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ABSTRACT

The sharpness-aware minimization (SAM) algorithm and its variants, including
gap guided SAM (GSAM), have been successful at improving the generalization
capability of deep neural network models by finding flat local minima of the em-
pirical loss in training. Meanwhile, it has been shown theoretically and practi-
cally that increasing the batch size or decaying the learning rate avoids sharp local
minima of the empirical loss. In this paper, we consider the GSAM algorithm
with increasing batch sizes or decaying learning rates, such as cosine annealing
or linear learning rate, and theoretically show its convergence. Moreover, we nu-
merically compare SAM (GSAM) with and without an increasing batch size and
conclude that using an increasing batch size or decaying learning rate finds flatter
local minima than using a constant batch size and learning rate.

1 INTRODUCTION

One way to train a deep neural network (DNN) is to find an optimal parameter * of the net-
work in the sense of minimizing the empirical loss fs(x) = %Zie[n] fi(x) given by the train-
ing set S = (21,22, -, %,) and a nonconvex loss function f(z;z;) = fi(x) corresponding to
the 4-th training data z; € S (i € [n] := {1,2,---,n}). Our main concern is whether a DNN
trained by an algorithm for empirical risk minimization (ERM), wherein the empirical loss fg is
minimized, has a strong generalization capability. The sharpness-aware minimization (SAM) prob-
lem (Foret et al., 2021) was proposed as a way to improve a DNN’s generalization capability. The
SAM problem is to minimize a perturbed empirical loss defined as the maximum empirical loss
fs.p() :== max¢|<, fs(x + €) over a certain neighborhood of a parameter & € R of the DNN,

where p > 0 and € € R?. From the definition of the perturbed empirical loss fs, »» the SAM problem
is specialized to finding flat local minima of the empirical loss fg, which may lead to a better gen-
eralization capability than finding sharp minima (Keskar et al., 2017; Jiang et al., 2020). Although
(Andriushchenko et al., 2023b) reported that the relationship between sharpness and generalization
would be weak, the SAM algorithm and its variants for solving the SAM problem have high gen-
eralization capabilities and superior performance, as shown in, e.g., (Chen et al., 2022; Du et al.,
2022; Andriushchenko et al., 2023a; Wen et al., 2023; Chen et al., 2023; Mollenhoff & Khan, 2023;
Wang et al., 2024; Sherborne et al., 2024; Springer et al., 2024).

Meanwhile, an algorithm using a large batch size falls into sharp local minima of the empirical loss
fs and the algorithm would experience a drop in generalization performance (Hoffer et al., 2017;
Goyal et al., 2018; You et al., 2020). It has been shown that increasing the batch size (Byrd et al.,
2012; Balles et al., 2017; De et al., 2017; Smith et al., 2018; Goyal et al., 2018) or decaying the
learning rate (Wu et al., 2014; Ioffe & Szegedy, 2015; Loshchilov & Hutter, 2017; Hundt et al.,
2019) avoids sharp local minima of the empirical loss. Hence, we are interested in verifying whether
the SAM algorithm with an increasing batch size or decaying learning rate performs well in training
DNNSs. In this paper, we focus on the SAM algorithm called gap guided SAM (GSAM) algorithm
(Zhuang et al., 2022) (see Algorithm 1 for details).

Contribution: The main contribution of this paper is to show an e-approximation of the GSAM
algorithm with an increasing batch size and constant learning rate ((7) in Table 1; Theorem 2.3)
and with a constant batch size and decaying learning rate ((8) in Table 1; Theorem 2.4).
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Table 1: Convergence of SAM and its variants to minimize fSAM( ) = fs(x) + p||Vfs(x)| over
the number of steps 7. “Noise” in the Gradient column means that algorithm uses noisy observation,
ie., g(x) = Vf(x) + (Noise), of the full gradient V f(x), while “Mini-batch” in the Gradient
column means that algorithm uses a mini-batch gradient V fp(x) = { 2iepp) Ve (x) with a batch

size b. Here, we let E[HVfSAM*H] = minyc(r) E ||VfSAM (x¢)]|], where (x;)L_, is the sequence
generated by Algorithm. Results (1)—(6) were presentedp in (1) (Andriushchenko & Flammarion,
2022, Theorem 2), (2) (Mi et al., 2022, Theorem 2), (3) (Zhuang et al., 2022, Theorem 5.1), (4)
(Si & Yun, 2023, Theorem 4.6), (5) (Li & Giannakis, 2023, Corollary 1), and (6) (Li et al., 2024,
Theorem 2).

Algorithm Gradient Leaning Rate ~ Perturbation Convergence Analysis

(1) SAM Mini-batch b 17 = O(7) pr=O(+7x) E[|Vfil] = O(#7 + 57777)

(2) SSAM  Noise m=0()  p=0() E[Vfi] = 0(El)
(3) GSAM  Noise m=0Gk)  p=0Gk)  EVEAN] =0 (5T
(4) m-SAM  Noise —O0(stm) » E[IV £31] = O(/ 7 + 0?)
(5) VasSO  Noise =O(zim)  pr=0(zr) ElVIS™I = O(zm)
(6)FSAM  Noise nr=O(pin) P =0(dm) BV = OCFH)
(7) GSAM  Increasing Constant P r E[||Vf EAPM*H] <e

[Ours] mini-batch b, 7 = O(ne?) = O(%)
(8) GSAM  Mini-batchb  Cosine/Linear  p E[|VFEAMA|] < e

[Ours] n—n(=0 = O(\/%)

Our convergence analyses of GSAM are based on the search direction noise n;w; (defined by (9))
between GSAM and gradient descent (GD) (Theorems 2.1 and 2.2 in Section 2.3). The norm of the
noise is approximately @( ) (see also (10)). Since this implies that GSAM using a large batch

size b or a small learning rate 77 behaves approx1mately the same as GD in solving the SAM problem,
GSAM eventually needs to use a large batch size or a small learning rate. Accordingly, it will be
useful to use increasing batch sizes or decaying learning rates, as the previous results presented in
the second paragraph of this section point out. We would also like to emphasize that our analyses
allow us to use practical learning rates, such as constant, cosine-annealing, and linear learning rates,
unlike the existing methods listed in Table 1. Our other contribution is to provide numerical results
on training ResNets and ViT-Tiny on the CIFAR100 dataset such that using a doubly increasing
batch size or a cosine-annealing learning rate finds flatter local minima than using a constant batch
size and learning rate (Section 3 and Appendix C).

Related work: Convergence analyses of SGD (Robbins & Monro, 1951) with a fixed batch
size have been presented in (Ghadimi & Lan, 2013; Ghadimi et al., 2016; Vaswani et al., 2019;
Fehrman et al., 2020; Chen et al., 2020; Scaman & Malherbe, 2020; Loizou et al., 2021; Wang et al.,
2021; Arjevani et al., 2023; Khaled & Richtérik, 2023). Our analyses found that SGD (an exam-
ple of GSAM) using increasing batch sizes or a cosine-annealing (linear) learning rate is an e-
approximation. The linear scaling rule (Goyal et al., 2018; Smith et al., 2018; Xie et al., 2021) based
on ¢ coincides with our rule based on the noise norm nljw;||> = O(3). In (Hazan etal., 2016;
Sato & Iiduka, 2023), it was shown that SGD with an increasing batch size reaches the global opti-
mum under the strong convexity assumption of the smoothed function of fg. This paper shows that,
with nonconvex loss functions, GSAM with an increasing batch size achieves an e-approximation.

Limitations: The limitation of this study is the limited number of models and datasets used in the
experiments. Hence, we should conduct similar experiments with a larger number of models and
datasets to support our theoretical results.
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2 SAM PROBLEM AND GSAM

Let N be the set of natural numbers. Let [n] := {1,2,--- ,n}and [0 : n] := {0,1,--- ,n} forn € N.
Let R? be a d-dimensional Euclidean space with inner product (z,y)s = ="y (z,y € RY) and
its induced norm ||z||2 := \/(z, x)2 (x € RY). The gradient and Hessian of a twice differentiable

function f: R? — R at x € R? are denoted by V f(x) and V?f(x), respectively. Let L > 0.
A differentiable function f: R? — R is said to be L—smooth if the gradient Vf: R¢ — R is
Lipschitz continuous; i.e., for all x,y € () — Vf(y)ll2 < L||x — y||2- Let O and © be
Landau’s symbols, i.e., yr = O(xy) (resp. y: = O(x)) if there exist ¢ > 0 (resp. ¢1,c2 > 0) and
to € N such that, for all t > tg, y: < cxy (resp. c1x: < Y < CoTt).

