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ABSTRACT

Data augmentation is popular in the training of large neural networks; currently,
however, there is no clear theoretical comparison between different algorithmic
choices on how to use augmented data. In this paper, we take a small step in this
direction; we present a simple new statistical framework to analyze data augmen-
tation - specifically, one that captures what it means for one input sample to be an
augmentation of another, and also the richness of the augmented set. We use this
to interpret consistency regularization as a way to reduce function class complex-
ity, and characterize its generalization performance. Specializing this analysis for
linear regression shows that consistency regularization has strictly better sample
efficiency as compared to empirical risk minimization (ERM) on the augmented
set. In addition, we also provide generalization bounds under consistency reg-
ularization for logistic regression and two-layer neural networks. We perform
experiments that make a clean and apples-to-apples comparison (i.e. with no ex-
tra modeling or data tweaks) between ERM and consistency regularization using
CIFAR-100 and WideResNet; these demonstrate the superior efficacy of consis-
tency regularization.

1 INTRODUCTION

Modern machine learning models, especially deep learning models, require abundant training sam-
ples. Since data collection and human annotation are expensive, data augmentation has been a
ubiquitous practice in creating artificial labeled samples and improving generalization performance.
This practice is corroborated by the fact that the semantics of images remain the same through sim-
ple translations like obscuring, flipping, rotation, color jitter, rescaling (Shorten & Khoshgoftaar,
2019).

Conventional algorithms use data augmentation to expand the training data set (Krizhevsky et al.,
2012; Simard et al., 1998; Cubuk et al., 2018; Simonyan & Zisserman, 2014; He et al., 2016). As
an alternative, consistency regularization enforces the model to output similar predictions on the
original and augmented samples and contributes to many recent state-of-the-art supervised or semi-
supervised algorithms. This idea was first proposed in (Bachman et al., 2014) and popularized
by Laine & Aila (2016); Sajjadi et al. (2016), and gained more attention recently with the success of
FixMatch (Sohn et al., 2020) for semi-supervised few-shot learning, and AdaMatch (Berthelot et al.,
2021) for domain adaptation.

Several recent papers (see e.g. (Chen et al., 2020a; Mei et al., 2021; Lyle et al., 2019)) attempt
to provide a theoretical understanding of data augmentation (DA); they focus on establishing that
augmenting data saves on the number of labeled samples needed for the same level of accuracy.
However, none of these explicitly compare in an apples to apples way the efficacy (in terms of the
number of augmented samples) of one algorithmic choice of how fo use the augmented samples vs
another algorithmic choice. Another dimension un-explored in previous work is any characterization
of the quality of augmentation.

In this paper, we hope to answer the following research question:

Is it possible to develop a theoretical framework to compare the sample efficiency of different
algorithms that use augmented data?
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We present a new theoretical framework that casts consistency regularization as a way to reduce
function class complexity, which immediately connects to the well-established theory on gener-
alization and gives rise to a generalization bound for consistency regularization under a general
bounded loss function. When specialized to linear regression, this new theoretical framework shows
that the consistency regularization is strictly more sample efficient than empirical risk minimization
(ERM) on the augmented dataset. In addition, using this framework, we also provide generaliza-
tion bounds under consistency regularization for logistic regression, two-layer neural networks, and
expansion-based data augmentations.

As summary, our main contributions are:

* A statistical framework of consistency regularization. We first present a simple new
statistical framework to analyze data augmentation - with a formal theoretical definition
of data augmentation and its strength. We then use this framework to give a generalization
bound of consistency regularization and provide instantiations for linear regression, logistic
regression, two-layer neural networks, and expansion-based data augmentations.

* Theoretically proving the efficacy of consistency regularization. When specializing our
framework with consistency regularization to linear/logistic regression, it yields a strictly
smaller generalization error than ERM with the same augmented data.

* Empirical comparisons between consistency regularization and ERM. We perform ex-
periments that make a clean and apples-apples comparison (i.e., with no extra modeling or
data tweaks) between consistency regularization and ERM using CIFAR-100 and WideRes-
Net. Our empirical results demonstrate the superior efficacy of consistency regularization.

2 RELATED WORK

Empirical findings. Data augmentation (DA) is an essential recipe for almost every state-of-the-
art supervised learning algorithm since the seminal work of (Krizhevsky et al., 2012) (see reference
therein (Simard et al., 1998; Cubuk et al., 2018; Simonyan & Zisserman, 2014; He et al., 2016;
Kuchnik & Smith, 2018)). It started from adding augmented data to the training samples via (ran-
dom) perturbations, distortions, scales, crops, rotations, and horizontal flips. More sophisticated
variants were subsequently designed; a non-exhaustive list includes Mixup (Zhang et al., 2017),
Cutout (DeVries & Taylor, 2017), and Cutmix (Yun et al., 2019). The choice of data augmentation
and their combinations require domain knowledge and experts’ heuristics, which triggered some
automated search algorithm to find the best augmentation strategies (Lim et al., 2019; Cubuk et al.,
2019). The effects of different DAs have been systematically explored in (Tensmeyer & Martinez,
2016).

Recent practices not only add augmented data to the training set but also enforce the predictor output
to be similar by adding consistency regularization (Bachman et al., 2014; Laine & Aila, 2016; Sohn
et al., 2020). One benefit of consistency regularization is the feasibility of exploiting unlabeled data.
Therefore input consistency on augmented data also formed a major component to state-of-the-
art algorithms for semi-supervised learning (Laine & Aila, 2016; Sajjadi et al., 2016; Sohn et al.,
2020; Xie et al., 2020), self-supervised learning (Chen et al., 2020b), and unsupervised domain
adaptation (French et al., 2017; Berthelot et al., 2021).

Theoretical studies. Many interpret the effect of DA as some form of regularization (He et al.,
2019). Some work focuses on linear transformations and linear models (Wu et al., 2020) or kernel
classifiers (Dao et al., 2019). Convolutional neural networks by design enforce translation equiv-
ariance symmetry (Benton et al., 2020; Li et al., 2019); further studies have hard-coded CNN’s
invariance or equivariance to rotation (Cohen & Welling, 2016; Marcos et al., 2017; Worrall et al.,
2017; Zhou et al., 2017), scaling (Sosnovik et al., 2019; Worrall & Welling, 2019) and other types
of transformations.

A line of work view data augmentation as invariant learning by averaging over group actions (Chen
et al., 2020a; Mei et al., 2021; Lyle et al., 2019). They consider an ideal setting that is equivalent
to ERM with all possible augmented data, bringing a clean mathematical interpretation. We are
interested in a more realistic setting with limited augmented data. In this setting, it is crucial to
utilize the limited data with proper training methods, the difference of which cannot be revealed
under the previous studied settings.
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Some more recent work investigates the feature representation learning procedure with DA for self-
supervised learning tasks (Wen & Li, 2021; HaoChen et al., 2021; von Kiigelgen et al., 2021; Garg
& Liang, 2020). Cai et al. (2021); Wei et al. (2021) studied the effect of data augmentation with
label propagation. Data augmentation is also deployed to improve robustness (Rajput et al., 2019),
to facilitate domain adaptation and domain generalization (Cai et al., 2021; Sagawa et al., 2019) .

3 DATA AUGMENTATION CONSISTENCY AND HOW IT LEARNS EFFICIENTLY

In this section, we first formally define data augmentation and introduce the problem setup. We then
define data augmentation consistency (DAC) regularization and show how it effectively reduces the
function class complexity, which connects to a generalization bound for bounded loss functions
via Rademacher complexity. Subsequently, we specialize our general result to linear regression,
which firmly shows that the DAC regularization provably learns more efficiently than minimizing
the empirical risk on the augmented dataset. The following section will present more applications
(including logistic regression, neural network, etc.).

3.1 PROBLEM SETUP AND DATA AUGMENTATION

Consider the standard supervised learning problem setup: x € X are input features, and y € ) is
its label (or response). Let P* be the true distribution of (x,y) (i.e., the label distribution follows
y ~ P*(y|x)). We can then formally define data augmentation as:

Definition 1 (Data augmentation). For any sample x € X, we say x' € X is its augmentation, if
and only if P*(y|x) = P*(y|x').

The definition above specifies what it means for one input sample to be an augmentation of another.
While the definition covers any x’ with the same label distribution as x, our results only use the aug-
mented samples that can be achieved via certain transformations (e.g., random cropping, rotation).
However, our definition does not cover augmentations that alter the labels (e.g., MixUp (Zhang et al.,
2017)).

Now we introduce the learning problem on an augmented dataset: Let (X,y) € XN x YV be a
training set consisting of NV i.i.d. samples. Besides the original (X, y), each training sample in it is
provided with o augmented samples. The input features of the augmented dataset can be written as:

AX) = [X15 5 XN X115 5XN G X)X N,e] € XTTON

where x; is in the original training set and x; ;,Vj € [a] are the augmentations of x;. The labels
of the augmented samples are kept the same, which can be denoted as My € Y1+®N  where

M € RO+aINXN ¢ 4 vertical stack of (1 + «) identity mappings. Specifically, when the input x;s
are d-dimensional real vectors, we have the following notion of augmentation strength dy,,:

Definition 2 (Strength of augmentations). For any § € (0, 1), let

duug (8) 2 argmax P [rank (,Z(X) - MX) < d(mg} <6, dug 2 duyg (1/N) |
daug ’

Intuitively, strength of augmentations dg,,() means that with probability at least 1 — 4, the aug-
mentations perturb at least d,,,(d) dimensions; whereas d,,, can be intuitively understood as the

minimum number of dimensions that the augmentations in .Z(X) perturbed with high probability. A

lager dgu, corresponds to a stronger data augmentations. For instance, when A(X) = MX almost
surely (e.g., when the augmentations are identical copies of the original samples, corresponding to
the weakest augmentation — no augmentations at all), we have dyu(0) = dgue = 0 forall § € (0,1).
On the other hand, if the augmentations are randomly generated, then it is more likely to see larger
daug (i.e., more dimensions being perturbed) with larger « (i.e., more augmentations).

In the next subsection, we formally introduce “data augmentation consistency regularization” and
present a generalization bound under bounded loss functions. We subsequently specialize the bound
to linear regression and show that consistency regularization is strictly more sample efficient than
empirical risk minimization (ERM) on the augmented dataset.
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3.2 DATA AUGMENTATION CONSISTENCY REGULARIZATION

Let H = {h: X — YV} be a well-specified function class (e.g. for regression problems, 3h* € H,
s.t. h*(x) = E[y|x]) that we hope to learn from. Without loss of generality, we assume that
each function h € H can be expressed as h = fp, o ¢, where ¢, € & = {¢p: X > W}isa
proper representation mapping and f;, € F = {f : W — Y} is a predictor on top of the learned
representation. We tend to decompose h such that ¢;, is a powerful feature extraction function
whereas fj, can be as simple as a linear combiner. For instance, in a deep neural network, all the
layers before the final prediction layer can be viewed as feature extraction ¢y, and the predictor f
corresponds to the final linear combination of the features.

