Confidence Intervals for the Return Process in Markov Decision Processes

Abstract

In this work, we derive confidence intervals for the
return process in discounted reward Markov De-
cision Processes with continuous state and action
spaces. These confidence bounds depend only on
the statistics of the value function, which may be
derived using dynamic programming. In the two
special cases of MDPs with uniformly bounded
value functions and MDPs with linear structures,
simpler confidence intervals are provided for the
return process. Finally, we study the effect of epis-
temic uncertainty on the derived confidence inter-
vals. Numerical examples are provided to show
how these bounds may be used in practice.

1 INTRODUCTION

Uncertainty is ubiquitous in data-driven applications: a fi-
nite number of samples, noise in the environment and obser-
vation, and model mismatch all contribute to unavoidable
uncertainty. Confidence intervals (CIs) are a fundamental
tool in mathematical statistics for quantifying uncertainty
from a finite set of data. For a chosen level 9, these bounds
identify an interval that contains the quantity of interest with
probability at least 1 — §. These bounds are used extensively
in statistical studies related to clinical trials [Jennison and
Turnbulll (1999, hypothesis testing theory [Lehmann and
Romanol [2005]], econometrics [Imbens and Rubinl [2015]],
reliability engineering [Nelson, [2021]], and risk-sensitive
decision making [Howard and Matheson, [1972]]. Despite
their importance, confidence intervals are less studied within
sequential decision-making frameworks; in particular, there
are very few works that characterize CIs for the return pro-
cess in Markov Decision Processes (MDPs).

MDP is a mathematical framework widely used to model
sequential decision-making under uncertainty. This model
serves as the theoretical basis for reinforcement learning

(RL) algorithms. In many high-stakes applications, such as
healthcare, finance, and safety-critical systems, optimizing
for optimal performance alone does not provide sufficient
guarantees. As a result, there has been substantial effort in
the literature to establish performance guarantees beyond
the expectation of returns. These efforts may be categorized
into distributional reinforcement learning (e.g., Bellemare
et al.|[2017], Dabney et al.|[2018blal], Rowland et al.|[2019],
Sobel|[[1982], Bellemare et al. [2023]]), risk-averse and safe
reinforcement learning (e.g., Whittle| [1990], |Castro et al.
[2012]], Tamar et al.|[2014],|Garcia and Fernandez|[2015]],
Chow et al.|[2018]]), chance-constrained MDPs (e.g.,|Delage
and Mannor| [2010]]), and asymptotic analysis of Markov re-
ward processes (e.g., Hernandez-Lerma and Lasserre| [|1996]
2012]], Meyn and Tweedie| [2012])).

In this work, we choose a different viewpoint and establish
ClIs for the return process and treat these intervals as perfor-
mance guarantees. Traditionally, CIs are used in sequential
decision-making problems for characterizing the epistemic
uncertainty over the unknown mean and integrating the Cls
in the reinforcement learning algorithms (e.g., the class of
upper-confidence bounds in|Lai and Robbins| [[1985]]). The
other theoretical use case for Cls is in the study of off-policy
evaluation of RL algorithms (e.g., in [Hanna et al.|[2016]],
Dai et al.| [2020], |Shi et al.| [2024], Thomas et al.| [2015]).
We, on the other hand, focus on deriving CIs for the return
process. Our analysis is motivated by the fact that in many
applications only a single trajectory of return is observed by
the agent and therefore, high-probability CIs might be more
beneficial to the agent compared to the asymptotic mean of
return (i.e., value function).

The sample path behavior of the return process is
mostly studied in the average reward MDP framework
(e.g. Hernandez-Lerma and Lasserre| [2012]). In such a
setup, for a fixed policy 7, the problem reduces to a Markov
reward process. For this process, the Law of Large Num-
bers (LLN) and Central Limit Theorem (CLT) are derived
for the return process. Such results are also derived for the
functionals of Markov chains [Meyn and Tweedie, 2012].
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Figure 1: (a) The transition dynamics, where State A transi-
tions to B with probability 0.1 and C with 0.9. (b) The em-
pirical distribution of the cumulative return Ry at 7' = 100.
The theoretical Freedman bound (solid red lines) is centered
around the expected target V (So) —yTE[V (S7)] (blue dash-
dotted line) and successfully envelopes the empirical 95%
interval (black dashed lines).

A martingale approach for average and discounted reward
setup is presented in|Sayedana et al.|[2024], but the analysis
is restricted to finite-state setup.

In the discounted reward setting, significant effort has been
directed toward learning the distribution of the asymptotic
discounted return in the distributional RL (DRL) framework
[Bellemare et al.| [2023]). In general, there are two shortcom-
ings in the DRL framework: (i) it often requires a large num-
ber of computations to apply a distributional Bellman update
on the distributions and (ii) it only describes the asymptotic
distribution of return. In this work, we address these two
problems by providing CIs for the return distribution over
any finite time. To illustrate the difference, consider the
Markov reward process illustrated in Figure|lal The return
distribution at the step 7" = 100 is plotted along with the CIs
derived in this paper. The distribution at this finite time is ap-
proximated using Monte Carlo simulation. The CIs derived
in our work are plotted for reference. Although these CIs
are not exactly matching the 95% empirical percentile of
the distribution (which is common for theoretical CIs), they
are computed using only the statistics of the value function
(i.e., via dynamic programming algorithms).

Contributions: We make the following contributions. We
provide novel CIs for the return process in the general con-
tinuous state and action MDPs under mild assumptions.
We derive CIs that are analogous to Bernstein’s inequality,
which use variance of the value function and may be poten-
tially tighter than previously established bounds. We study
the simplification of these Cls in the case of linear MDPs.
At last, we study the effect of epistemic uncertainty on the
derived ClIs.

Notation: For a sequence of random variables {S; };>0,
we use Sp.; as shorthand for {Sy, ..., S:}, and sg.; for re-
alization of .Sy.;. We denote the o-field generated by Sy.;
as 0(Sp.¢). The notation S ~ p denotes that the random
variable S is sampled from the distribution p. §,, denotes a
Dirac delta distribution centered on x.

Given a finite set S, let |S| denote its cardinality and let
A(S) denote the set of probability measures on S. For a
function f : & — R, sup-norm || f||~ is defined as || f||cc =
sup,cs | f(s)], and the span of the function sp( f) is defined

as sp(f) = sup,cs f(s) — infues £(s)

2 PROBLEM FORMULATION

2.1 DESCRIPTION OF ENVIRONMENT

A discounted MDP is a tuple M = (S, A, P, r,~), where

¢ S denotes the state space. We assume S C RP. The
state at time ¢ is denoted by S; € S.

» A denotes the action space. We assume A C RY. The
action at time ¢ is denoted by A; € A.

P: S x A— A(S) denotes the transition kernel, i.e.,
for any measurable set Z C S, we have

P(Si11 € Z|S; = 8¢, Ay = ar) = P(Zls¢, ay).

e r: S x A — R is the instantaneous reward function.

* v is the discount factor.

A function 7 : S — A is called a (deterministic stationary)
policy and it determines the agent’s action at time ¢. We
denote the space of all such policies by II. A fixed policy
7 € II induces a return process (cumulative reward up to
time 7") on the probability space defined as

-1
RY = Z y'r(Se, Ar),  where,  A; = 7(Sy).
=0

Let RT, = limy_,~ R7T denote the asymptotic return. The
mean of the asymptotic return is defined as the state value

function V™ : § — R given by:

V™(s) =E" [Rgo

5’0:8}, Vs € S, (1



where IE™ is the expectation operator over all random vari-
ables induced by 7. In general, the existence of the value
function in non-compact state and action spaces is not guar-
anteed and further sufficient conditions are required for the
existence of the value function. However, in this work, we
restrict our attention to the set of policies for which the value
function exists and satisfies the Bellman equation.

