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Abstract

Conditional independence (CI) testing is a fundamental and challenging task in
modern statistics and machine learning. Many modern methods for CI testing rely
on powerful supervised learning methods to learn regression functions or Bayes
predictors as an intermediate step; we refer to this class of tests as regression-
based tests. Although these methods are guaranteed to control Type-I error when
the supervised learning methods accurately estimate the regression functions or
Bayes predictors of interest, their behavior is less understood when they fail due
to misspecified inductive biases; in other words, when the employed models are
not flexible enough or when the training algorithm does not induce the desired
predictors. Then, we study the performance of regression-based CI tests under
misspecified inductive biases. Namely, we propose new approximations or up-
per bounds for the testing errors of three regression-based tests that depend on
misspecification errors. Moreover, we introduce the Rao-Blackwellized Predictor
Test (RBPT), a regression-based CI test robust against misspecified inductive bi-
ases. Finally, we conduct experiments with artificial and real data, showcasing the
usefulness of our theory and methods.

1 Introduction

Conditional independence (CI) testing is fundamental in modern statistics and machine learning (ML).
Its use has become widespread in several different areas, from (i) causal discovery [12, 24, 34, 11]
and (ii) algorithmic fairness [28], to (iii) feature selection/importance [5, 37] and (iv) transfer learning
[25]. Due to its growing relevance across different sub-fields of statistics and ML, new testing
methods with different natures, from regression to simulation-based tests, are often introduced.

Regression-based CI tests, i.e., tests based on supervised learning methods, have become especially
attractive in the past years due to (i) significant advances in supervised learning techniques, (ii) their
suitability for high-dimensional problems, and (iii) their simplicity and easy application. However,
regression-based tests usually depend on the assumption that we can accurately approximate the
regression functions or Bayes predictors of interest, which is hardly true if (i) either the model classes
are misspecified or if (ii) the training algorithms do not induce the desired predictors, i.e., if we
have misspecified inductive biases. Misspecified inductive biases typically lead to inflated Type-I
error rates but also can cause tests to be powerless. Even though these problems can frequently arise
in practical situations, more attention should be given to theoretically understanding the effects of
misspecification on CI hypothesis testing. Moreover, current regression-based methods are usually
not designed to be robust against misspecification errors, making CI testing less reliable. In this
work, we study the performance of three major regression-based conditional independence tests under
misspecified inductive biases and propose the Rao-Blackwellized Predictor Test (RBPT), which is
more robust against misspecification.
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With more details, our main contributions are:

¢ We present new robustness results for three relevant regression-based conditional independence
tests: (i) Significance Test of Feature Relevance (STFR) [7], (ii) Generalized Covariance Measure
(GCM) test [31], and (iii) REgression with Subsequent Independence Test (RESIT) [42, 24, 12].
Namely, we derive approximations or upper bounds for the testing errors that explicitly depend on
the level of misspecification.

* We introduce the Rao-Blackwellized Predictor Test (RBPT), a modification of the Significance
Test of Feature Relevance (STFR) [7] test that is robust against misspecified inductive biases.
In contrast with STFR and previous regression/simulation-based' methods, the RBPT does not
require models to be correctly specified to guarantee Type-I error control. We develop theoretical
results about the RBPT, and experiments show that RBPT is robust when controlling Type-I error
while maintaining non-trivial power.

2 Preliminaries

Conditional independence testing. Let (X, Y, Z) be a random vector taking values in X x J) x Z C
Réx*dy xdz and P be a fixed family of distributions on the measurable space (X x ) x Z, B), where
B =B(X xY x Z) is the Borel o-algebra. Let (X,Y, Z) ~ P and assume P € P. If Py C P is the set
of distributions in P such that X 1 Y | Z, the problem of conditional independence testing can be
expressed in the following way:

Ho: PePy Hy,:PeP\Po

In this work, we also write Hp : X L Y | Zand H, : X L Y | Z. We assume throughout that
we have access to a dataset D™ = {(X;,V;, Z;)}"*™ independent and identically distributed
(i.i.d.) as (X,Y, Z), where D™ splits into a test set D\ = {(X;,Y;, Z:)}1-, and a training set
D™ = {(X.,Yi, Zi) »+ . For convenience, we use the training set to fit models and the test set to
conduct hypothesis tests, even though other approaches are possible.

Misspecified inductive biases in modern statistics and machine learning. Traditionally, misspeci-
fied inductive biases in statistics have been linked to the concept of model misspecification and then
strictly related to the chosen model classes. For instance, if the best (Bayes) predictor for Y given X,
f*, is a non-linear function of X, but we use a linear function to predict Y, then we say our model
is misspecified because f* is not in the class of linear functions. In modern machine learning and
statistics, however, it is known that the training algorithm also plays a crucial role in determining
the trained model. For example, it is known that training overparameterized neural networks using
stochastic gradient descent bias the models towards functions with good generalization [14, 33]. In
addition, D’ Amour et al. [9] showed that varying hyperparameter values during training could result
in significant differences in the patterns learned by the neural network. The researchers found, for
instance, that models with different random initializations exhibit varying levels of out-of-distribution
accuracy in predicting skin health conditions for different skin types, indicating that each model
learned distinct features from the images. The sensitivity of the trained model concerning different
training settings suggests that even models capable of universal approximation may not accurately
estimate the target predictor if the training biases do not induce the functions we want to learn.

We present a toy experiment to empirically demonstrate how the training algorithm can prevent us
from accurately estimating the target predictor even when the model class is correctly specified,
leading to invalid significance tests. We work in the context of a high-dimensional (overparameterized)
regression with a training set of 250 observations and 500 covariates. We use the Generalized
Covariance Model (GCM) test® [31] to conduct the CI test. The data are generated as

Z ~ N(OaISOO)v X | ZNN(ﬂ§Zy 1)7 andY | X7ZN N(B;;Z7 1)7

where the first five entries of Sx are set to 20, and the remaining entries are zero, while the last five
entries of By are set to 20, and the remaining entries are zero. This results in X and Y being condition-
ally independent given Z and depending on Z only through a small number of entries. Additionally,
E[X | Z] = 8% Z and E[Y | Z] = By Z, indicating that the linear model class is correctly specified. To

!Simulation-based tests usually rely on estimating conditional distributions.
2See Appendix A.3 for more details



perform the GCM test, we use LASSO (J|-||, penalization term added to empirical squared error) and
the minimum-norm least-squares solution to fit linear models that predict X and Y given Z. In this
problem, the LASSO fitting approach provides the correct inductive bias since Sx and S8y are sparse.
We set the significance level to o = 10% and estimate the Type-I
error rate for 100 different training sets. Figure 1 provides the o
Type-I error rate empirical distribution and illustrates that, despite o Minimurm-norm
using the same model class for both fitting methods, the training
algorithm induces an undesired predictor in the minimum-norm >
case, implying an invalid test most of the time. On the other hand, §
the LASSO approach has better Type-I error control. In Appendix
A, we give a similar example but using the Significance Test of 10
Feature Relevance (STFR) [7].
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In this work, we formalize the idea of misspecified inductive Type-l error rate
biases in the following way. Assume that a training algorithm A
is used to choose a model (™ = A(D{™) from the class G("™.
We further assume that the sequence (6"™)men converges toa - solely on the model classes. Un-
11m1t1pg model Q* in a relevant context—depgndent sense. We like the minimum-norm solution, the
use different notions of convergence depending on the specific [ ASSO fit gives the correct induc-
problem under consideration, which will be clear in the following tive bias in high-dimensional regres-
sections. We say that g* "carries misspecified inductive biases" if sion, providing better Type-I error
it does not equal the target Bayes predictor or regression function control.

f*. There are two possible reasons for ¢* carrying misspecified

biases: either the limiting model class is small and does not include f*, or the training algorithm A
cannot find the best possible predictor, even asymptotically.

Figure 1: Type-I error rate is con-
tingent on the training algorithm and

Notation. We write Ep and Varp for the expectation and variance of statistics computed using
1.id. copies of (X,Y,Z) ~ P. Consequently, Pp(A) = Epl,, where 1, is the indicator of an
event A. If Ep and Varp are conditioned on some other statistics, we assume those statistics are
also computed using i.i.d. samples from P. As usual, ® is the N (0, 1) distribution function. If
(am)men and (b )men are sequences of scalars, then a,, = o(b,,) is equivalent to a,,/b,, — 0 as
m — 00 and Gy, = by, + 0(1) Means a, — by, = o(1). If (V™),,cy is a sequence of random variables,
where V(™ as constructed using i.i.d. samples of P e P for each m, then (i) V(™ = 0,(1)
means that for every e > 0 we have Ppin)([V™| > &) = 0as m — oo, (i) V™ = 0,(1)
means that for every ¢ > 0 there exists a M > 0 such that sup,,cy Ppem) (V™| > M) < e, (iii)
VM = a,, + 0,(1) means V™ — a,, = 0,(1), (iv) V(™ = o,(a,) means V™ /a,, = o0,(1), and
V) V™ = O, (am) means V™ /a,, = O,(1). Finally, let (Vlgm))mgN,pep be a family of random
variables that distributions explicitly depend on m € N and P € P. We give an example to clarify what
we mean by "explicitly" depending on a specific distribution. Let vg"” = L™ (Xi — pp), where
wp = Ep[X]. Here, V;m) explicitly depends on P because of the quantity pp. In this example, X;’s
outside the expectation can have an arbitrary distribution (unless stated), i.e., could be determined by
P or any other distribution. With this context, (i) V}g’") = op(1) means that for every ¢ > 0 we have
SUPpep Pp([VS™] > &) = 0 as m — oo, (ii) V™ = Op(1) means that for every ¢ > 0 there exists a
M > 0 such that sup,,cy pep Pp([Vi™| > M) < e, (iii) VS™ = op(an) means V5™ Ja,, = op(1),
and (iv) V™ = Op(am) means V™ /an, = Op(1).

Related work. There is a growing literature on the problem of conditional independence testing
regarding both theoretical and methodological aspects®. From the methodological point of view, there
is a great variety of tests with different natures. Perhaps, the most important groups of tests are (i)
simulation-based tests [5, 3, 4, 32, 35, 20], (ii) regression-based tests [40, 24, 42, 38, 31, 7], (iii)
kernel-based tests [10, 8, 34, 30], and (iv) information-theoretic based tests [29, 16, 39]. Due to the
advance of supervised and generative models in recent years, regression and simulation-based tests
have become particularly appealing, especially when Z is not low-dimensional or discrete. A related
but different line of research is constructing a lower confidence bound for conditional dependence
of X and Y given Z [41]. In that work, the authors propose a method that relies on computing
the conditional expectation of a possibly misspecified regression model, which can be related to

3See, for example, Marx and Vreeken [21], Shah and Peters [31], Li and Fan [19], Neykov et al. [23], Watson
and Wright [37], Kim et al. [15], Shi et al. [32], Scetbon et al. [30], Tansey et al. [35], Zhang et al. [39], Ai et al.
[1]



our method presented in Section 4. Despite the relationship between methods, their motivations,
assumptions, and contexts are different.

Simulation-based tests depend on the fact that we can, implicitly or explicitly, approximate the
conditional distributions Px,z or Py|z. Two relevant simulation-based methods are the conditional
randomization and conditional permutation tests (CRT/CPT) [5, 3, 4, 35]. For these tests, Berrett
et al. [4] presents robustness results showing that we can approximately control Type I error even
if our estimates for the conditional distributions are not perfect and we are under a finite-sample
regime. However, it is also clear from their results that CRT and CPT might not control Type I
error asymptotically when models for conditional distributions are misspecified. On the other hand,
regression-based tests work under the assumption that we can accurately approximate the conditional
expectations E[X | Z] and E[Y | Z] or other Bayes predictors, which is hardly true if the modeling
and training inductive biases are misspecified. To the best of our knowledge, there are no published
robustness results for regression-based CI tests like those presented by Berrett et al. [4]. We explore
this literature gap.

