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ABSTRACT

Physics-Informed Neural Networks (PINNs) solve PDEs by training neural surro-
gates that minimize governing-equation residuals alongside boundary and initial
conditions. Despite their flexibility, PINNs are notoriously difficult to optimize
due to stiffness, loss imbalance, and gradient noise induced by stochastic collo-
cation. In this work, we study a structured preconditioned optimizer inspired by
SOAP and propose a lightweight extension based on a momentum accelerated
method - MoQ, which uses gradient extrapolation to approximate Nesterov-style
acceleration. We conduct preliminary studies comparing Adam, SOAP, and the
proposed SOAP+MoQ on three PDEs problems, namely, viscous Burgers equa-
tion, 2D Poisson, and steady Navier–Stokes (Kovasznay flow). Across multiple
random seeds, proposed SOAP+MoQ consistently improves accuracy over both
Adam and SOAP, with potential strong gains on Poisson and Navier–Stokes. We
further probe the role of gradient noise via batch reuse and observe that MoQ gains
can increase in reduced-noise regimes. These preliminary results suggest MoQ is
an effective stabilization mechanism for structured preconditioners in PINN opti-
mization.

1 INTRODUCTION

Physics-Informed Neural Networks (PINNs) approximate solutions to partial differential equations
by minimizing the residuals of governing equations and boundary/initial constraints, typically com-
puted via automatic differentiation. Despite their broad applicability, PINNs often suffer from slow
convergence and limited solution accuracy, which restricts their reliability as practical forward PDE
solvers. Prior work has addressed these challenges through architectural innovations Wang et al.
(2021); Sitzmann et al. (2020); Fathony et al. (2020); Moseley et al. (2021); Kang et al. (2023);
Wang et al. (2024), improved activations Abbasi and Østebø Andersen (2024); Jagtap et al. (2020)
and coordinate embeddings Sahli Costabal et al. (2024); Zeng et al. (2024); Huang and Alkhali-
fah (2024), refined collocation sampling strategiesWu et al. (2023); Daw et al. (2022); Nabian et al.
(2021), alternative objective formulations, and enhanced training paradigms such as sequential train-
ing and transfer learning Cao and Zhang (2023); Urbán et al. (2025); Song et al. (2024); Jnini et al.
(2024); Müller and Zeinhofer (2023).

A central bottleneck, however, remains the difficulty of optimizing PINN objectives, which are of-
ten ill-conditioned and exhibit severe gradient pathologies Wang et al. (2021; 2022). While Adam is
widely adopted due to its robustness, it can converge slowly in stiff PINN regimes. Recent structured
preconditioners such as Shampoo Gupta et al. (2018) and SOAP Vyas et al. (2024) improve con-
ditioning by approximating curvature through Kronecker-factored second-moment statistics. Moti-
vated by these advances, we investigate SOAP-style structured preconditioning for PINN training.
Empirically, we find that SOAP alone can be sensitive in PINN settings, sometimes yielding high
losses and worse accuracy than Adam.

To improve stability and accelerate convergence, we introduce a lightweight extension based on Mo-
mentum Quasi-Newton (MoQ) acceleration Mahboubi et al. (2021); Indrapriyadarsini et al. (2021),
yielding the proposed SOAP+MoQ optimizer. We benchmark Adam, SOAP, and SOAP+MoQ
across three representative PDEs and report consistent multi-seed accuracy improvements. Finally,
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we study the role of stochastic gradient noise through collocation batch reuse experiments, high-
lighting conditions under which MoQ provides the largest gains.

2 PROPOSED METHOD: SOAP+MOQ FOR PINN OPTIMIZATION

PINN objective. Let uθ(x) denote a neural surrogate for the PDE solution u(x) on a spatiotem-
poral domain Ω with boundary ∂Ω. A standard PINN trains θ by minimizing a weighted sum of
residual and constraint losses:

L(θ) = wf Exf∼Ω

[
∥fθ(xf )∥22

]
+wbc Exbc∼∂Ω

[
∥uθ(xbc)− gbc(xbc)∥22

]
+wic Exic

[
∥uθ(xic)− gic(xic)∥22

]
,

(1)
where fθ is the PDE residual computed via automatic differentiation, and gbc, gic denote the pre-
scribed boundary/initial targets.