Assumption 1. For the MDP M, we assume there exists a
non-empty set llg C 11, such that for any policy m € 1l g,
the corresponding value function V'™ exists and satisfies
the following fixed-point equation, known as the Bellman
equation.

V7™(s) =r(s,m(s)) +7[9V“(5’)P(ds'|s,7r(s)), )
forall s € S.

In many RL applications the reward function is uniformly
bounded over states and that would imply Assumption [T}
However, in certain continuous control problems with un-
bounded cost functions, Assumption [I]is imposed to guaran-
tee that there at least exists a policy 7 that induces a bounded
cumulative cost. This assumption is closely related to the
notion of stabilizability for models with state-dependent
cost functions. We impose Assumption [I]to ensure that our
results apply to this class of continuous-control problems.

The optimal value function V* : & — R is defined as
V*(s) = supren V7 (s), for all s € S. A policy 7* is
called optimal if V™ (s) = V*(s), for all s € S. Under
sufficient conditions mentioned in [Hernandez-I.erma and
Lasserre| [1996, Theorem 4.2.3], there exists an optimal
policy 7* € Il .

2.2 STATISTICS OF THE VALUE FUNCTION

To simplify the notation, let Py (ds’|s) := P(ds'|s,m(s)).
For any function f : S — R, we define the conditional
expectation and conditional variance with respect to the
measure induced by Py (+|s) as follows:

E,F(S)ls] = [ £)Pa(ds]o)
S
2
Valr(ls) = B [150) = Eolrtsils]] s ).
We denote the reachable set under policy m by %, given by

Ry = {SES:VOPenUBS,IP”(EItzO:St el) >O},

where IP” is the probability measure induced by following
the policy 7. For any policy 7 € Iz, let {S; }>0 denote the
sequence of induced states. We define the value innovation
sequence as:

N1 =V (Si41) = Ex [V (Se41)[54, 3)

where V™ (+) is the value function corresponding to the pol-
icy m. We define two key statistics for the value innovation
process using V™ (+): (i) Maximum absolute deviation with
respect to P, defined as

K™ := sup esssup |V7(s') —E[V™(S")]s]
SEAr s'~Pr(-|s)

N C))

and (ii) maximum conditional standard deviation defined as

" = sup Vi [V™(SL)|s]. 3
SER
Notice that by definition, the value innovation sequence has

zero mean conditioned on the current state, i.e., B[N/, | |
St} = 0and |NJ| < K™ almost surely for all ¢ € IN.

3 MAIN RESULTS

We present Cls for the return process under three sets of
assumptions. We first derive CIs under the boundedness
assumption of K. We further simplify the CIs under the
uniform boundedness assumption on the value function. By
relaxing both of these assumptions, we derive bounds analo-
gous to the Azuma—Hoeffding inequality by only assuming
the value innovation process to be a sub-Gaussian process.
Finally, in the linear MDP framework, Cls are further simpli-
fied and are rewritten in terms of the statistics of the feature
map and MMD metric between distributions.

3.1 GENERAL STATE AND ACTION SPACES

For a fixed policy 7 € I, let {S; }1+>0 denote the sequence
of states induced by following the policy 7. By the defi-
nition of value function, we have E[RT. + v/ V™ (Sr) —
V™(Sp)] = 0. We derive CIs for the return process Rj-
centered around the process V™ (Sy) — TV ™ (Sr).

Assumption 2. Let Il C Ilg denote the set of policies ©
such that the corresponding maximum absolute deviation
K™ is finite. We assume 1l is non-empty.

Notice that this assumption does not necessarily imply that
the value function V™ (s) (or reward function) is uniformly
bounded across states and it might potentially hold for un-
bounded value functions. It only requires that the maximum
absolute deviation of the value function V™ (-) with respect
to measure P, to be uniformly bounded. The following
theorem establishes CIs as a function of K.

Theorem 1. For any policy © € Il and any ¢ € (0,1),
with probability at least 1 — §, we have the following confi-
dence interval:

2
‘R? - (VW(SO) - ’YTVW(ST))’ < K"m) (6)

2 _2T+2
where h = %



The proof is presented in Appendix

The CI in the previous theorem is derived using
only the statistic K. This bound is analogous to the
Azuma—Hoeffding inequality. We now derive a new CI
based on both ™ and K™ which is analogous to Bernstein
inequality. Depending on the relationship between ¢™ and
K™ either of these CIs might be tighter.

Theorem 2. For any policy m € Ilk and any 6 € (0,1),
with probability at least 1 — §, we have the following confi-
dence interval:

[RF — (V™(S0) =77 V"(S1)| ™

- 2 (K7  2\° KT 2
<o QhTIOgg—F %ﬁlogg +710g57

where hr is defined in Theorem(l]

The proof is presented in Appendix

The CIs derived in the previous theorems characterize the
return process R7. for any finite time 7'. By imposing the fol-
lowing assumption on the growth rate of the value function
V7(-), we establish CIs for the limiting random variable
RZ.

Assumption 3. Let Il C Ilx denote the set of poli-
cies T such that the corresponding value function satisfies
limr oo YL V™ (ST) = 0, almost surely. We assume 11 is
non-empty.

Above assumption is related to the notion of equalizing
policies studied in|Karatzas and Sudderth| [2010]. By impos-
ing Assumption 3] we establish CIs for the limiting return
random variable R7_.

Corollary 1. For any policy m € Il g, we have the following
confidence intervals:

1. Forany ¢ € (0,1), with probability at least 1 — 6, we
have

22 2
log —.
-2 g % (®)

R, = V7(S0)| < K

2. Forany§ € (0, 1), with probability at least 1 — 0, we
have

[BZ — V7 (0)|

<a" il lo 2 + K7 lo 2 2—1— KT lo 2
o - —log - — log —.
= 1-2 %5 " (357 %5 3 %5

)

The proof is presented in Appendix

In the next corollary, we derive simplified CIs assuming
the uniform boundedness of the value function. In many
standard MDP settings, uniformly bounded value functions
are induced naturally. When the value function is bounded,
we can derive ClIs for the return process R7. centered around
V™(Sp) instead of V™ (Sy) — yTV™(Sr).

Assumption 4. Given a policy m € g, we assume the
corresponding value function is uniformly bounded, i.e.,
there exists a constant Vipax > 0 such that ||V || co < Vinax-

Corollary 2. Under Assumption| for any policy m € Il g,
we have the following confidence intervals:

1. Forany 6 € (0, 1), with probability at least 1 — 0, we
have
2

T
Vmax'
5T

(10)

RE — V’T(SO)‘ < K™y/2hslog

2. Forany d € (0,1), with probability at least 1 — §, we
have

2 K*  2\?
Rarw — Vﬂ-(SQ)‘ < O'ﬂ-\/QhT logg + (30_7r10g 5)

K™ 2
+ 5 log + 7 Vinax. (1)

The proof is presented in Appendix

Remark 1. Assumption [ implies Assumption 2] since a
uniformly bounded value function guarantees that the maxi-
mum absolute deviation is bounded (i.e., K™ < 2Vax). As
a result, we obtain the results of Theorems|[I|and 2| by im-
posing Assumption{d| Furthermore, AssumptionH|trivially
implies Assumption |3|as uniform boundedness of the value
function implies limp_, oo vT V7 (S7) = 0. As a result, we
obtain the results of Corollary[I|by imposing Assumption

Remark 2. In the environments where the instantaneous
reward function is uniformly bounded by a constant R ax
(i.e., |7l < Rmax), Assumption H|is trivially satisfied
since Viax < %ﬁ;‘. As a result, in such environments, both
Corollary[l|and Corollary 2| hold.

