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Abstract

Most off-policy evaluation methods for contextual bandits have focused on the
expected outcome of a policy, which is estimated via methods that at best provide
only asymptotic guarantees. However, in many applications, the expectation may
not be the best measure of performance as it does not capture the variability of the
outcome. In addition, particularly in safety-critical settings, stronger guarantees
than asymptotic correctness may be required. To address these limitations, we
consider a novel application of conformal prediction to contextual bandits. Given
data collected under a behavioral policy, we propose conformal off-policy prediction
(COPP), which can output reliable predictive intervals for the outcome under a
new target policy. We provide theoretical finite-sample guarantees without making
any additional assumptions beyond the standard contextual bandit setup, and
empirically demonstrate the utility of COPP compared with existing methods on
synthetic and real-world data. |

1 Introduction

Before deploying a decision-making policy to production, it is usually important to understand the
plausible range of outcomes that it may produce. However, due to resource or ethical constraints, it is
often not possible to obtain this understanding by testing the policy directly in the real-world. In such
cases we have to rely on observational data collected under a different policy than the target. Using
this observational data to evaluate the target policy is known as off-policy evaluation (OPE).

Traditionally, most techniques for OPE in contextual bandits focus on evaluating policies based
on their expected outcomes; see e.g., [12;130; 265 23} [24; 6]. However, this can be problematic as
methods that are only concerned with the average outcome do not take into account any notions of
variance, for example. Therefore, in risk-sensitive settings such as econometrics, where we want
to minimize the potential risks, metrics such as CVaR (Conditional Value at Risk) might be more
appropriate [11]]. Additionally, when only small sample sizes of observational data are available, the
average outcomes under finite data can be misleading, as they are prone to outliers and hence, metrics
such as medians or quantiles are more robust in these scenarios [[1]].

Notable exceptions in the OPE literature are [9;|5]. Instead of estimating bounds on the expected
outcomes, [9; 5] establish finite-sample bounds for a general class of metrics (e.g., Mean, CVaR,
CDF) on the outcome. Their methods can be used to estimate quantiles of the outcomes under the
target policy and are therefore robust to outliers. However, the resulting bounds do not depend on the
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Figure 1: Left (a): Conformal Off-Policy Prediction against standard off-policy evaluation methods.
Right (b): 90% predictive intervals for Y against X for COPP, competing methods and the oracle.

covariates X (not adaptive w.r.t. X). This can lead to overly conservative intervals, as we will show
in our experiments and can become uninformative when the data are heteroscedastic (see Fig. m)).

In this paper, we propose Conformal Off-Policy Prediction (COPP), a novel algorithm that uses
Conformal Prediction (CP) [29] to construct predictive interval/sets for outcomes in contextual bandits
(see Fig[Ta) using an observational dataset. COPP enjoys both finite-sample theoretical guarantees
and adaptivity w.r.t. the covariates X, and, to the best of our knowledge, is the first such method
based on CP that can be applied to stochastic policies and continuous action spaces.

In summary, our contributions are: (i) We propose an application of CP to construct predictive
intervals for bandit outcomes that is more general (applies to stochastic policies and continuous
actions) than previous work. (ii) We provide theoretical guarantees for COPP, including finite-sample
guarantees on marginal coverage and asymptotic guarantees on conditional coverage. (iii) We show
empirically that COPP outperforms standard methods in terms of coverage and predictive interval
width when assessing new policies.

1.1 Problem Setup

Let X be the covariate space (e.g., user data), A the action space (e.g., recommended items) and
Y the outcome space (e.g., relevance to the user). We allow both A and ) to be either discrete or
continuous. In our setting, we are given logged observational data Dyps = {x;, a;, y; 12} where
actions are sampled from a behavioural policy 7°,i.e. A |z ~ (- | 2) and Y | z,a ~ P(- | z,a).
We assume that we do not suffer from unmeasured confounding. At test time, we are given a state
2'** and a new policy 7*. While 7® may be unknown, we assume the target policy 7* to be known.

We consider the task of rigorously quantifying the performance of 7* without any distributional
assumptions on X or Y. Many existing approaches estimate E [Y'], which is useful for comparing
two policies directly as they return a single number. However, the expectation does not convey
fine-grained information about how the policy performs for a specific value of X, nor does it account
for the uncertainty in the outcome Y.