2.1 SOAP-STYLE STRUCTURED PRECONDITIONING

Let g(k) = ∇θL(θ(k)) denote the stochastic gradient at iteration k. For each parameter tensor θl,
denote its gradient tensor by G

(k)
l . SOAP constructs a structured second-moment preconditioner

by reshaping G
(k)
l into a matrix in Rm×n (e.g., flattening all but the first axis), and maintaining

Kronecker-factored exponential moving averages:

Al ← β2Al + (1− β2)GlG
⊤
l , Bl ← β2Bl + (1− β2)G

⊤
l Gl, (2)

where β2 ∈ (0, 1) and we omit the iteration superscript for readability. The preconditioned gradient
for tensor l is

Pl(Gl) = (Al + λI)−1/2 Gl (Bl + λI)−1/2, (3)
with damping λ > 0 for numerical stability. The inverse square roots are computed via eigen-
decomposition and updated periodically. For very small tensors or tensors exceeding a maximum
dimension threshold, we fall back to a diagonal second-moment preconditioner.

2.2 MOMENTUM ACCELERATION AND SOAP+MOQ UPDATE

Inspired by the Momentum Quasi-Newton (MoQ) gradient extrapolation in Mahboubi et al. (2021),
we introduce SOAP-MoQ. SOAP alone can be sensitive in PINN training due to stochastic collo-
cation and non-stationary residual gradients. We therefore introduce MoQ-based gradient extrapo-
lation before applying SOAP preconditioning. SOAP+MoQ combines Kronecker-factored second-
moment preconditioning with momentum-based gradient extrapolation. For each tensor l, MoQ
forms

G
(k)
l,MoQ = (1 + µ)G

(k)
l − µG

(k−1)
l , (4)

where µ ∈ [0, 1) is the momentum coefficient and G
(k−1)
l is the previous gradient tensor.

SOAP+MoQ applies SOAP preconditioning to G
(k)
l,MoQ and updates parameters with momentum:

V
(k+1)
l = µV

(k)
l − η Pl

(
G

(k)
l,MoQ

)
, θ

(k+1)
l = θ

(k)
l + V

(k+1)
l , (5)

where η is the learning rate and Vl is the velocity buffer for tensor l.

In our implementation, we update the SOAP factors (Al, Bl) using the same tensor gradient that is
passed to the preconditioner (i.e., G(k)

l,MoQ), which empirically improves stability under stochastic
collocation.

SOAP+MoQ combines structured second-moment preconditioning with a momentum based gradi-
ent extrapolation mechanism. This yields a lightweight optimizer that remains first-order in com-
putational cost, while empirically improving robustness and convergence in stiff PINN optimization
regimes.

3 RESULTS AND DISCUSSION

To evaluate the effectiveness of SOAP-style structured preconditioning and the proposed
SOAP+MoQ optimizer, we consider three widely used PINN benchmark PDEs spanning time-
dependent nonlinear dynamics, elliptic boundary value problems, and coupled nonlinear systems.
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1. 1D viscous Burgers equation. We consider the 1D viscous Burgers equation

ut + uux = νuxx, (6)

defined on (x, t) ∈ [−1, 1]×[0, 1] with initial condition u(x, 0) = − sin(πx) and Dirichlet boundary
conditions u(−1, t) = u(1, t) = 0. Burgers is a standard nonlinear benchmark that exhibits sharp
gradients and shock-like behavior for small viscosity, making optimization challenging for PINNs.

2. 2D Poisson equation. We evaluate a steady elliptic Poisson problem on a unit square domain
Ω = [0, 1]2 with prescribed Dirichlet boundary conditions.

−∆u(x, y) = f(x, y), (x, y) ∈ Ω, (7)

Poisson problems are widely used to test smooth solution approximation and constraint satisfaction,
while still exhibiting stiffness due to second-order derivatives in the residual.

3. 2D steady incompressible Navier–Stokes (Kovasznay flow). We consider the steady incom-
pressible Navier–Stokes equations on Ω = [0, 1]2 with Reynolds number Re = 40:

uux + vuy + px − ν∆u = 0, (8)
uvx + vvy + py − ν∆v = 0, (9)

ux + vy = 0, (10)

where ν = 1/Re. We use the Kovasznay exact solution to impose boundary conditions and compute
evaluation error over the interior.