3.2 UNBOUNDED ENVIRONMENTS WITH
SUB-GAUSSIAN VALUE INNOVATIONS

While Assumption [2| requires the absolute deviation K™
to be strictly bounded, many continuous control environ-
ments exhibit unbounded noise (e.g., Gaussian transition
dynamics). To handle such environments, we can relax the
strict boundedness requirement by assuming that the value
innovation process is a sequence of sub-Gaussian random
variables. Before formalizing our assumption, we briefly
recall the standard definition of a sub-Gaussian random
variable.



Definition 1. A random variable X with mean p = E[X] is
said to be o-sub-Gaussian if its moment generating function
satisfies:

20_2
Blesp(\(xX )] <o (2

> , YAeR. (12)
The constant o > 0 is referred to as the variance proxy.

Recall that the value innovation sequence satisfies | N/ | <
K™ almost surely for all £ € IN. In the previous section, this
property was used in the derivation of the results. In this sec-
tion, instead of bounding the absolute deviation of { N] }+>0,
we bound its conditional moment generating function using
the sub-Gaussian property.

Assumption 5. Given a policy m € Ilg, we assume there
exists a uniform variance proxy v™ > 0 such that the
value innovation sequence {N[ };>¢ is conditionally v™-
sub-Gaussian. That is, for all \ € R and almost all s € X#.:

s} < exp (Az(gw)z) :

This assumption allows us to establish a CI which does not
require the boundedness of K™ in Assumption|2|replacing
it with sub-Gaussianity of the value innovation sequence.

Er [exp(AN{ )

13)

Theorem 3. Under Assumption 3| for any policy m € Il
and any 0 € (0,1), with probability at least 1 — 6, we have
the following confidence interval:

2
B~ (V7(80) 4TV (50)| < \/m

(14)

A2 2T +2

where hT = =

The proof is presented in Appendix [B.3]

3.3 LINEAR MARKOYV DECISION PROCESSES

The confidence intervals derived in the previous section
depend on key statistics of the value function: K7, ™,
and ™. However, in a continuous state and action MDP,
computing these statistics is not a trivial task. In this section,
we derive upper bounds for K™ and ™ in the linear MDP
framework. These bounds are derived by exploiting the

structure of the linear MDPs.

Consider an MDP M. Let ¢ : S x A — R be a feature map
satisfying (s, a) = (¢(s,a),0) for a fixed vector 6 € R<.
Let B denote the set of all measurable subsets of S, and
let u : B — R? denote another feature map satisfying
P(Z|s,a) = {¢(s,a), u(Z)) for all Z € B. We impose the
following standard boundedness assumption on the feature
map.

Assumption 6. M is a linear MDP and for any (s,a) €
S x A, we have ||¢(s,a)|2 < 1.

This assumption bounds the reward function and conse-
quently implies the boundedness assumption imposed in
Assumption {] To simplify the notation, let ¢ (s) =
@(s,m(s)). A standard result in the linear MDP framework
(see, for example, (Gabbianelli et al.| [2023]]) establishes that
for any policy 7 € Il 4, the value function is linear in the
features, i.e.,

V7(s) = (¢7(s),w"),
where w™ € R¢ is the weight vector for policy 7.

The boundedness of the value function and this linear struc-
ture allow us to define statistics in the feature space analo-
gous to the statistics defined for the value function.

Definition 2. We define the maximum absolute deviation of
the feature map w.r.t. Pr as K7, and the maximum condi-
tional standard deviation of the feature map w.rt. Pr as 6,
given by:

K} == sup esssup H(ﬁ”(s’) —En[¢ﬂ(sl)|5”
SERr 8'~Pr(:|s)

73 = sp [, [lo(52) - Ealon(s 1)} | o]

SERr

27

The statistics K7 and o depend strictly on the mappings
¢, 7 and the measure P, making them independent of the
weights w™. We can bound the statistics (K7,5™) using
their feature map counterparts, resulting in CIs on the return
process that separates the dependence on the policy (i.e.,
|lw™||2) from the stochasticity of the environment.

Theorem 4. Consider a linear MDP where V™ (s) =
(9™ (s), w™). For any policy w € Ilg, the statistics of the
value function satisfy the following upper bounds:

K™ < HW’T||2K(’;, and 7" < ||W”||26g.

As a result, for any 6 € (0, 1), with probability at least 1 — 6,
we have:

[R5 — (V7(S0) =7 "V™(51))|
2
2 Kg 2
< vy =T - _ v -
< |Iw™ |2 <0’¢ 2hT10g5 + (352 log5>
K7 2
¢
—?®1oe =
)
2 2T+2

0 it )
1—~2

5)

where hpt =

The proof is presented in Appendix



3.3.1 Computing Statistics via RKHS and MMD

In the linear MDP framework, the value function V™ (-)
belongs to a Reproducing Kernel Hilbert Space (RKHS).
By exploiting the geometry of this space, we may derive
upper-bounds for the statistics K™ and ¢™ in terms of the
induced kernel and Maximum Mean Discrepancy (MMD)
metric.

Definition 3 (Aronszajn, [1950). Let S be a non-empty set.
A Hilbert space H of functions f : S — R is called a
Reproducing Kernel Hilbert Space (RKHS) if there exists a
symmetric, positive definite kernel functionk : S x § — R
such that:

1. Forall s € S, the function k(-, s) belongs to H.
2. Forall s € S and all f € H, the point evaluation is
given by the inner product: f(s) = (f, k(-,$))n

Definition 4. Let k be a positive definite kernel on S with
RKHS H. For probability measures P and Q on S, the Max-
imum Mean Discrepancy (MMD) is defined as following:

MMDy (P, Q) .= sup

I fll#<1

It is established in |Gretton et al.|[2012] that MMD may be
rewritten in terms of the kernel as following

MMD3,(P, Q) = E[k(X, X")]

T+ Ek(Y,Y")] - 2E[k(X,Y)], (16)

where X, X PandY,Y’ Sy Q.

Lemma 1. Under Assumption [6] for any policy = € Ilg,
we define K™ (s,8") == (¢™(s),d™(s")). Let Hp~ denote the
RKHS associated with k™. Then V7 is also an element of
RKHS H ;=

Proof is presented in Appendix

The following theorem establishes a closed-form solution
for computing K7 and ¢ in terms of the MMD metric.

Theorem 5. We have following expressions for K7 and 63:

K§ = sup esssup \/MMDH((SS/ P.(]9)) 7
SERr s'~Pr(+|s)

o5 = s \/Bur, 1o MDA G P2Cl9)] (19

The proof is presented in Appendix [B.§]

We can use the equivalent description of the MMD metric
in (T6) to compute K7 and ¢7. The implication of these
characteristics is twofold: (i) they show how the Markov
transition kernel affects the CIs derived in this paper, and
(i) they pave the way to use sampling algorithms using (T6)
for estimating statistics K™ and ™.

(Ex~rlf(O]-Ey~olf(1)]).

