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ABSTRACT

Transformers are challenging to optimize with SGD and typically require adaptive
optimizers such as Adam. However, the reasons behind the superior performance
of Adam over SGD remain unclear. In this study, we investigate the optimization
of transformers by focusing on gradient heterogeneity, defined as the disparity in
gradient norms among parameters. Our analysis shows that gradient heterogeneity
hinders gradient-based optimization, including SGD, while sign-based optimiza-
tion, a simplified variant of Adam, is less affected. We further examine gradient
heterogeneity in transformers and show that it is influenced by the placement of
layer normalization. Experimental results from fine-tuning transformers in both
NLP and vision domains validate our theoretical analyses.

1 INTRODUCTION

Transformers (Vaswani et al., 2017) have achieved significant success across various tasks, espe-
cially in natural language processing (NLP). The training of transformers typically relies on adaptive
optimization methods such as Adam (Kingma and Ba}|2015]), which empirically outperform stochas-
tic gradient descent (SGD) (Schmidt et al., [2021} |Choil [2019), especially for transformers (Zhang
et al.,[2020b; Kunstner et al.,2023; Zhang et al., 2024a; Kunstner et al., [2024)).

Despite the superior performance of Adam, the reasons for its advantage over SGD, particularly
during fine-tuning, remain unclear. Adam consistently outperforms SGD, even in full-batch settings,
while SignSGD (Bernstein et al.|[2018), which behaves similarly to Adam (Li et al.| [2025)), achieves
comparable performance to Adam under the same conditions (Kunstner et al., [2023). This suggests
that the performance gap cannot be solely attributed to gradient noise (Zhang et al., [2020b)) but
rather stems from fundamental differences between SGD and SignSGD, which remain unexplored.
The Adam-SGD gap has been partially linked to heavy-tailed label distributions (Kunstner et al.,
2024), but this explanation does not fully account for the gap in fine-tuning tasks, where the number
of labels can be small. [Zhang et al.| (2024a) made an important step by associating this gap with
Hessian heterogeneity in transformers, yet the underlying mechanism remains unclear.

In this study, we take a step toward a better understanding of the performance gap between Adam
and SGD by providing a theoretical explanation. Specifically, we analyze the iteration complex-
ity—defined as the number of optimization steps required for convergence—and propose that the
performance gap arises from parameter-wise heterogeneity. This heterogeneity manifests as both
Hessian heterogeneity (Zhang et all 2024a)) and gradient heterogeneity, the variation in gradient
norms across parameters. Among these, gradient heterogeneity is more tractable for empirical anal-
ysis.

We begin by deriving upper bounds on the iteration complexity of gradient-based and sign-based
optimization methods in both deterministic and stochastic settings. Our analysis leverages the fact
that SGD and SignSGD correspond to steepest descent methods under different norms. The results
suggest that gradient-based methods are more sensitive to parameter-wise heterogeneity than their
sign-based ones. To further investigate the origin of parameter-wise heterogeneity, we analyze gra-
dient heterogeneity in transformers and examine how it relates to architectural design choices. In
particular, we find that applying layer normalization after residual connections significantly ampli-
fies gradient heterogeneity.
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Table 1: Comparison with prior studies. v': Supported; A: Partially supported; —: Not supported.

Paper SignSGD  Transformer Theoretical complexity —Heterogeneity
Zhang et al.| (2020b) — v v -
Crawshaw et al.|(2022) v A v -
Kunstner et al.| (2023) v v - -
Pan and Li| (2022) - v — -
Kunstner et al.[(2024) v A - -
Zhang et al.|(2024a) - v - v
Ours v v v v

Our contributions are summarized as follows. Table [T|compares prior studies with ours.

* We derive upper bounds for the iteration complexity for optimization algorithms in both determin-
istic and stochastic settings. Our analysis suggests that SGD is highly sensitive to parameter-wise
heterogeneity, whereas Adam is less affected (Theorems {7 and .9).

* To understand parameter-wise heterogeneity, we investigate gradient heterogeneity in transform-
ers, identifying the position of layer normalization as a factor influencing it (Section [4.6).

* QOverall, we emphasize that the sign-based nature of Adam helps address optimization challenges
caused by parameter-wise heterogeneity, a characteristic of transformer architectures.

2 RELATED WORK

Adam in deep learning. Adam (Kingma and Ba,[2015) is a widely used optimization algorithm in
deep learning, known for its well-established convergence properties (Zhang et al.,2022). However,
the reasons for its superior performance are not yet fully understood. Jiang et al.| (2024)) empirically
observed that Adam tends to converge to parameter regions with uniform diagonal elements in the
Hessian, supported by theoretical analysis based on two-layer linear models. [Rosenfeld and Ris-
teski| (2024)) argued that the ability of Adam to handle outliers in features is a critical factor in its
effectiveness. Additionally, [Kunstner et al.| (2024) attributed the performance of Adam in language
models to its ability to manage heavy-tailed class imbalance.

Optimization challenges in transformers. A key aspect of transformer optimization is the no-
table superiority of Adam over SGD.|Zhang et al.|(2020b) attributed this to the heavy-tailed gradient
noise, but Kunstner et al.| (2023)) later challenged this, arguing that the superior performance of
Adam can be attributed to sign-based characteristics rather than gradient noise, supported by full-
batch experiments. |Li et al.| (2025) demonstrated the similarity between Adam and SignSGD in
optimization and generalization, and provided a theoretical analysis of SignSGD. |Pan and Li| (2022
proposed directional sharpness and show that Adam achieves lower values in transformers. |Ahn
et al.| (2024) demonstrated that linear transformers exhibit similar optimization behaviors to stan-
dard transformers. [Zhang et al.|(2024a)) revealed that the Hessian spectrum of the loss function with
transformers is heterogeneous and suggested that this is one cause of the Adam-SGD performance
gap. Zhao et al.|(2025b)) empirically evaluated various optimization algorithms on transformer archi-
tectures. This heterogeneity was later confirmed by Ormaniec et al.[(2025]), who derived the Hessian
of transformers explicitly.

Sign-based optimization and variants. SignSGD, also known as sign descent (Balles and Hen-
nig| [2018), is an optimization method that is computationally efficient and memory-saving, making
it suited for distributed training (Bernstein et al., 2018])). Through program search, a sign-based opti-
mization algorithm called Lion (evolved sign momentum) was discovered (Chen et al., [2024b), and
its effectiveness was shown by |Chen et al|(2024a). Adam can be interpreted as a variance-adapted
variant of SignSGD. For example, Xie and Li| (2024) analyzed the convergence property of Adam
by using this property. Similarly, Zhao et al. (2025a) found that sign-based optimizers restore the
stability and performance of Adam and proposed using adaptive learning rates for each layer. Ad-
ditionally, |Zhang et al.| (2024b)) showed that adaptive learning rates do not need to be computed at a
coordinate-wise level but can be applied at the level of parameter blocks.
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3 PRELIMINARIES

This section introduces the notation and outlines the optimization methods relevant to our study.

3.1 NOTATION

Vectors and matrices. The k-th element of a vector a is denoted by ay, and for a matrix A, we
use Ay, A.;, and Ay to denote the k-th row, I-th column, and element at (k, 1), respectively.
When a vector or matrix is split into blocks, [-], denotes the b-th block. The I, norm is denoted
by ||-||4 for vectors and represents the operator norm for matrices. The all-ones vector and identity
matrix of size a are denoted by 1, and I,,, respectively. The operator blockdiag(-) constructs block
diagonal matrices. Derivatives are computed using the numerator layout.

Model. We consider a classification task with C classes and sample space X'. The model f(-;0) :
X — R is parameterized by @ € R, which is divided into B blocks, denoted as [0];, € R*, with

Zszl P, = P. Tt comprises a pre-trained feature extractor ¢(-) : X — R” and a linear head with
weight V'€ RE*" and bias b € R®. The output is given by f(x) = V¢ (x) + b. At the beginning
of fine-tuning, ¢ remains pre-trained, while V' and b are randomly initialized.

Training. The training dataset {(x®,y®)}N | consists of N samples (*) € X and the cor-
responding labels y(*) ¢ {1,...,C}. The training objective is to minimize the training loss
L) = £ 3N 0(f(xD;0),yD). Here, £ : R® x {1,...,C} — R denotes the loss func-

tion. The element-wise sign function is denoted by sign(-). The mini-batch loss is denoted by L(8),
and the learning rate at step ¢ is represented by 7;.

3.2 OPTIMIZATION ALGORITHMS

Adam. Adam (Kingma and Ba,[2015) is widely used in deep learning. It uses the first and second

moment estimates of the gradient VZ(Ot), denoted as m; and v;, computed using an exponential
moving average to reduce mini-batch noise. The update is performed coordinate-wise as:

m,
\/'Et—f—G’

where @ denotes bias correction and € is a small constant for numerical stability.

9t+1 =6, — Nt

Adaptive learning rate and SignSGD. A key feature of Adam is its adaptive learning rate,
which is computed in a coordinate-wise manner. When the hyperparameter €, which is typically
set close to zero, is ignored and the ratio |72, 1/1/s11] is close to 1, Adam behaves similarly to
SignSGD (Balles and Hennig| 2018} [Bernstein et al.,[2018). SignSGD updates the parameters with
momentum 772; as:

0141 = 0; — n; sign(my).

This method has the property that the updates are invariant to the scale of the gradient. In this sense,
Adam can be seen as a soft version of SignSGD. Additionally, the optimizer RMSProp (Tieleman
and Hinton, [2017)), which inspired Adam, was originally motivated by the idea of using the sign of
the gradient in a mini-batch setting. RMSProp is similar to Adam but without the momentum term.

SGD and gradient clipping. SGD can also be modified to achieve scale invariance. A simple
way to introduce scale invariance is to normalize the learning rate by the gradient norm, a technique
known as normalized gradient descent. This method has been shown to be equivalent to gradient
clipping up to a constant factor in the learning rate (Zhang et al., 2020a). Gradient clipping is
commonly used to stabilize training, particularly in cases where large gradient magnitudes cause
instability and is often applied alongside other optimizers. However, a key difference between Adam
and SGD is that SGD does not adapt the learning rate in a coordinate-wise manner.
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Steepest descent. SGD and SignSGD can be interpreted as updating in the direction of the steepest
descent (Xie and L1, [2024):

A; € arg min Vf(at)TA.
A[l<1

The steepest descent direction associated with the norms ||-||2 and ||| corresponds to the updates
of SGD and SignSGD, respectively.

The steepest descent direction satisfies
VL(O) A = —|[VL(@B))]..

where |||« denotes the dual norm of ||-||. Thus, evaluating the gradient norm using the dual norm is
a natural choice for analyzing steepest descent algorithms because it measures the largest possible
directional derivative within the unit norm constraint.

