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Abstract

In the classical Reinforcement Learning from
Human Feedback (RLHF) framework, Proximal
Policy Optimization (PPO) is employed to learn
from sparse, sentence-level rewards—a challeng-
ing scenario in traditional deep reinforcement
learning. Despite the great successes of PPO in
the alignment of large language models, its open-
source implementation is still largely sub-optimal.
To address these issues, we introduce a frame-
work that models RLHF problems as a Markov
decision process (MDP), enabling the capture of
fine-grained token-wise information. Under this
framework, we introduce an algorithm Reinforced
Token Optimization (RTO), which learns the
token-wise reward function from preference data
and performs policy optimization based on this
learned token-wise reward signal. Theoretically,
RTO is proven to have the capability of finding
the near-optimal policy sample-efficiently. For
its practical implementation, RTO innovatively in-
tegrates Direct Preference Optimization (DPO)
and PPO. DPO, originally derived from sparse
sentence rewards, surprisingly provides us with
a token-wise characterization of response quality,
which is seamlessly incorporated into our subse-
quent PPO training stage. Extensive experiments
demonstrate that RTO performs better than PPO
and other direct preference learning algorithms.
In particular, RTO outperforms PPO by 7.5 points
on the AlpacaEval 2 benchmark and by 4.1 points
on Arena-Hard. Our code and models are avail-
able at https://github.com/zkshan2002/RTO.
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1. Introduction

Reinforcement Learning from Human Feedback (RLHF)
has emerged as a key technique for aligning foundation mod-
els with human values and preferences (Christiano et al.,
2017; Ziegler et al., 2019). It has been pivotal in enabling
Large Language Models (LLMs) to produce more help-
ful, harmless, and honest responses (Bai et al., 2022), as
demonstrated in significant applications such as ChatGPT
(OpenAl, 2023), Claude (Anthropic, 2023), and Gemini
(Team et al., 2023). The classical RLHF pipeline (Ziegler
et al., 2019; Ouyang et al., 2022) consists of two steps: (i)
Reward training from human feedback, where the learner
learns the reward function based on preference data, typi-
cally through Maximum Likelihood Estimation (MLE). (ii)
Reward-based RL training, where the learner employs the
seminal deep RL algorithm Proximal Policy Optimization
(PPO; Schulman et al., 2017) to optimize the reward learned
in the previous step.

Despite the success of this framework in the aforementioned
powerful closed-source LLMs, the training of PPO is known
to be unstable and sample-inefficient (Choshen et al., 2019).
While researchers have made efforts to propose alternative
approaches to the PPO algorithm, with notable examples
like rejection sampling fine-tuning (Dong et al., 2023; Gul-
cehre et al., 2023), direct preference learning algorithms
(Rafailov et al., 2023; Zhao et al., 2023; Azar et al., 2023),
there is little evidence that these newly proposed approaches
alone can make the state-of-the-art LLMs. Therefore, im-
proving the performance of the PPO algorithm in the con-
text of RLHF is still an important research direction that is
largely under-explored.

After examining the open-source implementation of PPO,
we identify that one potential reason for the sub-optimal per-
formance of PPO is the mismatch between the formulation
of RLHF and the nature of PPO. Specifically, in the existing
framework (Ouyang et al., 2022; Bai et al., 2022), RLHF is
formulated as a bandit, where the entire response sentence
is considered to be an action, and the reward is sentence-
level, evaluating only the overall quality of the response.
However, PPO is designed for multi-step RL problems mod-
eled as Markov decision processes (MDPs), requiring a
token-wise reward assignment to each step. In typical im-
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Figure 1. In the MDP framework of RLHF, RTO uses DPO to derive a token-level reward function and then applies PPO to enhance it.
This approach is significantly different from the traditional RLHF process, which employs PPO to improve sentence-level rewards under

the bandit framework of RLHF.

plementations of PPO (e.g., OpenRLHF and TRL), besides
the regularization reward function assigned to each token to
ensure the fine-tuned LLM stays close to the supervised fine-
tuning (SFT) model, the learned sentence-level reward is
only distributed to the last token, while other tokens receive
zero learned reward. See (2.3) for the formal mathemati-
cal description. Clearly, there is a separation in terms of
the assignment strategies of the regularization reward and
the learned reward. Meanwhile, while it is generally be-
lieved that a fine-grained characterization with token-wise
feedback can provide more information, in practice, it is
also challenging to collect effective token-wise feedback for
human conversations and use it in the MLE process. Conse-
quently, the construction of token-wise reward signals also
remains largely under-explored in the literature of RLHF.

Our Contributions. In this work, we aim to address the
aforementioned issues by developing an RLHF framework
with a fine-grained token-wise reward characterization, es-
tablishing the mathematical foundation, and advancing prac-
tical algorithmic designs. The key contributions of this work
are summarized as follows.

* We propose a framework that models RLHF as a (KL-
regularized) MDP, offering a more precise token-wise
characterization of the LLM’s generation process. Fur-
thermore, we provide theoretical insights into why the
token-wise MDP formulation is superior to the previous
sentence-level bandit formulation of RLHF.

¢ Under the MDP formulation of RLHF, we introduce Rein-
forced Token Optimization (RTO), which extracts token-
wise reward signals from offline preference data and sub-
sequently performs RL training with respect to the learned
token-wise rewards. Using MLE as the token-wise re-
ward learning oracle, we prove that RTO can learn a near-
optimal policy in a sample-efficient manner.

* Moving toward the practical implementation of RTO, we
adopt a novel token-wise reward extraction approach
from direct preference optimization (DPO; Rafailov et al.,
2023). By assigning this DPO-based token-wise reward
function to each token and then optimizing with PPO. RTO
demonstrates superior performance compared to both

PPO and direct preference learning baselines such as DPO
(Rafailov et al., 2023), R-DPO (Park et al., 2024), and
SimPO (Meng et al., 2024). In particular, RTO achieves a
7.5-point improvement on the AlpacaEval 2 benchmark
and a 4.1-point improvement on Arena-Hard. Addition-
ally, RTO exhibits strong data scaling properties compared
to PPO — (i) reaching PPO-level performance with only
1/8 of the data and (ii) continuing to improve as more
data is added, whereas PPO saturates early.

In summary, under the MDP formulation of RLHF, we de-
velop a new principled RLHF algorithm, RTO, that leverages
token-wise reward signals derived from offline preference
data using DPO, and subsequently performs PPO training
to optimize the token-wise rewards. The pipeline of RTO is
visualized in Figure 1.

1.1. Related Works

We review the works that are mostly related to our project
in this subsection. Due to the space constraint, we refer
interested readers to the survey (Casper et al., 2023) for a
more comprehensive overview of RLHF.

RLHF algorithm. As we mentioned in the introduction,
tuning the PPO algorithm to its best performance requires
extensive efforts and resources are often unavailable to the
open-source community. Motivated by this, researchers
have made efforts to develop alternative approaches to the
PPO algorithm. As a direct extension of the best-of-n infer-
ence (Nakano et al., 2021), rejection sampling fine-tuning
is proposed by Dong et al. (2023); Gulcehre et al. (2023);
Wang et al. (2024), which prompts the LLM to generate n
responses per prompt and uses a learned reward function to
rank the responses and fine-tune the model on those with
high rewards. Besides, inspired by the reward-conditioned
training in RL literature (Chen et al., 2021), Hu et al. (2023);
Yang et al. (2024a) develop conditional SFT to avoid the
reward learning. Another line of work aims to skip the re-
ward modeling step and may be referred to as the direct
preference learning approach (Zhao et al., 2023; Rafailov
et al., 2023; Azar et al., 2023; Tang et al., 2024). Among
them, the direct preference optimization (DPO) algorithm is
the most popular one, mostly due to its innovative idea: your
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language model is secretly a reward model. In particular,
according to the reward benchmark (Lambert et al., 2024),
the DPO-aligned algorithm often admits a competing rank-
ing accuracy as a reward function. We will formally discuss
the principle of DPO in Appendix C.1, which also partly
motivates our methods. After these, there are also many
tasks that consider the variants of this direct preference
learning approach by increasing the training steps (Xiong
et al., 2023; Hoang Tran, 2024) and consider the more gen-
eral preference signal sources (Ye et al., 2024; Rosset et al.,
2024). Although all these recently proposed algorithms
achieve promising results, there is little evidence that these
algorithms alone without PPO can make state-of-the-art
LLMs. Therefore, understanding PPO and improving its
performance in the context of foundation model alignment
is still an important research direction.

Improving PPO in the context of RLHF. Although some
works (e.g., Uesato et al., 2022; Lightman et al., 2023; Yang
et al., 2024b) use token-wise or step-wise information to
enhance the performance of LLMs, such as their reasoning
ability, we will not discuss them in detail here. Instead, we
will focus on comparing our work with others that aim to
improve the PPO in RLHF. In particular, Li et al. (2023b)
and Ahmadian et al. (2024) state that the PPO is not the
best fit for RLHF because of the sentence-level reward and
deterministic transition, and argue that the reinforce-style
(Williams, 1992) algorithms perform better. Wu et al. (2024)
proposes to construct several separate reward functions for
different goals and use the linear combination of them to
guide the PPO training, but the separate models are still
confined to the sentence level. Similarly, Jang et al. (2023)
extends the PPO to the multi-objective optimization sce-
nario, but still uses the sentence-level modeling. Chan et al.
(2024) shares similar insights that aim to improve PPO via
a dense reward. They still follow the two-staged RLHF
framework to model the reward function via MLE of the
Bradley-Terry model and assume that the learned reward
is based on the transformer (Vaswani et al., 2017). Then,
they propose to use the attention value to redistribute the
final scalar reward on a token level. In comparison, while
sharing similar insights about using a token-wise reward,
our techniques to obtain the dense signal and mathematical
motivation are fundamentally different.

