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ABSTRACT

The Heavy Ball Method (Polyak! |1964), proposed by Polyak over five decades
ago, is a first-order method for optimizing continuous functions. While its stochas-
tic counterpart has proven extremely popular in training deep networks, there are
almost no known functions where deterministic Heavy Ball is provably faster than
the simple and classical gradient descent algorithm in non-convex optimization.
The success of Heavy Ball has thus far eluded theoretical understanding. Our
goal is to address this gap, and in the present work we identify two non-convex
problems where we provably show that the Heavy Ball momentum helps the it-
erate to enter a benign region that contains a global optimal point faster. We
show that Heavy Ball exhibits simple dynamics that clearly reveal the benefit
of using a larger value of momentum parameter for the problems. The first of
these optimization problems is the phase retrieval problem, which has useful ap-
plications in physical science. The second of these optimization problems is the
cubic-regularized minimization, a critical subroutine required by Nesterov-Polyak
cubic-regularized method (Nesterov & Polyak! (2006))) to find second-order sta-
tionary points in general smooth non-convex problems.

1 INTRODUCTION

Poylak’s Heavy Ball method (Polyak|(1964)) has been very popular in modern non-convex optimiza-
tion and deep learning, and the stochastic version (a.k.a. SGD with momentum) has become the de
facto algorithm for training neural nets. Many empirical results show that the algorithm is better
than the standard SGD in deep learning (see e.g. [Hoffer et al.| (2017); [Loshchilov & Hutter| (2019);
Wilson et al.[(2017); |Sutskever et al.| (2013)), but there are almost no corresponding mathematical
results that show a benefit relative to the more standard (stochastic) gradient descent. Despite its pop-
ularity, we still have a very poor justification theoretically for its success in non-convex optimization
tasks, and |[Kidambi et al.[| (2018)) were able to establish a negative result, showing that Heavy Ball
momentum cannot outperform other methods in certain problems. Furthermore, even for convex
problems it appears that strongly convex, smooth, and twice differentiable functions (e.g. strongly
convex quadratic functions) are one of just a handful examples for which a provable speedup over
standard gradient descent can be shown (e.g (Lessard et al., |2016; |Gohl 2017; |Ghadimi et al., 2015}
Gitman et al.,[2019; [Loizou & Richtarikl 201752018} |Gadat et al., 2016} Scieur & Pedregosa, 2020;
Sun et al., 2019; [Yang et al.l |2018aj |Can et al., [2019; [Liu et al., 2020; |Sebbouh et al., [2020; |[Flam-
marion & Bach, [2015))). There are even some negative results when the function is strongly convex
but not twice differentiable. That is, Heavy Ball momentum might lead to a divergence in convex
optimization (see e.g. (Ghadimi et al.,[2015}Lessard et al., 2016)). The algorithm’s apparent success
in modern non-convex optimization has remained quite mysterious.

In this paper, we identify two non-convex optimization problems for which the use of Heavy Ball
method has a provable advantage over vanilla gradient descent. The first problem is phase re-
trieval. It has some useful applications in physical science such as microscopy or astronomy (see e.g.
(Candés et al., 2013), (Fannjiang & Strohmer, [2020), and (Shechtman et al., 2015)). The objective

is
ming e f(w) = & S0 (27 w)? — )%, (1)

where 7; € R? is the design vector and y; = (z; w.)? is the label of sample i. The goal is to

recover w, up to the sign that is not recoverable (Candés et al., 2013). Under the Gaussian design
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setting (i.e. z; ~ N(0, 1)), it is known that the empirical risk minimizer (1)) is w, or —w,, as long
as the number of samples n exceeds the order of the dimension d (see e.g. Bandeira et al.| (2014)).
Therefore, solving (1)) allows one to recover the desired vector w, € R up to the sign. Unfortunately
the problem is non-convex which limits our ability to efficiently find a minimizer. For this problem,
there are many specialized algorithms that aim at achieving a better computational complexity and/or
sample complexity to recover w, modulo the unrecoverable sign (e.g. (Cai et al.,[2016;|Candés & Li,
2014;/Candés et al., 2015;2013;/Chen & Candés}, 2017; Duchi & Ruanl 2018 |Ma et al., ) 2017; 2018}
Netrapalli et al.| 2013; |Qu et al.l 2017; |Tu et al., 2016; |Wang et al.l 2017a;bj |Yang et al., [2018b;
Zhang et al., |2017alb; [Zheng & Lafferty, |2015)). Our goal is not about providing a state-of-the-art
algorithm for solving (I). Instead, we treat this problem as a starting point of understanding Heavy
Ball momentum in non-convex optimization and hope for getting some insights on why Heavy Ball
(Algorithm[T]and [2) can be faster than the vanilla gradient descent in non-convex optimization and
deep learning in practice. If we want to understand why Heavy Ball momentum leads to acceleration
for a complicated non-convex problem, we should first understand it in the simplest possible setting.

We provably show that Heavy Ball recovers the desired vector w,, up to a sign flip, given a random
isotropic initialization. Our analysis divides the execution of the algorithm into two stages. In
the first stage, the ratio of the projection of the current iterate w; on w, to the projection of w;
on the perpendicular component keeps growing, which makes the iterate eventually enter a benign
region which is strongly convex, smooth, twice differentiable, and contains a global optimal point.
Therefore, in the second stage, Heavy Ball has a linear convergence rate. Furthermore, up to a value,
a larger value of the momentum parameter has a faster linear convergence than the vanilla gradient
descent in the second stage. Yet, most importantly, we show that Heavy Ball momentum also has
an important role in reducing the number of iterations in the first stage, which is when the iterate
might be in a non-convex region. We show that the higher the momentum parameter 3, the fewer the
iterations spent in the first stage (see also Figure[T). Namely, momentum helps the iterate to enter a
benign region faster. Consequently, using a non-zero momentum parameter leads to a speedup over
the standard gradient descent (8 = 0). Therefore, our result shows a provable acceleration relative
to the vanilla gradient descent, for computing a global optimal solution in non-convex optimization.

The second of these is solving a class of cubic-regularized problems,
min,, f(w) = fwT Aw +bTw + £|jw|/?, )

where the matrix A € R4*4 is symmetric and possibly indefinite. Problem (2} is a sub-routine of the
Nesterov-Polyak cubic-regularized method (Nesterov & Polyak! (2006)), which aims to minimize a
non-convex objective F'(-) by iteratively solving

Wi = arg ming cga{ VF (w;) " (w — we) + %(w —wy) VA (w)(w — wy) + §llw — we|*},

With some additional post-processing, the iterate w; converges to an (g4, €,) second order station-
ary point, defined as {w : ||V f(w)|| < €, and V2f(w) = —eply} for any small €,,¢, > 0.
However, their algorithm needs to compute a matrix inverse to solve (2), which is computationally
expensive when the dimension is high. A very recent result due to|Carmon & Duchil (2019) shows
that vanilla gradient descent approximately finds the global minimum of (2) under mild conditions,
which only needs a Hessian-vector product and can be computed in the same computational com-
plexity as computing gradients (Pearlmutter, |1994), and hence is computationally cheaper than the
matrix inversion of the Hessian. Our result shows that, similar to the case of phase retrieval, the
use of Heavy Ball momentum helps the iterate to enter a benign region of (3) that contains a global
optimal solution faster, compared to vanilla gradient descent. For certain non-convex problems, e.g.
dictionary learning (Sun et al., 2015), matrix completion (Chi et al., [2019), robust PCA (Ge et al.,
2017), and learning a neural network (Ge et al.|(2019); Bai & Lee|(2020)), where it suffices to find
a second-order stationary point, our result consequently might have application.

To summarize, our theoretical results of the two non-convex problems provably show the benefit
of using Heavy Ball momentum. Compared to the vanilla gradient descent, the use of momentum
helps to accelerate the optimization process. The key to showing the acceleration in getting into
benign regions of these problems is a family of simple dynamics due to Heavy Ball momentum. We
will argue that the simple dynamics are not restricted to the two main problems considered in this
paper. Specifically, the dynamics also naturally arise when solving the problem of top eigenvector
computation (Golub & Loan, |1996)) and the problem of saddle points escape (e.g. (Jin et al.} 2017;
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Wang et al.;,[2020)), which might imply the broad applicability of the dynamics for analyzing Heavy
Ball in non-convex optimization.

Algorithm 1: Heavy Ball method Algorithm 2: Heavy Ball method
(Polyak} |1964) (Equivalent version 1) (Polyak, |1964) (Equivalent version 2)
1: Required: step size 7 and momentum 1: Required: step size n and momentum parameter
parameter 8 € [0, 1]. B €[0,1].

: Init: wo € R and m_1 = 0.

: fort =0to T do
Update momentum my := Bmy—1 + V f(w:).
Update iterate wii1 := we — nmg.

end for

2: Init: wo = w_1 € R¢
3: fort =0to T do
4:  Update iterate
wey1 = we — NV f(we) + Bwe — we—1).
5: end for

AR

2 MORE RELATED WORKS

Heavy Ball (HB): HB has two exactly equivalent presentations in the literature (see Algorithm
and . Given the same initialization, both algorithms generate the same sequence of {w;}. In
Algorithm [2| we note that the momentum m; can be written as m; = Zi:o BISVf (ws) and can
be viewed as a weighted sum of gradients. As we described in the opening paragraph, there is little
theory of showing a provable acceleration of the method in non-convex optimization. The only
exception that we are aware of is (Wang et al.| [2020). They show that HB momentum can help to
escape saddle points faster and find a second-order stationary point faster for smooth non-convex
optimization. They also observed that stochastic HB solves (I]) and that using higher values of the
momentum parameter 3 leads to faster convergence. However, while their work focused on the
stochastic setting, their main result required some assumptions on the statistical properties of the
sequence of observed gradients; it is not clear whether these would hold in general. In appendix [A]
we provide a more detailed literature review of HB. To summarize, current results in the literature
imply that we are still very far from understanding deterministic HB in non-convex optimization, let
alone understanding the success of stochastic HB in deep learning. Hence, this work aims to make
progress on a simple question: can we give a precise advantage argument for the acceleration effect
of Heavy Ball in the deterministic setting?

Phase retrieval: The optimization landscape of problem and its variants has been studied by
(Davis et al., 2018 |Soltanolkotabil [2014; [Sun et al., [2016; White et al.| |2016), which shows that as
long as the number of samples is sufficiently large, it has no spurious local optima. We note that the
problem can also be viewed as a special case of matrix sensing (e.g. [Li et al.| (2018));|Gunasekar et al.
(2017); IL1 & Lin| (2020); [Li et al.| (2019); |Gidel et al.| (2019); |You et al.| (2020)); in Appendix
we provide a brief summary of matrix sensing. For solving phase retrieval, Mannellia et al.| (2020)
study gradient flow, while|Chen et al.|(2018) show that the standard gradient descent with a random
initialization like Gaussian initialization solves (1)) and recovers w, up to the sign. Tan & Vershynin
(2019) show that online gradient descent with a simple random initialization can converge to a
global optimal point in an online setting where fresh samples are required for each step. In this
paper, we show that Heavy Ball converges even faster than the vanilla gradient descent. |[Zhou et al.
(2016) propose leveraging Nesterov’s momentum to solve phase retrieval. However, their approach
requires delicate and computationally expensive initialization like spectral initialization so that the
initial point is already within the neighborhood of a minimizer. Similarly, Xiong et al.| (2018} [2020)
show local convergence of Nesterov’s momentem and Heavy Ball momentum for phase retrieval,
but require the initial point to be in the neighborhood of an optimal point. Jin et al. (2018) propose
an algorithm that uses Nesterov’s momentum together as a subroutine with perturbation for finding
a second-order stationary point, which could be applied for solving phase retrieval. Compared to
(Zhou et al.,|2016; Jin et al., 2018} Xiong et al.; 2018} 2020), we consider directly applying gradient
descent with Heavy Ball momentum (i.e. HB method) to the objective function with simple random
initialization, e.g. Gaussian initialization, which is what people do in practice and is what we want
to understand. The goals of the works are different. Finally, we note that there are some efforts
in integrating the technique of generative models and phase retrieval, which could help the task
of image recovery (e.g. |[Hand et al| (2018))). Phase retrieval might also be a good entry point
of understanding some observations in optimization and neural net training (e.g. Mannellia et al.
(2020)).
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Figure 1: Performance of HB with different 5 = {0,0.3,0.5,0.7,0.9,1.0 — 0.9} for phase retrieval. (En-
larged figures are available in Appendix [H]) Here “1.0 — 0.9” stands for using parameter 8 = 1.0 in the first
few iterations and then switching to using # = 0.9 after that. In our experiment, for the ease of implementa-
tion, we let the criteria of the switch be 1{% > 0.5}, i.e. if the relative change of objective value

compared to the initial value has been increased to 50%. Algorithm and Algorithm Elin Appendix describe
the procedures. All the lines are obtained by initializing the iterate at the same point wo ~ N (0, Z4/(10000d))
and using the same step size n = 5 x 10™*. Here we set w. = e1 and sample 2; ~ N'(0,Z,;) with dimension
d = 10 and number of samples n = 200. We see that the higher the momentum parameter 3, the faster the
algorithm enters the linear convergence regime. (a): Objective value (T} vs. iteration . We see that the higher
the momentum parameter (3, the faster the algorithm enters the linear convergence regime. (b): The size of
projection of w; on w. over iterations (i.e. |th | vs. t), which is non-decreasing throughout the iterations until
reaching an optimal point (here, |l = 1). (c): The size of the perpendicular component over iterations (i.e.
HwtL || vs. t), which is increasing in the beginning and then it is decreasing towards zero after some point. We
see that the slope of the curve corresponding to a larger momentum parameter £ is steeper than that of a smaller
one, which confirms LemmaEland Lemma@

3 PHASE RETRIEVAL

3.1 PRELIMINARIES

Following the works of |(Candés et al.| (2013)); |Chen et al.|(2018)), we assume that the design vectors

{x;} (which are known a priori) are from Gaussian distribution ; ~ N (0, I;). Furthermore, without

loss of generality, we assume that w, = ey (so that ||w.|| = 1), where e; is the standard unit vector

whose first element is 1. We also denote w” = wy[l]and wy, | = [we[2],. .., wy [d]]T . That is,
wl'i

w; is the projection of the current iterate w; on w,, while w;- is the perpendicular component.
Throughout the paper, the subscript ¢ is an index of the iterations while the subscript ¢ is an index of
the samples.

