer [49], a decomposition based Transformer [5S0] variant
with an auto-correlation mechanism.

DAR and DF are probability models, and AF is adapted for probabilistic forecasting based on [51];
hence all baselines can parameterize different distributions for the target variable and be evaluated
on point and probabilistic prediction metrics. For baselines, multi-source data are fed as a whole.
For the mixture model and baselines, probabilistic forecasts like predictive quantiles and intervals
are derived via the same type of methods presented in A.2.

5.2 Datasets

Existing time series forecasting models mostly take as input single (univariate or multivariate) time
series, while our mixture model works on multi (multivariate) time series from distinct sources.
Thus, we use the following data from two scenarios. In each dataset, data instances are time-ordered,
and we use the first 70% of points for training, the next 10% for validation, and the last 20% for
testing.

AIR is from the environmental monitoring scenario [52]. There are twelve air-quality monitoring
sites, and each site collects an eleven-dimensional time series including hourly air pollutant and
meteorological observations, from March 2013 to February 2017. The target variable, which is the
air pollutant value reflected in PM2.5 measurements, lies in the non-negative domain, and thus the
log-normal distribution is applied. The time series from all sites forms a twelve-source data for
forecasting the target variable of each site.

VOL is from the finance area, i.e., two liquid cryptocurrency exchanges, Bitfinex and Bitstamp.
From the limit order book (LOB) and transaction records of each exchange, it collects two minute-
level multi-dimensional feature time series, from May 2018 to September 2018. The target variable
is the intra-day traded volume of bitcoins. It is the raw volume deduced by the intra-day periodicity
and lies in the real value domain, and thus the normal distribution is applied. In a cryptocurrency



Table 1: Results of point and probabilistic prediction metrics (mean £ standard error). The best
result is marked by the grey box. Due to the space limitation, the results of the rest of sites in AIR
data are in Appendix C.

RMSE | MAE |
Data | DAR DF AF MIX DAR DF AF MIX

Site 0 ‘23.65010.045 23.792 +0.756  68.293 +£0.985  [19.022 +0.054 ‘ 12.015 +0.223  13.743 £0.291  35.196 +0.307 | 10.297 +0.048

AIR Site 1 ‘ 20.012 £0.205  31.467 0570  66.199 +0.912 18.517 +0.086 ‘ 10.596 +0.109  13.247 +0.772  39.196 +0.307  9.929 +0.027
Exc. 0 ‘ 1.206+0.00342  1.157+0.00389  1.892+0.00253  1.149 +0.00168 ‘ 0.925+0.00276  0.916+0.00259  1.021+0.00324 | 0.898 +0.00588
VoL Exc. 1 ‘ 1.382+0.0075 1.27140.00177  2.010+0.0098 1.265 +0.00302 ‘ 0.995+0.00464  0.981+0.00101  1.032+0.00433 | 0.977 +0.00197
NLLm | QLm |
Data DAR DF AF MIX DAR DF AF MIX
Site 0 ‘ 3.92240.011 4.196+0.013 5.439+0.004 3.879 +o.011 ‘ 0.298+0.004 0.327+0.003 0.233+0.001 0.0463 +0.001
AIR Site 1 ‘ 3.860-£0.021 3.992:£0.029 5.208-£0.002 3.696 +0.003 ‘ 0.231:£0.004 0.202:£0.004 0.237+0.001 0.0505 +0.001
Exc. 0 ‘ 1.594+0.00485  1.578+0.00550  1.601+£0.00324  1.541 +0.00258 ‘ 2.974+0.0413  4.498+0.0694  4.982:+0.0983 2.840 +0.0624
VOL

Exc. 1 ‘ 1.698+0.00853  1.660+0.00131  1.723+0.00732 | 1.647 +0.00220 ‘ 2.606+0.0958  4.801+0.119 5.012+0.1012 2.353 +0.0930

exchange, it records different trading related operations, e.g., transaction data stores the information
about executed trades, the limited order book (LOB) records the standing orders with buy or sell
limits, etc. We formulate a multi-source data consisting of the time series from LOB and transaction
features as well as historical volume.