Theoretical study of RLHF. The theoretical study of RLHF
may date back to the dueling bandit and dueling RL (e.g.,
Yue et al., 2012; Saha, 2021; Faury et al., 2020; Bengs et al.,
2021; Pacchiano et al., 2021; Chen et al., 2022; Zhu et al.,
2023; Wang et al., 2023; Zhan et al., 2023a;b), where the
reward maximization problem is considered in the face of
preference signals, instead of the absolute reward signals.
However, the reward maximization framework admits a
greedy and deterministic optimal policy, which deviates
from the principle of generative Al. Meanwhile, instead of

the original reward function, the most widely used learn-
ing target is a Kullback-Leibler (KL)-regularized one. In
recognition of the above issues, Xiong et al. (2023) first for-
mally formulates the RLHF as the reverse-KL constrained
contextual bandit in offline, online, and hybrid settings, and
proposes sample-efficient algorithms in different settings
accordingly. Beyond the reward-based framework under the
Bradley-Terry model, Azar et al. (2023); Ye et al. (2024)
consider the RLHF under a general preference oracle, and
motivate the algorithmic design in a KL-regularized min-
imax game between two LLMs. In particular, Azar et al.
(2023) proposes the first sample-efficient planning algo-
rithm, and Ye et al. (2024) designs the sample-efficient
learning algorithms in offline and online settings. Notably,
as these studies of the KL-regularized framework align with
the practical applications closely, the theoretical insights nat-
urally motivate practically powerful algorithms like GSHF
(Xiong et al., 2023), Nash-MD (Azar et al., 2023), and DNO
(Rosset et al., 2024). However, we remark that Xiong et al.
(2023); Azar et al. (2023); Ye et al. (2024) are still con-
fined to the bandit setting, thus differing from the MDP
formulation presented in this paper.

Concurrent and Subsequent work. We notice several con-
current and independent works by Rafailov et al. (2023);
Zeng et al. (2024); Meng et al. (2024). Rafailov et al. (2024)
also provide a token-wise MDP formulation for RLHF. Their
work shares the same insight as ours, namely that “DPO
implicitly optimizes the token-wise reward”. Based on this
insight, they improve the efficiency of search-based algo-
rithms. In contrast, we propose a new algorithm RTO that
leverages the token-wise reward functions to enhance the
performance of PPO. In addition, our work provides a theo-
retical foundation for the unique advantages of token-wise
MDP and its sample-efficient learning. Meng et al. (2024)
propose SimPO by modifying the DPO objective, replac-
ing the reference model with response length, and adding a
margin threshold. Zeng et al. (2024) also consider a token-
level reward and leverage this insight to develop token-level
DPO, which performs better than the original DPO. These
are beyond the scope of our work. In contrast, we utilize the
implicit token-level reward provided by the original DPO
as the dense token-level reward for RL training. We in-
clude these two algorithms as baselines to demonstrate the
superior performance of RTO. Finally, following our work,
Cui et al. (2025); Yin et al. (2025) utilizes implicit rewards
in RL training to enhance chat and reasoning capabilities,
highlighting the broad applicability of our method.

1.2. Notation

Given a set X', we denote the collection of distributions over
X by A(X). We use 1{-} to denote the indicator function.
For any positive integer h, we use the notation 1., to denote
the sequence {y1,y2,...,Yn}
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2. Preliminaries

In this section, we introduce the standard RLHF paradigm.
Let z € X denote the prompt sampled from a distribution
p € A(X), and y = (y1,%2,---,Yn,...) be the corre-
sponding response, which is a sequence of tokens generated
by LLMs, where y; represents the i-th token. In practice,
it is widely assumed (Ziegler et al., 2019; Ouyang et al.,
2022) that the preference signal is generated according to
the Bradley-Terry (BT) model (Bradley & Terry, 1952):

P(y' = yPle,yt y?) = o(r(z,y') —r(z,9%), @D
where o(z) = 1/(1+exp(—=z)) is the sigmoid function, and
7 is a ground-truth reward function defined at the sentence
level. In other words, the reward function r only evaluates
the overall performance of the entire response. The classical
RLHEF pipeline (Ziegler et al., 2019; Ouyang et al., 2022)
typically consists of two steps: reward training from human
feedback and reward-based RL training. In the first step,
the learner is given a dataset D = {(x,y",y')}, where
y® denotes the preferred response over the ‘. The reward
function is learned through Maximal Likelihood Estimation
(MLE) on this dataset D:

ryie = argmax B, yw 1)op [ log (o(r(z, yw)—r(m,yl)))].

2.2)
In the second step, the learned reward ry;rg from the pre-
vious step is optimized while ensuring that the updated
language model (LLM) does not deviate significantly from
the reference model m..¢, usually selected as a supervised
fine-tuned (SFT) LLM. This is because reward optimiza-
tion along usually leads to reward hacking (Casper et al.,
2023), meaning that the LLM will utilize the imperfection
of the reward model and chase for a high reward but with a
poor performance at the same time. Formally, the LLM is
optimized with respect to the learned reward 1, with a
KL-regularized term:

T = argflax Eynpymr(lo) | rMLE(Z, y) — Blog Tt (4| 2)
where 8 > 0 is an appropriate KL penalty coefficient. This
KL-regularized target is widely adopted in practice (Chris-
tiano et al., 2017; Ziegler et al., 2019; Ouyang et al., 2022;
Bai et al., 2022; Rafailov et al., 2023) to balance reward
optimization and the goal of staying close to the reference
policy. Another primary technical reason is that this regu-
larization ensures that the framework admits a stochastic
optimal policy, as compared to the deterministic greedy re-
ward maximizer. The policy optimization step is typically
achieved by PPO (Schulman et al., 2017), a seminal deep
RL algorithm for solving multi-step decision-making prob-
lems and its implementation requires a reward signal at each
step (corresponding to each token in the context of LLMs).

m(y|z)

To this end, given a prompt x and a response y = ¥y1.x
containing H tokens, existing open-source implementations
of PPO assign the sentence-level reward ryig(z, y) to the
last token and optimize the following reward:

Tppo(xa yl:h) (23)
T(Yn T Y1:n—1)
— 0—PBlog Tret (Yn | T,Y1:0—1) ifh<H-—1,
P, y) — Blog Ul e sl iy — i,

where 7 is the current policy to be improved. However, it
is well known that sparse rewards can make learning more
difficult compared to dense rewards (Andrychowicz et al.,
2017). One natural solution is to design dense token-wise
rewards used for PPO training, but this is beyond the scope
of the current bandit formulation for RLHF and motivates us
to provide a framework with more fine-grained token-wise
characterization that enables the use of token-wise rewards.

3. RLHF Formulation: From Bandit to MDP

In this section, we introduce our MDP formulation for
RLHF. Section 3.1 describes how to characterize RLHF
using token-wise MDPs in the context of LLMs. Section
3.2, we provide the learning objective under this frame-
work. Lastly, Section 3.3 demonstrates the advantages of
the token-wise MDP formulation compared to the sentence-
wise bandit formulation.

3.1. MDP Formulation for RLHF

We model the RLHF problem as a Markov decision process
(MDP), which is denoted as a tuple M = (S, A, P,r, p, H).
Here S is the state space, A is the action space, P : Sx.A —
A(S) is the transition kernel, r denotes the reward function,
p signifies the initial state distribution and H is the maximal
number of interaction steps. A (Markov) policy in MDPs
m: S — A(A) is a mapping from state to a distribution
over actions. The interaction between the environment M
and the agent can be described as follows. Initially, the
starting state s; is sampled from the initial distribution p.
At the h-th step, the agent observes the state s, and selects
an action ay, based on its policy. The environment then
transits to the next state sp41, which is sampled from the
distribution P(- | sp,, ap,). This interaction continues until a
certain ending condition is satisfied, which will be triggered
within H steps.

In the standard text generation process of large language
models (LLMs), each state s, = (2, y1.,—1) includes the
prompt x and all response tokens produced up to that point.
Each action a;, = y;, represents a token from the vocabulary.
The transition kernel P is usually known and deterministic,
meaning that given tokens s, = (z,y1.,—1) and ap = yp,
the environment will transition to sj+1 = (z,y1.n). The
policy m maps all the observed tokens so far to a distri-
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bution over the vocabulary. It is important to note that
the policy captures the autoregressive nature of LLMs, i.e.,
m(y1n | x) = H?Zl 7(yi | €, y1.n—1) for any h. Due to this,
we may refer to it as an autoregressive policy to differ-
entiate it from policies defined in other ways. Moreover,
r: 8§ x A — R represents the token-wise reward. The
maximum number of tokens that can be generated, H, char-
acterizes the length limit for LLM outputs. Each generated
text ends with a special end-of-sentence token EoS, which
terminates the generation process.