Before describing the main results, we would like to provide a preliminary analysis to show how
momentum helps. Applying gradient descent with Heavy Ball momentum (Algorlthm E[) to ob-
jective , we see that the iterate is generated according to wyy; = wy — nn i 1 (] wy)? —
(xjwt)yi) x; + B(wy — wi—1). On the other hand, the population counterpart (i.e. when the number
of samples n is infinite) of the update rule turns out to be the key to understanding momentum. The
population gradient VF'(w) := Eyn(0,1,,)[V f(w)] is (proof is available in appendix

VF(w) = (3llw|? = 1)w — 2(w,] w)ws,. 4)

Using the population gradient (@), we have the population update, w; 1 = wy —nV F(w;) + B(w; —
wy—_1), which can be decomposed as follows:

wliy = (14 3n(1 — Jlw|®)w) + Blw) —w]_,)

4)
wiyy = (14 0(1 = 3llwe|*))wy + Blwi- — wizy).
Assume that the random initialization satisfies [|wo||* < 3. From the population recursive system

, both the magnitude of the signal component w, and the perpendicular component w;- grow

exponentially in the first few iterations.
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Lemma 1. For a positive number 0 and the momentum parameter 3 € (0,1, if a non-negative
sequence {a} satisfies ap > a_1 > 0 and that for all t < T,

aty1 > (1+0)a + Blay — as—1), (6)

then {a:} satisfies
aper > (1 +(1+ £ )9) a, %
Sforeveryt =1,...,T + 1. Similarly, if a non-positive sequence {a;} satisfies ag < a_; < 0 and

that for allt < T, azy1 < (14 0)ay + B(ay — ar—1), then {a;} satisfies

an < (14 (1+ 25 )9) o ®)
foreveryt=1,...,T + 1.

One can view a; in Lemma([I]as the projection of the current iterate w; onto a vector of interest. The
lemma says that with a larger value of the momentum parameter 3, the magnitude of a, is increasing
faster. It also implies that if the projection due to vanilla gradient descent satisfies a;+1 > (1+6)ay,
then the magnitude of the projection only grows faster with the use of Heavy Ball momentum. The

dynamics in the lemma are the keys to showing that Heavy Ball momentum accelerates the process
of entering a benign (convex) region. The factor %9 in (7)) and (8) represents the contribution due
to the use of momentum, and the contribution is larger with a larger value of momentum parameter

B. Now let us apply Lemma [1|to the recursive system (5)) and pretend that the magnitude of ||w ||
was a constant for a moment. Denote 6; := 3n(1 — ||w;||?) and 6, := (1 — 3||w;||?) and notice that
0; > 6; > 0 when ||wt||2 < % We can rewrite the recursive system as

whyy = (14 6)w) + Blw) —w)_))

wit, = (1+ 0 wi- + B(wit — wit ).

Since the above system is in the form of (6), the dynamics (7) and (§) in Lemma [I] suggest that the

larger the momentum parameter (3, the faster the growth rate of the magnitude of the signal compo-

nent wy and the perpendicular component w;-. Moreover, the magnitude of the signal component wl‘

grows faster than that of the perpendicular component w;-. Both components will grow until the size

of iterate ||wy||? is sufficiently large (i.e. [|w;[|? > 3). After that, the magnitude of the perpendicular

©))

component w;- starts decaying, while |w,|§‘\ keeps growing until it approaches 1. Furthermore, we
have that the larger the momentum parameter /3, the faster the decay rate of the (magnitude of the)

perpendicular component w;-. In other words, |wy | converges to 1 and wj- converges to 0 quickly.
Lemma[3]in Appendix[C] which is a counterpart of Lemma([I] can be used to explain the faster decay
of the magnitude due to a larger value of the momentum parameter .

By using the population recursive system (5) and Lemma [I] & [3] as the tool, we obtain a high-level
insight on how momentum helps (see also Figure [T). The momentum helps to drive the iterate to
enter the neighborhood of a w, (or —w,) faster.

3.2 MAIN RESULTS

We denote dist(w;, w,) := min{||w; —w.||2, |wy+ws |2} as the distance between the current iterate
w, and w,, modulo the unrecoverable sign. Note that both w, achieve zero testing errors. Further-
more, as long as the number of samples is sufficiently large, i.e. n 2 dlog d, there exists a constant
¥ > 0 so that the Hessian satisfies V2 f(w) = 91, for all w € B¢(+w,) with high probability,
where IBC(:I:w*) represents the balls centered at +w, with a radius ¢ (e.g. (Ma et al.,2017)). So in
this paper we consider the case that the local strong convexity holds in the neighborhood B¢ (£w..).

We will divide the iterations into two stages. The first stage consists of those iterations that satisfy
0 <t < T¢, where T¢ is defined as

T := min{t : ||w)| — 1| < § and |jw}-|| < §}, (10)

and ¢ > 0 is sufficiently small so that it makes wr, be in the neighborhood of w. or —w, which
is smooth, twice differentiable, strongly convex, see e.g. (Ma et al., 2017; Soltanolkotabil, [2014)).
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Observe that if ||w]| — 1| < S and |Jwit|| < §, we have that dist(wy,w.) < |Jwy — w.| <
||wy| — 1| + [Jwi"|| < ¢. The second stage consists of those iterations that satisfy ¢t > T;. Given
that dist(wr, , w«) < ¢ and that the local strong convexity holds in B¢ (fw\), the iterate w; would
be in a benign region at the start of this stage, which allows linear convergence to a global optimal
point. That is, we have that dist(w;, w,) < (1 — u)t_TCC forall ¢t > T,, where 1 > v > 0 is some
number. Since the behavior of the momentum method in the second stage can be explained by the
existing results (e.g. Section 3 of [Saunders| (2018) or [ Xiong et al.| (2020)), the goal is to understand
why momentum helps to drive the iterate into the benign region faster.

To deal with the case that only finite samples are available in practice, we will consider some per-
turbations from the population dynamics (5). In particular, we consider

whiy = (14 30(1 — [lw]|?) + né&)w) + Blw) —wl_))
winy 7] = (14101 = 3llwe|?) + npey ) wi [1] + Blwi[7] — wi4 [4),

where {&; } and {p; ;} for 1 < j < d—1 are the perturbation terms. The perturbation terms are used
to model the deviation from the population dynamics. In this paper, we assume that there exists a
small number ¢,, > 0 such that for all iterations ¢ < T and all j € [d — 1], max{|&], |ps,;|} < cn,
where the value c,, should decay when the number of samples n is increasing and ¢,, = 0 when there
are sufficiently large number of samples n.

Theorem 1. Suppose that the approximated dynamics holds with max{|&|,|p.,;|} < cn for
all iterations t < T, and all dimensions j € [d — 1], where ¢, < (. Suppose that the local

strong convexity holds in B¢(Fw.). Assume that the initial point wq satisfies |w(‘)| P \/dllom

woll < 3. Set the momentum parameter 3 € [0, 1]. Assume that the norm of the momentum ||my||
is bounded for all t < T¢, i.e. |m|| < ¢y, for some constant c,,, > 0. If the step size 1) satisfies

, then Heavy Ball (Algorithm & E|) takes at most

(an

and

<
- 36(1+C) max{cm,1}
T < logd

n (1 + ¢ )
<1

number of iterations to enter the benign region B¢ (w,) or B¢(—w.), where ¢, := Tizﬂ <
Furthermore, for allt > T, the distance is shrinking linearly for some values of n and 8 < 1. That
is, we have that dist(w, w,) < (1 — v)!=1¢(, for some number 1 > v > 0.

The theorem states that the number of iterations required for gradient descent to enter the linear
convergence is reduced by a factor of (1 + ¢, ), which clearly demonstrates that momentum helps
to drive the iterate into a benign region faster. The constant ¢, suggests that the smaller the step size
7, the acceleration due to the use of momentum is more evident. The reduction can be about = 1+ 3

for a small 7. After T;-, Heavy Ball has a locally linear convergence to w, or —w,. Specifically, if

w(l)‘ > 0, then we will have that wy > 0 for all ¢ and that the iterate will converge to w,; otherwise,

we will have wl‘ < 0 for all ¢ and that the iterate will converge to —w.. The proof of Theoremis

in Appendix [D]

Remark 1: The initial point is required to satisfy (wo,w.) 2 ﬁ and |Jwo|| < 3. The first
condition can be achieved by generating wy from a Gaussian distribution or uniformly sampling
from a sphere with high probability (see e.g. Chapter 2 of (Blum et al.,[2018))). The second condition
can then be satisfied by scaling the size appropriately. We note that the condition that the norm of
the momentum is bounded is also assumed in (Wang et al., 2020).

Remark 2: Our theorem indicates that in the early stage of the optimization process, the momentum
parameter /3 can be as large as 1, which is also verified in the experiment (Figure [I). However, to
guarantee convergence after the iterate is in the neighborhood of a global optimal solution, the
parameter /3 must satisfy 5 < 1 (Polyak, |1964; Lessard et al., [2016)).

Remark 3: The number v of the local linear convergence rate due to Heavy Ball momentum actually
depends on the smoothness constant L and strongly convexity constant x in the neighborhood of a
global solution, as well as the step size 1 and the momentum parameter 3 (see e.g. Section 3 of

(Saunders, [2018) or the original paper (Polyak, |1964)). By setting the step size = 4/(v/L + \/ﬁ)Q
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and the momentum parameter 3 = max{|l1 — v/nL|,|1 — \/nu|}2, v will depend on the squared
root of the condition number /x := \/ L/ instead of k := L/, which means that an optimal local
convergence rate is achieved (e.g. (Bubeck, 2014)). In general, up to a certain threshold, a larger
value of J leads to a faster rate than that of standard gradient descent.

4 CUBIC-REGULARIZED PROBLEM

4.1 NOTATIONS

We begin by introducing the notations used in this section. For the symmetric but possibly indefinite
matrix A, we denote its eigenvalue in the increasing order, where any A() might be negative. We de-
note the eigen-decomposition of A as A := Z?Zl A (A)v;v;", where each v; € R is orthonormal.
We also denote v := —\1)(A), and v, = max{y,0}, and ||A]|o := max{|]AD(A)[, A\D(A)[}.
For any vector w € R¢, we denote w(* as the projection on the eigenvector of A, w(*) = (w, v;). De-
note w, as a global minimizer of the cubic-regularized problem (2) and denote A, := A+ pl|w. || 4.
Previous works of Nesterov & Polyak! (2006)); (Carmon & Duchi| (2019) show that the minimizer w.
has a characterization; it satisfies p|jwy| > v and V f(w.) = A,w, + b = 0. Furthermore, the
minimizer w, is unique if p|lw.| > 7. In this paper, we assume that the problem has a unique
minimizer so that p||w.|| > 7. The gradient of the cubic-regularized problem (2)) is

V() = Aw+ b+ pllwfw = Au(w — w,) — p(llw,l] — [w])w. (12)
By applying the Heavy Ball algorithm (Algorithm [I)) to the cubic-regularized problem (2), we see
that it generates the iterates via

w1 = wy — NV fwe) + B(wy —wi—1) = (La — nA — pnllwe|[La)ws —nb + Blw; — wi—1).
(13)

4.2 ENTERING A BENIGN REGION FASTER

For the cubic-regularized problem, we define a different notion of a benign region from that for the
phase retrieval. The benign region here is smooth, contains the unique global optimal point w,,
and satisfies a notion of one-point strong convexity (Kleinberg et al.,|2018}|L1 & Yuan, |2017;Safran
et al., 2020),

w € R (w — w,, V(w)) > 9w — w,||?, whered > 0. (14)
We note that the standard strong convexity used in the definition of a benign region for phase retrieval
could imply the one-point strong convexity here, but not vice versa (Hinder et al., [ 2020).

Previous work of |Carmon & Duchil (2019) shows that if the norm of the iterate is sufficiently large,
i.e. p|lw| >« — 4 for any sufficiently small 6 > 0, the iterate is in the benign region that contains
the global minimizer w,. To see this, by using the gradient expression of V f (w), we have that

(w — w, VF()) =(w — w.)T (As + (]l — ) La) (w0 — w0)

o (lwall = el (o] + o ).
The first term on the r.h.s. of the equality becomes nonnegative if the matrix A, + £ (||w|| —[|w.||) 14
becomes PSD. Since A, = (=7 + p||w.||)Zq, it means that if pl|w| > v — (p||w. | — 7). the matrix
becomes PSD (note that by the characterization, p||w.|| —~ > 0). Furthermore, if the size of iterate

pllw|| satisfies p||w|| > v — (pllws|| — ), the matrix becomes positive definite and consequently,
we have that A, + §(|lw|| — ||w.|[)1q = 914 for a number ¥ > 0. Therefore, becomes

15)

(w — w,y, VI(w)) > 9w — w,?, 9> 0. (16)
Therefore, the benign region of the cubic regularized problem can be characterized as
B := {weR?: pllw| >~ — (pllwsll = 7)}- (17)

What we are going to show is that HB with a larger value of the momentum parameter (3 enters the
benign region B faster. We have the following theorem, which shows that the size of the iterate
pllwe|| will grow very fast to exceed any level below . Furthermore, the larger the momentum
parameter (3, the faster the growth, which shows the advantage of Heavy Ball over vanilla gradient
descent.
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Theorem 2. Fix any number 0 that satisfies 6 > 0. Define Ty := min{t : p|lwiy1] > v — 0}

Suppose that the initialization satisfies wél)b(l) < 0. Set the momentum parameter 3 € [0,1]. If the
step size n) satisfies n < AT then Heavy Ball (Algorithm & 2)) takes at most

2 log(1+’vi(1+ﬁ/(1+n5)))

T
" 0L+ B/(L+md)) 4plp™]

number of iterations required to enter the benign region B.

A

Note that the case of 5 = 0 in Theorem @] reduces to the result of (Carmon & Duchi| (2019)which
analyzes vanilla gradient descent. The lemma implies that the higher the momentum parameter 3,
the faster that the iterate enters the benign region for which a linear convergence is possible; see also
Figure [2| for the empirical results. Specifically, 8 reduces the number of iterations 75 by a factor of
(1+8/(1+nd)) (ignoring the § in the log factor as its effect is small), which also implies that for a
smaller step size 7, the acceleration effect due to the use of momentum is more evident. The factor
can be approximately 1 + (5 for a small ). Lastly, the condition wél)b(l) <0in Theoremcan be
satisfied by wyp = w_;1 = —rﬁ for any r > 0.