Here, we aim to construct intervals/sets on the outcome Y which are (i) adaptive w.r.t. X, (ii) capture
the variability in the outcome Y and (iii) provide finite-sample guarantees. Current methods lack
at least one of these properties (see Sec. [5). One way to achieve these properties is to construct a
set-valued function of z, C () which outputs a subset of ). Given any finite dataset D5, this subset
is guaranteed to contain the true value of Y with any pre-specified probability, i.e.

l—a<Pixy)rg, YelX)<1l-a+on, (1) (1

where n.p; 1S the size of available pbservational data and P}TY is the joint distribution of (X,Y)
under target policy 7*. In practice, C'(x) can be used as a diagnostic tool downstream for a granular
assessment of likely outcomes under a target policy. The probability in (I) is taken over the joint
distribution of (X, Y"), meaning that (I)) holds marginally in X (marginal coverage) and not for a given
X = z (conditional coverage). In Sec. 2] we provide additional regularity conditions under which
not only marginal but also conditional coverage holds. Next, we introduce the Conformal Prediction

framework, which allows us to construct intervals C (z) that satisfy (1)) along with properties (i)-(iii).



2 Background

Conformal prediction [29;[19]] is a methodology that was originally used to compute distribution-free
prediction sets for regression and classification tasks. Before introducing COPP, which applies CP to
contextual bandits, we first illustrate how CP can be used in standard regression.

2.1 Standard Conformal Prediction

Consider the problem of regressing Y € ) against X € X. Let f be a model trained on the training
data Dy, = {X0, Y2}, "X Py y and let the calibration data Doy = {X;,Yi}7, "% Pxy be

independent of D,,.. Given a desired coverage rate 1 — « € (0, 1), we construct a band Ch:X—
{subsets of )}, based on the calibration data such that, for a new i.i.d. test data (X,Y) ~ Pxy,

R 1
l—a<Pxy)upryy (Y ECH(X)) S1—a+ nr 1’ 2)
where the probability is taken over X, Y and D.,; = {X;, Y;}7, and is conditional upon Dy,..

In order to obtain C), satisfying (2), we introduce a non-conformity score function V; = s(X;,Y;),
e.g., (f(X;) — Yi)?. We assume here {V;}"_, have no ties almost surely. Intuitively, the non-

conformity score V; uses the outputs of the predictive model f on the calibration data, to measure
how far off these predictions are from the ground truth response. Higher scores correspond to worse

fit between  and y according to f. We define the empirical distribution of the scores {V;}™_; U {oco}

Fyi= o3 Y1 v + plee 3)
with which we can subsequently construct the conformal interval C,, that satisfies (2) as follows:
Cul@) = {y : s(z,y) < n} @)

where 7 is an empirical quantile of {V;}?_,, i.e. n = Quantile, , (F,,) is the 1 — o quantile.
Intuitively, for roughly 100 - (1 — «)% of the calibration data, the score values will be below 7.
Therefore, if the new datapoint (X,Y") and D,,; are i.i.d., the probability P(s(X,Y) < n) (which is

equal to P(Y € C,,(X)) by (@) will be roughly 1 — a.. Exchangeability of the data is crucial for the
above to hold. In the next section we will explain how [27] relax the exchangeability assumption.

2.2 Conformal Prediction under covariate shift

[27] extend the CP framework beyond the setting of exchangeable data, by constructing valid intervals
even when the calibration data and test data are not drawn from the same distribution. The authors
focus on the covariate shift scenario i.e. the distribution of the covariates changes at test time:

(X, V) & Pxy = Px x Pyix, i=1,...,n

(X,Y) ~ PX7y = Py x Py | x, independently
where the ratio w(z) := d Py /dPx (z) is known. The key realization in [27] is that the requirement

of exchangeability in CP can be relaxed to a more general property, namely weighted exchangeability
(see Def. [A.T). They propose a Welghted version of conformal prediction, which shifts the empmcal

distribution of non-conformity scores, F, ata point x, using weights w(x). This adjusts FE,, for the
covariate shift, before picking the quantile n:

= sz )ov, + pp1(x)0se  Where,

w(X;) w(x)
i) = sureme Pra () = St rem-
In standard CP (without covariate shift), the weight function satisfies w(z) = 1 for all z, and we
recover (3). Next, we construct the conformal prediction intervals C,, as in standard CP using (@)
where 7 now depends on x due to p}’ (). The resulting intervals, C,,, satisfy:

Pix )iy y (Y €Cu(X)) 21 -0



As mentioned previously in Sec. the above demonstrates marginal coverage guarantees over
test point X and calibration dataset D.,;, not conditional on a given X = x or a fixed D.,;. We
will discuss this nuance later on in Sec. In addition, previous work by Vovk [28] shows that
conditioned on a single calibration dataset, standard CP can achieve coverage that is ‘close’ to the
required coverage with high probability. However, this has not been extended to the case where the
distribution shifts. This is out of the scope of this paper and an interesting future direction.