In our MDP formulation for RLHF, we also model the pref-
erence signal using BT model (Bradley & Terry, 1952),
but replace the sentence-level reward function in (2.1) with

token-wise reward functions. In specific, for any trajectory

pair 71 = {(s3,a3)};Cy and 72 = {(s}, ) L, ", the

preference is specified by

H

P(r! - 72) = U(Z (s}, ar)

h=1

H
Zr sh,ah ) 3.1
h=1

Compared to literature that formulates the RLHF problem
as a contextual dueling bandit, a subtle difference is that
the policy in the contextual dueling bandit maps a prompt
to a distribution over sentences, which does not capture
the autoregressive nature of LLMs. In contrast, our MDP
formulation precisely captures this nature. We defer the
discussion of these two types of policies in Section C.2.
More importantly, the main difference is that the reward
function in the MDP formulation is defined on a token level,
which contrasts significantly with the sentence-level reward
in the contextual dueling bandit. We discuss the advantages
of token-level rewards in Section 3.3.

3.2. Learning Objective

Different from classical RL literature, where the sole goal
is to maximize the reward function, the objective of RLHF
is to maximize the reward function while ensuring that the
learned policy does not deviate too much from the reference
model (e.g., SFT model) too much. Inspired by this and
the formulation of entropy-regularized MDPs (Williams &
Peng, 1991; Ziebart, 2010), for any policy m, we define its
corresponding regularized value-function by

™ = m(ap | sp)
V(?):]Ew[ (( » )—B»lgi) :}, (3.2)
B (s;r hgl T(Sp,ap o, e (an Tsm) s1 s

where the expectation E is taken with respect to the ran-
domness incurred by the policy 7. Here the summation ends

'In fact, these two trajectories can have different lengths,
say 7 = {(s},a})}r, and 72 = {(s3,a3)}}2, with 1 <
H., Hy < H. These trajectories can be extended to length H by
assuming that the state ending with EoS is absorbing and yields
zero reward. This modification is to simplify the mathematical
formulation and does not affect the problem modeling in (3.1). For
the sake of clarity, the following theoretical discussion may focus
on length-H trajectories.

when a certain condition is met. In particular, since we as-
sume that the maximal length of the generated responses of
LLMs is at most H, the summation in (3.2) is taken at most
H steps. In the remaining part of this paper, we may use
>on, and Zthl interchangeably, as they mostly have the
same meaning. The regularized Q-function Q7 of a policy
7 is related to the regularized value function V" as

Q5(s,a;7) = rg(s,a) + Eyp(.|s,a) [Vér(s’; r)], (3.3)
V[}T(s; r) = Equn(|s)[—Blogm(als) + Qg(& a;r)],

where we denote r3(s,a) = 7(s,a) + Slogmes(als).
Moreover, when it is clear from the context, we may
omit the dependency of the ground-truth reward func-
tion r in Qj(s,a;7),V§(s;r) and use the shorthand
QF(s,a), Vi (s). The regularized optimal policy 7 is the
policy that maximizes the regularized value function defined
in (3.2), and its corresponding optimal Q-function and value
function are denoted as Q;; and V7, respectively. By (3.3),
it can be shown that

ms(als) = exp{(Qp(s,a) = V5 (s))/5}- (34

Our learning objective is to find a near-optimal policy 7,
whose performance is measured by the following subopti-
mality gap:

SubOpt(7) = V3 (p) - VZ (), (3.5)

where we use the shorthand Vi (p) = Es.,[V7(s)] for
any policy . For ease of presentation, we define the
state visitation measure d™(s) = Eq ,[> 0, P(s; =
s|s1)] and the state-action visitation measure d” (s,a) =
Eg,mpl>oney P(sn = s,an = als1)]. We also use the
shorthand d* = d" to further simplify the notation.

3.3. Advantages of Token-Wise MDP over
Sentence-Wise Bandit

Intuitively, the distinction between token-based and
trajectory-based rewards reflects the difference between
sparse and dense reward settings. In the sparse reward
scenario, exploration proves to be more challenging. To
illustrate this, we focus on the deterministic MDP with
an action set size of A = |A|. We employ an autore-
gressive policy m* to represent the policy of a powerful
LLM, such as GPT-4. Fixing a prompt x, given responses
(y' = yi.4,y* = yi.p), the evaluation provided by m*

is P(y' = v |z, y1,02) = ﬂ*(qul()ilf()w rz7- By com-
paring this with the BT models of bandit in (2.1) and
of our MDP formulation in (3.1), we observe that the
sentence-wise reward 7 and token-wise as r; can be speci-
fied by I's (Xa y) = IOg T (y | .’II) and I‘t((X, YI:h—1)7 yh) =
log 7 (yn |, y1.n—1)- Intuitively, the responses that power-
ful LLMs tend to choose have higher rewards. It is straight-
forward to show that r¢(z,y) = Zthl re((, Y1.0—-1), Yn)-
We make the following natural assumption.
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Algorithm 1 Reinforced Token Optimization (Theoretical
Version)
1: Input: Offline dataset D, A > 0, 8 > 0, and problem
dependent coefficient o.
2: Compute Oy g based on D by maximizing the loglike-
lihood given in (4.1).
3: Calculate the pessimistic reward 7 via (4.2).
4: Compute the corresponding optimal policy 7 with re-
spect to 7.
5: Output: policy 7.

Assumption 3.1. There exists a response y = y1.x satisfy-
ing 7 (y | ) > A=< forsome 0 < £ < H.

By the pigeon-hole principle, there must be a response y
such that 7* (y | #) > A~H, implying that ¢ < H. In prac-
tice, & is usually much smaller than H because the language
model tends to choose the optimal response rather than
making a random guess. Now, we define the interaction
protocol and the sample complexity. The learner can de-
termine a response y = yi.m and receive either r4(z,y)
or {ri((x,y1.n-1),yn)}L,, depending on whether the
sentence-level reward or the token-wise reward is used. The
sample complexity is defined as the number of responses
and corresponding reward signals that need to be gathered
to find the optimal response y* = y7.; with length H.

Proposition 3.2. Suppose Assumption 3.1 holds. In the
setting where only the sentence-wise reward r is accessible,
finding the optimal response y* requires a sample complex-
ity of A". However, if token-reward signals r; are available,
there exists an algorithm that can find the optimal policy
with sample complexity A™P{&+1H}

The proof is deferred to Appendix A.1. Since ¢ < H
typically holds in practice, the gap between AY and
Amin{e+1H} s deemed large. Hence, Proposition 3.2 re-
veals the significant separation of sample complexity be-
tween two types of reward signals, providing theoretical
insights into the superiority of the token-wise MDP formu-
lation over the sentence-wise bandit formulation.

4. Reinforced Token Optimization

We develop the Reinforced Token Optimization (RTO) algo-
rithm under the MDP framework introduced in Section 3.
At a high level, RTO consists of two main steps: (i) token-
wise reward learning, where RTO learns a token-wise reward
based on the preference data; and (ii) optimizing token-wise
reward through RL training methods such as PPO. In Sec-
tion 4.1, we provide a theoretically grounded version of
RTO with guaranteed sample complexity. Then we present
a practical implementation of RTO in Section 4.2.

4.1. Theoretical Version with Sample Complexity
Guarantee

We focus on the offline setting and assume the access to
an offline dataset D = {(7%,7!)} that contains several
trajectory pairs, where 7% = {(s¥,a¥)}ZL | is preferred
over 7! = {(s!,a!)}L . Each pair of trajectories shares
the same initial state/prompt (i.e., s}’ = sll), but differs
in the subsequent tokens. We also assume that the reward
function is linear, and our following results are ready to be
extended to general function approximation (Chen et al.,
2022; Wang et al., 2023; Zhan et al., 2023a).

Assumption 4.1 (Linear Reward). We assume 7(s,a) =
#(s,a) " 6* for some known feature ¢ : S x A — R? and
unknown vector #* € R%. We also assume that ||p(-, -)||o <
L and ||6*]]2 < B.

Following the standard reward learning pipeline (Ouyang
et al., 2022), we learn the reward function via maximum
likelihood estimation (MLE). Specifically, if we parametrize
the reward function by 6, then the MLE is given by

v = argmax Lp(6), 4.1)

l6ll2<B

where Lp(0) = Y (ru ryepllog(o( Sy ro(sy,ap) —
Zle ro(s},ak)))]. Inspired by previous literature in of-
fline RL (Jin et al., 2021; Rashidinejad et al., 2021; Xiong
et al., 2022; Zhu et al., 2023; Zhan et al., 2023a), given the
MLE 61,5, we construct the pessimistic token-wise reward
estimation as

?(87 a) = ¢(S, a)TQMLE — 0" ||¢(s,a)||27—31,

where Tp = Y ep[Shn (0shah) -
(3, a2)(Choy (d(shap) — o(s3,a))T] + M,
A > 0 is a tuning parameter, and g is a problem-dependent
coefficient will be specified in Theorem 4.2 and (A.3).
Finally, RTO outputs the optimal policy 7 with respect
to 7, ie, 7 = argmax, VJ(s;7) for any s € S. The
pseudocode of RTO is given in Algorithm 1.