For a loss function [ : ) x Y — R and a metric o properly defined on the representation space WV,
learning with data augmentation consistency (DAC) regularization can be expressed as:

argmle (xi), i) +)\ZZQ On (%), dn(xi5)) - (1)

hEHzl j=11i=1

DAC regularization
Note that the DAC regularization in Equation (1) can be easily implemented empirically as a regu-
larizer. Intuitively, DAC regularization penalizes the representation difference between the original
sample ¢y, (x;) and the augmented sample ¢y, (x; ;), with the belief that similar samples (i.e., origi-
nal and augmented samples) should have similar representations. When the data augmentations do
not alter the labels, it is reasonable to enforce a strong regularization (i.e., A — o0) - given that
the conditional distribution of y does not change. The function hdac learned with data augmentation
consistency regularization can then be written as the solution of a constrained optimization problem:

pelae & ar}téf;limzl st on(x) = dn(xi;), Vi € [N],j € [a]. (2)
€ i=1

The constraint in Equation (2) effectively reduces the size of the function class . To rigorously
capture such reduction, we define the following data augmentation consistency (DAC) operator over

‘H. Given the original training samples X and the augmented dataset A(X), we have:
Definition 3 (Data Augmentation Consistency Operator).

TE(H) 2 {h | h € H,¢n(x:) = ¢n(xi;), Vi € [N],j € [a]}.

Particularly, we assume that a proper representa- Ve \
tion class ® is chosen with respect to the augmen- Original Function Class: 7
tations such that h* € Td“C (). The DAC opera-

tor maps the original functlon class H to a (poten-
tially much smaller) subset Tj“;( (H), where every

én(xi), On(Xi ;) can be different.

. . . . dac
function h € T%“;(H) gives consistent represen- Reduced Function Class: T35 (M)

tation for all samples and their augmentations (i.e.,
on(xi) = ¢n(x; ;). It is now clear that with DAC
regularization, Equation (2) is effectively learning in \- 4
the function class Td“c (#H), which is a subset of . @}, is the feature mapping of h € H

As we will show in the next subsection, the function
class size reduction is the key for efficient learning
with data augmentations.

st On(x) = (‘bh(xi,j)v Vi € [’L]vj € [0‘]

Figure 1: The DAC regularization reduces
function class H to T35 ().

One of the contributions of our paper is to view consistency regularization as function class complex-
ity reduction. Our next proposition connects the generalization bound to the Rademacher complexity
T%“)C( (H) via standard analysis. We further provide various instantiations in the rest of our paper.
Let L(h) denote the population loss induced by h € H, i.e., L(h) £ E(x ) p+ [[(R(x),y)].

Proposition 1 (formally in Proposition 8). With Equation (2), if l is B-bounded and C}-Lipschitz,
then for a fixed T%“;((H) and any § € (0, 1), with probability at least 1 — 6, we have

2B2log(2/9)

L(R%¢) — L(h*) < 4C) - Ry (T%“;(H)) + =
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Remark 1. Our results can be immediately extended to use unlabeled data. Notice that the DAC
regularization only enforces the same predictions for the original and augmented samples, where no
ground truth label is needed. For clarity of exposition, we focus on the labeled dataset in the main
text and defer discussions on unlabeled data to the appendix.

3.3 EFFICACY OF DAC REGULARIZATION: A GENTLE START WITH LINEAR REGRESSION

To see the efficacy of DAC regularization (i.e., Equation (2)), we revisit a more commonly adopted
training method here - empirical risk minimization (ERM) on augmented data:

pda—erm & argmanl (xi), yi —|—ZZ[ (x4.5), 3)

hEHzl =1 j=1

Now we show that the DAC regularization learns more efficiently than ERM. Consider the following
setting: given N observations X € RV >4 the responses y € RV are generated from a linear model

y = X0* + ¢, where ¢ € RY is zero-mean noise with E [EET} = 02Iy. Recall that .Z(X) is
the entire augmented dataset, and My corresponds to the labels. Our next result characterizes the
fixed design excess risk of 0 on A(X), which is defined as L(0) £ (1+a T~ HA X)0 — A(X)6*

Under regularity conditions (e.g., x is sub-Gaussian and N is not too small), it is not hard to extend
to random design, i.e., the more commonly acknowledged generalization bound with the same order.

Given ﬂ(X), notice that by Definition 2, dg,, = rank (/T(X) - MX) since there is no randomness

in .Z, X in fixed design setting. For a linear regression model to be identifiable (i.e., having an unique

solution), we assume that A(X) has full column rank. We then have the following theorem on the
excess risks of learning by DAC regularization and by ERM on the augmented dataset.

Theorem 2 (Informal result on linear regression (formally in Theorem 6)). Learning with DAC
regularization, we have E {L(gdac) - L(H*)} = %, while learning with ERM directly on

the augmented dataset, we have E [L(ﬁda—“m) — L(G*)} = %, where d' € [0, dgyg)-

T T - MM g -
Formally, d’ is defined as @’ 2 ((HA(X>1+IZS)MM ), where H 7.+, = A(X)A(X)f, and Py is the

orthogonal projector onto S = {MXG | VO € RY, s.t. (A(X) - MX) 0 = }

Here we present an explanation for d’.

Note that 02> - MM' is the noise co-
variance matrix of the augmented dataset.

We have tr (Pgﬁl\N/IT) being the variance
of §da0, and tr <H~ MMT> being the

I
n

°©
»

—— DAC with d,,,=25
DA-ERM with d,,,=2!
—— DAC with d,,;=20

Excess Risk
=)
w

A(X) 0.2 —— DA-ERM with d,,g=2(
variance of @da—erm, Therefore, d o 0.1 ey ‘
tr ((Hzx) ~ Ps) MM ) is used to mea- 6 5 10 15 20
(X) Different d’s induced by Example 1

sure the difference. When H X) # Ps(a ) o
COMmMonN scenario as 1nstant1ated 1n Example 1), Figure 2: Comparison of DAC regularization and

we have DAC being strictly better than ERM on DPA-ERM (Example 1). The results precisely
augmented data. match Theorem 2. DA-ERM depends on the d’ in-

) . . ) duced by different augmentations, while the DAC
Example 1. Consider a 30-dimensional lin- regularization works equally well and better than
ear regression. The ()rlgll’l(ll tralnlng set con- the DA-ERM. Further, both DAC and DA-ERM

tains .5 0 samples. The inputs X;s are gener- e affected by the “strength of augmentation”
ated independently from N (0,130) and we set

0* = [0%;0] with 0% ~ N(0,I5) and 0 € R?. daug:

The noise variance o is set to 1. We break x into 3 parts [x.1,Te,, Te2| and take the following
augmentations: A([Te1;Te1;Te2]) = [Te1; 2Te1; —Tea), Ter € R¥ 2oy € R%t 2o € R%2, where
de1 + de1 + deo = 30.
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Notice that the augmentation perturbs x.1 and x.o and leaving x.1 unchanged, we therefore have
daug = 30 — dc1. By changing d.1 and dey1, we can have different augmentations with different
Qaug, d'. The results for dg.e € {20,25} and various d's induced by different d.1s are presented in
Figure 2. The excess risks precisely match Theorem 2. It confirms that the DAC regularization is
strictly better than ERM on an augmented dataset for a wide variety of augmentations.

4  VARIOUS APPLICATIONS

Now we ground our general result on the DAC regularization with a set of common applications, in-
cluding the logistic regression, two-layer neural networks, and expansion-based data augmentations.
For each of the applications, we first specify the ground truth distribution P*, the function class H,
the loss function [, as well as the augmented dataset .A(X). Then, we discuss the corresponding
excess risk L(h9%¢) — L(h*) for the DAC regularization (Equation (2)). We abridge the analysis in a
set of concrete examples with concise arguments while deferring the complete assumptions and the-
orems to Appendix B. As a supplementary remark, in addition to the popular in-distribution setting
where we consider a unique distribution P* for both training and testing, DAC regularization is also
known to improve out-of-distribution generalization for settings like domain adaptation. We defer
detailed discussion on such advantage of DAC regularization for linear regression in the domain
adaptation setting to Appendix B.4.

4.1 LOGISTIC REGRESSION

Here we consider logistic regressions with X = {x € R?||lx[|, <D}, ¥ = {0,1}. For
some unkown 6* € R? with [|0*]] < Cp, we have P*(y=1x) = o (0*x), where
o(-) is the sigmoid function o(z) = 1/(1 + exp(—z)). The function class H is H =
{h(x) =60Tx|6 €R? 0|, < Cy}, such that predictions are given by § = o (6 " x). For binary

classification, we use the logistic loss (8 " x, y) = —ylog(c(8"x)) — (1 — y)log(l — o (8 7x)).
Recall the strength of augmentations d,, from Definition 2. Under proper regularity conditions (i.e.,

x is sub-Gaussian and NV is not too small, see Appendix B), we have the following generalization
bound for learning logistic regression under DAC regularization.

Theorem 3 (Informal result on logistic regression with DAC (formally in Theorem 9)). Learning
logistic regression with the DAC regularization h(x;) = h(x; ;), with high probability:

~ d — dyyg +1log N
L(h%*) — L(h* <\/““g
(Rt = L(h*) £ L

where the strength of augmentation dg,, € [0,d — 1].

Intuitively, with high probability, minimizing empirical loss on augmented samples gives a gener-

alization bound of L(f;da_”m) — L(h*) < max (1 / W7 . /d—]saug> at best, where the first

term corresponds to the generalization bound for a d-dimensional logistic regression with (a + 1) N
samples, and the second term follows as the augmentations fail to perturb a (d — dm,g)-dimensional
sub-space (and in which ERM can only rely on the IV original samples for learning). The first term
will dominate the max when there is limited augmented data (i.e., v is small).

Comparing the two, we see that DAC is more efficient than ERM. In particular, consider the scenario
that the limited data augmentations well perturb the data (e.g., & = 1 and d,,, = d — 1). The ERM
gives a generalization error that scales as y/d/N, while DAC yields a dimension-free 1/1/N error.
Please see Appendix E for a supporting numerical example, which demonstrates the benefits of DAC
over DA-ERM for logistic regression, and empirically verifies the impact of d,,, and « that matches
with our theoretical analysis.

4.2 TWO-LAYER NEURAL NETWORK

In this section, we discuss a special case where the result for bounded losses in Proposition 8 can
be extended to the unbounded square loss. With X = R? and Y = R, we consider a ground truth
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distribution P* (y|x) induced by a two-layer ReLU network: y = (x'B*) w* + 2, B =
xq

[b}...b}...b}], for some unknown h* (x) £ (XTB*)+ w* where (-); £ max(0,-) element-

wisely denotes the ReLU function, b} € S*~! for all k € [g], and z ~ N (0, 0?) is the Gaussian

noise. In terms of the function class H, for some constant C,, > ||w* 1> we have:
H={h(x) = (x"B)yw | B =[by...b,J € R, [[byll, = 1V j € [ql. w], < Cu},

such that h* € H. We use the standard square loss [(h(x),y) = 3 (h(x) — y)*.