4 MAIN RESULTS

In this section, we theoretically analyze optimization methods. We first introduce the setting, as-
sumptions (Section [.1), and complexity measures (Section 4.2), then examine gradient—Hessian
correlations (Section4.3)). Next, we derive upper bounds for optimization complexity in determinis-
tic (Section4.4) and stochastic settings (Section[d.5). Finally, we investigate gradient heterogeneity
in transformers (Section [4.6). Our analyses suggest that parameter-wise heterogeneity, which is a
characteristic of transformers, contributes to the performance gap between Adam and SGD.

4.1 SETTING AND ASSUMPTION

Gradient-based and sign-based sequences. |Kunstner et al.[(2023) showed that in full-batch set-
tings without gradient noise, SignSGD performs similarly to Adam and outperforms SGD. This sug-
gests that the performance gap between Adam and SGD arises from differences between SignSGD
and SGD. Other studies have also used SignSGD as a proxy for Adam in their analyses (Balles and
Hennig, 2018} L1 et al.,2025; Kunstner et al., [2024)).

On the basis of these insights, we analyze the difference between parameter sequences {9524}

and {BtSig“}g’io, referred to as the gradient-based and sign-based sequences, respectively. These
sequences correspond to updates performed by gradient-based and sign-based optimization. In de-
terministic settings, these updates are defined as follows:

O = 07—, VL(O7™), 075 = 6" — 1y sign(VL(6;™")).
In stochastic settings, the loss L is replaced with the mini-batch loss L.

Assumptions. We consider fine-tuning settings, in which the parameter € can be typically assumed
to remain within a region Rgr throughout training. This assumption restricts € to the localized
region Rer, allowing further assumptions to be applied within this region.

Assumption 4.1 (Fine-tuning). The parameter 8 remains within the region Ry throughout the
training and there exists 6, € Ry such that L, := L(0,) = minger,, L(0).
We assume Hessian Lipschitz continuity, a standard assumption in optimization (Nesterov, 2013)).

Assumption 4.2 (Lipschitz continuity (Nesterov, 2013)). Within the region Rgt, the loss function
L is twice differentiable, and its Hessian matrix is pg-Lipschitz continuous

IV2L(6) = V2L(0)2 < pr |6 — 02

Additionally, Hessians in deep models often exhibit a near block-diagonal structure (Maes et al.,
2024; |[Kunstner et al., [2024; (Collobert, 2004; Zhang et al.,2024a)), an assumption also adopted in
optimization methods (Martens and Grossel 2015 Zhang et al.| 2017). We thus assume a block-
diagonal Hessian.
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Assumption 4.3 (Near block-diagonal Hessian). Within the region Rgr, the Hessian matrix can be
approximated by a block-diagonal matrix with an approximation error d:

IV2L(6) = V*Lp(0)]l2 < dp, )
for all 8,0’ € Rgr, where
V2Lp(0) == blockdiag({[VZL(8)]y}E.,),

represents the block-diagonal approximation.

Note that in Eq. (I), the left-hand side is bounded above by the sum of squared elements in the
non-diagonal blocks, following the relationship between ||-||2 and the Frobenius norm.

4.2 GRADIENT HETEROGENEITY AND COMPLEXITY MEASURE

We define gradient heterogeneity as follows (see Figure [3). Compared with heterogeneity in the
Hessian spectrum (Zhang et al., 2024a)), it is computationally more tractable to analyze.

Definition 4.4 (Gradient heterogeneity). The gradient heterogeneity is defined as the disparity in
gradient norms across different parameter blocks, {|| [ng}) loll2}2.,.

Next, we introduce two measures used in our analysis. In the following definitions, A weights the
operator norm of each Hessian block by its corresponding gradient norm, while Ap weights it by

the parameter dimension. These definitions ensure that the weights of all Hessian blocks sum to 1,
B

B
as shown by the equalities: Z IIVL(O)]s|13/IVL(O)|3 = Z P,/P=1.

b=1 b=1
Definition 4.5 (Weighted Hessian complexity). The gradient-weighted Hessian complexity A and
parameter-weighted Hessian complexity A p are defined as:

b 3 UL

VL6 2
Ag = sup E 7”[ ( )]b||2\|[V2L(0)]bH2, Ap = su
6€R 14

oertn 2 [VL(O)[3

4.3 GRADIENT-HESSIAN CORRELATION

As shown in Figure (1} large Hessian operator norms ||[V?L(6)]|2 are often associated with large
gradient magnitudes ||[VL(0)]y|l2. In contrast, no such correlation is observed between Hessian
I[V2L(0)],||2 and parameter dimension P, (Appendix . This gradient-Hessian correlation con-
tributes to an increase in A under gradient heterogeneity, while A p remains relatively small.

Approximate explanation. If the loss function L is approximated in the region Rgr by a second-
order Taylor expansion around the optimum 6, € Rpr, where VL(6,.) is close to 0, and the Hessian
matrix is assumed to be block-diagonal, the following inequality approximately holds:

IVL(O)s]l2 < [[VZL(0.)]s2]ld6]l2,

where dg = 0 — 0,.. This inequality suggests a positive correlation between the gradient norm and
the Hessian matrix.

Support from prior studies. This gradient—Hessian correlation has been observed or assumed
in prior work. For example, [Zhang et al.| (2024a); Jiang et al.|(2024) demonstrated a relationship
between |VL(0)i| and |V2L(0)i,i|. The (Lo, L1)-smoothness assumption (Zhang et al., [2020a)
and its coordinate-wise generalization (Crawshaw et al.,[2022) also embody this correlation.

4.4 COMPLEXITY BOUND

To analyze optimization algorithms, we define a complexity measure inspired by |(Carmon et al.
(2020);Zhang et al.|(2020a); Crawshaw et al.[(2022). This measure reflects the number of parameter
updates needed to achieve a sufficiently small gradient norm, with higher complexity indicating
slower convergence.
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Definition 4.6 (Iteration complexity). We define the iteration complexity of a parameter sequence
{6,}52, for 6, € RY with the loss function L and the norm ||-||;:

Te({0:}iZ0, Ly [I-llq) = inf{t € N | Cc(8)},
where C.(t) is defined as
deterministic: | VL(8)|, < P4, stochastic:  P(Vs < ¢, [|[VL(6,)l|q > Pl/qs) <1l

Compared with the complexity definitions in previous studies, we introduce a distinction between
norms and a normalization term P4 to ensure dimensional consistency across different norms.

Using this measure, we show the complexity bound in deterministic, namely full-batch, settings as
follows. The parameter (y € (0, 1) controls the range of learning rates.

Theorem 4.7 (Deterministic setting). Assume dp < min(Aq, Ap)/3. Then, the iteration complex-
ities in deterministic settings are bounded as follows.
2
For the gradient-based sequence, suppose that ¢ < p A\G/F holds and that learning rate at time t
H
1

satisfies n; = (; min(i7 m), where (¢ € [Co, 1], we have
t

6(L(6o) — L)

Grad
T(09™ )20, L ) < 2255 A
2
For the sign-based sequence, suppose that ¢ < pA\I;F holds and that the learning rate at time t
H

Sign Sign
satisfies n; = ¢; min( ”VLA(th Mo/ HVPLH(IO;%/Q)H1 ), where (i € [Co, 1], we have

6(L(60) — L)

T (07" Yo L ) € 27 B

Ap

The iteration complexity of the gradient-based and sign-based sequences is evaluated using the
norms ||-||2 and ||-||1, respectively. This choice of norms is justified because they correspond to
the dual norms that determine the steepest descent direction, as discussed in Section[3.2]

Gradient heterogeneity can increase the complexity of the gradient-based sequence. The the-
orem indicates that the iteration complexity of the gradient-based and sign-based sequences is char-
acterized by Ag and Ap, respectively. As discussed earlier, when the gradient is heterogeneous,
A can become large. Consequently, the iteration complexity of the gradient-based sequence may
surpass that of the sign-based sequence under such conditions.
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4.5 STOCHASTIC SETTING

In practice, the gradient is estimated using a mini-batch. We introduce the following assumptions
about the noise, defined as the difference between the full-batch and mini-batch gradients.

Assumption 4.8 (Noise). For all @ € R”, there exist constants o5, o5 > 0 such that:

E[VL(6)] = VL(8), )
E[|VL(8) — VL()[3] < o3| VL(O) |3, 3)

and foralli € {1,..., P},
E[|VL(6); — VL(6):|?] < 02| VL(8);[*. )

The assumption in Eq.@) is standard in stochastic optimization (Bernstein et al.| [2018). We intro-
duce Eq.(3) to bound the third-order moment of the gradient noise norm and Eq.() to model its
coordinate-wise correlation with the gradient. This correlation is supported by Figure 2] (additional
settings in Appendix [F4). The coordinate-wise assumption is needed for analyzing errors in the
gradient sign and block-wise gradient. Additionally, bounding the noise is a common practice in
stochastic optimization (Crawshaw et al.,[2022; [Zhang et al.,|2020a)).

Using these assumptions, we establish the complexity bounds for the stochastic setting, where (o €
(0, 1) controls the range of learning rates as in the deterministic setting.

Theorem 4.9 (Stochastic setting). Assume dp < min(Ag, Ap)/3. Then, the iteration complexities
in stochastic settings are bounded as follows.

(1+02)2A2G
4(1+03)pu VP
L ), where (; € [Co, 1], we have

For the gradient-based sequence, suppose that £ < holds and that the learning rate

. . _ . 1
at time t satisfies i = G Wi (Trymg s S oo S Ter T,

12(1 + 2)(L(80) — L)

To({07) 0. L. o) < e

Ag.

2
p A\I;T) and o9 < 2—14 hold and that the learning rate
H

VL6711 VL6711
ApP om P32

For the sign-based sequence, suppose that € <

at time t satisfies ny = (; min(

), where (; € [Co, 1], we have

12(1 + 2409)(L(6g) — L)

Ap.
Pe2(y r

7—6({9?8”}?207 L7 ||||1) <

This theorem shows that the dependence on the noise is the same for the both sequences up to a
constant, so the difference in noise dependence may be minor. Therefore, the performance gap is
more likely due to the difference between Ag and A p, as in the deterministic setting.

4.6 OPTIMIZATION OF TRANSFORMERS

Transformers show much greater parameter heterogeneity than other models (Zhang et al.| [2024a;
Cui and Wang|, 2024)). Theorems and[£.9] suggest that gradient heterogeneity is a key factor in
the performance gap between Adam and SGD in transformers. Here, we discuss the role of layer
normalization in transformers.

Post-LN and Pre-LN. Transformers integrate residual connections and layer normalization with
multi-head attention and feed-forward networks. The two main transformer architectures are post-
layer normalization (Post-LN), where the residual connection is followed by the layer normalization,
and pre-layer normalization (Pre-LN), where the layer normalization precedes the residual connec-
tion. Pre-LN is known for greater stability (Wang et al.| 2019b; |Xiong et al.l 2020).