2.1 SAM PROBLEM AND ITS APPROXIMATION PROBLEM

Given a parameter = € R? and a data point z, a machine-learning model provides a prediction
whose quality can be measured by a differentiable nonconvex loss function f(x; z). For a training
set S = (z1,22,...,2n), fi(:) := f(*;2;) is the loss function corresponding to the i-th training data
2;. The empirical risk minimization (ERM) is to minimize the empirical loss defined for all z € R?

by
wazz— > film) )

16[7: 16 [n]

Given p > 0 and a training set S, the SAM problem (Foret et al., 2021, (1)) is to minimize

fSAM( )= ”rrl‘lax fs(x + ¢€). 2)

Let z € R% and p > 0. Taylor’s theorem thus implies that there exists 7 = 7(z, p) € (0, 1) such
that the maximizer €3 ,(z) of fs(z + €) over B2(0; p) := {€ € R<: ||e||2 < p} is as follows:

eg’p(w) = a‘ll"gumax fs(x+e€) = a‘l‘rg”max {fs(w) +(Vfs(x),€e)a + %(g V2fs(:c + T€)€>2} ,
€ll2<p €|l2<p

where we suppose that fs is twice differentiable on R%. Then, assuming ||€||3 ~ 0 (i.e., a small
enough p?), €% ,(x) can be approximated as follows €g ,(z) (Foret et al., 2021, (2)):

s(x)
€x R €s,p = arg max(V € {pm} (Vfs(x) #0) 3
Rl &%) I€ia<s Wisle). 92 = {Bg(o, p) (Vfs(z) = 0). ¥

Here, our goal is to solve the following problem that is an approximation of the SAM problem of
minimizing fSAM(ac) = max|e|,<, [s(x + €) (see (2) and (3)).

Problem 2.1 (Approximated SAM problem (Foret et al., 2021)) Let fs be the empirical loss de-
fined by (1) with the training set S = (21,29, , zp). Given p > 0,

minimize f§3M () := max {fs(@) + (V/s(®),€)2} = fs(@) + plV/s(@) 2 subject to @ € R,

We use the following approximation (Foret et al., 2021, (3)) of the gradient of f§*) FSAM gt o € R

Vis (w4 ) (Vis) £0)
Vis(@tu) (Vs(@) = 0),

where €g ,(x) is denoted by (3) and w is an arbitrary point in B5(0;p) (e.g., we may set u = 0
before implementing algorithms).

VM) = Vfs(2)|ates, (@) = { 4)

2.2  MINI-BATCH GSAM ALGORITHM

As a way of solving Problem 2.1, we will study the GSAM algorithm (Zhuang et al., 2022, Algo-
rithm 1) using b loss functions fe, |, fe, ,, -+, fe,, € {f1,f2, -, fu} Which are randomly chosen
at each time ¢, where b is a batch size satisfying b < n. We suppose that loss functions satisfy the
following conditions.
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Assumption 2.1 (Al) f;: R — R (i € [n]) is twice differentiable and L;-smooth.

(A2) Vfe: RY — R? is the stochastic gradient of V fs; i.e., (i) for all x € RY, E¢[V fe(x)] =
Vfs(x), (i) there exists o > 0 such that, for all x € RY, V¢[Vfe(z)] = E[||Vfe(x) —
Vis(@)|3

2] < o2 where £ is a random variable which is independent of x and E¢[-] stands for
the expectation with respect to &.

(A3) Let t € N and suppose that b, € Nand by < n. Let & = (&.1,&.2,++ ,€rp,) | be a random
variable that consists of b; independent and identically distributed variables. The full gradient
V fs(x) is estimated as the following mini-batch gmdient atx € R%:

Vs, (x) : Z Ve, (5)

16 [be]

where &; is independent of x, by, and & (t # t').

We define €g, , by replacing S in (3) with S; in (A3), i.e.,

Vs, (x)
5, () = arg max(V SR} m@r0
R e {Bz( ) Vis@=0),

where V fg, is defined as in (5). Accordingly, an approximation of a mini-batch gradient of f3‘) fSAM
(see Problem 2.1 and (4)) at « € R? can be defined as

Vs, (m + pugfiit(fﬁb) (Vfs.(z) # 0)
Vs, (x+u) (Vfs, (z) = 0),

where €g, ,(x) is denoted by (6) and u is an arbitrary point in B>(0; p). Accordingly, the SAM al-
gorithm (Foret et al., 2021, Algorithm 1) can be obtained by applying SGD to the objective function
I, FSAM in Problem 2.1, as described in Algorithm 1. GD for Problem 2.1 coincides with Algorithm 1
w1th S; = S (i.e., by = n), as follows:

L4l = L — ntVfSAM( ) )

where V f5°) FSAM g defined as in (4). The GSAM algorithm uses an ascent step in the orthogonal direc-
tion that is obtained by using stochastic gradient decomposition V fs, () = V fs, () + V fs, L (x)

VN (@) = Vs, () |ores, (@) = { (7

to minimize a surrogate gap h(x) := Agf};/[ (x) — fs,(x) (see (Zhuang et al., 2022, Section 4)).

Algorithm 1 Mini-batch GSAM algorithm

Require: p > 0 (hyperparameter), u € Bs(0;p), o € R? (initial point), b; > 0 (batch size),
1t > 0 (learning rate), o € R (control parameter of ascent step), 7' > 1 (steps)

Ensure: (z;)7_, C R?
fort=0,1,...,7T —1do

VSAM () = {VfSt ("ct +pHVVJ§%> (Vs (@) #0) <aSee (5) for Vg,
0)

St,p

vat (mt + U) (vat (wt) =
—(V fgﬁy (x¢) —aVfs, 1 (x;)) (GSAM)
d; = stfg/[( xy) (SAM; o = 0)

~ViE (@) = ~Vis(x)  (SGDia=p=0)

Ti1 = Ty + Npdy
end for

2.3 SEARCH DIRECTION NOISE BETWEEN GSAM AND GD

GSAM can find local minima of Problem 2.1 (by using —V fg FSAM (a:t)) that are flatter local minima
of fs (by using aV fg, 1 (1)) (see (Zhuang et al., 2022, Sectlon 4) for details). Meanwhile, GD
defined as (8) (i.e., GSAM with b; = n and o = 0) is the simplest algorithm for solving Problem 2.1.
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Although this GD can minimize fSAM by using the full gradient V f SAM( ¢), it is not guaranteed
that it converges to a flatter minimum of fg compared with the one of GSAM. Here, let us compare
GSAM with GD. Let &; € R? be the ¢-th approximation of Problem 2.1 and n; > 0. The x;,
generated by GSAM is as follows:

@1 = @+ —(VFE (@) — aV s 1(@)))

Wi

) - )
=y — VM (@) +me (VIS (=) — VI () +aV fs,1 (1))

GD Search Direction Noise 7wy

This implies that, if pw; = nt(VfSAM( ) — Vfgf}f(:ct) +aVfs, 1 (x)) is approximately zero,

i.e., by ~ nand a ~ 0, then GSAM is approximately GD in the sense of the norm of R%, and if 7;w;
is not zero under o # 0, i.e., b; < n, then the behavior of GSAM with b; < n differs from the one
of GD. We call n;wy the search direction noise of GSAM, since 7;w; is noise from the viewpoint of
the search direction of GD. We provide an upper bound of the norm of the search direction noise of
GSAM. Theorem 2.1 is proved in Appendix A.

Theorem 2.1 (Upper bound of En; ||w¢||2) Suppose that Assumption 2.1 holds and define w; €
R for all t € NU {0} by wy := &; + aV fs, 1 (x1), where x; is generated by Algorithm 1 and we
assume that G| := sup,enyioy ||V fs, 1 (%1) |2 < +00. Then, forallt € NU {0},

nela|G L (by =n)
E w <
elleoell} < o {\/4/)2 (blz + #) (Xiem L) +22 + IOAIGL} (bs < m),

where E[-] stands for the total expectation defined by E = E¢ Eg, - - - Eg¢

b

In the case of GSAM with b; = n and a # 0, we have that n,w; = nt(VfSAM( t)— VfSAM( t)+
aVfsi(x:)) = maV fsi(x). Hence, an upper bound of E[7;t||wt|| ] is || G (Theorem 2.1
(by = n)). For simplicity, let us consider the case of @« = 0. The search direction noise 7wy

of GSAM with b, < n is not zero, from VfSAM( ) # Vfgf;\/[( x;) (see (9)). Meanwhile, the

search direction noise 7;w; of GD (GSAM with by = n and « = 0) is Nw; = nt(VfSAM( +) —

Vf5AM(x,)) = 0, which implies that E[r[|w|2] = 0 (This result coincides with Theorem 2.1

(by = n and a = 0)). Accordingly, the noise norm E[n;||w;||2] of GSAM will decrease as the batch
size b; increases. In fact, from Theorem 2.1 (b; < n), the upper bound U (7, b) of E[n:||w:||2]

Yien Li)? + 20°
Vb

8p?

11 2 202 P2

Bl o) < e | 492 (bz + n) (X L)+ <m v = U, br)
t

i€[n]
is a monotone decreasing function of b;. As a result, E[n;||w;||2] decreases as b; increases. Theorem

2.1 also indicates that the smaller 7, is, the smaller E[n; ||w;||2] becomes.

Next, we provide a lower bound of the norm of the search direction noise of GSAM. Theorem 2.2 is
proven in Appendix A.

