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Abstract

Large language models (LLMs) have demon-
strated remarkable performance across a wide
range of tasks. However, the quadratic com-
plexity of softmax attention remains a central
bottleneck that limits their scalability. Alman
and Song (NeurIPS 2023a; NeurIPS 2024a)
proposed sub-quadratic time algorithms for
attention inference and training, respectively,
but they rely on the restrictive bounded-entry
assumption. We show that this assumption
rarely holds in practice, which significantly
limits their applicability to modern LLMs.

In this paper, we introduce support-basis de-
composition, a new technique for accurate and
efficient attention inference and training with-
out the bounded-entry assumption. We em-
pirically show that the entries of the query
and key matrices exhibit sub-Gaussian behav-
ior. Leveraging this widely observed property,
we perform exact computation on sparse com-
ponents and polynomial approximation on
dense components. Without relying on re-
strictive assumptions, we theoretically show
that our algorithm achieves sub-quadratic run-
time while matching the approximation error
of prior work, and we empirically validate
its computational efficiency and downstream
task performance1. We further generalize our
method to a multi-threshold setting that elim-
inates all distributional assumptions, provid-
ing the first theoretical justification for the em-
pirical success of polynomial attention. More-
over, we show that softmax attention can be
closely approximated by multiple polynomial
attentions with significantly smaller ℓp error.

1Our code can be found at: https://github.com/
yinj66/support_basis.
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1 INTRODUCTION

Large language models (LLMs) are powerful AI mod-
els for understanding and generating human-like text.
Prominent examples include BERT (Devlin et al.,
2019), OPT (Zhang et al., 2022b), GPT series (Brown
et al., 2020; Radford et al., 2018, 2019; OpenAI, 2023),
and Llama series (Touvron et al., 2023a,b; Dubey et al.,
2024). These models are built upon the Transformer
architecture (Vaswani et al., 2017), which utilizes the
softmax attention computation as a core mechanism.
Using this design, LLMs can handle a wide range of
language tasks, like language modeling (Martin et al.,
2020), sentiment analysis (Usama et al., 2020), creative
writing (ChatGPT, 2022; OpenAI, 2023), and natural
language translation (He et al., 2021).

The exact softmax attention computation enables mod-
els to emphasize the most influential parts of the input
when generating outputs, rather than weighting all
words uniformly. The attention weights, computed via
a softmax function over the inputs, determine the rela-
tive importance assigned to each word. By selectively
focusing on highly relevant inputs, attention layers al-
low models to handle longer sequences more effectively.

However, a crucial drawback of softmax attention is
its quadratic time complexity in the input length n.
Given query, key, and value matrices Q,K, V ∈ Rn×d

and entrywise exponential function exp, where d≪ n is
the hidden dimension, computing the (Q,K)-softmax
attention matrix A = exp

(
QK⊤/d

)
∈ Rn×n and the

subsequent product AV are both computationally ex-
pensive, requiring O

(
n2d
)

time2. This quadratic com-
plexity makes it challenging for LLMs to process long
input sequences efficiently. Since A contains n2 en-
tries, it is impossible to improve the asymptotic time
complexity when explicitly computing all entries of A.
Thus, prior works on attention optimization that aim

2In the standard attention literature (Vaswani et al.,

2017), A := exp
(
QK⊤/

√
d
)
. We use exp

(
QK⊤/d

)
solely

for the simplicity in our theoretical analysis. We use the

standard definition exp
(
QK⊤/

√
d
)
when running our ex-

periments.

https://github.com/yinj66/support_basis
https://github.com/yinj66/support_basis
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to improve quadratic complexity attempt to implicitly
utilize A (Alman and Song, 2023a; Beltagy et al., 2020;
Kitaev et al., 2020; Zaheer et al., 2020; Katharopoulos
et al., 2020; Kacham et al., 2024; Wang et al., 2020;
Gao et al., 2025a) to approximate it. Among these,
Alman and Song (2023a) is the only work that provides
a time-optimal algorithm for approximating softmax
attention without reducing it to a simpler problem.
Nevertheless, their algorithm relies on strong assump-
tions, which makes it very difficult to implement in
modern transformers. To address this issue, we de-
sign an efficient algorithm for approximating attention
via a novel mathematical technique, support-basis de-
composition, eliminating the strong assumptions in
Alman and Song (2023a). Additionally, we combine
the polynomial method with sketching techniques to
theoretically justify the competitive performance of
polynomial attention (Kacham et al., 2024), where the
entrywise exponential is replaced with an entrywise
polynomial p(x) = xβ for β ≥ 2.