Jacobian of transformers. The Jacobians of Pre-LN and Post-LN transformer layers are:

Ipreln = JreN (JiN + Tng) Jarr (Jin + Tng) )
JpostiN = JIN (Jren + Ing) JiN (Jarr + Tna) - (6)
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Figure 3: Transformers exhibit large gradient heterogeneity. Gradient norms of individual pa-
rameters in pre-trained models.

where Jart and Jrpny denote the Jacobians of the self-attention and feed-forward network modules,
respectively. For simplicity, the evaluation points of the Jacobians are omitted. The Jacobian of the
layer normalization is represented by Jj , calculated for an input X € R"*< as:

Jin(X) = blockdiag({L;(X)}i1), 7
where each block L; € R%*? is defined as:

— T
d X;. X;. 117
Li(X) = )[ (Id il ) <Id — )
1 X5 ]]2 [ X113 d

and f =X,.(Iq— %) These derivations are provided in Appendix@

Greater gradient heterogeneity in Post-LN. Equation (7) shows that the Jacobian of layer nor-
malization, Jyy, depends on the input and varies across layers. As seen in Egs. (3) and (6)), Post-LN
is more directly affected by Jpn, because Jyn appears multiplicatively and thus its variations scale
the entire Jacobian. In contrast, in Pre-LN, Jy N appears additively with the identity matrix, reducing
its influence and leading to more uniform gradients across layers. Further discussion, including the
role of the attention mechanism, is provided in Appendix [H]

5 NUMERICAL EVALUATION

We numerically validate the following claims. Detailed experimental settings can be found in Ap-

pendices [E|and [

* Gradient heterogeneity is pronounced in transformers and is influenced by the position of layer
normalization (Section [5.2)).

* SGD encounters greater difficulty in optimization under gradient heterogeneity compared with
adaptive optimizers such as Adam (Section [5.3).

5.1 EXPERIMENTAL SETUP

Datasets and models. We used a total of nine datasets and three pre-trained models obtained
from public sources. For NLP tasks, we used four datasets from SuperGLUE (Wang et al.| [20194)
(BoolQ, CB, RTE, and WiC) and three datasets from GLUE (Wang et al, 2018) (CoLA, MRPC,
and SST-2) with RoBERTa-Base model 2019). For vision tasks, we used the Flow-
ers102 (Nilsback and Zisserman), and FGVC-Aircraft (Aircraft) datasets
with ViT-Base (Dosovitskiy et al., 2021)) and ResNet18 models.

Training. Following [Kunstner et al| (2023)), learning rates were tuned via grid search based on
the training loss. Gradient clipping was applied, and the learning rate schedule was fixed for each
domain. All models were fine-tuned on each dataset starting from pre-trained weights.
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Figure 4: RoBERTa is difficult to optimize using SGD. Lines show training losses, with shaded ar-
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5.2 GRADIENT HETEROGENEITY

Figure [3| shows that RoOBERTa exhibits greater gradient heterogeneity than ResNetl18 (with ViT
falling in between; see Figure[5)). This suggests that transformers, and the Post-LN architecture used
in RoBERTA, tend to induce more pronounced gradient heterogeneity (Section [4.6).

Additionally, the gradients of the value weight ma-

trix in ROBERTa are consistently larger than those Table 2: Post-LN increases gradient het-

of the query and key, consistent with the findings erogeneity. Higher Gini coefficient indicates

of Noci et al.| (2022) (Appendix H). greater heterogeneity. “No-LN” means no
layer normalization.

Effect of layer normalization. Table 2] shows

. : . o Norm Type Initialization Gini Coeff.
Gini coefficients for different normalization place-

ments of RoBERTa on RTE. Post-LN shows the  No-LN Scratch 0.867 £ 0.006
highest heterogeneity, followed by Pre-LN and No- ~ Pre-LN Scratch 0.880 + 0.004
LN, consistent with our analysis (Section 4.6). Pre- Post-LN Scratch 0.941 + 0.012
trained weights are only available for Post-LN. Post-LN Pre-trained ~ 0.944 + 0.005

5.3 TRAINING CURVES

Limitations of SGD under gradient heterogeneity. As shown in Figure @{a) and (b), all opti-
mizers successfully train ResNet (and ViT; see Figure @]), but SGD fails to optimize RoBERTa,
highlighting the challenge caused by gradient heterogeneity. This aligns with our theoretical analy-
sis in Theorems[4.7jand[4.9] Additionally, the final training losses are similar for SGD and SignSGD
(with or without momentum), and Adam performs similarly to RMSProp. This suggests that adap-
tive learning rates are the primary cause of the performance gap (Kunstner et al.,|2023). Note that
the RTE dataset with two classes is almost balanced, so the Adam—SGD performance gap cannot be
explained by heavy-tailed class imbalance (Kunstner et al.| [2024).

Effectiveness of learning rate schedules. In Figure [fc), we compare training performance
of RoBERTa under various learning rate schedules. While scheduling has little effect on SGD,
SignSGD benefits substantially from appropriate schedules, achieving performance comparable to
Adam when combined with a linear schedule and warmup. These results suggest that it is not the
lack of scheduling, but rather gradient heterogeneity, that limits SGD performance, and they demon-
strate that SignSGD can match Adam’s performance when properly scheduled.

6 CONCLUSION

We identify gradient heterogeneity as a key factor underlying the performance gap between Adam
and SGD in transformers, supported by derived upper bounds on iteration complexity based on
norms in steepest descent. Our analysis shows that gradient heterogeneity is particularly pronounced
in Post-LN architectures.Empirical results support these findings: transformer architectures and
Post-LN design induce gradient heterogeneity, which significantly impedes SGD, while SignSGD
with appropriate scheduling matches Adam’s performance.
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A EXTENDED RELATED WORK

Adam in deep learning. Adam (Kingma and Ba,[2015]) is a widely used optimization algorithm in
deep learning, known for its well-established convergence properties (Zhang et al.,2022). However,
the reasons for its superior performance are not yet fully understood. [Jiang et al.|(2024) empirically
observed that Adam tends to converge to parameter regions with uniform diagonal elements in the
Hessian, supported by theoretical analysis based on two-layer linear models. [Rosenfeld and Ris-
teski (2024)) argued that the ability of Adam to handle outliers in features is a critical factor in its
effectiveness. Additionally, [Kunstner et al.| (2024) attributed the performance of Adam in language
models to its ability to manage heavy-tailed class imbalance.

Optimization challenges in transformers. A key aspect of transformer optimization is the no-
table superiority of Adam over SGD.|Zhang et al.|(2020b) attributed this to the heavy-tailed gradient
noise, but Kunstner et al.| (2023)) later challenged this, arguing that the superior performance of
Adam can be attributed to sign-based characteristics rather than gradient noise, supported by full-
batch experiments. |Li et al.| (2025) demonstrated the similarity between Adam and SignSGD in
optimization and generalization, and provided a theoretical analysis of SignSGD. [Pan and Li|(2022)
proposed directional sharpness and show that Adam achieves lower values in transformers. |Ahn
et al.| (2024) demonstrated that linear transformers exhibit similar optimization behaviors to stan-
dard transformers. Zhang et al.|(2024a) revealed that the Hessian spectrum of the loss function with
transformers is heterogeneous and suggested that this is one cause of the Adam-SGD performance
gap. This heterogeneity was later confirmed by Ormaniec et al.| (2025)), who derived the Hessian of
transformers explicitly.

Sign-based optimization and variants. SignSGD, also known as sign descent (Balles and Hen-
nig| |2018), is an optimization method that is computationally efficient and memory-saving, making
it suited for distributed training (Bernstein et al., 2018])). Through program search, a sign-based opti-
mization algorithm called Lion (evolved sign momentum) was discovered (Chen et al., [2024b), and
its effectiveness was shown by |Chen et al|(2024a). Adam can be interpreted as a variance-adapted
variant of SignSGD. For example, Xie and Li| (2024) analyzed the convergence property of Adam
by using this property. Similarly, [Zhao et al.| (2025a) found that sign-based optimizers restore the
stability and performance of Adam and proposed using adaptive learning rates for each layer. Ad-
ditionally, |Zhang et al.| (2024b)) showed that adaptive learning rates do not need to be computed at a
coordinate-wise level but can be applied at the level of parameter blocks.

Transformer architecture and layer normalization. The original transformer architec-
ture (Vaswani et al., [2017), referred to as Post-LN, applies layer normalization after the residual
connection. In contrast, the Pre-LN architecture places layer normalization before the residual con-
nection. [Wang et al.[(2019b) demonstrated that Post-LN transformers are difficult to train when the
number of layers is large, a finding later theoretically confirmed by Xiong et al.| (2020) using mean
field theory. Other architectures such as Reformer (He et al.,|2021) were also introduced. |Shi et al.
(2022) showed that a large standard deviation in layer normalization leads to rank collapse in Post-
LN transformers. Furthermore, Wu et al.| (2024) observed that sparse masked attention mitigates
rank collapse in the absence of layer normalization and that layer normalization induces equilibria
ranging from rank one to full rank.

Attention sparsity. Sparse attention mechanisms have been proposed to reduce the computational
costs of transformers. For example, ETC (Ainslie et al., |2020) introduces efficient sparse atten-
tion, and [Zaheer et al. (2020) proposed BigBird, which they theoretically demonstrated to be as
expressive as full attention. These sparse attention mechanisms are widely used in language models
with large context windows, such as Longformer (Beltagy et al.,|2020) and Mistral 7B (Jiang et al.,
2023). In NLP, |Clark| (2019) found that attention of pre-trained BERT focuses on specific tokens.
In vision, [Hyeon-Woo et al.| (2023)) showed that while uniform attention is challenging to learn with
the softmax function, ViT successfully learns uniform attention, which is key to its success. Addi-
tionally, Zhai et al.| (2023) suggested that low attention entropy contributes to training instability in
transformers, a phenomenon they termed entropy collapse. Furthermore, Bao et al.|(2024) demon-
strated that a small eigenspectrum variance of query and key matrices leads to localized attention
and mitigates both rank and entropy collapse.
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A.1 COMPARISON WITH|ZHANG ET AL. (2024A)

Zhang et al.|(2024a) experimentally observed significant differences in the Hessian spectra of trans-
formers and attributed these differences to the Adam—SGD performance gap. They also provided
“Initial Theoretical Results”, but as the term “Initial” suggests, their explanation does not fully cap-
ture the optimization of transformers because:

* They analyze only a single update step.

* They focus solely on convex quadratic problems with a positive definite matrix.

While these observations are insightful, the above limitations are far from the settings relevant to
deep learning optimization in Transformers.

We improve upon their theoretical explanation by:

* Introducing iteration complexity to capture long-term training dynamics.

* Considering more realistic deep learning functions under appropriate assumptions.

Overall, we do not challenge Zhang et al.|(2024al) but rather supplement their findings by introducing
the concept of gradient heterogeneity. We theoretically argue that the Adam—SGD performance gap
arises from the combined effect of Hessian and gradient heterogeneity.

B ABBREVIATION AND NOTATION

Table [3|and Table [] show our abbreviations and notations, respectively.

Table 3: Table of abbreviations.