Theorem 2.2 (Lower bound of En||w:||2) Under the assumptions in Theorem 2.1, for all t €

NU {0},
el E[[[V fs 1 ()2 (b = n)
Ellwrla) > {m {42~ 0 (& +2) i L~ lalGL} (b <nn A =0)

o (= 1) Siep Li— =~ lalGL} (i <nnd, <o)

where Ay is defined by (25), ¢, d¢ € (0,1, and || is small such that, for by < n,
||V fs, L (ze)[|2 < (@2

From the definition (9) of the search direction noise, the noise norm E[n;||w,|2] of GSAM will
increase as the batch size b; decreases. We can verify this fact from Theorem 2.2 (by < n A A; > 0).
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For simplicity, let us consider the case where « = 0. Weset T > 1, ¢ := minge(o.7) Ct» and
p < ﬁ (this setting implies that p, which is used in the definition of Problem 2.1, will be a
i€[n v

small parameter (see also (3)). Then, the lower bound L(n:, b;) of E[n:||w:||2] satisfies

cto 1 1 o =2p> e Li
Bllorlel 2 d 5~ (5 + 1) 0 10 p 20 2T a2 0)
t t

which implies that the smaller b; is, the larger the lower bound L(7;, b;) of E[n:|lw;||2] becomes
(We can verify this result from Theorem 2.2 (b; < n A A; < 0)). Therefore, E[n;||w;||2] increases
as b; decreases.

To solve Problem 2.1, we consider a mini-batch scheduler and a learning rate scheduler based on
Theorems 2.1 and 2.2. To apply not only GSAM but also SAM (a = 0) to Problem 2.1, we will
assume that |« is approximately zero. Theorems 2.1 and 2.2 (see also the definitions of U (7, b;)
and L(n;, b;)) indicate that, for a given small p and for all ¢ € N U {0},

E[ntwtmME[ntva@,ﬁM(:m—vf§5:2“<mt>uz}z{f(%) E’;fzi (10)
. =n).

Equation (10) indicates that the full gradient V f;ﬁM(wo) substantially differs from V fg(ﬁz/[(aco)
with a small batch size by or a large learning rate 9. Meanwhile, GSAM eventually needs to use a

large batch size b or a small learning rate 7, since the behavior of GSAM using a large b or small 7

is approximately like that of GD in minimizing fgi\)M. Accordingly, in the process of training DNN,

it would be useful to use increasing batch sizes or decaying learning rates.

2.4 CONVERGENCE ANALYSIS OF GSAM

2.4.1 INCREASING BATCH SIZE AND CONSTANT LEARNING RATE

Motivated by (Smith et al., 2018), we focus on using a constant learning rate defined for all ¢ €
NuU {0} by n. =7 € (0, +0c0) and a mini-batch scheduler that gradually increases the batch size:

b= =byg<bj=-=b < - <bpyy=--=by=n, (an

Eq epochs E4 epochs E s epochs

where M € Nand E; € N (i € [0 : M]). Accordingly, we have that the total number of steps for
training is T = >, c 0.2 [ 3 | Ei-

Theorem 2.1 leads us to the following theorem, the proof of which is given in Appendix B.2.

Theorem 2.3 (e—approximation of GSAM with an increasing batch size and constant learning rate)
Consider the sequence (x;) generated by the mini-batch GSAM algorithm (Algorithm 1) with an in-
creasing batch size by € (0, n] defined by (11) and a constant learning rate, ny =1 € (0, 400). Fur-
thermore, let us assume that there exists a positive number G such that max{sup, ¢y, {0} IV fs(x:+

€s,p(0))l|2supsenigoy VIS (@) 2y subreroqoy IV IS5Y (@)l2, GL} < G, where
G = supsenuqoy IV fs, L (xt)|l2 < +o00 (see Theorem 2.1). Let € > 0 be the precision and let

bo >0,1>0, acR and p > 0 such that

120C [ pG = 30 (Ja| + 1) 2n3e
ne — t+ — L; |, , (12)
€2 Vby  nbo iEZ[n] "] 6G2 Picpn Li{n? +4C (X ey Li)?}
Vboe? boe?
pllal +1) < T el (13)

L p< ,
= 6G(CGVIy 1+ Bo) Yo Li T 2VIG 0+ B Sy L

where B and C' are nonnegative constants. Then, there exists tg € N such that, for all T > t,

mn E H FSAM
te[rOr:llTn—u {st’p (@)

}Se.
2
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Theorem 2.3 indicates that the parameters || and p in (13) become small and thereby achieve an
e—approximation of GSAM. The setting of the small parameter p is consistent with the definition of
Problem 2.1 (see also (3)). Moreover, the setting also matches the numerical results in (Zhuang et al.,
2022) that used small |«| and p. Using a small p leads to the finding that C' and B are approximately
zero (see Propositions B.2 and B.3). In particular, p = 0 implies that B = C' = 0. Hence, a constant
learning rate 7 satisfying (12) is approximately

ne2

€0, .
! ( 6(jal + V2G5, L

From (14), it would be appropriate to set a small 7 in order to achieve an e-approximation of GSAM.
In fact, the numerical results in (Zhuang et al., 2022) used small learning rates, such as 1072, 1073,
and 107°.

Since SGD (i.e., GSAM with a = p = 0) satisfies (13), Theorem 2.3 guarantees that SGD is an e-
approximation in the sense of min;¢(o.7—1) E[||V fs(¢)||2] < €. Moreover, using a = p = 0 makes

the upper bound of min,¢jo.7—1) E[[|V fs(2+)||2] (= mingep.r—1] E[|\Vfgf>M(wt) |l2]) smaller than

using o # 0V p # 0. Hence, SGD using « = p = 0 would minimize ||V fs(x;)||2 more quickly
than would SAM/GSAM using @ # 0V p # 0 (see also Figure 1 (Left) indicating that SGD
minimizes fg more quickly than SAM/GSAM). Meanwhile, the previous results in (Foret et al.,
2021; Zhuang et al., 2022) indicate that using o # 0V p # 0 leads to a better generalization than
using a = p = 0 (see Figure 1 (Right) and Table 2 indicating that SAM/GSAM with an increasing
batch size has a higher generalization capability than SGD has with an increasing batch size).

(14)

2.4.2 CONSTANT BATCH SIZE AND DECAYING LEARNING RATE

Motivated by (Loshchilov & Hutter, 2017), we focus on a constant batch size defined for all t €
N U {0} by b; = b and examine a cosine-annealing rate scheduler defined by

=N t|m .

where n and 7 are such that 0 < n <7, E is the number of epochs, and K = PTH is the number
of steps per epoch. We then have that the total number of steps for training is 7' = KFE. The
cosine-annealing learning rate (15) is updated per epoch and remains unchanged during K steps.

Moreover, for a constant batch size by = b (¢ € NU{0}), we examine a linear learning rate scheduler
(Liu et al., 2020) defined by

=Lt +7 (te(0:T)), (16)

where 17 and 77 are such that 0 < 5 < 7 and T is the number of steps. The linear learning rate
scheduler (16) is updated per step whose size decays linearly from step 0 to 7.

Theorem 2.1 leads us to the following theorem, the proof which is given in Appendix B.3 (The case
where 17 > 0 is also shown in Appendix B.3).

Theorem 2.4 (e—approximation of GSAM with a constant batch size and decaying learning rate)
Consider the sequence (xy) generated by the mini-batch GSAM algorithm (Algorithm 1) with a
constant batch size by = b € (0,n] and a decaying learning rate n; € [n, 7 defined by (15) or (16).
Furthermore, let us assume that there exists a positive number G defined as in Theorem 2.3. Let

€ > 0 be the precision and letb > 0,7 > 0 (=n), o € R, and p > 0 such that

240C G 3o 2(Ja]+1) " 2n3e? . .
7€ { e (L\/E + Wb 2uie(n) Li) 179G Y ny Li{n?2HAC (X gy L,i)Q}] if (15) is used, (17
240C G 30 al+1)2n3e? . .
{ e (L\/E + nb i€[n] Li) 1 4G Zie[n](ll‘i‘{”z)"“lc(zz:e[n] Li)z}] lf(lG) s used’
be? be?
pllal +1) mbe it (18)

< S i
= 6G(C’G\/5 + Bo) Zie[n] L; p 2/42G/n? + b2 Eie[n] L;

where B and C' are nonnegative constants. Then, there exists tg € N such that, for all T > t,

mn E H FSAM
te[rOr:llTn—u {st’p (@)

}Se.
2
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Theorem 2.4 indicates that the parameters || and p in (18) become small and thereby achieve an
e—approximation of GSAM, as also seen in Theorem 2.3. A discussion similar to the one showing
(14) implies that the maximum learning rate 7 satisfying (17) using a small p is approximately

(07 %} if (15) is used,
1€[n z

g < [e] “2ne? . .
(0’ %] if (16) is used.

(19)

From (19), it would be appropriate to set a small 7 in order to achieve an e-approximation of GSAM.
In fact, the numerical results in (Zhuang et al., 2022) used small values of 77, such as 1.6 and 3 x 103,

Theorem 2.4 guarantees that SGD is an e-approximation in the sense of
mingepo.r—1] E[[|Vfs(2:)|l2] < e. Moreover, using @ = p = 0 makes the upper bound of
min,epo.r—1) E[[|V fs(2¢)||2] smaller than when using « # 0V p # 0. Hence, SGD using
a = p = 0 would minimize |V fs(x¢)||2 more quickly than SAM/GSAM using o # 0V p # 0
(see also Figure 2 (Left) indicating that SGD minimizes fs more quickly than SAM/GSAM).
Meanwhile, the previous results in (Foret et al., 2021; Zhuang et al., 2022) indicate that using
a # 0V p # 0 leads to a higher generalization capability than using a = p = 0 (see Table 2 which
shows that the generalization capability of SAM/GSAM+C has a higher than that of SGD+C).