3 Regression-based conditional independence tests under misspecified
inductive biases

This section provides results for the Significance Test of Feature Relevance (STFR) [7]. Due to limited
space, the results for the Generalized Covariance Measure (GCM) test [31] and the REgression with
Subsequent Independence Test (RESIT) [42, 24, 12] are presented in Appendix A. From the results in
Appendix A, one can easily derive a double robustness property for both GCM and RESIT, implying
that not all models need to be correctly specified or trained with the correct inductive biases for
Type-I error control.

3.1 Significance Test of Feature Relevance (STFR)

The STFR method studied by Dai et al. [7] offers a scalable approach for conducting conditional
independence testing by comparing the performance of two predictors. To apply this method, we first

train two predictors g, 3™ X x Z > Yand g(m) Z — Y on the training set D ) to predict Y given
(X,Z) and Z, respectlvely We assume that candidates for § A(m) are models in the same class as § A(m)
but replacing X with null entries. Using samples from the test set D™, we conduct the test rejectmg
Ho : X LY | Zif the statistic A™™ 2 \/pT(™™) /5™ exceeds 7, £ & 1(1 — ), depending on
the significance level a € (0,1). We define 7™ and ™™ as

2
T 2 L5 T and 5 2 | Ly (10m)? — (L0, 1) } ! 3.1

with 7™ 2 ¢(6$™)(2,), ) — 0(3$™ (X4, Z:), Vi) + €. Here, £ is a loss function, typically used during
the training phase, and {e;};-; 1151 N(0, p*) are small artificial random noises that do not let 5™
vanish with a growing training set, thus allowing the asymptotic dlstrlbutlon of A(™™) to be standard
normal under Ho : X 1 Y | Z. If the p-value is defined as p(D{™, D{™) = 1 — ®(A™™), the test is

equivalently given by

Lif p(D{2), D) <
STFR /~(n) 4~(m) I P(Pee =
5 (D Dy 32
Pa (D )= { 0, otherwise (3.2)

The rationale behind STER is that if Hy : X L Y | Z holds, then §\™ and §{™ should have
similar performance in the test set. On the other hand, if H, does not hold, we expect §\™ to have
significantly better performance, and then we would reject the null hypothesis. Said that, to control
STFR’s Type -I error, it is necessary that the risk gap between 3™ and 3™, Ep[¢(4{™(2),Y) |
Dt(;")] Ep[l(g §m> (X,2),Y) | Di;”)], under H, vanishes as the training set size increases. Moreover,
we need the risk gap to be positive for the test to have non-trivial power. These conditions can be met
if the risk gap of g p and g5 p, the limiting models of § A(m) and g(m) is the same as the risk gap of
the Bayes’ predlctors

fi.p 2 argming, Ep[(fi(X, 2),Y)] and f5p 2 argmin , Er[£(f2(2), Y)],



where the minimization is done over the set of all measurable functions*. However, the risk gap

~(m)

between §\™ and g™ will typically not vanish if g1,p and g5 p are not the Bayes’ predictors even
under Ho. In general, we should expect g7 p to perform better than g5 » because the second predictor
does not depend on X. Furthermore, their risk gap can be non-positive even if f] » performs better
than f5 p. In Appendix A.2, we present two examples in which model misspecification plays an
important role when conducting STFR. The examples show that Type-I error control and/or power
can be compromised due to model misspecification.

To derive theoretical results, we adapt the assumptions from Dai et al. [7]:

Assumption 3.1. There are functions g p, g5 p, and a constant ~y > 0 such that
Er (35" (2),Y) | D] — B [£(g3,p(2),Y)] = (Er[6(3™ (X, 2),Y) | D] — Er [(g1,p(X, 2),Y)])
=O0p(m™7)
Assumption 3.2. There exists a constant k > 0 such that
Ep[|T{™ 2T | DIM] = Op(1) as m — oo
Assumption 3.3. For every P € P, there exists a constant o% > 0 such that

Varp[T(™ | D{™] — 0% = op(1) as m — oo and gngp op >0
€

Finally, we present the results for this section. We start with an extension of Theorem 2 presented by
Dai et al. [7] in the case of misspecified inductive biases.

Theorem 3.4. Suppose that Assumptions 3.1, 3.2, and 3.3 hold. If n is a function of m such that
n — oo and n = o(m*?) as m — oo, then

Er[ef™ (D, D)) =1 - @ (70 = [ZOF™) +0(1)
where o(1) denotes uniform convergence over all P € P as m — oo and
Q™ £ Epll(gs,p(2),Y)] — Erlt(9i p(X, 2),Y)]

Theorem 3.4 demonstrates that the performance of STFR depends on the limiting models g7 » and
g3 p. Specifically, if Q$I™® > 0, then Ep[oST™ (D™, D{™)] — 1 evenif Ho : X L Y | Z holds. In
practice, we should expect Q™ > 0 because of how we set the class for §{™ . In contrast, we could
have Q$I™ < 0, and then Ep [0SR (D), D{™)] < a+o0(1), even if the gap between Bayes’ predictors
is positive. See examples in Appendix A.2 for both scenarios. Next, we provide Corollary 3.6 to
clarify the relationship between testing and misspecification errors. This corollary formalizes the
intuition that controlling Type-I error is directly related to misspecification of g5 p, while minimizing
Type-II error is directly related to misspecification of g7 p.

Definition 3.5. For a distribution P and a loss function ¢, define the misspecification gaps:

Avp £Ep[l(gi,p(X, 2),Y)-Er[l(fi,p(X,2),Y)] and Do p £ Ep[l(g3,p(2),Y)|-Ep[t(f3,p(2),Y)]
The misspecification gaps defined in Definition 3.5 quantify the difference between the limiting
predictors g7 p and g3 p and the Bayes predictors f; » and f5 p, i.e., give a misspecification measure
for g7 p and g3 p. Corollary 3.6 implies that the STFR controls Type-I error asymptotically if

A» p = 0, and guarantees non-trivial power if the degree of misspecification of g7 p is not large
compared to the performance difference of the Bayes predictors Ap, that is, when Ap — Ay p > 0.

Corollary 3.6 (Bounding testing errors). Suppose we are under the conditions of Theorem 3.4.
(Type-1 error) If Hy : X LY | Z holds, then
Eref (D, D) < 1- (70— [Z Ao ) +0(1)
where o(1) denotes uniform convergence over all P € Py as m — oo.
(Type-II error) In general, we have

1= Ep[ef™ (D, D)) < @(ra = [Z(Ar = Avp)) +o(1)

where o(1) denotes uniform convergence over all P € P as m — oo and Ap = Ep[l(f5 p(Z),Y)] —
EP[K(fiP(Xa Z)7 Y)]

*We assume f; pand f5 p to be well-defined and unique.




4 A robust regression-based conditional independence test

This section introduces the Rao-Blackwellized Predictor Test (RBPT), a misspecification robust
conditional independence test based on ideas from both regression and simulation-based CI tests.
The RBPT assumes that we can implicitly or explicitly approximate the conditional distribution
of X | Z and does not require inductive biases to be correctly specified. Because RBPT involves
comparing the performance of two predictors and requires an approximation of the distribution of
X | Z, we can directly compare it with the STFR [7] and the conditional randomization/permutation
tests (CRT/CPT) [5, 4]. The RBPT can control Type-I error under relatively weaker assumptions
compared to other tests, allowing some misspecified inductive biases.

The RBPT can be summarized as follows: (i) we train (™ that predicts Y given (X, Z) using Dt(:" )
(ii) we obtain the Rao-Blackwellized predictor A by smoothing §(™, i.e.,

h(m) fg m) (2, 2)dPx|z=-(x),

then (iii) compare its performance with §(™)’s using the test set D{™ and a convex loss® function ¢ (not
necessarily used to train (™), and (1V) if the performance of §(™ is statistically better than h(™)’s,
we reject Ho : X 1L Y | Z. The proce-
dure described here bears a resemblance - —
to the Rao-Blackwellization of estimators. Algorithm 1: Obtaining p-value for the RBPT
In classical statistics, the Rao-Blackwell; Input: (i) Test set D(”) = {(X4,Ys, Zi) Yy, (i)
theorem [17] states that by taking the con-
ditional expectation of an estimator with re-
spect to a sufficient statistic, we can obtain
a better estimator if the loss function is con-
vex. In our case, the variable Z can be seen3 For each i € [n], get

asa "s'ufﬁc1ent staﬁshc" for Y under the as- 1™ (Z;) = [ '™ (x, Zi)dQ(;T)Z 2, (2);
sumption of conditional independence Hy : —(nm) & ) A ()

X LY | Z. If Ho holds and the loss £(g,y)* Compute =™ = /nT"™™ /6 where
is convex in its first argument, we can show (mm) & Iy Tl-(m) with

using Jensen’s inequality that the resulting (m) & ot (m) - (m)
model A™ has a lower risk relative to the ;™ = UhT(20), Ya) = H(g (X, Zi), Vi)
initial model g™, i.e, Ep[(h™(2),Y) | gpq gnm being {7;}’s sample std dev (Eq. 3.1).
D] - Epll(§™ (X, 2),Y) | D] < 0.

Then, the risk gap in RBPT is non-positive S returnp =1 — (E"™).
under Hy in contrast with STFR’s risk gap,

which we should expect to be always non-negative given the definition of gs
negatively biases the RBPT test statistic, enabling better Type-I error control

initial predictor ™, (iii) conditional distribution

estimate Qﬁ?f)z, (iv) convex loss function /;

2 Output: p-value p;

NGO

in that case. That fact

In practice, we cannot compute h(™ exactly because Py is usually unknown. Then, we use an

approximation Qg(W\L)Z’ which can be given explicitly, e.g., using probabilistic classifiers or conditional
density estimators [13], or implicitly, e.g., using generative adversarial networks (GANs) [22, 3]. We
assume that Q;T)Z is obtained using the training set. The approximated h(™ is

™ (2) 2 [ g™ (x z)ng?‘L)Z:Z (z)

where the integral can be solved numerically in case Qg?l”)z has a known probability mass function
or Lebesgue density (e.g., via trapezoidal rule) or via Monte Carlo integration in case we can only
sample from Q():T)Z Finally, for a fixed significance level a € (0, 1), the test oXF" is given by Equation
3.2 where the p-value is obtained via Algorithm 1.

Before presenting RBPT results, we introduce some assumptions. Let Q% , represent the limiting
model for Q )?fz The conditional distribution Q% depends on the underlying distribution P, but we
omit additional subscripts for ease of notation. Assumption 4.1 defines the limiting models and fixes
a convergence rate.

5The loss function £(9, y) needs to be convex with respect to its first entry (3) for all y. Both the test set and
training set sizes, and the loss function ¢ can be chosen using the heuristics introduced by Dai et al. [7].



Assumption 4.1. There is a function gp, a conditional distribution QY , and a constant y > 0 s.1.

[ o

2 — a7 D = 0p(m=) and Ep [dr(QT, O DM = Op(m ™
(2) = gp(2)|| | i p(m™7) and Ep |drv(QY|y, Qx|z) | Dir p(m™7)

where drv denotes the total variation (TV) distance. Additionally, assume that both Q(;‘L)Z and Q| z
are dominated by a common o-finite measure which does not depend on Z or m.

The common dominating measure in Assumption 4.1 could be, for example, the Lebesgue measure
in R%x. Next, Assumption 4.2 imposes additional constraints on the limiting model Q%|z- Under
that assumption, the limiting misspecification level must be uniformly bounded over all P € P.

Assumption 4.2. For all P € P, the chi-square divergence

de\z

X’ (Q}|ZHPX|Z) / dPx |z Q;qz -
is a well-defined integrable random variable and supp» Ep [X* (Q% | z||Px|z)] < .

Now, assume §(™ is chosen from a model class G™). Assumption 4.3 imposes constraints on the
model classes {G(™} and loss function .