Algorithm 1: Conformal Off-Policy Prediction (COPP)

Inputs: Observational data Dps = {X;, 4;, Y; }ieh, conf. level «, a score function s(z,y) € R,
new data point z*¢*!, target policy 7* ;
test)

Output: Predictive interval C’n(x
Split D, into training data (Dy,.) and calibration data (D.,;) of sizes m and n respectively;
Use Dy, to estimate weights w(-, -) using (7);

Compute V; = s(X;,Y;) for (X;, 4;,Y:) € Deass

Let 2> be the weighted distribution of scores F/*¥ := 37" p®(x,y)dy, + P (2, y)000
where p (z, y) = wr—alXi¥) and p?_, (z,y) = —r—nly) .

Pi kit ¥) = s a0 ) Fatey) AN Pet 0 Y) = ST 0, Y e ()

test

For xteStAconstruct: Coo(xtest):= {y : s(ztest y) < Quantilel_a(ﬁfff Y)}
Return C,, (z'*")

s

Thus [27] show that the CP algorithm can be extended to the setting of covariate shift with the
resulting predictive intervals satisfying the coverage guarantees when the weights are known. The
extension of these results to approximate weights was proposed in [[14] and is generalized to our
setting in Sec. [4]

3 Conformal Off-Policy Prediction (COPP)

In the contextual bandits introduced in Sec. [1.1] we assume that the observational data D,,s =

Nobs

{x;, a;,y;}1% is generated from a behavioural policy 7. At inference time we are given a new
target policy 7* and want to provide intervals on the outcomes Y for covariates X that satisfy (T)).

The key insight of our approach is to consider the following joint distribution of (X,Y):

P (z,y) =P(x) /P(y|x,a)7rl’((1,\:1:)da = P(x)P“h (y|x)
P (2,y) =P(x) / Pyl a)r* (alz)da = P(z)P™ (ylz)

Therefore, the change of policies from 7° to 7* causes a shift in the joint distributions of (X,Y)
b * . [ .. . . .

from P% y- to P% . More precisely, a shift in the conditional distribution of Y'|.X. As a result, our

problem boils down to using CP in the setting where the conditional distribution P{}TX changes to

P;l*x due to the different policies, while the covariate distribution Py remains the same.

Hence our problem is not concerned about covariate shift as addressed in [27]], but instead uses the
idea of weighted exchangeability to extend CP to the setting of policy shift. To account for this
distributional mismatch, our method shifts the empirical distribution of non-conformity scores at a

point (z,y) using the weights w(w, y) = dPE y /dPE y (x,y) = dPF| ¢ /APy (x,y):

Epv =" pi(2,9)0v; + Pty (2, 9)00c, ©)
=1
w _ w(X;,Yi) w _ w(z,y)
P Y) = st v Ty Pra (259) = s WO VTR

j=1

The intervals are then constructed as below which we call Conformal Off-Policy Prediction (Alg. [I).
C'n(mteSt) = {y : s, y) <zt y)} where, n(x,y) = Quanti]elfa(ﬁff’y). (6)



Remark. The weights w(z, y) in (5)) depend on x and y, as opposed to only . In particular, finding
the set of y’s satisfying (6) becomes more complicated than for the standard covariate shifted CP
which only requires a single computation of 7(z) for a given z as shown in (). In our case however,

we have to create a k sized grid of potential values of y for every x to find C, (x). This operation
is embarrassingly parallel and hence does not add much computational overhead compared to the
standard CP, especially because CP mainly focuses on scalar predictions.