Abbreviation Definition
natural language processing NLP
stochastic gradient descent SGD
post-layer normalization Post-LN
pre-layer normalization Pre-LN
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Table 4: Table of notations.

Variable Definition

ak k-th element of vector a

Ap A, Ay k-th row, j-th column, and (k, j)-th element of matrix A
[A]p, [als b-th block of matrix A and vector a

B number of blocks in parameters

1, all-ones vector of size a

I, identity matrix of size a X a

vec(-), blockdiag(-) row-wise vectorization, block diagonal matrix
® Kronecker product

C,N number of classes and training samples

P P, dimensions of model parameters, and b-th block of parameters
X sample space

(7] model parameter

(), 00) model, feature extractor

V,b weight matrix and bias of the linear head
h,d dimensions of features and tokens

@ y®) i-th training sample and label

L(") training loss

L(") mini-batch loss

Nt learning rate at iteration ¢

e(-,-) cross entropy loss function

softmax(-), sign(-)
Rer
L.=1L(6.)

softmax and sign function
parameter region of fine-tuning
local minimum of training loss
Lipschitz constant of the Hessian matrix
block-diagonal approximation of the Hessian matrix
upper bound of the approximation of Lp
constants in the upper bound of the gradient error
single-head self-attention
query, key, and value weight matrix
dimensions of key/query and value
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C PROOF

C.1 LEMMA

Lemma C.1. Under assumption forany 0,0' € R, the following inequality holds:

L(0") — L(0) <VL(0)"(6' — 0) + %(0’ —0)"V2L(6)(0' —0) + %Hne’ —0|3.

Proof. Define v(a) := 6 4+ «(0’ — 0). Then we have:
(VL(9') ~ VL(6))" (6" - 0)

= /1(9’ —0)"V2L(v(a)) (0 — 0)da
0
=(6'—0)"V2L(6)(0' —0) + /1(9’ —0)" (V2L(v()) — V2L(0))(8' — 6)da
0
<(0'=0) V2LO)(0' ~0)+ | [VLw(a) ~ VL(O) 1]’ - 0]
1

< (0 -0)"VL(6)(0 —6) + / pral|@ — 0|3da  (Because Hessian matrix is pg-Lipschitz continuous)
0

= (0~ O)TV’L(6)(6' - 0) + L0 — 63, ®)

Using this inequality, we obtain:

L(6") — L(6)

= /1 VL(v(a) (0" - 6)da
0
=VLO) (8 —06)+ /1(VL(u(a)) —VL(8)" (6" — 6)da

0
1

=VL@O)' (0 —0)+ / (VL(v(a)) — VL(e))Tl(u(a) — 6)do

0 [0

1
< VL(O)T (0 —0) + /0 1 ((V(a) —0)"V2L(O)(v(a) - 6) + %HHV(Q) - 0\|g) da  (From Eq.)

«

—VLO)T (6 - 0) + /O (' —6)"V2L(6)(6' — 0)a+ 2 - 6]30?) da

1
—VL(©O)T (6~ 0) + 5(8' ~ 0) V2L(6)(6' - 0) + %Hne' —9|I3.
O
Lemma C.2. Forany a,b > 0, the following inequality holds:
(a+b)3 <4(a®+1*).
Proof. Calculating the difference between the right-hand and left-hand side, we obtain:
4(a® + %) — (a +b)* = 4(a® + b*) — (a® + 3a®b + 3ab* + b*)
= 3(a® + %) — 3a%b — 3ab®
=3(a+b)(a—b)?>0.
O
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C.2 PROOF OF THEOREM [4.7]

Theorem is restated. Assume 0p < min(Ag,Ap)/3. Then, the iteration complexities in
deterministic settings are bounded as follows.

2
For the gradient-based sequence, suppose that € < p A\G/ﬁ holds and that learning rate at time t
H
1

. . 1
satisfies ny = ¢ min(5=, ———m—or—
A6 \/oul|VL(OF)||2

), where (; € [o, 1], we have

6(L(6o) — L)

Ag.
PEQCO ¢

T({07 "} 0, L, |1 ll2) <

2
For the sign-based sequence, suppose that € < pA\I;F holds and that the learning rate at time t
H

Sign Sign
satisfies n; = (; min( HVLA(th M A/ HVPLH(%B/Q)HI ), where (; € [o, 1], we have

6(L(6o) — L)
Pe2(y

E({atsmn}?iml/v ||H1) < Ap.

Proof of gradient-based sequence. The update rule of the gradient-based sequence in deterministic
setting is @71 = 64 — 1, VL(67™). Thus, we obtain:

L(6ZFS) — L(65™)

1 PH
< VL(OF™) (0! — 07 + (6755 — 65) TV2L(65™) (07 — 07™) + L |l9gr — 673

(From Lemma|C. 1))
2
Td ’r], Td ¥ Té pH ¥
= VL9 3 + T L(O5) TV L(07) VL (69 + L |V L (073

2
= —nIVLOF) 3 + LV L(05%) TV L (65 VL (65™)

2
+ L9105 T (V2 L(OF™) — V2L (07) VL(69) + 5 221 |V L (07 3

6
2
= —nel| VL0713 + %t Y [VLO )] [V2LOF™) ][V L(5™)]s
b
2
n ra ral ra ra p ra
+ 5 VL(OF) T(VEL(07™) = V2 Lp(67™)) VL(65™) +nffHIIVL(0? I3

2
T n T T
< —ni|[ VL6753 + é > VL )b |21V L0513
b
2
+ éllsz(O?ad) — V2Lp (077 |2| VL(67™) |5 + USFHVL(OE’MC‘)H;
2 2
n n PH
< =l VL6735 + éAGHVL(GtC’md)IIg + é(SDHVL(@f’md)IIg + HEFHVL(OSM)H;
n n n
< =l VL6735 + fIIVL(Hf’md)II% + gtIIVL(G’tGmd)II% + gtIIVL(G’tGmd)II%
1 1
(From 7; < min(—, )and ép < Ag/3)
Ac \/pu|[VL(OF)|
Mt ra
L6913
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Taking the telescoping sum, and noting that 8, = 85™¢, we have:

1 T-1
(eGrad) 00 < — 6 Tt HVL 0Grad H2

t=0

= Ta ra
< 0N i (IVEEEIE [ VLEOF)]57
I Ag 7 VoH

) \Va# 0Grad 2 \va# 0Grad 3/2
(From 1, ZCOmm(ll (At Mz [VLO™)l; )
e’ VPH

Assume that ||V L(69%)||, > +/Pe holds for all 0 < ¢ < T'. Then, we have

T P2 p3/4 3/2
L(OF) — 1(00) < g min(y— F
G PH
TP&QCO
From ¢ <
6Ac ( puVP

A2

).

Therefore, we have

6(L(80) — L(OF™)) ,

<
Ts PEQCO
6@ L),

P€2C0

This means

rad oo 6(L(6y) — L*
,TE({BtG d}t:O’L7 ||H2) < ((.PZZCO)AG
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Proof of sign-based sequence. The update rule of the sign-based sequence in deterministic setting
is 0% = 6,"%" — 1, sign(VL(6}'®")). Thus, we obtain:
Sign Sign
L(atfl) - L(ot ¢ )
. . 1
< VL(O})T(652 - 67*") + 5
(From Lemma|C. 1))

2 . .
= —n|[VL(O7)||s + > Lsign(VL(6;"))V7L(6;%") sign(VL(6;")) + n; *II sign(VL(6;*")|3

Sign Sign Sign Sign Sign PH Sign Sign
0t+g1 -0, ¢ ) VL (9 y )(gtf1 —0; y ) ?H@tfl —0; ¢ H2

= | VLOF) | + ! Sian(VL(65™) VLo (65 sign(VL(65))
+ % Sign(VL(gtSign))T(sz(etSign) _ V2LD (efign)) SlgH(VL(BtSIgH)) + HE%PB/z

. 2 . . .
— [ VL) |1+ 2 3 [sign(VL(O; )]} [V2L(65")olsign(VL(O7*"))
b

+ T Gen(VLOFE) T (V2L(OPE") — V2L (052)) sign(VL(0SE")) + nf%’fpw

< —mil|VL(O S‘g“>||1+”t2|| v2L( Slg“>1b||2pb+”t IV2L(OF™) — V2L (67" 2P + n} 75 P2
< VLS + T T AP+ e LopP -+t L P
<

ign 77 ign U ign U ign
e[ VL6 1 + —‘fnvuefg s+ iuwotgg Min+ 5 IVLE)]

IVLE;)L VL))

(From 7, < min( Ao PIE

) and 6p < AP/3)
||VL( S1[F

Taking the telescoping sum, and noting that 8y = O(SJig", we have:

L(O3E) — L(6)

IN

1 T-1
Sign
% >l VL6 |y
t=0

IN

2 | .
6§ ITLEE IV

6 —0 PAP ’ pHP3/2

)IVL(6:")1x

Sign Sign
VL)l [IVLO;")[]x
APP ’ pHP3/2

(From 7 > (o min(

)

Assume that | VL(67€")||; > Pe holds for all 0 < ¢ < T'. Then, we have

ign TP&C (€
L(63") — L(Bp) < ——>° /TW/ P1/2

TP 2
= 6/ip<0 (From e <

pH\F)

Therefore, we have:

6(L(8o) — L(67%"))

T< A
- P€2C0 P
6(L(60) — L)
< .
- P€2<0 Ap
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This means:

6(L(60) — L)

T 2o Lo ) < == p 5=

Ap.

C.3 PROOF OF THEOREM [4.9]

Theorem is restated. Assume 0p < min(Ag,Ap)/3. Then, the iteration complexities in
stochastic settings are bounded as follows.

(1+02)°AZ
4(1+ 3)pu VP
), where (; € [(o, 1], we have

For the gradient-based sequence, suppose that ¢ < holds and that the learning rate

at time t satisfies m = Ct mln( (1+02 Ag? 2\/(1+0_3)pH||VL(gGmd) ll2

12(1 + 2)(L(8) — L)

T-({67 20, L2 < e, e

2

Ap \/ﬁ and o3 < 5; hold and that the learning rate
PH

For the sign-based sequence, suppose that ¢ <

Sign Sign
at time t satisfies 1 = G min( HVLA(th A, val;l(lo;tS/Z)Hl ), where G € [Co, 1], we have
T ({65 12(1 + 2405) (L(6y) — L.
(620, L, |I-|1) < ( nggco( : )Ap.