Organization In Section 1.1, we present the prob-
lem formulation and limitations of prior work. In Sec-
tion 1.2, we address these challenges and go beyond.

1.1 Problem Setup and Prior Approaches

To justify the quadratic time complexity, we present
the mathematical formulation of the exact attention
computation. The (Q,K)-softmax-attention matrix
A = exp

(
QK⊤/d

)
∈ Rn×n captures relationships be-

tween each row of the query and the key by the inner
product Ai,j := exp

(
1
d ⟨Qi,∗,Kj,∗⟩

)
, where i, j ∈ [n] :=

{1, 2, . . . , n}, and Qi,∗,Kj,∗ ∈ Rd are the i-th and j-
th rows of Q and K, respectively. The inner product
⟨Qi,∗,Kj,∗⟩ = ∥Qi,∗∥2∥Kj,∗∥2 cos θ, computed in O (d)
time, quantifies the alignment of Qi,∗ and Kj,∗, while
the entrywise exponential function further accentuates
these relationships by magnifying large similarities.

We further make each row of A form a probability distri-
bution by dividing each entry by the corresponding row
sum. Finally, contextual information is aggregated by
multiplying the normalized attention matrix with the
value matrix V ∈ Rn×d. The exact softmax attention
computation problem is defined as follows:

Definition 1.1 (The exact attention computation).
Given Q,K, V ∈ Rn×d, we let A = exp

(
QK⊤/d

)
∈

Rn×n be the (Q,K)-softmax-attention matrix. For all
i, j ∈ [n], we let diag : Rn → Rn×n as diag (x)i,j := xi

if i = j, and diag (x)i,j := 0 otherwise. Let D :=

diag (A1n) ∈ Rn×n and 1n ∈ Rn be the all-ones vector.
The exact attention computation Att (Q,K, V ) ∈ Rn×d

is defined as:

Att (Q,K, V ) := D−1AV.

To reduce the quadratic time complexity O
(
n2d
)
, Al-

man and Song (2023a) studies approximate attention
computation to avoid fully constructing A ∈ Rn×n:

Definition 1.2 (The approximate attention compu-
tation). Let ϵ > 0 be the accuracy parameter. For
all matrix M , we let ∥M∥∞ := maxi,j |Mi,j |. Given
Q,K, V ∈ Rn×d, the goal of the approximate attention
computation is to output a matrix P ∈ Rn×d with:

∥∥P −D−1AV
∥∥
∞ ≤ ϵ · ∥V ∥∞.

Under the bounded entry assumption, Alman and Song
(2023a) presents a time-optimal algorithm that approx-
imates attention computation with small error:

• Upper bound of Alman and Song (2023a): if
the bounded entry assumption holds, that is with
B = o

(√
log n

)
, ∥Q∥∞ , ∥K∥∞ , ∥V ∥∞ ≤ B, then

there exists a sub-quadratic time algorithm (Al-
gorithm 2) that solves the approximate attention
computation problem with ϵ = 1/poly (n);

• Lower bound of Alman and Song (2023a):
if the bounded entry assumption fails, there does
not exist any truly sub-quadratic time algorithm
approximating attention computation under the
Strong Exponential Time Hypothesis (SETH, Def-
inition A.6) for ϵ = 1/poly (n).

Building upon Alman and Song (2023a), Alman and
Song (2024b) further shows that the gradient of the
attention loss minX∈Rd×d L(X):

min
X∈Rd×d

∥D(X)−1 exp(XℓXX⊤
ℓ )XℓWV − E∥2F (1)

can be approximated in sub-quadratic time with the
bounded entry assumption. Xℓ ∈ Rn×d denotes the
ℓ-th layer input, D(X) = diag

(
exp(XℓXX⊤

ℓ /d)1n

)
,

X = WQW
⊤
K is the variable, E ∈ Rn×d denotes the de-

sired output, and WQ,WK ,WV ∈ Rd×d are the weights
for query, key, and value, respectively. This is equiva-
lent to the attention definition (Definition 1.1), with
the weights written explicitly, since attention backprop-
agation requires gradients with respect to the weights.
When the bounded-entry assumption is violated, Alman
and Song (2024b) shows that no truly sub-quadratic-
time algorithm exists for approximating the gradient
of the attention loss to accuracy ϵ = 1/ poly(n).