3.1 Estimation of weights w(x,y)

So far we have been assuming that we know the weights w(z, y) exactly. However, in most real-world
settings, this will not be the case. Therefore, we must resort to estimating w(z, y) using observational
data. In order to do so, we first split the observational data into training (D,,.) and calibration (D.;)

data. Next, using Dy,., we estimate 7%(a | 2) ~ 7%(a | z) and P(y | z,a) ~ P(y | &, a) (which is
independent of the policy). We then compute a Monte Carlo estimate of weights using the following:

hooA . .
& ne Pylz, A7) ~ J P(ylz,a)7* (alz)da
F i Plyle, Ay) S POle,a)r’ (alr)da’
where Ay ~ #°(- | x), Af ~ 7*(- | #) and h is the number of Monte Carlo samples.

w(z,y) = )

Why not construct intervals using ]5(y|ac7 a) directly? We could directly construct predictive
intervals C,, (z) over outcomes by sampling Y; - pr (y|z) = [ P(y|z,a)n* (a|z)da. However,
the coverage of these intervals directly depends on the estimation error of P(y|x, a). This is not the
case in COPP, as the coverage does not depend on P(y\x, a) directly but rather on the estimation of
w(x,y) (see Prop. @). We hypothesize that this indirect dependence of COPP on P(y|x, a) makes
it less sensitive to the estimation error. In Sec. [6, our emHirical results support this hypothesis as
COPP provides more accurate coverage than directly using P(y|z, ) to construct intervals. Lastly, in

Appendix [B.5.2| we show how we can avoid estimating P (y|z, a) by proposing an alternative method
for estimating the weights directly. We leave this for future work.

4 Theoretical Guarantees
4.1 Marginal Coverage

In this section we provide theoretical guarantees on marginal coverage ]P’( X,Y)~PLy (Y e Ch (X))

for the cases where the weights w(z, y) are known exactly as well as when they are estimated. Using
the idea of weighted exchangeability, we extend [27, Theorem 2] to our setting.

Proposition 4.1. Ler {X;,Y;}7 e
and any o € (0,1), define the conformal predictive interval at a point x € R? as C’n(m) =
{y e R: s(x,y) < n(z,y)} where n(z,y) = Quantile,_,(F>Y), and F*Y is as defined in
with exact weights w(x,y). If P™ (y|x) is absolutely continuous w.r.t. p (y|x), then C,, satisfies

b . . .
P% y be the calibration data. For any score function s,

Proposition[ézassumes exact weights w(x, y), which is usually not the case. For CP under covariate
shift, [14] showed that even when the weights are approximated, i.e., w(x,y) # w(x,y), we can still
provide finite-sample upper and lower bounds on the coverage, albeit slightly modified with an error
term A, (see (8)). We show that this result can be extended to our setting when the weight function
w(x,y) is approximated as in Sec.

Proposition 4.2. Let C,, be the conformal predictive intervals obtained as in Proposition with
weights w(x,y) replaced by approximate weights w(x,y) = w(z,y; Dy.), where the training data,
Dy, is fixed. Assume that w(x,y) satisfies (E [W(X,Y) )" < M, < oo for some

r > 2. Define A, as,

xb
(X7Y)NPXYY

A, = 1iE

2 | (X, Y) —w(X,Y) [ (®)

b
(X, Y)~PF",

Then, P(xy)py, (Y € Col(X) >1—a—A,.



If, in addition, non-conformity scores {V;}_, have no ties almost surely, then we also have
Pixyy~rg, (Y € Cn(X)) <1 —a+ Ay +ent/m 1
for some positive constant c depending only on M, and r.

Propositionprovides finite-sample guarantees with approximate weights (-, -). Note that if the
weights are known exactly then the above proposition can be simplified by setting A,, = 0. In the case
where the weight function is estimated consistently, we recover the exact coverage asymptotically. A
natural question to ask is whether the consistency of @ (,y) implies the consistency of P(y|z, a); in
which case one could use P(y|x, a) directly to construct the intervals. We prove that this is not the
case in general and provide detailed discussion in Appendix[B.5.

4.2 Conditional Coverage

So far we only considered marginal coverage (I)), where the probability is over both X and Y. Here,

we provide results on conditional coverage Py, PEly (Y € C,,(X) | X) which is a strictly stronger

notion of coverage than marginal coverage [[8]. 28} |13] prove that exact conditional coverage cannot
be achieved without making additional assumptions. However, we show that, in the case where Y’
is a continuous random variable and we can estimate the quantiles of Pgl  consistently, we get an

approximate conditional coverage guarantee using the below proposition.

Proposition 4.3 (Asymptotic Conditional Coverage). Let m,n be the number of training and calibra-
tion data respectively, {3 m () = {g,m (z; Dy ) be an estimate of the B-th conditional quantile qg(x)

of Pﬁxzw, W (2,9) = W (x,y; D) be an estimate of w(x,y) and Cp, n(x) be the conformal
interval resulting from algorithm|1 with score function s(x,y) = max{y — da,,(2), 4o, (z) — y}

where ap; — o, = 1 — . Assume that the following hold:

|UA)m(X7Y) - w(X7Y)| = 0.