3 NUMERICAL RESULTS

We used a computer equipped with NVIDIA GeForce RTX 4090x2GPUs and an Intel Core i9
13900KF CPU. The software environment was Python 3.10.12, PyTorch 2.1.0, and CUDA 12.2.
The solid lines in the figures represent the mean value and the shaded areas represent the maximum
and minimum over three runs.

Training Wide-ResNet28-10 on CIFAR100 We set £ = 200, » = 17 = 0.1, and n = 0.001.
We trained Wide-ResNet-28-10 on the CIFAR100 dataset (see Appendix C for an explanation of
training ResNet-18 on the CIFAR100 dataset). The parameters, @ = 0.02 and p = 0.05, were deter-
mined by conducting a grid search of « € {0.01,0.02,0.03} and p € {0.01,0.02,0.03,0.04,0.05}.
Figure 1 compares the use of an increasing batch size [8, 16, 32, 64, 128] (SGD/SAM/GSAM + in-
creasing_batch) with the use of a constant batch size 128 (SGD/SAM/GSAM) for a fixed learning
rate, 0.1. SGD/SAM/GSAM + increasing_batch decreased the empirical loss (Figure 1 (Left)) and
achieved higher test accuracies compared with SGD/SAM/GSAM (Figure 1 (Right)). Figure 2 com-
pares the use of a cosine-annealing learning rate defined by (15) (SGD/SAM/GSAM + Cosine) with
the use of a constant learning rate, 0.1 (SGD/SAM/GSAM) for a fixed batch size 128. SAM/GSAM
+ Cosine decreased the empirical loss (Figure 2 (Left)) and achieved higher test accuracies compared
with SGD/SAM/GSAM (Figure 2 (Right)).

Training WideResNet28-10 on CIFER100 dataset Training WideResNet28-10 on CIFER100 dataset

Figure 1: (Left) Loss function value in training and (Right) accuracy score in testing for the algo-
rithms versus the number of epochs in training Wide-ResNet-28-10 on the CIFAR100 dataset. The
learning rate of each algorithm was fixed at 0.1. In SGD/SAM/GSAM, the batch size was fixed at
128. In SGD/SAM/GSAM + increasing_batch, the batch size was set at 8 for the first 40 epochs and
then it was doubled every 40 epochs afterwards, i.e., to 16 for epochs 41-80, 32 for epochs 81-120,
etc.
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Training WideResNet28-10 on CIFER100 dataset Training WideResNet28-10 on CIFER100 dataset

Figure 2: (Left) Loss function value in training and (Right) accuracy score in testing for the algo-
rithms versus the number of epochs in training Wide-ResNet28-10 on the CIFAR100 dataset. The
batch size of each algorithm was fixed at 128. In SGD/SAM/GSAM, the constant learning rate was
fixed at 0.1. In SGD/SAM/GSAM + Cosine, the maximum learning rate was 0.1 and the minimum
learning rate was 0.001.

Table 2: Mean values of the test errors (Test Error) and the worst-case ¢, adaptive sharpness (Sharp-
ness) for the parameter obtained by the algorithms at 200 epochs in training Wide-ResNet28-10 on
the CIFAR100 dataset. “(algorithm)+B” refers to “(algorithm) + increasing_batch” used in Figure
1, and “(algorithm)+C” refers to “(algorithm) + Cosine” used in Figure 2.

SGD SAM GSAM  SGD+B SAM+B  GSAM+B SGD+C  SAM+C  GSAM+C
Test Error  25.62 24.78 24.94 22.65 21.10 21.50 25.57 24.16 24.00
Sharpness 111326 45620  435.17 22.72 10.99 12.37 1148.09  687.44 665.13

Table 2 summarizes the mean values of the test errors and the worst-case /., adaptive sharpness
defined by (Andriushchenko et al., 2023b, (1)) for the parameters ¢ = (1,1,---,1)" and p =
0.0002 obtained by the algorithm after 200 epochs. SAM+B (SAM + increasing_batch) had the
highest test accuracy and the lowest sharpness, which implies that SAM+B approximated a flatter
local minimum. The table indicates that increasing batch sizes could avoid sharp local minima to
which the algorithms using the constant and cosine-annealing learning rates converged.

Training ViT-Tiny on CIFAR100 We set £ = 100 and a learning rate of 7 = 0.001 with an ini-
tial learning rate of 0.00001 and linear warmup during 10 epochs. We trained ViT-Tiny on the
CIFARI100 dataset (see Appendix D for the ViT-Tiny model). We used Adam (Kingma & Ba,
2015) with 51 = 0.9, B2 = 0.999 and a weight decay of 0.05 as the base algorithm. The
parameters, « = 0.1 and p = 0.6, were determined by conducting a grid search of a €
{0.1,0.2,0.3} and p € {0.1,0.2,0.3,0.4,0.5,0.6}. We used the data extension and regular-
ization technique in (Lee et al., 2021). Figure 3 compares the use of an increasing batch size
[64,128,256,512] (Adam/SAM/GSAM + increasing_batch) with the use of a constant batch size
128 (Adam/SAM/GSAM) for a fixed learning rate, 0.001. SAM + increasing_batch achieved higher
test accuracies compared with Adam/SAM/GSAM (Figure 3 (Right)). Figure 4 compares the use
of a cosine-annealing learning rate defined by (15) (Adam/SAM/GSAM + Cosine) with the use of
a constant learning rate, 0.001, (Adam/SAM/GSAM) for a fixed batch size, 128. Adam + Cosine
achieved higher test accuracies than Adam/SAM/GSAM (Figure 4 (Right)).

Table 3: Mean values of the test errors (Test Error) and the worst-case /., adaptive sharpness
(Sharpness) for the parameter obtained by the algorithms at 100 epochs in training ViT-Tiny on
the CIFAR100 dataset. “(algorithm)+B” refers to “(algorithm) + increasing_batch” in Figure 3, and
“(algorithm)+C” refers to “(algorithm) + Cosine” in Figure 4.

Adam SAM  GSAM  Adam+B  SAM+B  GSAM+B  Adam+C SAM+C  GSAM+C

Test Error ~ 31.62 2920 29.81 29.26 28.45 29.10 27.06 28.18 28.90
Sharpness  0.28 0.16 0.15 0.24 0.15 0.16 0.42 0.17 0.17




Under review as a conference paper at ICLR 2025

Training ViT-Tiny on CIFER100 dataset Training ViT-Tiny on CIFER100 dataset

Figure 3: (Left) Loss function value in training and (Right) accuracy score in testing for the algo-
rithms versus the number of epochs in training ViT-Tiny on the CIFAR100 dataset. The learning
rate of each algorithm was fixed at 0.001 with an initial learning rate 0.00001 and linear warmup
during 10 epochs. In Adam/SAM/GSAM, the batch size was fixed at 128. In Adam/SAM/GSAM +
increasing batch, the batch size was set at 64 for the first 25 epochs and then it was doubled every
25 epochs afterwards, i.e., to 128 for epochs 26-50, 256 for epochs 51-75, etc.

Training ViT-Tiny on CIFER100 dataset s Training ViT-Tiny on CIFER100 dataset

Figure 4: (Left) Loss function value in training and (Right) accuracy score in testing for the algo-
rithms versus the number of epochs in training ViT-Tiny on the CIFAR100 dataset. The batch size
of each algorithm was fixed at 128. In Adam/SAM/GSAM, the constant learning rate was fixed
at 0.001 with an initial learning rate 0.00001 and linear warmup during the first 10 epochs. In
Adam/SAM/GSAM + Cosine, the maximum learning rate was 0.001 and the minimum learning rate
was 0.00001 with linear warmup during the first 10 epochs.

Table 3 summarizes the mean values of the test errors and the worst-case /., adaptive sharpness
defined by (Andriushchenko et al., 2023b, (1)) for the parameters ¢ = (1,1,--- ,1)T and p =
0.0002 obtained by the algorithm after 100 epochs. The table indicates that SAM+B could avoid
local minima to which the algorithms using the cosine-annealing learning rate converged.

4 CONCLUSION

First we gave upper and lower bounds of the search direction noise of the GSAM algorithm for solv-
ing the SAM problem. Then, we examined the GSAM algorithm with two mini-batch and learning
rate schedulers based on the bounds: an increasing batch size and constant learning rate scheduler
and a constant batch size and decaying learning rate scheduler. We performed convergence analyses
on GSAM for the two schedulers. We also provided numerical results to support the analyses. The
numerical results showed that, compared with SGD/Adam, SAM/GSAM with an increasing batch
size and a constant learning rate converges to flatter local minima of the empirical loss functions for
ResNets and ViT-Tiny on the CIFAR100 dataset.

10
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A PROOFS OF THEOREMS 2.1 AND 2.2

A.1 PROPOSITIONS

We first give an upper bound of the variance of the stochastic gradient V fg, ().
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Proposition A.1 Under Assumption 2.1, we have that, for all x € R and all t € N U {0},

Ee, [V/s.(@)|éi1] = Vfs(@),

0.2

Ve, |V/s, (@) b < T

€] = Ee, [IVfs.(@) - Vs(@)I3

where Eg, [- |&,_1] stands for the expectation with respect to &; conditioned on &, = &, _1.