To obtain an accurate and efficient algorithm for ap-
proximating attention computation and its gradient
(for attention inference and training, respectively), all
entries in the matrices Q,K, V must be sufficiently
small, i.e., max {∥Q∥∞ , ∥K∥∞ , ∥V ∥∞} ≤ o

(√
log n

)
.

However, this bounded-entry assumption rarely holds
in modern Transformer architectures (see Figure 1).
Therefore, it is natural to ask:
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Figure 1: Distribution of entries in Q and K of Layer 10
in TinyLlama-1.1B (Zhang et al., 2024). The red
dashed lines mark the thresholds ±√log n.

Can we accurately and efficiently approximate the
attention computation with a practical assumption?

1.2 Our Results

Contribution 1—An Accurate, Efficient, and
Implementable Algorithm We provide a positive
answer to this question. Our “practical assumption”
stems from the fact that the entries of the query, key,
and value matrices resemble a sub-Gaussian distribu-
tion (Figure 1). These entries cluster near the mean,
and the number of extreme entries—those whose abso-
lute values exceed o

(√
log n

)
—is small (see figures in

Appendix L for more details beyond Figure 1: we pro-
vide empirical evidence of sub-Gaussian-like behavior in
widely used modern Transformer architectures, such as
TinyLlama-1.1B (Zhang et al., 2024), LLaDA-8B-Base
(Nie et al., 2025), OPT-1.3B (Zhang et al., 2022b), and
Phi-2 (Javaheripi et al., 2023), across multiple layers).

Under this practical assumption, the number of large
entries is small, so we decompose the query Q into the
sum of a sparse matrix, Q(L), whose rows contain large
entries, and a dense matrix, Q(s), whose rows contain
only small entries. We apply the same decomposition to
the key K. We then perform the exact computation for
the sparse components and use the polynomial method
of Alman and Song (2023a) to approximate the small
and dense component. We call this single-threshold
support basis decomposition, where “single-threshold”
denotes T = o

(√
log n

)
and “support basis” (Defini-

tion B.5) refers to the disjoint matrices Q(s)
(
K(s)

)⊤

and Q(L)
(
K(L)

)⊤
+ Q(s)

(
K(L)

)⊤
+ Q(L)

(
K(s)

)⊤
.

Theorem 1.3 (Informal version of Theorem D.4). Let
Q,K, V ∈ Rn×d be the query, key, and value matri-
ces. Suppose entries of Q,K are independent and sub-

Gaussian with variance proxies σ2
Q and σ2

K , respectively.
Let ϵ, δ ∈ (0, 0.1) respectively be the accuracy param-
eter and failure probability. Then, with probability at
least 1− δ, there exists a sub-quadratic time algorithm
(Algorithm 1) that outputs P ∈ Rn×d satisfying

∥∥P −D−1AV
∥∥
∞ ≤ ϵ · ∥V ∥∞,

where A = exp(QK⊤/d) and D = diag(A · 1n).

Using our single-threshold support basis, we can fur-
ther approximate the gradient of the attention loss
in sub-quadratic time if the entries of Q and K are
sub-Gaussian. Unlike Alman and Song (2024b), our re-
sult enable efficient backward propagation without the
bounded entry assumption (see Section 3.2 for detail).

Our empirical results on the distributions of the Q and
K entries across multiple transformer models in multi-
ple layers (e.g., Figure 1) imply that our sub-quadratic-
time randomized algorithm can be applied to all of
these models throughout the entire network. Since we
show that both the forward and backward propagation
of attention can be approximated in sub-quadratic time
whenever sub-Gaussianity holds, we naturally extend
our efficient algorithm to multi-layer attention, aligning
it more closely with modern Transformer architectures.

However, it is also natural to ask:

Can we generalize our support basis to any arbitrary
Q,K ∈ Rn×d without any assumption?

Contribution 2—Efficient Attention Approxima-
tion With No Assumption We provide a positive
answer to this question. Without any assumptions,
entries of Q and K may not cluster near the mean,
so we cannot infer that the number of large entries
is small. Thus, we develop multiple-threshold support
basis to approximate the attention computation in sub-
quadratic time. However, due to the lower bound of
Alman and Song (2023a), this unavoidably leads to a
weaker accuracy guarantee ϵ > 1/ poly(n) in ℓ∞ norm.