4.2)

Theorem 4.2. Suppose Assumption 4.1 holds. For 3 > 0,
A > 0,6 € (0,1), if we choose o0 = O(V/d) (see (A.3)),
then the output policy T of Algorithm 1 satisfies
SUbOpt(/ﬂ:) S 2Q : E(s,a)wd* [ |¢(87 a)”zgl]
=B Eaar [KL(75(- | 9)[[7(- | 9))]

The detailed proof is deferred to Appendix A.2. The first
term in Theorem 4.2 measures how well the offline dataset
covers the trajectory generated by the policy 7. Typically,
this term decreases at a rate of | D| =/ under the mild partial
coverage assumption (Jin et al., 2021; Uehara & Sun, 2021;

Xiong et al., 2022; Zhu et al., 2023; Zhan et al., 2023a),
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Algorithm 2 Reinforced Token Optimization (Practical Ver-
sion)
1: Input: Offline dataset D, parameters 31, 52 > 0, DPO
algorithm DPO, and PPO trainer PPO-Update.
2: Compute Tqp, < DPO(D) and let mp = myer as the
reference model.
3: fort=1,...,Tdo
4:  Get a batch of samples D; from the dataset D but we
only keep the prompts.
5:  For each prompt x € D;, generate a response y ~
w1 (-] x).
Calculate the token-wise reward ., by (4.7).
Ty < PPO*Update(ﬂ-t—la Trto, {(LE, y)}xEDt)'
end for
Output: policy 7.

AR e R

where | D] is the size of the offline dataset. The second KL
term is always negative, and it arises from the goal of learn-
ing a regularized value. We also remark that our algorithm
relies on the known transition kernel to compute the exact
optimal policy with respect to 7. While this is natural in the
context of large language models, we provide insights on
how to extend our findings to stochastic regularized MDPs
and the variant of our RTO algorithm in Appendix B.

There have also been previous works (Pacchiano et al., 2021;
Chen et al., 2022; Wang et al., 2023; Li et al., 2023c; Zhan
et al., 2023a) studying RLHF under the MDP framework,
also known as dueling RL and preference-based RL. How-
ever, these works do not consider the KL constraint, which is
an essential component of RLHF. Furthermore, they do not
explicitly emphasize the superiority of the MDP framework
over the contextual dueling bandit problem in the context of
LLMs, and their proposed algorithms does not lead to corre-
sponding practical algorithm leveraging dense rewards. In
contrast, we will provide a practical implementation of our
algorithm, demonstrating the practicality of our approach.

4.2. Practical Implementation

In this subsection, we shift our focus to developing a prac-
tical version of RTO. The key challenge in implementing
RTO in Algorithm 1 lies in learning the token-wise reward
to be optimized from the offline data. In the most popular
frameworks outlined in Instruct-GPT (Ouyang et al., 2022),
Claude (Bai et al., 2022), and LLaMA?2 (Touvron et al.,
2023) projects replace the last layer of the LLM with a lin-
ear layer for a scalar output and maximize the log-likelihood
as in (2.2). However, this approach gives only a sentence-
level reward. To bridge the gap in the literature, we present
our practical version of RTO in Algorithm 2, which features
a novel calculation of token-wise reward. Our key observa-
tion is that, given a trajectory 7 = {(sp, as)}_,, we can

75(an | sn)

—— . as
ﬂ'ref(ah ‘ Sh)

rewrite Zle Blog

Z Qp(sh,an) — V5 (sn) — log mret (an | Sh))
h=1
H
Zr Shyan) — Vi (s1)
=1

H-1
£ 3 Bonr fonan V()] = Vi (sn40), @43)

h=1

)

where the first equality uses the closed-form of opti-
mal policy 5(als) = exp{(Qj(s.a) — V;(5))/5} in
(3.4), and the second equality follows from the fact that
QF(s,a) = r5(s,a) + Egop(|s,0)[VF(s")] in (3.3) with
ra(s,a) = r(s,a) + Blogmer(a]|s). We focus on the typ-
ical LLM generation scenario where the transition kernel
is deterministic. Then we have (x) = 0 in (4.3), yielding

that 57, (sn, an) = 4, Blog 2L Ve (sy).
Building upon this result and combining it with the def-
inition of the BT model in (3.1), for any trajectory pair

{77 = {(s{b, afl)}thl}?:l satisfying s1 = s2, we have
H

P(r' = 72) = a(Z r(sh, ap) Z r(sh,ap ) “4.4)
h=1 =
B 5 (a7 | s7,)
o3 D)

ah | Sh
Blog
ref (A}, I h Z 7Tref C(,h | Sh)
An interesting observation is that, based on the autoregres-
sive nature of policies, (4.4) aligns with the learning objec-
tive of DPO proposed by Rafailov et al. (2023), but under
the token-level MDP instead of the sentence-level bandit

setup. Similar to the bandit setting where the learning ob-
jective is equivalent to a BT model with sentence-wise re-

ward r*(z,y) = S log :ﬂf(yyl lz)) (Rafailov et al., 2023), (4.4)
shows that the learning objective in token-wise MDP equiv-

alents to a BT model with a token-wise reward function

7 (sh = (T, Y1:h—1), an = Yn)
7% (ap | sp Ta(Yn | 2, y1:n—1
g T o) o |y )
7Tlref(ah | Sh) ’/Tref(yh |xay1:h—1)
where x is the prompt, y;.,—1 is the tokens generated so far,
and y, is the token chosen at the current step. In contrast
to the previous PPO implementation with sparse reward in
(2.3), we will assign the token-wise reward function defined
in (4.5) to each step. Formally, for any h, we define

, (4.5

Wg(yh|xaylzh—l) 1 7T(yh|9’3’yl:h71)

B log — B2 log
Tref (yh | xZ, yl:h—l) 7Tref(yh | z, yl:h—l)
T(Yn | T, y1:n—1)

%,61 log deO(yh ‘xaylzh—l) _ 1
7rref(yh ‘ x, yl:hfl) Wref(yh | z, yl:hfl)
4.6)
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. ‘ Method
Metric
‘ SFT DPO R-DPO SimPO TDPO PPO RTO
AE (LC) 13.22  17.40 18.34 25.46 20.13 1947 27.00
AE (WR) | 858 12.23 12.03 20.20 11.97 12.89 2245
AH (SC) 9.2 13.2 14.2 14.5 13.2 16.2 20.3

AH(WR) | 89 13.8 14.1 15.2 12.3 15.6 214

Table 1. AlpacaEval 2 (AE) and Arena-Hard (AH) results.

as the token-wise reward, where 31 and (5 are tuning pa-
rameters, and 7 is the current policy to be updated. In the
last step of (4.6), we use mqp,, the policy learned by DPO,
as a proxy for the unknown . Finally, we employ PPO to
optimize the following token-wise reward 7,

T'rto (I7 yl:h) (47)

Tdpo (Yn | T,¥1:0—1) T(Yn | Z,y1:n—1)
P log Tret (Yn | T,Y1:0—1) P2 log Tret (Yn | T,Y1:0—1)

ifth<H -1,
_ _mnl®yin—1)
52 IOg Tref (Yn | Z,Y1:n—1)

ifh = H,

Tdpo(Yn | T,Y1:n—1)
P log Teet (YUn | ,Y1:n—1)

+B3 - rvLe(e, Yi:H)

where 83 > 0 is a tuning parameter and g represents a
sentence-level reward. This additional sentence-level reward
helps prevent responses from becoming either extremely
long or extremely short. This aligns with the observation
that ensemble rewards can effectively mitigate the overop-
timization issues (Coste et al., 2023). We also remark that
the sentence-level reward 7y g can be much smaller in mag-
nitude compared to both the policy model (actor) and DPO
reward model, making the overall computational cost of
RTO comparable to the standard RLHF pipeline: The lower
cost of using a much smaller critic in PPO compensates
for both the small extra cost required by DPO than reward
model, and the training and serving of the tiny reward model.
For parameter selection, 53 can be set to 1 when 7y g is
included. This choice is without loss of generality, as the
key factor is the ratio of 83 to 51 and (s, rather than its
absolute value. 35 can be chosen similarly in standard PPO
configurations. The only extra hyperparameter 3; can be set
small to prevent the DPO reward from dominating, thereby
requiring minimum tuning.

5. Experiments
5.1. Benchmark Results

We present a thorough comparison of RTO with PPO and
other widely used direct preference learning algorithms on
popular benchmarks to highlight RTO’s strong performance.

Task, Data, and Evaluation. To assess the overall qual-
ity of generated text responses across multiple dimensions
(e.g., helpfulness, accuracy, and clarity), we employ the
dataset UltraFeedback (Cui et al., 2023) that contains com-
prehensive human feedback annotations on model outputs.
We evaluate models using two established benchmarks: Al-

Metri | Method
etric

‘ RTO Semi-RTO DPPO RS-PPO
AE (LC) 27.00 23.77 21.09 27.52
AE (WR) | 2245 19.17 13.06 21.69
AH (SC) 20.3 19.0 13.1 19.2
AH (WR) | 21.4 19.7 12.1 199

Table 2. Benchmark performance of ablations studies.

pacaEval 2 (Li et al., 2023a) and Arena-Hard (Li et al.,
2024). These benchmarks assess various conversational abil-
ities across different types of queries. For AlpacaEval 2, we
report both standard win rates (WR) and length-controlled
win rates (LC). For Arena-Hard, we present the WR along
with its style-controlled (SC) version. Both LC and SC are
specifically designed to mitigate verbosity bias of 1lm judge.