Assumption 4.3. Assume (i) sup ¢ g(m) SUp(, . exx z 19(, 2)||; < M < oo, for some real and positive
M > 0, uniformly for all m, and (ii) that £ is a L—Lipschitz loss function (with respect to its first
argument) for a certain L > 0, i.e., for any §,7',y € Y, we have that |£(3,y) — 0§, y)| < L7 — 9'[l5-

Assumption 4.3 is valid by construction since we choose G(™ and the loss function £. That assumption
is satisfied when, for example, (a) models in U,,,G™ are uniformly bounded, (b) £(3,y) = ||§ — ylly
with p > 1, and (c) ) is a bounded subset of R%, i.e., in classification problems and most of the
practical regression problems. The loss £(7,y) = [|§ — yl[;, with p > 1, is also convex with respect to
its first entry and then a suitable loss for RBPT. It is important to emphasize that ¢ does not need to be
the same loss function used during the training phase. For example, we could use £(3,y) = |4 — y||3
in classification problems, where y is a one-hot encoded class label and 3 is a vector of predicted
probabilities given by a model trained using the cross-entropy loss.

Theorem 4.4. Suppose that Assumptions 3.2, 3.3, 4.1, 4.2, and 4.3 hold. If n is a function of m such
that n — oo and n = o(m™) as m — oo, then

BB OR) 1-0(e- 0) ot
P
where o(1) denotes uniform convergence over all P € P as m — oo and Q" = QP — Q5" with

QRP],?T £ Ep [e (fg;;(iu Z)dQEHZ(x)vY)] —Ep [é (fg;(x,z)dPX|Z(x)7Y)]
and

QFs" 2Ep[lgp(X,2),Y)] —Ep [¢([ gp(z, Z)dPx 2z (2),Y)]
——

Jensen’s gap

When Hy : X L Y | Z holds and ¢ is a strictly convex loss function (w.r.t. its first entry), we have
that QF3" > 0, allowing® some room for the "incorrectness" of Q% . That is, from Theorem 4.4,
as long as QP <0, i.e., if Q%,,’s incorrectness (measured by Q") is not as big as Jensen’s gap
Qp,2, RBPT has asymptotic Type-I error control. Uniform asymptotic Type-I error control is possible
if suppep, QP < 0. This is a great improvement of previous work (e.g., STFR, GCM, RESIT, CRT,
CPT) since there is no need for any model to converge to the ground truth if QF7" < QF%", which
is a weaker condition. See however that a small Q%" reduces the room for Q X1z _ incorrectness.
In the extreme case, when g} is the Bayes predlctor, and therefore does not depend on X under
Hy, we need’ Q% |z = Px|z almost surely. On the other hand, if g5 is close to the Bayes predictor,
RBPT has better power. That imposes an expected trade-off between Type-I error control and

%1n practice, we do not need £ to be strictly convex for the Jensen’s gap to be positive. Assuming that g5
depends on X under Hy is necessary, though. That condition is usually true when g5 is not the Bayes predictor.

"In this case, Assumption 3.3 is not true. We need to include artificial noises in the definition of 7 as it was
done in STFR by Dai et al. [7] in case we have high confidence that models converge to the ground truth.
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Figure 2: Type-1 error rates (¢ = 0). In the first two plots, we set § = 0 for RBPT, permitting Type-I error
control across different dz values (Theorem 4.4), while RBPT?2 allows Type-I error control for moderate d.
All the baselines fail to control Type-I errors regardless of dz. The last two plots illustrate that CRT emerges as
the least robust test in this context, succeeded by RBPT and CPT.

power. To make a comparison with Berrett et al. [4] ’s results in the case of CRT and CPT, we can
express our remark in terms of the TV distance between QY% and Py z. It can be shown that if
Epldrv(Q% z: Pxz)] < QF5' /(2M L), then Type-I error control is guaranteed (see Appendix A.5).
This contrasts with Berrett et al. [4] ’s results because Ep[drv(Q%z, Px|z)] = 0 is not needed.

‘We conclude this section with some relevant observations related to the RBPT.

On RBPT’s power. Like STFR, non-trivial power is guaranteed if the predictor g5 is good enough.
Indeed, the second part of Corollary 3.6 can be applied for an upper bound on RBPT’s Type-II error.

Semi-supervised learning. Let Y denote a label variable. Situations in which unlabeled samples
(X;, Z;) are abundant while labeled samples (X;,Y;, Z;) are scarce happen in real applications of
conditional independence testing [5, 4]. RBPT is well suited for those cases because the practitioner
can use the abundant data to estimate Py, flexibly. The semi-supervised learning scenario also
applies to RBPT2, which we describe next.

Running RBPT when it is hard to estimate Py ,: the RBPT2. There might be situations in
which it is hard to estimate the full conditional distribution Py,|z. An alternative approach would be
estimating the Rao-Blackwellized predictor directly using a second regressor. After training §™,
we could use the training set, organizing it in pairs {(Z;, 3™ (Z;, X))}, to train a second predictor
h(™ to predict 3™ (Z, X) given Z. That predictor could be trained to minimize the mean-squared
error. The model 4™ should be more complex than §(™, in the sense that we should hope that the
first model performs better than the second under Hy in predicting Y. Consequently, this approach is
effective when unlabeled samples are abundant, and we can train / using both unlabeled data and
the given training set. After obtaining (™, the test is conducted normally. We name this version of
RBPT as "RBPT2". We include a note on how to adapt Theorem 4.4 for RBPT2 in Appendix A.6.

S Experiments

We empirically® analyze RBPT/RBPT?2 in the following experiments and compare them with relevant
benchmarks, especially when the used models are misspecified. We assume o = 10% and £(g,y) =
(§ — y)?. The benchmarks encompass STFR [7], GCM [31], and RESIT [42], which represent
regression-based CI tests. Furthermore, we examine the conditional randomization/permutation tests
(CRT/CPT) [5, 4] that necessitate the estimation of Pxz.

Artificial data experiments. Our setup takes inspiration from Berrett et al. [4], and the data is
generated as

Z~N(0,1s,), X|Z~N(b"2)?%1), Y|X,Z~N(cX+a"Z+~0b"'2)1).

Here, dz denotes the dimensionality of Z, a and b are sampled from N (0, I, ), the constant c deter-
mines the conditional dependence of X and Y on Z, and the parameter ~ dictates the hardness of
conditional independence testing: a non-zero ~ implies potential challenges in Type-I error control
as there might be a pronounced marginal dependence between X and Y under Hy. Moreover, the
training (resp. test) dataset consists of 800 (resp. 200) entries, and every predictor we employ operates
on linear regression. RESIT employs Spearman’s correlation between residuals as a test statistic while

8Code in https://github.com/felipemaiapolo/cit.
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CRT and CPT’ deploy STFR’s test statistic, all of them with p-values determined by conditional sam-
pling/permutations executed 100 times (B = 100), considering Q x1z=N((b"2)*+6,1). The value
of 6 gives the error level in approximating Px /. To get h in the two variations of RBPT, we either use
Q x|z (RBPT) or kernel ridge regression (KRR) equipped with a polynomial kernel to predict §: (X, Z)
from Z (RBPT2). We sample generative parameters (a, b) five times using different random seeds, and
for each iteration, we conduct 480 Monte Carlo simulations to estimate Type-I error and power. The
presented results are the average (+ standard deviation) estimated Type-I error/power across iterations.

10 dz=40 1000 In Figure 2 (resp. 4) we compare our methods’ Type-
N c I error rates (with ¢ = 0) (resp. power) against bench-
éog 800 § marks. Regarding Figure 2, we focus on regression-
:._j, 06 600 2 based tests (STFR, GCM, and RESIT) in the first two
L g plots and on simulation-based tests (CRT and CPT) in
g o4 w0 3 the last two plots. Regarding the first two plots, it is
2 o not straightforward to compare the level of misspecifi-
N == 0 ﬁ cation between our methods and the benchmarks, so we
'b 0 use this as an opportunity to illustrate Theorem 4.4 and

0.0 T T T T
0.000 0.005 0.010 0.015 0.020

¥ results from Section 3 and Appendix A. Fixing § = 0

for RBPT, the Rao-Blackwellized predictor h is perfectly
Figure 3: Making RBPT2 more robust using  OPtained, permitting Type-I error control regardless of
unlabeled data. With dz = 40, we gradually the chosen dz. Using KRR for RBPT2 makes h close
increase the unlabeled sample size from 0 to h when dz is not big and permits Type-I error control.
to 1000 when fitting h. The results show When dz is big, more data is needed to fit h, which can
that a larger unlabeled sample size leads to  be accomplished using unlabeled data, as demonstrated
effective Type-I error control. Even though in Figure 3 and commented in Section 4. On the other
we present this result for RBPT2, the same  hand, Type-I error control is always violated for STFR,
pattern is expected for RBPT in the presence  GCM, and RESIT when ~ grows. Regarding the final
of unlabeled data. two plots, we can more readily assess the robustness of
the methods when discrepancies arise between Qx |z and Px| as influenced by varying 6. Fig-
ure 2 illustrates that CRT is the least robust test in this context, succeeded by RBPT and CPT.
In Figure 4, we investigate how powerful RBPT and RBPT2 can be in practice when dz = 30. We
compare our methods with CPT (when 6 = 0), which seems to have practical robustness against
misspecified inductive biases. Figure 4 shows that RBPT2 and CPT have similar power while RBPT
is slightly more conservative.

Some concluding remarks are needed. First, RBPT and RBPT2 0T
have shown to be practical and robust alternatives to condi- REPT2
tional independence testing, exhibiting reasonable Type-I error 081 —or
control, mainly when employed in conjunction with a large -
unlabeled dataset, and power. Second, while CPT demonstrates 2
notable robustness and relatively good power, its practicality &
falls short compared to RBPT (or RBPT2). Tl}is is because 02l
CPT needs a known density functional form for Q x|~ (plus the o —
execution of MCMC chains) whereas RBPT (resp. RBPT2) can 0.0~
rely on conventional Monte Carlo integration using samples ' ' c
from Q x|z (resp. supervised learning).

. . Figure 4: Power curves for different
Real data experiments. For our subsequent experiments, we
methods. We compare our methods

employ the car insurance dataset examined by Angwinetal. [2]. .. ~pT (when 8 = 0), which seems
This dataset encompasses four US states (California, Illinois, 1, haye practical robustness against mis-
Missouri, and Texas) and includes information from numerous  specified inductive biases. RBPT2 and
insurance providers compiled at the ZIP code granularity. The CPT have similar power, while RBPT
data offers a risk metric and the insurance price levied on a is slightly more conservative.
hypothetical customer with consistent attributes from every ZIP

code. ZIP codes are categorized as either minority or non-minority, contingent on the percentage of
non-white residents. The variables in consideration are Z, denoting the driving risk; X, an indicator
for minority ZIP codes; and Y, signifying the insurance price. A pertinent question revolves around

For CPT execution, the Python script at http://www.stat.uchicago.edu/"rina/cpt.html was used,
operating a single MCMC chain and preserving all other parameters as defined by the original authors.
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Figure 5: Type-I error control and power analysis using car insurance data [2]. The first plot shows that RBPT
and RBPT2 have better control over Type-I errors compared to all other methods, including CPT. The second
plot reveals that all methods give the same qualitative result, corroborating the findings of Angwin et al. [2],
suggesting that RBPT and RBPT2 can have good power while being more robust to Type-I errors.

the validity of the null hypothesis Hy : X L Y | Z, essentially questioning if demographic biases
influence pricing.

We split our experiments into two parts. In the initial part, our primary goal is to compare the Type-I
error rate across various tests. To ensure that Hy is valid, we discretize Z into twenty distinct values
and shuffle the Y values corresponding to each discrete Z value. If a test maintains Type-I error
control, we expect it to reject Hy for at most a = 10% of the companies in each state. In the second
part, we focus on assessing the power of our methods. Given our lack of ground truth, we qualitatively
compare RBPT and RBPT2 findings with those obtained by baseline methods and delineated by
Angwin et al. [2], utilizing a detailed and multifaceted approach. In this last experiment, we aggregate
the analysis for each state without conditioning on the firm. We resort to logistic regression for
estimating the distribution of X | Z used by RBPT, GCM, CRT, and CPT. For RBPT2, we use a
CatBoost regressor [26] to yield the Rao-Blackwellized predictor. We omit RESIT in this experiment
as the additive model assumption is inappropriate. Both CRT and CPT methods utilize the same
test metrics as STFR. The first plot'® of Figure 5 shows that RBPT and RBPT2 methods have better
control over Type-I errors compared to all other methods, including CPT. The second plot reveals
that all methods give the same qualitative result that discrimination against minorities in ZIP codes is
most evident in Illinois, followed by Texas, Missouri, and California. These findings corroborate with
those of Angwin et al. [2], indicating that our methodology has satisfactory power while maintaining
a robust Type-I error control.