1. limmﬁoc E(X,Y)NP)’;?Y

2. there exists r,b1,by > 0 such that P™ (y | z) € [by, ba] uniformly over all (x,y) with
Y € [qou, (%) = 7, Gy, () + 1] U [qay,, () — 7 qa, () + 1),

3.3k > 0 st limy oo Exopy [HE(X)] = 0 where Hy(z) = max{|§a,, m(z) —
qalo(x)|7 |dahi;m<x) — an; ($)|}

Then for any t > 0, we have that lim,,, o ]P’(wap;* (Y eCnn(X)|X)<1—a—1t)=0.

X

Remark. One caveat of Prop. {4.3]is that Assumption 3 is rather strong. In general, consistently
estimating the quantiles under the target policy 7* is not straightforward given that we only have
access to observational data from 7°. While one can use a weighted pinball loss to estimate quantiles
under 7*, consistent estimation of these quantiles would require a consistent estimate of the weights
(see Appendix . Hence, unlike [14} Theorem 1], our Prop. is not a “doubly robust" result.

Towards Group Balanced Coverage. As pointed out by [2], we may want predictive intervals that
have the same coverage across different groups, e.g., across male and female users [[17]. Standard CP
will not necessarily achieve this, as the coverage guarantee (1) is over the entire population of users.
However, we can use COPP on each subgroup separately to obtain group balanced coverage. A more
detailed discussion on how to construct such intervals has been included in Appendix [B.4.

5 Related Work

Conformal Prediction: A number of works have explored the use of CP under distribution shift. The
works of [27] and [[14] are particularly notable as they extend CP to the general setting of weighted
exchangeability. In particular, [14] use CP for counterfactual inference where the goal is to obtain
predictive intervals on the outcomes of treatment and control groups. The authors formulate the
counterfactual setting into that of covariate shift in the input space X and show that under certain
assumptions, finite-sample coverage can be guaranteed.



Table 1: Toy experiment results with required coverage 90%. While WIS intervals provide required
coverage, the mean interval length is huge compared to COPP (see table [@

(a) Mean Coverage as a function of policy shift with2  (b) Mean Interval Length as a function of policy shift

standard errors over 10 runs. with 2 standard errors over 10 runs.

Coverage A.=0.0 A =01 Ac=0.2 Interval Lengths A, =0.0 A, =0.1 Ac=02

COPP (Ours) 0.90 + 0.01  0.90 = 0.01 0.91 + 0.01 COPP (Ours) 9.08£0.10 9484022 9.97+038
WIS 0.89 +0.01 0.91+0.02 0.94 +0.02 WIS 24144030 3296+ 1.80 43.12 +3.49
SBA 0.90 + 0.01 0.88+0.01 0.87 = 0.01 SBA 878+0.12 894+0.10 833 +0.09
COPP (GT weights Ours)  0.90 + 0.01  0.90 +0.01  0.90 + 0.01 COPP (GT weights Ours) 891 £0.09 9254+0.12  9.59+0.20
CP (no policy shift) 0.90 +0.01 0.87+0.01 0.85=+0.01 CP (no policy shift) 9.00£0.10  9.00+0.10  9.00 +0.10
CP (union) 0.96 +0.01 0.96+0.01 0.96+ 0.01 CP (union) 10.66 £0.18 11.04+0.2  11.4+026

Fundamentally, our work differs from [[14] by framing the problem as a shift in the conditional Py x
rather than as a shift in the marginal Py . The resulting methodology we obtain from this then differs
from [14]] in a variety of ways. For example, while [14] assume a deterministic target policy, COPP
can also be applied to stochastic target policies, which have been used in a variety of applications,
such as recommendation systems or RL applications [25; 22} [7]]. Likewise, unlike [14], COPP is
applicable to continuous action spaces, e.g., doses of medication administered.

In addition, when the target policy is deterministic, there is an important methodological difference
between COPP and [14]. In particular, [14] construct the intervals on outcomes by splitting calibration
data w.r.t. actions. In contrast, it can be shown that COPP uses the entire calibration data when
constructing intervals on outcomes. This is a consequence of integrating out the actions in the weights
w(z,y) (@), and empirically leads to smaller variance in coverage compared to [14]. See []Efor the
experimental results comparing COPP to [14] for deterministic policies.