Proof. (sketch; detailed proof is available in Appendix |[E) The theorem holds trivially when v <
0, so let us assume v > 0. Recall the notation that w!) represents the projection of w on the
eigenvector v; of the least eigenvalue A()(A), i.e. w") = (w,v;). From the update, we have that

o) ) Bl M)
—tiy = Lo+ 1y = pollwe]) Sy + 1+ == (18)

1
Denote a; := % and in the detailed proof we will show that a; > 0 for all ¢ < T5. We can
rewrite (18) as a;y1 = (1 + 1y — pn||lwel))as + 1+ B(ar — ar—1) > (L +nd)ar + 1+ Blar — ar—1),
where the inequality is due to that p||w;|| < v — 0 for ¢ < Ts. So we can now see that the dynamics
is essentially in the form of (6) except that there is an additional 1 on the r.h.s of the inequality.
Therefore, we can invoke Lemma 1| to show that the higher the momentum, the faster the iterate
enters the benign region. In Appendix [E| we consider the presence of 1 on the r.h.s and obtain a
tighter bound than what Lemma [I| can provide. O

We have shown that the simple dynamic results in entering a benign region that is one-point strongly
convex to w, faster. However, different from the case of phase retrieval, we are not aware of any
prior results of showing that the iterate generated by Heavy Ball keeps staying in a region that
has the property (I6) once the iterate is in the region. [Carmon & Duchi| (2019) show that for the
cubic regularized problem, the iterate generated by vanilla gradient descent stays in the region under
certain conditions, which leads to a linear convergence rate after it enters the benign region. Showing
that the property holds for HB is not in the scope of this paper, but we empirically observe that Heavy
Ball stays in the region. Subfigure (a) on Figure 2shows that the norm ||w | is monotone increasing
for a wide range of 3, which means that the iterate stays in the benign region according to (17).
Assuming that the iterate stays in the region, in Appendix [} we show a locally linear convergence
of HB for which up to a certain threshold of 3, the larger the /3 the better the convergence rate.

5 DISCUSSION AND CONCLUSION

Let us conclude by a discussion about the applicability of the simple dynamics to other non-convex
optimization problems. Let A be a positive semi-definite matrix. Consider applying HB to top
eigenvector computations, i.e. solving min,,egd. |jy|<1 — %wTAw, which is a non-convex optimiza-
tion problem as it is about maximizing a convex function. The update of HB for this objective is
w1 = (Ig + nA)wy + B(wy — wi—1). By projecting the iterate w1 on an eigenvector u; of the
matrix A, we have that

(Wepr,wi) = (1 +nX)(we, ug) + B({we, us) — (wi—1,u4)). (19)

We see that this is in the form of the simple dynamics in Lemma [T] again. So one might be able to
show that the larger the momentum parameter 3, the faster the top eigenvector computation. This
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Figure 2: Solving (2)) with different values of momentum parameter 3. The empirical result shows the clear
advantage of Heavy Ball momentum. Subfigure (a) shows that larger momentum parameter /3 results in a faster
growth rate of ||w¢||, which confirms Lemmal[2]and shows that it enters the benign region B faster with larger j3.
Note that here we have that ||w.|| = 1. It suggests that the norm is non-decreasing during the execution of the
algorithm for a wide range of /3 except very large 3. For 8 = 0.9, the norm starts decreasing only after it arises
above ||ws||. Subfigure (b) show that higher 3 also accelerates the linear convergence. Now let us switch to
describe the setup of the experiment. We first set step size 7 = 0.01, dimensiond = 4, p = ||w«|| = ||Al]2 = 1,
v =0.2and gap = 5x 1073, Then we set A = diag([—~; —y+ gap; as3; a44]), where the entries ass and a4
are sampled uniformly random in [~ + gap; || A|2]. We draw @ = (A + p||lw-||14) ~*6, where 6 ~ N (0; I,)
and log, € is uniform on [—1, 1]. We set w, = ”H’“ZD*HH W and b = —(A + p||w«||Ia)ws. The procedure makes
ws the global minimizer of problem instance (A, b, p). Patterns shown on this figure exhibit for other random
problem instances as well.

connection might be used to show that the dynamics of HB momentum implicitly helps fast saddle
points escape. In Appendix [G| we provide further discussion and show some empirical evidence.
We conjecture that if a non-convex optimization problem has an underlying structure like the ones
in this paper, then HB might be able to exploit the structure and hence makes progress faster than
vanilla gradient descent.
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A RELATED WORKS

A.1 HEAvVY BALL

We first note that Algorithm [I{ and Algorithm [2| generate the same sequence of the iterates {w;}
given the same initialization wy, the same step size 7, and the same momentum parameter /3.

Lessard et al.|(2016) analyze the Heavy Ball algorithm for strongly convex quadratic functions by
using tools from dynamical systems and prove its accelerated linear rate. |Ghadimi et al.| (2015)
also show an O(1/T) ergodic convergence rate for general smooth convex problems, while |Sun
et al.| (2019) show the last iterate convergence on some classes of convex problems. Nevertheless,
the convergence rate of both results are not better than gradient descent. Maddison et al.| (2018))
and |Diakonikolas & Jordan| (2019) study a class of momentum methods which includes Heavy
Ball by a continuous time analysis. |Can et al.| (2019) prove an accelerated linear convergence to a
stationary distribution for strongly convex quadratic functions under Wasserstein distance. (Gitman
et al.| (2019) analyze the stationary distribution of the iterate of a class of momentum methods that
includes SGD with momentum for a quadratic function with noise, as well as studying the condition
of its asymptotic convergence. [Loizou & Richtarik (2017 show linear convergence results of the
Heavy Ball method for a broad class of least-squares problems. [Loizou & Richtarik (2018) study
solving a average consensus problem by HB, which could be viewed as a strongly convex quadratic
function. |Sebbouh et al.|(2020) show a convergence result of stochastic HB under a smooth convex
setting and show that it can outperform SGD under the assumption that the data is interpolated.
Chen & Kolar| (2020) study stochastic HB under a growth condition. |Yang et al.|(2018a) show an
O(1/+/T) rate of convergence in expected gradient norm for smooth non-convex problems, but the
rate is not better than SGD. Liu et al.|(2020) provide an improved analysis of SGD with momentum.
They show that SGD with momentum can converge as fast as SGD for smooth nonconvex settings in
terms of the expected gradient norm. Krichene et al.|(2020) show that in the continuous time regime,
i.e. infinitesimal step size is used, stochastic HB converges to a stationary solution asymptotically
for training a one-hidden-layer network with infinite number of neurons, but the result does not
show a clear advantage compared to standard SGD. Lastly,[Wang et al.| (2020) show that the Heavy
Ball’s momentum can help to escape saddle points faster and find a second order stationary point
faster for smooth non-convex optimization. However, while their work focused on the stochastic
setting, their main result required two assumptions on the statistical properties of the sequence of
observed gradients; it is not clear whether these would hold in general. Specifically, they make
an assumption called APAG (Almost Positively Aligned with Gradient), i.e. E[(V f(w¢), my —
9)] = =3IV f(wy)||?, where V f (w;) is the deterministic gradient, g, is the stochastic gradient, and
my is the stochastic momentum. They also make an assumption called APCG (Almost Positively
Correlated with Gradient), i.e. E,[(V f(w;), Mymy)] > —¢'Nomax (M) ||V f (w;)||?, where M, is a
PSD matrix that is related to a local optimization landscape.

We also note that there are negative results regarding Heavy Ball (see e.g. [Lessard et al. (2016);
Ghadimi et al.|(2015)); Kidambi et al.| (2018))).

A.2 MATRIX SENSING

Problem (1) can also be viewed as a special case of matrix factorization or matrix sensing. To see
this, one can rewrite (1)) as mingcgax: 4% > (yi —(A;, UUT>)2, where A; = z;x] € R4 and
the dot product represents the matrix trace. [Li et al. (2018) show that when the matrices { A;} satisfy
restricted isometry property (RIP) and U € R%*, gradient descent can converge to a global solution
with a close-to-zero random initialization. Yet, if the matrix A; is in the form of a rank-one matrix
product, the matrix might not satisfy RIP and a modification of the algorithm might be required
(L1 et al.|(2018)). |Li et al.|(2019), a different group of authors, show that with a carefully-designed
initialization (e.g. spectral initialization), gradient descent will be in a benign region in the beginning
and will converge to a global optimal point. In our work, we do not assume that z;z; satisfies RIP
neither do we assume a carefully-designed initialization like spectral initialization is available. [Li &
Lin| (2020) show a local convergence to an optimal solution by Nesterov’s momentum for a matrix
factorization problem; the initial point needs to be in the neighborhood of an optimal solution. In
contrast, we study Polyak’s momentum and are able to establish global convergence to an optimal
solution with a simple random initialization. |Gunasekar et al.| (2017); |Gidel et al.| (2019);|You et al.
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(2020) study implicit regularization of gradient descent for the matrix sensing/matrix factorization
problem. The directions are different from ours.

B POPULATION GRADIENT

Lemma 2. Assume that |w.| = 1.

Eunn(0,1,) [(xTw)?’x — (xTw*)Q(xTw)x] = (3Hu)||2 — 1)w — 2(w;rw)w*

Proof. In the following, denote
Q == El(e T w)*a]
R :=E[(z"w,)*(z w)z].

Now define h(w) := E[(zTw)*]. We have that h(w) = 3|jw||* as zTw ~ N(0,||w|?) (i.e. the
fourth order moment). Then,

Vh(w) = 4E[(z " w)3z] = 4Q.
So Q = 1Vh(w) = 3||w|*w.

For the other term, define g(w) := E[(z Tw.)?(x T w)?]. Given that

T 2 T
|:$Tw:| N( |:O:| ) |:w;|'w Hw||2 )a (20)
we can write
' w, 4 012w+ 05z,
where z ~ N(0,1), 6y == =2, and 63 = [[w, ]| — =4 Then,

g(w) = ?E[(z"w)*] + 26,0-E[(z"
= 3(w, w)* + O2E[ZYE[(z " w

= 2(w, w)? + [[w]|?||w]|*.

w)*z] + G3E[% (2" w)?]

)’]

So we have that
Vg(w) = QE[(xTw*)Q(xTw)x} = 2R,
which in turn implies that

1 1
R= §Vg(w) = 5(4(ij)w* + 2[jw, Jw) = 2w, w)w, + |Jw.||*w.

Combining the above results, we have that
VF(w) = Q — R = 3||w||*w — ||w.|]*w — 2(w,] w)w, = Bllwl* = 1)w — 2w, wyw,. (21)
O

C SIMPLE LEMMAS

Lemma For a positive number 6 and the momentum parameter § € [0,1], if a non-negative
sequence {a;} satisfies ag > a_1 > 0 and that for all t < T,

agyr > (14 0)as + Blar — a;—1), (22)
then {a;} satisfies
a2 (1+ 1+ 25)0) 23)
Sforeveryt =1,...,T + 1. Similarly, if a non-positive sequence {a;} satisfies ag < a_; < 0 and
that for allt < T, azy1 < (14 0)ay + B(ay — ar—1), then {a;} satisfies
a1 < (1 +(1+ &5 )9) ar, (24)

foreveryt=1,..., T+ 1.
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Proof. Let us first prove the first part of the statement. In the following, we denote ¢ := ﬁ. For
the base case ¢t = 1, we have that

as > (1+0)ay + B(a1 — ap) > (1 + 0)ay + Bcbay, (25)

where the last inequality holds because a1 — ag > fca; <= a1 > =5-a, as a1 > (1+ 0)ag =

—5=a0. Now suppose that it holds at iteration ¢, a; 11 > (14 (1 + Bc)6)ay. Consider iteration t + 1,

we have that

a¢42 2 (1 + 9)at+1 =+ ﬂ(at+1 - at) 2 (]. + 9)at+1 + 9C5Gt+1, (26)
where the last inequality holds because a; 11 — a; > fcazy1 <= a1 > Tg-ap as agy1 >
(1+ (1+ Be)f)ar > 125 a, given the assumption at ¢ and that ¢ := 1.

The second part of the statement can be proved similarly. O

Lemma 3. For a positive number < 1 and the momentum parameter 3 € [0,1] that satisfy
(1+ %)0 < 1, if a non-negative sequence {b;} satisfies by < b_1 and that for all t < T,

b1 < (1= 0)by + B(by — br—1), 27
then {b;} satisfies

b < (1= (1+ 125)0) by, (28)

foreveryt = 1,...,T + 1. Similarly, if a non-positive sequence {b;} satisfies by > b_1 and that
SJorallt <T, by > (1—6)by + B(by — byi—1), then {b;} satisfies

b > (1= (1+ 125)0) by, (29)

foreveryt=1,..., T+ 1

Proof. Let us first prove the first part of the statement. In the following, we denote ¢ := ﬁ. For
the base case ¢t = 1, we have that

by < (1—0)by + B(b1 — bo) < (1 —6)by — Bcbby, (30)

where the last inequality holds because

1
— < — < — 31
b1 b() < 90b1 <~ bl S17 ecbo, 31

asby < (1—0)by = ﬁbo due to that ¢ = 125. Now suppose that it holds at iteration ¢.

biy1 < (1= (1+ Bc)0)be.
Consider iteration ¢ + 1, we have that
bira < (1 —0)bsy1 + B(ber — by) < (1 —0)beyy — OcBbiya, (32)
where the last inequality holds because

1
biy1 — by < —Ocby 1 <= by < mbt (33)

asbiy1 < (1— (14 Be)f)by < ﬁbt, due to the induction at ¢ and that ¢ = 1%9.

The second part of the statement can be proved similarly. [
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D PROOF OF THEOREM 1]

Recall the recursive system (IT].

wl = (14 30(1 = [lwe]?) + né&)w) + Blw) —wl_))

_ (34)
wit1 7] = (1+ 01 = 3llwell?) + npe ) wi[1] + Blwi [7] — wi- 4 [4)),

where {&;} and {p; ;} are the perturbation terms. In the analysis, we will show that the sign of w”

never changes during the execution of the algorithm. Our analysis divides the iterations of the ﬁrst

stage to several sub-stages. We assume that the size of the initial point wy is small so that it begins

in Stage 1.1.

e (Stage 1.1) considers the duration when [w;|| < /5 + c,, which lasts for at most Ty
iterations, where T is defined in Lemma [ A by-product of our analysis shows that

|wT +1| 2 \ % + Cn.

e (Stage 1.2) considers the duration when the perpendicular component ||w;-|| is decreasing
and eventually falls below (/2, which consists of all iterations Ty < ¢t < Ty + Ty, where
Ty is defined in Lemma [5}

o (Stage 1.3) considers the duration when |wt‘\ is converging to the interval [1 — %, 1+ %], if
it was outside the interval, which consists of all iterations 1o + T, <t < Ty + Ty + T,
where Ty, is defined in Lemma [6]

In stage 1.1, both the signal component \wt‘| and ||w;- || grow in the beginning (see also Figure D
The signal component grows exponentially and consequently it only takes a logarithm number of
iterations Ty + 1 to reach |wl}0+1| > \/§ + Cn, which also means that ||wr,41]] > /5 + ca.