4 CONFIDENCE INTERVALS WITH
EPISTEMIC UNCERTAINTY

In many practical scenarios, the agent cannot exactly com-
pute the value function and must estimate it using data
sampled from the environment. We refer to the uncertainty
resulting from not exactly knowing the environment as epis-
temic uncertainty. In this section, we study how epistemic
uncertainty (i.e., the estimation error) impacts the confi-
dence intervals derived in the previous sections.

For a fixed policy m € 11z, we assume the agent estimates
V'™ using an estimation algorithm (e.g., TD learning). Let
V,ZT denote the estimated value function using n samples
for each state s € S. We assume the estimation process is
asymptotically consistent and there exist Cls for the finite-
time estimation error. Specifically, there exists Ny such that
for all n > Ny and any § € (0, 1), with probability at least
1 — 4, we have:

IV =Vl < Ueln, ), (19)
where lim Uc(n,d) = 0.
n— 00

Since the true value function V'™ is unknown, the true statis-
tics K™ and 5™ are also unknown. Let K ™ and 67 denote
the estimated (empirical) statistics computed by substituting
V™ with V,™ into definitions (@) and (3.

To simplify the notation, let U, (T, K, §) denote the con-
fidence interval derived in Theorem (1| and U,(T, o, K, 0)
denote the confidence interval derived in Theorem 2}

UsT,K,d) = K\/2hT10g§, (20)

2 (K. 2\
2hr log — ; + (Sglog 5)

U(T,0,K,0) =

&

21)

The following theorem characterizes the impact of epistemic
uncertainty Ue(n, 6) on the CIs found in Theorems|I]and 2}

Theorem 6. For any policy € Ik, let V,f be the esti-
mated value function and let K and 67 be its correspond-
ing statistics. Under Assumption 2] we have following Cls:

1. Forany ¢ € (0,1), with probability at least 1 — 6, we
have

R VACH R AICY)]

o\ ¢
’ 5 ’ 5
Confidence Interval Affected by Estimation Error

+U. (n g)(l +47). 22)

Epistemic Uncertainty

< UZ(T 6T + U, ( 6),K§+2Ue(n




2. Forany € (0, 1), with probability at least 1 — 0, we
have

|BE — (V7 (S0) — 777 (5)|
)

< U, (T, KT+ 2U. (n 5), g)

Confidence Interval Affected by Estimation Error

+U. (n g) 1+~7). 23)

Epistemic Uncertainty

The proof is presented in Appendix [B.9

S NUMERICAL EXAMPLES

In this section, we present two numerical simulations to
compare the empirical behavior of the return process with
the theoretical CIs. The examples are for both continuous
and discrete state MDPs.

Example 1. Consider an MDP with state space S =
{-3,...,3} and action space A = {0, 1}, where the re-
ward function is defined as:

r(s,a) = — (s + A+ Ljaery). (24)

Here, the quadratic term s* penalizes the agent for deviating
from the center state s = 0, and X\ > O represents the cost
of exerting control effort. The state transition kernel under
the action a = 0 is illustrated in Figure 2fa). The state
transition kernel under the action a = 1 is illustrated in
Figure[2|b). The trajectories of the return process, alongside
the theoretical Cls, are shown in Figure EYC).

The following example is an MDP modeling the power
allocation in the remote estimation problem [Chakravorty
and Mahajan, 2018]].

Example 2. Consider an MDP with state space S =
[—B, B], action space A = {0, 1}, and the dynamics given
by

ifAy =0

a1 @

- [Sy + Wi B g,
t+1 =

[Wt]j—BBa
where [z)B , = clip(x, — B, B). We assume that {W, };>1
is an i.i.d. process with a Gaussian distribution N (0, o?).
The reward function, defined as the negative per-step cost,
is given by

r(s,a) = —(Aa+ (1 —a)s?), (26)

where \ is the cost of choosing action a = 1. For this
example, the trajectories of the return process, alongside
the theoretical CIs are shown in Figure 3]
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(c) 1, 000 trajectories of the return process alongside the theoretical
Cls.

Figure 2: Trajectories of the return process for Exam-
ple [T] under the optimal policy. The simulation consists
of 1,000 independent trajectories evaluated for 7' = 100,
with discount factor v = 0.99, control cost A = 4.0, and
failure probability § = 0.05. Simulated trajectories for
RE — (V™ (Sp) — vTV™(S7)) are plotted alongside the
theoretical CIs derived in Theorems|T|and [2}

As demonstrated by these examples, the confidence intervals
derived in this work capture the deviation of the return pro-
cess RZ. from the process V™ (Sy) — vTV™(St) over any
finite time 7. While the established CIs may not necessarily
capture the exact (1 — &) percentile of the empirical distribu-
tion, they offer a rigorous, mathematically sound guarantee
for the trajectory-level behavior of the return process. Impor-
tantly, they achieve this without requiring computationally
expensive distributional updates or exhaustive Monte Carlo
rollouts.

6 DISCUSSION ON THE RESULTS

6.1 PRACTICAL IMPLICATIONS

In this section, we explain the scenarios in which the CIs
derived in this paper may be used in practical applications.
Consider a decision-making agent (e.g., an RL algorithm)
that will be deployed in a high-stakes real-world environ-
ment. In this framework, the cost/reward incurred by the
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Re = (V(So) = y'V(St))

Time Step (6

Figure 3: Trajectories of the return process for Example
under the optimal policy. The simulation consists of 500
independent trajectories evaluated over a horizon of T' =
100. The environment parameters are set to state bound
B = 10.0, communication cost A = 100.0, noise standard
deviation ¢ = 2.5, and discount factor v = 0.99, with a
failure probability of 6 = 0.05. The optimal policy and
value functions are computed by discretizing the state space
into 400 equal intervals. Simulated trajectories for RT. —
(V™ (Sg) =TV ™(S7)) are plotted alongside the theoretical
CIs from Theorems[T|and

agent has real consequences for the agent. We assume the
agent goes through two phases: (i) a development phase in
which the agent is designed, trained, and tested in a simu-
lated or highly controlled environment, where costs/rewards
incurred by the agent are not high-stakes, and (ii) a deploy-
ment phase in which the agent is deployed in the real world
with high-stakes costs/rewards. When the agent is deployed
in the real world, we assume it operates for a long period
of time and restarting the environment is either impossible
or costly. At the time of the agent’s deployment in the en-
vironment, we would like to answer the following question
concretely. Given the trained agent, can we guarantee that
the return process will not be less than a threshold with high
probability?

Such a question may be posed as the safety or robustness
guarantee for the agent before the real-world deployment.
The CIs intervals derived in this paper may serve as guaran-
tees required for the deployment of decision-making agents
in the high-stakes environments. Although these bounds
may not capture the tail behavior of the return process ac-
curately, they provide solid conservative guarantees for the
return process, and they are simpler to compute compared
to the alternative methods (e.g., Monte Carlo simulation and
distributional RL).

6.2 RELEVANT WORK

The results established in this paper are closely related to
two sets of studies: sample path properties of Markov reward

processes and distributional RL. In this section, we elaborate
on the difference between the current work and these two
sets of studies.

Distributional RL: The goal of Distributional RL (DRL)
[Bellemare et al.l |2023]] is to find the distribution of the
limiting return random variable R . This is mainly done
by iteratively applying the distributional Bellman operator
on an approximation of the distribution of R7_ . There are
two main distinctions between the Cls derived in this work
and the distributional RL framework. First, contrary to DRL,
ClIs hold for the process 7. for any time 7" and not just in
the asymptotic limit. Second, CIs may be computed using
the knowledge of the environment and using the dynamic
programming algorithms, while the DRL requires iterative
application of the distributional Bellman update. As a re-
sult, CIs may be derived with a lower computational cost
compared to the DRL.