Let P s be the projector onto the null space of .Z(X) — MX. When the augmented sample set

A(X) is reasonably diverse (see Appendix B.2), regression over two-layer ReLU networks with the
DAC regularization generalizes as following:

Theorem 4 (Informal result on two-layer neural network with DAC (formally in Theorem 10)).
Assuming E | L3 ||Pin||§‘PN} < C% for some Cx > 0, learning the two-layer ReLU
network with the DAC regularization on (X;B) L= (x;':jB)+ gives, with high probability:

< 0CWwChir
~ \/N *

Recall the strength of augmentations dg,, from Definition 2. Under proper regularity condi-
tions (i.e., x is sub-Gaussian and NN is reasonably large, see Appendix B.2), we have Cyr <
\/d — day, with high probability. Analogous to the logistic regression example, applying the

ERM directly on the augmented samples achieves no better than L(ﬁd“_”’”) — L(h*) S

~

oC\,max (1 / m, dij\?‘““ ) with high probability. The comparison again illustrates the advan-

I (/]:Ldac) L)

tage of DAC regularization over ERM. The advantage is large when the limited data augmentations
are strong (i.e., large dy,, and small o).

4.3 EXPANSION-BASED DATA AUGMENTATIONS

In this section, we demonstrate that for the classification problems, enforcing consistency on a dif-
ferent notion of data augmentations based on expansion also brings a considerable reduction in
complexity of the feasible function class.

Concretely, we consider a multi-class classification problem: for an arbitrary set X, let Y = [K],
and h* : X — [K] be the ground truth classifier that partitions X: for each k € [K], let X}, £
{x € X | h*(x) =k}, with X; N X; = 0,Vi # j. Here we focus on the expansion-based data
augmentations defined as following:

Definition 4 (Expansion-based data augmentations). Let A : X — 2% be a function generating a
set of augmentations A(x) from a given x € X that satisfies the following:

(a) Nontrivial augmentation and class invariant: {x} C A(x) C {x’ € X | h*(x) = h*(x)} for
allx € X; and
(b) Non-trivial expansion: for all k € [K), given any ) C S C Xy, there exists some x' ¢ S such

that A(x) N A(x") # 0.

We consider a general class of classifiers H C {h : X — [K]|} where the ground truth classifier is re-
alizable, h* € H. With the zero-one loss lo1 (h(x),y) = 1{h(x) # y}, and the corresponding pop-
ulation loss Loy (h) = Ey [1{h (x) # h* (x)}], we learn a classifier from  with the DAC regular-
ization, h(x) = h(x’), where x's are expansion-based data augmentations generated by an A (Defi-
nition 4). As a warm-up, we begin with a simplified setting where we enforce consistency over the
population in lieu of a finite set of training samples as in practice. Then, learning with the DAC reg-

ularization yields a classifier K4 € TS (H) S{heH|h(x)=h(xX)VxeX, X € AX)}.
Theorem 5 (DAC with expansion-based data augmentations over population). Learning the classi-
fier with DAC regularization over population, with high probability,

~ N Klog K +log N
Lo (%) = Loy (") < =—5==8=
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Particularly, with the DAC regularization, the generalization bound of the K-class classification
problem is dimension-independent but only scales with the number of classes, O(K).

Furthermore, in Appendix B.3, we extend the result to a more practical setting where the consistency
is enforced over a finite training set. Notably, Theorem 5, along with the finite train set case in
Appendix B.3, is a reminiscence of Theorem 3.6 and 3.7 by Wei et al. (2021), as well as Theorem
2.1,2.2,and 2.3 by Cai et al. (2021). We adapt these existing theories and provide a unified analysis
under our setting, which demonstrates the generality of our framework.

5 EXPERIMENTS

In this section, we empirically verify that training with DAC learns more efficiently than empirical
risk minimization on an augmented dataset. The dataset is derived from CIFAR-100, where we
randomly select 10,000 labeled data as the training set (i.e., 100 labeled samples per class). During
the training time, given a training batch, we generate augmentations by RandAugment (Cubuk et al.,
2020). We set the number of augmentations per sample to 7 unless otherwise mentioned.

The experiments focus on comparisons of 1) training with consistency regularization, and 2) empir-
ical risk minimization on the augmented dataset (DA-ERM). In particular, we use the same network
architecture (a WideResNet-28-2 (Zagoruyko & Komodakis, 2016)) and the same training settings
(e.g., optimizer, learning rate schedule, etc) for both methods. We defer the detailed experiment
settings to Appendix D. Our test set is the standard CIFAR-100 test set, and we report the average
and standard deviation of the testing accuracy of 5 independent runs. The consistency regularizer is
implemented as the /5 distance of the model’s predictions on the original and augmented samples.

Efficacy of DAC regularization. We first show that the DAC regularization learns more efficiently
than ERM on the augmented dataset. The results are listed in Table 1. Notice that with proper choice
of A (i.e., the multiplicative coefficient before the DAC regularization, see Equation (1)), training
with DAC regularization significantly improves over DA-ERM.

DAC Regularization
DA-ERM A=0 A=1 A=5 A=10 A =20

69.40 £0.05 | 62.82+0.21 68.63+0.11 70.56+0.07 70.52+0.14 68.65+0.27

Table 1: Testing accuracy of ERM and DAC regularization with different A’s (regularization coeff.).

DAC regularization helps more when data is scarce. Our theoretical results suggest that the
DAC regularization brings more benefits when the training data is scarce. The data scarcity can be
interpreted in two ways:

(1) Labeled samples are scarce. We conduct experiments with different numbers of labeled sam-
ples, ranging from 1,000 (i.e., 10 images per class) to 20,000 samples (i.e., 200 images per class).
We generate 3 augmentations for each of the samples during the training time, and the results are
presented in Table 2. Notice that the DAC regularization gives a bigger improvement over DA-ERM
when the labeled samples are scarce. This matches the intuition that when there are sufficient train-
ing samples, data augmentation is less necessary. Therefore, the difference between different ways
of utilizing the augmented samples becomes diminishing.

Number of Labeled Data 1000 10000 20000
DA-ERM 31.11 £ 0.30 68.89 £0.07 76.79+0.13
DAC (A = 10) 33.59+041 70.71+0.10 76.86+0.16

Table 2: Testing accuracy of ERM and DAC regularization with different numbers of labeled data.

(2) Augmented samples are scarce. While keeping the number of labeled samples to be 10,000,
we evaluate the performance of the DAC regularization and DA-ERM with different numbers of
augmentations. The number of augmentations for each training sample ranges from 1 to 15, and the
results are listed in Table 3. The DAC regularization offers a more significant improvement when
the number of augmentations is small. This clearly demonstrates that the DAC regularization learns
more efficiently from the limited number of augmentations.
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Number of Augmentations 1 3 7 15
DA-ERM 67.92+0.08 69.04£0.05 69.25+0.16 69.30 £0.11
DAC (A = 10) 70.06 £0.08 70.77+0.20 70.74+0.11 70.31+0.12

Table 3: Testing accuracy of ERM and DAC regularization with different numbers of augmentations.

Proper augmentation brings good performance. To
achieve good performance, it is important to have proper
data augmentation - it needs to be strong such that it well
perturbs the input features, but it should also leave the
label distribution unchanged. Here we experiment with
different augmentation strengths, which is the number
of different random transformations (e.g., random crop-
ping, flipping, etc.) applied to the training samples se-
quentially. More transformations imply stronger aug-
mentations. The number of transformations ranges from
1 to 10, and the results are listed in Table 4. We see
that both DA-ERM and the DAC regularization benefits
from a proper augmentation. When the augmentation is
too strong (e.g., Augmentation Strength 10, as shown in
Figure 3), the DAC regularization gives a worse perfor-
mance. It might be explained by falsely enforcing DAC
regularization where the labels of the augmented samples
have changed.

Aug Strength = 1

5]

Figure 3: Examples of different aug-
mentation strengths.

Augmentation Strength 1 2 5 10
DA-ERM 68.56 £0.12  69.32+0.11 69.97+0.14 69.66+0.16
DAC (A = 10) 70.66 £0.14 70.65+0.07 70.01+0.10 68.95=+0.27

Table 4: Testing accuracy of EMR and DAC regularization with various augmentation strengths.

Combining with a semi-supervised  ~ymper of Unlabeled Data | 5000 1000020000
learning algorithm. ~ Here we FixMatch 6774 69.23  70.76
show that the DAC regularization  pionpach+ DAC (A =1) | 7124 727 74.04
can be easily extended to the semi-
supervised learning setting. ~ We  upje 5. DAC regularization helps FixMatch when the un-
take the previously established semi-  |,heled data is scarce.

supervised learning method Fix-

Match (Sohn et al., 2020) as the baseline and adapt the FixMatch by combining it with the DAC
regularization. Namely, besides using FixMatch to learn from the unlabeled data, we additionally
generate augmentations for the labeled samples and apply the DAC regularization. In particular,
we focus on the data-scarce regime by only keeping 10,000 labeled samples and at most 20,000
unlabeled samples. Results are listed in Table 5. We see that the DAC regularization also improves
the performance of FixMatch when the unlabeled samples are scarce. This again demonstrates the
efficiency of learning with DAC regularization.

6 CONCLUSION

We present a simple new theoretical framework for understanding the statistical efficiency of consis-
tency regularization with limited data augmentations. In particular, our proposed framework gives
a generalization bound for consistency regularization in general cases. We also provide instantia-
tions for linear regression, logistic regression, two-layer neural networks, and expansion-based data
augmentations. When specialized to linear regression/logistic regression, it shows that consistency
regularization yields a strictly smaller generalization error than ERM with augmented data. We also
provide apples-to-apples empirical comparisons between augmented ERM and consistency regular-
ization. These together demonstrate the superior efficacy of consistency regularization.
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Reproducibility Statement Our main theoretical results, including problem setup and (simplified)
theorem statements are in Sections 3 and 4. The formal theorem statements along with the proofs
can be found in Appendices A and B. We present empirical results in Section 5, and the detailed
experiment setup is in Appendix D. We also submit our experiment code in the supplementary
material.
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A PROOFS FOR BOUNDED LOSS AND LINEAR REGRESSION

A.1 PROOF FOR DAC ON LINEAR REGRESSION

For fixed .Z(X), we recall that d,,, = rank (.Z(X) - MX) since there is no randomness in ,Z, X

in fix design setting. Assuming that /T(X) admits full column rank, we have the following theorem
on the excess risk of DAC and ERM:

Theorem 6 (Formal restatement of Theorem 2 on linear regression.). Learning with DAC regu-
~ 2
larization, we have E [L(Hd‘w) - L(G*)} = %, while learning with ERM directly on the

augmented dataset, we have E [L(@da*”m) — L(G*)] = W d' is defined as

g o T (Ha ~Ps) M)
1+a

)

~ ~ ~ -1
where d' € [0,dug] with Hzx) = AX) (A(X)TA(X)> AX)" and Pgs
RADNX(a+DN s the projection matrix to S, and S is defined to be S
{MXGWGeRd,s.t. (Z(X)—MX)e:o}.