Theorem 1.4 (Informal version of Theorem I.5). Let
Q,K, V ∈ Rn×d be the query, key, and value matrices.
Let ϵ, δ ∈ (0, 0.1) respectively be the accuracy parameter
and failure probability. Let B = max{∥Q∥∞, ∥K∥∞}
and b = mini∈[n],j∈[d]{|Qi,j |, |Ki,j |}. Then, with prob-
ability 1 − δ, the approximate attention computation
(Definition 1.2) can be solved in sub-quadratic time by
outputting P ∈ Rn×d that satisfies

∥∥P −D−1AV
∥∥
∞ ≲ ϵ exp(3B2) · ∥V ∥∞ .

Beyond the contribution in attention approximation,
our result also provides a theoretical justification for
why polynomial attention performs well in practice.
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While Kacham et al. (2024) proposes a fast algorithm
to approximate a polynomial attention and empirically
demonstrates its effectiveness on downstream tasks, a
theoretical explanation for this success remains lacking.

Why does the polynomial attention have comparable
performance with the softmax attention?

Contribution 3—A Theoretical Justification for
the Empirical Performance of Polynomial Atten-
tion and Beyond In our analysis of Theorem 1.4,
we bridge this gap by showing that softmax attention is
ϵ1-close to a polynomial attention, and this polynomial
attention can be approximated via the sketching meth-
ods of Kacham et al. (2024) with accuracy ϵ2. It implies
the resulting approximation is (ϵ1+ϵ2)-close to softmax
attention, which explains why Kacham et al. (2024)
obtains experimental results for polynomial attention
that are comparable to those of softmax attention.

Moreover, we note that the attention approximation
method of Alman and Song (2023a) does not perform
well when the entries of Q and K are far apart. This
motivates us to design a multiple-threshold support
basis, which partitions Q and K into several disjoint
components. For the partitions with larger entries, in-
stead of performing exact computation as in the single-
threshold support basis, whose running time becomes
large without the sub-Gaussian assumption, we approx-
imate them by a sum of polynomial attentions. It sup-
ports the empirical results of Kacham et al. (2024) and
goes further: we can significantly reduce the ℓp error
when approximating softmax attention using multiple
polynomial attentions compared to a single polynomial
attention, although the ℓ∞ error lower bound of Al-
man and Song (2023a) remains impossible to bypass.
Thus, combining multiple polynomial attentions bet-
ter captures the behavior of softmax attention than a
single polynomial attention in Kacham et al. (2024).

Contribution 4—Experimental Results Besides
empirically validating our assumption that the entries
of query and key matrices resemble sub-Gaussian distri-
butions, we also present runtime experiments showing
that our method is faster than exact attention com-
putation and achieves significantly lower error than
Alman and Song (2023a). Additionally, we evaluate
downstream tasks with both Alman and Song (2023a)
and our method across various benchmarks. Since the
assumptions of Alman and Song (2023a) rarely hold
in practice, it yields 0% accuracy, whereas our method
aligns with practical settings and achieves performance
comparable to exact attention (see Section 4).

Notation. Let Z+ be the set of positive integers. For
all sets Y , we use |Y | to denote its cardinality. We

define the combination
(
n
r

)
:= n!

(n−r)!r! . For all i ∈ [d]

and x, y ∈ Rd, we define x ◦ y ∈ Rd as (x ◦ y)i :=
xi · yi; for all A,B ∈ Rn×d, for all i ∈ [n] and j ∈ [d],
A ◦ B ∈ Rn×d is defined as (A ◦ B)i,j := Ai,j · Bi,j .
For all p ∈ Z+, we define the ℓp norm of x as ∥x∥p :=(∑

i∈[d] |xi|p
)1/p

and A◦p ∈ Rn×d as (A◦p)i,j := Ap
i,j .

We define supp(A) := {(i, j) ∈ [n] × [d] | Ai,j ̸= 0}.
1n×d is the n× d matrix whose entries are all 1’s. Pr[·]
denotes the probability. The expectation of the discrete
random variable X ∈ R is E[X] :=

∑
i xi · Pr[X = xi].

Roadmap. In Section 2, we present the related work.
In Section 3, we give an overview of techniques we use to
prove our main results (Theorem 1.3 and Theorem 1.4).
In Section 4, we present our experimental results.