Moreover, the larger the momentum parameter (3, the smaller the number of Tp. After ||w;|| passing
the threshold, the iterate enters Stage 1.2.

\/ &+c wl
There will be at most Ty = tos(v/§+en/lwol)

Lemmad4. (Stage 1.1) Denote c,, := iterations

1+" log (1+(1+c,,,5)n%)
suchthatwy < ,/%+cn. < %f%".
In stage 1.2, we have that ||w;||?> > \w“ |2 > &+ ¢, > % so that the perpendicular component ||w;" ||

is decaying while the signal component |wt| \ keeps growmg before reaching 1 (see also Flgure .In
particular, the perpendicular component decays exponentially so that at most additional T}, iterations

is needed to fall below C (i.e. Hwt | < ) with larger 3 leading to a smaller number of T3,. Notice

that if wll satisfies Hwt‘| 11 < When ||wit|| falls below , we immediately have that T < To+T;
otherwise, the iterate enters the next stage, Stage 1.3.

Lemma 5. (Stage 1.2) Denote ¢, := 17, and @ := max, |wi || < /5 + ¢y. There will be at most

log(ﬁ . . Il
T, < oe(I=1 (1 re ) [1erations such that /4 + c, < |wy| and ||wi-|| >

In stage 1.3, we show that |wf|| converges towards 1 linearly, given that ||w;-|| < 5. Specifically,

after at most additional T}, iterations, we have that Hwtl| -1 < % and that larger B reduces the
number of iterations 7.

Lemma 6. (Stage 1.3) Denote c¢ 4 == ﬁ, Ce,d = 1571(’ and w := max; |w|| < ./%0 + %cn.

. o log((1-¢/2)/v/3+en) log(1£¢/2)
There will be at most T, := max( log(1+n§(1+c:gﬁ)) » Tog(1—nC(1+ce.aP))

) iterations such that

[[wi] =1 > § and |lwi|| < §.

17
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By combining the result of Lemma] Lemma 5|and Lemma[6] we have that

T<To+Ty+T, = o ‘ﬁ‘) los(5)
<Th+Ty+T1,= log (1+73(1+caf))  log(l— £(1+cB))
log(ilﬁ_%i/fn ) log(1HS/2)
omex <1og<1 05+ ccpB)) log(t —n¢(L+ DL
_ 6 log( "iﬁ‘cn) 610g(%®) +maX(210g(\1/_gi%) 2log(17¢7) )
~ obn(l+cB)  n(l+ap) nC(L+ c¢.gB))” n¢(1 + ec.ab))
< logd
~n (1 + cnﬁ) ,

(35)

where the last inequality uses that |w(|)‘ P \/dllom due to the random isotropic initialization. The

detailed proof of Lemma [}[6]is available in the following subsections.

After t > T¢, the iterate enters a benign region that is locally strong convex, smooth, twice differ-
entiable, and contains w, (or —w,) (Ma et al., [2017; |[White et al., 2016), which allows us to use
the existing result of gradient descent with Heavy Ball momentum for showing its linear conver-
gence. In particular, the result of local landscape (e.g. [Ma et al.|(2017)); White et al.|(2016)) and the
known convergence result of gradient descent with Heavy Ball momentum (e.g. Saunders| (2018));
Polyak| (1964); |Lessard et al.[(2016); Xiong et al.|(2020)) can be used to show that for all ¢ > T¢,
dist(wy, w,) < (1 —v) = edist(wr,, w,) < (1 —v)'~1¢(, for some number 1 > v > 0.

D.1 STAGE 1.1

Lemma: 4| (Stage 1.1) Denote ¢, = Hlﬂ. There will be at most Ty := [lg(— ”’Jr/l‘)l)]
7 log (1+(14+¢caB)n3)

iterations such that ||w¢|| < \/§ + cn. Furthermore, we have that |w‘}0+1| >1/5 + cn

Proof. Let us first assume that wll > 0 and denote a; := wl‘. By using that [|w;|| < 4/ % +cp in

this stage, we can lower-bound the growth rate of a; as
arpr = (14 3n(1 = llwe]l®) — nl&)ar + Blar — ar—1)

4
> (14 3n(1 - 9 + n) — cn)as + Blay — ap_1)

5 (36)
> (1+ ng)at + Blay — ai—1)
5
> (L+ (14 caB)ng)ar,
where in the last inequality we use Lemma|[I]and that
1
Ca i 77% 37

Observe that (1 +(1+ca 6)77%) > 1. Consequently, the sign of wll never change in this stage. So

for wl‘ >4/ % + ¢, it takes number of iterations at most
/4 [
9 +cn ) 2 1 ( 9 +cn )

log( [ [
|w0| < |w0| )
log (1+(1+caB)ng) ~— (1+cB)n3
I

Similar, when w; < 0, we can show that after at most 7} iterations, wll falls below —, /% + cp.

To = (38)

Since ||wy|| > |wl‘

, it means that there will be at most T iterations such that [|w|| < {/§ + ¢,,. O
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D.2 STAGE 1.2

Lemma (Stage 1.2) Denote ¢, := = and @ := max, |[wi|| < \/§ + ¢n. There will be at
3

log (55 . .
most Ty, := [bg(li)gé(%] iterations such that \/ 4 + ¢, < |wl|| and ||wi-|| >

Proof. Let t’ be the last iteration of the previous stage. We have that |Jwy/|| > ||w)|5|/ | >1/5+cn.

Denote a; := |wt|| In this stage, we have that a; keeps increasing until ||w;||?> > 1. Moreover,

wy remains the same sign as the previous stage. Now fix an element j # 1 and denote b; :=

|wi-[7]|. From Lemma (7, we know that the magnitude b; := |w;-[5]| is non-increasing in this stage.
Furthermore, we can show the decay of b; as follows. If w,[j], wi—1[j] > 0,

wipr[f] < (1401 = 3llwell®) + nlpe,;1)wels] + Bwe[i] — we—1[5])
(147 +ea)) + nea)wilf] + Blwilf] — wi—i[f])

<(1- g)wt[j] + B(we[j] — we-1[]) <
(13

1+ ) we[j],

where in the last inequality we used Lemma | as the condition (14 1_ 7o) 3 < lis satisfied, and we
3
denote that

cp 1= 1_;77/3 (40)
On the other hand, if w;[j], w;—1[j] < 0,
we[j] > (L+n(1— SI\thQ) +lpel)weli] + Blwelj] — we-1[5])
z( +n(1— +cn )) + nen)welj] + Blwe[j] — wi—1[4])
n . (4D
> (1- g)wt +5 we[j] — we—1[j])
> (1= F(1+cB))wilsl,

where in the last inequality we used Lemma as the condition (1 + 1_%)% < lis satisfied, and we
3

denote that
1

1-n/3"

The inequalities of (39) and (1)) allow us to write |wy41[5]] < (1 — Z(1 + c8)) |w[5]]. Taking the
square of both sides and summing all dimension j # 1, we have that

cp = (42)

lwial” < (1= 51+ @)l | (43)

Consequently, for ||w;-|| to fall below /2, it takes at most

<2
log () log(55)

o= Tgg = %(1t+ ) = o s+ af)

] (44)

iterations.

Lastly, Lemma [7|implies that at the time that the magmtude of wi-[j] starts decreasing, ||w||? <

3 =+ Cn, which in turn implies that & := max; [[wi"|| < 1/ 5 + ca.
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D.3 STAGE 1.3

LemmaH: (Stage 1.3) Denote c¢ 4 = ﬁ ce,d = ﬁ and w := max; |w1|5|\ < \/%0 + %cn.

log((1-¢/2)/\/3+en) log(182)
log(14n5 (1+ce,gB))  log(I—n¢(1+cc.aB

There will be at most T, = max( ))) iterations such that

lw!| 1] > § and ||lwi|| < §.

Proof. Denote t' the last iteration of the previous stage. We have that t' < T, + T}. Since th does
not change the sign in stage 1.1 and 1.2, w.l.o.g, we assume that wll > 0. Denote a; := w,‘fl. We
consider a; in two cases: ay < 1 — % anday > 1+ % Ifay <1-— %, then we have that for all ¢
in this stage, |w¢||> < a7 + [|wi||? < (1 — §)% + ()% < 1 — §, for any sufficiently small ¢. So a;
grows as follows.

arr1 > (14 3n(1 = lwel®) — nl&])ar + Blar — ar—1)

> (1 + 377% — ncn)at + Blar — ag—1)

(a) (45)
> (1+ ng)at + B(as — a;—1)

(®)
Z (1 + 'r]g(l + CC,gﬁ)>ata

2
where (a) is by ¢ > ¢, and (b) is due to that Lemmamand that
1
Ceg=—=. (46)
¢9 141 %
Consequently, it takes at most
log 1-¢/2
4
Vorten (47)

[ ]
log(1+n§(1 + c¢ 48))
number of iterations in this stage for a; to rise above 1 — % On the other hand, if ayr > 1 + %, then
we can lower bound [|w,||? in this stage as [w¢||? > a? > (1 + §)2. We have that
are1 < (1+3n(1 = [Jwel|?) + nl&)ar + B(ar — ar—1)
< (1 =30¢ +cn)ar + Blas — az—1)

(a) (48)
< (L=n¢)ay + Blar — az—1)
(b)
< (1 =n¢(L +cc.aB))ar,
where (a) uses ( > ¢, and (b) uses Lemma
1
ce,d = . 49)
T
That is, a; is decreasing towards 1 + ¢/2. Denote w := max; |w]‘5| |. we see that it takes at most
log /2
[ ~ (50

og (1~ (1 T ecaB))|

number of iterations in this stage for a; to fall below 1 + (/2. Lastly, Lemma implies that at the

time that the magnitude of wl‘ starts decreasing,

/10 | 1
W 1= maxy |wi|| </ B+ 3cn

On the other hand, by Lemma([I0] the magnitude of the perpendicular component is non-increasing

in this stage, and hence ||w;-|| keeps staying below (/2.

we|? < % + %cn, which in turn implies that

Similar analysis holds for wl‘ < 0, hence we omitted the details.
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D.4 SOME SUPPORTING LEMMAS

1
36(%+cn) max{cm,1}
wioll?> = & + c. Then, there exists a time T < to such that wr [j] < w[j], if wr[j] > 0;
Similarly, wk, , [j] > wk[j], if w}[j] < 0. Furthermore, we have that ||wy, ||> < § + ¢,

Lemma 7. Suppose that n satisfies n <

. Let ty be the first time such that

Proof. Recall that wy, ] = (14 (1 — 3w [2) + npes Y- + B[] — wits [j). Wio.g,
let us consider wg[j] > 0. Assume that wi-[j] > w;t [j] for all t < to; otherwise, there exists a
time T < o such that w [j] < w ,[j].

Denote Ay, j = (1 — 3||wy,||2) + 1py,,;- Since [|wy,y||? = & 4 ¢, we have that A, ; < 0. We can
rewrite the dynamics as

|:w#(_)+1[¢7]:| — |:1+/\t0>j +ﬁ _ﬁ:| |: wﬁ[ﬂ] :| (5])
wis[j] 1 0 | [wg_[4]
‘We have that
wttﬂ[jq [1+Ato,~ +5 —ﬁ} _ [ wit (7] ]
B [P Py | oL )

We will show that wi-,,[j] < wi_[j] if wi_i[j] > 0, which means that the magnitude

of w'[j] has stopped increasing. It suffices to show that the spectral norm of the matrix

I 1+ )\ti’j +8 06] ||2 is not greater than 1.

Note that the roots of the characteristic equation of the matrix, 22 — (1 + A, ; + )z + 3 are
(14 X1g.4+8) £4/(F Ay, +B)2—4B
5 .

If the roots are complex conjugate, then the magnitude of the roots is at most /3; consequently the
spectral norm is at most v/3 < 1. On the other hand, if the roots are real, to show that the larger
root is not larger than 1, it suffices to show that \/(1 + Ay, j + 8)2 — 48 < 1 — Xy, j — B, which is
guaranteed if Ay, ; < 0. To show that the smaller root is not greater than —1, we need to show that

VI + Ny +B)2 —4B8 <3+ A\y,; + B, which is guaranteed if Ay, ; > —1.

1
? 18¢,
we have that [|wy, || — [Jw,—1]|* < § and consequently, we have that [|wy, [|* < 4 + ¢,. Thus, by
choosing 7 satisfies 1 < , we have that ||wy, || < § + ¢,. Using the upper-bound of

By definition, [|ws,—1[|* < & + ¢n. If n < min{ 36”wt0171‘|cm -}, then by invoking Lemmaﬂ

1
36(1/3+cn)cm
[|[wy,||? and the constraint of 7, we have that Ay, ; > —n(3 + ¢,,) > —1.

Similar analysis when w;-[j] is negative; and hence omitted.
O
Lemma 8. Suppose that n satisfies n < 1 . Let t1 be the first time (if exist) such

36(1+%cn) max{cm,1}
I

T

that ||wy, ||* > 14 3¢y Then, there exists a time T < ty such that w; |, < wl, ifwl > 0. Similarly,

wﬂH > wl ifw!l < 0. Furthermore, we have that w12 < 2+ Lcp.

Proof. Recall that wyﬂ = (14301 — flw]*) + n{t)wy + B(wll - wllfl). W.Lo.g, let us consider

w(l)‘ > (. Assume that wil > wltl for all ¢ < t1; otherwise, there exists a time 7 < t; such that

wlT‘ <w,_;.

Denote Ay, := 3n(1 — |lwy, [|?) + n&, . Since [|wy, [|* > 1 + %, we have that A, < 0. We can
rewrite the dynamics as
wtl 1 O wtlfl
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‘We have that
|
w 14X, + - Wy,
||[t1,+1] <] 4t P |l t]n (54)
1

wtl tl

The analysis essentially follows the same lines as Lemma Specifically, to show that wyl 1 <

wl‘ _,, it suffices to ensure that Ay, := 3n(1 — |lwy, [|?) + &, € [~1,0]. We have that \;, < 0 by

the definition of ¢;. Furthermore, by the definition of ¢; — 1, we have that |Jw,, 1> < 1+ %cn. So

if n < min{ 55— 7o 80 ) then by invoking Lemmaﬂ we have that |Jwy, |2 — [Jws, —1]]* <
1— m m

-1

36(1+4cn)em

we have that [lwy, ||* < 4 + $c,. Using this upper-bound of ||lwy, ||? and the constraint of 7, we

have that \;; > 77( + 20n) > —1. Therefore, we have completed the proof.