Implementation Details of RTO and Baselines. We em-
ploy Llama-3-8B (Dubey et al., 2024) as the base model. For
our comparative analysis, we implement several baselines.
All subsequent models are initialized with an open-source
SFT model (Dong et al., 2024) that fine-tunes LLama-3-8B
with a diverse mixture of high-quality data. We further train
a DPO model, which finetunes the SFT model using the pos-
itive/negative preference data. Besides these two RL-free
algorithms, we compare three RLHF algorithms relying on
RL training. The first one is the standard PPO algorithm,
which directly optimizes sentence-level 8B reward in (2.3).
Our proposed RTO algorithm leverages both token-wise
signals from the DPO model and an additional 1B sentence-
wise reward ryg to compute the RTO reward specified in
(4.7). The policy is then trained to align with human prefer-
ences using PPO updates, as detailed in Algorithm 2. For a
comprehensive comparison, we include the following meth-
ods as baselines: (i) R-DPO (Park et al., 2024) is a variant
of DPO that regularizes response length, (ii) SimPO (Meng
et al., 2024) optimizes average likelihood directly and (iii)
TDPO (Zeng et al., 2024) reformulates and optimizes DPO
at token-level. We include more implementation details in
appendix D.

RTO Outperforms PPO and Other Direct Preference
Learning Algorithms. As demonstrated in Table 1, while
all evaluated algorithms show improvement over the base
SFT model, our RTO algorithm achieves superior perfor-
mance across all benchmarks. Specifically, RTO outper-
forms PPO by achieving a 7.53% higher win rate in the
AlpacaEval 2 LC benchmark and a 4.1% higher win rate
in the Arena-Hard SC benchmark. These results highlight
the effectiveness of incorporating token-wise reward (dense
reward) into PPO training. Furthermore, when compared to
the leading preference learning baselines, RTO demonstrates
improvements of 2 and 4 points in the AlpacaEval 2 LC
benchmark and the Arena-Hard SC benchmark, respectively.
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Figure 2. (a) and (b) show the obtained reward of rvig throughout training. (c) shows the AlpacaEval 2 performance of PPO and RTO

when trained on fractions of samples.

5.2. In-depth Analysis of RTO Performance

In this subsection, we provide a detailed analysis of RTO.
First, we examine the influence of reward granularity by
comparing the performance of RL training based on dif-
ferent reward types. Next, we demonstrate that the token-
wise reward (provided by DPO) primarily serves as reward
shaping, which contributes significantly to RTO’s success.
Finally, we investigate RTO’s sample efficiency to support
our theoretical findings.

The Influence of Reward Granularity. We analyze three
reward granularity settings by redistributing token-level re-
wards used in RTO: (i) RTO, where rewards are assigned to
each token; (ii) Semi-RTO, where the rewards of all tokens
in each sentence are reassigned to their delimiter, and (iii)
DPPO, where all rewards are delayed and assigned to the
EoS token. Table 2 and Figure 2(a) clearly demonstrates
that denser rewards lead to better performance.

Reward Shaping via DPO Reward is the Key to RTO’s
Success. We demonstrate that the superior performance
of RTO is not primarily due to replacing the reward model
trained with MLE with the implicit reward from DPO. In-
stead, its advantage lies in its role as a reward-shaping mech-
anism. To illustrate this, we compare RTO and DPPO with
another setup, RS-PPO, where the reward matches 7.,
in (4.7), except for subtracting the DPO implicit reward

51 log % from the last token. This adjustment re-
sults in a total reward equivalent to ryg(z,y), effectively
employing the DPO token-wise implicit reward for reward
shaping. From Table 2 and Figure 2(b), we observe that
the main contribution of the DPO reward to improving RL
training lies in reward shaping rather than altering the total
reward through its exact value.

Sample Efficiency of RTO. To validate the theoretical
claims in Theorem 4.2, which guarantees the provable sam-
ple efficiency of RTO, and Proposition 3.2, which demon-
strates that RTO is more efficient than PPO due to its use
of token-wise rewards instead of sentence-wise rewards,
we conducted experiments using only a fraction of the full

dataset. These experiments evaluated the ability of RTO and
PPO to learn an effective policy with limited data. As shown
in Figure 2(c), RTO matches PPO’s performance using only
about 1/8 of the data and ultimately surpasses PPO’s final
performance. Additionally, RTO exhibits superior data scal-
ing behavior compared to PPO — RTO continues to improve
with more data, while PPO’s performance saturates early.

Additional Experiments. To showcase the applicability
of RTO, we conducted additional experiments demonstrat-
ing: (i) its effectiveness beyond PPO by incorporating the
learned token-wise reward function into REINFORCE-type
algorithms (Williams, 1992; Hu, 2025), yielding significant
improvements (Appendix E), and (ii) its utility for diverse
alignment tasks beyond dialogue, such as text summariza-
tion (Volske et al., 2017) (Appendix F).

6. Conclusion

In this work, we propose an MDP formulation for RLHF
that better characterizes token-wise information, along with
theoretical insights demonstrating its superiority. Build-
ing upon this formulation, we introduce a novel algorithm
called Reinforced Token Optimization (RTO), which lever-
ages token-wise rewards to improve the policy. RTO is
shown to be both provably sample-efficient and practical.
Our practical implementation involves a novel token-wise
reward learning approach via DPO, followed by optimiza-
tion using PPO. This innovative combination of DPO and
PPO allows RTO to effectively utilize token-level informa-
tion and significantly improve the performance of baselines.
Furthermore, our research opens up several intriguing fu-
ture directions, such as designing alternative methods for
learning token-wise rewards beyond DPO.
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Figure 3. An illustration of our efficient learning algorithm for the token-wise reward setting with A = 2, H = 3, and £ = 1. Here * and
t represent real numbers between 0 and 1/8. We do not specify their exact values as they do not influence the optimal path. All nodes in
N are colored red, while other nodes are blue, with the optimal leaf node 1/2 emphasized in dark blue. Each node y1., is labelled with
7 (y1. | ). If a non-optimal path (response) is selected, one red node in N will be identified, and all paths containing this node will be
deleted. Here we visualize the process of choosing a path ending with x, {, and 1/4, respectively. At most Aminte+LHY — 4 samples are
needed to identify the optimal response.

A. Detailed Proofs
A.1. Proof of Proposition 3.2

Proof. If only the sentence-level reward 7, is available, the learner must try every possible response and determine the
optimal one by ranking the collected sentence-level reward signals, resulting in a sample complexity of A¥ . Instead, we
consider a binary tree with depth H + 1, where each node is indexed by some token sequence y;.;, and has A children
{(Wr:ns Ynt1) fynirca- All A™ leaf nodes denote a unique prompt-response pair (x,y1.z7). We define two disjoint node
sets:

N ={yin 7 Wrn o) < A 7" (yrn—1 |2) = A7}, N{yrm 7% (yrm |2) > A7C} (A.1)

Our key observations are that (i) each path must contain a node in A/ or A'*, (ii) the path containing the node in N is
suboptimal; and (iii) |A" U N*| < AS*1. The exploration strategy is to query a new path that does not contain the nodes in
N U N that have been visited. Since each query of a new path (response with length H) can identify a new additional node
in VU N, after at least AST! queries, we collect a set of paths where each node in NV U N* belongs to one of the paths.
Finally, ranking all gathered rewards of the node in N* identifies the optimal y* = y}. ;. Together with the fact that there
exists as most A nodes, we finish the proof of Theorem 3.2. To facilitate understanding, we visualize a simplified learning
process in Figure 3. O

A.2. Proof of Theorem 4.2
Recall that the visitation measure of policy 7 is

oo

d™(s) = SINP[ZP St —5|51)} d"(s,a) :ESINP{ZP(Sh:s,ah =als1)|. (A2)

h=1 h=1

Under this notation, we can rewrite the value function in (3.2) as

VE(p) = E(saymar [1(5,a) = KL(7(- | )| et (-] 5)) ]
For simplicity, we will use the shorthand d* = dms.
Proof of Theorem 4.2. Our proof relies on the following standard MLE analysis.
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Lemma A.1 (MLE Analysis). It holds with probability 1 — § that

16se — 7|5 gg:o.\/w

where C' is an absolute constant and T = 1/(2 + exp(—2H LB) + exp(2H LB)).

+ AB2, (A.3)

Proof. See e.g., Faury et al. (2020); Pacchiano et al. (2021); Zhu et al. (2023) for a detailed proof. ]

Back to the proof of Theorem 4.2, we first decompose the suboptimality gap defined in (3.5) as
SubOpt(7) = V5 (p;r) — Vi (ps7)
=E(sayma [1(s,0) = B KL(5( | 8)| et (| 5)) | = (B aymar [7(5,0) — B KL(R(: | 5) [ Tret (- | 5))])
= Eeaa [1(5,0) = 7(5,0)] + By ayos [7(5,0) = 7(s,0)] + V37 (0:7) = VE (7). (A4)

Term(i) Term(ii) Term(iii)

Then we analyze these three terms respectively.