Proof of gradient-based sequence. The update rule of the gradient-based sequence in stochastic set-
ting is @77 = 677 — 1, VL(0§™). Thus, we obtain:

E [L(655%) — L(65™) | 65
1
<E VL(OSrad)T(ath_ald _ egrad) + 5(025_}_{_&1(] _ thrad)TVQL(agrad)(eg'_ald HGrad) + ||00rad _

t+1
(From Lemma|C'.1)

o A
= —n|VLEF) |3 + E | VI(67™) T V2L(O7)VL(67™) + B VI(65) 3 | e]
(From E[VL(6™)] = VL(65™))
- i
= —n|VLOF™)|3 + E | L VL(67™) V2L (67™)VL(67™) | a?mﬂ

2
’r) T ras ra Tra T Tra pH ra Tra
+E [TV L05)T (T L(05) — VL (6) VE(9™) + 1 2 VL6 | 09|

2
b

- A .
= || VL(67™) |3 + E |12 ST [VL (O8] [VL(OF)],[VL(65™)], | 9?““1]

2
Ui T ra Ta ra ra P T ra ra
+ | TEVL08)T (VL) V2L (67) VE(09) + 1 2 VL6 | 09|

[ 2
. n ) ~ G )
< —m||VLOF)|5 + E é > V2O 12 [V (053 | 05
b

o913 65|

2
n ra ra T ra ra 14 ra ra
+ | T IVL65) - T Lo(09 o [VLOFI | 09| + E [1222 V(6913 | 66).

©))
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For the second and third term, we can derive an upper bound as follows:

2

n ra T ra ra

E [;Z V205 =l [VL(O7)]s 15 | 07
b

2
n ra ra T ra ra
B[ 92 L(09™) — VLo 0™ | VE(O) | o5

2
) _
<E l2t ST IVPLOF )|V IO 3 | 05
b

2 ~
G THE

= Y VRO 2 >E (T LOF)): + (IVLOF)]s)i — ((VLO7)]1):)? | 65|
b ,

77t 5 ZE [ VL(HGmd) _|_VL(OGrdd) VL(OGmd) )2 ‘ 9?radj|

2
< % Z I[V2L(O7)b[l2 (1 + 02) ([VL(6F™)]6)7 + %517 > (1+02)VL(67™); (From Eqs-)
2
< %(1 +02)Ac | VL6713 + Qt (1+02)dp[IVL(OF™)|3
2 2
< 3t (1 + 02)Ac||VL(OF™)|2  (From §p < Ag/3). (10)

For the fourth term, we can derive an upper bound as follows:

p Ta ras
E [nf 22V L6713 | 67|
p Ta ra ra ra
< gf ((IVLOF)> + [VI(OF™) — VL(OF)]1.)* | 67|
2 ~
< 2015 [ (99%4) | + [VE(65™) ~ TL(OF)]3 | 09%]  (From Lemmalc.3)

2 3
< 2P 4 ,)[TLOF)} (From o (i) an

Combining Eqs.(@)(I0)(TT), we have:

E [L(egrrald) L(eGrad) | 0Grad]

2 3
< VL) 3+ 2 (14 02) Al TLO%) 3 + 2L (1 1 o) VL (05

1 1
< _ Grad < 4
LIVLET™)3 (From 1, < win (o e T L 60T,

)

Assume that the probability of the event £(T') = {Vs < T, |[VL(65)||y > \/Pe} satisfies
P (E(T)) > 3. By applying the telescoping sum and taking expectations, and noting that 6 = 5™,

26



Published as a conference paper at ICLR 2026

we have:

E [L(69™))] — L(6y)
T 1
<= Z E [V L(67™)]3]

t=0

»Z( (I VL6993 | £(T)] P (£(T) +E [l VL(65™) |3 | ET)| P (7))

T—1
1
< —= Z E [n:([VL(O7™)||5 | £(T)] P (E(T))
t=0
=
TP [ VL0735 | £(T)]
t=0
T-1 Grad ||2 Grad\ [|3/2
60 g [T IVEEE1 o
12 7~ (I4o02)Ac " 2y/(1+03)pn
1 1
(From 7; > (o min( , )
T+ o)A 2 /(1 03)pm V(O]
- TCO ( Pe2 P3/4g3/2
=T (1+02)Ag’ 2\/1+ang
2 242
_ TP pome < LEO2AG
12(1 -‘rJz)AG 4(1 Jrag)pH\/]S
Therefore, we have
12(1 L(68y) — E [L(6%d
T < (1+ 09)(L(6o) — E [L(6F )])AG
P(—:QCO
< 12(1 + 02)(L(6y) — L*)AG'
P€2(:0
This means that when we take 17" > 12(1*”22&5? =) A, we have P (E(T)) < 4. Therefore, we
have
) 12(1 + 02)(L(60) — L,
To({66 Yo, L, |-|) < 2UH IO Z Le)

P€2<0
O

Proof of sign-based sequence. The update rule of the sign-based sequence in stochastic setting is
078 = 0, — n, sign(VL(6;"™")). Thus, we obtain:

E[L(OFE) ~ L) | 67

|:VL<0S1gn) (affxf _ 051gn) + 7?ign:|
(From Lemma

. 2 -~ . . o~ . —~ . .
= || VLO*) |1 + E {” sign(VL(6;%") T V2L(6;"*") sign(VL(67"")) + L || sign(VL(67") |3 | ef‘g“]

1, sig si Si Si Si PH | gSie Sig
L6 — o7 TR} 63 — 07 + 63— o}

—HE[ ntVL(OSIgn) (mgn(VL(GSIgn)) &gn(VL(GSlgn ) | Hfign . (12)

For the second term, we can derive an upper bound in the same way as in the deterministic case:
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; i T ign . -~ iom ion
E [775 Slgn(VL(HSIg")) V2L(9tSlg") sign(VL(Bts ) + 77?%{” &gn(VL(BtS ENNS | eth }
[n? ‘ o ‘
=E |5 sign(VL(6;") V2L (67") sign(VL(6]®")) | ef‘gn]

2 . . .
+E [’72 sign(VL(6;=) T (V2L(65F") — V2L (05")) sign(VL(65'E")) | af‘gn} 3'05’ P32

=k % Z[signwfwfig“))];[V?L(ofig“n [sign(VL(63="))], | ofign]

2 W . . R . .
+E [ sign(VL(652) T (V2L(OF2") — V2Lp(65%") sign(VL(672")) | ef‘ﬂ i AL p2

\ /\

ST + L6~ VL2 aP L P

SmA P+77t5 P+773pé{P3/2 (13)
For the third term, we can derive an upper bound as follows:

" [—WLwSig“)T(signwiwfig")) — sign(VL(6;™"))) | 67|

_’”ZVL 65 [sian(VL(65%")); — sign(VL(67%)), | 67

“0 Y v 28 [Lsizn(VL(OF), # sien(VI(65).] | 5]
=1
P

= nt Z |VL(0S1gn Z|2]P> (Slgn VL(OSIgn)) # Slgn(VL(eslgn)) | OSIgn)

=1

i=1

< ﬁtZWL Slgn |2]P (|VL Slgn VL( Slgn) ‘ > |VL Slgn | |051gn)

E |VL 081gn VL(051gn) ‘2 | 081gni|

< Z |VL(67E"),]2 (From Chebyshev’s inequality)

i [VL(6;®") 2
P .
<n Z |VL(0tSlgn)i|202 (From Ejq. 1)
=1
= 209 | VL(6;"") 1. (14)

Combining Eqs.(T2)(T3)(T4), we have:
E[L(O7E) ~ L(O7*") | 67

| VLS| + ”t Tp,py 0 LopP -+t PH p3/2 | 950, |V L6521 (15)

IN

A

—ne[ VL") |l + = HVL(HS'g")Ill + = HVL(OS’g")Hl + IIVL(GSIg“)Ill + 2097,V L(6,"")|

(From 77t<m1n(||VL( Slgn)Hl HVL< Sl.gn)”l

)and op < Ap/g)

APP ’ pHP3/2
(1 - 1202)77 ign
= LB g gy,
<M GL@T|, (From o < o)
= T 6(1 + 240) =
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Assume that the probability of the event £(T) = {Vs < T, |VL(65")|;, > Pe} satisfies

P (E(T)) > 3. By applying the telescoping sum and taking expectations, and noting that 6, = o
we have:

E [L(67")] - L(60)

bl

~
Ju

1

<-——— N'E L(67®"
< T 30 O E V@]

~+

)ﬂ
,_.o

- sz & (B [nIVLE I )] BE) + B 11 LEE ) | ET) P ()

H o~
il
,_. (=

1 ign
e Mt_OE[ntIIVL( 0;' )||1|€(T)}IP(5(T))
1 T-1
= 121 240 ; E [mIIVL( Iy | S(T)}
C T—1 HVL( Slgn)Hl HVL(aSlgn)”?)/Q
S oy 2y 2 [ )l

ApP " /puP3?

IVLE;*)L VL")

~

=0

(From Nt 2 CO mln( APP ’ pHP3/2 ))
T-1 5
< -
= + (1 307) v e
TP€2C0 A%_)
= - From ¢ < .

Therefore, we have:

12(1 + 2402)(L(6o) — E [L(Oifgn)b

T< A
< P2, P
12(1 + 2402)(L(90) — L*)
< .
< P2, Ap

This means that when we take T' > 12(1”4‘?;(&(0”) L) A p, we have P (£(T)) < 3. Therefore,

we have

12(1 + 2409)(L(0o) — L)
P€2<0

T-({6)" )22, L. || ]|1) < Ap.

D DERIVATION OF JACOBIAN MATRIX IN SECTION [4.6]

D.1 JACOBIAN OF TRANSFORMER LAYER

The output of a transformer layer for an input X € R™*? is given by M(A(X)), where A(-)is
the attention layer and M) is the feed-forward layer. In the foll owing, we denote the Jacobian of
the self-attention module, the feed-forward module, and the layer normalization as Jarr, Jren, and
JLN, respectively.

In Pre-LN. The self-attention and feed-forward layers in the Pre-LN architecture are given by
A(X) =ATT(LN(X)) + X,
M(Y)=FFN(LN(Y)) +Y.
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The Jacobian of these modules are as follows:
0A(X) B 0ATT(Z) OLN(X) 87X
0x Z Z=LN(X) 0X 0X
= Jarr(LN(X))Jin(X) + L4,
OM(Y) B OFFN(Y) OLN(Y) . BiY
oay Y lyoinyy Y oY
= Jen(LN(Y)IN(Y) + Ig.