2 RELATED WORK

Polynomial Methods for Attention Approxima-
tion As the attention approximation algorithm of
Alman and Song (2023a) is time optimal, it has in-
spired numerous follow-up works (Alman and Song,
2024a,b, 2025; Chen et al., 2024; Liang et al., 2024c).
They generalize the polynomial method from Alman
and Song (2023a) to establish upper and lower bounds
for various attention-approximation–related problems.
Alman and Song (2024a) extends this method to study
tensor attention inference, showing that the p-th or-
der tensor attention can only be approximated in al-
most linear time under an even stronger assumption:
max {∥Q∥∞ , ∥K∥∞ , ∥V ∥∞} ≤ o

(
p
√

log n
)
. Similarly,

Alman and Song (2024b) proves that the gradient of
attention can be approximated in almost linear time,
and Liang et al. (2024c) shows the same for the gradient
of tensor attention. Moreover, Alman and Song (2025);
Chen et al. (2024) apply the method of Alman and
Song (2023a) to Rotary Position Embedding (RoPE)
attention (proposed by Su et al. (2024)) inference and
training, respectively. All of these works rely on the
strict bounded-entry assumption and contain no exper-
imental results. Although our method is specifically
built upon Alman and Song (2023a), it can be general-
ized to all these works to eliminate the bounded-entry
assumption, since they all rely on similar techniques.

A recent work by Gupta et al. (2026) develops upon
Alman and Song (2023a) by finding the relationships
between the entry bound B > 0 and different hid-
den dimensions d. They show that when d = O(1)
and B = poly(n), the approximate attention compu-
tation problem admits a truly subquadratic-time al-
gorithm with runtime Õ(n2−1/d · poly log(B/ε)). In
contrast, when d = 2Θ(log∗ n), they establish a con-
ditional lower bound under the SETH, proving that
any algorithm computing the approximate attention
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computation problem must take n2−o(1) time. Finally,
in the regime where d = poly(n), the standard algo-
rithm with runtime O(n2d) is conditionally optimal.
Although Gupta et al. (2026) gives a more flexible
choice of d, it is still unclear how we can design a fast
algorithm approximating the attention computation
problem if there are entries in Q,K, V larger than B.

Other Attention Optimization Works Other at-
tention approximation works also rely on different types
of assumptions that are incomparable to our work.
Reformer (Kitaev et al., 2020) introduces Locality-
Sensitive Hashing (LSH) Attention, which reduces the
computational complexity from O

(
n2
)

to O (n log n)
by assuming that, for each query vector, only a small
subset of the nearest key vectors substantially con-
tributes to the softmax output. Longformer (Beltagy
et al., 2020) and Big Bird (Zaheer et al., 2020) build
on the sparse attention matrix assumption. Linear
Transformer (Katharopoulos et al., 2020) replaces the
softmax operation with a kernel-based formulation, and
Kacham et al. (2024) replaces the entrywise exponential
with an entrywise polynomial. Linformer (Wang et al.,
2020) assumes the self-attention matrix is low-rank.

The most similar work to our multiple-threshold sup-
port basis result is Liang et al. (2024a), which is also
motivated by alleviating strict assumptions in prior
works and develops a sub-quadratic time algorithm
for attention approximation with a causal mask. How-
ever, their approach is limited to the case where the
causal mask is a lower-triangular matrix in which all
lower-triangular entries are equal to 1. Consequently,
when applied with this mask, the attention matrix also
becomes lower triangular. Liang et al. (2024a) decom-
poses the masked attention into a set of k “conv bases”
with k ≤ n and analyzes each basis in O(n log n) time
via Fast Fourier Transform to achieve sub-quadratic
runtime. While this is similar in spirit to our approach,
our task is significantly more challenging: we decom-
pose a dense n×n attention matrix with no zero entries
into a sum of disjoint components and analyze each us-
ing the polynomial method and sketching. Both works
share the advantage of tuning the number of bases,
but our method is more promising because our bucket-
ing scheme generates at most a logarithmic number of
bases. In contrast, the number of bases in Liang et al.
(2024a) can be as large as n in the worst case, which
yields no improvement in runtime.

3 TECHNIQUE OVERVIEW

Our theoretical proofs are deferred to the appendix.
Below, we first discuss the origin and limitations of the
bounded-entry assumption in attention optimization
(Section 3.1). We then summarize the techniques used

in our proofs to remove this bounded-entry assump-
tion and support our main results. In Section 3.2, we
show that a single-threshold support basis suffices to
eliminate this assumption, proving Theorem 1.3. In
Section 3.3, we introduce multiple-threshold support
bases to prove Theorem 1.4.