1
9
and consequently, we have that [|wy, || < 12+ 1¢,,. Thus, by choosing 7 satisfies 7 <

O

Lemma 9. Assume that the norm of the momentum is boundedfor allt < T, ie |my]| < cm, Vit <

T¢. Set the step size 1 satisfies 1 < min{m, 15} Then, we have that

1

Jwe]|* = [Jwe—1 || < g

Proof. To see this, we will use the alternative presentation Algorithm 2} which shows that w, =
wy—1 — nmy_1, where the momentum m;_; stands for the weighted sum of gradients up to (and

including) iteration t — 1, i.e. m;_1 = ZZ;}) Bt175V f(ws). Using the expression, we can expand
well? = [Jwe—11? as

lwell* = lwe—1]* = llwe—r = mme—1|* = we1|* = —2n{we—1, me—1) + 1 [me—1 |

1 (55)
9’

where the last inequality holds if 77 < min{ 36]]

oo 8o )
wt 1H(/7n’ 18(/771 :

< 2nffwe—1 || lme—1 || + P (lme—1 || <

O

Lemma 10. Fix an index j. Setn < and 3 < 1. Suppose that ||w;|* > %"’Cn-

1

36(1+%cn) max{cm,1}
wL[ l wit [J]

If for a number R > 0, we have that || wit  [j] | <R, then || t“[ ] I <R.
t—1lJ

Proof. The proof is similar to that of Lemma[7] We have that

wt+1[ ]:l |:1 + >‘t,] + 5 B:l . l: th_ []] :l (56)
R A A [
Denote A; ; := n(1 — 3||w¢||*) + npe,;. As the proof of Lemma to show that the spectral norm

of the matrix || [1 + )\tl’j +8 —05] |2 is not greater than one. It suffices to have § < 1 and

that A, ; € [-1,0]. By the assumption, it holds that [|w;||* > % + c,, so we have that )\, ; <
1

0. Furthermore, by Lemma ﬁ if the step size n satisfies n < , we have that

36(1+4 ¢y ) max{em,1}
we]|> < X2 + %¢;,. Therefore, using the upper-bound of the step size and the norm, we can obtain
that A; j := n(1 — 3||w¢||?) + np:; > —1. Hence, we have completed the proof.

O
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E PROOF OF THEOREM

To prove Theorem 2] we will need the following lemma.
Lemma 11. Fix any number § > 0. Define Ts := min{t : p|lwit1]| > v — 0}. Assume that
n < m. Suppose that wél)b(l) < 0. Then, we have that wt(l)b(l) <0,forall0 <t <Ts.

Proof. The lemma holds trivially when v < 0, so let us assume v > 0.
Recall the Heavy Ball generates the iterates as
1 1 1 1
wi) = (1= O (4) = prlfw [ —np® + Blwf? - wil)).
We are going to show that for all ¢,
wgl)b(l) < 0and (wt(l) — wﬁ)l)b(l) < —cbwwgl)b(l), (57
for any constant cp,, > 0. The initialization guarantees that wél)b(l) < 0 and that (wél) —
w(}l))b(l) =0< —cbww(()l)b(l). Suppose that is true at iteration ¢. Consider iteration ¢ + 1.
1 1 1
wi b = (1 =AM (A) = pnflwr o 50 —n(b®)? + Bl — wi )b
1
< (1= mAD(A) = pnl|wy]| = BepywfVb = (D)2 58)
<0,

where the first inequality is by induction at iteration ¢ and the second one is true if (1 — nAMA —
onllwe || — Bepw) > 0, which gives a constraints about 7,

1 — AW (A) = pyljwe]| = . (59)

Now let us switch to show that (wt(i)1 - wt(l))b(l) < —cbwwg)l b™M), which is equivalent to showing
that wt(i)lb(l) < ﬁwﬁl)b(l). From , it suffices to show that

w

1
(1 =\ D(A) = prllwel] = e g bO = n(bD)? < =i Vp0. (60)
Chw
Since wgl)b(l) < 0, a sufficient condition of the above inequality is
1
1—npAM(4) - — Bepy — ——— 61
A (A) = pnllwe| — Bey Tra. 2 (61)

Now using that p||w|| < — d and that == <1 — g for € [0, 1]. It suffices to have that

1 1
1 —n)\(l)(A) —n(y—0) — Bepw — T >14+n6—PBcpy — 1+ §wa >nd— §wa > 0. (62)
Chw

By setting ¢;,, = 0, we have that the inequality is satisfied. Substituting ¢y, = 0 to (39), we have
that

< —7
7= XOA) £ plfw |

Recall that p||w;|| <y — d forall t < Ts. So we have that n < 1 . Furthermore,
IAllz+(v—6) 11—s530

We have completed the proof.

. . 1
by using that p||w.| > -, it suffices to have that n < TATa oo

O
Given Lemma T1] we are ready for proving Theorem 2}

Proof. (of Theorem [2) The lemma holds trivially when v < 0, so let us assume v > 0. Recall
the notation that w() represents the projection of w on the eigenvector v; of the least eigenvalue
A (A),ie. w™) = (w,v;). From the update rule, we have that

(1)

(1) B( (1) _ (17))
—tdy = a+my = pollwll) Zpgey + 1+ =5 (63)
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)
Denote a; 1= — 4. We can rewrite || as

aty1 = (L+ny — pnllwel))as + 1+ B(ar —az—1) > (1 +nd)as + 1+ Blas —az—1),  (64)
where the inequality is due to that p|jw;|| < v — ¢ for ¢ < Ts. Now we are going to show that,
aiy1 > (1+nd+ % B)as+ 1. For the above inequality to hold, it suffices to show that a; —a;—1 >
That is, a; > mat—l- The base case t = 1 holds because a1 > (1 +nd)ap+1 >
ap. Suppose that at iteration ¢, we have that a; > mat_l. Consider t + 1,

5
1-7—716at'
1
1-n6/(1+nd)
we have that a;r1 > (1 +nd)a; + 1 + Sar — ar—1) > (L +nd)ay +1 > mat, where

the second to last inequality is because a; > a¢—1 implies a; > a;—1. Therefore, we

1

T35/ (1F78) ¢
1 o

have completed the induction. So we have shown that w”(i) =Uqg+ny— pn||wt||)% +14

ﬂ(w(l)—w(l)
—nb(”

>(1+nd+ 5 7 66) —nb(l) + 1. Recursively expanding the inequality, we have that

’Ult

w®
t}j&) >(1+né+ 1+n55) —pm + 1= (1406 + 1+n65) nb(” + (1 +nd+ 1+n55)
2...2ﬁ((1+n5+1+n55) )

1+nd

(65)

(1)
)| 2 m((l +né + 1+n65)T‘5 — 1) where (a) uses that

for t < Ty, pllwe|| < v — 6, and (b) uses (65) and Lemma.that w,gl)b(1 < 0. Consequently,

(y=68)(8+68/(1+nd))
log (“T) (@)

(a
Therefore, "’;5 > |wr || > |wT5

T < 1 1 4 (v=8)8(1+B/(1+n9))
0= T log(lamor s wacrrA ey log (1+ P D] ) 66)
@ 73 (14+8/(14n9)
< aares ey 08 (L = par ).
where (a) uses that log(1 + 2) > £ for any = € [0, ~ 2.51], and (b) uses yJ — 6% < 7*. O

F CONVERGENCE OF HB FOR THE CUBIC-REGULARIZED PROBLEM

Theorem 3. Assume that the iterate stays in the benign region that exhibits one-point strong con-
vexity to w,, i.e. B = {w € R? : p|lw|| > v — §} for a number § > 0, once it enters the

benign region. Denote c®°"v¢"9¢ = 1 — %, where cs and ¢y are some constants

1-2ncs (pl\w* =~

that satisfy 0.5 > cs > 0 and ¢y > 0. Suppose that there is a number R, such that the size of

the iterate satisfies ||w¢| < R for all t during the execution of the algorithm and that ||w.|| < R.

Denote L := ||A|2 + 2pR. Also, suppose that the momentum parameter 3 € [0,0.65] and that
éocs (pllw.l—) S

4(1A~ ||+26ﬂR) (50L+2(26)2)([[A+[[+pR) (1+[[A.[[+pR)+1. SL) et

Wy =wW_q1 = —rﬁ for any sufficiently small v > 0. Then, in the benign region it takes at most

the step size n satisfies n < min(

t<T:= 1 Jog( (Al +20R)E
~ ncé(Pl‘w*‘l_’Y)(1+ Bcconverge ) g( 2¢ )

number of iterations to reach an e-approximate error, where ¢ = 4R%*(1 + né’) with C =
33 (pllw | —7) + 3(Gocs (pllw. | — 7) + 10 max{0, 7}).

Note that the constraint of 7 ensures that ncs (p[lw.|| — ) < §; as a consequence, ¢°"*¢79¢ <
1. Theorem [3] indicates that up to an upper-threshold, a larger value of 3 reduces the number of

iterations to linearly converge to an e-optimal point, and hence leads to a faster convergence.

Let us now make a few remarks. First, we want to emphasize that in the linear convergence rate

regime, a constant factor improvement of the convergence rate (i.e. of T here) means that the slope
of the curve in the log plot of optimization value vs. iteration is steeper. Our experimental result
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(Figure[2) confirms this. In this figure, we can see that the curve corresponds to a larger momentum
parameter 5 has a steeper slope than that of the smaller ones. The slope is steeper as 3 increases,
which justifies the effectiveness of the momentum in the linear convergence regime. Our theoretical
result also indicates that the acceleration due to the use of momentum is more evident for a small
step size 1. When 7 is sufficiently small, the number ccopyerge are close to 1, which means that the
number of iterations can be reduced approximately by a factor of 1 + .

Secondly, from the theorem, one will need |b(1) | be non-zero, which can be guaranteed with a high
probability by adding some Gaussian perturbation on b. We refer the readers to Section 4.2 of
Carmon & Duchi|(2019) for the technique.

To prove Theorem 3] we will need a series of lemmas which is given in the following subsection.

F.1 SOME SUPPORTING LEMMAS

Lemma 12. Denote sequences dy = 5(|Jw.| — [lwel)|lws — wel? ep := —(wy — wy) T (As —
2 A7) (wr = w.), g = =5 ([[wsl| = fwel])? (Jw |l + llwell = 4npullwe|?), where ¢ == 5
and ¢, := (1 + cy) + (1 + ¢y)?. For all t, we have that
t—1
(W — waywy — wy—1) + collwe — w2 <Y BT (ds + €5+ gs)-
s=1

Proof. We use induction for the proof. The base case ¢ = 0 holds, because wy = w_; by ini-
tialization and both sides of the inequality is 0. Let us assume that it holds at iteration ¢. That is,

(Wi — W, Wi — Wwy—1) + Collwy —wi 1] < 22;11 B17%(ds +es +gs ). Consider iteration ¢ + 1.
We want to prove that
t
(Wia1 — Way We1 — W) + Col[ Wi — we|* < nZﬁt_s(ds + €5+ 9s)-
s=1
Denote A := w41 — wy. It is equivalent to showing that (A, w; + A — w,) + ¢, ||A]? <
7722:1 Bt_s(ds +es +gs), or

(—nV f(we) + Bwe —wi—1),wy —wy — NV fwg) + Blwe — we—1))

t
s (67)
+ cwll =V f(we) + Blw, — wt—l)H2 < nZﬁt (ds + €5 + gs)-
s=1
which is in turn equivalent to showing that
= (Vf(we), we — w.) +0° (1 + co) [V (we) | =208(1 + ) (V f(wr), wp — w1)
(a) (b) (¢)
+ B{wy — w1, wy — wy) + 52”1015 - wt—1||2 + cwﬂznwt — wt—1||2 (68)
t
< WZﬂtis(ds +es+gs)-
s=1
For term (a), we have that
(wp — ws, Vf(wr))
= (wr — w.) " Au(wy — w.) + p([lwe]l = Jlwe ) ([Jwe||? = w]wy)
p p 2
= (wy —w.) " (A + 5 (lwell = llwalDTa) (we = w.) + 5 (lwel| = e )" (el + . )-
p P 2
= (wy — w.) " Au(wy —w.) + 5 Ulwell = wsDllwe — w|? + 2 (lwell = llwell)”(lfewe l + [l ).
(69)

Notice that A, = —v + p|lw.||I4 = 014, as p||w.|| > . On the other hand, for term (b), we get that
IV (wo)ll? = 1A (we = ws) = p(|[ws || = well)w ||

) (70)
< 2wy — wa) T AL (wr — wa) + 207 (|[wel| = [Jwil])[Jwe ]|
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For term (c), we can bound it as

= 20B(1 + cu)(Vf(wy), we —wy—1) < “\/577(1 + Cw)vf(wt)HH\/iﬁ(wt — w1l
< LI+ eV F )] + 28y ) an
= (14 eIV F)|2 + 82wy — w2

Combining the above, we have that

= (V f(we), we — w) + 77 (L4 o) [V f(we) 17 = 20B8(1 + 0 ){(V f (we), we — we_1)

+ Blwy — wi—1,wy — wa) + B2 lwy — wi—1]|? + cwB2||lwe — we—1?

< =V f(wi), wp — wi) + 02 |V Fwe) |2 4 8wy — wi—1,wy — wa) + B2(2 + c) |wr — wi—1?
(wt *

< —n(wy —w )T(A* — 27]6wAi)(wt — wy)
p . P
=15 ([lwsll = will)? ([[ws | + llwell — 4npéw[lw.]|*) + 15 ([well = flwe|[)lwe - w.|?
+ B{wy — wp—1,wy — wy) + 52(2 + cw)lJwe — wt—1H2
=B (ws—wi—1,Wr—wx )+ By ||we—we_1]|?
t—1 t
<n(di+er+g0) 408 BT (ds +es+95) =0 Y 870 (ds + e+ 95)-
s=1 s=1

(72)

where in the second to last inequality we used 5(2 + ¢,,) = ¢, and the last inequality we used the
assumption at iteration ¢. So we have completed the induction.