Therefore, the Jacobian of the Pre-LN layer is given by

JPrefLN(X) - aiY Y=A(X) X

= (Jern (LN(A(X))) N (A(X)) + L) (Jarr (LN(X)) Jin(X) + Tna)

and with omitting the evaluation point, we can write the Jacobian as

Ipre N = (JeenIN + Ina) (JarrJin + Ina) -

In Post-LN. The self-attention and feed-forward layers in the Post-LN layer are given by
A(X) =LN(ATT(X) + X),
M(Y)=LN(FFN(Y)+Y).
The Jacobian of these modules are as follows:
0A(X) _ OLN(Z) <8ATT(X) n 8X>
0X Z ZoATT(X)+X 0X 0X
= JIN(ATT(X) + X)) (Jarr(X) + Tna) ,
OM(Y) _ OLN(Z) <8FFN(Y) . 8Y>
oy Z Z=FFN(Y)+Y oY oY
=JINEFENY)+Y) (Jen(Y) + L4) -

Therefore, the Jacobian of the Post-LN layer is given by
_OM(Y) 0A(X)

JpostLN(X) = Y ‘Y_A(X) X

= JIN(FFN(A(X)) + A(X)) (Jeen (A(X)) + Tng) JIN(ATT(X) + X) (Jarr(X) + Tna)

and with omitting the evaluation point, we can write the Jacobian as

Jrost-n = Jin (Jeen + Ina) Jin (Jarr + Ina) -

D.2 JACOBIAN OF LAYER NORMALIZATION

Since the layer normalization is a raw-wise operation, the Jacobian of the layer normalization for
the input matrix X € R™"*? is given by

. OLN(X); .
X)) = blockd — ).
Jin(X) = blockdiag({ X, i=1)
where % is the Jacobian of the layer normalization for the i-th row of the input matrix X.
The layer normalization for the i-th row of the input matrix X is given by
X,
LN(X),.= L,
1 Xl
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where)?; =X, .(Iq— %1 17 ). Therefore, the i-th block of the Jacobian of the layer normali zation
is given by

LN(X),. 9LN(X),.0X,,
8XZ‘7; B 85(\; 8Xi,:

1 — Xi. 1
- \/& TId - Xi,: ,l (Id - gllT)
12X, [1X,.1?

— T
\/g Xi,:Xl',: 11T
== — Id - — 5 Id - 7 .
[ X.: 12 1 X113

Therefore, we can write the Jacobian of the layer normalization as

Jin(X) = blockdiag({L;(X)}i4),

where

— T
d X . X;. 117
Li(X) = Vd (Id— Siidat )(Id—>.
12X, 12 1,13 d
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E EXPERIMENTAL DETAILS

E.1 IMPLEMENTATION AND TRAINING DETAILS

Our implementation, based on PyTorch (Paszke et al.| 2019), uses the HuggingFace Transform-
ers library (Wolf et al., 2020) for NLP tasks and primarily follows [Tomihari and Sato| (2024).
All experiments were conducted on a single NVIDIA A100 GPU. The reported results are av-
erages over one tuning seed and five training seeds. We used the cross-entropy loss, defined as
((f(x),y) = —log (softmax(f(x)),), where the function softmax : R® — R represents the
softmax operation.

Following the methodology of Kunstner et al.|(2023)), we optimized the learning rate via grid search
based on the training loss, while keeping other hyperparameters, such as batch size and the number
of epochs, fixed. Momentum was set to 0.9 as the default configuration for both SGD and SignSGD,
and gradient clipping with a threshold of 1.0 was applied. For NLP tasks, we used linear learning
rate scheduling, whereas for vision tasks, a warmup schedule was applied.

Other hyperparameters followed the default values provided by PyTorch, including Adam (5; = 0.9,
B2 = 0.999, ¢ = 1le — 8) and RMSProp (o = 0.99, ¢ = 1e — 8). For NLP tasks, the original training
set was split into a 9:1 training-to-validation ratio, with the original validation set used as the test
set, following |Chen et al.| (2022)); Tomihari and Sato|(2024).

We provide dataset statistics and hyperparameter configurations in Table [5|and Tables respec-
tively.

E.2 DETAILS OF EACH EXPERIMENT AND FIGURE

Correlation between Hessian and gradient. In Figure [I] we show the correlation between the
Hessian and the gradient. The maximum eigenvalue of the Hessian was computed using power
iteration, as described in [Park and Kiml| (2022), with the PyHessian implementation (Yao et al.,
2020). To estimate the maximum eigenvectors of the block-diagonal elements of the Hessian, we
calculated the product of the Hessian and a random vector for each parameter. The batch size used
for these computations was the same as the training batch size. The maximum eigenvalue and the
gradient were computed for each batch across all training data.

Correlation between full-batch gradient and gradient error. In Figure |2 we show the cor-
relation between the full-batch gradient and the gradient error in a coordinate-wise manner. We
randomly sampled 1,000 coordinates from the parameters and computed the squared norm of the
full-batch gradient and the gradient error for each coordinate. The gradient error is defined as the
difference between the full-batch gradient and the gradient computed with a mini-batch. The batch
size was the same as the training batch size. The gradient error was computed for each batch across
all training data.

Gradient heterogeneity. In Figure[3] we show the ratio of the gradient norm for each parameter
relative to the sum of the gradient norms. Specifically, we plot:

Go//'Py
20’ GQ//‘/PQ/ ?
for each parameter 8, where Gy is the full-batch gradient norm of parameter 8, and Py is its dimen-

sion. To compare gradient norms across different parameters, we normalize each gradient norm by
the square root of its parameter dimension. Bias parameters are omitted in these plots.

Effect of layer normalization. In Tables[2]and[12] all models share the same RoBERTa backbone
and differ only in the placement of the normalization layer. To minimize the effect of initialization,
we trained scratch-initialized models for 1000 iterations. Note that pre-trained weights are available
only for the Post-LN variant.

Training Curve. In Figure[d] we show training runs with the median final loss value among the
five training seeds. The shaded area represents the interquartile range across the five seeds. This
approach is used to reduce the influence of outliers on the reported results.

32



Published as a conference paper at ICLR 2026

Table 5: Dataset statistics, including the number of classes and counts of training (Train), validation
(Val), and test samples for each dataset.

Domain Dataset Classes Train Val Test
NLP CB (De Marneffe et al.,[2019) 3 225 25 57
RTE (Wang et al.,|2018)) 2 2,241 249 277

BoolQ (Clark et al.,[2019) 2 8,484 943 3,270

WiC (Pilehvar and Camacho-Collados}, |2019) 2 5,400 600 638

CoLA (Warstadt et al.,[2019) 2 7,695 855 1,040

SST-2 (Socher et al.,|2013) 2 60,614 6,735 872

MRPC (Dolan and Brockett, [2005) 2 3,301 367 408

Vision Flowers102 (Nilsback and Zissermanl 2008) 102 1,632 408 6,149
Aircraft (Maji et al., 2013) 100 5,334 1,333 3,333

Table 6: Hyperparameter configurations for ROBERTa-Base. The settings include batch size (bs),
learning rate (Ir), and the number of epochs (epochs). “w/o M” denotes optimizers without momen-
tum and “Const”, “Cos”, and “Lin-W” denote constant, cosine, and linear with warm-up learning
rate schedules, respectively.

Optimizer Param CB RTE BoolQ WiC CoLA SST-2 MRPC

Common bs 8 8 32 32 32 32 32
epochs 20 20 20 20 20 10 20

Adam le—4 le—5 le—5 le—5 le—5 le—5 le—5

SGD le—2 le—3 le—2 le—3 le—3 le—2 le—2

SGD (w/o M) le—1 1le—2 le—1 1le—2 1le—2 le—1 le—1

SignSGD le—5 le—6 le—5 le—5 le—5 le—5 le—5

SignSGD (w/o M) le—4 le—5 le—5 le—5 le—4 le—5 le—5

RMSProp Ir le—5 le—5 le—5 le—5 le—5 le—5 le—5
SGD (Const) le—2 le—3 - - - - -
SGD (Cos) le—2 le—3 - - - - -
SGD (Lin-W) le—2 le—3 - - - - -
SignSGD (Const) le—6 le—6 - - - - -
SignSGD (Cos) le—5 le—5 - - - - -
SignSGD (Lin-W) le—5 le—5 - - - - -

Table 7: Hyperparameter configurations for ResNet18. The settings include batch size (bs), learning
rate (Ir), and the number of epochs (epochs). “w/o M denotes optimizers without momentum.

Optimizer Param Flowers102 Aircraft
Common bs 32 32
epochs 50 100

Adam le—4 le—4

SGD le — 2 le — 2

SGD (w/o M) Ir le—1 le—1

SignSGD le—5 le—5

SignSGD (w/o M) le—4 le—4

RMSProp le—4 le—4
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Table 8: Hyperparameter configurations for ViT-Base. The settings include batch size (bs), learning
rate (Ir), and the number of epochs (epochs).“w/o M” denotes optimizers without momentum.

Optimizer Param Flowers102 Aircraft
Common bs 32 32
epochs 50 100

Adam le—5 le—5

SGD le — 2 le — 2

SGD (w/o M) Ir le—1 5e —1

SignSGD le—5 le—-5

SignSGD (w/o M) le — 4 le—5

RMSProp le—5 le—5

F ADDITIONAL EXPERIMENTAL RESULTS

F.1 GRADIENT HETEROGENEITY OF VIT
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Figure 5: Gradient norms for each parameter of pre-trained models.
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F.2 CORRELATION BETWEEN HESSIAN AND GRADIENT

We show the correlation between the Hessian and the gradient in Figure[6] The Hessian and gradient
are computed using the pre-trained models or the trained models corresponding to the median final
loss value among the five training seeds shown in Figures 4] and [I0]and Appendix [F.7]
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F.3 CORRELATION BETWEEN HESSIAN AND PARAMETER DIMENSION

We show the correlation between the Hessian and the parameter in Figure []] The Hessian and
parameter dimension do not show a clear correlation.
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F.4 CORRELATION BETWEEN FULL-BATCH GRADIENT AND GRADIENT ERROR

We show the correlation between the full-batch gradient and the gradient error in Figure 3]
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F.5 GRADIENT PER PARAMETER
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F.6 QUANTITATIVE MEASURES OF GRADIENT HETEROGENEITY

Gini coefficient. In Table[9] we provide the Gini coefficient of the normalized gradients.

Gini coefficient is a measure of statistical dispersion intended to represent the inequality of a distri-
bution, which ranges from 0 to 1 and the higher value indicates more heterogeneity.

Given a set of values {x1, xa, ..., x,} sorted in non-decreasing order, the Gini coefficient is defined
as:

E:L— E: 1|ml__ J

2n2% ’

G=

where T is the mean of the values.

Layer-wise gradient norm ratio. In Table[I0] we present the ratio of the gradient norm for each
layer, computed as:

_G
Zl’ Gy’

where G represents the sum of the normalized full-batch gradient norms of the parameters in layer
l. Since all layers contain the same number of parameters, this comparison is valid.

Model (Dataset) Gini coefficient

RoBERTa-Base (CB) 0.932 £ 0.006
RoBERTa-Base (RTE) 0.944 £+ 0.005
RoBERTa-Base (WiC) 0.931 + 0.004
RoBERTa-Base (BoolQ)  0.944 + 0.001
RoBERTa-Base (CoLLA) 0.954 + 0.003
RoBERTa-Base (MRPC) 0.951 + 0.001
RoBERTa-Base (SST-2) 0.930 + 0.032
ResNet-18 (Flowers102)  0.407 + 0.013

ResNet-18 (Aircraft) 0.433 £0.005
ViT-Base (Flowers102) 0.539 £ 0.004
ViT-Base (Aircraft) 0.598 £ 0.009

Table 9: Gini coefficient of normalized gradients. & represents standard deviation.