6 Conclusion

In this work, we theoretically and empirically showed that widely used regression-based conditional
independence tests are sensitive to the specification of inductive biases. Furthermore, we introduced
the Rao-Blackwellized Predictor Test (RBPT), a misspecification-robust conditional independence
test. RBPT is theoretically grounded and has been shown to perform well in practical situations
compared to benchmarks.

Limitations and future work. Two limitations of RBPT are that (i) the robustness of RBPT can lead
to a more conservative test, as we have seen in the simulations; moreover, (ii) it requires the estimation
of the conditional distribution Py, which can be challenging. To overcome the second problem, we
introduced a variation of RBPT, named RBPT?2, in which the Rao-Blackwellized predictor is obtained
in a supervised fashion by fitting a second model ~ : Z — ) that predicts the outputs of the first
model § : X x Z — . However, this solution only works if / is better than § in predicting Y under
Hy, which ultimately depends on the model class for » and how that model is trained. Future research
directions may include (i) theoretically studying the power of RBPT in more detail and (ii) better
understanding RBPT?2 from a theoretical or methodological point of view, e.g., answering questions
on how to choose and train the second model.
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A Extra content

A.1 Misspecified inductive biases in modern statistics and machine learning

We present a toy experiment to empirically demonstrate how 30 550
the training algorithm can prevent us from accurately esti- PCR

mating the Bayes predictor even when the model class is
correctly specified, leading to invalid significance tests. We >
work in the context of a high-dimensional (overparameter- £ 1
ized) regression with a training set of 250 observations and °
> 300 covariates. We use the Significance Test of Feature
Relevance test'' (STFR) [7] to conduct the CI test. The data 3
are generated as 0

0.0 0.2 0.4 0.6 0.8 1.0
Z ~N(0,Is00), X | Z~N(B'2,1), Y | X,Z~N(B' Z,1)

Type-| error rate

Figure 6: Type-I error rate is contin-
gent on the training algorithm and
not solely on the model classes. Un-
like PCR, the LASSO fit provides
the correct inductive bias in high-
dimensional regression, controlling
Type-I error.

where the first thirty entries of 3 are set to 1, and the remain-
ing entries are zero. See that X | Y | Z and that Y is linearly
related to Z and (X, Z), and then the class of linear predictors
is correctly specified when predicting Y from Z or (X, Z).
To perform the STFR test, we use LASSO (]|-||, penalization
term added to empirical squared error) and principal compo-
nents regression (PCR) to train the linear predictors. Since 3
is sparse, the LASSO fit provides the correct inductive bias while PCR leads to misspecification. We
set the significance level to o = 1% and estimate the Type-I error rate for 100 different training sets.
Figure 6 provides the Type-I error rate empirical distribution and illustrates that, despite using the
same model class for both fitting methods, the training algorithm induces the wrong model in the
PCR case, implying an invalid test most of the time.

A.2 Examples on when STFR fails

Examples A.1 and A.2 show simple situations in which Type-I error control is compromised or
the conditional independence test has no power due to model misspecification. As we see in the
next examples, Type-I error control is directly related to G, misspecification, while Type-II error
minimization directly relates to G, misspecification.

Example A.1 (No Type-I error control). Suppose Y = Z + Z*> + ¢, and X = Z* + ¢,, where
ey, €z ~ N(0, 1) are independent noise variables and Z has finite variance. Consequently, X 1Y | Z.
Let G1 and G be the classes of linear regressors with no intercept, i.e.,

G ={g1(z,2) = Bew + P2 : Be, B- € R} and Gz = {g2(2) = B.2: B. € R}.

If £ denotes the mean squared error, we have that Ep[l(g5 p(Z),Y)] — Ep[l(g1 p(X,Z),Y)] > 0
because the model class G- is misspecified, that is, it does not contain the Bayes predictor given by
the conditional expectation E[Y | Z].

Example A.2 (Powerless test). Suppose Y = Z + sin(X) + €, where Z, X, ¢, u N(0,1). Conse-

quently, X L' Y | Z. Define G, and G» as in Example A.1. If ¢ denotes the mean squared error, we
have that” Ep[l(g5 p(Z),Y)] — Ep[t(g; p(X, Z),Y)] = 0 even though the different Bayes’ predictors
have a difference in performance. This happens because the model g; p is not close enough to the
Bayes predictor Ep|Y | X, Z].

A.3 Generalized Covariance Measure (GCM) test

In the GCM test proposed by Shah and Peters [31], the expected value of the conditional covariance
between X and Y given Z is estimated and then tested to determine if it equals zero. To simplify
the exposition, we consider X and Y univariate and work in a setup similar to the STFR’s. If
(X,Y,Z) ~ P, the GCM test relies on the observation that we can always write

X=fip(Z)+e and Y = fp(Z) +n,

See Section 3.1 for more details
2Because Ep[XY] = Ep[XEp[Y|X]] = Ep[X - 0] = 0.
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where f{ p(Z) = Ep[X | Z] and f5 p(Z) = Ep[Y | Z] while the error terms {¢,n} have zero
mean when conditioned on Z. Consequently, we can write Ep[Covp(X,Y | Z)] = Eplen]. To
estimate Ep[Covp(X,Y | Z)], we can first fit two models 3™ : Z — X and §{™ : Z — Y, that
approximate f; p and f5 p, using the training set D{™ and then compute an empirical version of
Eplen] = Ep[(X — fi,p(2)(Y — f5.p(2))] using 4™, 95", and D[

In the GCM test, we reject Hy : X 1L Y | Z if the statistic 1™ £ |\/pT(™™ /5("™)| exceeds
Taja = ® (1 — a/2), depending on the test significance level a € (0,1). Here, 7™ and 6™
are defined as in 3.1 with 7™ 2 (X, — ¢\™(Z))(Y; — §{™(Z:)). If the p-value is defined as
p(D D) = 2(1 — (™), the test S™M (D™, D{™) is analogously given by Equation 3.2.

Like the STFR, the GCM test depends on the models’ classes and implicitly on the training algorithm.
If the limiting models g7 » and g3 p are not fi' p and f5 p, then Type-I error control is not guaranteed.

We introduce definitions and assumptions. Assumption A.3 gives a rate of convergence for the models
g}”” in the mean squared error sense. Definition A.4 gives a definition for the misspecification gaps.

Assumption A.3. There are functions g3 p, g5 p, and a constant v > 0 such that
Ep[(6{™(2) = g;.p(2))* | D] = Op(m™7), for j=1,2
Definition A.4. For each j € {1,2}, define the misspecification gap as 6;,p = gj p — f; p.

In the next result, we approximate GCM test Type-I error rate and power using the gaps in Definition
A.4 and Assumptions A.3, 3.2, and 3.3 applied to this context.

Theorem A.5. Suppose that Assumptions 3.2, 3.3, and A.3 hold. If n is a function of m such that
n — oo andn = o(m”) as m — oo, then

Bl (D D = 1= @ (e = [ 5 08) 40 (<ruja =\ [T08™) 4 o)
P P

where o(1) denotes uniform convergence over all P € P as m — oo and

Q(I})CM £ ]EP[COVP(X,Y | Z)] +EP[51,P(Z)527P(Z)}

From Theorem A.5, it is possible to verify that if §; »(Z) is zero for at least one j € {1, 2}, i.e., if
at least one model converges to the conditional expectation, the GCM test asymptotically controls
Type-I error. This can be seen as a double-robustness property of the GCM, which is not present' in
Shah and Peters [31]. If Ep[01.p(Z)62.p(Z)] # 0, then Ep[pS™(D{™ DI™)] — 1 as m — oo even
when Hy : X | Y | Z. Under the alternative, if Q™ # 0, Type-II error approaches 0 asymptotically.

A.4 REgression with Subsequent Independence Test (RESIT)

As revisited by Zhang et al. [42], the idea behind RESIT is to first residualize Y and X given Z and
then test dependence between the residuals. It is similar to GCM, but requires the error terms and
Z to be independent. When that assumption is reasonable, one advantage of RESIT over GCM is
that it has power against a broader set of alternatives. In this section, we use a permutation test [18,
Example 15.2.3] to assess the independence of residuals. We analyse RESIT’s Type-I error control.

If (X,Y,Z) ~ Pand (X,Y) can be modeled as an additive noise model (ANM), that is, we can write

X =fip(Z)+c and Y = f5p(Z) +n, (A1)
where fi p(Z) = Ep[X | Z], f5 p(Z) = Ep[Y | Z], and the error terms (e, n) are independent of Z,
it is possible to show that X | YV | Z < ¢ 1L 5. To facilitate our analysis'*, we consider first fitting
two models g§’"> and gg"” that approximate f; » and f5 p using the training set DE:” ) and then test

the independence of the residuals' & = X, — 3™ (Z;) and #; = Y; — 5™ (Z,) using the test set D).
Define (i) (&,7) £ {(é, %)}, (test set residuals vertically stacked in matrix form) and (ii) (&, 7)®

3This property is clear in our result because we consider data splitting.

“In practice, data splitting is not necessary. However, this procedure helps when theoretically analyzing the
method.

'>We omit the residuals superscript to ease notation.
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as one of the B permutations, i.e., consider that we fix € and permute 7 row-wise. Let ¥ be a test
statistic and W((&,7)) and ¥((&,A)®) its evaluation on the original residuals and the b-the permuted
set. If the permutation p-value is given by

1+ 30  1[u((&,7)®) > V(7))
1+B

p(DIY, D) = (A2)

RESIT

atest o, aiming level a € (0,1) is given by Equation 3.2.

~(m) 5{m)

Similarly to STFR and GCM, we consider g7 » and g5 p to be the limiting models for g;"’ and g,
Different from GCM, both models g7 » and g5 p are multi-output since X and Y are not necessarily
univariate.

Now, we introduce some assumptions before we present our result for RESIT. Assumption A.6 gives

~(m)

a rate of convergence for the models g;™ in the mean squared error sense.

Assumption A.6. There are models g3 p, g5 p, and a constant -y > 0 such that

Ex |

Assumption A.7 puts more structure on the distributions of the error terms (e,7) and is a mild
assumption.

2
i"(2) = 4[| D] = Omy 7). =12

Assumption A.7. Assume that for all P € P, the distribution of (e,n), Py, is absolutely continuous
with respect to the Lebesgue measure in R4X x R with L-Lipschitz density p..,, for a certain L > 0.
That is, for any ey, e2 € R*X and hi1, ha € RY, we have

[pe,n(€1, h1) = pen(e2, h2)| < Lil(e1, 1) — (e2, ha)ll,
We assume that L does not depend on P.

Assumption A.8 states that some of the variables we work with are uniformly almost surely bounded
over all P € Py. This assumption is realistic in most practical cases.

Assumption A.8. There is bounded Borel set A € B(RX > such that

P1é17£0 Pr((X,Y)e€eA)=1

and

inf inf Pp ((g1(2),92(Z2)) € A) =1

PePo 91,92

Here, inf,, 4, is taken over the model classes we consider (if the model classes vary with m, consider
the union of model classes). In the following, we present the result for RESIT. For that result, let: (i)
" 2 e—81,p(Z;) and n* 2 1 — 62, p(Z;), where the misspecification gaps are given as in Definition
A 4; (ii) drv represent the total variation (TV) distance between two probability distributions [36];

T

and (iii) the superscript n, e.g., in P’% ., represent a product measure.
Theorem A.9. Under Assumptions A.6, A.7, and A.8, if Hy : X L Y | Z holds and n is a function of
m such that n — oo and n = o(m?) as m — oo, then

Ep[oa (D), D)) < o+ min{dpy(P -, Py ), drv(P e, PR )} A+ o(1)

te

where o(1) denotes uniform convergence over all P € Py as m — oo.