O

we|| < R for some number R. Following the notations used in

Lemma we denote sequences dy := 5(|Jw.| — [Jw|)|Jwe — wsl? € = —(wy — wy) T (A —
208, A7) (wy — w.), g0 = =5 (|lwe]] = lwel) (Jwell + well — dnpeullwe|®), where ey, = 5

and &, := (1 + cy) + (1 + cy)?. Let us also denote cg := (23%> + 48 + LB), L = ||Al]2 + 2pR,
and z; == ZZ:O BESTIN f(ws). If n satisfies: (1) n < ;"’E, and (2)n < 4\|Aﬁ\ » then we have
that for all t,

I?

llwis 1 —
pllwi|l =~
< (1 - 77(1 + 3) [PHth - (7 - f)])”fﬂt - w*||2
P (we—y — w.) T (2e5A% + 282 LI, + 2c3p° R21) (wi—1 — w.) + n?(cs — 2¢0) 21—z (73)
t—2
+ 277ﬁ2 Z Bt72is(ds +es+ gs)~
s=0

Proof. Recall that the update of heavy ball is
wt+1 = Wt — an(wt) + ﬂ(wt — ’LUt_1). (74)

26



Under review as a conference paper at ICLR 2021

So the distance term can be decomposed as
wisr = wal|* =[lwy = 0V f(we) + Bw — wi—1) — w.®
=[lwe — wil* = 2n(wy — w., Vf(we)) + 17|V f (we) ||
+ B2 |we — wer | = 208(we — we—1) "V f(we) + 28wy —ws) T (wy — wi1)
=[lwe — wul* = 20(w, — w., Vf(we)) + 57|V f(w)|®
+ B2 lwr — wia || = 208wy — wa, V f(wy)) — 2nB(ws — wi—1, V f (wy))
+ 28w — wy) " (wy — wy—1)
=[lwe — wul* = 29(1 + B) {wy — we, Vf(wy)) +n? ||V f(wy)||?
(a) (b)
+ (B2 4+ 28) lwe — wia||* = 2nB(ws — wi—1, V f(wy)) + 2B(we—1 — w*f(%’; — Wi-1).

For term (a), (w; — ws, V f(w;)), by using that V f (w) = A.(w — w.) — p(JJws]|| — ||w]|)w, we can
bound it as

(Wi — we, V f(wy))

= (we — wy) " Au(wy — w.) + p(llwe|| — [[wa ) ([Jwe]|* — w.] wy)
p p 2
= (w; —w.) " (As + 5 (lwell = [wal)Ia) (w; — w.) + §(||w*|| — [lwell) ™ (lwel| + [ |))-
(76)
On the other hand, for term (b), |V f (w;)||?, we get that
IV f(w)]|* = [|Aw(wi — wa) — p(llw. ]| — [Jwe])w,|? a7

< 2wy — w.) A2 (wp — w.) + 20 ([[w ]| = ) e
By combining (73),(76), and (77), we can bound the distance term as
[wigr = wal* = lwy — w.||? = 20(1 + B)(we — wa, V f(wi)) + 02|V f(we)]|
+ (B2 4 28) lwe — we—1 > = 2nB(ws — wi1, V f(wy)) + 2B(wi—1 — w,) " (wy — wy_1)
< wy — w. ||

—29(1+ B) ((we —w.) " (A + g(l\WtH = [lwl)Ia) (wy — w.)) (78)

2
= pn(1+ B) (lwall = lJwe )" (lwe |l + flw.l)
2
+ 07 (2(we — wa) T A2 (wy — wi) + 207 (lwal| = [[we])”[Jwe]|?)
+ (8% 4 2B)lwy — w1 ||* — 2nB{wy — we—1, V f(wy)) + 2B(we—1 — ws) T (wy — wy—1).
Now let us bound the terms on the last line of (78). For the second to the last term, it is equal to
- 2775(11)* — Wt—1, Vf(wt»
= =2nB(we —wi—1, Vf(wi—1)) — 2n8{ws — w1, V f(wy) — Vf(wi-1)),
On the other hand, the last term of is equal to
2B(wg—1 — w*)T(wt —w_1) = =20 (wi—1 — ws, Vf(wi—1)) + 2ﬂ2<wt—1 — Wy, W1 — Wy—2).

(79)

(80)
By Lemma(T2] for all ¢, we have that
t—2
(Wi—1 — W, Wi—1 — Wi—2) < —Cyllwi—1 — wi—a||* +7 Zﬁt_Q_s(ds + es + gs)- (81)
s=1

Therefore, by combining (79), (80), and (§T), we have that
(8% + 28)[lwe — we—[* = 208(ws — we—1, V f(we)) + 28(ws—1 — wi) " (wy — wy1)

< (B2 +28)|lwr — wi || — 2nB{wi—1 — wi, Vf(wi—1) — VF(we)) — 2¢0 82 |[wi—1 — we—o]?
t—2

+ 27762 Z 5t_2_s(ds +es + 98)'

s=1

(82)
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Combining (78) and (82) leads to the following,
P
s 2 < e — w2 = 200+ B) (o — )T (A + 2] — oo [ 2) (e — 0,))

— on(L+ ) (llws | — lwell)* (luwell + )
+ 02 (2(we — w.) T A2 (wr — w,) + 207 (]| — [Jwe ) [lwe?)
+ (8% +28)we — w1 ||* — 20B(wi—1 — we, Vf(we—1) — V fwy)).

t—2

= 20 8% w1 —wea|* +208° Y BT (ds + €5 + gs).-
s=1

(83)
Let us now bound the terms on the second to the last line (83) above,
(8% +28)[[w — we1||* = 2nB(wi—1 — wa, V f(wi—1) = V f(wy)). (84)

First, note that | V2 f(w)|| < [|A|l2 + 2p||w||. So we know that f is L := ||A||2 + 2pR smooth on
{w : |lw|]| < R}. Second, denote

t

2=y BTV f(wy), (85)
s=0
we can bound ||w; — w_1]| as
t—1 t—2
lwe —wesll = 11 =0 BV f(we) | < oIV (wen)ll +1ll Y BV f (w)]
s=0 s=0
=V f (i)l +nllz—2l],
-1 t—2
lwe = we—i|® = I =0 Y BV (wy)lP < 202V f(wem) P + 207 Y0 B0V f (w) |
s=0 s=0

=277 [V f (we1) [ + 207|122,
(86)

Using the results, we can bound (84) as
(8% +2B)[lwy — we—1]]* — 2nB{wi—1 — wi, V f(wi—1) — V f(wy))

20*(8% + 2B)(IV f (we-1)|I* + lze—2|*) + 20 BLIwe—1 — w.|(IV f (we-1)| + [|ze—2]])
< 2% (8 + 28)(IV f(we—0)I* + [|ze—21%)

+ 1P BL([wi—1 = wal* + [V f (we-1) ) + 7 BL(Jwe—r — wi|* + [|2e—2[)

=211 (8% + 2B) (I Vf (we-1)I* + | 2e-2[1*) + 20* BLI[we—1 — w.]|* + n*BLIV f (we—1) |

+ 17 BL| 2.

(87)
Note that
IV f(we)|I? = [[Aw(wio1 = wa) = p([|wil] = lwi—1 [ w1 |*
< 2t — ) 2wt — )+ 27 (ol — sl e
Denote
cp = (282 +4B8 + Lp). (89)

By (7). (88), we have that
(B% +2B)[|wy — wi—1]]* = 2nB{wi—1 — w, Vf(wi—1) — V f(wy)).
2
<2Pcp(wi1 — wa) T AZ(wiy — w.) 4 277 (|[wal| = lwi—||) lwea [|* + 20 B7Lllwe—1 — w.?

+n*esllze—2]*.
(90)
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Let us summarize the results so far, by (83) and (90), we have that
[wesr — w.?

p
< e = wa P = 20(1+ B) (wp — w2) T (Au + E(lwrl] = el ) (01— 02))
2
— 0+ B) (e = llwel)* (el + [l )
2
P (2w —w.) T A2 (w0, — ) 207 (| — fel]) e ]2)
2
2wy —w) T A (s — w.) + 20Pep? (Jawnl — fwemr ) e | + 202 8Ly — w. |

t—2
+ 17 (s — 2cu)llze—2]* +208% D B (ds + €5 + gs),
s=1
o1
where we also used that w;_1 — w;_o = — Z zt—o2. We can rewrite the inequality above further as

llwet1 —w*||2

< (= w) T (fa = 2001+ B)Aela = 5 A4) = mp(L+ B)(well = ) La) (we = w.)

2np||w || 2
—np(L 4 B)([[w.|| = [Jwel]) (lwel| (1 — W) + [lwll) +20°cpp® ([lw.l| — l[we—1 ) lwe—1?

<0

+ 772(wt_1 - w*)T(205A3 + 262L1d)(wt_1 — wy)
t—2

+ 17 (s — 2cu)lze—2]* +208% D B (ds + €5 + gs),
= 92)
where we used that —np(1 + 3)([Jw. || — [Jwe]])? (|lwe][ (1 — %llgtﬂ) + [lw.|) < 0 for any 7 that
satisfies 148
n < 2p7R7 93)

as ||w¢|| < R for all ¢. Let us simplify the inequality further by writing it as
[wesr — w.l]”
(a) n
€ =) (= 0+ DA~ A0 g4 ol e ) — )

+ 02 (wi—1 — ws) " (2c5A% + 2B82LI, + 2c5p* R21,) (wi—1 — ws) + 12 (cp — 2¢u) || 2e—2]|?

t—2
+ 277/82 Z /Bti?is(ds +es+ gs)-
s=1

€ (4 ol - (- ALy, e

+ 02 (wi—1 — ws) " (2c5A% + 282 LI + 2c5p* R21) (wi—1 — ws) + 12 (cp — 2¢4) || 2e—2]|?

t—2
+ 277/82 Z ﬂtiQis(ds +es+ 93)7
s=1

94
where (a) is because that (||w. || — [|Jwi—1|)?||lwi—1||* < [[we —wi_1||*||wi—1]|? < ||Jwie —wi_1]||* R?
as ||w;|| < R for all ¢, while (b) is by another constraint of 7,
1+
n< ; (95)
4[| Axll2
so that 2nA, (Iq — T3 As) = SnA. = 3n(—y + pllw ) 4.
O
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Lemma 14. Fix some numbers cg,cy > 0. Denote wiz = ZZ;% B. Following the notations and
assumptions used in Lemmaand Lemma If n satisfies: (1) n < eIV H2+2CZ’§L+2CBP2R2’ (2)
*12

e1 (I4-1+oR) for
wl_, (| A|2+p?R2)

c c 1
n < B(2Ew+LB;f,2)IIA*H’ (3)n < my (4)n < Ipea R and (5)n < [RE
all t, then we have that for all t,

(7 — pllwll = 7

lwsr = wal < (1 =01 + B) [ollwe]| - )

t—2

+2nBe (| Al + pR) D B2 lws — w.

s=0

])Hwt - w*||2 + nBeol|lwe—1 — w*||2

t—2
— 28 Y B s = wa) (A = B (] = el ) (0 = ).
s=1

Proof. From Lemma|I3] we have that
[wis1 = w.]”

< (1= (1 + B [plhwrl = (v = PN =99 oy — P

2
+ (w1 — ws) T (2e5A% 4+ 282 LI + 2c5p> R? 1) (wi—1 — w.) + 12(cs — 2¢w)]|2e—2 ||
t—2
+ 27]62 Z Bt72is(ds +es + gs)a
s=1

(2 1—n(1 o pllw[ = _ 2 _ 2 200, 9 2
< (L=n+B8)[pllwd — (v ) llwe = w|* + nBeollwe—1 — wil* + 17 (cs — 2¢u) |22

2
t—2
+ 232 BT (ds + e+ gs),
s=1
® PllWx|| —
< (=4 Aol — (= I a2 4y —
t—2
+ 20 (cp — 2e0)B7w] 5 Y B (wy —w) (AL + pP R ) (wy — w.)
s=0
t—2
+ 282 BT (d + e + gs),
s=1

(96)

where (a) is by a constraint of 7 so that 7(2cg||A.||3 + 26%L + 2c5p* R?) < ¢o3, and (b) is due to
the following, denote W= Zi:o [, we have that

t t t—s
= 13 8V s )P = 82?3 0w
s=0 s=0 i
t t—s
<P L S IvIwIP) ©o7)
s=0 t

t

< 262w5(26t75(w5 —w,) (A% 4 p*R%I,)(w, — w,)).
s=0

where the first inequality of (97) is due to Jensen’s inequality and the second inequality of (97) is
due to the following upper-bound of the gradient norm, |V f (w;)||? = || A« (ws — ws) — p(||Jw.]| —
[wsDws | < 2(ws — wi) TAZ(ws = wi) + 20% (ws || = ws ) ws]|* < 2(ws — wi) T AZ (ws —
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wy) + 2p2||ws — w;s||> R?. By the definitions of d;, e, g5, we further have that

_pllwsll =

lwess = wel* <(1=n(1+ B) [pllwe]l — (v o)) lws = we? 4+ nfeol|wr—y — w.|?
t—2
— 208 3 82w, — w) (Au = B (= ) (0, — w2)

s=1

t—2
+ QUBQ Z Bt72is(ws - w*)T (77(2611) + (CB - QCw)wtﬂ—z)Ai)(ws - w*)

s=1
t—2
+ 27]2p2R2,32wf_2(c/3 — 2¢y) Z B2 Jws — w,]|?
s=1

t—2
=082 Y B (fwill = llws])? (wsl| + llws ]| = 4npéa [lws]|?)

s=1

+ 17 (cp = 200)28'w] 5 (| A3 + p° B?) wo — w. |

<(U=n(L+ B)ollwnll — (v P20, — w2 4 s —
t—2
— 2087 Y B2 (g — w.) T (A = (]| = ) ) (g = w.)
s=1
t—2
+2mBer Yy BT (we — wa) T (As + pRIg) (ws — w,)
s=1

t—2
— 082> B2 (Jwa | — [lwsl)? ([[we | + llws]l — Anpe|ws]|?)
s=1
+ 72 (cs — 2¢0)28%) 5 (| A3 + P2 R?)|Jwo — wi %,
(98)

where the last inequality is due to (1): 27282(2¢, + (cg — 2cu)wl ,)A2 < 2123%(2E, +

B 2 _ c1
LBwy 5)A2 < 2nBeciA., as cg — 2¢, < L and that n < BT LA AL’ and (2) that

2172p2R252wf_2(C/3 —2¢y) < 2n2p2R2L53wf_2 <2npfeiR,asn < m.