Markov Reward Processes: The majority of the results
characterizing the concentration of the return process in
MDPs are developed for the average reward framework
and they are established in the asymptotic regime (e.g., in
Hernandez-Lerma and Lasserre| [2012], Meyn and Tweedie
[2012])). Such results establish asymptotic convergence guar-
antees such as the Law of Large Numbers, the Law of It-
erated Logarithm and the Central Limit Theorem. CIs in
this paper are establishing finite-time Cls for the discounted
MDP framework. To the best of our knowledge, finite-time
ClIs for the return process in this setup are reported only in
[Sayedana et al.l 2024]]. Compared to the aforementioned
paper, we derive Cls under much weaker assumptions on
the MDP and provide Bernstein-type CIs which, to the best
of our knowledge, are not reported in the literature before.

7 CONCLUSION

In this paper, we establish CIs for the return process in
Markov decision processes. We derive these bounds under
various assumptions on the structure of the MDP. By impos-
ing the boundedness assumption on the maximum absolute
deviation of the value function, we derive upper bounds anal-
ogous to the Azuma and Bernstein inequalities. Furthermore,
under the assumption that the value innovation sequence is
a sub-Gaussian process, we derive CIs analogous to Azuma-
Hoeffding inequality. In the framework of linear MDPs, we
provide further simplifications for the established CIs. In
particular, we exploit the properties of the value function
to derive CIs in terms of the MMD metric between two
distributions. Moreover, we study the effect of epistemic
uncertainty on the established CIs, characterizing the sen-
sitivity of CIs to the model mismatch. In two numerical
examples we compare the empirical distribution of the re-
turn process with the established CIs. We believe the results
of this paper pave the way to having sample-path guarantees
for decision-making in high-stakes environments.
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Proof Of The Results

A  BACKGROUND ON MARTINGALES

Let (2, F,P) be a probability space. A filtration {F; },>¢ is a non-decreasing family of sub-sigma fields of F. A random
sequence { X };>o is called integrable if E[| X,|] < oo for all t > 0. A random sequence { X },>( is called adapted to the
filtration {F; };>0 if X, is F;-measurable for all ¢ > 0.

Definition 5 (Martingale). An integrable sequence {X,}¢>o adapted to the filtration {F,}¢>¢ is called a martingale if
E[Xt+1|]:t] = Xt, a.s. Vit Z 0.

Definition 6 (Martingale Difference Sequence). Let {c; }+>1 be a sequence of real numbers and C' be a positive real number.
A real integrable sequence {Y, }+>1 adapted to the filtration {F; }> is called:

1. Martingale Difference Sequence (MDS) if
E[Y;|Fi—1] =0, as. Vt>1.
2. Sequentially bounded MDS with respect to the sequence {c; }>1 if it is an MDS and
Vi <e¢, as VE>1.
3. Uniformly bounded MDS with respect to the constant C' if it is an MDS and

;| <C, as Vt>1.

There is a unique MDS corresponding to a martingale and vice versa. In particular, given a martingale { X };>0, the
corresponding MDS {Y; };>1 is defined as

i/t = Xt - Xt—la Vit Z 1.

Moreover, given an MDS {Y; };>1, the corresponding martingale sequence { X, };>¢ is defined as

T
Xo=0, Xpr=)Y Y, VI>L1
t=1

Consider a martingale {X;};>0 such that {X7};>0 is integrable. The increasing process {A;}+>1 associated with the
sequence { X7 };>o is defined as

Ay =B[X2|Fo) — X2, Ay =E[X?F1] - X2, +A1, Vt>2.
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Let {Y; }+>0 be the MDS corresponding to { X; }+>¢. Then, we can express {4 };+>0 in terms of {Y;?};>¢. In particular, we
have

Ay =E[X}|Fioa] = X2+ Ay
= E[X7 | Fio1] + 2B[Y; | Fom 1] Xomy + BV Fo] - X7 + Ay
= B[V |Fi1] + i

As a result, we have
T
Ar =) ENP|Fa], VT > 1.
t=1
Therefore, we sometimes say that { A; };>1 is the predictable quadratic variation associated with {Y;*};>0.

Martingale sequences are an important class of stochastic processes. Both asymptotic and non-asymptotic concentrations of
martingale sequences have been well studied. In Section[A.T] we present the non-asymptotic concentration of martingales
with uniformly bounded MDS.

A.1 NON-ASYMPTOTIC CONCENTRATION
A.1.1 Freedman Inequality

A foundational non-asymptotic concentration result for martingale sequences is Freedman’s inequality, which provides a
tight bound when the conditional variance is small.

Theorem 7 (Freedman, |1975). Let {Y;};>1 be a martingale difference sequence adapted to a filtration {F }>¢ such that
|Y:| < K almost surely for all t. Let the predictable quadratic variation be:

T
5= SOENG | Fi

t=1

Then, for any € > 0 and any v > 0, we have:

T 2
IP(ZY}EE and E%§V>§exp <2£2KE>
v

t=1 3

In the analysis of this paper, we require a two-sided bound. The derivation of the two-sided Freedman inequality is presented
in the following corollary.

Corollary 3. Let {Y;}i>1 be a martingale difference sequence adapted to a filtration {F; },>¢ such that |Y;| < K almost
surely. Let ST = Z;‘P:l Y; and let the conditional variance sum be bounded such that % < v almost surely.

Then, for any § € (0, 1), with probability at least 1 — §, we have:

2 K N\\? K 2
< - — - — ).
|ST_\/2vlog<5)+(3log<5>> +310g<6>

Proof. We begin by applying Theorem [7]to the martingale St. For any € > 0:

2
P(Sp>e€ and Y2 <v) <exp | ——— | . 27
(St > 7<v)< p( 2y+213<e> 27
To bound the lower tail, we define the symmetric sequence M7 = —St. Because E[-Y; | Fi_1] = 0, M is also a

martingale. Its difference sequence, —Y;, satisfies the same uniform bound | — Y;| < K. Furthermore, the conditional
variance remains identical since (—Y;)? = Y;2. Applying Theoremto Mr yields:

2K
2+ 36

2
P (ST < —e and 22T < y) < exp <—€> . (28)
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The event {|St| > €} is the union of the disjoint events {S7 > €} and {St < —¢}. Assuming the variance bound X2, < v
holds deterministically, we can apply the union bound to and (28)) to obtain the two-sided deviation probability:

€2
P (|S7| > ¢€) < 2exp <_2V-|-23K6> . (29)

To obtain the high-probability bound, we equate the right-hand side failure probability to J:

5=2 < — log (2 ¢ (30)
=2exp | ——5=— gl <) = ——=r
P 2v + 213(5 5\5 2v + —213“
Rearranging this expression yields the following quadratic equation in terms of e:
2K 2 2
— ?log (5> € — 2vlog <6> =0. 31

Applying the quadratic formula and taking the positive root (since € > (), we obtain:

() (e () 2 2)

Therefore, the event |S7| > € occurs with probability at most J, meaning its complement |S7| < e occurs with probability
at least 1 — 4. This completes the proof. O

A.1.2 Azuma-Hoeffding Inequality

While Freedman’s inequality utilizes the predictable quadratic variation to provide tighter bounds for martingales with small
conditional variances, the Azuma-Hoeffding inequality provides a simpler, variance-independent bound depending only on
the maximum absolute deviation of the martingale differences.