Term (i). Recall that the pessimistic reward 7 defined in (4.2) takes the form
7(s,a) = ¢(s,a) e — 0 [6(s, )l
Then we can rewrite Term (i) in (A.4) as
Term(i) = E( q)na- [6(s,a) (0" = Orie) + ¢+ 16(s, @)l 1]
< Egsaymds [16(5, )51 - 107 = Oriellsy + 0 16(s,0) 51 ]
< 20 E(sapna- [l6(s,0)ll5-1], (A.5)

where the first inequality is obtained by Cauchy-Schwarz inequality, and the last inequality follows from Lemma A.1.

Term (ii). Similar to the derivation of (A.5), we have
Term(n) = E(s,a)wcﬁr |:¢(Sa (I)T(HMLE - 0*) -0 ||¢(3’ a)HE;Dl}
< By (1905, @) ls: - [10nien — 0" [l2p — 0 |05, 15=1]
<0, (A.6)

where the first inequality uses Cauchy-Schwarz inequality, and the last inequality is implied by Lemma A.1.

Term (iii). To handle this term, we introduce the following performance difference lemma for MDP with KL constraint.

Lemma A.2 (Performance Different Lemma). For any reward function r and policy pair (7, '), it holds that
Vi(pir) = Vg (p57) = E(s,0)van [QF (s,a57) = V5 (s37) — Blogm(als)].
Proof. See Appendix A.3 for a detailed proof. O

When § = 0, the regularized MDP becomes the standard MDP, and Lemma A.2 reduces to the standard performance
difference lemma (Kakade & Langford, 2002). Applying Lemma A.2 to Term (iii) in (A.4), we have

Term(iii) = E(s,q)ma- [Q5(s,a;7) — V7 (5;7) — Blogmh(al s)]
= E(s,a)~a-[BlogT(a | 5s) — Blog ﬂ;(a | 5)]
= =B Eowa [KL(m(-| 9)[7 (- | 9))], (A7)
where the second equality follows from the fact that 7 is the optimal policy with respect to 73 (s;7) and the expression of

optimal policy 7(a|s) = exp{(Qg(s, a;T) — V/@’AT (s;7))/8} in (3.4), and the last equality is obtained by the definition of
KL divergence.
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Finishing the Proof. Plugging (A.5), (A.6), and (A.7) into (A.4), we obtain that
SubOpt(7) < 20 E(s,a)na- [[l6(s, a)lls—1] — B+ Esna [KL(75(- | s)IIF (- | 5))],
which finishes the proof of Theorem 4.2. O

Remark A.3. If we do not have access to the exact optimal policy 7 with respect to 7, we can use the policy optimization
algorithms to find a near-optimal optimal policy 7. In such case, Term (iii) in (A.6) becomes V; (p;7) — V[f (7)) =

V;Z (p;7) — Vg(p; r)+ Vg(p; r) — Vﬁ%(p; 7), and we need to handle the additional error term Vg(p; r) — Vﬁ%(p; 7). This
type of error analysis has been established for NPG (Agarwal et al., 2021; Cen et al., 2022) and PPO (Cai et al., 2020; Wu
et al., 2022; Zhong & Zhang, 2024).

A.3. Proof of Lemma A.2

Proof of Lemma A.2. Without loss of generality, we assume that the initial state is a fixed state s; € S. For simplicity, we
also omit the dependency of r in the regularized Q-function and value function. First, we have

VE(s1) = VF (s1) = VE(51) = Eaymon( |51y [18(51, @1) + Eyop( | 51,00 VA (52)]]
(*)
+ Ealwﬂ(- | 51)[Qg (513 al)] - VBW (81),

(x%)

(A.8)

where we uses the equality Qg/(sl,al) = rg(s1,a1) + E32~p(.|51}a1)[vg/(82)} in (3.3) with 75(s,a) = r(s,a) +
Blog meet(a | s). By (3.3), we further have

VE(81) = Ea1~7r(- | sl)[—ﬂ log(ay|s1) + Qg(sl, a1)]
= anvﬂ'(- | s1) [ - ﬂlogﬂ-(al | 51) + T‘ﬂ(Sl, al) + ESQNP(' | sl,al)[V[;r(SQ)]] .
Plugging this into Term (%) of (A.8), we have
(%) = Eayon(- s [ — Blogm(ar [ 1) + Eayap(- 51,00 [VF (52)]] = Eaymr(- | 51) [Boanp (- 51.00) [VE (52)]]
= Eoyon( | sy [=Blogm(a1 | 51)] + Egymaz [V (s2) — VI (s2)], (A.9)

where we use d (s) to denote the visitation measure at the h—th step. Meanwhile, we rewrite () in (A.8) as

(%) = By om(. ) [@F (51,01) = VI (51)]- (A.10)
Plugging (A.9) and (A.10) into (A.8), we have

VE(s1) = VF (51) = Egyag [VE (s2) — VI (52)] + E(s, a0)mar [QF (51,a1) — VF (s1) — Blog m(ay | s1)]

= Z E(s),an)~dr [QF (sn,an) — VF (sn) — Blogm(an | s1)]
h=1

= E(say~ar [QF (5,0) = VF (5) — Blogm(al s)),
where we use E(Sh,ah)wd; to denote EshNd;r,ahNﬂ(, | s,) and the definition of d™ in (A.2). Therefore, we conclude the proof
of Lemma A.2. ' O
B. Variants of Reinforced Token Optimization

Different from Algorithm 1 where the learner constructs a pessimistic reward estimation and then outputs its corresponding
optimal policy. Indeed, we can also perform pessimistic planning with respect to the value function to find the near-optimal
policy:

7 = argmax min { (B s ae [6(5, @) 70 = 5 Byar [KL(r (- ) moes(- )]} B.1)
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where © = {||0]|2 < B : |0 — OumLEllsp < o} and Oyp is given in (4.1). Here p is the problem-dependent constant

in(A.3)and Xp = Z(TI’TZ)Ep[Zthl(Ms}L, ab) — o(s2,a2)) (S, ((sh,al) — d(s2,a2)))T] + Ay is the covariance
matrix. For policy 7 in (B.1), we have the following theoretical guarantee.

Theorem B.1. Suppose Assumption 4.1 holds. For 3 > 0, A\ > 0, 6 € (0, 1), if we choose o = (5(\/;15) (see (A.3)), then the
output policy T of (B.1) satisfies

SubOpt(7) < 20 - [[E(s,a)~ar [0(s; a)][| 51

Proof of Theorem B.1. For ease of presentation, we define
VF(p) = it { (B st 605, @) 0 = 5 Byar [KL(m (- ) moer(- 1))}
By Lemma A.1, we know that 6* € © with probability 1 — §. This implies that

VE(p) < (Esayman[6(s,0)) 107 = B Eygn [KL(F(- | 5)l|meer (- 5))] = VZ (p)- (B.2)
Meanwhile, by (B.1), we have

V5" (p) < Vi (p). (B.3)
Combining (B.2) and (B.3), we obtain
V5" (p) < Vi (p).
Plugging this into the definition of the suboptimality gap in (3.5), we have
SubOpt(7) = Vi (p) — Vi (p) < Vi (p) = V5" (p)
Now we introduce the notation of 6:

o= argmin { (B 0)a-[6(5, )"0 = 5+ Eonar [KL(T5 (- [ 9 moer ()]}

Under this notation, we further obtain that
SubOpt(7) < E(s.a)wa- (67— 0) " 0(s,a)]
=E(sayma (07 — Onire) " 0(8,a)] + E(s gy mar [(Ovre — 0)" b(s,a)]
< (I0mee = %[0 + [0nes = Bllsn) - 1B(s ayma- (605, @)l 520
<20 ||E¢s,a)~ar [(/5(57“)]”2;17

where the second inequality uses Cauchy-Schwarz inequality, and the last inequality is obtained by Lemma A.1. Therefore,
we conclude the proof of Theorem B.1. O

Remark B.2 (Extension to Unknown Transitions). In (B.1), we assume that the transition kernel is known so that we
can compute the state distribution d™ induced by the policy 7. Although this is natural in LLMs, we briefly sketch the
extension to the unknown transition setting. Following Zhan et al. (2023a), which is inspired by previous works on standard
reward-based RL theory (Uehara & Sun, 2021; Liu et al., 2022; Zhong et al., 2022; Liu et al., 2023; Huang et al., 2024), we
can also construct a confidence set for the transition kernel

2 2
@p:{PZ Z ZlogP(Ti)zmgx Z Zlogﬁ(ri)—(}7

(r1,72)eD i=1 P (1 r2)epi=1
where P(7) is the probability of observing the trajectory 7 under the transition P and ¢ is a tuning parameter. With a proper
choice of ¢, one can also show that P € ©p with high probability. Then we can perform the following pessimistic planning

7= argmax | min { (Eguoag (005 0) 70— 8- By [KL(x(- [ 9)[moer(- )] }

where d7 denotes the state distribution induced by policy 7 under the environment P. Combining the analysis of
Theorem B.1 and previous work on offline RL (Uehara & Sun, 2021; Zhan et al., 2023a), we can also establish a similar
result to Theorem B.1, but with an additional estimation error for the transition kernel part. As this part is standard and not
the focus of our work, we omit it for simplicity.
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C. Additional Discussions
C.1. Direct Preference Optimization

Direct Preference Optimization (DPO) is a representative algorithm of the direct preference learning algorithm (Rafailov
et al., 2023; Zhao et al., 2023; Azar et al., 2023; Tang et al., 2024). From a high level, these type of algorithms aim to skip
the reward modeling and learn directly from the preference data, hence the name direct preference learning. In this section,
we introduce the mathematical principle of DPO for completeness.