Layer 1 2 3 4 5 6 7 8 9 10 11 12
RoBERTa- Base (C! 'B) OU)I tOOUI UUZZ:U 001 0.027 £ 0.002 O()il +0.002 (JUibiOUUZ 0.4 U-hiUUUZ 005-1t0 UUZ 0. U()Ui()()l]i UU70iUUO4 UO‘lin 005 0. l')thOl') 0 58710 027
as [E 4 .05

6 = 0.002 0.040 + 0.003 0. (J-l‘) 30,004 0. 07) xo. ()l'l-l 0.063 % 0. ﬂ()i 0. 08(‘; 30,006 0. 14 £0.009 0 35 5+ 0

4 +0.002 0.043 +0.002 0.055 £ 0.003 0.062 +0.004 0.073 £ 0.004 0.098 +0.007 0.157 £ 0.010 0.370 +
0.003 0.083 £ 0.006 0.169 + 0.013 0.451 £ 0.027
004 0.089 =+ 0.007 0.155 + 0.010 0.421 £ 0.037
009 0.087 - 0.008 0.148 4 0.022 0.373 £ 0.086
005 0.094 +£ 0.002 0.105 £ 0.005 0.122 =+ 0.004
003 0.090 £ 0.001 0.119 +0.005 0.181 + 0.011

RoBERTa-Base (CoLA) 0.017 + 0.001 0.018 £ 0.001 0.023 % 0.003 0. 02‘3 +0. 002 0.029 +0.002 0.037 4 0.003 0.042 + 0.002 0.048 & 0.002 0.05:
RoBERTa-Base (MRPC) 0.019 + 0.002 0.020 = 0.002 0.024 + 0.002 0.028 £ 0.002 0.032 £ 0.002 0.040 4 0.002 0.049 + 0.003 0.057 £ 0.004 0.0
RoBERTa-Base (SST-2) 0.025 = 0.010 0.026 £ 0.010 0.032 +£ 0.012 0.036 & 0.012 0.040 £ 0.013 0.046 £ 0.012 0.054 £ 0.014 0.061 £ 0.014 0.0
ViT-Base (Flowers102)  0.093 4 0.004 0.065 =+ 0.002 0.073 + 0.002 0.071 = 0.004 0.069 + 0.003 0.071 £ 0.005 0.075 + 0.005 0.079 =+ 0.003 0.08:
ViT-Base (Aircraft) 0.083 £ 0.005 0.058 £ 0.003 0.067 + 0.003 0.063 & 0.003 0.058 £ 0.002 0.063 £ 0.003 0.068 + 0.001 0.073 £ 0.002 0.0°

8+
67 £
70 4
83 +
77 £

oooos

Table 10: Layer-wise ratio of gradient norms in transformers. + represents standard deviation.
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F.7 TRAIN CURVES

We show the training curves on different datasets from that in the main text. On the CB dataset,
the final train loss is similar among all optimizers, but the convergence speed of SGD is slower
than other optimizers. This is consistent with our analysis suggesting the difficulty of training of
RoBERTa with SGD.
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Figure 10: Training curve with different optimizers. w/ W indicates “with warmup”.
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F.8 TEST RESULTS

Table 11: Test results corresponding to the training curves shown in Figures[d|and [I0] We report the
accuracy and its standard deviation.

Model Dataset Adam RMSprop SGD SignSGD SGD(w/o M)  SignSGD(w/o M)

Flowers102 95.06 £ 0.34 95.15 £ 0.41 94.22 +0.54 94.01 £ 0.98 94.49 + 0.62 92.45 + 1.35
,,,,,,,, Aireraft _74.28%0.59_74.86 £ 0.87 7183027 T3.06£0.73 _55.25+0.67_ _75.21 £ 0.88_

ResNet18 Flowers102 93.33 £ 0.62 93.27 £ 0.71 93.40 £0.47 94.43 £0.54 93.03 £ 0.62 93.10 £ 0.37
Aircraft  71.95+0.69 70.53 £0.42 72.66 £0.71 72.01 £0.40 72.16 £ 0.41 70.87 £ 0.35

CB 76.43 £7.41 84.29+4.96 78.21+£6.36 83.21 £2.71 71.79 £12.46 77.86 £ 2.99
RTE 75.88 +1.56 74.66 £2.89 75.31+£3.12 75.02+£2.30 73.21+1.83 75.74 £ 2.74

RoBERTa-Base

F.9 EFFECT OF LAYER NORMALIZATION

Table 12: Gini coefficients of gradient norms for different normalization. A higher Gini coefficient
indicates greater heterogeneity. “No-LN” refers to the architecture without layer normalization.

Norm Type Init Dataset  Gini Coefficient
No-LN Scratch RTE 0.867 = 0.006
Pre-LN Scratch RTE 0.880 + 0.004

Post-LN Scratch RTE 0.941 4+ 0.012
Post-LN Pre-trained RTE 0.944 4+ 0.005

No-LN Scratch CB 0.850 + 0.049
Pre-LN Scratch CB 0.873 = 0.017
Post-LN Scratch CB 0.899 4+ 0.018
Post-LN Pre-trained CB 0.932 + 0.006

F.10 APPLICABILITY BEYOND FINE-TUNING SETTINGS

To examine whether our findings generalize beyond fine-tuning scenarios, we conducted language
modeling from scratch using nanoGPT on the Shakespeare dataset. The results indicate that Adam
achieves better performance than SGD, while SignSGD also performs competitively. We addition-
ally observed that gradient heterogeneity in nanoGPT is higher than in ViT and ResNet, but lower
than in RoBERTa. Although this setup differs from fine-tuning, the findings are consistent with our
overall analysis.

Table 13: Training loss for nanoGPT trained from scratch on the Shakespeare dataset. “Min” denotes
the lowest observed loss during training, and “Last” denotes the final loss at the end of training.

Optimizer Min Last
Adam 0.658 £0.009 0.687 £ 0.019
SGD 0.928 £0.120 0.964 £ 0.122

SignSGD  0.791+0.011 0.820 £ 0.017
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Table 14: Gini coefficient of gradient norms for nanoGPT on the Shakespeare dataset. A higher Gini
coefficient indicates greater gradient heterogeneity.

Model (Dataset) Gini Coefficient
nanoGPT (Shakespeare)  0.609 £ 0.004
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G DISCUSSION ON MOMENTUM IN SIGNSGD

The impact of the momentum term used in Adam has not been considered in the analysis so far.
However, in sample-wise training, the presence of a momentum term significantly affects the updates
of the linear head, particularly for the bias term.

Proposition G.1 (SignSGD without momentum). Let A0 and AF§ denote the one-epoch updates
of a parameter 0 during sample-wise and full-batch training, respectively. For a linear head trained
using the cross-entropy loss and SignSGD with a learning rate 1), the updates are as follows:

For the bias term by,:
N N

i=1 i=1

Ay, = —

==

and for the weight matrix Vi, ;:

N
ASVi, = —;3/,( Z sl(l) - Z sl(z)>, AV = —nsign (qu(w(i))léz()?),

where 5;,? = softmax(f (m(i))) k— 1k = y(i)} represents the prediction error for the i-th sample
and class k and slz) = sign ((ﬁ(w(i))l) is the sign of the l-th element of the feature embedding

¢(w(i))l_

Sign-alignment causes large updates. In full-batch training, the updates AFb;, and AFVj; de-
pend on the model predictions. Because the signs of these updates vary across epochs, these updates
remain small. In contrast, in sample-wise training, update signs can align across epochs, resulting
in disproportionately large updates. This effect is particularly pronounced for the bias term ASby,
which is independent of model predictions and grows with the number of classes. Similarly, the sign
of ASVk,’ 1, which depends on the feature extractor output ¢(m(i)), may align across epochs.

Momentum resolves the issue. Excessively large updates can cause training instability and in-
correct predictions. Although the proposition specifically addresses sample-wise updates, similar
challenges can arise in batch training. Momentum, which estimates the full-batch gradient using
exponential moving averages, effectively mitigates this problem.

G.1 EXPERIMENTAL RESULTS

We show the norm of the linear head for different datasets, models, and optimizers. The results
indicate that when the number of classes is large, the bias term of the linear head exhibits a larger
norm with SignSGD without momentum compared to other optimizers. In contrast, the weight norm
does not necessarily increase under the same conditions, even with SignSGD without momentum.
This observation aligns with the theoretical analysis in Proposition[G.1} which suggests that a large
number of classes leads to an increase in the bias term norm, while the weight norm is influenced
by the sign of the feature extractor outputs.
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Figure 12: Norm of the linear head.

G.2 PROOF OF PROPOSITION[G.T]

Proof. The partial derivative of the bias and the weight matrix with the cross-entropy loss is given
by:

oUf(x®,yD)) _ oU(f(x,y)) of (xV)

Oby, o af(m(’ ) Oby,
_OU(f(a),y)) OV (z)) + b
8f($(z ) Oby,

= (softmax(f (™)) — e(y“)))Te(k)
softmax(f(x (i)))k — 1k = y(i)]
AU(f (2@ D)) B DU(F (2D, y D)) OV (D) + b
Wir  Of() Wi,
= (softmax(f(z?)) — e@)T (D)™
= ¢(ili(i))l(softmax(f(;c(i)»k — 1k = y(i)])
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The one-epoch updates of the bias and the weight matrix with the sample-wise training are given
by:

N . .
Sy 1N g (00 F (2 y D))
Ab, = N izzlmgn ( a0,

and

N
= —% Zsign <¢>(:c(i))l> sign (softmax(f(:c(i)))k — 1k = y(i)])
n

_ _N< Z sign (tb(x(i))z) _ Z sign (¢(:c(i))z))

YD £k Y=k

The one-epoch updates of the bias and the weight matrix with the full-batch training are given by:

X 96(f (2, yD))
Oby,

demﬂfw@»k—nw=y@9>

and
2 90(f (D, yD))
Z aVkJ

N
= —1)sign <Jif Z o), (softmax(f (™)) — L[k = y(i)])>
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H MORE DISCUSSION ON TRANSFORMERS

In this section, we provide additional discussion on the gradient heterogeneity in transformers, fo-
cusing on the self-attention mechanism.

Additional notation. The k-th standard basis vector is denoted by e®) with el(k) = 0y, where
d11 is the Kronecker delta. Function vec(+) denotes row-wise vectorization. Frobenius norm and the
Kronecker product is denoted by ||-|| » and ®, respectively.

H.1 TRANSFORMER ARCHITECTURE

The transformer architecture (Vaswani et al.l [2017) relies on the self-attention mechanism, which
assigns importance to each token in the input sequence.

For an input sequence of n tokens, each of dimension d, represented by X € R"*9, single-head

self-attention is defined as:

XWo(XWg)T
Vdy

where Wy, Wi € R and Wy, € R4* are learnable projection matrices for queries, keys,
and values, respectively. Multi-head attention concatenates the outputs of parallel single-head self-
attention mechanisms and applies a linear transformation, followed by a feed-forward network.