5.3 Setup

Hyper-Parameters. The hyper-parameter search and associated training processes are run on a
server with NVIDIA A100 GPUs. For all models, Bayesian optimization is applied to search in the
hyper-parameter space [53]. Once the best hyper-parameters is fixed, each model is retrained for five
times with different random seeds, and the average performance is reported. The hyper-parameter
space is detailed in Appendix.

Point Prediction Metrics. The root-mean-square error (RMSE) and mean absolute error (MAE)
are defined on true values and predictive means.

Probabilistic Prediction Metrics. The mean negative log likelihood (NLLm) is the predictive
negative log-likelihood of testing instances averaged by the number of instances. The mean quantile
loss (QLm) is the mean of quantile losses w.r.t. a set of quantile levels [10]. A quantile loss is defined
on true values and predictive quantiles to reflect how well the predictive distribution fits the target
variable’s probabilistic characterises [9]. Detailed formations of these metrics are in Appendix.

5.4 Results

Comparison of Prediction Performance. In Table 1, on each site or exchange (exc.), the mixture
model outperforms baselines on the point and probabilistic prediction metrics. It indicates that
the mixture models more accurately characterize the distributional properties of the target variable.
Compared with the baselines modeling multi-source data as a whole, the outperformance of the
mixture model suggests that capturing adaptive relations in multi-source data can better harness the
predictive power.

Comparison of Training Methods. Table 2 shows the results of the mixture models respectively
trained by different learning methods. The phased learning noticeably improves the performance
of the mixture model on all metrics, while in some cases the mixture model trained by the direct
learning under-performs the baselines in Table 1. This observation suggests that the specialized
training process is beneficial for exploiting the capacity of mixture models. Meanwhile, the low
standard errors of the phased learning imply the training process is relatively more stable, thereby
leading to more consistent generalization performance.



Table 2: Performance of the mixture models respectively trained by the direct and phased learning
methods (mean =+ standard error). Additional results are in Appendix C.

RMSE | MAE | NLLm | QLm |
Data Direct Phased Direct Phased Direct Phased Direct Phased
Site 0 ‘ 27.173£1.617 19.022 +0.054 ‘ 14.905+0.423 10.297 +0.048 ‘ 4.103+0.133 3.879 +0.011 ‘ 0.0582+0.009 1 0.0463 -+0.001
AIR Site 1 ‘ 41.549+2.013 18.517 +0.086 ‘ 17.876+1.102 9929 +0.027 ‘ 3.772:+0.006 3.696 +0.003 ‘ 0.0589+0.009 | 0.0505 -£0.001
Exc. A ‘ 1.172+0.00123 | 1.149 +0.00168 ‘ 0.934:+0.0356 0.898 +0.0588 ‘ 1.596+0.00216 | 1.541 +0.00258 ‘ 3.012+0.0563 | 2.840 +0.0624
VOL

Exc. B ‘ 1.282+0.00203 | 1.265 +0.00302 ‘ 0.998+0.00123  0.977 +0.00197 ‘ 1.656£0.00158 | 1.647 +0.00220 ‘ 2.510£0.0890 | 2.353 +0.0930

Comparison of Uncertainty Conditioned Errors. The uncertainty score can an indicator of the
prediction error level, namely, high uncertainty scores imply unreliable predictions and thus poten-
tially large prediction errors, and vice versa. Following this intuition, we propose the uncertainty
conditioned prediction error to compare the uncertainty scores from different models. Specifically,
given the predictions and associated uncertainty scores, we first derive the empirical quantiles of the
uncertainty scores. Then, as shown in Fig.4, we calculate the prediction errors (RMSE) by using the
predictions with the uncertainty scores falling within each interval of quantile levels.
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Figure 4: Uncertainty Conditioned Prediction Errors.