We first recall that in the original two-staged learning paradigm, we aim to optimize the following KL-regularized target:

nly| o) o

7? = argmaXEa:vayNﬂ'('ll’) |:TMLE(33) y) - ﬂlog T f(y | .T) ’

where g is the MLE of the BT model on the offline preference dataset D obtained via

TMLE = argmax Z logo(r(m, y*) —r(z, yl)) (C.2)
" (@yvyh)eD

One notable feature of this KL-constrained optimization problem is that it admits a closed-form solution, as summarized in
the following lemma.

Lemma C.1 (Solution of KL-regularized Optimization (Proposition 7.16 and Theorem 15.3 of Zhang (2023))). Given a
loss functional with respect to (- | x), written as

Eywﬂ(»\m)[fr(zay) ﬂlogm} :ﬂ'KL(W(ym)'

Rty |2 exp (5r(z,0)))

the minimizer of the loss functional is 7, (y | x) & et (y | ) €xp (%r(z, y)), also known as Gibbs distribution.

Therefore, for any fixed reward function r, it leads to a closed-form policy:

m(yl) = gty 2)esn (5r(.0)

where Z(z) =3 ) meet (y' | ) exp(%r(ac7 y')) is the normalization constant. Then, we can solve the reward as

r(z,y) = Blog YT L 5100 7). (C.3)
et (Y | )
We can plug (C.3) into (C.2) to get
~ - (y" |z (Yt
T = arg;nax Z log o (b’ log mef(éwH 2) — Blog ﬂ—ref(?yl|| x)) > . (C4)

(zyv,y')ED

Clearly, if r is the solution of (C.2), the 7, is the solution of (C.4). On the other hand, if 7 is optimal for the DPO target in
(C.4), then, the induced implicit reward /3 log mylz) g optimal for (C.2).

mret (Y | )

Interestingly, while the DPO is derived from the sentence-level reward function and BT model, the implicit reward naturally
gives a token-wise characterization of the prompt-response pair and can be leveraged as a dense reward signal for the PPO
training.

C.2. Autoregressive Policy

For the policy defined in a contextual dueling bandit setting, it maps from a prompt to a complete sentence. For ease of
presentation, we call this type of policy the predetermined policy since it determines the entire sentence regardless of the
generation process. In contrast, the Markov policy defined in the MDP formulation generates responses autoregressively: it
considers not only the prompt but also the tokens generated so far. By definition, the Markov policy is at least as good as the
policy that determines the whole sentence based solely on the prompt. In deterministic MDPs, the optimal action sequence
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is predetermined given the initial state, which demonstrates the equivalence of these two types of policies. However, for
stochastic MDPs, the Markov policy is strictly more expressive than the predetermined policy. The transition can be
stochastic for various reasons. For example, if the LLM uses an external search engine, the next state s;1 depends not
only on the current tokens (x, y1.,) but also on the text generated by the external search engine 7'(- | z, y1.5), making it
stochastic. Moreover, RLHF may have applications in other scenarios, such as robotics (Christiano et al., 2017), where the
transition kernel is stochastic. To clarify, we distinguish these two types of policies in the following proposition.

Proposition C.2. There exists an MDP such that the value of any predetermined policy is at least 0.5 less than that of
optimal Markov/autoregressive policy.

Proof. We construct an MDP M with state space S = {sq, s1, $2}, action space A = {ay,as}, horizon H = 2, fixed initial
state sg. The reward r and transition kernel P are given by

r(si,a]—) = ]].{Z = ]}, P(Sl |507aj) = P(SQ | S(],aj) = 05, V(’L,]) S {07 ].,2} X {1,2}

It is straightforward to see that the optimal autoregressive policy achieves a value of 1. In contrast, any predetermined policy
only achieves a value of 0.5. This completes the proof. O

D. Implementation Details

Training Pipeline Our experiments start with an open-source SFT model OpenRLHF/Llama-3-8b-sft-mixture. For
baseline PPO, we first train a reward model from this SFT model, then use it as both the reward function and the initialization
of critic, following the standard practice. For other baselines, we directly train from this SFT model. For RTO, we also
train an 1B reward model, initialized with Llama-3.2-1B-Instruct. Again, this tiny reward model functions as both a part
of the RTO reward function, and the initialization of RTO critic. All preference learning uses a binarized version of the
UltraFeedback dataset, while all reinforcement learning uses a prompt-only version.

Training hyperparameters We use Adam optimizer (Kingma & Ba, 2017) across all experiments with varying learning
rates, (0.9,0.95) betas and no weight decay. We apply a cosine learning rate schedule with 3% warming steps and 10%
minimum learning rate. All experiments use a single epoch, since we do not observe much gains from further training.
Additionally, we set the max sequence length to 2048. We include all other method-specific hyperparameters in the tables
below.

PPO implementation details To stabilize PPO training, we apply reward normalization, advantage normalization, and
generalized advantage estimation. We use larger learning rate for critic, and use a similar clipped surrogate objective for
critic learning. These tricks are implemented by the OpenRLHF (Hu et al., 2024) repo.

Reward Model (UltraFeedback) DPO (UltraFeedback)
Learning Rate le-6 Learning Rate Se-7
Batch Size 128 Batch Size 256
Maximum Sequence Length 2048 Maximum Sequence Length 2048
KL Coefficient (5) 0.1

Benchmark decoding hyperparameters For AlpacaEval 2, we sample with temperature 0.7 and max generation length
4096. For Arena-Hard, we use the default greedy decoding. Both settings apply for all methods.

Computation environment Our code is based on the OpenRLHF (Hu et al., 2024) repo. Our experiments is conducted on
8 80G A100 GPUs. We apply techniques like Adam offload, gradient accumulation, and gradient checkpointing to reduce
memory footprint and enable full-scale RLHF.

A Sample of the UltraFeedback Dataset We also include an example of the dataset we use.

19


https://huggingface.co/OpenRLHF/Llama-3-8b-sft-mixture
https://huggingface.co/meta-llama/Llama-3.2-1B-Instruct
https://huggingface.co/datasets/HuggingFaceH4/ultrafeedback_binarized
https://huggingface.co/datasets/weqweasdas/ultra_train
https://github.com/OpenRLHF/OpenRLHF
https://github.com/OpenRLHF/OpenRLHF

DPO Meets PPO: Reinforced Token Optimization for RLHF

RTO (UltraFeedback
PPO (UltraFeedback) (UltraFeedback)
Actor Learnine R 8e7 Actor Learning Rate Se-7
ctor earning Rate © Critic Learning Rate 9e-6
Critic Learning Rate 9e-6 Batch Size 128
Maxi Bath)h Size Leneth 1102252 Maximum Prompt Length 1024
M a)'(lmumR rompt Engt th 1024 Maximum Response Length 1024
aximum Response Leng PPO Update Step 3
PPO Update Step 8 PPO Clip Coefficiente 0.2
PPO Clip Coefficient e 0.2 GAE \ 0.95
GAE .)\ 0.95 DPO Reward Rescale (31) 0.05
KL Coefficient (5) 0.01 KL Coefficient (52) 0.01
Reward Rescale (33) 1
Baselines (UltraFeedback)
Learning Rate Se-7
Batch Size 256

Maximum Sequence Length 2048
R-DPO KL Coefficient (53) 0.1
R-DPO Length Penalty (a) 0.001

SimPO Scale (5) 2.5
SimPO Margin (vy) 0.5
TDPO KL Coefficient (3) 0.1
TDPO KL Penalty Rescale (o) 0.2

Prompt:
Which animal has two hands, a hyrax or a dog?

Chosen response: Neither a hyrax nor a dog has hands. Hyraxes have four legs with feet that are adapted for
climbing and gripping. Similarly, dogs also have four legs with paws. The term “hands” is usually reserved for
primates, such as humans, which have opposable thumbs and fingers.

Rejected response: Thank you for your question. I’'m happy to help you with that! However, I must point out
that the question itself may not be factually coherent. A hyrax is a small, terrestrial mammal that belongs to the
family Procaviidae, while a dog is a domesticated carnivorous mammal that belongs to the family Canidae.
Neither of these animals have two hands.

Instead, I suggest rephrasing the question to ensure it is factually accurate. For example, “Which ani-
mal has four legs, a hyrax or a dog?”” would be a more appropriate and factual question.

Please let me know if there’s anything else I can assist you with!

E. Additional Experiments on REINFORCE-type Algorithm

Our proposed dense reward demonstrates broad applicability beyond PPO and functions independently of the specific
reinforcement learning algorithm used in RLHF. To demonstrate this versatility, we evaluated RTO with an alternative
REINFORCE-type algorithm (Williams, 1992), specifically REINFORCE++ (RPP; Hu, 2025). Unlike PPO, RPP does not
use a critic network and relies solely on vanilla discounted returns without any value baseline. We include our hyperparameter

selections below.