[LS] propose using CP to construct robust policies in contextual bandits with discrete actions. Their
methodology uses CP to choose actions and does not involve evaluating target policies. Hence, the
problem being considered is orthogonal to ours. There has also been concurrent work adapting CP
to individual treatment effect (ITE) sensitivity analysis model [10; 32]]. Similar to our approach,
these works formulate the sensitivity analysis problem as one of CP under the joint distribution shift
Px y. While our methodologies are related, the application of CP explored in these works, i.e. ITE
estimation under unobserved confounding, is fundamentally different.

Uncertainty in contextual bandits: Recall from the introduction, that most works in this area have
focused on quantifying uncertainty in expected outcome (policy value) [6}[12]. Despite providing
finite sample-guarantees on the expectation, these methods do not account for the variability in the
outcome itself and in general are not adaptive w.r.t. X, i.e. they do not satisfy properties (i), (ii) from
Sec. [95 5] on the other hand, propose off-policy assessment algorithms for contextual bandits
w.r.t. a more general class of risk objectives such as Mean, CVaR etc. Their methodologies can be
applied to our problem, to construct predictive intervals for off-policy outcomes. However, unlike
COPP, these intervals are not adaptive w.r.t. X, i.e. do not satisfy property (i) in Sec. [[.T| Moreover,
they do not provide upper bounds on coverage probability, which often leads to overly conservative
intervals, as shown in our experiments. Lastly, while distributional perspective has been explored in
reinforcement learning [3]], no finite sample-guarantees are available to the best of our knowledge.

6 Experiments

Baselines for comparison. Given our problem setup, there are no established baselines. Instead, we
compare our proposed method COPP to the following competing methods, which were constructed
to capture the uncertainty in the outcome distribution and take into account the policy shift.

Weighted Importance Sampling (WIS) CDF estimator. Given observational dataset D,,s =
{xs, ai,yi}iehe, [9] proposed a non-parametric WIS-based estimator for the empirical CDF of YV’
obs p(ai,xi)L(yi<t)
. b plai,a) N
We can use Fyyrs to get predictive intervals [y, /2:Y1—a /2} where y5 = Quantiles(Fywrs). The
intervals [y /2, ¥1—a/2] do not depend on z.

where p(a, z) = :bgzl‘;g are the importance weights.

under 7, FWIS(t) =



Sampling Based Approach (SBA). As mentioned in Sec. [3.1} we can directly use the estimated

A S . iid.
P(y | =, a) to construct the predictive intervals as follows. For a given 2*!, we generate A; Y

(- | &test), and Y; ~ P(- | z'®t, A;) for i < £. We then define the predictive intervals for zt¢s!
using the /2 and 1 — /2 quantiles of {Y; },<¢. While SBA is not a standard baseline, it is a natural

comparison to make to answer the question of “why not construct the intervals using ]3(y|ac7 a)
directly”?

6.1 Toy Experiment

We start with synthetic experiments and an ablation study, in order to dissect and understand our
proposed methodology in more detail. We assume that our policies are stationary and there is overlap
between the behaviour and target policy, both of which are standard assumptions [9; 215 31].

6.1.1 Synthetic data experiments setup

In order to understand how COPP works, we construct a simple experimental setup where we
can control the amount of “policy shift" and know the ground truth. In this experiment, X € R,
A€{1,2,3,4}and Y € R, where X and Y | z, a are normal random variables. Further details and
additional experiments on continuous action spaces are given in Appendix [D.T]

Behaviour and Target Policies. We define a family of policies 7. (a | «), where we use the parameter

€ € (0,1/3) to control the policy shift between target and behaviour policies. Exact form of 7¢(a | x)

is given in For the behaviour policy 7, we use € = 0.3 (i.e. 7°(a | ) = mo.3(a | x)), and

for target policies 7*, we use €* € {0.1,0.2,0.3}. Using the true behaviour policy, 7°, we generate
Nobs

observational data Doy = {4, a;,y; }i2}" which is then split into training (D;,) and calibration
(D.q;) datasets, of sizes m and n respectively.

Estimation of ratios, @ (z, 7). Using the training dataset Dy,., we estimate P(y|z, a) as P(y|z, a) =
N(u(z,a),0(z,a)), where u(x,a),o(x, a) are both neural networks (NNs). Similarly, we use NNs
to estimate the behaviour policy #b from D;,.. Next, to estimate w(z,y), we use with h = 500.

Score. For the score function, we use the same formulation as in [18]}, i.e. s(x,y) = max{q,,, (z) —
Yy Y — Ga,, (z)}, where §g(z) denotes the S quantile estimate of PQTX:m trained using pinball loss.