> m

2

Proof. With L(0) 2 ran H,Z(X)H — A(X)p* r the excess risk of ERM on the augmented

training set satisfies that:

E[L@ )| = ﬁz& _ AX)gla=erm — 4(X)0* j
— g A0 TA0) AT (A0 + Mo - A8 ]
= mﬂi _ H 1) A(X)0" + H g5, Me — A(X)0" ﬂ
1 [ 2
= wraw® [
1 —~ —
- mE [tr(GTMTHA“(X)MG)}
0'2 ~T —
- aranh (M HZ(X)M).

Let C AX) and Cg; denote the column space of .Z(X) and M, respectively. Notice that S is a

subspace of both C 7« and Cz. Observing that dy,, = rank (/T(X) - ﬁX) = rank (Ps), we
have

2

E {L(é\da—erm)} ZG:.T)JVE {tr(MTHK(X)M)}
ZGJ;TT)NE [tI(MTPSM)} * OJFOT)NE [‘Dr(MT(Hﬁ(X) - PS)M)}
0'2 —~ — 0.2 tr MT H -~ _P M

By the data augmentation consistency constraint, we are essentially solving the linear regression
on the (d — dayg)-dimensional space {9 | (A(X) — MX)f = 0}. The rest of proof is identical to
standard regression analysis, with features first projected to S:

13
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E [L(@dm:)} - mﬂi | A7t — Zx)0 ﬂ

- WE A0 AX) TAX))LA) TP (AX)0* + M) — AX)0" j

1 [ 1 * ey e * 2
= m]E _ HE(X)PSA(X)Q + Hj(X)PSME — A(X)0 2:|

( .Z(X)H* €S, and H,Z(X)PS = Pgsince S CC
— —I—la)N]E _Hpsﬁem

X(X))

2 -
__ ¢ MTP N
= Ty e PSM)}
(d — daug)o?

N

B APPLICATIONS OF LEARNING WITH DAC

To instantiate our general result on the DAC regularization, we start with a concrete application of
Proposition 8 on the logistic regression problem with bounded loss (Section 4.1, Appendix B.1),
followed by an extension to the unbounded square loss (Section 4.2, Appendix B.2). Subsequently,
we discuss an alternative notion of data augmentations based on expansion for the classification
problems (Section 4.3, Appendix B.3). Finally, we present a supplementary example for the domain
adaptation in linear regression (Appendix B.4).

Before diving into the concrete applications, we recall the general setting, and introduce some addi-
tional notations used throughout the formal analysis.

DAC regularization with unlabeled data. Since the DAC regularization leverages only on the
unlabeled observable features but not their labels, the unlabeled training set in the DAC regularizer
and the labeled training set in the first term of Equation (1) for label learning can be considered
separately. For clarification, in the formal analysis, we distinguish the labeled training set (X,y) €
X" x Y™ from the unlabeled samples X" € X N (possibly with different sizes N > n), while both
sample sets are drawn i.i.d. from P*. Particularly, in the supervised learning setting, the DAC
regularization is based on the observables from the labeled training set such that X" = X (N = n).
While in the semi-supervised learning setting, X* can be N unlabeled observations drawn i.i.d.
from the marginal distribution P* (x).

For the DAC regularization, we denote the augmentation of the unlabeled samples (excluding the
original samples X", in contrast to the augmented sample A(X) in the main text) as

n N
A(Xu): [qu,l;'.. ;lelv71;... ;qul,a; ;X’;LV}OC] EXa s
where for each i € [N], {Xﬁi}je[a] is a set of & augmentations generated from x;', and let M €

RaNXN be the vertical stack of & N x N identity matrices. Then analogously, with the unlabeled
training set X, we can quantify the strength of the data augmentations .4 with

00 X)) ).

such that 0 < c?,mg < min (d,@N) can be intuitively interpreted as the number of dimensions in
the span of the unlabeled samples, Row(X"), perturbed by .A. Moreover, we denote N as the
(d — dgug)-dimensional null space of A(X") — MX", and P as the projection onto A such that

Py21,- (,Z(X“) - MX“)T (,Z(X“) - MX“) .

14
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Correspondingly, let V' be the orthogonal complement of AV, and P4 be the projection onto N*
such that P4, = I, — P . Then by recalling Definition 2, we have the following:

Proposition 7. For any ¢ € (0, 1), with probability at least 1 — 6,
rank (Pk/) = dim (Nl) = C/i\aug > dag(9),
rank (P ) = dim (A) = d — duug < d — daug(6).
Furthermore, for dayg = daug (1/n), with high probability, c?aug > daug and d — a?a,,g < d — dgyg

In terms of (X, y) and X", the regularization formulation in Equation (1) can be restated as,

n [0

N
argmin » I(h(xi),u:) + A > > o (dn(x¥), dn(xY))),

i=1 j=1i=1

DAC regularizer
and with the notation of .2, the corresponding DAC operator is given by

Tdoe (M) 2 {h e H | on(xt) = on(xl,), Vi € [N, € [al},

where T and T3¢, are equivalent by construction.

Marginal distribution and training set. Here we formally state the common regularity conditions
for the logistic regression (Section 4.1) and the two-layer neural network (Section 4.2) examples in
Assumption 1 and Assumption 2, where we assume X' C R4,

Assumption 1 (Regularity of marginal distribution). Let x ~ P*(x) be zero-mean E[x| = 0, with

the covairance E[xx '] = Xy = 0. We assume that (X« 1 2X) is p?-subgaussian ', and there exist
constants C > ¢ = O(1) such that cI; < 3« < C1,.

Assumption 2 (Sufficient labeled data). For (X,y) € X™ x V", with respect to X" and A (X*)

that characterize dg,e, we assume n > p*(d— daug )-

For a B-bounded loss function [ : Y x Y — R (ie., 0 < | < B) such that for all y € Y,
I(-,y) : ¥ — Ris Cj-Lipschitz, we have the following:

Proposition 8 (Formal restatement of Proposition 1 on DAC with bounded loss). Learning with
DAC regularization (Equation (2)), for a fixed T%a;u (H) and any 6 € (0,1), with probability at

least 1 — 0, we have

~ 2B?log(2/8
L(hdac) 7 L(h*) <40, - %n(T;‘ia;u (,H)) + Og( / ) ,
, n
where R, (T%a;u (H)) represents the Rademacher complexity of T%“;u (H).

Proof of Proposition 8. We first decompose the expected excess risk as
L(hde) — L(h*) = (L(ﬁd“) - E(ﬁdGC)) + (E(Ed“) - Z(h*)) + (Z(h*) - L(h*)) :
where E(ﬁdac) — E(h*) < 0 by the basic inequality, and as a consequence, for a fixed H, =
Triac (H),
A xu

L(h%) — L(h*) <2  sup ‘L(h) —L(h)| =2 sup ’L(h) - E(h)‘.

d h o
heTdes, (1) e

We denote g (X, y) = supy,cy, : L(h) — L(h)and g~ (X,y) = suppey, : —L(h) + L(h). Then,

PL(™) ~ L") 2 e <P[g*(X,y) 2 5] + P (Xy) = 5]

T

'A random vector v € R? is p?-subgaussian if for any unit vector u € $?7!, u' v is p?-subgaussian,

E [exp(s-u'v)] <exp (s*p*/2).
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We will derive a tail bound for g% (X, y) with the standard inequalities and symmetrization argu-
ment Wainwright (2019); Bartlett & Mendelson (2003), while the analogous statement holds for

9~ (X,y).

Let (X(l)7 y(l)) be a sample set generated by replacing an arbitrary observation in (X,y) with any
(x,y) € X x Y. Since | is B-bounded, we have |g*(X,y) — ¢"(X®"),y()| < B/n. Leveraging
the McDiarmid’s inequality Bartlett & Mendelson (2003),

Plo"(X,y) > Elg"(X,y)] +1] <exp <_ 2}’;’5) .

For an arbitrary sample set (X,y), let E(ny) (h) = L3 1(h(x;),y;) be the empirical risk of
h with respect to (X, y). Then, by a classical symmetrization argument (e.g., proof of Wainwright
(2019) Theorem 4.10), we can bound the expectation: for an independent sample set (X', y’) €
X" x Y" drawn i.i.d. from P*,

E[¢g"(X,y)] =Ex.y) JSup L(h)—f(x,y)(h)]
L 6 o

:E(ny) hSeu?S) E(X/,y’) {L(szy/)(h)} — L(X7y)(h):|

Eoxy) | sup ey [Lovn(h) ~ Lo () | (X,y>H

Bt [Boe) | s o)~ Loy ()| (X9) |

o

(Law of iterated conditional expectation)

:E(X,y,X/,y’) |:hS€1175) L(X/,y/)(h) — L(X7y)(h):|

o

Since (X,y) and (X',y’) are independent and identically distributed, we can introduce i.i.d.
Rademacher random variables r = {r; € {—1,+1} | i € [n]} (independent of both (X,y) and
(X', y")) such that

1 n
E[g"(X.¥)] <Egxyxym) Lsug S )y — () ,ym]
o T iz1

1 n
<2 Exy.r) [hsel;g o Z i L (h (%) 73/1)]
o Ui=1

<2R, (loH,)

where [ o H, = {l(h(-),"): X xY —>R:heH,} is the loss function class. Analogously,
Elg~ (X,y)] < 2R, (I o H,). Therefore, with probability at least 1 — 4,

~ 2B?log(2/6
L(R%eY — L(h*) < 4R, (1o H,) + #
Finally, since I(-, y) is C;-Lipschitz for all y € ), by Ledoux & Talagrand (2013) Theorem 4.12, we
have R, (1o H,) < Cr- Ry, (Ho). [ |

B.1 FORMAL RESULT ON LOGISTIC REGRESSION

For the logistic regression problem in Section 4.1, with X = {x € R? | ||x||, < D}, Y = {0,1},
training with the DAC regularization can be formulated explicitly as
~ 1 <
04 = argmin — (07 %,y
Ocrd T ; ( )

~

st. 6], < Co, A(X")0 = MX"8,

and yields hd%¢(x) 2 x T §dec.