To continue, let us bound the last two terms on @) For the second to the last term, by using
that [|w,|| < R for all t and that ) < gZ—7, we have that ([lw.]| + [ws| — 4npéw|ws|?) >

|lws]||. Therefore, we have that the second to last term on is non-positive, namely,
—nB2p 025 B2 (lwall — lwal)? (w4 l[ws | — 4npéu||ws[2) < 0. For the last term on (98],

. e (4. 1 +R)
by using that n < ,
yusmg that = oz (1A 2+ 02 R?)

we||? < 2Ll (I A3 + o2 R?)llwo — wil|? < 208 er (J|AL| + pR) ||wo — w. ||

Combining the above results, we have that

we have that 7% (cs — 2¢,,)268'w; o (|| Ax |13+ p* R?)||wo —

wy|| —
e w2 < (1= 00+ 8) ool — (7= 2] oy — 2 4 meglfus — w2
t—2
+ 2mBer (A + pR) S B2, — w. |2
s=0
t—2 p
2 3 By — w) T (A — & (| — [l ) L) (0 — ).
s=1
99)
]
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The following lemma will be used for getting the iteration complexity from Lemma[T4]
Lemma 15. For a non-negative sequence {y; }>o, suppose that it satisfies
t—2
Yi+1 < pYt + qye—1 + rBY—2 + B Z BTy + 2B forallt > 7, (100)

S=T
for non-negative numbers p, q,r,x,z > 0 and 3 € [0,1), where we denote

t

ge=_ By, (101)

s=0
Fix some numbers ¢ € (0,1) and ¢ > 0. Define 6 = —pryp tHate) W. Suppose that
+/p2+4(q+9
%@)¢andﬁ<p+ P ig+d) 1
- 2

< —.
s T+¢+x P
then we have that for all t > T,

2
< (p+ VP ;4(q+¢))t7rc

where c. g is an upper bound that satisfies, for any t < 7,

Yo + 0ys—1 + ¢Yp—2 + Bz < cr (103)

T8 (102)

Proof. For a non-negative sequence {y; }+>0, suppose that it satisfies

t—2
Yir1 < Pyt + qYi—1 + rBY—o + 2 Z B2 5y + 2L forall t > 7, (104)

S=T

for non-negative numbers p, ¢, r, x, z and 8 € [0, 1), where we denote

¢

Je=» By (105)
s=0
Yer1 + Oys + @Y1 + 2B
(a) t—2
< (p+ Oy +qyi—1 +7BYi—2 + ¢Yr—1 + 2 Z B2y 4+ (PB4 1)z H
t—2
& (p+ 0y + (g + A)yt—1 + (rB+ ¢B8)Ys—2 + 2 Z B2y + (PB+1)28 T
<(p+0)(y+ (]qgj;z) Yio1) + B(r+é+2)g_o + (YB3 + 1)zp 77

—
N

; P+0)(ye +0yi—1) + B(r + ¢+ x)G—2 + (VB + 1)25t_7+1
d

—
=

< (p+0)(ye + Oy + GYr—2 + V2B < (p+ 0)* (Y1 + Oyp—2 + SY—3 + 2B ) <L

= (p+0)" e, 4.

(106)
where (a) is due to the dynamics (100) , () is because §;—1 = y¢—1 + BYi—2, (¢) is by,
q+9¢
479 g, 107
p+60 — (107
and (d) is by
(p+0)¢ 1
< ——""—and B < 60— —. 108
6_T+¢+xan B<p+ ” (108)
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Note that (T07) holds if,

6> -p+ \/p22+ 4(q+¢). (109)

Let us choose the minimal § = —2TVP T4a+e) W. So we have p + 0 = prypralate) ”)22+4(q+¢), which
completes the proof. O

Lemma 16. Assume that for all t,
in Lemma so that ¢; <

we|]| < R for some number R. Fix the numbers co,c1 > 0

m. Suppose that the step size n satisfies (1) n <

co3 c c 1
2cp[|AL(IZ2+2B2L+2cgp? R?’ (2)n = 8(26w+LﬁolJf,2)HA*H’ () < pﬁszlthzR’ (#n < 4pew I )
c1 |A«|l+pR
n < Lﬁwali(z(HA*H?-i-/);?R?)’ (6)n < ;—g, and (7)n < ﬁforallt where cg = (282 +4B8+LB),

L :=||A|l24+2pR, ¢y := % Cw = (1+cw)+(1+cp)? andwl 5 = ZZ;% B. Furthermore, sup-
pose that the momentum parameter (3 satisfies 3 < min{ 1% (1 —n(1+ 3)d),1—n(1+ B)§ — 0.1}.
Fix numbers §,8' so that (p|lws|| —v) > 6 > 0and $& > & > 0. Assume that |[w,|| is non-

20
decreasing. If p|lwi|| > v — 5 (pllws|| — ) + 6 and p|lw|| > v — &' for some t > t,, then we have
that

2nfBeo

w2 < (1-901 e
Hwt w ” _( 77( +ﬁ)5+ 1—77(1+ﬂ)5) CB,ty

where cg ¢, is a number that satisfies for any t < t., ||w; — w.||* + %Hwt_l —wa® +

—2 pt_9_g S R p
nBco > ao B2 Jws — w.|? + max{0, 8200 300 B0 (3 = S lws ) [lws —w.[[?} < cp,

Proof. From Lemma[T4] we have that

pllw. || —
e — el < (1= 1+ B) ol — ( — PP 2] sy a2 4 s — w2

t—2
+2nBer (| + pR) Y 72wy — w.?

s=0
t—2

— 208 Y B wy = wa) T (An = £ (] = fwsl]) ) (w = w2).

s=1

Using that for all t > ¢, p|jw| >~ — L(p[lw.| — ) + &, we have that

Jwepr —w.]* < (1 =01+ B)8)|Jw — w.||* + nBcollwi—1 — w.|?

t—2

+2nBer(J Al + pR) Y. B2 wy — w.?

t—2 =
— 25 BT s ) (A - 2 (el = s ) e = w.)
= (=0 B9 — el oy = o | o
+2nBer (Al + pR) Y. B2 wy — w.?

- s=0
=28 38w —w) (A - 2 (el = ) ) e = w0.)

te—1
253 BT e — )T (A 2 el = e ) Za) s = ).

We bound the second to last term of (110) as follows. Note that for s > t,, we have that p||lws]|| >
~ — ¢’ by the assumption that ||w;|| is non-decreasing. Therefore, once p||w;|| exceeds any level
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blow v — ¢’, it will not fall below v — §’. So we have that

/

)

p (@) p
(b) s
= (= + pllw. NIy — gHw*HId + 7 S 111
© &
A
~ 5 d

where (a) uses that p|lws|| > v — ¢’ for some number §’ > 0, (b) uses the fact that A, > (—vy +
pllws||)I4, and (c) uses the fact that p||w.|| > 7. Using the result, we can bound the second to the
last term of (TT0) as

t—2

— 8 Y B s —wi) T (A = S ([l ) ) (s — w)

s=t,

t—2

< B0 BT lws — w.?.

Ss=t4

Now let us switch to the last term of (110). Using the fact that A, > (—v + p|lw.||)I4, and that
pllwy|| > ~y by the characterization of the optimizer ||w. ||, we have that

(112)

P P 14 v
Av = S(lwall = wal) o = 5 (lwall + lwal) o =5 = (Gllwsll = 5)Ta- - (113)
So we can bound the last term as
to—1
—2—s P
=B Y AT (s —wa) T (A = G (i) = [l 1) (ws —w.)
R (114)
< opgi-tetl Z Bt =175 (g — w*)T(% _ gst”)Id(ws —w,) = 2B,
s=1

where we denote Dy, := Y"1 85175 (wy — w,) T (2 — £||ws]|) La(ws —w..). Combining (110),

(T12), (T14), we have that

[wesr = wil* < (1= n(1+ B)8)[lwe — wil|* + nBcollwe—1 — w. |

t—2
+2nBer (Al + pR) Y B2 lws — w|?
s=0 (115)
t—2
+ 77/325/ Z ﬁt72sz,wS _ ’LU*||2 + 27)Bt7t*+1Dt*-
s=t,

Now we are ready to use Lemmal(I3] Set p, ¢, 7, z, z in Lemma|[T3]as follows.

e p=1—n(l+7p)d

* ¢=npco
o r=2n([|A.]| + pR)cx
o x =npBd

z = 210Dy 1{ D¢, > 0}.

* ¢ =q=npco
o ) =10.
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we have that

w*||2§( (1+66+\/1_ (L+p)0)? +4(277/6€0))t—t*

[[we = B CBits
omBe (116)
<(A=nl+pB)+— 0 e
< ( 77( B) 1_ (1 +5)5) Bt
where we use that ata 12+4b/a2 < a+a(12+ o) = a+ 3 for number a, b that satisfy 4b/a2 >
- . pVpPraate)
—1. Now let us check the conditions of Lemma [15| to see if § < B — and 3 <

@ - i For the first condition, S(r + ¢ + x) < @éf’ is equivalent

to B(2n(||A.]l + pR)cr + nBeo + nBd’) < wnﬂc 0, which can be satisfied by

c1 < W and §’ < & 55> leading to an upper bound of 3, which is 8 < 10 Pty p2;4(q+¢).

Using the expression of p, g, ¢, and 1), it suffices to have that 5 < % (1 —n(l+ ﬁ) ) On the other
< PHVPPHA(ate)
2

hand, for the second condition, 8 <
it suffices to have that 5 <1 —n(1 + 5)d — 0.1.

i, by using the expression of p, ¢, ¢, and ¥,

O
F.2  PROOF OF THEOREM[3]
Proof. Let § = cs(p|lws|| — 7) for some number ¢5; < 0.5. Denote N 12‘;"7]6 for
some number &, > 0. By Lemma[T6] we have that
2npeod t—t.
e = wal? < (1= (1 + B)6 + —20000_yi=tep

( 1—n(1+ 5)5) (117)

(1 o 775(1 + Bcconve?“ge))t—t*cﬂ’t*
where cg ;. is a number that satisfies for any t < ., [Jw; — w.||? + %Hwtq — w,|]* +

nBeo Y oZg B2 |ws — w.||? +max{0, 5207 Y0 B8 0 (5 Bllw ) ws —wil P} < e
Note that we can obtain a trivial upper-bound cg ; for any t as follows. Usmg that ||w; —w,||* < 4R?
and that co < o6 and that § +— ¢5(p||w.|| — ), we can upper-bound the term as

Bt
)1 5

2ncocs (pllw.ll — )8
—n(1+ B)es (pllwall —~
< 4R*(1+ nBCy)
= Cg.

5t>

+ $101 max{0, 7} 5

cpe < AR (1+ . ) + nBocs (pllw.|| —

(118)

260cs (pllw- =) L )
+ 125 (Gocs (pllws || — ) + 10 max{0,~}) and &3 :=
1=n(1+8)cs (pllw. ) =5 (Cocs (pllws =) {0,7}) 5

where we define Cg :=
4R*(1 4 npC%).

Now denote cconverge .—1 — — 260 _ We have that
1-2ncs (pllw. | -)

(@) ||All2 + 2pR
flwes) — fwn) € VL2 2

b) ||A||2 =+ 2pR converge
< 122 2208 s (— mesplhe]) — ) (1 -+ Besomerseyn)
where (a) uses t h |All2 + 2pR)-smoothness of function f(-) in the region of {w : |jw| < R}, and

(b) uses 118) and that 6 := c5(p|lw.|| — 7). So we see that the number of iterations in the
linear convergence regime is at most

(119)

1 oo UIAll2 + 20R)Z5
_ converge Og( 2
nes(pllwl| =) (1 + Be ) €

<T:= ) (120)
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Lastly, let us check if the step size 7 satisfies the constraints of Lemma[16] Recall the notations that

Cow 1= %, Cw = (1+cy)+(1+cw)? cs = (28%2+4B+LB),and L := || A2 +2pR. Lemma
. . cofB C1

has the following constraints, (1) n < 2%”A*HSH%QLHCWQW7 2)n < ﬁ(zéerLB/c(lfﬁ))HA*H’
c ! e1 (| AL |1+pR) s

0 < sprrmmsy W1 S aw O < mErarrse s ©1 < gps and ()

n < ﬁ. For the constraints of (1), using ¢y = ¢y and that 6 = ¢; (pr*H — *y), it can be

rewritten as

eocs (pllwll =)
28+4+4 L) (|| A3 + p?R?) + 28L

n< 2 (121)

For the constraints of (2), using ¢; < W\?HR) and that § = c; (pr* I - fy), it can be rewritten
as

n< cocs (pllwll —7)
= 40B([| ALl + pRI|AL) (260 + LB/ (1 = B3))

The constraints of (3) can be written as, using ¢; <

(122)

Cod
oA T and that § = c5 (pllw. ]| — 7).

< cocs (pllw.l| —7)
= 20pR(JA.] + pR)B2L/(1 - B)’

(123)

. . . ) _
The constraints of (5) translates into, using ¢; < W and that 6 = c; (pr* I — fy),

n < cocs (pllwll — )
T LA2(| A2 + p2R2) /(1 = B)

(124)

Considering all the above constraints, it suffices to let 7 satisfies

1 cocs (pllwll — ) )
(1Al + EwpR)’ C([|[Axll + pR)(1 + [|As]| + pR) +28L7"

n < min(4 (125)

where Cg := max (45 + 8 + 2L, 5L 4 8062,,4¢,,).

Note that the constraint of 7 satisfies ncs (pl|lw.|| — 7) < tes < %. Using this inequality, we
can simplify the constraint regarding the parameter 5 in Lemma which leads to 5 € [0,0.65].

Consequently, we can simplify and upper bound the constants ¢,,, C's and C’B, which leads to the
theorem statement.

Thus, we have completed the proof.

G MORE DISCUSSIONS

Recall the discussion in the main text, we showed that the iterate w1 generated by HB satisfies
(Wey1,ui) = (14 n\i)(we, wi) + B({we, wi) — (wi—1,u4)), (126)

which is in the form of dynamics shown in Lemma[I] Hence, one might be able to show that with
the use of the momentum, the growth rate of the projection on the eigenvector u; (i.e. [{wyy1,u;)|)
is faster as the momentum parameter [ increases. Furthermore, the top eigenvector projection
[{(w¢i1,u1)| is the one that grows at the fastest rate. As the result, after normalization (i.e. Toemt

), the normalized solution will converge to the top eigenvector after a few iterations 7'.
However, we know that power iteration or Lanczos method are the standard, specialized, state-of-
the-art algorithms for computing the top eigenvector. It is true that HB is outperformed by these

methods. But in the next subsection, we will show an implication of the acceleration result, com-
pared to vanilla gradient descent, of top eigenvector computations.
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(@)n=1x10"2 (b)n=5x10"3 ©)n=1x10"3 (d)n=5x10"*

Figure 3: Distance to the top leading eigenvector vs. iteration when applying HB for solving min,, %wTAw.
The acceleration effect due to the use of momentum is more evident for small 7. Here we construct the matrix
A = BBT € R'*10 with each entry of B € R'®*!0 sampled from A/(0, 1).