Lastly, our weights w(z, y) depend on x and y and hence we use a grid of 100 equally spaced out
y’s in our experiments to determine the predictive interval which satisfies C,, (x) == {y : s(z,y) <
Quantile; _, (F*¥)}. This is parallelizable and hence does not add much computational overhead.

Results. Table|la shows the coverages of different methods as the policy shift A, = €® — ¢* increases.

The behaviour policy 7° = 7 3 is fixed and we use n = 5000 calibration datapoints, across 10 runs.
Table [E shows, how COPP stays very close to the required coverage of 90% across all target policies
compared to WIS and SBA. WIS intervals are overly conservative i.e. above the required coverage,
while the SBA intervals suffer from under-coverage i.e. below the required coverage. These results
supports our hypothesis from Sec. [3.1] which stated that COPP is less sensitive to estimation errors

of P(y|z, a) compared to directly using P(y|z, a) for the intervals, i.c. SBA.

Next, Table[Tb shows the mean interval lengths and even though WIS has reasonable coverage for
A = 0.0 and 0.1, the average interval length is huge compared to COPP. Fig. [Tp shows the predictive
intervals for one such experiment with 7* = 7 1 and 7% = 1o 5. We can see that SBA intervals are
overly optimistic, while WIS intervals are too wide and are not adaptive w.r.t. X. COPP produces
intervals which are much closer to the oracle intervals.

6.1.2 Ablation Study.

To isolate the effect of weight estimation error and policy shift, we conduct an ablation study,
comparing COPP with estimated weights to COPP with Ground Truth (GT) weights and standard
CP (assuming no policy shift). Table[Ia]shows that at A, = 0, i.e. no policy shift, standard CP
achieves the required coverage as expected. However the coverage of standard CP intervals decreases
as the policy shift A, increases. COPP, on the other hand, attains the required coverage of 90%, by
adapting the predictive intervals with increasing policy shift. Table|l1b|shows that the average interval
length of COPP increases with increasing policy shift A.. Furthermore, Table [Ia]illustrates that
while COPP achieves the required coverage for different target policies, on average it is slightly more



Table 2: Mean Coverage as a function of policy shift A, and 2 standard errors over 10 runs. COPP
attains the required coverage of 90%, whereas the competing methods, WIS and SBA, are over-
conservative i.e. coverage above 90%. In addition, when we do not account for the policy shift,
standard CP becomes progressively worse with increasing policy shift.

Ac=00 A.=01 A, =02 A, =03 A =04

COPP (Ours) 0.90 +0.00 0.90 +0.02 0.90 +£0.01 0.89 £0.01 0.91+0.01
WIS 1.00 £0.00 1.00£0.00 0.92+0.00 0.9440.00 091+0.00
SBA 0.99 £0.00 0.99+0.00 0.98+0.00 0.9740.00 0.96+0.00

CP (no policy shift) 0.91+0.02 092 +0.02 093 +0.01 0.94£0.01 0.96%+0.01

conservative than using COPP with GT weights. This can be explained by the estimation error in
w(z,y). Additionally, to investigate the effect of integrating out the actions in (7), we also perform
CP for each action a separately (as in [[14]) and then take the union of the intervals across these
actions. In the union method, the probability of an action being chosen is not taken into account, (i.e.,
intervals are independent of 7*) and hence the coverage is overly conservative as expected.

Lastly, we investigate how increasing the number of calibration data n affects the coverage for all
the methodologies. We observe that coverage of COPP is closer to the required coverage of 90%
compared to the competing methodologies. Additionally, the coverage of COPP converges to the
required coverage as n increases; see Appendix [D.I.T for detailed experimental results.

6.2 Experiments on Microsoft Ranking Dataset

We now apply COPP onto a real dataset i.e. the Microsoft Ranking dataset 30k [[16; 255 4]. Due to
space constraints, we have added additional extensive experiments on UCI datasets in Appendix

Dataset. The dataset contains relevance scores for websites recommended to different users, and com-
prises of 30, 000 user-website pairs. For each user-website pair, the data contains a 136-dimensional
feature vector, which consists of user’s attributes corresponding to the website, such as length of stay
or number of clicks on the website. Furthermore, for each user-website pair, the dataset also contains
a relevance score, i.e. how relevant the website was to the user.