16



Under review as a conference paper at ICLR 2022

Theorem 9 (Formal restatement of Theorem 3 on logistic regression with DAC). Let

the DAC regularization h(x}') = h(x};) yields that, for any § € (0,1), with probability at least
1—0:

E[:230, HPinHg’PN} < C%; for some Cxr > 0. Then, learning logistic regression with

CoCn + CyD+/log (1/5)
vn ’
where under Assumption 1 and Assumption 2, Cyr < \/d — daug (6/2).

L(Edac) o (h*)

Proof of Theorem 9. Notice that the logistic loss I(-,y) is 2-Lipschitz for all y € Y, as az(z,y) =
o(z) —y, whose absolute value is bounded by 2. Meanwhile, with ||@]|, < 5 < D for all
6 and x, the logistic loss is also bounded: I (6 "x, y) < log 2+ CoD. Then, applying Proposmon 8,
we have that for any ¢ € (0, 1), with probability at least 1 — §/2,

L(R%) ~ L(h*) § R, (T4%. (H)) + CoD Lg(;/ 23

It left to bound the Rademacher complexity of T%a;(u (H). First notice that the sigmoid function o (+)
is a bijective function, the data augmentation consistency constraints are equivalent to

(Ax) - Mx*) 6 =0.
Thus, we have

Ti“)‘éu H)={h(x)=0"x |0 N, |0],<Co},

with which we are ready to bound the Rademacher complexity of Tja;(u (H).

For the emprical Rademacher complexity, we have

o 1
d
Rx (TAagu(H)) :ﬁEeiNRad(% iup 2610 X;
6T, (H) i=1

1 T
:EIEEINRM(%) [Slelp Zﬁie Pux;

C'0
n elNRad( [ NXi ‘|
Co S
<= | Beraary) D Pl
i=1
C() - 2
o A_E H NX ||2
Co 1
=—,/tr [ =P»XTXP .
\/ﬁ\/ ‘"(n N o )

Converting this to the population Rademacher complexity, we take expectation over X, while con-
ditioned on P s, and recall Jensen’s inequality,

R, (Tja§u(H)) <\CF°E l\/ (iPNXTXPN>

Co
\/>
_ CoCy
==

Py

1
|: r (PNXTXPN) ’ PN:|
n
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Leveraging Lemma 5, we have that under Assumption 1 and Assumption 2, conditioned on P/,
with high probability over X ~ P*,

<11C<1

1
HPNXTXPN
n 2

Then we can find some Cyy > 0 with 2 37 | ||Pin||§ < C% such that,

S d — g

2
By Proposition 7, we have Cr < +/d — duug (6/2) with probability at least 1 — §/2.

To obtain Theorem 3, we leverage the union bound and suppress the constants such that, with prob-

ability at least 1 — 4,
~ d— daue (6/2 log(1
[(hdac) [(h*) S\/ g( / ) \/og( /(5) 4)

Finally, taking § = 2/n and applying the Jensen’s inequality to the two terms in Equation (4)
complete the proof. ]

C% < (d - Jaug) : H %PNXTXPN

B.2 FORMAL RESULT ON TWO-LAYER NEURAL NETWORK

In the two-layer neural network regression setting described in Section 4.2, training with the DAC
regularization can be formulated explicitly as

ﬁdac"\,’(,dac — argmin — Hy XB)+ WH;

BeR4X4a weR4 2n
st. B=[bi...bg...by], b, €S ' VEkec[q, [w|, <Cu

(ﬁ (X B)+ — (MX"B),

and yields /fzdac( )2 (x Tﬁdac) wdac.

Theorem 10 (Formal restatement of Theorem 4 on two-layer neural network with DAC). Samplmg
fmm P* that follows Assumption 1, let the augmented training set A (X") satisfy (a) aN > 4daug,
(b) .A(X“) MXY admits an absolutely continuous distribution over N'*, and P* fulfills (c)

E H > HPinHg’PN} < C3; for some Cyr > 0. Then, learning the two-layer ReLU network
with the DAC regularization on ((x?)T B) = ((x“ -)T B) gives that, with high probability,
+ +

i,
0CywChir
77

L (ﬁdac) —L(h*) <
where under Assumption 1 and Assumption 2, Cnr S £/d — dayg (0) with probability at least 1 — 4.

Lemma 1. Under the assumptions in Theorem 10, every size—c?aug subset of rows in .Z(X“) —MX*
is linearly independent almost surely.

Proof of Lemma 1. Since aN > czmg, it is sufficient to show that a random matrix with an absolutely
continuous distribution is totally invertible > almost surely.

It is known that for any dimension m € N, an m X m square matrix S is singular if
det(S) = 0 where entries of S lie within the roots of the polynomial equation specified by the
determinant. Therefore, the set of all singular matrices in R™*™ has Lebesgue measure zero,
A({S e R™*™ | det(S) = 0}) = 0. Then, for an absolutely continuous probability measure
with respect to A, we also have

P, [S € R™*™ is singular] = p ({S € R™ ™ | det(S) = 0}) = 0.
Since a general matrix R contains only finite number of submatrices, when R is drawn from an

absolutely continuous distribution, by the union bound, P [R cotains a singular submatrix] = 0.
That is, R is totally invertible almost surely. |

%A matrix is totally invertible if all its square submatrices are invertible.
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Lemma 2. Under the assumptions in Theorem 10, the hidden layer in the two-layer ReLU network
learns N, the invariant subspace under data augmentations : with high probability,

(xTﬁdac) = (XTPNﬁdaC) VxeX.
+ +

Proof of Lemma 2. We will show that for all by, = Pyby + Pj\-[bk, k € [q], P/{[bk, = 0 with high
probability, which then implies that given any x € X, (x ' by)y = (x"Pxby), forall k € [q].

For any k € [q] associated with an arbitrary fixed by, € S?~1, let X} £ X4P + X} Py € XV* be
the inclusion-wisely maximum row subset of X* such that X}'b;, > 0 element-wisely. Meanwhile,
we denote A(XY) = M X P + /T(X};)Pk, € XNk as the augmentation of X¥ where M, €
RNk XNk i the vertical stack of a identity matrices with size N x Nj. Then the DAC constraint
implies that (A(X}) — M X¥)Px-by = 0.

With Assumption 1, for a fixed b, € S, P[x by, > 0] = % Then, with the Chernoff bound,

2¢2
N

N
which implies that, N, > % with high probability.
Leveraging the assumptions in Theorem 10, aN > 4cz,ug implies that a N, > c?aug. Therefore by

Lemma 1, Row (,Z(X;;) - ka;;) — N with probability 1. Thus, (A(X¥) — My X#)P4by =
0 enforces that Pf\-[bk =0. [ |

Proof of Theorem 10. Lemma 2 implies that (XB?¢), = (XPB%°), , and therefore,

T%u (H) = {h(x) = (x'B)4w |B = [by...b],b, € S (XB), = (XPyB)4, [|w|, < Cu}.

In other words, the DAC regularization reduces the feasible set for B such that
BeB2{B=[by...b] | [[bx| =1¥k € [q],(XB)1 = (XPyB);}, [wl; < Cu.

Meanwhile, for the square loss, the corresponding excess risk is given by
2
NE

Leveraging Equation (21) and (22) in Du et al. (2020), since (B*, w*) is feasible under the con-
straint, by the basic inequality,

I (ﬁdac) _ L(r*) =Ex [an “(Xﬁda0)+6\vdac ~ (XB*),w*

~ 2
|y = (xBo)swtee|” < fly — (XB*)w 3, )

where Bd2¢ B* € B and HvAvd“CH1 < Chp-

Analogously to the Rademacher complexities for the bounded losses, for the square loss, we recall
the definitions of the Gaussian complexities of a vector-valued function class ® = {¢ : X — R},

—~ 1 n q R
Gx (D) 2 E sup — i x|, anq)é]E[@ q)}' 6
x(®) Gin~N(0,1) iid. Leg n ;kz::lg kPr(Xi) (®) x(®) (6)
In terms of the Gaussian complexity, for a fixed T%a)iu (H),
E i H(Xﬁdac) ~dac _ (XB*) L2 <
X 2n +W +W |,

<Ex {ZT <; ((Xﬁd“)+wdac - (XB*)+W*)> ’ X“}

S Ex [ (T5.00) [ X°]
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where the empirical Gaussian complexity can be upper bounded by

1
sup —g! (XB)yw

65 (Tiacu H ) = E
b ¢ Ax( ) g~N(0.1,) | Bes,|w|,<R ™

o i
<—E XB)|
< B s i( >+gHoo}
:& E| sup g' (XPNb)Jr} (Lemma 6, (-) is 1-Lipschitz)
N 8 |pesd-1
Cow . [ T ]
< E| sup g XPuxb
N 8 |pesd-1
Cu
Co g [|pyxTel,)
C. 1/2
< (2 [Ipaxel])
Cu
=" tr(PyXTXPy)
_Ou |1y 112
=5\ Pl

Taking expectation over X ~ P*, we have that for a fixed T%“;u (H) (i.e., conditioned on P /),

CwChr

dac w

&, (T, (1)) < N

Leveraging Lemma 5, we have that under Assumption 1 and Assumption 2, conditioned on P/,
with high probability over X ~ P*,

<11C<1

1
HPNXTXPN
n 2

. 2
Then we can find some Cjyr > 0 with £ 3™ | [Parx;||; < C% such that,

~ 1 ~
Cr < (4= duug) - HPNXTXPN < d = .
n 2
By Proposition 7, we have Cnr < /d — daue (6) with probability at least 1 — 4. |

B.3 FORML RESULTS ON EXPANSION-BASED DATA AUGMENTATION

For the formal analysis of the expansion-based data augmentations, we first introduce some helpful
notations.

With respect to an augmentation function A : X — 2% fulfilling the conditions in Definition 4, we
define the neighborhood for an arbitrary x € X, as well as for any S C X, such that,

NB(x) £ {x' € X | A(x) NAX') # 0}, NB(S) £ UxesNB(x).

Then Definition 4(b) implies that the corresponding neighborhood function NB : X — 2% of A has
non-trivial expansion:

PCSNX, C X = (NB(S\S)NX,#0 Vke[K], SCX.
Intuitively, the non-trivial expansion guarantees that the neighborhood of any proper subset of a
class always enlarges the subset within the class.

Remark 2. The ground truth classifier is invariant throughout the neighborhood: for any aug-
mentation function A : X — 27 satisfying the conditions in Definition 4, the corresponding neigh-
borhood function satisfies that, given any x € X, h* (x) = h* (x') for all x' € NB(x).
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Notice that the previous data augmentation strength Ja,,g (Definition 2) is not well defined for Defini-
tion 4 (since X needs not be a subset of R?%). Therefore we need a new notion of data augmentation
strength.

Remark 3. The strength of expansion-based data augmentations (Definition 4) is characterized by
the size of A(x). Intuitively, for any x € X, the augmentations can be stronger (i.e., there exists
x' € A(x) that is more different from x) if A(X) is inclusion-wisely larger.