3.1 Bounded Entry Assumption Limitations

In Lemma 3.4 of Alman and Song (2023a) (Lemma A.4),

with g = O
(

max
{

log(1/ϵ)
log(log(1/ϵ)/B) , B

2
})

being the de-

gree of the Chebyshev polynomial, if the bounded en-
try assumption hold (B = o

(√
log n

)
), then there ex-

ists an algorithm that returns U1, U2 ∈ Rn×r such
that the attention matrix can be low-rank approx-
imated A ≈ U1U

⊤
2 , with the rank r =

(
2(d+g)

2g

)
.

The construction of the low-rank approximation is
by using a degree-g entrywise Chebyshev polynomial
U1U

⊤
2 = p

(
QK⊤/d

)
(see details in Appendix A.1) to

approximate the attention matrix exp
(
QK⊤/d

)
so that

computing U1

(
U⊤
2 V

)
(O (nrd) time) takes less time

than AV (O
(
n2d
)

time) if r < n. If the bounded entry
assumption is not satisfied, i.e. B ≥ Ω(

√
log n), then

g ≥ c1 log n for some c1 > 1, regardless of ϵ. Therefore,
with d = c2 log n for some c2 > 1, we get

(
2(d + g)

2g

)
≥
(
d + g

d

)2d

≥ 2Ω(d) ≥ 2Ω(logn) ≥ nΩ(1).

It implies that the attention approximation using

U1, U2 ∈ Rn×nΩ(1)

requires more than n2 time, re-
gardless of the error ϵ. This is a significant draw-
back: if B ≥ Ω(

√
log n), then the Chebyshev poly-

nomial cannot yield a sub-quadratic time algorithm.
If we force g < o (log n) to ensure r < n, the er-
ror guarantee breaks. Thus, directly using the sub-
quadratic algorithm from Alman and Song (2023a)
when B ≥ Ω(

√
log n) may fail to provide any meaning-

ful accuracy guarantee.

3.2 Single-Threshold Support Basis

To eliminate the bounded entry assumption, the most
straightforward approach is to scan all entries of
Q,K ∈ Rn×d and move those larger than the thresh-
old T = o

(√
log n

)
into Q(L) and K(L), respectively.

The matrices containing the remaining smaller en-
tries are denoted Q(s) and K(s). We denote this
process as Split(Q,T ) and Split(K,T ). We per-
form exact computation for the terms related to Q(L)

and K(L), and use the polynomial method (Alman

and Song, 2023a) to approximate Q(s)
(
K(s)

)⊤
. How-

ever, we notice that since exp is applied entry-wisely,
(exp (A + B)) · V = (exp (A) ◦ exp (B)) · V , which can-
not be further simplified as multiplication · is not dis-
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tributive over Hadamard product ◦. Therefore, we
cannot divide and conquer it using this naive approach.

Divide: Design a Valid Support Basis Our tech-
nique is to design a novel decomposition method that
breaks down QK⊤/d into a sum of disjoint matri-
ces—For a set of matrices {Ai}i∈[m] ⊂ Rn×d where
m ∈ Z+, Ai is said to be a disjoint matrix if for
all (j, k) ∈ [n] × [d], for all i′ ̸= i, if (Ai)j,k ̸= 0,
then (Ai′)j,k = 0 (Definition B.1). With two dis-

joint matrices A(s), A(L) satisfying QK⊤ = Q(L)K⊤ +

Q(s)
(
K(L)

)⊤
+ Q(s)

(
K(s)

)⊤
= A(s) + A(L), we define

{A(s), A(L)} as a support basis of QK⊤. In our work,
we construct A(s) as a dense matrix, and all of its en-
tries are bounded by o

(√
log n

)
; we construct A(L) as

a sparse matrix, and its entries can be large. Therefore,
A(s) is suitable for approximation using the polynomial
method, whereas A(L) is suitable to be computed ex-
actly since its sparsity ensures the fast matrix multipli-
cation. By Fact B.2, this decomposition has a desirable
mathematical property, namely exp

(
QK⊤/d

)
equals:

exp
(
A(s)/d

)
+ exp

(
A(L)/d

)
− 1n×n. (2)

This additive form is essential for the divide-and-
conquer strategy, as multiplication · is distributive
over addition +. This can break the original atten-
tion computation problem D−1 exp