SA(X) := softmax < ) XWy,

H.2 GRADIENT OF SELF-ATTENTION MECHANISM

We analyze the gradients in self-attention, focusing on the value and query/key weight matrices.
Using Lemma A.2 from|Noci et al.|(2022), the Frobenius norms of these gradients are:
I 0SA(X)

=|PX QI
Wy 7= ® Iq,||F

< Vol Pllr|| X]|F, (16)
—_— ——
=Uy

DSA(X)
HWHF

OP X @ XWg
oM i [F2
51’|| [ Xlr| X Wk r
oL F NG )

=Uq

=L, e Wy XT)

<Va|Wyv X T F|

a7

where M = XWoW.LIXT/\/d;, P = softmax(M), and Uy and U represent the upper
bounds for the gradients of the value and query weight matrices, respectively. The derivation of the
gradient for the key weight matrix is omitted, as it is analogous to that of the query weight matrix.

Focusing on the attention matrix P, we derive the following result.

Proposition H.1 (Gradients and attention matrices). In transformers, one-hot attention matrices
uniquely maximize the upper bound of the Frobenius norm of the gradient with respect to the value
weight matrix Uy and uniquely minimize that with respect to the query weight matrix Uq, as follows:

arg maxUy = argminlly = Pone-hor,
P P

where
Pone-hot = {P | Vi, Ik; s.t. P;. = e(ki)}

is the set of one-hot matrices.
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The proof of the proposition is provided in Appendix [H.4] The statement about the query weight
matrix also applies to the key weight matrix due to their analogous gradients. The proposition
demonstrates that the gradients of the value and query/key weight matrices exhibit opposing behav-
iors with respect to one-hot attention matrices: the gradient of the value weight matrix is maximized,
while those of the query/key weight matrices are minimized.

Previous studies (Noci et al.,[2022;Wang et al., 2021)) observed that the gradient of the value weight
matrix is typically larger than those of the query/key weight matrices, consistent with our experi-
mental findings in Section Together with Proposition these results suggest that attention
matrices close to one-hot amplify gradient heterogeneity in the self-attention mechanism.

H.3 UNIFORMITY OF THE ATTENTION MATRIX

In Figure we compare the attention matrices of pre-trained RoOBERTa and ViT. The attention
matrix of ViT is more uniform than that of RoOBERTa, reflecting the differences between NLP and
vision tasks. In NLP, the use of special tokens and stronger interrelations between input tokens
lead to less uniform attention, with only a few tokens receiving attention (Clark, [2019). Conversely,
vision tasks, which prioritize holistic information (Torralbal 2003} Rabinovich et al., 2007} [Shot-
ton et al., |2009), produce more uniform attention matrices, where all tokens are attended to. This
observation aligns with [Hyeon-Woo et al.| (2023), who also reported uniform attention matrices in
ViT. Notably, more uniform attention matrices are farther from one-hot matrices, indicating reduced
dominance by individual tokens.

Combined with the analysis in Appendix which shows that attention matrices closer to one-
hot matrices amplify gradient heterogeneity, this suggests that gradient heterogeneity in the self-
attention mechanism is more pronounced in NLP tasks than in vision tasks.

H.4 PROOF OF PROPOSITION[H.T]

Proof of Uy. As defined in Eq.(I6), the upper bound of the gradient is given by:
Uy = Vdo|[ Pl X ]| £

We observe that:

argmaxUy = argmax || P| p
P P

= argmaXHPH%
P

n
— argmax 3P, J3.
)

Since the rows of the attention matrix are independent, we focus on the i-th row. The i-th row of the
attention matrix satisfies the following constraints:

1<j<n, P;>0, > Pj=1
j=1

We define the Lagrangian function as:

n

Ly ==Y P =Y Py +M>_ Piy—1),
j=1 j=1

Jj=1
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where A\ and p; are the Lagrange multipliers. To minimize the Lagrangian function, the solution
must satisfy the following KKT conditions:

S}E?:; =—2P,; —puj+A=0, 1<j<n, (18)
ZPM —1=0, (19)
j=1

Pj>0, 1<j<mn, (20)
n; >0, 1<j<n, (21)
;P =0, 1<j<n. (22)

From Equations and , it follows that P; ; > 0 for some j. Let k (1 < k < n) denote the
number of non-zero elements in P; ., and suppose P; ;, > 0 for 1 < [ < k. From Equation @I),

we have pi;, = 0, and thus, from Equation , we deduce that P; ;, = % for1 <[ < k. Using
Equation l) we get 25:1% = 1, which gives A = 2/k. Forj ¢ {j; | 1 <1 < k}, we have
P;j =0and p; = X = 2/k, satisfying Eq.(21I).

With k£ non-zero elements of P; ., the value of the Lagrangian function becomes — Z?Zl Pfj =
— Zle(%)2 = f)‘;k = —+. The minimum value of the Lagrangian function is achieved if and
only if £ = 1, which implies P; . = e(¥!) for some k;. Therefore, we conclude:

argmaxUy = {P | Vi, 3k; s.t. P, = e},
P

Proof of Ug. As defined in Eq., the upper bound of the gradient is given by:
OP | X|r|XWk]|r

UQZ\/EHWVXTHFH()MHF NG

The partial derivative is expressed as:
OP  Osoftmax(M)

OM oM
) Osoftmax(M; .)
blockdiag({ M. )

= blockdiag({diag(P;,.) — P;.P,\ }I_)).
Considering the attention matrix P, we obtain:

arg min ZA arg min
gp Q gp oM F

=argmin » | diag(P;.) — P,. P, |7
L

As in the proof of Uy, we focus on the value of the i-th row:

n
| diag(P;,.) — Pi’;Pi—"—:H% = Z(Pi,j - Pi2,j)2 + Z‘Pz%jpig,la
j=1 J#l

subject to the constraints 1 < 57 < n, F;; >0, 2?21 P; ; = 1. Since both the first term and
the second term are non-negative, the minimum value is attained if and only if both terms are 0.
This condition is satisfied if P; . is a one-hot vector. Conversely, if P; . is not a one-hot vector, the
second term becomes positive, and the minimum value cannot be attained. Thus, we have shown
that the minimum value of the objective function is achieved if and only if P; . is a one-hot vector.
Therefore:

argminly = {P | Vi, 3k; s.t. P, = e},
P
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H.5 EXPERIMENTAL RESULTS

Heatmap of attention matrices. In Figure[T3] we show the attention matrices computed from pre-
trained models. These matrices are calculated for a randomly sampled sequ ence from the training
data and are averaged across all heads.
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Figure 13: Attention matrices of the pre-trained RoBERTa and ViT.
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Gradient and entropy of attention matrices. In Figure (a) and (c), we show the ratio of
the mean entropy relative to the maximum entropy of the attention matrix for each layer of the
transformer model. Error bars indicate the standard deviation. Specifically, we plot:

1 SRS (i,hol) zhl
NG 2D ZA log )/ 1og(s) | ,
h=1i=1 s=1

for each layer [, where H is the number of heads, S is the sequence length, and A1) € RS*S jg
the attention matrix of the h-th head in the I-th layer for sample (%),

In Figure El (b) and (d), we show the ratio of the mean gradient norm relative to the sum of the
gradient norms of the attention matrix for each layer. Specifically, we plot:

l l 1’
GY + G+ Gy

for each layer [ and p € {Q, K,V }, where G (l), Gg?, and Gg) are the full-batch gradient norms of
the query, key, and value weight matrices in the [-th layer of the transformer model, respectively.
The results show that the entropy of the attention matrix is higher in RoBERTa than in ViT, and

the gradient norm of the attention matrix is more heterogeneous in RoBERTa than in ViT. This
observation is consistent with the theoretical analysis in Appendix
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Figure 14: Comparison of entropy and gradient norms in attention matrices for ROBERTa and ViT.
(a) and (c): the ratio of entropy relative to the maximum possible entropy. (b) and (d): the ratio of
the gradient norm for self-attention parameters relative to the total gradient norm.

I MORE DISCUSSION ON THE SIGN-BASED SEQUENCE IN STOCHASTIC
SETTINGS

In this section, we further examine the iteration complexity of the sign-based sequence under
stochastic settings. Specifically, we present iteration complexity results that account for a learn-
ing rate adapted to the noise level.
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5A%,

Theorem I.1. Assume that dp < AP/S, e< m,

and oo < % hold and that the learning

. . . 1-2 L(gy*" 1-2 L(oy*"
rate at time t satisfies n, = C; min(2 025)1‘\|ZP( Y (Z')QP)I_‘IIJVD3/(2 ey ohere ¢, € [0, 1.

Then, the iteration complexity for the sign-based sequence in stochastic settings are bounded as
follows.

20(L(6y) — L)
3(1 — 20’2)2P€2C0

7‘6({051'8”}1?207 L7 ||H1) <

Proof. We start with Eq. in Appendix Lete < pa/\;% and set the learning rate as 1y =
H

IVL(OF*) 2 IVL(O:*") |12
alApP 4 apg P3/2

¢, min( ), where (; € [¢o, 1] and & > =5~ Then, we have:

E[L(O7E) - L(O7*") | 67

. 2 2 .
< || VLS| + %APP + %&;P + ni’%’fp?*/? + 2000, [VL(OF) |1

ign Ui ign n ign n ign ign
< nlIVLOF) |+ 2L |+ L)+ L LOF) + 20 [V LOT)]
VL) VL6
(From 7, < min( ApP apn P72 )and 6p < Ap/3)
(6a(1 — 209) — 5)n; Si
_ el =200 =50 g g,
Assume that the probability of the event £(T) = {Vs < T, |[VL(65%")|; > Pe} satisfies

P (E(T)) > i. By applying the telescoping sum and taking expectations, and noting that 8y = ;%"
we have:

E [L(67)] - L(60)

__(Ga(1- 222) — 5, T‘:E VL 6]

=
= (Gall ~203) — S T (& [nv2@ ™)l | £ B @) + B [3VLE)]1 | €0 B (577))
< (6ol =202 = S T:E [l L@ | £()] B (E(T)

&
< (=20~ D TE IV LOT)] | €(T)]
< (oal=27) =5 e = 'k | min(IVEEEDIE IVLEIE (T)]

v aApP Japn P2
Fromne > Guin LTI fIVEEL

(61— zlzgzx j)TPe%o (From - < pzAj% )
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Therefore, we have:
120%(L(8) ~ E | L(63*")])
T<
~  (6a(1l —209) — 5)Pe%(y

120%(L(6y) — L,)
= (6a(1 — 209) — 5)Pe2¢y

P

This means that when we take T' > (6;?10‘_2;(62?(’_)51@5% & Ap, wehave P(E(T)) < 1. Therefore, we

have
12&2(L(00) — L*)

Signy co . <
T(07 20 L) = 6o a0, — 5P M

for any o > Setting o = to minimize the right-hand side completes the proof.

O

__5 __5
6(1—202) " 3(1—203)
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