Theorem 8 (Raginsky and Sason, 2015). Let {X;}L , be a martingale difference sequence adapted to a filtration { F;}1_,.
Suppose there exists a sequence of positive constants {c; }1_, such that for all't € {1,...,T}, we have | X;| < c; almost
surely. Let ST = Ethl Xi. Then, for any € > 0:

€2
P ([Sr| >€) < 2exp () . (32)
QZtT:l C%

By rewriting the statement of Theorem [8]in terms of a failure probability J, we get the following equivalent high-probability
form, which is directly applicable to our analysis.

Corollary 4. Let {X;}]_| be a martingale difference sequence adapted to a filtration { F;}1_,, such that | X;| < c; almost
surely. Let S = Ethl X;. Then, for any 6 € (0,1), with probability at least 1 — ¢, we have:

r 2
|ST] < 4|2 (; C?) log (5) (33)

Proof. The result follows by equating the probability bound in Theorem [§]to the failure probability § and solving for the

deviation e:
€2 ) 2
§=2exp (—T> = = 2(20?) log ()
231 i t=1 Y

Substituting this e back into the complement event | S| < € yields the stated high-probability bound. O
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B PROOF OF MAIN RESULTS FOR THE DISCOUNTED REWARD SETUP

B.0.1 Preliminary Results

We first present a few preliminary lemmas. To simplify the notation, we define the value innovation sequence.

Definition 7. Let filtration F = {F;}i1>0 be defined as F; = o(So.t, Ao.t). For any policy m € Il g, let V™ denote the
corresponding discounted value function. We define the value innovation sequence { N[ }>1 as follows:

NI =V™(Sy) —EL[V™(St) | Sg—1], Vt>1, (34)
where { St }1>1 denotes the random sequence of states following the policy .

Lemma 2. The value innovation sequence {y' N[ }¢>1 is a Martingale Difference Sequence (MDS) with respect to the
filtration {Fy }1>o0.

Proof. By the definition of {F; },>¢, we have that S;_; is F;_1-measurable. By the Markov property, we have:
E[y'NF | Foet] =B [7 (V7(S0) = Ba[V™(80) | Sea)) | Fica
=Y E[V7(St) | Feet] =7 Ex [V7(Sh) | Se-1]
=V'Er [V7(Sh) | Si—1] =" Ex [V7(Se) | Se—1] =0,
which shows that {y* N };>1 is an MDS with respect to the filtration {F }¢>0. O

‘We now present a martingale decomposition for the return process R7. for any policy 7 € Il .
Lemma 3. Given any policy m € Ilg, we can rewrite the return process RT. as follows:

T
F=> VNI +V™(So) =y V™ (Sr). (35)

t=1

Proof. Since 7 € Il 4, the Bellman equation implies that along the trajectory of states {S; }7_, induced by the policy 7, the
instantaneous reward can be written as:

7(St, m(St)) = V7 (St) = YEx [V (St41) | St

By substituting this into the definition of the discounted return, we get the following telescoping sum:

T-1
RF =Y 4'r(Si,7(S))

t=0
T—1

= > AVT(Se) = VEx [V (Seq1) | S]]
t=0

(@ T-1 T-1

= AV = Y AT E VT(Si) [ S+ 4TV (Sr) =7 VT (Sr)
t=0 t=0
T—-1

N A VT (S11) — B [VT(Si1) | Sl + V7 (S0) =7V (Sr)
t=0
T—1

where (a) follows from adding and subtracting the term y/'V™(Sr), (b) follows from shifting the index of the first
summation and pairing the terms evaluated at ¢ 4+ 1, and (c) follows from the definition of the value innovation sequence
{N7 }ex1. O

14



B.1 PROOF OF THEOREM

A variant of this result was previously established in [Sayedana et al.| [2024, Theorem 37] under stronger assumptions
(finite state and action spaces and uniformly bounded rewards). For completeness, we prove this result under the weaker
assumptions imposed in this paper, i.e., Assumption 2}

Proof. By Lemma/[3] for any policy 7 € IIx, we have the following decomposition for the return process:
T
=Y AINT+VT(So) ="V (Sr).
t=1

Rearranging the terms, we obtain:

|RT. — (V™(So) —+"V™(Sr)) INT. (36)

To bound the right-hand side, we apply Azuma-Hoeffding inequality in Corollary 4} By Lemma the sequence {v' N7},
is a martingale difference sequence adapted to the filtration {F;}7_,. Under Assumption |2} the absolute deviation of the
value innovation sequence is bounded by K™ almost surely. As a result, we have:

[V'NT| <+'K™, as. Vte N (37
Let ¢; = v*K™. We have:
- 2 - t )2 $ 2t _ 27—y 2
c; = K’r = (K™) ———5— = (K")hr, (38)
LT EEEE

where the last equality follows by the geometric series formula.

Applying Corollary [4| with these bounds, we get that for any 6 € (0, 1), with probability at least 1 — §:

< \/2((K7T)2hT) log (z) _ K™ |2k log ((25) (39)

Substituting (39) into (36) implies the final CI:

2
[RF — (V7(S0) =TV (S1)| < K\/m - @0

O
B.2 PROOF OF THEOREM
Proof. By Lemma@ for any policy 7 € IIx, we have the following decomposition for the reward process R7.
T
= NI+ VT(So) =4 VT (Sr).
t=1

Rearranging terms, we obtain

|RT — (V™(So) ="V (S7)) INT. 41)
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To bound the right-hand side, we apply the two-sided Freedman inequality in Corollary (3| By Lemma |2 the sequence
{7#* N[ };>1 is a martingale difference sequence adapted to the filtration {F; };>o. Furthermore, by Assumptionthe value
innovation sequence is bounded by K™ almost surely. As a result, we have

VNI <A'K™ < K™, Vt>1.
In addition, we must bound the predictable quadratic variation. By the definition of the maximum conditional standard

deviation 6™, we know that V. [V™ (S )|s] < (6™)? for all reachable states s € Z%,.. Therefore, the predictable quadratic
variation sequence satisfies:

T T 9
t ATT\2 2=m2 _ 1 — 7 ~m\2
ZE{(W’NH ‘ftfl]SZ’Y (@") —ﬁ(g )
t=1 t=1
Let hp = % Applying Corollarywith the uniform range bound K™ and the variance bound hr(5™)2, we get that

for any € (0, 1), with probability at least 1 — o:

™ 2 ™
< \/2hT(cr’T)2log (2) + <[;10g <§)> + %log <§) . (42)

By combining (@1)) and (@2)), and factoring 5™ out the square root, we get the following:

5 50 7)< 0 i (2) o (s (2)) 4 K (2).