In addition, for an arbitrary classifier h € H, we denote the majority label with respect to h for each

class,

Ui £ argmax Py [h(x) =y | xe X VkelK],
yE([K]

along with the respective class-wise local and global minority sets,

K
M2 {xeX |h(x)#0u} C X VEke[K], M= UMk.
k=1

Infinite unlabeled data. As a warm-up, we simplify the setting by enforcing consistency over the
population such that learning with the DAC constraints can be expressed as,

R e IS ;
hasc & argmin L3$°(h) = Z L{h(xi) # h" (x)}
heH st

st. h(x)=h(x') VxeX, x' € Ax).
We can also formulate algorithm in terms of the DAC operator,

Rdee £ argmin  Le(h), T9%% 2{heH|h(x)=h(x)Vxe X, x' € Ax)}.
hET5S (H)

Lemma 3. Given any h € T3"(M), for each k € [K], there exists some i € [K] such that
h(x) = yi for all x € X

Proof of Lemma 3. 1t is sufficient to show that M), = ) for all k¥ € [K]. By contradiction, suppose
Mj. # 0. Then by the non-trivial expansion assumption in Definition 4, (NB(Mj)\ M) N Xy, # 0.
That is, there exists some x € (NB(Mj)\M) N Xj. But on one hand, x € NB(M},) implies
that we can find some x’ € M and x” € A (x) N A (x’). Therefore by the consistency constraint
h € T3 (M), h(x") = h(x) = h(x'). On the other hand, x € X}\ My, implies that h(x) = i, #
h(x'), and leads to a contradiction. [ |
Restating Theorem 5 with the formal notations in the appendix: with high probability,

Klog K 4 logn

Loy (E%w> — Lo1 (h*) < -

Proof of Theorem 5. By Lemma 3, since
TYSMH) C{h e H|h(x) =TsVx € Xy} where {Jk € [K]}icixy
the consistency constraint yields a finite feasible classifier class with |T j“/% (H)| = K! < KK,

Meanwhile, since A(x) C {x' € X' | h*(x) = h*(x’)}, by construction, we know that Tj‘fg_,(?—[) is
realizable (i.e., h* € T4 (#) such that Ldac(p*) = 0). Therefore,

P [Lm (ﬁfﬁ() > e} <P [3 h € T4 (1) ] Loi (h) > € A Ddac(h) = o] ,
where for every classifier b € T4"% (H),

P [Lm (h) > € A Ldac(h) = o} <(1—e" <een,
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Then by the union bound, we have

P [Lm (ﬁg@a) > e} < Y [Lm (h) > e A Ldo<(h) = 0}
heT4e5 (H)

<| TS H)] e

The proof is completed by upper bounding the above, P [L()l (ﬁfé‘c) > e} < 1/n, when taking

log | T9% (H)| + logn o Klog K +logn
€= < ,
n n

and observing that Ly; (h*) = 0.
|

Finite unlabeled data. For the finite unlabeled data case, we start by introducing some addi-
tional concepts and notations. We concretize the classifier class H with a proper function class

F C{f:X— R} such that # = {h(x) = argmaxye g f(X)k ’ fe }'}. Specifically, we
adapt the existing setting in Wei et al. (2021); Cai et al. (2021), and consider F as a class of fully
connected neural networks. To constrain the feasible hypothesis class through the DAC regulariza-
tion with finite unlabeled observations X" = [xY, ... ,X}Q}T, we leverage, from Wei & Ma (2021),
the notion of all-layer-margin, m : 7 x X x Y — Ry, that measures the maximum possible

perturbation in all layers of f while maintaining the prediction y. Precisely, given any f € F such

that f (x) = Wyp (... (W;ix)...) for some activation function ¢ : R — R and parameters
{WL € Rédxdiz le, we can write f = fo,_1 0--- 0 f; where fo,_1(x) = W,x forall v € [p]

and fo,(z) = ¢(z) for v € [p — 1]. For an arbitrary set of perturbation vectors § = (81,...,02p—1)

such that 9,1, do, € R% for all ¢, let f(x, 8) be the perturbed neural network defined recursively
such that

z1 = f1 (x) + [|x]|, 61,
z, = f, (Z—1) + ||Zo-1]|30, Ve=2,...,2p—1,
f(XMS) :fizpfl.

The all-layer-margin m( f, x, y) measures the minimum norm of the perturbation 4 such that f(x, 9)
fails to provide the classification y,

2p—1

m(f,x,y) £ min dOlISlL st argmax f(x,0)k #y. @)
l»=1 E K

6:(617"')62;)71)

With the notion of all-layer-margin established, for any A : X — 2% that satisfies conditions in
Definition 4, the robust margin is defined as

ma(f,x) 2 sup m <f7 x| argmax f(x)k> .

x’'€A(x) kek]

With merely finite unlabeled data, comparing to enforcing consistency over population, we need
stronger assumptions on data augmentations in addition to the ones in Definition 4, as specified in
Definition 5 below.

Definition 5 ((F, 7)-expansion-based data augmentation). With respect to the given function class
F and some proper constant T > 0, Let A : X — 2% be a function that satisfies conditions in
Definition 4, and additionally,

sup inf mg(f,x) > . ®)
feF Xe€X ( )

Then for any sample x € X, x' € X is a (F, )-expansion-based data augmentation of x induced

by Aifx’ € A(x).
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Remark 4. The existence of the (F,T)-expansion-based data augmentations relies on the suitable
choice of T with respect to the given F. For a fixed F, as T increases, Equation (8) imposes stronger
assumption on A (i.e., A(X) is forced to be inclusion-wisely smaller, where A becomes weaker),
while better theoretical guarantee (Theorem 12) can be achieved.

We consider a class of p-layer fully connected neural networks with maximum width g,
F = {f:?(—HRK | f=fopm10---0f1, fa—1(x) = W,x, fo,(z) :g&(Z)VL:L...,p},

where with W, € R%*d-1 for all v € [p], ¢ & max,—o__,d,. The goal is to learn a classifier
hige = argmaxycg) f;f%(x) x Where T’f"]{, € F is a fully connected neural network. With respect

to F, we choose a suitably large 7 > 0 such that there exists a A : X — 27 fulfilling the conditions
in Definition 5. To enforce sufficiently strong consistency of f with finite unlabeled samples, we
incorporate the DAC regularization with a positive robust margin such that,

. . egas 1 n .
hgge & argmin Ldac(h) = - D> 1{h(xi) # " (xi)} )
€ i=1

st. ma(f,xy)>7 VielN].

In terms of the DAC operator, the algorithm can be restated as hdas £ argming e (3 Ldac(p)
with ’

T (H) 2 {he H | malfixt) > Vie[N]}.

Definition 6 (Expansion assumptions, Wei et al. (2021); Cai et al. (2021)). The marginal distribution
P* (x) satisfies

(a) (g,&)-constant expansion if given any S C X with P* (S) > q and P* (SN Xy) < 1 for
all k € |[K), P*(NB (S)) > min{P* (S),&} + P*(95);
(b) (a,c)-multiplicative expansion if for all k € [K], given any S C X with P* (SN X}) < a,
P*(NB(S)NX) > min{c- P* (SN AXx),1}.
Proposition 11 (Wei et al. (2021) Theorem 3.7, Cai et al. (2021) Proposition 2.2). For any § €
(0, 1), with probability at least 1 — 6/2, there exists some ji such that

PP* [3 X/ e A(X) St h(X) 75 h(x/)] < I < 6 ( f—l;/j%WLHF + \/log (1/5)]\‘[“plogN>

forall h € Tf{f,?u (H), where 0 (+) hides polylogarithmic factors in N and d.

Theorem 12 (DAC with expansion-based data augmentations over finite samples). With proper
choices of T > 0, for any A : X — 2% inducing (F,T)-expansion-based data augmentations,
learning the classifier with DAC regularization, Equation (9), provides that, for any § € (0, 1), with
probability at least 1 — 6,

A 2log(4/6
o () )< 11+ T "

1

In specific, for some q < 3,

u< imin{c—l,l},

¢ > 1, with a sufficiently large unlabeled sample size N such that

(a) when P* (x) satisfies (g, 2u)-constant expansion,

2K log K
R < \/Og—l—ZKmaX{q,Q,u},
n

(b) while when P* (x) satisfies (3, c)-multiplicative expansion,

mg\/QKlogK_’_ 4K p

n min {¢— 1,1}’
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where we recall from Proposition 11 that,

P
N<5< L_lﬁnwLnFWlog(l/mplogzv).

/N N
Lemma 4 (Cai et al. (2021), Lemma A.1). Forany h € Tj‘f,‘éu (H), when P* satisfies

(a) (g,2u)-constant expansion with ¢ < L, P* (M) < max {q, 2u};
(b) (3. c)-multiplicative expansion with ¢ > 1 + 4y, P* (M) < max {02_—”1, 2u}.

Proof of Lemma 4. We start with the proof for Lemma 4 (a). By definition of M}, and 73, we know
that My, = M N X}, < % Therefore, for any 0 < g < % one of the following two cases holds:
(i) P (M) <g;
(i) P* (M) > q. Since P* (M N X;) < 4 forall k € [K] holds by construction, with the
(g, 2pt)-constant expansion, P* (NB (M)) > min {P* (M) ,2u} + P* (M).
Meanwhile, since the ground truth classifier 2" is invariant throughout the neighborhoods,
NB (M},)NNB (Mj,) = ( for k # k', and therefore NB (M) \M = Jr—_, NB (My) \ M,
with each NB (Mj) \ My, disjoint. Then, we observe that for each x € NB (M) \M,
here exists some k = h* (x) such that x € NB (M) \Mj. x € X;\M; implies that
h(x) = yi, while x € NB (M},) suggests that there exists some x' € A(x) N A (x")
where x” € M}, such that either h (x’) = g and h (x') # h(x”) for x' € A(x"), or
h(x') # Y and h (x') # h (x) for x’ € A (x). Therefore, we have
P* (NB(M)\M) < 2Pp- [3x" € A(x) s.t. h(x) # h(x')] < 2p.
Moreover, since P* (NB (M)) — P* (M) < P* (NB (M)\M) < 2u, we know that
min {P* (M) ,2u} + P* (M) < P*(NB(M)) < P* (M) + 2u.
That is, P* (M) < 2u.
Overall, we have P* (M) < max {q,2u}.