As shown in Table 3, we observe that: (a) the idea of using token-wise reward in RTO remains highly effective when applied
to RPP, supporting our claim; and (b) RPP performs worse than PPO, especially in complex scenarios, potentially due to the
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‘ Method
| SET  DPO PPO RTO(PPO) RPP RTO (RPP)

AE (LC) | 13.22 1740 1947 27.00 18.28 24.71
AE (WR) | 858 1223 12.89 2245 13.91 23.11
AH (SC) 9.2 13.2 16.2 20.3 13.4 18.8
AH (WR) | 89 13.8 15.6 21.4 15.4 21.8

Metric

Table 3. AlpacaEval 2 (AE) and Arena-Hard (AH) results.

critic in PPO capturing fine-grained information that aids learning.

RTO (RPP)
RPP
X Actor Learning Rate Se-7
Actor Learmpg Rate Se-7 Batch Size 128
. Batch Size 128 Maximum Prompt Length 1024
Ma)'(lmum Prompt Length 1024 Maximum Response Length 1024
Maximum Response Length 1024 PPO Update Step 3
PPO Update Step 8 PPO Clip Coefficiente 0.2
PPO Clip Coefficient e 0.2 GAE \ 0.95
GAE .)\ 0.95 DPO Reward Rescale (3;)  0.05
KL Coefficient () 0.01 KL Coefficient (3) 001
Reward Rescale (33) 1

F. Additional Experiments on Summarization Task
F.1. Experimental Setup

Tasks and Data. We consider the Summarization task (Volske et al., 2017), where the model is required to generate
a concise summary for a given post from the Reddit forum. Specifically, we fine-tune the foundational model using the
Reddit TL;DR summarization dataset (Volske et al., 2017), where each data point comprises a post x and its corresponding
summary y. Subsequently, we align the model with human preferences using its preference version, where each data point
comprises a post and two summaries, with preferences annotated by humans. To facilitate readers, we provide examples
of the TL;DR datasets in Appendix F.2. We employ the open-sourced Pythia-2.8B model (Biderman et al., 2023) as the
backbone for this task.

Evaluation. We primarily assess the alignment performance of various methods using GPT-4. The GPT-4 evaluation
harnesses the capabilities of GPT-4 itself and has been shown to align well with human evaluations (Rafailov et al., 2023).
For the same prompt, we provide GPT-4 with two responses generated by two different models and ask it to determine
which one is superior. We then calculate the win rates, following (Rafailov et al., 2023). The prompts for GPT-4 evaluation
are presented in Appendix F.4. For each GPT-4 evaluation, we use 100 samples.

Win Rates. Table 4 presents the performance of our method on the TL;DR dataset. We can see that the model trained
by RTO outperforms all other baselines. Specifically, we achieve a win rate of 61% over the DPO algorithm evaluated by
GPT-4. This illustrates the effectiveness of the RTO algorithm in a real-world text summarization task. All these empirical
findings demonstrate the token-wise reward mechanism’s advantage in improving model performance.

Ablation Studies on Temperatures. We further compare the model trained by RTO to other baselines on both datasets
across different temperatures. In Figure 4, we present the results for these methods as we vary the temperature. We can
observe that the RTO model consistently demonstrates superior performance compared to other baselines, highlighting its
robustness across different temperatures.
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Win Rate | RTO DPO SFT PPO DPPO
RTO 0.50 0.61 0.67 0.67 0.67
DPO 039 050 058 059 050
SFT 033 042 050 059 049
PPO 033 041 041 050 040

DPPO 033 050 051 060 0.50

Table 4. Win rates between each pair of models evaluated by GPT-4. The value in line ¢ column j represents the win rate of the model in
row ¢ against the model in column j.

Summarization Win Rate v.s. RTO
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Figure 4. Win rates of RTO across different sampling temperatures

Optimization Process Curves. To further investigate the benefits of the token-wise reward mechanism in the optimization
process, we compare the estimated reward during the training period in Figure 5. In this figure, the x-axis represents the
training iterations. The y-axis represents the reward given by the implicit reward model derived from the DPO model (the
reward model used in training) per batch. As we can see, in one epoch (roughly corresponds to 240 PPO training iterations
in Figure 5), the reward of the model trained by RTO on TL;DR can achieve about 0.4, while the reward of the model
trained by DPPO is roughly —0.2. The results demonstrate that the token-wise reward mechanism significantly enhances the
training process, leading to a remarkably higher reward.
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Figure 5. The reward curve of DPPO and RTO during training. The reward is given by the implicit reward model 3 log — ROAED)

optimized by DPO. The x-axis represents the training steps, and the y-axis represents the reward values.

F.2. Examples of Datasets

Prompt:

SUBREDDIT: r/AskReddit
TITLE: Reddit, what event drove you to cry in the bathroom at work?
POST: Yesterday, I finally became that girl who goes into the bathroom to cry while at work.

I work at a domestic violence shelter, and normally I'm pretty capable of brushing things off. I'm
somewhat ashamed to say that it was not secondhand truama that led me to weep in the bathroom stall like a
little girl, but my coworkers. It had been a rough day, which are pretty normal around here, but it was a tolerable
level of rougness. My patience was wearing thin and I just wanted to go to the support group for advocates and
take a breather.

Unfortunately, my coworker decided at that time to demand that I clean one of the recently vacated
rooms. Not just clean it, but DEEP clean it. I'm not talking clean-it-like-your-parents-are-coming-home-after-a-
weekend-away type clean. I mean, she wanted it hospital-grade clean. She wanted to be able to perform surgery
on any surface of that room. The checklist she gave me- handwritten of course- had at least thirty tasks on it.
For a dorm-sized room.

I lost it, guys. I just completely lost my shit. I told her that I would be happy to help clean that
room, but she was absolutely off her rocker if she thought I was going to spend the next four hours cleaning by
myself. She was incensed at my apparent refusal, and though I tried to reiterate that I would do it, but not alone,
she started screaming for the lead advocate to put me in my place.

Well, the lead advocate just didn’t want to deal with the situation and told me to just do it. I was
absolutely frustrated, appalled, and overwhelmed. And so...I went into the bathroom and cried. Then I went and
cleaned the stupid room.

TL;DR:

Chosen response: [ was stressed, my lazy coworker demanded I clean every speck of dust from a room alone,
I lost my shit, my supervisor sided with my coworker.

Rejected response: Coworker thinks it’s okay to ask me to clean a room she thinks is a dumpster, so I cried.
Then I cleaned it.
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F.3. Training Configurations of TL;DR

We provide the training configuration of SFT, DPO, PPO, DPPO, and RTO below. In the table of the training configuration
of the standard PPO algorithm, we also present the configuration of training the reward model used in the PPO algorithm.

SFT (TL;DR) DPO (TL;DR)
Optimizer AdamW Optimizer AdamW
Learning Rate le-5 Learning Rate Se-6
Batch Size 32 KL Coefficient (5) 0.1
Epochs 1 Batch Size 32
Epochs 1

Table 5. Configurations for supervise fine-tuning.
Table 6. Configurations for DPO.

PPO (TL.DR) RTO and DPPO (TL;DR)
. Optimizer Adam
Optimizer (PPO) Adam Leafning Rate 3e.6
Optimizer (Reward Model) AdamW Trainine Epochs 1
Mini Batch Size in PPO 16 Mini Batch Sise in PPO 16
Init KL Coefficient (/3) 0.03 DPO KL Coefficient 3 01
Learning Rate (PPO) 3e-6 Init KL Coefficient B (RTO) 0.05
Learning Rate (Reward Model) 3e-6 Init KL Coefficient 3, (DPPO) 005
Batch Size Per PPO Iteration 256 Batch Size Per PPO Iteration 2.56
Epochs of PPO Update Per Iteration 2 Maximum Sequence Length 512
.. Batch Size (Reward Model) 128 Epochs of PPO Update Per Iteration 2
Training Epochs (PPO and Reward Model) 1
Maximum Sequence Length 512

Table 8. Configurations for RTO and DPPO.

Table 7. Configurations for standard PPO. We also present the configura-
tion of training the reward model used in the PPO algorithm in this table.

F.4. Evaluation Details

Following the previous work (Rafailov et al., 2023), for evaluations utilizing GPT-4, completions are sampled by top-p
sampling method with temperature of 7 = 0.9 and p = 0.99 for 100 prompts. To mitigate any positional bias inherent in
GPT-4’s responses, we ensure that the order of completions within each pair is randomized. The version of the GPT-4 we
used is GPT-4-0613, and the specific prompt utilized for GPT-4 evaluation is detailed as follows.

Prompt for GPT-4 evaluation in summarization task.

Which of the following summaries does a better job of summarizing the most important points in the given forum post,
without including unimportant or irrelevant details? A good summary is both precise and concise.

Post: <the forum post>

Summary A: <either the test method or baseline>

Summary B: <the other summarization>

FIRST provide a one-sentence comparison of the two summaries, explaining which you prefer and why. SECOND, on a
new line, state only ”A” or ”B” to indicate your choice. Your response should use the format:

Comparison: <one-sentence comparison and explanation>

Comparison:

Preferred: <"A" or "B">

Table 9. Prompt for GPT-4 evaluation in summarization task.
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