In Fig.4, based on the above intuition, the uncertainty conditioned error curve is expected to present
a monotonic increasing pattern. The mixture model has monotonic error curves, while the baselines
DAR and DF have some irregular errors, i.e., the error of the high uncertainty interval is lower
than that of the low uncertainty interval. Compared with the baselines only capturing the aleatoric
uncertainty, the mixture model’s uncertainty score consists of the weighted aleatoric and mixture
components, and it is more effective in reflecting the prediction error extent as a function of the
uncertainty. Meanwhile, the mixture model has lower errors on all quantile level intervals. This
also explains the overall competitive prediction performance of mixture models in Table 1 from the
uncertainty perspective.

6 Conclusion

This paper focuses on the probabilistic forecasting with multi-source time series data . We present
a neural mixture structure based probability model on multi-source time series and the associated
phased learning method. The experiment results exhibit competitive performance of the proposed
model and learning method on both point and probabilistic metrics. It reveals that capturing data-
source-wise predictive relations and their adaptive combinations is important for exploiting the pre-
dictive power of multi-source data. Meanwhile, for mixture models with hierarchical and interacted
components, understanding the learning behaviors of these components and accordingly customiz-
ing the learning method help realize the capacity of models.

The limitation of the present work lies in the representation learning of time series data. It will be
worth exploring more advanced representation learning methods and studying the effect on the pre-
diction performance. Meanwhile, the transition from the impartial to collect phase is more favored
to have a systematic mechanism to avoid tedious hyper-parameter search.
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Appendices

A Model Specification

A.1 Target Distributions

We show the flexibility of specifying the prediction modules of the mixture models through two
different target distributions.

For the target variable in normal distribution, i.e., y; € R, the prediction module of each data source
is expressed as:

1 — lgt)?
P, (Yt | 2e = s, h) = oo exp (—(ytut)> 17
s,t

2
205’t

tis,c and o2 ; are derived by g, (hs,¢), where g,,, (-) can be any flexible function such as dense layers
parameterized by w; [8]. The corresponding predictive mean and variance are E[y; | z; = s, 1~1§] =
fis,e and Var(ye|ze = s,hy ) = 02 .

When 3; € R and is assumed to follow the log-normal distribution, the density function is:

1 Iny; — tst)?
Puw, (yt ‘ Zy = 37hs) = Wexp (_(ytu’t)) (18)
tUs,t

2
205,16

The predictive mean and variance by the data source s are K[y, | z; = s, hy] = exp(us + 502,
and Var(y; |2 = s,hy ) = exp(02, — 1) - exp(2ps,0 + 02,) [45, 35].
A.2 Inference

In this part, we present several predictive quantities that can be derived from the mixture model.

Point Prediction. It is the predictive mean defined as:

S
¢ = Ely: | x1.5,<1] = /ZPH(Zt = 5| )pw. (yelze = s, 1) ye dye (19)
s=1
S ~
= Po(z = s|-)Elgi|zr = s, hy ] (20)
s=1

, where Efy; | z; = s, l~15] denotes the predictive mean by source s. As aforementioned, it is j, ¢ for
the normal distribution and exp(ps,¢ + %Uit) for the log-normal distribution [35].

Uncertainty Score. According to the variance definition, we have:

iy = Var(yy | x1.5,<t) = E[y; | x1.5,<¢] — E*[ye | X1:5,<4] (21)

Plugging the following into Eq.21 gives rise to Eq.5

s

Ely; |x1.5,<1] = > Po(z = s|)E[yf|2 = s,hy] (22)
s=1

Ely7 |z = s, }le] = Var(y;|z = s, fls,t) + E2[ys]2¢ = s, fls] (23)

, where the variance term Var(y;|z; = s, I~157t) is o2 ; for the normal distribution, and exp(o2, — 1) -
exp(27s,t + ait) for the log-normal distribution [45].
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Quantile Prediction. Based on the mixture model, the predictive cumulative probability function
(CDF) of the target is expressed as:

”F.g(n

Py | x1:5,<t) = /p( hi.s,| Xl:S,<t) . O(Zt =s|hig¢) P, (ye| 2t = s,hs ) dhigy

—Zpozt—s\hlst) e (Ut | 20 = 5,1 )
s=1
24

where I~187t = NN, (Xs,<¢), and P(y; | 2z = s, }~187t) represents the individual data source’s CDF.