Proof: Letz € R and t € NU {0}. Assumption 2.1(A3) ensures that

Be, [Vfo.(@)|é1] =Be |- 3 Veu(a

ze[bt

Jér| =5 3 Be [Vher @)éia)

ZE [be]

which, together with Assumption 2.1(A2)(i) and the independence of &; and &;_1, implies that

Ee, [V fs.(@)[éi1] = V/s(@).

Assumption 2.1(A3) implies that

Ve, |Vfs(@)[€im1] = Ee, [IVfs.(2) = Vis(@)I3]€]
2
= Eq, Z Ve (@) = Vis()| &1
zE [be] 9
2
= 2B || X (Ve (@) - Vist@)| [é
¢ i€[be) )

From the independence of &; ; and & ; (i # j), forall ¢, j € [b;] with i # j,

E&t‘i [<vf§tz (.’I)) - st(ﬁc), vfét‘j (:L‘) - vfs(m)>2|ét—1]
= (Ee, . [V/fe,,(@)|€—1] — Be, [V fs(x)|€-1], Ve, , (x) — Vs(x))2 = 0.

Hence, Assumption 2.1(A2)(ii) guarantees that

Ve, Vs, (@)

]

A 1
€t71:| = @ %]Effz {vaﬁ“( st HQ
S

o%b, o2
> b% bt )

which completes the proof. a

We will use the following proposition to prove Theorem 2.1.

Proposition A.2 (Ortega & Rheinboldt, 2000, 3.2.6, (10)) Let f: R* — R be twice differentiable.
Then, for all ¢,y € R,

1
Vi(y) = V(@) + / V2f (@ + t(y — z))(y — ).

0

A.2 PROOF OF THEOREM 2.1

We will use Propositions A.1 and A.2 to prove Theorem 2.1.

14
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Lett € NU {0} and b < n and suppose that x; generated by Algorithm 1 satisfies V fs, (@) # 0
and V fg(x;) # 0. Then, we have

2

Il = |V 350 @)~ VI @)
V fs, () )_ ( Vfs(a) ) ?
<7>vasf(””t+p||st,,<wt>||2 Vs \ @ P s ta s ) |
Vs, (z1) > Vs (@) (20)

IV fs, () ||2 ||stt($t)H2

st(wt)> Vfs(xy) )
Vis@lz ) P T s @l

where the third equation comes from Proposition A.2. From |z + y||3 < 2||z|]3 + 2||y|3 (z,y €
R%), we have

leoell3 < 201V fs, (e) = Vs ()3

! Vf&(%)) Vs, (@)
2
[ vt (o ) e

L ( Vfs(z) ) Vfs(xy) 2
/o VIS O s ) TV sl

which, together with the property of || - ||2, implies that
@3 < 2V s, (@) — Vs(zo)l3
2
IV fs. (@0)]]2

+4<p/01 st> on
Vfs(@:) >

1 2
o (p/ IV fs@)ls 2d5)

Meanwhile, the triangle inequality and the L;—smoothness of f; (see (A1)) ensure that, for all z,y €
R¢,

1
Vs, (x¢) +/0 V2 fs, <wt + ps

1
- (st<wt>+ /0 V25 <wt+ps

)

2

2
+4

+4’

V2 fs, (wt + ps Vs (@) )

V2 fs (mt + ps

1
vast (33) - stt (y)||2 = bi Z (Vf§t,i (w) - vfit,i(y)) Z vaft i vfft,i(y)Hg
b ie[b) ) ze[bf
<*ZL£MIL‘—Z/||2<*ZLH$ Yl

1€ [be]

which implies that, for all 2 € RY, ||V fs, (z)||2 < b; " Zie[n] L;. A discussion similar to the one
showing that V fs, is b, ' > icin) Li—smooth ensures that V fs is n=" 3, (,; Li—smooth, which in
turn implies that, for all & € RY, ||V fs(z)[ls < 7' 35, Li- Accordingly, (21) guarantees that

2 2 2
Joul} < 209 s 20 - Vis@olB+ S (L 1) + 25 (T n) . @

i€[n] i€[n]

Taking the expectation with respect to &; conditioned on &;_1 = ét_l on both sides of (22) ensures
that

N 4p2 2 4p2 2
B, 161 B1€0-1] < 286,19 fs (o) = Vfstollal + - (2 1) + B ( Tmi)
t . ]

which, together with Proposition A.1, implies that

~ 20-2 4p 2 4p2 2
Belloddé < T+ (T ) + 5 (T n).

i€[n]
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Since &; is independent of &;_1, we have
. . 202 4p? 2 4p? 2
Ee, 1 Be,[|001] = Be,  [Be, [lorl3l€11) < 5~ + For ( > Li) + ( > Lz) !
¥

which, together with £ = E¢ g, - - - Eg,, implies that
N 202 4p? 2 402 2
E[||@]3] < W (g{:}u) +—5 _ez[:] Li) . (23)

Suppose that x; generated by Algorithm 1 satisfies either V fs, (x:) = 0 or V fg(x:) = 0. Let
V fs,(x:) = 0. A discussion similar to the one obtaining (20) and (21), together with (7), ensures
that

2
l@rl3 = |V 7828 @) — VIS (@) |

Vfs(@:) ) ’

= [wss e+ = s (0 o

1
= ||Vfs, (z:) + / V2 fs, (2 + su)uds
0

A temn < [ (s ps TLs@) N\ Vs@)
(sstmo+ [ 925 (s g 2 ) gt

b

2

which, together with ||ul||2 < p, implies that
I3 < 201V £s, (e) = Vs (@) |13

1
+4 (p/o V2 fs, (¢ + su)|, ds)

! vfs(wt)
- (” ) ||st<wt>||2>

ds>
2
Hence, the same discussion as in (22) leads to the finding that

J4l13 < 2019 fs, (1) — Vs ()3 + (ZL) +n”2(zLi)2.

Accordingly, Proposition A.1 and a discussion similar to the one showing (23) imply that (23) holds
in the case of V fg,(x:) = 0. Moreover, it ensures that (23) holds in the case of V fs(x;) = 0.
Therefore, we have

. 202 4p > 4y 2
E[f|@:l2] < m+w<2m)+n<2m>. (24)

i€[n] i€[n]

2

2

V2 fs <a3t + ps

We reach the desired result for when b, < n in Theorem 2.1 from [jw;||2 < ||@]|2 + |o|G L and
(24). We reach the desired result for when b; = n from ||@&||3 = 0. This completes the proof. O

A.3 PROOF OF THEOREM 2.2

Lett € NU {0} and b < n and suppose that x; generated by Algorithm 1 satisfies V fg, (z:) # 0
and V fs(x;) # 0. From |||V fs, 1 (@1)]|2 < ||w¢]|2, we have

lwellz = flwtlle = [V fs, (@)l = [[@ell2 = |alG L

From (20), we have

l@rlle = |[VIE @) - VIEM @)
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! stt(xt) > stt(wt)
_ _ 2
= |V hsde) = Vsl ’/ Vi (0 U ) T T
! st(fﬂt) ) va(wt)
_ 2 _.
L7855 (= o ) T e | T @)
When A; > 0,
. ! Vs, (x) Vs, (x1)
0l 2 19 o ) = ¥ s )l = H/ Vs (w0t ot ) e e
Y ( Vfs(x) ) Vfs(xt)
f, 0 (o ) e 2
> [Vfs.(e0) - Vis(edla = (3 + 1) ¥ L
¢ i€[n]

where the second inequality comes from (21) and (22). A similar discussion to the one in (23),
together with Proposition A.1, implies that there exists ¢; € [0, 1] such that

~ Cto 1 1
> — — .
E[||@¢]2] > NG p (bt + n) E L;

i€[n]

Accordingly, we have
Lo 1 1
Elljw > ——p|—+- L, — |o|G . 26
lorla] > 42— p (5 n);} alC 26)

Furthermore, when A; < 0, we have

I@dla 2 / Vs (o0 ) T T
[T (et ) o Vs @) = Vis@ol
|| [ vt (o ) e 2
| [ (e ) e | ~ Vs =V sl

which, together with (21) and (22), implies that there exists d; € (0, 1] such that

. d 1
ol p (5 = %) 3 Li = I¥fsu(e) = Vsl
i€[n]

A similar discussion to the one in (23), together with Proposition A.1, implies that
~ dt 1 g
E[||@ > —— = L — —.
lante] > o (5 - 7) > L7

Hence,

o
Li— -2 _lalG,. 27
T la|G L (27

dy 1

E Sso(&_ 2
lorda) > o (5 - ) 3
1€[n]
Suppose that x; generated by Algorithm 1 satisfies V fs,(x:) = 0 or Vfg(z;) = 0. Then, a
discussion similar to the one proving Theorem 2.1 under V fg, (z;) = 0 V V fs(x:) = O ensures
that (26) and (27) hold. When b; = n, we have w; = Vfg?,M () — Vfgf;M (z¢) +aVfsi(ze) =
aV fs (z+), which implies that E[||w:||2] = |«|E[||V fsL (z+)]]2]- O