Evaluation metric. We report relative L2 error on a uniform evaluation grid:

RelL2 =
∥uθ − uref∥2
∥uref∥2

. (11)

For Navier–Stokes, RelL2 is computed jointly over (u, v, p) by concatenating the fields. All ex-
periments use an MLP with tanh activations, Xavier initialization, width 128, depth 4. The MoQ
momentum term is set to 0.85.

3.1 PERFORMANCE COMPARISON

Table 1 summarizes the relative L2 error across five random seeds for Adam, SOAP, and
SOAP+MoQ on all three PDE benchmarks. Across all problems, SOAP+MoQ achieves the lowest
mean relative error, demonstrating that MoQ acceleration consistently improves the effectiveness of
SOAP-style preconditioning in PINN optimization.

PDE Problem Adam SOAP SOAP+MoQ
Burger 0.3536± 0.0072 0.3064± 0.0284 0.1477± 0.0665
Navier-Stokes 0.0137± 0.0049 0.0240± 0.0053 0.0082± 0.0027
Poisson 0.0374± 0.0105 0.0506± 0.0178 0.0278± 0.0239

Table 1: Summary of results Relative L2 Error (Mean ± standard deviation of over 5 seeds.

Across all three PDEs, SOAP+MoQ achieves the best mean relative error, suggesting that MoQ
provides a robust improvement over SOAP-style preconditioning when applied to PINNs. A key
empirical finding is that SOAP alone can be brittle in PINN settings, sometimes yielding signifi-
cantly higher losses and worse accuracy than Adam, whereas SOAP+MoQ consistently mitigates
this issue.

3.2 EFFECT OF GRADIENT NOISE VIA COLLOCATION BATCH REUSE

A major difficulty in PINN optimization is that gradients are typically estimated using randomly re-
sampled collocation points, which introduces stochastic gradient noise and non-stationarity into the
objective. To isolate the impact of gradient noise, we perform a controlled sweep where collocation
batches are reused for K consecutive optimization steps before resampling. Larger reuse factors K
reduce gradient variance and yield more consistent descent directions.

Table 2 reports the MoQ gain over SOAP, computed as errSOAP/errSOAP+MoQ, for reuse factors K ∈
{1, 5, 10, 20}. Across all PDEs, SOAP+MoQ consistently outperforms SOAP for all reuse factors,
and the advantage is often amplified under larger reuse values.
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Reuse K Burger Poisson Navier–Stokes
1 1.37× 3.07× 2.87×
5 2.08× 4.42× 2.60×
10 1.08× 1.58× 6.46×
20 4.45× 5.81× 1.68×

Table 2: MoQ gain over SOAP measured as errSOAP/errSOAP+MoQ for different reuse factors K.

These results suggest that the benefits of MoQ are closely tied to gradient noise and non-stationarity.
SOAP preconditioning relies on estimating structured second-moment statistics, which can be un-
reliable when gradients fluctuate significantly across steps. MoQ mitigates this effect by using an
extrapolated gradient direction that incorporates information from previous updates, yielding im-
proved stability and more consistent progress. This is consistent with the observation that SOAP
alone can occasionally diverge or converge to poor solutions in PINN regimes, while SOAP+MoQ
more reliably attains low error solutions.

4 CONCLUSION

We proposed SOAP+MoQ, a simple optimizer extension that combines SOAP-style structured pre-
conditioning with a momentum accelerated gradient extrapolation step. Across three PDE bench-
marks (Burgers, Poisson, and Navier–Stokes) and multiple random seeds, SOAP+MoQ consistently
improves solution accuracy over both Adam and SOAP, with particularly strong gains on Pois-
son and Navier–Stokes where SOAP alone can be unstable. Additional collocation batch reuse
experiments suggest that MoQ benefits from reduced gradient noise, supporting the interpretation
that MoQ acts as an effective stabilizer for structured preconditioned PINN optimization. Over-
all, SOAP+MoQ provides a lightweight and practical modification for improving PINN training
robustness, and motivates future work on variance-aware and curvature-informed optimizers for
physics-informed learning.

Figure 1: Burgers equation solution heatmaps. From top to bottom: Adam, SOAP, and SOAP+MoQ.
Each row shows the reference solution, PINN prediction, and absolute error. SOAP+MoQ produces
the sharpest shock structure and lowest error concentration near the discontinuity region.
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