To show Lemma 4 (b), we recall from Wei et al. (2021) Lemma B.6 that for any ¢ > 1 + 4pu,

(%, c) -multiplicative expansion implies (%, 2,u> -constant expansion. Then leveraging the proof

c—1’ c—1?

for Lemma 4 (a), with ¢ = 22, we have P* (M) < max { 2 2p}. ]

Proof of Theorem 12. To show Equation (10), we leverage the proof of Proposition 8, and observe
that B = 1 with the zero-one loss. Therefore, when conditioned on Tf\“)% (H), for any ¢ € (0,1),
with probability at least 1 — /2,

~ . e 2log(4/6
Lo (h;igf) — Loy (h*) < 4%, (lor 0 T9%. (H)) + %.
For the upper bounds of the Rademacher complexity, let i = SUDpedac, (%) P* (M) where M

denotes the global minority set with respect to h € Tj‘f,ﬁu (H). Lemma 4 suggests that

(a) when P* satisfies (g, 2)-constant expansion for some g < % 1 < max {q,2u}; while

(b) when P* satisfies (4, ¢)-multiplicative expansion for some ¢ > 1 + 4y, fi < ﬁ

Then, it is sufficient to show that, conditioned on 7" f‘“,ﬁu (H),

2K log K ~
R, (lor 0 T9%. (H)) < \/ Tg + 2K (1)
To show this, we first consider a fixed set of n observations in X, X = [x1,... ,Xn]T € X". Let

the number of distinct behaviors over X in 74%.. () be

s (T9% (1), X) £ [{[h(x1),....h(xn)] | h € TA%u(H)}] .
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Then, by the Massart’s finite lemma, the empirical rademacher complexity with respect to X is
upper bounded by

2logs (T;{f},gu (H), X)

n

Rx (lor o T4 (H)) <

By the concavity of 4/log (-), we know that,

2logs (T;{?,gu (H), X)

n

R (lor © T4%. (H)) =Ex [Rx (lor o T%. (M) | < Bx

21og Ex [s (Tj“f;u (H), X)]
- .

for all b € T4’g. (H), we have that, conditioned on T'9%. (),

<

12)

Since P* (M) < i < 3

Ex [s (T9%. (H),X)] < (Z) - KK KT
r=0

- n .
<K* LK) (1—p)"
< (1) oo
=KX (1—-p+Kp)"
SKK'GKnﬁ.

Plugging this into Equation (12) yields Equation (11). Finally, the randomness in Tj‘f)‘zu (H) is
quantified by 1z, i, and upper bounded by Proposition 11. |

B.4 SUPPLEMENTARY EXAMPLE: DOMAIN ADAPTATION

As a supplementary example, we demonstrate the possible failure of the ERM on augmented training
set, and how the DAC regularization can serve as a remedy, with an illustrative linear regression
problem in the domain adaptation setting: where the training samples are drawn from some source
distribution P*, while the excess risk is tested over a related but different distribution P?, known
as the target distribution. Specifically, assuming that Ep- [y|x]| and Ep: [y|x] are distinct, but there
exists some invariant feature subspace X, C X such that P* [y|x € X,] = P![y|x € X,], we aim
to demonstrate the advantage of the DAC regularization over the ERM on augmented training set,
with a provable separation in the respective excess risks.

@
&
&

Figure 4: Causal graph shared by P® and P?.

Source and target distributions. Formally, the source and target distributions are concretized
with the causal graph in Figure 4. For both P* and P?, the observable feature x is described via a
linear generative model in terms of two latent features, the ‘invariant’ feature {;, € R%v and the
‘environmental’ feature ¢, € R%:

X = g(Civ; C€> = S [Clva Ce] = Si'uCiv + SeCea
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where S8 = [S;y, Se] € R¥*(divtde) (4, + d, < d) consists of orthonormal columns. Let the label
y depends only on the invariant feature ¢;,, for both domains,

y=(0") x+2=(0"" SiCiv+2, 2 ~N(0,0%), 2L G,

for some 6* € Range (S;,) such that P* [y|¢;»] = P?[y|Civ], while the environmental feature ¢,
is conditioned on y, (;,, (along with the Gaussian noise z), and varies across different domains e
with Ep- [y[x] # Ept [y|x]. In other words, with the square loss [(h(x),y) = 1(h(x) — y)?, the
optimal hypotheses that minimize the expected excess risk over the source and target distributions
are distinct. Therefore, learning via the ERM with training samples from P?® can overfit the source
distribution, in which scenario identifying the invariant feature subspace Range (S;,) becomes in-

dispensable for achieving good generalization in the target domain.

Moreover, we assume the following regularity conditions on the source and target distributions:
Assumption 3 (Regularity conditions for P* and P?). Let P* satisfy Assumption 1, and P? satisfy
the following: let Ep:[xx "] = 0, and

(a) for the invariant feature, c; iyLa,, < Ept[CivC] < Ctivla,, for some Cy iy > ¢t = O(1);

(b) for the environmental feature, Ep:[C.C.] = ctela, for some ¢, o > 0, and Epe [z - (] = 0.

Training samples and data augmentations. For a fair comparison between learning with the
DAC regularization and the ERM on augmented training set, we restrict to the supervised learning
setting: X* = X € A™. Recall that we denote the augmented training sets, including and excluding
the original samples, respectively with

AV(X) = [Xl;"' Xy X115 s X1 s Xas ;Xn,a] € X(1+o¢)n7
A\(X) — [xLl;... ;Xn,l;"' 7X170‘7 ;Xn,(x] c Xan'

In particular, we consider a set of augmentations that only perturb the environmental feature (.,
while keep the invariant feature (;,, intact,

Sixi=Shxi; Slxi#S!xi; Vie[n], jelal] (13)

We recall the notion c?,mg = rank (.Z(X) — MX) = rank (.Z(X) — MX) (notice that 0 <
(ng < d.), and assume that X and ./Z(X) are representative enough:

Assumption 4 (Diversity of X and .,Z(X)) (X,y) € X™ x Y™ is sufficiently large with n >> p*d,,
0* € span{x; | i € [n]}, and dye = de.

Excess risks in target domain. Learning from the linear hypothesis class H =
{h(x) = 6Tx| 6 € R?}, with the DAC regularization on h (x;) = h (x;;), we have

. 1 ~

dac _ 1 _ — 2 c’l\ac = = T =

ot = awgmin o ly = X013, T (1) = {n(x) =6 x‘A(X)G MX6},
AX

while with the ERM on augmented training set,

o~ . 1 2
ada erm _ argmin ,
2

OcRd m Hﬁy h “Z(X)al

where M and M denote the vertical stacks of & and 1+« identity matrices of size n X n, respectively
as denoted earlier.

We are interested in the excess risk on P':  L;(0) — L;(0*) where L;(0) =
Epipey) [3(y —x0)].

Theorem 13 (Domain adaptation with DAC). Under Assumption 3(a) and Assumption 4, 9%c sar-
isfies that, with constant probability,

O'2div

n

(14)

~

Epe [Li(87) ~ L,(6%)] <
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Theorem 14 (Domain adaptation with ERM on augmented samples). Under Assumption 3 and
Assumption 4, 0dac gpd gda—erm satisfies that,

Epe [Li(87™) = L(6")] > Epe |Li(8%) ~ Li(6")| + v - EER., (15)
for some EER, > 0.

In contrast to 89%¢ where the DAC constraints enforce Szé\d‘“ = 0 with a sufficiently diverse A (X)
(Assumption 4), the ERM on augmented training set fails to filter out the environmental feature in

gda—erm. gTgda—erm L ( Ag a consequence, the expected excess risk of 829" in the target
domain can be catastrophic when ¢; . — 00, as instantiated by Example 2.

Proofs and instantiation. We first recall from the beginning of Appendix B that
—~ T/~
Py21,— (A(X) - MX) (A(X) - MX)

is the orthogonal projector onto the dimension-(d — E,mg) null space of .Z(X) — MX. Furthermore,

letP;, £ S;,S, and P, = S.S/ be the orthogonal projectors onto the invariant and environmental
feature subspaces, respectively, such that x = S;,{i + Se€e = (P + Pe) x for all x.

Proof of Theorem 13. By construction Equation (13), (A\(X) — MX) P;, = 0, and it follows that

P;, < Py. Meanwhile from Assumption 4, dg,, = d. implies that dim (P ) = d;,. Therefore,
P,, = P, and the data augmentation consistency constraints can be restated as

T;%j;(%) 2{h(x)=0"x|Py0=06} ={h(x)=0"x|P;,0 =0}
Then with 8* € span {x; | i € [n]} from Assumption 4,
N 1~ 1~
gic — 9" = -3 P, X" (XP,0" +2)—0"=-3 P, X"z,
n v n v
where Sy £ %PMXTXPW. Since @ — @* ¢ Col (Siv), we have

iv

Ep: [z - xTP,(§4° — 0*)} — 0. Therefore, let £y ; 2 Ep:[xx ], with high probability,

2
-
EX,t)

1
tr <2nEps [zzT] Eps

. 11~
Ep- {Lt(eda‘:) - Lt(o*)} — Ep. {2 Hedac -

1 i
(PWXTXP“J)
n

0'2 St
tr <2n Epe B, ] zx$t>

< Ctiv % tr (Eps [2; D (Lemma 5, w.h.p.)

o? T ¥
< —tr ((]Eps [Pivxx Pw]) )

n

o? o2d;,

5 tr(Piy
~ 2n H(Piv) S 2n

|

Proof of Theorem 14. Let EK(X) = WX(X)T A (X). Then with 8* € span {x; | i € [n]}

. x T S * : * . N *
erom Assumption 4, we have 8* = EJ(X)EA(X)O . Since 6* € Col(S;,), MXO* =
MXP,;,0* = A(X)0*. Then, the ERM on the augmented training set yields

~ 1 ~ ~ —~ ~ ~
da—erm _ p¥* __ T T * _ st ~ *
0 0" = i S liog A MO +2) = By 30
1 ~
T

_ A TN
(1 a)nzj(X)A(X) Mz.
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Meanwhile with Ep: [z - (] = 0 from Assumption 3, we have Ep: [z - P.x] = 0. Therefore, by
recalling that Xy ; £ Epe[xx '],

x,t

* ]‘ * 2 * 1 *
Li(60) — Li(6") = Epi(x) [2 (x"(0-6%) +2-x"P.(0-0 )} = 5||¢5v - 6|3

such that the expected excess risk can be expressed as

Ep- [Lt(édﬂ—WM) - Lt(a*)} - mtr (Eps [ig(x) (K(X)TMZZT’MTX(X)) i}(x)} zx,t) ,
where let iﬂ(xe) = PCEX(X)PG,
Ere [B ) (AX) M2z MTAX)) 21 ]

= Eps [(Pflg« P, +Pe§}(X)Pe) A(X) M2z M A(X) (P“,f}}{ P, +P.S P )}

(X) (X) Ax) ©

= 02(1+a)’n-Ep. [i;] +Ep. [fz}(x AX) TMzz T MTAX)E] J .

e

‘We denote

N 1 o - TATTaxT 7 st
EERe = tr (Eps |:2(1_-0[)277‘22.Z(X6)A(X6) MZZ M A(Xe)zg(xe) )
2
> 0.
2

Finally, we complete the proof by partitioning the lower bound for the target expected excess risk of
é\daferm

and observe that

;Hlﬁf A(X,) "Mz

EER, = Ep. 3
’ P I+ a)n AXe)

into the invariantand environmental parts such that

Ep. [Lt(éda*”m) _ Lt(e*)]

o S 1 St T TN TAAT 7 St
> tr (Qn Eps [zxw] 2,“) + tr (Eps [WEZ(XC)A(XC) Mzz M A(XE)EX(XCJ 2x7t>

—F [Lt (édac Y—L.(6* )] expected excess risk from environmental feature subspace>c¢ . -EER.