17
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B GENERAL CONVERGENCE ANALYSIS OF GSAM AND ITS PROOF

Theorem B.1 (e—approximation of GSAM with an increasing batch size and decaying learning rate)
Consider the sequence (x;) generated by the mini-batch GSAM algorithm (Algorithm 1) with an
increasing batch size by € (0,n] and a decaying learning rate n; € [n,7] C [0, +00) satisfying that
there exist positive numbers Hy(n,7), Hz(n,7), and H3(n,7) such that, for all T > 1,
T T L2 Hd 777 ﬁ
<) ad 2R <y + 20T, 28)

T-1 A T 1
t=0 Tt t=0 Mt T

Let us assume that there exists a positive number G such that max{supteNu{O} IV fs(z: +
€s,.0(@0)) |2, subrenooy IV (@) ll2 suprenuoy IV (@)ll2, Gu} < G, where G =
supyenuqoy |V fs, L (@e)ll2 < +oo (Theorem 2.1). Let € > 0 be the precision and let by > 0,
a € R, and p > 0 such that

~1

€ pG 30 n3e?
H; < — L; 1)°H.
"= 1200 \ Voo nbo % + (lof +1)°H, < 6G2 > e Lifn? +4C (3¢ Li)?}
n2b2ed
pllal +1) < LT . L s 29)
6G(Xicn Li)(CGVby + Bo) 168G2(n? + b3) (X ;e Li)

where B and C' are nonnegative constants. Then, there exists to € N such that, for all T > t,

n B [V e, ] <
te[%g“nfl] Vf mt) 2 =€

Let us start with a brief outline of the proof strategy of Theorem B.1, with an emphasis on the main
difficulty that has to be overcome. The flow of our proof is almost the same in Theorem 5.1 of
(Zhuang et al., 2022), indicating that GSAM using a decaying learning rate, 7; = 719/+v/t, and a
perturbation amplitude, p; = po/+/t, proportional to 7; satisfies

2 C1 4+ CologT
7 ZE (e

where C and Cs are positive constants. First, from the smoothness condition (A1) of fs and the
descent lemma, we prove the inequality (Proposition B.1) that is satisfied for GSAM. Next, us-
ing the Cauchy—Schwarz inequality and the triangle inequality, we provide upper bounds of the
terms Xy (Proposition B.2), Y; (Proposition B.3), and Z; (Proposition B.4) in Proposition B.1. The

main issue in Theorem B.1 is to evaluate the full gradient V fSAM (x¢) using the mini-batch gra-
dient V f SAM( +). The difficulty comes from the fact that the unbiasedness of V f SAM( +) does

not hold (i.e., E[V fSAM( )] #V fSAM( +), although (A2)(i) holds). However, we can resolve
this issue using Theorem 2.1. In fact in order to evaluate the upper bound of X;, we can use

Theorem 2.1 indicating the upper bound of ||@;|l2 = ||VfSAM( 1) — VSAM(ay)|lo. Another
issue that has to be overcome in order to prove Theorem B. 1 is to evaluate the upper bound of

minejo.r—1 E[||V f SAM(mt)H%] using a learning rate 7, € [n,7]]. We can resolve this issue by us-

ing mingeo.r—1) B[ VFEAM (24)[13] < S nt]E[HVfSAM(azt)H 1/ 2725 ne- As aresult, we can
provide an upper bound of min;e .71 [HVfSAM(mt) |2]. Finally, we set Hy, Ha, o, and p such
that the upper bound of min,¢(o.7—1 E[[|V gsz(wt) [|2] is less than or equal to €.

B.1 LEMMA AND PROPOSITIONS

The following lemma, called the descent lemma, holds.

Lemma B.1 (Descent lemma) (Beck, 2017, Lemma 5.7) Let f: R? — R be L—smooth. Then, we
have that, for all x,y € RY,

Fly) < f(@) + (V@) g~ )+ &y~ =l

18
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Lemma B.1 leads to the following proposition.
Proposition B.1 Under Assumption 2.1, we have that, for all t € NU {0},
fs(@it1 + €50 p(T11))
< fs(xi + €s,p(x1))
+ e (V fs(@r + €s,,0(w1)), di)y + (V fs(ms + €s,,p(T1)), €541 p(Tes1) — ést7p(sct)>2

X Yy

Zi n Li
+ €ln]
n

{13 + |esernp@ers) — es,pl@o)ls }

Zy

Proof of Proposition B.1: The L;—smoothness (A1) of f; and the definition of fs ensure that, for all
x,y € RY,

LS (Vi) - vmy)) < LY IVH@ - VW),

i€[n] 76 [n]
1
=3 Lilz -y,
n
i€[n]

which implies that fg is (1/n)>_,c(,) Li—smooth. Lemma B.1 thus guarantees that, for all ¢ €
Nu {0},
fs(@i1 + €s,p1p(Tes1))
< fs(@e + €, p(me)) + (Vs(me + €s,(@0)), (g1 — @) + (€5, p(Tes1) — €5, p(1))),
+ ZiE[n] Li
2n
which, together with ||z + y||3 < 2(||z||3 + |ly||3) and ;41 — x; = n:d;, implies that

IV fs(x) = Vis(y)l2

IN

(@1 — @) + (50,1,0(@es1) — €s,,p(@0))||5

Js(®ip1 + €5,y p(Ti41))
< fs(my + €s, p(x4))
+ 0 (Vs(@i + €s, p(xt)), di)y + (Vs(xe + €s,,p(Tt)), €5, p(T111) — €5, p(T1))2

Zi n) Li R R 2
+ SRR + (€ p(@en) — Esp(@)]3

which completes the proof. a

Using Theorem 2.1, we provide an upper bound of E[X].
Proposition B.2 Suppose that Assumption 2.1 holds and there exist G > 0 and
G1 > 0 such that max{sup,cnuio} ||Vf§ﬁ£/[(wt)|\2,supteNU{O} HVfSAM(:Et)Hg} < G and

supsenufo} |V fs, 1 (xt)ll2 < G 1. Then, forall t € NU {0},

2
2
2]+G 4p( ) ZL + 207

16 n

E[X,] < —E [HWSAM( )

B
+(G+alGL) 22 Z%

where o? :=E[||V fs,(x¢) — Vfs(x)|3] < 02/bt and B > 0 is a constant.

Proof: Lett € NU{0} and b; < n. The definition of dy = —(Vf$AM(x;) — aV fs, 1 (x,)) implies
that

Xo = = (Vfs(@i+ &s,p(@), VIS @) +a(Vfs(@i+&s,.,(@0). Vs, (@), (G0)

X2

X1

19



Under review as a conference paper at ICLR 2025

Then, we have

xt,lz—{HVfSAM O+ (Thsta + s, pf@) - VM (@), VI @)

+ (I e, DI @) - Vi @), |

T 31)

2+HVfS(mt+éShp(mt)) VA (g Hv e @)

vaSAM )

Xt,3

+ [visn @ el

where the second inequality comes from the Cauchy—Schwarz inequality. Suppose that V fg, () #
0and V fs(x¢) # 0. The (1/n) 3¢, Li—smoothness of fg implies that

_ Vis (@) \ Vfs() )
Hes = st (” TV s (@ t>||2> Vis (""’ TP st
Z

Vfs, () Vfs(@:)
IV s, @)z [V fs@)]l2

The discussion in (Zhuang et al., 2022, Pages 15 and 16) implies there exists B; > 0 such that
‘ V fs, (x¢) V fs(x)

IV s (@)llz 1V fs(@o)]
Let B := sup;enuqoy Bt Then, Proposition A.1 ensures that

2

< By ||V fs, (1) — V fs(xe)]]5 (32)
2

E[X, 3] < pBo 3 L. (33)

Suppose that Vfs,(x:) = 0 or Vfs(x:) = 0. Let Vfs,(x:) = 0. The (1/n) Zie[
smoothness of fg ensures that

L

n

Vfs(x)

IV s (@)l

Xi3 = vas (x: +u) — Vs (mt tp Vis(x) >

IV fs(@:)]2

1
QSEZLI'

1€[n]

)
2
which, together with ||ul||2 < p, implies there exists C; > 0 such that

,OCt Vs, () _ Vfs(xt)
Yo <50 2 P woll  9staol

2

Hence, Proposition A.1 implies that (33) holds. A discussion similar to the case where V fg, (x;) =
0 ensures that (33) holds for V fs(x;) = 0. Taking the total expectation on both sides of (31),
together with (33) and Theorem 2.1, yields

2 1 1 2
E[X;.] < -E {Hv Foam mt)HJ +G | 4p? <b§ + n2> (62[:] L;)" + 207

1+ LBGT N~ g (34)

The Cauchy—Schwarz inequality implies that
Xiz = a(Vfs(@: + és, (@) = VIEM @) + VN (@0), Vs, 1 (@)

< lalXea Vs @0)lly +a (VAN (@), Vs, (@)
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< lalGLXeg + o (VAN (@), Vs, 1 (@),

which, together with E¢, [V fs, 1 (z+)|&-1] = V[ si(xt), (VfSAM( ), Vfsi(xs))a = 0, and
(33), implies that

E[X;.,] < lalpBG Lo 3 L. (35)

Accordingly, (30), (34), and (35) guarantee that
2 1 1 2 9
2] +G 4p2 (Z)f+712> (EZ Lz) +20’t

B
(G +lalL)” Pea ZL“

E[X/] < -E [HVfEi‘,M( 0

which completes the proof. O

Proposition B.3 Suppose that the assumptions in Proposition B.2 hold
and  there  exists G > 0 such  that  max{sup,enuioy IV Fs(ze +

és,p(@0) 2, suprensgoy | VIS (@) |2, supseroqoy IVFEM ()2, G1L} < G Then, for
allt € NU {0},

1
Bly] < poq { MALEDG sy 20 8
i€[n]

where C > 0 is a constant.