The second equality is due to the delta distribution applied to p(hj.s+ | X1.5,<¢), as is presented in
Sec.3.2.

Then, for the quantile level a € [0, 1], we resort to a numerical method by applying the root-finding
algorithm to the function in Eq. 25, while sampling based method can also applied. The solution of
the root-finding algorithm is the quantile prediction ;.

Q(y; o, P(-|x1:5,<1)) £ P(y|X1:8,<t) — (25)

Prediction Interval. For obtaining a prediction interval corresponding to a probability range, we
make use of the corresponding quantile predictions of the probability range. For instance, a predic-
tion interval corresponding to the probability range [0.1,0.9] is constructed by the root solutions of

Qy;a=0.1,P(-|x1.5<1)) = 0and Q(y; o = 0.9, P(-| X1.5,<¢)) = 0.
A.3 Learning

The loss function of the mixture model is:
S

Z 10gEn, 5, | > Po(zt =s|hise)pu, (|2 = s,hey) | (26)
teT s=1

L(©;D)
(6:D) = i

where © = {{ns, ws}d_y, 9} denotes the set of all trainable parameters.

Since in this paper the delta distribution is applied to p( hy.s+ | X1.5,<¢) and p(r1.5¢ | X1.5,<¢). the
integral over the hidden states is reduced to single points, i.e., h, ; = NN, (x5, <¢).

B Proofs

Lemma 4.1. In minimizing the mixture loss via SGD optimization, given a random training sample
indexed by t, the vectorized derivative of a source’s prediction and representation modules are
denoted by:

» Ologpu, (Y |z = s,hyy)

A 27
8w, t Ows o (27)
dlogpu, (yt | ze = s flt) g
A w bl S
Cnot = — S ~Vh,; (28)
! ahs t e
s
0logPy(z; = k|-) _~
d, : = — Vh, 29
ot &= Y o (29)

where Vh, ; denotes the Jacobian matrix of source s’s representation w.r.t. 1ns. Meanwhile, the
posterior weight m, ; is defined as:

Ts,t = p(Zt =S | Yt, X1:5,<t> @)
_ Pu,(elz=s,hs4) Po(ae = s|-) (30)
S 1 Pen (Ut | 20 = kg ) Pz = k| )

Then, the (stochastic) updates to the prediction and representation parameters of source s, i.e., Ws
and ns, are:

Ts,t Bws,t and st 8yt + dns,t (31)
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Proof. Given a random training sample (y;, X1.5 <¢), the mixture loss Eq.26 is expressed:

S

—log Y "Po(z = klDy.s.0) pus, (ye 20 = kb, D) where by = NNy, (x4 <1)
k=1

Take the derivative w.r.t. the prediction module parameter of source s,

—log Y% Po(z = klBys.s) Pu, (yel2e = K higg)

Owg e
_ Py(2 = slhi.s,) O, (yel2e = 5,hy)
1 Polar = klBuis) pu, (yelze = k) Ows © (32)
_ Py(z = slhuse)pu, (yelze = s, hee)  Dlogp, (il = 5,hor) ‘
T Pols = ks ) p (2 = ) Ous ©

In Eq.32, the second equality is through the derivative trick of log functions, i.e., f(w)/0w =
f(w) Dlog f(w)/ 0.