> Ep- [Lt(édfw) - Lt(e*)} +cre - EER,.
m

Now we construct a specific domain adaptation example with a large separation (i.e., proportional to
d.) in the target excess risk between learning with the DAC regularization (i.e., 072c) and with the
ERM on augmented training set (i.e., 94",

Example 2. We consider P* and P! that follow the same set of relations in Figure 4, except for the
distributions over e where P* (e) # P (e). Precisely, let the environmental feature . depend on

(Civa Y, e)"

¢, = sign (y — (0*)T SmCiv) e =sign(z)e, z~N(0,0%), zLle,
where € ~ N (0,1,,) for P*(e) and e ~ N (0,0.14,) for P'(e), or > ci. (recall cie from
Assumption 3). Assume that the training set X is sufficiently large, n > d. + log (1/0) for some

given 6 € (0,1). Augmenting X with a simple by common type of data augmentations — the linear
transforms, we let

AX) = [X;(XA1) ;... (XAL)], Aj =Py, +wv], uj,v;eCol(S.) Vjela
and define

‘ 1 =
v 2 max {1} U {Omax(Aj) | j €[]} and 1 2 Giin Toa Iy +;Ak ,

28



Under review as a conference paper at ICLR 2022

where omin(+) and omax () refer to the minimum and maximum singular values, respectively. Then
under Assumption 3 and Assumption 4, with constant probability,

o2d,

Epe [ L8 *7™) = L(0")] 2 Bp |Li(0"*) — Lo(0")] +ere- T3

Proof of Example 2. With the specified distribution, for E = [e;. . .;e,] € R"*d,

~ 1 « V2
... =—S.|ETE AE'EA; | ST < LS. ETES]
A(Xe) (1 +Oé)7’l +; 7 J e 7 e
T
#ﬂ(x )Mz = LI +§:A- ls E' |z|
(14+a)n ¢ “liga ™ " n ¢ '

By Lemma 5, under Assumption 3 and Assumption 4, we have that with high probability, 0.91;, <
1E'E < 1.11,,. Therefore with E and z being independent,

2

2‘|

EER, = Ep. st A(X.) Mz

2 H (1+a)n AXo)

2 2 1 i
>7 %y (EPS KseETESZ> D
2n vy n

>— 2 tr(S.S/)

~Y 2n 9
and the rest follows from Theorem 14. [ |

C TECHNICAL LEMMAS

Lemma 5. We consider a random vector x € R with E[x] = 0, E[xx"] = %, and X = X~/?x
3 being p?-subgaussian. Given an i.i.d. sample of x, X = [x1,...,X,]", for any 6 € (0,1), if
n > ptd, then 0.93 < %XTX < 1.1X with probability high probability.

Proof. We first denote Py £ X7 as the orthogonal projector onto the subspace X C R supported
by the distribution of x. With the assumptions E[x] = 0 and E[xx "] = X, we observe that E [x] = 0
andE[xx']| =E[x2 x| = PX Given the sample set X of size n > p* (d + log(1/6)) for
some § € (0,1), welet U = 137"  x;37'x — Py. Then the problem can be reduced to
showing that, with probability at least 1 — 4, ||U||2 < 0.1. For this, we leverage the e-net argument
as following.

For an arbitrary v € X N S?~!, we have

v Uv = ;; (VTXiE*IXlTV — 1) =

((vT=:)* = 1),

where, given X; being p?-subgaussian, v ' X; is p2-subgaussian. Since

E [(VTE)z} =v'E [xZ T} v=1,

1
n

H'M:
I,

we know that (v xl)2 — 1 is 16p?-subexponential. Then, we recall the Bernstein’s inequality,

n . €2 €
P [|vTUv| > e} < 2exp <—2 min ((16 )2 16,2 ))

3In the case where X is rank-deficient, we slightly abuse the notation such that =2 and 7 refer to the
respective pseudo-inverses.
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Let N C X N S% ! be an ¢;-net such that [N| = ¢?(@. Then for some 0 < e; < 16p?, by the
union bound,

2
o n_ . €2 €2
P max : |viUv| > 62} < 2[Nlexp (—2m1n <(16p2)2716P2>>

62
< exp (O OREE (16;2)2> <6

|3

22 2
whenever n > 2(12‘5 ) (©(d) +log §). By taking § = exp (—}1 <1Z‘#) n>, we have that
2

2
max |[vTUv| < e with high probability when n > 4 (%) O (d), and taking n > pid is
ve

sufficient.

Now for any v € X N S?~1, there exists some v/ € N such that ||v — v’||, < €. Therefore,

’vTUv| = VUV +2vVTU(v = V) + (v — V’)T U((v—-vV)
2
< (oma: TOV) + 2001 IVl v = Vil + [0l v = v
<

({/neaﬁ : ’vTUv|> + Ul (261 + €37) -

Taking the supremum over v € S, with probability at least 1 — 4,

T 2 €
max : |v Uv|=||Ull, <e +||U|, (2¢1 +€7), U, £ ———s.
B B e Y L AT
With €; = § and e, = 7=, we have 2_(16#1)2 = .
Overall, if n > p*d, then with high probability, we have U, <0.1. [ ]

Lemma 6. Let U C RY be an arbitrary non-trivial subspace in R?, and g ~ N (0,14) be a
Gaussian random vector. Then for any continuous and Cy-Lipschitz function ¢ : R — R (ie,
lo(u) — )] < Cp - Ju— /| for all u, v’ € R),

Eg [sup gT@(H)} <CpEg {sup gTu} ,
uclU uclU

where p acts on u entry-wisely, (p(u)); = ¢(u;). In other words, the Gaussian width of the image
set o(U) & {¢(u) € R | u € U} is upper bounded by that of U scaled by the Lipschitz constant.
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LT
Eg [sup gT@(U)} =5Eg [sup g p(u) + sup gTw(U)}
uclU LueU u'elU
LT
—5%e | s & (o(w) - ()
Llu,u’elu
1 I d
§§]Eg sup Z 1951 | (us) — @(uf)] " ¢ is Cj-Lipschitz
u,u’ el =1

d
<5 B | sup 7:21 1951 |5 = wj]

=—"Eg| sup g' (u— u’)}
2 Lu,u’elU

o1
=By [supgTu+ sup g’ (—u')}
2 = weuU

=C; - Eg {sup gTu}
uclU

D EXPERIMENT DETAILS

In this section, we provide the details of our experiments. Our code is adapted from the publicly
released repo: https://github.com/kekmodel/FixMatch-pytorch.

Dataset: Our training dataset is derived from CIFAR-100, where the original dataset contains 50,000
training samples of 100 different classes. Out of the original 50,000 samples, we randomly select
10,000 labeled data as training set (i.e., 100 labeled samples per class). To see the impact of different
training samples, we also trained our model with dataset that contains 1,000 and 20,000 samples.
Evaluations are done on standard test set of CIFAR-100, which contains 10,000 testing samples.

Data Augmentation: During the training time, given a training batch, we generate corresponding
augmented samples by RandAugment (Cubuk et al., 2020). We set the number of augmentations per
sample to 7, unless otherwise mentioned.

To generate an augmented image, the RandAugment draws n transformations uniformaly at random
from 14 different augmentations, namely {identity, autoContrast, equalize, rotate, solarize, color,
posterize, contrast, brightness, sharpness, shear-x, shear-y, translate-x, translate-y}. The RandAug-
ment provides each transformation with a single scalar (1 to 10) to control the strength of each of
them, which we always set to 10 for all transformations. By default, we set n = 2 (i.e., using 2 ran-
dom transformations to generate an augmented sample). To see the impact of different augmentation
strength, we choose n € {1,2,5,10}. Examples of augmented samples are shown in Figure 3.

Parameter Setting: The batch size is set to 64 and the entire training process takes 2!° steps.
During the training, we adopt the SGD optimizer with momentum set to 0.9, with learning rate for
X7

step 4 being 0.03 X cos (215><16>'

Additional Settings for the semi-supervised learning results: For the results on semi-supervised
learning, besides the 10,000 labeled samples, we also draw additionally samples (ranging from
5,000 to 20,000) from the training set of the original CIFAR-100. We remove the labels of those
additionally sampled images, as they serve as “unlabeled” samples in the semi-supervised learning
setting. The FixMatch implementation follows the publicly available on in https://github.
com/kekmodel /FixMatch-pytorch.

E ILLUSTRATIVE EXAMPLE
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Here we present an illustrative example for lo-
gistic regression, which numerically shows the
benefits of DAC over ERM, and also clearly
demonstrates the impact of different d,,, and
o.

Example 3. Consider a 30-dimensional logis-
tic regression. The original training set con-
tains 50 samples. The inputs X;s are gener-
ated independently from N (0,130) and we set
0* = [0%;0] with 0% ~ N(0,13) and 0 € R?".

To generate the augmentations, we first specify
a parameter dq,, and leave the first 30 — dgg
elements of each x; unchanged, and replace the
later dg,, elements of each x; with a new vector
randomly generated from N (0,1g,,). Further,
we generate o augmentations for each of the x;.
For any o > 1, the augmentation will perturb
daug coordinates with probability 1.

The results for dg,, € {20,25} and various as
are presented in Figure 5. The test error clearly
matches Theorem 3 and the discussion after-

—— DAC with d,,y=25
DA-ERM with d,,,=25

—— DAC with d,,;=20

—— DA-ERM with d,,,=20

1.0

0.9

Test Error

0.8

0.7

0.6 —— : e S |
2 4 6 8 10 12

Number of augmentations per sample (i.e., a)

Figure 5: Comparison of DAC regularization and
DA-ERM for logistic regression (Example 3).
The results precisely match Theorem 3 and the
discussion afterward. As suggested by the the-
oretical analysis, the performance of DAC only
depends on the dg,,, but not . Further, given
the same augmented dataset, DA-ERM is always
worse than DAC. The gap is particularly signifi-
cant when the number of augmentations is small
(i.e., a small o).

ward: 1) The generalization performance of DAC only relies on du,, but not o, and larger dg,,
gives smaller testing error. 2) The performance of DA-ERM crucially depends on o, when « is
small (i.e., limited augmentations), the performance between DAC and DA-ERM is very significant.
And when we further increases o, DA-ERM can only approach to DAC but not out-perform DAC.
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