T
> A'NT
t=1

B.3 PROOF OF COROLLARY]]]
Proof. By Lemma3] for any finite horizon 7', we have the following martingale decomposition for the return process:

T
RE. = V™(S) = > 'NF =~ V™(Sy). (43)

t=1

We analyze the limit of this expression as T' — oo. By definition, the discounted return converges to the asymptotic return,
lim7_, o R} = RY, almost surely. Furthermore, under Assumption we have

lim vTV™(S7) =0, as. (44)
T— o0

Therefore, by taking the limit as 7' — oo in (@3]), we have

RT, —V™(So) =Y A'NT, (45)
t=1
Furthermore, notice that
2 2T+2 2
. . Y= Y
hoo = lim hp = 1 — , 4
<A T Ty o

Proof of Part 1: By letting 7' — oo in the statement of Theorem [I] we get

/ 2 22 2
T ™ < B ™ —_ = B ™ —-.
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Proof of Part 2: By letting 7' — oo in the statement of Theorem 2] we get

v e () pon () - o)

2~2 2 (Kv_  2\° K* 2
=" log = + [ ——log = = log =. 4
a\/1_72 og(s—|—<357r og6>+3 085 (48)

B.4 PROOF OF COROLLARY

Proof. By LemmaE], for any policy m € II, we have the following decomposition for the return process R7:

T
b= VNF+V(So) ="V (Sr).
t=1
Rearranging the terms and applying the triangle inequality yields

T
> A'NF

t=1

|RT — V7™ (So)| < +|vTVT(ST)] . (49)

Under Assumption the value function is uniformly bounded by Vj,ax, meaning |V™(s)| < Vipax for all states s € S. As a
result, the second term in (@9) is bounded by:

|’YTV7T(ST)| <A Viax.  as. (50)

Proof of Part 1:  From Theorem [T} under Assumption 2} the sum of the martingale difference sequence is bounded with
T
Y

probability at least 1 — ¢ by:
/ 2
<KT 2thogg. (51
t=1

Substituting (31)) and (30) into (49), we obtain with probability at least 1 — §:

/ 2
|RT. — V™(S)| < K™/2hrlog 5+ i 72 (52)

Proof of Part 2: Similarly, from Theorem [2} under Assumption [2} the sum of the martingale difference sequence is
bounded with probability at least 1 — § by:

T 2
2 K™ 2 KT 2
INT| < ™4[ 2hp ] - —1 - —1 - . 53
;7 “=e ros\5) 5 25 T35 69
Substituting (53) and (50) into (@9), we obtain with probability at least 1 — §:

2 KT 2\\ 2
T _ T <57 = o =
IRE. — V™ (Sy)| < & \/2thg(5) + (:’m 10g(5)>

K™ 2
+ 5 log (5> + 7 Vinax. (54)
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B.5 PROOF OF THEOREM

Proof. The Azuma-Hoeffding inequality for sub-Gaussian martingale difference sequences is established in|Van Handel
[2014]. We do not directly use this result and provide a direct derivation for clarity and completeness in this paper.

By the martingale decomposition established in Lemma[3] we know that for any policy 7 € I1, we have:
T
R} — (V7(S0) =7 "V7™(S1)) = Y 7' Ny (55)
t=1

Let Mp = Zthl vt NJ*. We seek to bound P(Mr > ¢) for any € > 0. We apply the Chernoff bound method. By Markov’s
inequality applied to the exponential function, for any A > 0, we have:

P(Mr >¢) = IP(eXp()\MT) > exp()\e)) < exp(—)\e)E[eXp()\MT)] (56)

We analyze the moment generating function (MGF) using the tower property of conditional expectation:

- ;
exp (AZ%N;) ‘]:Tl 1 . 57)

t=1

E{exp()\MT)} ~E|E

Because the sum up to 7" — 1 is measurable with respect to Fr_1, we can factor it out of the inner expectation:

T—1
exp <)\ Z 'ytNt”> E

t=1

E[exp(AMT)} —F

exp (M NT) ]—'T1H . (58)

By Assumption E], the value innovation sequence N7 is conditionally »™-sub-Gaussian. Consequently, the scaled term
~T N is conditionally (y7v™)-sub-Gaussian. This provides the following bound on the conditional MGF:

\2~2T (172
E |exp (/\’yTNﬁ ’ }“T_ll < exp <’Y2(V)> : (59)
Substituting this bound back into our expectation and iterating this unrolling process backward to t = 1 results in:
A2 (vT)? - 2t
E[exp()\MT)} < exp (2 ;'y . (60)
By the definition of hr, we get:
)\2 T 2h
E[exp()\MT)} < exp ((VZ)T> . (61)
Substituting (6I) back into (36) results in:
)\2 T 2h
P(My > €) < exp <)\e ; (”2)T> . (62)

To obtain the tightest bound, we minimize the right-hand side with respect to A. The quadratic function in the exponent is
minimized at A = m Substituting this optimal A yield:

2
P(Mr > €) < exp <_2(l/:)2hT> . (63)

By symmetry, applying the exact same argument to — M bound the lower tail, giving P(— My > €) < exp (fﬁ) .
Taking the union bound over both tails provides the two-sided inequality:

2
P(|Mr| > €) < 2exp <2(U:)2hT) . (64)
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To convert this to a high-probability bound, we equate the failure probability to §:

62

Solving for € yields:

e =v"y/2hrlog <(25) (66)

Therefore, with probability at least 1 — §, we have |Myp| < v™/2hy log(2/6). Substituting (53) back into this expression
concludes the proof. O

B.6 PROOF OF THEOREMEI

Proof. The proof consists of two parts. First, we establish the upper bounds for the scalar statistics K™ and o™. Then, we
substitute these bounds into the concentration inequality established in Theorem [2]

Part 1: Bounding the Statistics. Recall the definition of the maximum absolute deviation K™:

K™ = sup esssup |V7(s") = E-[V7(S1)|s]]- (67)
SER7 8'~Pr(-]s)

Substituting the linear value function V7 (x) = (¢™(x), w™) and using the linearity of the expectation operator, we have:

[V7(s") = B[V (S4)Is]| = [(67(s), W) — B [(¢7(S4), w™) | s]]
= [(¢7(s"), w™) — (B [¢"(S+)]s], w™)]
= | (97 (s") ]E7r [0™ (S1)]s] ,W“>| (68)
Applying the Cauchy-Schwarz inequality (|{u, v)| < |lul|2]|v||2), we obtain:
[V (s") = Ex[VT(S4)ls]| < |97(s) — Ex[d™ (S1)ls] ]2l w]l2. (69)
By taking the essential supremum over s’ and the supremum over s € %, from both sides, we get:
K™ < |[|[w™[|2K7. (70)

Next, recall the definition of the maximum conditional standard deviation 6™ . For any state s € %, the conditional variance
is:
™ T T 2
VAV (Sp)ls] = Bx [(V7(S4) = B[V (S2)ls))” | 5] (7
Following the exact same substitution and linearity steps as above, we get:
VAV (S)ls] = Ba [(67(S1) = Exlo7(S4)ls], w™)? | 5]
s T 2 T2
Ex [l67(54) — Exlo™(54) 5] 51w 13 | 5]
T T us 2
— W™ I3Ex [[[67(S1) — Balo™(S)ls][3 | 5] )

where (a) follows from the Cauchy-Schwarz inequality. By taking the square root of both sides and then the supremum over
S € %y, We get:

5" < w255 (73)
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Part 2: The Confidence Interval. From Theorem we know that for any § € (0, 1), with probability at least 1 — o:

2 (KT 2\® K" 2
|R7 — (V7 (50) = 7"V™(5)| < \/th(5w)21og5 + <3 log 5) + - log 5. (74)

Let f(z,y) = \/ Az? + By? + Cy for strictly positive constants A, B, C. The function f(z,y) is monotonically increasing
in each of its arguments x and y. Therefore, substituting the upper bounds z = 6™ < [[w™[|267 and y = K7 < [|[w™ |2 K]

preserves the inequality:

[BE = (V7" (80) =77V (51)|

2
2 W KT 2 wT||o KT 2
(H !2 o) 10g5> i H ||2 )

< \/QhT(Hw”g&g)Qlogd + 3 log 5 (75)

Factoring out |[w™ ||z and &7 results in:

2
2 KZ 2 Ky 2
Tl a7 4| 2hrlog < + | == log = —2log < . 76
[|w 2<0¢ T0g5+<35g 0g5> + - log 5 (76)

B.7 PROOF OF LEMMA

Proof. Under Assumption[f] the underlying environment is a linear MDP. A fundamental property of linear MDPs is that
the state-action value functions can be represented as linear combinations of the feature map. Specifically, as shown by
Gabbianelli et al.[[2023], for any policy 7, there exists a weight vector w™ € R? such that Q™ (s, a) = (¢(s,a), w™).