Likewise, for 15, we have the following:

—log Z;le P@(zt = k|H1:S,t)pwk, (yt|2t =k, Hk,t)

ons o
S g ~
- 1 Z OPy(ze = k|hi.st) Dy (Yt 2t =k, Dy t)
Zk 1 PO(Zt = k|h1 St)pwh(yﬂzt =k, hk t ! ans o
- _ XS:W 0logPy(z = k|h1:s,t)pwk (yi|ze = k,hk7t)
k=1 o ons o

g ~ ~
_ OlogPy(z; = k|h1:S,t) dlogpw, (yi|z: = s, h; )
= - E Tt P — Tst P

Ns s

©
k=1

(33)

In Eq.33, the second equality is based on the derivative trick of log functions. Because the weight
module Py(z, = k|hy.s,) takes as input the representations of all data sources, there exists the
sum of derivatives in the first term in the last equality. Meanwhile, since h;.s; is the output of

representation modules parameterlzed by {ns}2
update scheme in Eq. 31 is obtained.

the derivative w.r.t. 1, is through hy ;. Then, the

s=1>

Lemma 4.2. In the iterative minimization process of the mixture loss, at any point of ©, there exists
the following upper bound:

L(©;Dy) < L({ns,ws}s_1; De) (34)
where D is a random training sample Dy = (yi,X1.5,<1) € D.
s
({nsaws}s 1aDt é Zg ngw yt|zt =S, hs t) IOgSQ;&k (35)
s=1
and a} is a constant value, af = ming( {P(z: = s|-)}).

Proof. The mixture loss on a random training sample D; is expressed:
s

L(©:D) 2 —log > Po(z = 5| hiisy) pu, (v | 2 = 5, D) (36)

s=1
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where fls’t = NN, (xs,<t)-

Given ©, by defining aj £ min, ({P(z; = s|-)}5_, ), we have

S
L(©;D;) < —log ) a; pu,(yi |2 = s,hyy) (37)

s=1

Eq. 37 holds, because the probability densities are non-negative. The equality holds when all weights
are equal.

Then, Eq. 37 is further expressed as follows:

S *
a T *
=- log; S:L? P, (Yt | 20 = s, hs1) — log Saj (38)
S 4 B
<= glogpe, (ur |2 = 5,hsy) —log Saf (39)
s=1
S is the number of data sources. The last inequality is based on Jensen’s inequality. ]

Theorem 4.3. For all stochastic derivatives g € {g., 8., dy, } corresponding to the data source
s, suppose it is bounded E||g||* < G?. The trainable parameters related to a data source’s predic-
tion are denoted by ©5 = |ws,ns] " and the corresponding gradient is G5 = E[g,,.,g,.]". Over
the learning step i = 0, - - - | I, the convergence of G to a stationary point in the direct optimization
and the impartial-phase optimization are respectively:

1=t L(Loo—Log) <1
rect: =Y 112 < v/ ZAms0 — mel) P ] — 1112
Direct 7 i:O]EHQS,ZH <V10G = + 291 (||E[gnsyl] E[d,, ]|l )

(40)

I—-1

(Lo —L.
> E[G..l* <2G M "
1=0

, where 7} € (0, 1) is the minimum of poster weights across data samples and iteration steps. L ;
represents the negative log-likelihood of the predictions by data source s at step .

~I

Impartial phase:

Proof. Before going to the proof details, we first recall some notations.

As defined in Lemma 4.1., we have the (stochastic) derivatives on a random training sample ¢ as
follows:

_3105%]%5 (ye |2 = s7ﬁs,t)

g 2
s Ows o;
dlogpu, (yt | 2 = s Hs t) o
A w )
= — e ~~Vh
8n. ahsyt st o
S
dlogPy(z = k")
d,, £ _ Th.i = Vhg

where Vh, ; denotes the Jacobian matrix of source s’s representation module w.r.t. 7.