From Theorem A.9, we can see that if at least one of the misspecification gaps d1,p or d2,p is null,
then Ep %™ (D™ D{™)] < o under Ho : X L Y | Z. This can be seen as a double-robustness

property of the RESIT. If none of the misspecification gaps are null, we do not have any guarantees
on RESIT’s Type-I error control. It can be shown that the proposed upper bound converges to 1.
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A.5 RBPT extra derivation

Let px be a dominating measure of Q% and Px| that does not depend on Z. Let g%, (resp. px|z)
be Q% (resp. Px|z) density with respect to ix.

([ ot i@zt ) ([ g}(aZ)dszmy)}

<L -Ep /g;(:LZ)dQ}‘Z(J;)—/g;(l‘,Z)dpx\Z(I)

RBPT
QP,l = EP

<L-Er| [ g0, 2)4Q%12(0) ~ [ 630, 2)aPx12()

— L Ep / ab (. 2) (@1 2(21Z) — px12(2]2))dpux ()

<L-Ep / g (@, 2)1, 14%12(£1Z) — px2(2] 2)\dpux ()
< ML-Ep / \0x12(212) — px|2(2|2)|dpx ()

=2ML - Ep[dv(Q% 2, Px|z)]

If
Epldv(Q% |z, Px|z)] < Qs /(2ML)
then
Q]}JBPT S O

A.6 How to obtain a result for RBPT2?

We informally give some ideas on extending Theorem 4.4. Theorem 4.4 states that
Erled™ (D, D) =1~ ( - \/UEQP) +o(1)
P
where QFF" = QT — QP with

QY 2B [f (f i 2riscston.)

~Ep [e ([ st 20200,

and

QAT & B, [t(g3(X, 2),Y)] — Er [e (st 29aPxiz(a),7 ) ]
If we wanted to adapt that result for RBPT2, we would have to redefine QP}". The analogue of QFP}"
for RBPT2 would be

Qp1” £ Ep C(Ep(gp(X, 2) | Z],Y)

¢ (JEP [05(X, 2) | Z] Y)] —Ep

where Ep [g5(X, Z) | Z = z] denotes the limiting regression model to predict g5 (X, Z) given Z. If
we assume the existence of a big unlabeled dataset, deriving a result might be easier as we can
avoid the asymptotic details on the convergence of the second regression model by assuming that the
limiting Rao-Blackwellization model, for a fixed initial predictor, is known. The only challenge is
proving the convergence of Ep [§(X, Z) | Z] to Ep [g5(X, Z) | Z].
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B Technical proofs

B.1 STFR
Lemma B.1. Assume we are under the conditions of Theorem 3.4. Then:

(61™)? = Varp[T{™ | D] = op(1) as m — oo

Proof. First, see that for an arbitrary ¢ > 0, there must be'® a sequence of probability measures in P,
(P™),,.en, such that

~(n,m m m ~ln,m 1
sup P [|(6™)? = Varp[1{™ | DFV)| > €] < Ppom [|(677)7 = Varpom (1™ | DIV > e] + -
PeP m
Pick one of such sequences. Then, to prove that (6(™™)? — Varp[T\™ | D{"™] = op(1) as m — oo,

it suffices to show that

Pp(m) H(@'(n’m))2 — VaI’P(m) [Tl(m) ‘ Dg:n)]’ > 8} —0asm — o

Now, expanding (6(™™))? we get

(6em2 — 711 Z(TW) ( ZTW)

i=

1 " m m m m m
= =3 [@™) = Epon (@) | DEV]] + Epin [(T™)? | D ( ZT( >>
=1
1« ’
[T“’” E o [(TE7)? | D] = (n ZT}W—EP(,”)[Tfm)|D£:?”}>
=1

( S TTIVE o [T | DEY] = (B pomy [T |D£:">D2> + Var o (13 | DIV

n 2
m m m 1 m m m
[T( )2 = Epom (™) | DIV - (nZTf '~ Epon [T | Df; H)

i=1

m m 1 = m m m m m
—2Ep<m>[Tf "D (n DT~ Ep [T | D] >}) + Var poo [T1™) | DY)

i=1
Then,
(@™ = Var pn [T{™ | DY) =
n 2
=3 [@™Y = Epom [(@™)? | D] - (ZT“’” P<m>[Tf’">|D§:">}>
i=1

m m ]' ” m m m
— 2B p(oy [T{™ | DY (n ST —Epn [T | DY )}>
=1

Using a law of large numbers for triangular arrays [6, Corollary 9.5.6] (we comment on needed
conditions to use this result below) and the continuous mapping theorem, we have that

n i=1 i

s L (@) = B ()2 | DIV = 0p(1)

2
» (A2 T~ Epn [ | D)) = 0,(1)

n

* 2Epen [ | D) (3 X0, T — Epen [T | D)) = 0,(1)

Oyp (1) (Assumption 3.2)

16Because of the definition of sup.
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and then

PeP
as m — oo, i.e.,

(6™™)? — Varp[T{™ | DI™] = 0p(1) as m — oo

Conditions to use the law of large numbers. Let (P\"™),,cy be an arbitrary sequence of probability

measures in P. Define our triangular arrays as {Vf’l”) and {V;(;”)} , where V7" £
' 1<i<n ’ 1<i<n '

™ — E p(m) (™ | ™) and V;f;’” L (7)) - E p(m) [(T™)? | D{™]. Now, we comment on the
conditions for the law of large numbers [6, Corollary 9.5.6]:

1. This condition naturally applies by definition and because of Assumption 3.2.

2. From Assumption 3.2 and Resnick [27, Example 6.5.2],

IEP(m) [

™
and

]EP('m) |:

VP D] < 2B pin ()7 | D] = 0,(1)

3. Fix any € > 0 and let k£ be defined as in Assumption 3.2. See that

]Ep(m,) |:

VP11V 2 en) | D] = Bpen |
1 m m
g B [V 1247

1 m m m k m
= W]EP(M) [|Ti< ) = Epom [T{™ | DEVY | DY )]

VP [V 1/ en))t = 17| D]

<

—~

ne)
1
" T
= op(1)
where the third inequality is obtained via Minkowski Inequality [27] and the fifth step is an
application of Assumption 3.2 and Resnick [27, Example 6.5.2]. Analogously, define k' = k/2 and
see that
Epom [|VA5|21IViE01 2 enl | DSV = Epem |
1
ne)k’

VPOV 1/ en)™ = 11| D]

< B (V01 D]

—~

7

1
sup P [(60)? = Vare[1{™ | D) > ] < Ppw [[(6777)? = Varpon [T | DY) > €] + — = 0

‘/;<T)‘ | ng)] < Ep(m) HTi<m)‘ | Dgln)] + ’Ep<m>[T1<M) ‘ DE;")]) < 2]Ep(m> HTi(m)) | Dt(:-n)] = Op(l)

1 _1 1+k
m m) | 1+k m m
< gyt { B [ILFH4 1 D) ™ 4 By 1111 2] |

1 N N I
= o [T = By ) | D | D]

1 m / m % m
< (ne)k/ {Ep(m) [(Ti( ))2(1+k) |D£r )} e +EP("1) [(Ti( )

1
(ne)
1
= Wop(l)

= op(1)

1+k
N

1 1tk
= ¥ {Em (@™ | D | 4 B ()7 Di?”]}

/



Theorem 3.4. Suppose that Assumptions 3.1, 3.2, and 3.3 hold. If n is a function of m such that
n — oo and n = o(m?7) as m — oo, then

Ep [ STFR(Dt(:)7D(7n)H 1_® (Ta . /%Q%”{FR) +0(1)
P

where o(1) denotes uniform convergence over all P € P as m — oo and

QF™ 2 Epll(gs.p(2),Y)] — Epll(gi p(X, Z),Y)]

Proof. First, note that there must be'” a sequence of probability measures in P, (P(™),,cn, such that

sup [Ep[o2™ (DL, DY) = 14 @ ( - ,/}m)' < B pom [0 ™ (D, D) — 1+ @ ( r Qiffn%)
P P(m)

Then, it suffices to show that the RHS vanishes when we consider such a sequence (P(™),,cn.

1
+ —
m

Now, let us first decompose the test statistic A7™™ in the following way:

Almm) A
a /nTmm™
- g(n,m)
_vr P o \prm)[ | Dy ]
- &(n,m) &(n,m)
\/E(T(”’m) — Epm [TX™ | ’Diif”‘)})
= 5o +
0' ’
V(B U357 (20), Y1) = 683 pomy (20), Y1) | D] = (E i [031™ (X1, 21), Y1) = €7 piomy (X2, 22),Y2) | D))
+ g(n,m)
N \/E(Ep(m) [€(95 p(m) (Z1),Y1)] = Epim) (6095 pom) (X1, Z1)7Y1)})
&)
(m) (m)
_ \le p(m) + fWQ p(m) \/HQ;TE&)
- g(n,m) &(n,m) &(n,m)

Given that n is a function of m, we omit it when writing the W<m<m) s. Define o™ 2

p(m)
\/Varp<m> (7™ | D{™] and see that

E pom [05 (D, D)) = P pony [p(DLY, DY) <

=Ppm [1 By (AWW) < a]

= ]P)P("L) [A(n,m) 2 Ta]

[ (m) (m) STFR
. le p(m) sz p(m) \/EQP(M) -
e &(nm) & (nm) Gnm) =@
f wim) VA QSTFR 5 (n.m)
1, P(m) 2, p(m) \/77 (m) A
=P p(m) P + Ta — Ta > Ta
O p(m) O p(m) O p(m) O p(m)
(m) (m) . (m) STFR
_ ‘f P<m> Ty | VW, Him &™) 0 p(om) V0
= Pp(m) + + Ta — > Ta
o™ Tpem) T p(m) o™ O p(m) T p(m)
P(m) p(m,)

:1—<I)<7'a— [—= Qf{%) +o(1) (B.1)
Tb(m)

"Because of the definition of sup.
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Implying that

sup
PP

Ep[pS™(D) DI - 14 @ (Ta - /U%QSPTFRN =o(1) as m — oo
P

Justifying step B.1. First, from a central limit theorem for triangular arrays [6, Corollary 9.5.11], we

have that
g (Wi \ _ <T<"'m> — Epo [T | D,E;"W) 1 (TJ"" — Epo [T | D
‘7%)") ag’(il) vn i=1 GEIE?")
we comment on the conditions to use this theorem below.
Second, we have that
\/EWI(Z?(’") \/EWI(TIZ)(’“ nglv)n) + \/EWSTD)(’") + T T, gt 05:81) _
g'(?n) U;;Z?n) O p(m) O p(m) coe UE:(Z)”) opem) |
_ \/ﬁwl(,?(’") (1 _ JE;P)) _ \/ﬁWé,?(m) + 7, (‘M — 1) <U§3m<)> — 1) + T, <053m()>
B ag?}n) O p(m) O p(m) “ agzﬁl) 0 p(m) “\opmm

=o0p(l) asm — c©

_1>+Ta(a

(m)

To see why the random quantity above converges to zero in probability, see that because of Assumption

3.3, Lemma B.1, and continuous mapping theorem, we have that

&(mm) cr(w(i)n)
ﬁ—1:op(l)andpi—lzop(l)asmﬁoo
9 P”??n) OP (m)

Additionally, because of Assumptions 3.1, 3.3 and condition n = o(m?"), we have that

(m)
ﬁWz,P(m) _o(m™)Op(m™") o(m”)Op(m™7)| _ on(1)
T p(m) T p(m) infpep op P
Finally,
(m) (m) (m) ) (
\/HWLP(m) UPTZn) \/HWQVP("L) &(nm) U;&) _
m) + + To = Ta =y —
T o(m) 0 p(m) T p(m) T o) Op(m)
(m) (m) (m) (m) R )
- \/HWLP("L) \/ﬁWLP(m) \/EWLP(W) O-g?v)n) \/EWQJD("YL) - - O_(n,m) J;:Tm)
- (m) N (m) N (m) o te (m)
T p(m) T p(m) 0 p(m) O p(m) O p(m) O ) O p(m)
\/ﬁW(m>(m)
= ——5— +0,(1) = N(0,1)
9 p(m)

by Slutsky’s theorem. Because N (0, 1) is a continuous distribution, we have uniform convergence of
the distribution function [27][Chapter 8, Exercise 5] and we do not have to worry about the fact that

\/TLQSTFR
To — —5— L depends on m.
p(m

Conditions to apply the central limit theorem. Now, we comment on the conditions for the central
limit theorem [6, Corollary 9.5.11]. Define our triangular array as {W(m) } , where V™ £

1<i<n
T{™ = (o [T™ D)
(m) :
7 p(m)

1. This condition naturally applies by definition and because of Assumption 3.2.

2. See that, for any m, we have that

Epom (V™) | DI =1

21

]>:>N(O,1)

&(mm)

p(m)
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3. Fix any € > 0 and let & be defined as in Assumption 3.2. See that

Epem [(VPLVI™) 2 en] | D] =

7

= Epom [(VP LIV (en)) 2 1] | D]

1 m m
< WEP(M) [|V¢( PR Dy >]

1
= WEP(M [ | ”Dg;n)]

1 1 (m) |24k (m) (m) 2+Fk
< 0" 00,y Epom (11724 | D ] + Epimy [IT7] | D]
O 5(m)

1 1 (m)|2+k (m) (m) (m) 2+k
= (ne)* | (o pem )2tk +0p(1) Epm) [‘T | | Dy, ] +Epm) [|T || Dy ]
p(m

Tm) _ E pom) [T, (m) | D(m)]

i
o™
p(m)

< ot gy 0] 0,0

(inf pep op)2tk
1

= Wop(l)
= Op(l)

where the third inequality is obtained via Minkowski Inequality [27] and the last inequality is an
application of Assumption 3.2 and Resnick [27, Example 6.5.2].