Proof: Lett € NU {0}. The Cauchy—Schwarz inequality ensures that
}/;5 < G ’|65t+1,p(mt+l) — Est p sct ||2 = G}/t,l- (36)

Suppose that V fg, . (x¢41) # 0 and V fs, (x;) # 0. The discussion in (Zhuang et al., 2022, Pages
15 and 16) (see (32)) implies that there exists C; > 0 such that

Vs (®@er1) Vs, (z4)
IV s (@es)llz Vs, (2e)ll2

Let €' := sup;cnyqoy Ct- The triangle inequality gives
Hv-fst+1 (wt"rl) - vfst(a:t)HQ
<N Vs (@) = Vis(@ig)|, + IV fs(@ig1) = Vis(@)lly + 1V fs(@:) = Vs, (@)l

which, together with the (1/n) > L;—smoothness of fg, ;11 — x; = nudy, (36), and (37),
implies that

Yii=p < pCh ’|vat+1(wt+1) =V /s, (wt)HQ (37)

2

i€[n]

i
Y1 < pC gt Z Lilldllz + ||V fs,pr (@e1) = Vis(@eg) ||, + IV Fs, (@) — V fs ()|
i€[n]
Moreover, the Cauchy—Schwarz inequality and the definitions of G and G| ensure that
2

ol = ||V FE8 () Vi@,

= [wig | - 20 (Vi @), Vs @) +laP Vs a @l CY
<G*+ 2|a|GGL + a?G3 < (Ja| +1)2G%

Accordingly, we have

1
Yoy <y d 1ol £ 16
n

Z Li + ||V s, (@i1) = Vis(@ep)|, + IV fs, () = Vs(@)l, ¢
i€[n]
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which, together with Proposition A.1, guarantees that

i |a| +1)G
E[Y; ] < pC Li+—Z (39)
(Y1) Zez[;l \F

Hence, from (36),

NG
] < poc § MIPEE 5 2
1€[n]
We can show that Proposition B.3 holds for the case where V fs, ., (z14+1) = 0 or V fs, () = 0 by
proving Proposition B.2. O

Proposition B.4 Suppose that the assumptions in Proposition B.3 hold. Then, for all t € NU {0},

2 2
, ) 6Co
E(Z] < 17 (o] +1)°G 1+<ZL> T

Proof: Let t € NU {0}. From (38), we have
nE(lldel2] < n(Ja] +1)°G*.
Suppose that Vfs,,, (Z¢11) # 0 and V fs, (@) # 0. Then, from [z + y|13 < 2(|z3 + [lyll3).

2
||vf5t+1 (wt+1) - vat (wt) ||2
2
< 2|V s (®eg1) — Vis(@er) ||, + 411V fs(weq1) — Vis(@)|s+ 4V fs(ze) — Vs, (@)]]5-
A discussion similar to the one showing (39) ensures that

207 (ol +1)°G? (

2
n2 ZI”) +E

i€[n]

BV = E [[[és,.p(@i11) = €, (@3] <20

The above inequality holds for the case where V fs, . (x¢41) = 0 or V f5, (x;) = 0 by an argument
similar to the one used to prove Proposition B.2. Hence,

2 1)2G2 > 302
E[Z] < (ol + 1)°G? + 2¢ { 2ol T 1I7C7 (Z LZ-) 4 307
i€[n]

4C 2l 6Co?
2 22
=1?(lo| +1)%G 1+nz<ZLi> L

which completes the proof. o
Proof of Theorem B.1: Let us define F,(t) := fs(x; + €s, ,(x¢)). From Proposition B.1, Proposi-
tion B.2, Proposition B.3, and Proposition B.4, for all ¢ € NU {0}, we have

n

E[F,(t +1)] < E[F,(1)] + nE[X:] + E[Y] + E[Z;]

2 11 o,
2:|+77tG 4p2 (b%+712><ZLZ) + 207}

< BIF (0] - nE || V753 o)
1€[n]

BG
+ne(lal +1)2 UZL+CG m‘O‘H ZL
b S
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Zle[n] L7f 2 2 ~2 40 2 600'2
+ == n?(lal +1)°G 1+M(;]Li> +
1€n

which implies that

e ||V 738

} < (B[F,(t)] ~ B[R, (t+ 1) +20C [ 25 4 37 5,

2
|O‘|H ZL +(2Li)
i1€[n] n? 1€[n]

(40)

1 1
+n:G | 4p? (b% + n2> ( Z L1)2 +20’?

i€[n]

p(la) +1)G Bo
+7)t7n Z L; (CG+ N

i€[n]

Lete > 0. From g(b;) = o7 := E[||V fs,(x:) =V fs(z:)|3] < 0?/b: (t € NU{0}) (see Proposition
A.1 and (Freund, 1971, Theorem 8.6)) and g(n) = 0, the sequence (b;) of increasing batch sizes
implies that there exists ty € N such that, for all ¢ > ¢,

et

49G?”

Let T > ¢y + 1. Summing the above inequality from ¢ = O to ¢t = T — 1, together with by < b; and
ne <7 (t € NU{0}), ensures that

20)52 <

ZmE [HVfSAM sct)Hﬂ < (E[F,(0)] — f§) + 20C ﬁ+3i Z LT

nbo
1 2 T-1
|O‘|+ ZL 1+<2Li> S
1€[n] i€[n] t=0
1 1 2 202 _

i€[n]

T-1
el
+ G |4p? < ) ZL 49G2Znt
t=to
T-1
p(lal+1)G Bo
AT 2/ L 27
+ n Z] 7 CG+ \/% ;nt7

i€[n

where f% is the minimum value of fg over R?. Since we have that

2
AN
min E[HVfSAM t)H:| ’
te[0:T—1] 2 Zt o Mt
we also have that
G 3 T
min E[H SAM H] fs+20 L+iZLi
te[0:T—1] o 77t vbo  nby i€[n] Zt o
2
el 176 ZL 1+(ZL) Ty it
icln] Zt o "

23



Under review as a conference paper at ICLR 2025

1 2 202 toﬁ
+G 4p2<+)( L) +—
bg n? ZEZ[;L] ’ bo Zt o Mt
1 1 2 et
HG 0 (7T ) (2 1)+ g
i€[n]
pllal +1)G ( Ba)
+E——IN L[+ —). 1)
From (28), i.e.,
T Hs(n,m
< Hipm) ad S0 o g o 0T
Et o Mt Zt o Tt T
we have that
2
min_E [HWSAM ) }
te[0:T—1] 2
Hy(E[F,(0)] — f3) 11 > 202t
< H 402 | — + — L: =7 201
< T +GH;y |4p B (GZ[:] 1)+bOT
U1§%
22 2
(Jof +1)°G N7 1+4§< Li> Hj
k n k T
i€[n] i€[n
UZS%
oG (|| +1)2G2H, 4C 2
v 22N 1| 20CH Li{1l+— L;
- \/% * nbo Z 7 Lt n Z T Z
ic[n] i€[n] i€[n]
Us<G U<
plel +1)G 11 T
L | CG+ —= G 402 | = + = ;
+ n le[n] + \/—0 + P b(2) + nQ (162[71 ) 49G2
Us<< Vo< 2

It is guaranteed that there exists t; € N such that, for all T > max{to,t1}, U1 < % and Uy < I
Moreover, if (29) holds, i.e.,

-1
€2 pG 30 n3e?
H, < — 4+ == L; , +1)2H, < ,
"= 120C \ Vo, " nbo g{;} (ol +1)°Hz < 5 Y iep Li{n? +4C(Z i Li)?}
n b()€2 2b2 4

B GG(Z’LE 71 2)(CG\/% + BO') ,0 - 168G2(n2 + b2)(zze[n] L1)2 ’

pllal+1) <

then U; <6 (+=3,4,5,6),1.e.,

jmin E [V, ] <e 42)

This completes the proof.
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B.2 PROOF OF THEOREM 2.3

Let n; = n > 0. Then, we have
T 1
— - — H, and ZtT Olm — = Hy,
Zt o "t t=0 "t

which implies that (28) with H3 = 0 holds. Hence, from (29), the assertion in Theorem 2.3 holds.
O

3

B.3 PROOF OF THEOREM 2.4

We can prove the following corollary by using Theorem B.1.