Given the parameter ©; ; at step 4, the predictive performance of data source s is reflected in the
negative log-likelihood which is a function of O ; as:

.
S,0 T

w2 > —10gEn, , [Pu, (| 2 = 5,hyy)] (42)

teT



Then, the empirical expected gradient of O, ; w.r.t. L ; is as follows: (the step index 4 is omitted
for simplicity)

G: £ Elg., gn]" =7 Z o ts 8 it] (43)
teT

Direct optimization

In the direct optimization, as shown in Lemma 4.1., the stochastic update to the prediction and rep-
resentation parameters of a data sources s is expressed as: g ; £ [Ts,i Bug,is Ts,i 8nai T dns,i]T,
where 7, ; is the posterior weight. In the following, we will drop the random training sample sub-
script ¢ for simplicity when unnecessary.

Following the L-smoothness assumption of L yields:

~ L N N
L:s,i+1 —Ls; < <gs,ia *’Y]E[gs.,ib =+ g]E [<*’Ygs,i7 *’Ygs,iﬂ 44)
8w, Ts,i Bws.q L ~ ~
= <E [gnsii] B [Ws’i gnm]> =7 (Elgn..), Eldy..]) + FE (-850, —185.0)]
(45)
? L
< - ﬂ-;,i E |:§:5'1:| - <E[gns,i]7 E[dmLD + EE [<_’Ygs,i7 _’Ygs,i” (46)
’ (a) (b)

where + is the learning step size. 77 ; is the minimum of posterior weights across data samples, i.e.,
e, = mtin({ws,t,i}t), and it is always less than 1, i.e., 7% ; € (0,1). (-,-) is the inner product of

two vectors.

Then, for the (a) and (b) terms, we have the following:

vy Y Y
(@) =—-3 IElgn, Il - B [E[d,, q]l* + 5 IElgy..i] — Eldy, ] ? (47)
Y
< 5 [Elgy. i] - Eldy, J]|I” (48)
Lr? Ts.i Bw. ;s ?
b) = E 5,8 SWs,i 49
( ) 2 ‘ |:7Ts,i Ens.i +dn511:| (49)
L’Y2 2 2 2 2 2
= TE I:Trs,i”gws,i” + 7"s,z'||gws,i I* + 27"S,i<gns,i vdns,q,> + Hdm,i ‘ } (50)
L’)’z 2 2 2 2 2 2 2
< ZLE (12, g, 12 + 7218, il 2+ g 2] 6D
5
< Ly’6 (52)

The first inequality is because 2(a, b) < |a||? + ||b||? and the last one is due to the gradient bound
assumption.

Plugging Eq.48 and 52 into Eq.46 and summing the inequality from 7 = 0 to 7 = I lead to:

I—-1 I-1

5
2
L1 — L < vl§o7r||gs, +§ —H]Egns,}—]E[dns,i]n +§L72G21 (53)

If we further take the minimum of poster weights across iteration steps by setting 7¥ = min({7?,};)
g :

or equivalently 7} = Htli_n({'frs,t,i}t,i)’ rearranging Eq. 53 gives:

(e = L) 2y 42 2
R + Z <||E ..l — Eldy, 4|l ) +5I0G (54)

7,0
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Plugging in the step size  that minimizes the RHS of Eq. 54 shows the result of the direct optimiza-
tion:

I-1

1 L(L, 1
LS EIG 7 < vioey | P D) LS (8, ) - Bid, 1) 69
=0

s =0

Impartial phase optimization

In the impartial phase, the stochastic update to the prediction and representation parameters of a data

source s is expressed as: g ; = [%gwsyi, %gns,i]—r
Following the L-smoothness assumption yields:
. L . .
Es,i+1 - £s,i S <gs,i B _'VE[gs 7,]> + §E [<_’7gs,i 3 _’ygs,i” (56)
NG+ LT [l ol + ] 57)
S, 252 gwsﬁz gns,z
Ly2G?
< —L1Gs4lI? 58
< -Gl + 5 (58)

Then, by summing the inequality Eq. 58 from 7 = 0 to 7 = I and some rearrangements, we obtain

s0—Ler) | InG?
IZEHQHHQ (0 Dy S (59)

Plugging in the step size 7y that minimizes the RHS of Eq. 59 gives the convergence:

1 I—
YZ Hg.sz
=0

L (‘CS,O - Ls,[)
1

<926 (60)

C Additional Experiment Details and Results

Hyper-Parameters. The hyper-parameter search and associated training processes are run on a
server with NVIDIA A100 GPUs. For all models, Bayesian optimization is applied to search in
the hyper-parameter space [53]. Once the best hyper-parameters is fixed, each model is retrained
for five times with different random seeds, and the average performance is reported. For recurrent
neural networks used in DAR, DF and mixture models, the layer size and number of layers are
searched over {64, 128, 256, 512, 768,1024} and {1, 2, 3}. The learning rate is chosen in the range
{le—5,5e—5,1le—4,5¢ — 4, 1le — 3, 5e — 3} following an exponential decay scheme with a rate of
0.85 every 10 epochs. The search spaces of batch sizes, weight decay and dropout rates respectively
lie in [256,512], {le — 7,5¢ — 7,1e — 6,5¢ — 6, le — 5,5e¢ — 5,1e — 4, }, and {0.0,0.1,0.2,0.3}

Performance Metrics. Given the point prediction ¢; and the true value v, the point prediction
metrics are defined as follows:

1 R 1 .
RMSE = Z (y¢ — )2 and MAE = —— Z lye — ¢ (61)
|7;est‘ et |7:est| tE€ Teest

where T represents the set of timesteps in the testing data, and |7/ is the number of testing
examples.

As for the mean quantile loss (QLm), we define the (normalized) quantile loss of a given quantile
level « € (0,1) as
Yovern 2 [y = Gra) Iy, —g, o0 + (1 — @) (G0 — ) Ly, — g, . <o)

(62)
Ztefest |yf |

QL() =
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where I takes value 1 only when the corresponding condition holds [9]. ¢, is the quantile prediction
obtained through the method presented in Sec. A.2.

Then, the QLm is the mean value of the quantile losses QL(«) for « = 0.1,0.3,0.5,0.7,0.9.
Results. In this part, we report the performance result on all datasets.
Table 3 and 4 show the point and probabilistic prediction performance on all datasets. Our mixture

model MIX shows competitive performance over baselines.

Table 3: Results of point prediction metrics (mean and standard error respectively in the first and
second line of each row). The best result is marked by the grey box.

RMSE | MAE |
Dataset | DAR DF AF MIX DAR DF AF MIX

Site 0 23.650 23792  68.293 19.022 | 12.015 13.743  35.196 10.297
0.645 0.756 0.958 0.054 0.223 0.291 0.307 0.048

Site 1 20.012  31.467  66.199 18.517 | 10.596  13.247  36.188 9.929
0.205 0.570 0.912 0.086 0.109 0.772 0.462 0.027

Site 2 18.060 19.801  69.008 17.081 | 9.054 11.007  53.221 8.573
0.210 0.277 0.323 0.087 0.028 0.389 0.862 0.037

Site 3 29.134  40.351 95.691 21969 | 11352  14.858  70.882 11.293
0.147 0.574 0.823 0.101 0.108 0.229 0.677 0.059

Site 4 22393 22594  87.732 19.637 | 10.883 14.151 66.508 10.638
0.278 0.292 0.932 0.062 0.013 0.505 0.709 0.084

Site 5 26133 29.102  93.721 20.578 | 11.341 11.234  66.004 10.318
1.392 1.101 1.236 0.128 0.106 0.102 0.979 0.049

Exc. A | 1.206 1.157 1.892 1.149 0.925 0.916 1.021 0.898
0.00342 0.00389 0.00253 0.00168 | 0.00276 0.00259 0.00324 0.00588

Exc. B | 1.382 1.271 2.010 1.265 0.995 0.981 1.032 0.977
0.0075  0.00177 0.0098  0.00302 | 0.00464 0.00101 0.00433 0.00197

Table 5 shows the performance of the mixture models trained by the direct and phased learning
methods. The phased learning constantly helps enhance the performance. This implies that when
the prediction and representation related modules of mixture models are insufficiently learned yet,
simultaneously learning the prediction modules with the weight modules may fail to reliably capture
the predictive power of different data sources, thereby leading to less accurate weighted combina-
tion.