O

Corollary 3.6. Suppose we are under the conditions of Theorem 3.4.

o (Type-Terror) If Hy : X 1L Y | Z holds, then

Bl (O D < 1@ (1o = [T 8ar ) o)
P

where o(1) denotes uniform convergence over all P € Py as m — oo.

o (Type-II error) In general, we have
1 EP[¢STFR(D§6>7D§:">)] <P (Ta - = (Ap A p)) +o(1)
9P

where o(1) denotes uniform convergence over all P € P asm — oo and Ap £ Ep[l(f5 p(Z),Y)] —
EP[K(fr,P(X7 Z)7 Y)]

Proof. Under the conditions of Theorem 3.4, we start proving that

1. Ap — Ay p < QY™ holds;

2. Under Ho, QF™ < Ay p holds.

For (1), see that,

Qp =Ep[l(g3,p(2),Y)] — Ep[t(g7,p(X, Z),Y)]
=Ep[l(g2,p(2),Y)] = Ep[t(f2,p(Z),Y)] (=0)
+Ep[l(fip(X,2),Y)] = Ep[l(gr.r(X, Z),Y)]
+Ep[l(f2,p(2),Y)] = Ep[l(f1.p(X, Z),Y)]

> EP[é(fl pP(X,2),Y)] = Ep[l(g1p(X,2),Y)] + Ap
=Ap—A1p
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Now, for (2):

Q™ =Ep[t(g3,p(2),Y)] — Eplt(gi p(X, 2),Y)]
=Er[l(92,,(2),Y)] - ]Ep[f( fo,p(2),Y)]
+Ep[e(f1p (X, Z),Y)} Ep[l(91,p (X, Z),Y)] (<0
+Ep[l(fsp(2),Y)] —Epll(fip(X,Z),Y)] (= 0, because Hy holds)
<Ep[l(g2,p(2),Y)] = Ep[l(f3p(2),Y)]

Finally, see that

17c1>(7a7 /%QEFR>S17¢(T¢17 %Az,p>
Jp Jp

and
@(Ta— %Q?;TFR> S‘I)(Ta— %(AP—AL]D)>
\/ o2 \ 0%
Combining these observations with Theorem 3.4, we get the result. O
B.2 GCM

Theorem A.S. Suppose that Assumptions A.3, 3.2, and 3.3 hold. If n is a function of m such that
n — oo and n = o(m”) as m — oo, then

Bl 0 DI = 1= @ (raga [ 08 ) @ (<ra = [ 08) 4 ot)
P P

where o(1) denotes uniform convergence over all P € P as m — oo and
QFM £ Ep[Covp(X,Y | Z)] + Ep[61,p(2)d2,p(2)]

Proof. First, note that there must be'® a sequence of probability measures in P, (P™),,cn, such that

Ep[o™MD™ DY — 14 @ (wz - /U%QS;CM) ) (-mm - /U%QS;CMN <
P P
GCM (5 (n) ,D(m) 14+ _ oM ) g _ oM
pem[@a (Die’s ) + Ta/2 o2 p(m) Ta/2 o2 p(m)
p(m) p(m)

Then, it suffices to show that the RHS vanishes when we consider such a sequence (P™),,cn.

sup
PEP

< |E

Now, let us first decompose the test statistic I'™™ in the following way:

fT(" ,m)

(n,m) A
r g'(" m)

F(n,m (m) (m)
:’\/E(T( )~ Epn [T | D)) | Vo [ | D)

J(”»m) 0'(" m)

1
4+ —
m

D) [ DY)

&) & (mom)

T(n,m (m) (m) * ~(m
’ﬁ(T( "= Epen [T | Dy 1) VIE pon (87 (Z1) = 95 piomy (Z0))(95™(Z1) = G5 iy (Z

+mapmw@im)(zl)—g;ip(m)(zl)>62,p<m><zl>|D§:"] VIE o) (61 pimy (Z1)(85™ (Z1) = G5 poy (Z0)) | DL

G(n,m) &(n,m)
\prm)
o'(’ﬂ m)
_ fW1 p(m) \/>W2 p(m) \/>W3 p(m) \/>W4 p(m) \/EQ?:C(IXIO
g(n,m) &(n,m) g(n,m) &(n,m) &(n,m)

18Because of the definition of sup.
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The terms involving one of the e and n were all zero and were omitted. Given that n is a function of

m, we omit it when writing the W;”;)(m) ’s. Define 7)) & \/ Var pn [TX™ | D™ and see that

Eplpa™(Di, D)) =

= Pp[p(D}, Di)

te

(m) (m) (m) (m)
VW, pom ﬁWz,P<m>+‘/ﬁW3,p<m> VW o /OG0

=Pr |\ — 500 m) F00m) 500 Goomy = Tej2| Tt
(m) (m) (m) (m)
P \/EWLP(m) \/EW2’P(7YL) \/ﬁwgyp(m) \/ﬁW4,p(m) \/ﬁQS’,C(%) S
P g0m) &) &mm) &0mm) slmm) = Te/2
(m) (m) (m) (m) (m) . (m)
=P \/HWLPU") 9 pm) \/HWZP("L) \/ﬁws,P('"L) \/ﬁW4,P(7”) glmm 9 p(m) _ < _ _ \/EQ?:C(%)
=Pp ) + + + + ) Ta/2 = Ta/2 S —Taj2 — ———
o O p(m) O p(m) O p(m) O p(m) o O p(m) O p(m)
p(m) p(m)
(m) m (m) (m) (m) m
\/HWLP(’") U;“)”) \/HWQ,P("L) \/EW&P("I) \/HWAL,P("") &mm UED(Rn) \/EQ?DC(I:%
+Pr (m) + + + T T m) Taj2 t Taj2 2 Tajg — —————
om O p(m) O p(m) O p(m) O p(m) ™ o pm O p(m)
p(m) p(m)
—1-d o ) o 1 B.2
=1-®|Ta2— /= pom) | | —Taj2— [ pem | +o(1) (B.2)
Op(m) b (m)
Implying that
GCM /(1) (m) n S Gcm T ~GCM _
sup |Ep[pa " (Dyo’ Dy )] =1+ @ Tay2 — | = QP —® | —Ta2— 4/ 5P =o(l)asm — o©
PeP 9p 9p

Justifying step B.2. First, from a central limit theorem for triangular arrays [6, Corollary 9.5.11], we
have that

wm Flm) _ g plm) | pm) n (pm) g pm) | pm)
\/ﬁ 1(,75)( ) —n < P(S:Z)[ 1 | tr }> _ i ( i P("(L:n[) 1 | tr ]) = N(O, 1)
O p(m) O p(m) vn i=1 O p(m)

The conditions for the central limit theorem [6, Corollary 9.5.11] can be proven to hold like in
Theorem 3.4’s proof.

Second, we have that

(m) (m) m (m) (m) (m) m
\/EWLP(”U ﬁWl,P(W) 0—59(731) \/EWQ,P(W) \/’EWS,P(W) \/EWAL,p(M) &lmm) Uj(p(y)n,)
(m) B (m) o + o + o + o o Ta/g + Ta/QW o =
0 p(m) T p(m) p(m) p(m) p(m) p(m) plm) p(m)
(m) m (m) (m) (m)
- \/EWI,P(m) 1- 053(7)11) _ \/ﬁW27P(m) B \/EW&p(m) _ \/EW47P(7n,) n
gg?’)”) O p(m) T p(m) O p(m) T p(m)

s(nm)\ [ o™ o™ 5(nm)
g m m g

+ Tase (1<m)> <Jﬂ)1> + Tay2 (10“> tTa2 (1 -
O'P(m) p(m) p(m) ap(m)

=o0p(l) asm — oo
and
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(m) (m) (m) (m) (m)
\/HWLP(m) \/EWLP(HL) o) n \/ﬁwgyp(m) n \/ﬁW&p(m) n \/HWALP(NL) &lmm) o)

p(m) To) To) p(m)
- af/2 T Ta/2
ol ol Tpm T p(m) T p(m) T p(m) )y Tpim
(m) (m) (m) (m) (m)
B \/HWLP(M) . CE \/HWZPW) \/HW&P(m) \/ﬁW4,P<,m) .
a—g’(?n) O p(m) O p(m) O p(m) O p(m)

5 (n,m) o'(my)yl o'(mgn 5(n,m)
+Ta/2(a<m>_1> <PH_1 rage | 1) g | T 1
T O p(m) O p(m) T

=o0p(1) asm — oo

To see why the random quantities above converge to zero in probability, see that because of Assump-
tion 3.3, Lemma'® B.1, and continuous mapping theorem, we have that

&mm) )
ﬁ71:op(l)andpiflzop(l)asmﬁoo
O'PW(lm) O p(m)

Additionally, because of Assumptions A.3, 3.3, Cauchy-Schwarz inequality, and condition n = o(m”),
we have that

(m) ~(m * ~A(m * m
VAW ‘ﬁEP<m>[<g§ NZ1) = 6} pom (Z0)@™(21) = 65 pemy (Z0)) | D]

T p(m) T p(m)

Ve [(7(20) = 07 o (20)2 | Do (357 (21) = 05, iy (20))7 | D)

infpep op

o(m”)O0p(m=27)
infpepop
=o0p(1)

O p(m)

(m) ~A(m * m
VW L | ’\/ﬁEp(m (6™ (Z1) = 97 pom (21))85 pem (21) | D1
O p(m)

VEn [0 (20) = G iy (202 | D E pom 6, piom (20))7]

infpepop

o(m7)Op(m~7)
infpepop
= op(1)

(m) ~(m * m
VAW, | ’mp(m (5™ (Z1) = g5 pen (20))8, pm (Z1) | DL

O p(m) O p(m)

\/nEmm)[(ﬁém)(Zl) =95 pomy (£1))? | Dﬁf”]lEP(m)[(51’p<m>(Zl))2}

infpepop

A )
infpepop
=0p(1)

"We can apply this STFR’s lemma because it still holds when we consider GCM'’s test statistic.
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Finally,