Corollary B.1 (e—approximation of GSAM with a constant batch size and decaying learning rate)
Consider the sequence (xy) generated by the mini-batch GSAM algorithm (Algorithm 1) with a
constant batch size b € (0,n] and a decaying learning rate n; € [n,7] C [0,+400) satisfying
that there exist positive numbers Hy(n,7), Hz(n,7), and H3(n,m) such that, for all T > 1, (28)
holds. We will assume that there exists a positive number G such that max{sup,cy, {0} IV fs(x: +
es1.p(@)l2: sDyenigoy [VFEN @) |2 supycnoqoy VM (@) |2, G} < G where
G = supienuqoy IV s, L(e)ll2 < 400 (Theorem 2.1). Let € > 0 be the precision and let
bo >0, « € R, and p > 0 such that
-1
€2 pG 30 n3e?
L; , (laf +1)2H, < ,
Z 6G? Zie[n] L;{n? +4O(Zie[n] L;)?}

n\/l;e2 n2h2et
6G(Siepn L)(CGVE+ Bo)’ 0 = W 1 )T L)

Hy < <
1= 12sC b

pllel +1) < (43)

where B and C' are nonnegative constants. Then, there exists to € N such that, for all T > t,

iy [V

}Se.
2

Proof: Let by = b (t € NU {0}). Using inequality (40) that was used to prove Theorem B.1, we
have that, for all t € NU {0},

neE [HVfSAM( ) z] < (E[F,(t)] — E[F,(t + 1)]) + 20C G :T’,TZ S

Vb

i€[n]
o1 1 2 2
+77tG 4p b72+ﬁ (ZLz) +20‘t
i€[n]
p(lal +1)G ( Ba)
+np— L CG+— ),
M " Z \/5
i€[n]
which, together with a discussion similar to the one showing (41), implies that, for all 7" > 1,
T
min E[HV Feam H] EIEON =15 | opc (PG 137 5,

te[0:T—1] 77t Vb nb icln] Zt o

1)2G? 4 2
+(|a‘+ )G ZLi 1+§(2Li) Ztont
n n ; Ztont

i€[n]
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1 1 2
1€[n]
p(la] +1)G < BO’)
L AT SN (ce+ 22,
065 (oa s B2

i€[n]
Let ¢ > 0. From (28),

min E {HVfgﬁ)M(wt) Hj

te[0:T—1]
H,(E[F,(0)] - f5) | (la]+1)°G? 4C | Hs
< L;{1+— L; —=
- T + n Z ¢ + n2 Z ! T
i€[n] 1€[n]
Vlf% 5
Vo<
pG 30 (lo| + 1)2G2H, AC ?
+20CH, %+%ZLZ ZLl 1+ — ZLZ
i€[n] i€[n] i€[n]
Va<r Vi<
pllal + )G 11 5
+ - 2L CG+7 +G 40?5+ (ZLl) + 207
i€[n] i€[n]
V< Vo2

There exists to € N such that, forall T' > t5, V] < % and V5 < %. Moreover, if
—1

€2 pG 30 n3e
H<——|—+— L; , (|| +1)°H, < )
n\/be? €t n2b?
p(lal +1) < , PP < 2 (2 2 27
6G (X i) L;)(CGVb + Bo) 168G* (n* + %) (X epn) Li)
then V; < % (i = 3,4,5,6), i.e., (42) holds. O
Proof of Theorem 2.4: Let ), be the cosine-annealing learning rate defined by (15). We then have
KE-1 -1 7 —n KB P
Z nt:ﬂKE—i—T*KE—i—T* Z cos LKJ ok
t=0 t=0
We have
KE-1 ¢l KE P
Z COS{KJE:ZCOS {KJE—comr:(K—l)—i—l:K. (44)
t=0 t=0
We thus have
& -1 -1
Zm_QKE—&— “KE+—=K
t=0

1 _ _
=l +MEE+ {7 —n)K}
S (n+ n)KE.
- 2
Moreover, we have

KE—1 KE—1 .
Z n? :Q2KE—|—Q(ﬁ—ﬂ) Z (1+cos \‘KJ E)

t=0 t=0
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t=0
which implies that
KE—1 — 2 KE—-1
5 (Mm—mn) _ VJ T
=nmKE+ ——KFE + - cos | = | =
; 7 = 1 (7 — n) ; dN

t=0 t=0
From
KE KE
t|m 1 T
=l s=2 1 2| =1 =
Zcos { JE 5 < + cos x| E
t=0 t=0
1
_KE |
= ,
we have

&Y L1t | KE , KE
ZCOS — | —==—+41—cos F:T.

K| FE 2
t=0
From (44), we have
KE-1 =\2 — 2 — 2
,  (m+7m) _ Mm—-n?® @M—-n)°KE
= VY KE _ jalalund
;m 1 A e R
3n% + 2n7 + 377 7—n) M+
_ 307+ 2 nKE+(n @+ 1)
8 2
Hence, we have
KFE < 2KE - 2 I
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Therefore, Corollary B.1 leads to the assertion in Theorem 2.4.

Let 7, be the linear learning rate defined by (16). We then have
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Therefore, Corollary B.1 leads to the assertion in Theorem 2.4. o
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C TRAINING RESNET-18 ON CIFAR100

The code is available at ht tps: //anonymous . 4open.science/r/INCREASING-BATCH-SIZE-FO09C.
We set E = 200, n = 1 = 0.1, and n = 0.001. First, we trained ResNet18 on the CIFAR100
dataset. The parameters, @ = 0.02 and p = 0.05, used in GSAM were determined by conducting
a grid search of o € {0.01,0.02,0.03} and p € {0.01,0.02,0.03,0.04,0.05}. Figure 5 compares
the use of an increasing batch size [16, 32,64, 128, 256] (SGD/SAM/GSAM + increasing_batch)
with the use of a constant batch size 128 (SGD/SAM/GSAM) for a fixed learning rate, 0.1.
SGD/SAM/GSAM + increasing_batch decreased the empirical loss (Figure 5 (Left)) and achieved

28



Under review as a conference paper at ICLR 2025

higher test accuracies compared with SGD/SAM/GSAM (Figure 5 (Right)). Figure 6 compares the
use of a cosine-annealing learning rate defined by (15) (SGD/SAM/GSAM + Cosine) with the use
of a constant learning rate, 0.1 (SGD/SAM/GSAM) for a fixed batch size, 128. SAM/GSAM +
Cosine decreased the empirical loss (Figure 6 (Left)) and achieved higher test accuracies compared
with SGD/SAM/GSAM (Figure 6 (Right)).

Table 4 summarizes the mean values of the test errors and the worst-case /., adaptive sharpness
defined by (Andriushchenko et al., 2023b, (1)) for the parameters ¢ = (1,1,--- ,1)T and p =
0.0002 of the parameter obtained by the algorithm after 200 epochs. SAM+B (SAM + increasing
batch) had the highest test accuracy, while GSAM+B (GSAM + increasing_batch) had the lowest
sharpness, which implies that GSAM+B approximated a flatter local minimum. The table indicates
that using an increasing batch size could avoid sharp local minima to which the algorithms using
constant and cosine-annealing learning rates converged.

Training ResNet18 on CIFER100 dataset Training ResNet18 on CIFER100 dataset

33333

Figure 5: (Left) Loss function value in training and (Right) accuracy score in testing for the algo-
rithms versus the number of epochs in training ResNet18 on the CIFAR100 dataset. The learning
rate of each algorithm was fixed at 0.1. In SGD/SAM/GSAM, the batch size was fixed at 128. In
SGD/SAM/GSAM + increasing_batch, the batch size was set at 16 for the first 40 epochs and then
it was doubled every 40 epochs afterwards, i.e., to 32 for epochs 41-80, 64 for epochs 81-120, 128
for epochs 121 to 160 and 256 for epochs 161 to 200.

Training ResNet18 on CIFER100 dataset Training ResNet18 on CIFER100 dataset

Figure 6: (Left) Loss function value in training and (Right) accuracy score in testing for the algo-
rithms versus the number of epochs in training ResNet18 on the CIFAR100 dataset. The batch size
of each algorithm was fixed at 128. In SGD/SAM/GSAM, the constant learning rate was fixed at
0.1. In SGD/SAM/GSAM + Cosine, the maximum learning rate was 0.1 and the minimum learning
rate was 0.001.
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Training ResNet18 on CIFER100 dataset Training ResNet18 on CIFER100 dataset

- 560+ ncessing baten 75 560 + incrensing baten T
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1
number of iterations.

Figure 7: (Left) Loss function value in training and (Right) accuracy score in testing for the batch
sizes versus the number of steps in training ResNet18 on the CIFAR100 dataset. The learning rate
for each batch size was fixed at 0.1. This is a comparison between the case of a varying batch
size [16, 32, 64, 128, 256] (iteration: 242,120) and the case of a fixed batch size of 41 (iteration:

243,800).

Table 4: Mean values of the test errors (Test Error) and the worst-case /., adaptive sharpness
(Sharpness) for the parameter obtained by the algorithms at 200 epochs of training ResNet18 on
the CIFAR100 dataset. “(algorithm)+B” refers to “(algorithm) + increasing batch” in Figure 5, and
“(algorithm)+C” refers to “(algorithm) + Cosine” in Figure 6.

SGD SAM GSAM SGD+B SAM+B GSAM+B SGD+C SAM+C GSAM+C

Test Error  26.61 2639  26.61 25.58 25.10 25.18 26.63 25.87 26.12
Sharpness ~ 154.27 4623  47.55 1.33 0.94 0.90 155.88 72.70 71.86
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D THE MODEL OF VIT-TINY

Embeddi
Patch size fbedding Heads Depth MLP Rate Params

Dimension

ViT-Tiny 4 192 12 9 2 2.™M
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