For any deterministic policy m, the state-value function is evaluated as V™ (s) = Q™ (s, 7(s)). Substituting the linear
representation of the action-value function, we obtain:

VT(s) = (o(s,m(s)), w") = (¢"(s), w").

Next, we analyze the policy-induced kernel k™ (s, s’) = (¢™(s), ™ (s')). Because it is defined via a standard Euclidean
inner product in R?, ™ is symmetric and positive semi-definite. By the Moore-Aronszajn theorem, the unique RKHS
M~ associated with k™ consists exactly of functions that can be expressed in the form f(s) = (¢ (s), wy) for some
parameter vector wy € R?. Since V™ (s) precisely matches this functional form with w ¢y = w7, it immediately follows that
VT e Hpr. O

B.8 PROOF OF THEOREM

Proof. Let H be the Reproducing Kernel Hilbert Space (RKHS) associated with the kernel k7™ (x, y) = (¢™ (), ™ (y)). To
simplify the notation, we define the conditional mean embedding of the transition distribution Py (+|s) in the feature space
as:

wp(s) = Bg, ~p,(15)[0" (S4)]. (77)

Proof of Part 1 (K g): Recall from Definition [2|that the absolute deviation evaluated at a specific transition (s, s’) is given
by [67(s') — 15 (s). Let A%(s, s') = | §7(s') — 1 (5)[13. we have:

A?(s,8") = |97 (s") — up(s)II3
= (¢"(s") = np(s), 07 (s') — p(s))
= (¢"(s),0"(s")) — 2(¢™ ("), P (5)) + (Wp(s), up(s))- (78)

We evaluate each of the three terms in using the kernel trick and the linearity of the inner product:
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(i) The first term is simply the kernel evaluated at s':
(@7(s), 97 (s)) = k"(s', ")
(i1) For the second term, we pass the inner product through the expectation:
(@7 (s), 1B (5) = (&7(s), Bis, [67(51)])

— Es, [k (s, 54)).

(iii) For the third term, we use the property of independent copies. Let §+ and S, be i.i.d. samples drawn from Py (-|s). We
write the squared norm of the expectation as the expectation over the joint distribution of these independent copies:

(W (s), 15(5)) = (Bs, [67(S1)), Bg, [67(5:)])
=B, 5, [F"(S1.84)).
Substituting (i), (ii), and (iii) back into (78) results in:
A(s,8") = k(' 5') — 2B, [K7(s', S1)] + Eg, 5, K7 (S1,54)]- (79)

By (I6), this is equal to MMD?3, (, Py (+|s)). Taking the square root and then taking the essential supremum over s’ and
the supremum over s € %, completes the proof for K b

Proof of Part 2 (03): Let the conditional variance of the feature map given a state s € P be defined as
V2(s) = Bs, |67 (54) — np ()3 | 5| - (80)

Notice that the term inside the expectation is exactly the squared distance A?(s, S ) we analyzed in Part 1. Therefore, the
conditional variance is simply the expected value of the squared MMD over the transition distribution:

V2(s) = g, wp. (|s) [AQ(& s+)} = Es, wp, () [MMD%(55+,PW(-|S))]. 81)
0

B.9 PROOF OF THEOREMEI

To prove Theorem [6] we first prove a lemma that quantifies how the finite-time estimation error of the value function affects
the statistics K™ and 5™.

Lemma 4. Suppose the value function estimation error satisfies |V — V™o < € almost surely. Then, we have the
following upper-bounds:

>

KTK‘

=+ 2e,
a" .

U
n
iy
n T €

IAIA
Qi

Proof of Lemma[@) Let Z(s) = V™(s) — V,7(s) denote the estimation error function. By assumption, || Z||o < €, implying
|Z(s)] < eforall s € S.

Bound on K™: By definition, K™ = sup,cz_esssup, |V (s') — Ex[V™(S;) | s]|. Substituting V™ = VT + Z and

applying the triangle inequality, we get:

V() ~ Ba[V7(S1) | 8]| <

V(') = BalVr(S1) | sl| + | 2(5) = BalZ(S4) | 5]

The error term is bounded by |Z(s')| + E[|Z(S4)| | s] < € + € = 2¢. Taking the supremum over all transitions gives
K™ < KT + 2.
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Bound on 0™ : Using the triangle inequality for standard deviations (Minkowski’s inequality), we have:

\/ V’TS+‘S<\IV S+|S+ S+)|S]

Since Z(S ) is bounded by e, its variance is bounded by €2, so its standard deviation is at most e. Taking the supremum
over all states yields 6™ < o7 + e. O

We are now ready to prove the main theorem.

Proof of Theorem[6] Let £; be the event that the estimation error is upper-bounded by U, (n, g) By the consistency
assumption of our estimator and setting the failure probability to §/2, we get:

(o9

P(e) =PIV = V7o S Ue(m 3)) 21— 2. (82)

[\

Let € :== Uc(n, §). Lemmaimplies that conditioned on &1, we have K™ < K7 + 2¢ and 6™ < 67 + €.

Furthermore, conditioned on &1, the difference between the true expected boundary values and the estimated boundary
values is strictly bounded by:

|(V7(S0) = yTV™ (1) = (Vi (S0) = 47 Ve (S2))| < IV7(S0) = Vi (S) 447 IV (S2) = V7 (S|
<et+rle=e(l+77). (83)
We now prove each part of the theorem separately.

Proof of Part 1: Let & ; be the event that the true return concentrates around the true expected value difference as in
Theorem 2} By setting the failure probability to /2 in Theorem 2] we have P(€;,¢) > 1 — §/2, where under this event:

‘R” (V™(So) — TV’T(ST))‘gU@(Tﬁ”,K”,%). (84)

By the union bound, the joint event &1 N & ¢ holds with probability at least 1 — (§/2 4+ 6/2) = 1 — . Conditioned on this
joint event, we decompose the total error using the triangle inequality:

[R5 — (ViF(S0) =77V (50) | < |[Rf = (V7(S0) =77 V™ (50))|
+ | (V7 (S0) = 2"V (S2) = (V7 (S0) = 4"V (57))|
< Ug(T, o", KT, g) +e(14+~7).

Because the bound function Uy (T, o, K, §) is monotonically increasing with respect to both o and K, we can substitute the
empirical upper bounds derived from &;. Substituting 6™ < 67 + e and K™ < KT + 2¢ gives the final result for Part 1.

Proof of Part 2: Let & , be the event that the return concentrates around the true expected value difference as in
Theorem [1] By setting the failure probability to §/2 in Theorem|[I] we have P(;,,) > 1 — &/2, where under this event:

|R7 = (V™(S0) = 4"V7(51)| < Ua(T. K7, ). (85)

By the union bound, the joint event & N & , holds with probability at least 1 — (6/2 + §/2) = 1 — §. Conditioned on this
joint event, by applying the triangle inequality, we have:

‘R; — (V7 (So) =TV (S)) ] <U, (T K", 5) +e(1+47).
The function U, (T, K, §) is monotonically increasing with respect to K. Substituting the empirical upper bound K™ <

K T+ 2¢ derived from &, gives the final result for Part 2. O
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