(m) (m) (m) (m) (m) () ()
\/EWI,P“”) T p(m) + \/EWQ’P“’L) + \/EW&P“”) + \/ﬁw‘l«”(m) —Taj2+T /QL ™) O pomy —
U;”ZZH) O p(m) O p(m) O p(m) O p(m) 53"(131) T p(m)
(m) (m) (m) (m) (m) (m) (m) (.
B \/HWLP(m) B \/ﬁwlyp(rn,) B \/EWLP(m) Ume) n \/HWQYP(m) . \/ﬁws’}:v(m) L \/ﬁWAL,p(m) o an &)
o™ o™ o™ O p(m) O p(m) O p(m) O p(m) /2T Te/2 O p(m)
p(m) p(m) p(m)
\/EW("L)(WU
= —5— +op(1) = N(0,1)
T p(m)
and
Vaw ™ pm) oy ) Vaw ™ N U 5 (n.m) (™)
1,P(m) Y p(m) + 2,p(m) T 3,p(m) T 4,p(m) tTaje—T /20 pim) | _
O—E:,m)n) O p(m) O p(m) O p(m) O p(m) O'<F:?7)n) O p(m)
(m) (m) (m) (m) (m) (m) (m) (o
o \/ﬁwl’p(m) . \/EWLP(m) _ \/ﬁWLP(m) UP(W) 4 \/EW27P(WI,) n \/EW&P(m) n \/’FLW47p(m) g . O'( ™)
o gm o™ o™ o pm) T p(m) O p(m) T pm) I
p(m) p(m) p(m)
yaw
= —i—— +op(1) = N(0,1)
O p(m)

by Slutsky’s theorem. Because N (0,1) is a continuous distribution, we have uniform convergence of
the distribution function [27][Chapter 8, Exercise 5] and we do not have to worry about the fact that

Tos2 ™ \/O.QIQ(;(?XIR> or —7o/2 — [="—QF(, depends on m.
P(m) P(m)

O

B.3 RESIT

Lemma B.2. Let Py, and P{;y be two distributions on (U x V,BU x V)), U x V C RWW*v,
with dy,dv > 1. Assume Py and P{; are dominated by a common o-finite measure p and that
Py|y—u = Py y—, is dominated by a o-finite measure v, for all u € R Then,

drv(Pu,v, Pyy) = div(Py, P)

where drv denotes the total variation distance between two probability measures.

Proof. Let py and p;; denote the densities of Py and Py w.r.t. p, and let py (- | u) denote the density
of Pyjy=, = P\//I U—y W.IL. v, From Scheffe’s theorem [36][Lemma 2.1], we have that:

drv(Puv Pl) = 5 [ [ Ipotpvio(e [0 = sy @pvio (0 | 0)ldv.(0)dutw)

%/(/ |pV|U(U|u)\dl/u(v)) lpu (u) — P (u)|dp(w)

! / ( / — u)duu@)) [pu (1) — pl () dpa(u)

=5 [ Ipu () = pisw)du(w)

Lemma B.3. For alli € [n], consider
& h (m) s (m) s (m) _,
(617 T]l) ‘ Dtr Pé,f]\Dg;n)’ (E’H 771) | Dt'r PE’ng:-n)’ (627771) | Dtr P€777|D§:‘”)7

where & = ¢, = 61,0(Z:) — (9™ (2:) = g1.p(20)) and it = mi — 62,0 (Z5) = (857 (Z:) = g3 p(20)).
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Under Assumption A.7 and Hy : X 1LY | Z, we have that
Eplea™" (D, D) | D] < o+ min {dTV ( PNSR nlD("”) drv ( i’ |D<m>7P§nmgr>)}

where drv denotes the total variation distance between two probability measures.

Proof. Let us represent the stacked residuals (in matrix form) as (&, 1) = {(€;,7:) }i—1. See that
(€n® @™ @n = em o) £ (@i en® | e = @)

Then, because the random quantities above are conditionally discrete, their distribution is dominated
by a counting measure depending on (€, 77). Because the distribution of (e, 7) is absolutely continuous

with respect to the Lebesgue measure, (¢,7) | D™ and (e, 1) | D™ are also absolutely continuous®
for every training set configuration, and then we can apply Lemma B.2 to get that

d“(((e,m,(e,m“%--- @)D, (). (e )™M, (&)™) | DE?‘)) - dTV(@, ) | DI, (e,49) | Dil"))-
In the last step, we abuse TV distance notation: by the TV distance of two random variables, we
mean the TV distance of their distributions.

Now, define the event

A, 2 {((e, h), (e, h)(l)7 (e, h)(B)) . 1+ 2173:1 ]l[qj((ff)';b)) > U((e, h))] < a}

By the definition of the TV distance, we have that (under H):

Er[ed™ (D, D) | DY) = Pr (&), (&), (e )™) € Aa | D)

te
<Pr (((e ) (e, (€ ™) € Aa | D) +dw((é, 1) | D (e,) | DEZ’”)
(m) - (m)
<Oz-|—dTv< TI Dtr 7(6777) |Dtr )

= atdw ( e, 7| D{™)” Pe,ﬁ\DEZ."))

where the last equality holds from the fact that, given the training set, rows of (&,%) and (e, 7}) are
i.i.d.. See that Pp (((e,ﬁ) (e, D, (e,7) ) € Ao \Dﬁf”) < a because Hy holds and therefore
€ L7 | D™ (making the permuted samples exchangeable).

Using symmetry, we have that

RESIT (n) (m) (m) n n n
Ep[pa™ (Dic’,Dyy) | D] < @+ min {dw ( \D(Z.")’Pe,ﬁIDET)) s drv (Péyﬁlpxnnpé’nmgp))}
O
Lemma B.4. For any i € [n], consider that

(&) | D ~ P, s (eaie) | DY ~ Py, (E6,m) | DY~ P

&, €, Dy em D™

(6:777:) ~ PE*H’I*: (62777:) ~ va"]*? (E::m) ~ P€*177

where ¢; = € — 01,p(Z;) — (gﬁm)(Zi) —gfp(Zi)) €& = €& — 01,p(Zi), i = mi — b2,p(Z;) —
( m(Z:) - g3 p(Zi )), and ni = n; — 62,p(Z;). Then, under Hy : X L Y | Z and Assumptions

Given any training set configuration, the vectors (&, 7;), (ei,7:), (¢;,m:) are given by the sum of two
independent random vectors where at least one of them is continuous because of Assumption A.7 and therefore
the sum must be continuous, e.g., (é:,7;) = (e1,7:)+ (g1, p(Z:) — 3™ (Z:) =01, p(Z:), g5, p(Z:) = 35™ (Z:) —
d2,p(Z;)). See Lemma B.4 for a proof.
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A.6 and A.7, all six distributions are absolutely continuous with respect to the Lebesgue measure and
their densities are given by

Pe o (€8 | D) = Ep [pe (e +01,0(2) + 3™ (2) = g1.p(2)) py (h+ 82.0(2) + 5™ (2) — g3.p(2) ) | D]
P o (€8 | D) = pele) -Ep [py (h+ 80,0 (2) + 35™(2) - g3.p(2) ) | D]

Pe o (€8 | DY) = Ep [pe (e +01.0(2) + 3™ (2) = gi.p(2)) | D] - palh)

Per (€, h) = Ep [pe (e + 61,2(2)) po (b + 62,0(2))]

Pes (e, h) = pe(e) - Ep [py (b + 02,p(2))]
Pes (e, h) = Ep [pe (e + 61,p(2))] - pn(h)

Additionally, we have that

2
sup (b, ip (&1 | DY) = pe e (1) = Opy(m ™)

(e,h)eRdx Xdy

2
sup (b, pem (e h [ DY) = pee (e,1)) = Opy(m ™)

(e.h)erdx Xdy

2
sup (p, oo (€8 | DY) = pes e, ) = Opy(m ™)

(e,h)eR4X X dy

Proof. Assume we are under Hy. In order to show that P PN is absolutely continuous w.r.t.
€ tr
Lebesgue measure (for each training set configuration) and that its density is given by

Do o (€1 | D) = Ep [pc (o4 81.0(2) + 50 (2) — 61.0(2)) o (h+ 82.0(2) + 857(2) — 03.0(2)) | D]
it suffices to show that
Pp((e,7) € A| DY) =

— [tatw v oo (w+81.0(2) +607(2) = i p(2)) 01 (w4 80.0(2) + 857(2) = 63.0(2)) | D] (s v)

for any measurable set A.

Using Fubini’s theorem, we get

Pr((,7) € A| DY) =
= Ep [Lale = 61.p(2) = 51" (2) + 61,p(Z),n — 62.0(2) = 5™ (Z) + g3,p(2)) | D]

=Ep / Lale —01,p(2) — 3™ (2) + g1 p(Z),h — 82,p(Z) — gé““(Z)+g;,p<Z>>pe,n<e,h>d<e,h>|D§:">}

/ Au,0)Ep [ (u+6lp( 2)+ 9" (2) - 61.0(2)) by (v + 62,0 (2) + 35 (2) = g3.p(2)) | D] d(u, )

= EP (€= 61,p(2) = i (2) + g1 p(Z), h = 52.p(Z) = 35" (Z) + 93 p(Z))pe(e)py(h)d(e, h) | DET)}

:]EP

La(u,v)pe (ut01p(2) + 91" (2) = 6ip(2)) oo (04 82.0(2) + 657(2) = 63.0(2) ) d(w,0) | DEM

The proof is analogous to the other distributions.
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Now, we proceed with the second part of the lemma. Using Assumptions A.6 and A.7, we get
(P (€11 DE) = pe e () =
= (Ee[pe (e +01.0(2) + 3™(2) = 61.p(2)) by (h + 02.0(2) + 35 (2) = 63,p(2) )
e (e +61,p(2) by (4 82,0(2)) | D))
<12 (Be ||| (6™ (2) - 6i(2),55™ () - gz<z>) |, 1267])°
<2 (Be || (0" @) - i@ 087 @) - a@) [ 1 2] )

= L’Ep [

(@) - gir@] 1267 + 7

= 07’0 (mi’y)

where the last inequality is obtained via Jensen’s inequality. Because the upper bound obtained
through Lipschitzness does not depend on (e, k), we get

2
sup (b, (| DY) = pee e (e,h)) = Opy(m ™)

(e,h)eR4x *Xdy
The results for the other converging quantities are obtained in the same manner. O

Theorem A.9. Under Assumptions A.6, A.7, and A.8, if Hy : X L Y | Z holds and » is a function of

m such that n — co and n = o(m? ) as m — oo, then
Eplpa™" (D), Di)] < o min{dry (P2 e, Py ), drv(PE e, P2 )} + o(1)

where o(1) denotes uniform convergence over all P € Py as m — oo.

Proof. We are trying to prove that

sup [EP[ RESIT(D(™) DY — o — min{dpy (P e, Pl ), dev(P -, P )Y < o(1) asm — oo
PePy

First, see that using Lemma B.3 we get

Erlpa™" (D1, D)) =

te

= Ep[Ep[eh™" (D, D) | D“"m

<t i (o (P g P2ie) o (i P )

< a—l—min{ P [dTV P } ,Ep [dTV ( P A\D("‘)’Pe nID(m)ﬂ}

,n|D<,;”>’ c nm“”

<+ min {Ep [arv (P2 s P s )| = A (P2 e Pllye) + div (P2 e, Pliye),
[dTv (P: ‘D(m, . ID(m)) — dry(P5% ,«, P5 ) + div(P5 i+, P )] }

<a+t min{ [ [drv (P s P g )| = drv(PE e, Pllye)| + drv (P2 e Py,

B [dr (P2 P! om ) = drv (Pl e, PR )
tr

en DM e

—|—dTv(PE* ,,]*,PE )i| }
and

sup [E [ RESIT(DL? ,D<m )] — a — min{drv (P> ,«, P+ ), drv (Pl , P nz)}] < sup Agm
PePo PePy
(B.3)
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where

+dTV(Pe* n*7P6 )

QR mm{ [ [arv (P pom Py )] = drv (P e, Pl

B drv (PL s PP i )| = dv(PE e PE)

+ dTV(Pe* n*,Pn )}

— min{dTv(Pe* n*s P6 n* ) dTV(Pe* n*s Pn )}

It suffices to show that suppp, Ag,m) = o(1) as m — oo. Next step is to show that

Sup [Ep [dTv (P nm(ranenm(m))] — drv(Pe e, Py )| = o(1)
0
and
Sup Ep [dw( m(mnP’mm(m)] drv(P5 e, P )| = o(1)
0

as m — oo. Given the symmetry, we focus on the first problem.