G.1 IMPLICATION: ESCAPE SADDLE POINTS FASTER

Recent years there is a growing trend in designing algorithms to quickly find a second order sta-
tionary point in non-convex optimization (e.g. |Carmon et al.| (2018); |/Agarwal et al.| (2017); |Allen-
Zhu & Li (2018); Xu et al| (2018); |Ge et al.| (2015); [Levy| (2016)); [Fang et al.| (2019); Jin et al.
(2017 2018; |2019); |[Daneshmand et al.| (2018)); |Staib et al.| (2019); Wang et al.| (2020)). The com-
mon assumptions are that the gradient is L-Lipschitz: ||V f(z) — Vf(y)|| < L|jz — y|| and that
the Hessian is p-Lipschitz: ||[V2f(z) — V2f(y)| < pllz — y|. while some related works make
some additional assumptions. All the related works agree that if the current iterate wy, is in the
region of strict saddle points, defined as that the gradient is small (i.e. ||V f(wy, )] < €4 ) but
the least eigenvalue of the Hessian is strictly negative (i.e. Amin(V2f(ws,)) = —enly), then
the eigenvector corresponding the least eigenvalue Apyin (V2 f(wy,)) is the escape direction. To
elaborate, by p-Lipschitzness of the Hessian, f(wi,4:) — f(we,) < (Vf(wey), Wegrt — W) +

5 (wt0+t — wtO)TVQf(wto)(wtOH — U)to) +§ Hwt0+t — Wy, ||3 Soif Wio+t — Wiy, is in the direction

exhibit negative curvature

of the bottom eigenvector of V2 f(wy, ), then & (wy,1s — wiy) T V2 f (Wi ) (weg 4t — wiy) < —Cep
for some ¢’ > 0. Together with the fact that the gradient is small when in the region of saddle
points and the use of a sufficiently small step size can guarantee that the function value decreases
sufficiently (i.e.f(wey+1) — f(wy,) < —cep, for some ¢ > 0). Therefore, many related works design
fast algorithms by leveraging the problem structure to quickly compute the bottom eigenvector of
the Hessian (see e.g. (Carmon et al.|(2018)); |/Agarwal et al.| (2017); |Allen-Zhu & Li| (2018); [ Xu et al.
(2018)).

An interesting question is as follows “If the Heavy Ball algorithm is used directly to solve a non-
convex optimization problem, can it escape possible saddle points faster than gradient descent?”
Before answering the question, let us first conduct an experiment to see if the Heavy Ball algorithm
can accelerate the process of escaping saddle points. Specifically, we consider a problem that was
consider by Staib et al.| (2019); Reddi et al.| (2018)); Wang et al.| (2020)) for the challenge of escaping
saddle points. The problem is

min,, f(w) = 13" (AwTHw+ 2] w + ||lw|1]) (127)

1 0

0 —0.1
component will provide smaller component of gradient in the escape direction. At the origin, we
have that the gradient is small but that the Hessian exhibits a negative curvature. For this problem,
Wang et al.[(2020) observe that SGD with momentum escapes the saddle points faster but they make
strong assumptions in their analysis. We instead consider the Heavy Ball algorithm (i.e. Algo-
rithm [T} the deterministic version of SGD with momentum). Figure ] shows the result and we see
that the higher the momentum parameter /3, the faster the process of escaping the saddle points.

with H := { . where z; ~ N(0,diag([0.1,0.001])) and the small variance in the second

We are going to argue that the observation can be explained by our theoretical result that the Heavy
Ball algorithm computes the top eigenvector faster than gradient descent. Let us denote h(w) :=

L5 (2w + [Jw]|1)). We can rewrite the objective (127) as f(w) := $w " Hw + h(w). Then,
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the Heavy Ball algorithm generates the iterate according to

1-— 0
W1 = { 0 " 1+ 1%] wy + Blwy — wi—1) — nVh(we). (128)
=A

By setting n < 1, we have that the top eigenvector of A is u; = ey, which is the es-
cape direction. Now observe the similarity (if one ignores the term nVh(w;)) between the up-
date and It suggests that a similar analysis could be used for explaining the es-
cape process. In Appendix [G.2] we provide a detailed analysis of the observation. How-
ever, problem has a fixed Hessian and is a synthetic objective function. For general
smooth non-convex optimization, can we have a similar explanation? Consider applying the
Heavy Ball algorithm to min,, f(w) and suppose that at time to, the iterate is in the re-

gion of strict saddle points. We have that wy14¢, — wy, = (Ig — NV f(wy,)) (Wege, —
wiy) + B((Wert, — wiy) — Wigtg—1 — W) + (V2 f(wie) (Wigry — wiy) = Vf(Wigey) )
deviation

By setting n < % with L being the smoothness constant of the

problem, we have that the top eigenvector (Ig — nV?2f(wy,)) is o
the eigenvector that corresponds to the smallest eigenvalue of the
Hessian V? f(wy, ), which is an escape direction. Therefore, if the
deviation term can be controlled, the dynamics of the Heavy Ball
algorithm can be viewed as implicitly and approximately comput-
ing the eigenvector, and hence we should expect that higher val-
ues of momentum parameter accelerate the process. To control .
V2 f(wi, ) (Wigty—wey )=V f (Wi 44, ), one might want to exploitthe ¢ o | = 1 &
p-Lipschitzness assumption of the Hessian and might need further

mild assumptions, as |Du et al.| (2017) provide examples showing Figure 4: Solving (with
that gradient descent can take exponential time 7' = Q(exp(d)) to n = 10) by the Heavy Ball al-
escape saddles points. Previous work of [Wang et al|(2020) makes gorithm with different 3.

strong assumptions to avoid the result of exponential time to escape.

On the other hand, Lee et al.[|(2019) show that first order methods can escape strict saddle points
almost surely. So we conjecture that under additional mild conditions, if gradient descent can escape
in polynomial time, then using Heavy Ball momentum (8 # 0) will accelerate the process of escape.
We leave it as a future work.

G.2 ESCAPING SADDLE POINTS OF ([127))

Recall the objective is

min,, f(w) := %Z?:1 (%wTHw +xfw+ ||w\|%8) (129)
with
|1 0
H = {0 _0.1] . (130)

where z; ~ N (0, diag([0.1,0.001])) and the small variance in the second component will provide
smaller component of gradient in the escape direction. At the origin, we have that the gradient is
small but that the Hessian exhibits a negative curvature. Let us denote h(w) := £ 3" | (z]w +
[[w]|1§). We can rewrite the objective as f(w) := 2w Hw -+ h(w). Then, the Heavy Ball algorithm
generates the iterate according to

w1 = wy — nHwi + B(wy — wi—1) — nVh(wy)

1— 0
= [ 0 n L+ O.lr]} wy + B(we — wi—1) — nVh(wy) (131)
= Awy + B(wy — we—1) — nVh(wy),

1—n 0

where the matrix A is defined as A := [ 0 140.1p

}. By setting n < 1, we have that the

top eigen-vector of A is u3 = es = ﬂ, which is the escape direction. In the following, let us
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denote us = e = 1 and denote z = & " x;. Since ||w||P = ‘.i: w;|P) and that
0 n i=1 p =1

ollwlly _

—1 0w
Ow; '7p|wj|p 1okl —

|P=2,,.
v, = plw;[P~2w;, we have that

Vh(w) = Z 4 10abs(w)® o w, (132)
where o denotes element-wise product and abs(-) denotes the absolution value of its argument in the
element-wise way.

By initialization wy = w_; = 0, we have that (wg u1) = (w! u1) = (wg uz) = (w ' us) = 0 and
the dynamics

th_HUQ = (1 —n)w/ us + Bw; uy — w, jus) — nug Vh(wy)
(133)
wiqur = (1+ l%)w;m + Blw ur — wi_yur) —1ui Vh(w,),
while we also have the initial condition that
0 _ _
wl s =~ Vi) =~ I [§]) = =l = sl
0 (134)
wlur = ] Vh(un) = ~gu] Va( o)) =~ @ = ~yaz)
That is,
wy = —NT. (135)
Using (132)), we can rewrite (133) as
wiyue = (1= nw uz + Blw uz — w_yuz) = nz[1] = 10n(w us)” 136
wy = (1+ f—o)w:ul + Blw ur — w,quy) — nz[2] — 10n(w/, uq)°.
Note that we have that
Vf(w) := Hw + Vh(w) = Hw + Z + 10abs(w)® o w
1+ 10[w[1)P 0 s (137)
- 0 —0.1+10[w[2)®]“ "7
So the stationary points of the objective function satisfy
1+ 10Jw[1][*)w[1] + z[1] = 0
(1+ 101} )wl1] + (1 1)

(—0.1 4 10jw[2]®)w([2] + z[2] =0
To check if the stationary point is a local minimum, we can use the expression of the Hessian
V2f(w) := H + V*h(w)

_ [1490Jw[1]® 0 (139)
- 0 —0.1 +90jw|[2]|®

Therefore, the Hessian at a stationary point is positive semi-definite as long as [w(2]|® > 555, which
can be guaranteed by some realizations of Z[2] according to (138]).

Now let us illustrate why higher momentum ( leads to the faster convergence in a high level way,
From (138), we see that one can specify the stationary point by determining Z[1] and Z[2]. Fur-
thermore, from , once the iterate w; satisfies [w;[2]|® > 55, the iterate enters the locally
strongly convex and smooth region, for which the local convergence of the Heavy Ball algorithm
is known (Ghadimi et al.| (2015)). W.Lo.g, let us assume that T 2] is negative. From , we
have that w, u; > 0 when Z[2] is negative. Moreover, from , if, before the iterate satisfies

lwe[2][® > 5&5 . we have that 75 (wu1) — 10(w u1)? — Z[2] > 0, then the contribution of the

projection on the escape direction (i.e. w;:Llul) due to the momentum term B(w, u; — w, ju;)
is positive, which also implies that the larger (, the larger the contribution and hence the faster the
growing rate of |w;[2]|. Now let us check the condition, 15 (w, u1) — 10(w, u1)? — Z[2] > 0 before

lwe[2][® > 555. A sufficient condition is that (15 — 55)(w, u1) — Z[2] > 0, which we immediately

see that it is true given that Z[2] is negative and that w; u; > 0 and that the magnitude of w, u; is

increasing. A similar reasoning can be conducted on the other coordinate w4 1[1] := th_Huz.
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H EMPIRICAL RESULTS

H.1 PHASE RETRIEVAL
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Figure 5: Performance of gradient descent with Heavy Ball momentum with different values of
8 = {0,0.3,0.5,0.7,0.9,1.0 — 0.9} for solving the phase retrieval problem . The case of
B = 0 corresponds to the standard gradient descent. Left: we plot the convergence to the true
model w,, defined as min(||w; — w, ||, [|w; + w*||), as the global sign of the objective equation|l]is

unrecoverable. Right: we plot the objective value (E[) vs. iteration ¢.
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Figure 6: Performance of HB with different 8 = {0,0.3,0.5,0.7,0.9,1.0 — 0.9} for phase retrieval. (a):
The size of projection of w; on ws over iterations (i.e. |wt‘|\ vs. t), which is non-decreasing throughout the
iterations until reaching an optimal point (here, ||ws|| = 1). (b): The size of the perpendicular component over
iterations (i.e. ||wi || vs. t), which is increasing in the beginning and then it is decreasing towards zero after
some point. We see that the slope of the curve corresponding to a larger momentum parameter /3 is steeper than
that of a smaller one, which confirms LemmaEland LemmaEl

All the lines are obtained by initializing the iterate at the same point wy ~ N (0,Zy/(10000d))
and using the same step size n = 5 x 10~%. Here we set w, = e; and sample z; ~ N(0,Z,)
with dimension d = 10 and number of samples n = 200. We see that the higher the momentum
parameter /3, the faster the algorithm enters the linear convergence regime. For the line represented
by HB+(8 = 1.0 — 0.9), it means switching to the use of § = 0.9 from 8 = 1 after some
iterations. Below, Algorithm [3] and Algorithm ] we show two equivalent presentations of this
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practice. In our experiment, for the ease of implementation, we let the criteria of the switch be

H{W > 0.5}, i.e. if the relative change of objective value compared to the initial value

has been increased to 50%.

Algorithm 3: Switching S =1to 5 < 1
1: Required: step size  and momentum parameter 3 € [0, 1).
2: Init: u = v = wo ERdandB: 1.
3: fort =0to 7 do .
4 Update iterate w1 = we — nV f(we) + B(u — v).
5 Update auxiliary iterate u = v
6:  Update auxiliary iterate v = w.
7
8
9
0
1

If { Criteria is met }
B=8.
: U=V = Wit1 # (reset momentum)
10: end
11: end for

Algorithm 4: Switching 5 =1to 8 < 1.

1: Required: step size  and momentum parameter 3 € [0, 1).
2: Init: wo € RY, m_y =04, 8 = 1.
3: fort =0to 1 do

4 Update momentum m; := 3mt_1 + Vf(we).
5 Update iterate w1 1= w¢ — My

6 If { Criteria is met }

7: B =0.

8: m: = 0. # (reset momentum)

9 end
10: end for

H.2 CUBIC-REGULARIZED PROBLEM

Figure [2| shows empirical results of solving the cubic-regularized problem by Heavy Ball with dif-
ferent values of momentum parameter 5. Subfigure (a) shows that larger momentum parameter 3
results in a faster growth rate of ||w; ||, which confirms Lemmaand shows that it enters the benign
region B faster with larger 5. Note that here we have that ||w.| = 1. It suggests that the norm is
non-decreasing during the execution of the algorithm for a wide range of 3 except very large /3 For
B = 0.9, the norm starts decreasing only after it arises above ||w.||. Subfigure (b) show that higher
[ also accelerates the linear convergence, as one can see that the slope of a line that corresponds
to a higher S is steeper than that of the lower one (e.g. compared to 8 = 0), which verifies Theo-
rem[3] We also observe a very interesting phenomenon: when /3 is set to a very large value (e.g. 0.9
here), the pattern is intrinsically different from the smaller ones. The convergence is not monotone
and its behavior (bump and overshoots when decreasing); furthermore, the norm of ||w;|| generated
by the high § is larger than ||w.|| of the minimizer at some time during the execution of the algo-
rithm, which is different from the behavior due to using smaller values of 3 (i.e. non-decreasing of
the norm until the convergence). Our theoretical results cannot explain the behavior of such high
5, as such value of 3 exceeds the upper-threshold required by the theorem. An investigation and
understanding of the observation might be needed in the future.

Now let us switch to describe the setup of the experiment. We first set step size 7 = 0.01, dimension
d=4,p=|w =]|Al2=1,+v=0.2and gap = 5 x 1073, Then we set A = diag([—; —y +
gap; ass; aq4)), where the entries ags and ay4 are sampled uniformly random in [—v + gap; || 4||2]-
We draw @ = (A + pllws||14) %0, where § ~ N(0;1;) and log, & is uniform on [—1,1]. We
HHu?H
problem instance (A, b, p). Patterns shown on this figure exhibit for other random problem instances
as well.

set w, = wand b = —(A + p||lw«||Iq)ws. The procedure makes w, the global minimizer of
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