First, given a user, we sample (with replacement) 5 websites from the data corresponding to that user.
Next, we reformulate this into a contextual bandit where a; € {1,2, 3,4, 5} corresponds to the action
of recommending the a;’th website to the user i. x; is obtained by combining the 5 user-website
feature vectors corresponding to the user i i.e. x; € R3*136 ¢, € {0,1,2,3,4} corresponds to
the relevance score for the a;’th website, i.e. the recommended website. The goal is to construct
prediction sets that are guaranteed to contain the true relevance score with a probability of 90%.

Behaviour and Target Policies. We first train a NN classifier model, f@, mapping each 136-
dimensional user-website feature vector to the softmax scores for each relevance score class. We use
this trained model fy to define a family of policies which pick the most relevant website as predicted
by fy with probability € and the rest uniformly with probability (1 — €)/4 (see Appendix |D_.2|for
more details). Like the previous experiment, we use € to control the shift between behaviour and
target policies. For 7°, we use ¢® = 0.5 and for 7%, ¢* € {0.1,0.2,0.3,0.4,0.5}.

Estimation of ratios @ (X,Y). To estimate the P(y | x, a) we use the trained model f, as detailed
in Appendix To estimate the behaviour policy 7, we train a neural network classifier model
X — A, and we use (7) to estimate the weights w(x, y).

Score. The space of outcomes ) in this experiment is discrete. We define P (y | =) =
Z?Zl #%(A = i|z)P(y|x, A = i). Using similar formulation as in [2], we define the score:

s(z,y) =Y P™(y | 2)1(P™ (y | 2) > P (y | 2)).

Since ) is discrete, we no longer need to construct a grid of y values on which to compute

Quantile; _, (F;f *¥). Instead, we will simply compute this quantity on each y € ), when constructing

the predictive sets C,, (z'¢5").

Results. Table |2 shows the coverages of different methodologies across varying target policies
7e-. The behaviour policy 7° = 7 5 is fixed and we use n = 5000 calibration datapoints, across



10 runs. Table 2 also shows that the coverage of WIS and SBA sets is dependent upon the policy
shift, with both being overly conservative across the different target policies as compared to COPP.
Recall that the WIS sets do not depend on 2**** and as a result we get the same set for each
test data point. This becomes even more problematic when Y is discrete — if, for each label y,
Pix,y)~pze, (Y = y) > 10%, then WIS sets (with the required coverage of 90%) are likely to

contain every label y € ). In comparison, COPP is able to stay much closer to the required coverage
of 90% across all target policies. We have also added standard CP without policy shift as a sanity
check, and observed that the sets get increasingly conservative as the policy shift increases.

Finally, we also plotted how the coverage changes as the number of calibration data n increases. We
observe again that the coverage of COPP is closer to the required coverage of 90% compared to the
competing methodologies. Due to space constraints, we have added the plots in Appendix

Class-balanced conformal prediction. Using the methodology described in Sec. |4.2, we construct
predictive sets, CY(z), which offer label conditioned coverage guarantees (see , i.e. for all
yel,

Pxyymrg, (Y € CYX) | Y=y)>1-a

We empirically demonstrate that CA?L’ provides label conditional coverage, while C,, obtained using

alg. |I may not. Due to space constraints, details on construction of CA'%} as well as experimental
results have been included in Appendix|D.2.1]

7 Conclusion and Limitations

In this paper, we propose COPP, an algorithm for constructing predictive intervals on off-policy
outcomes, which are adaptive w.r.t. covariates X. We theoretically prove that COPP can guarantee
finite-sample coverage by adapting the framework of conformal prediction to our setup. Our experi-
ments show that conventional methods cannot guarantee any user pre-specified coverage, whereas
COPP can. For future work, it would be interesting to apply COPP to policy training. This could be a
step towards robust policy learning by optimising the worst case outcome [20].

We conclude by mentioning several limitations of COPP. Firstly, we do not guarantee conditional
coverage in general. We outline conditions under which conditional coverage holds asymptotically
(Prop. [4.3), however, this relies on somewhat strong assumptions. Secondly, our current method
estimates the weights w(z,y) through P(y | x,a), which can be challenging. We address this
limitation in Appendix [B.5.2, where we propose an alternative method to estimate the weights
directly, without having to model P(y | x,a). Lastly, reliable estimation of our weights w(x,y)
requires sufficient overlap between behaviour and target policies. The results from COPP may suffer
in cases where this assumption is violated, which we illustrate empirically in Appendix [D.1.2] We
believe these limitations suggest interesting research questions that we leave to future work.
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