By the triangle inequality, we obtain
0 o (72 )] <5 [ (7 ) 82 25 [ (7227 1)

and consequently

58713)0 Ep |:dTV (P;Lfl\DngP:mDi:n))] —drv (PE* n*> Pn )
< sup Ep |:d1'v (PA . D(m)’P* *):| + sup Ep |:d'[v (PTLA D(m')7P:W*)]
PePy ! PePy 1Dy

I I
We treat these terms separately.
(I) Consider a sequence of probability distributions (P™),,cx in Py such that
1

sup Ep [dTV (P D(mwpg,n*)] < Epm) [dTv (P<m)E 31D 5 pm, *)] + —
PePg l m

Here, the distributions P and P(™ determine not only the distribution associated with D{™ but also
the distribution of (¢, 1, ¢*,n"). Because we have that

drv (P ,nm(’"”ngn*) <
< n-duy (P s Per ) (Subadditivity of TV distance)
= %/ P a1l (e;h | D) — pes e (e, B)| d(u, v) (Schefte’s theorem [36][Lemma 2.1])
<™ s b, g (6 | DY)~ peege e, )] (Assumption A.8)
(u,v)€RIX Xdy NP
1/2
n?v? m 2
= ( 4 sup émD(m)(evh | ,Di(tr )) — Pe*,m* (67 h)’
(u,v)eRIX Xdy I 7T
= (o(m”)(’)po(m_”’))l/2 (Lemma B.4)
= op, (1)

where V' is the volume of a ball containing the support of the RVs (existence of that ball is due
to Assumption A.8), we also have that drvy (P('”)?,ﬁmg"ﬂ , P<’”)ZW*) = 0,(1), when D™ samples

come from the sequence (P™),,en. By the Dominated Convergence Theorem (DCT) [27, Corollary
6.3.2], we have

sup EP |:dTV ( |D("’)7P!17"7*):| < EP(m) [dTV (P( ) \D("L) P 777*):| 4+ — = 0(1)
PePy m
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To see why we can use the DCT here, realize that when samples come from P™, W™ —
drv (P< D™ Pz . ) can be seen as a measurable function going from an original probability

space to some other space. Different distributions { P("™)} are due to different random variables while
the original probability measure is fixed. Because of that,

Ep(m) [dTV (P(m>e ADi PV e )] =B [WW)}

for the bounded random variable W (™), where the last expectation is taken in the original probability
space. We apply the DCT in E [W(m)].

(IT) Following the same steps as in part (I), we obtain

Peby Er [dw ( apim s Fen )} =o(1)

Going back to step B.3, consider another sequence of probability distributions (Q™),.ex in Py such
that 1

sup A(m> <A™ o0m) —|— =
PePy

where

+dv(QM 0 e, QT L),

Al _mln{ ‘EQm) [dw (Q(m)e,ﬁmﬁf"?Q“”)e,m@i?))} — Ay (@7 Q™ )

’EQ(m) [dTv (Q(m)é,mbgi‘”)7Q(m)g7n‘D£:‘”)) — dTV(Q(m)e*m*7Q(m)€*m)) + dTv(Q(m)e*m*,Q(m)e*m)] }
—min{drv(Q" % ., Q™ ), dv( Q™ ..QM L )}

Because of continuity of min and

Psélgo Ep |:dTV (Pé,'f]\Di;n)’Pe,ﬁ\Dg;’n"))] - dTV(Pe* "I*aPe ) = 0(1)
and
n
seugo ]EP |:dTV ( ‘»D(:n)7PE T]\'D(m))] dTV(P *7,,]*7P ) 0(1)
we have that
(m) _
AQ(M) =

= min{drv(Q™ . ,.,Q"" ) +0(1),drv(Q™ . ., Q™ ) +o(1)}
—min{d(Q"™ . -, Q™) drv(Q . .. QU )}
= min{drv(Q[. -, Q" ), drv(Q L L QUL )}
—min{drv(Q"™ . .. Q" L), div(Q .. nMQ“’” 2} +o(1)
=o(1)
Finally implying, from step B.3,

sup [EP[ RESIT(D{™) DI™M)) — a — min{drv (Pl e, Pye ), drv (P e, PR )} < o(1) as m — oo
PePy

O

B4 RBPT

Theorem 4.4. Suppose that Assumptions 4.1, 4.2, 4.3, 3.2, and 3.3 hold. If n is a function of m such
that n — oo and n = o(m”) as m — oo, then

Ep[e8™ (D, DY) =1 - @ ( - \/UEQ) +o(1)
P
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where o(1) denotes uniform convergence over all P € P as m — oo and

RBPT REPT RBPT
Qp  =Qp1 —Qp

with

QW &, [e ([ s+ 20003120007 ) = ¢ [ site. 230 260,

and

QRBPT A ]EP
——

Jensen’s gap

Lgp(X,2),Y)—¢ (/g}(x7Z)dPX|Z(:U),Y) :|

Proof. First, note that there must be?' a sequence of probability measures in P, (P(™),,.cn, such that

sup [Ep[oRPT (DM DM — 1+ @ (ra -, /%Q‘}B”)’ < |Epio [@XFT(D, DI — 1 + @ (m - Q‘;‘i‘j,f))
Pep op T pm)

Then, it suffices to show that the RHS vanishes when we consider such a sequence (P™),,cn.

1
+ —
m

Now, let us first decompose the test statistic Z™™ in the following way:

(n m)
Vi (Tm™ — B p [T | DY ) E p o [T, ) | p( >]
G(n,m) Gl m)

L VAR [(AT (1), Y1) — 05" (X1, 21), Y1) | DY)

g(nm)

( n,m) _ Ep(m) [T1(m) | ng

&(n,m) g(n,m)

1)
V(T - p<m>[T(’”>ID(’”>) VIE i ([ 37 (@, 20)dQ) (2), Y1) = 63 (X1, 1), Y1) | DY)

\/E(T("””) ~Ep 1| D))

f TE by [€( fg<m> (w, 21)dQ ) (), Y1) — ([ §™ (3, Z1)dQ% £ (x), Y1) | D]
a-(n,m)
L VREp (] 9™ (2, Z1)dQ%) 7(2), Y1) — €[ gy (2, Z1)dQ% (), Y1) | Dir]
&nm)

prwn)[f(gp(m) (X1,71),1) — 03" (X1, Z1), Y1) | D)

G(n.m)

e [ gpom (2, 20)dQ% 2(2),Y ) = ([ gpem (2, Z1)dPy |5 (2),Y ) |+
(m)

_Vn_

+ S P

+ [é(/gfxm(x,zl)dP)((TZ)( ), Y) —(gpim) (Xl,Zl),yl)u

pm)
&(n,m) &(n.m) &(n,m) g(n,m) o(n,m)

(m) (m) (m)
B \FWI p(m) . \fWQ p(m) \FW3 plm) \FW4 p(m) n /nQRBPT

2 Because of the definition of sup.
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Given that n is a function of m, we omit it when writing the W(m) Define o () £

p(m) ’s. m)
\/Varp(m) [7{™ | D{™] and see that

Epom [on (DI, D)) = (B.4)
=Ppom [p(D, DY) <

. [ (_ nm)

=P pim) [EW"’ > Ta:|

I /\

i (m) (m) (m) (m)
-P \/>W1 p(m) + \FW2 p(m) st p(m) \/>W4 p(m) \/m??f’f) >
= tpim) &(n,m) g(n,m) &(n,m) G(n,m) gn,m) = Ta
—Poim) 1, P(m) 2, P("W 3, P<m) 4,p(m) fﬂp(m) o o -
P O p(m) O p(m) T p(m) O p(m) O p(m) ¢ ¢ Op(m) ¢
i (m) (m) (m) (m) (m) () (1)
T \/ﬁW1 p(m) T p(m) sz p(m) \Fws p(m) + fWAL p(m) e — T sgmm o 9 p(m) \FQ]E}(EI)
ED(')") JP(m> T p(m) O p(m) T p(m) Ug?’)”) Op(m) T p(m)
n RBPT
=1-& <ra — /JQQP(m>> +0(1) (B.5)
p(m)
Implying that
sup |Ep[p RBPT(Dt(:),D(m))] -1+ (’Ta - /%QI}DBPT> ’ =o(l)asm —
PeP 0p
Justifying step B.5. First, from a central limit theorem for triangular arrays [6, Corollary 9.5.11], we
have that
wm = (n,m) _ (m) | 75(m) n (m) _ (m) | pm)
(m) T m T D 1 T m T D
v | —E —ﬁ< P<(nj)[ | }>_¢a ( : P<(jn[) | ]>¢N(0,1)
O p(m) 9 p(m) =1 9 p(m)
The conditions for the central limit theorem [6, Corollary 9.5.11] can be proven to hold like in
Theorem 3.4’s proof.
Second, we have that
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To see why the random quantity above converges to zero in probability, see that because of Assumption
3.3, Lemma?® B.1, and continuous mapping theorem, we have that

5nm) (m)

o —1=o0p(1)and £ _ 1 =o,(1) as m — oo

O p(m
O p(m) p(m)

Additionally, because of Assumptions 4.1, 4.2, and 4.3 and condition n = o(m”), we have that

2We can apply this STFR’s lemma because it still holds when we consider GCM’s test statistic.
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where M is an upper bound for the sequence (
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Finally,
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by Slutsky’s theorem. Because N (0, 1) is a continuous distribution, we have uniform convergence of

the distribution function [27][Chapter 8, Exercise 5], and we do not have to worry about the fact that

Ta —

RBPT

9 p(m)

Q7 (m)
—L2 depends on m.
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C Experiments

C.1 Running times

Artificial-data experiments. Regarding running times (average per iteration), RBPT took 5 - 10™%s
to run, RBPT2 took 1.9s, STFR took 7.5 *s, RESIT took 1.3 - 10~ 's, GCM took 6 - 10~*s, CRT took
1.7-1072s, and CPT took 6.2 - 10 !s, all in a MacBook Air 2020 M1.

Real-data experiments. Regarding running times (average per iteration), RBPT took 1.1 -107's to
run, RBPT?2 took 2.4 - 10~ s, STFR took 10~2s, GCM took 10~3s, CRT took 2.5 - 10~ 2s, and CPT
took 7.2 - 107 s, all in a MacBook Air 2020 M1.

C.2 Extra results

We include extra experiments in which Y | X, Z has skewed normal distributions with location
p=cX+a'Z+~(b"Z)? scale o = 1, and shape s = 3 (shape s = 0 lead to the normal distribution).
From the following plots, we can learn that the skewness often impacts negatively in Type-I error
control.

g 10 dz=30 10 dz=40 % 1.0 y=0 1.0 y=0.02

C 0.8 0.8 1 = 0.81 0.8+

S 0,61 0.6 1 2 061 0.6

E 0.41 0.41 ;"’ 0.4 / 0.4

$02] 0.2 8 0.21 0.2 /

P00l : —1 o0l ! . F0.0L : 004 . ,
0.00 0.01 0.02  0.00 0.01 0.02 0 2 4 0 2 4

y y 6 6

—— RBPT RBPT2 —— STFR —— RESIT —— GCM —— RBPT — CRT CPT

Figure 7: Type-1 error rates (¢ = 0). In the first two plots, we set § = 0 for RBPT, permitting Type-I error
control across different dz values (Theorem 4.4), while RBPT2 allows Type-I error control for moderate d .
All the baselines fail to control Type-I errors regardless of dz. The last two plots illustrate that CRT emerges as
the least robust test in this context, succeeded by RBPT and CPT.
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Figure 8: (i) Making RBPT2 more robust using unlabeled data. With dz = 40, we gradually increase the
unlabeled sample size from 0 to 1000 when fitting h. The results show that a larger unlabeled sample size leads
to effective Type-I error control. Even though we present this result for RBPT2, the same pattern is expected for
RBPT in the presence of unlabeled data. (ii) Power curves for different methods. We compare our methods with
CPT (when 6 = 0), which seems to have practical robustness against misspecified inductive biases. RBPT2 and
CPT have similar power while RBPT is slightly more conservative.
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