Fig. 5 show the uncertainty conditioned prediction errors of all datasets. The uncertainty quantile
level on the x-axis of each sub-figure is derived from the empirical distribution of predictive uncer-
tainties.
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Table 4: Results of probabilistic prediction metrics (mean and standard error respectively in the first
and second line of each row). The best result is marked by the grey box.

NLLm | QLm |
Dataset | DAR DF AF MIX DAR DF AF MIX

Site 0 3.922 4.196 5.439 3.879 0298 0327  0.233 0.0463
0.011 0.013 0.004 0.011 0.004  0.003  0.001 0.001

Site 1 3.860 3.992 5.208 3.696 0.231 0202  0.237 0.0505
0.021 0.029 0.002 0.003 0.004  0.004 0.001  0.001

Site 2 3.745 3.945 5.124 3.679 0234  0.130 0.241 0.0502
0.005 0.014 0.001 0.001 0.002  0.008 0.001  0.001

Site 3 4.034 4.150 5.510 3.962 0277  0.199  0.233 0.0471
0.016 0.015 0.001 0.001 0.011  0.007  0.001  0.001

Site 4 3.945 4.154 5.466 3.906 0276  0.191  0.227 0.0453
0.016 0.007 0.003 0.005 0.006  0.009 0.001  0.003

Site 5 3.917 4.081 5.460 3.866 0274 0533 0235 0.0445
0.015 0.009 0.001 0.001 0.003  0.103  0.001  0.001

Exc. A | 1.594 1.578 1.601 1.541 2974 4498 4982 2.840
0.00485 0.00550 0.00324 0.00258 | 0.0413 0.0694 0.0983 0.0624

Exc. B | 1.698 1.660 1.723 1.647 2606 4801 5.012 2.353
0.00853 0.00131 0.00732 0.00220 | 0.0958 0.119  0.1012 0.0930

Table 5: Performance of the mixture models respectively trained by the direct and phased learning
methods (mean and standard error respectively in the first and second line of each row).

RMSE | MAE | NLLm | QLm |
Dataset | Direct Phased Direct Phased \ Direct Phased Direct  Phased

Site 0 27.173 19.022 | 14.905 10.297 | 4.103 3.879 0.0582 1 0.0463
1.617 0.054 0.423 0.048 0.133 0.011 0.009  0.001

Site 1 41.549 18.517 | 17.876 9.929 3.772 3.696 0.0589 1 0.0505
2.013 0.086 1.102 0.027 0.006 0.003 0.009  0.001

Site 2 17.279 17.081 | 8.832 8.573 3.720 3.679 0.0550 0.0502
0.021 0.087 0.011 0.037 0.013 0.001 0.002  0.001

Site 3 30.509 21.969 | 14.241 11.293 | 4.392 3.962 0.0669 1 0.0471
1.132 0.101 0.102 0.059 0.029 0.001 0.002  0.001

Site 4 26.592 19.637 | 17.908 10.638 | 3.948 3.906 0.0456  0.0453
1.123 0.062 0.812 0.084 0.040 0.005 0.003  0.003

Site 5 30.233 20.578 | 19.843 10.318 | 3.891 3.866 0.0448 0.0445
1.932 0.128 1.324 0.049 0.013 0.001 0.001  0.001

Exc. A | 1.172 1.149 0.934 0.898 1.596 1.541 3.012 2.840
0.00123  0.00168 | 0.0356  0.00588 | 0.00216 0.00258 | 0.0563 0.0624

Exc.B | 1.282 1.265 0.998 0.977 1.656 1.647 2.510 2.353
0.00203  0.00302 | 0.00123 0.00197 | 0.00158 0.00220 | 0.0890 0.0930
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Figure 5: Uncertainty Conditioned Prediction Errors.
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