(
QK⊤/d

)
V into a

sum of two simpler problems D−1 exp
(
A(s)/d

)
V and

D−1
(
exp

(
A(L)/d

)
− 1n×n

)
V . Before presenting how

we conquer each of them, we first present how to con-
struct such a valid support basis {A(s), A(L)}. All of

the entries of Q(L)K⊤ + Q(s)
(
K(L)

)⊤
are “potentially

large”, so they should be included in A(L). To further
ensure that our current A(L) is disjoint from the re-

maining dense component Q(s)
(
K(s)

)⊤
, for all (i, j) ∈

[n] × [n] satisfying
(
Q(L)K⊤ + Q(s)

(
K(L)

)⊤)
i,j
̸= 0,

we extract the corresponding entry
(
Q(s)

(
K(s)

)⊤)
i,j

and add it into
(
A(L)

)
i,j

. Regarding A(s), we define
(
A(s)

)
i,j

to be
(
Q(s)

(
K(s)

)⊤)
i,j

if
(
A(L)

)
i,j

= 0 and

0 otherwise. Then, this forms a valid support basis.

Conquer: Approximate the Attention in A(L)

Sparsity Time Now, we have shown that we
can construct a support basis {A(s), A(L)} to make
attention computation be divided into the sum
of two smaller problems: D−1 exp

(
A(s)/d

)
V and

D−1
(
exp

(
A(L)/d

)
− 1n×n

)
V . Below, we justify the

statement that if the number of large entries (those
greater than o

(√
log n

)
) of Q and K is upper bounded

by O (nα) with α ∈ (0, 1), then the attention computa-
tion can be approximated in sub-quadratic time.

( n supp
(
Q(L)K⊤)

n

+ n supp
(
Q(s)

(
K(L)

)⊤)

n

) ×n V

d

Figure 2: A visualization of A(L)V . By the definition of

A(L), supp
(
A(L)

)
= supp

(
Q(L)K⊤ + Q(s)

(
K(L)

)⊤)
.

Therefore, visualizing A(L)V is equivalent to vi-
sualize

(
Q(L)K⊤ + Q(s)

(
K(L)

))
V . By definition,

Q(L),K(L) are sparse matrices with
∣∣supp

(
Q(L)

)∣∣ =∣∣supp
(
K(L)

)∣∣ = O (nα) for α ∈ (0, 1), so there are at

most O (nα) non-zero rows (red blocks) in Q(L)K⊤ and

O (nα) non-zero columns (blue blocks) in Q(s)
(
K(L)

)⊤
.

To conquer each of these smaller problems, we efficiently
approximate the former using polynomial method from
Alman and Song (2023a) and exactly compute the
latter. To ensure that our attention approximation al-
gorithm runs in sub-quadratic time, it suffices to make
the exact computation part sub-quadratic, since the
polynomial method always takes n1+o(1) time. Re-
call that we define A(L) ∈ Rn×n as

(
A(L)

)
i,j

:=
(
QK⊤)

i,j
if
(
Q(L)K⊤ + Q(s)

(
K(L)

)⊤)
i,j

≠ 0 and

0 otherwise. Since Q,K ∈ Rn×d, computing an
arbitrary entry of QK⊤ only takes d time. Thus,
we need to know how many of the entries of A(L)

are non-zero. As the number of large entries of Q
and K is at most O (nα) with α ∈ (0, 1), we con-
sider Q(s) and K to be dense and Q(L),K(L) to be
sparse. Thus, the support of A(L) is represented as
in Figure 2. We get supp

(
exp

(
A(L)/d

)
− 1n×n

)
=

supp
(
A(L)

)
as exp (0) − 1 = 0. When computing(

exp
(
A(L)/d

)
− 1n×n

)
V , it suffices to consider:

• Case 1: if a matrix A1 ∈ Rn×n is sparse with nα

rows (red blocks in Figure 2) that are non-zero and
the rest of the rows are all 0, then we only need
to compute nαd numbers of inner products when
computing A1V ∈ Rn×d. As each inner product
takes O(n) time, it takes O(n1+αd) time in total
to compute A1V .

• Case 2: if a matrix A2 ∈ Rn×n is sparse with nα

columns (blue blocks in Figure 2) that are non-
zero and the rest of the rows are all 0, computing
A2V ∈ Rn×d requires nd numbers of inner product,
but since each inner product takes only O(nα)
time, then in total, it still takes O(n1+αd) time.

Combining both cases together, with d =
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O (log n), it takes O
(
n1+α

)
time to compute(

exp
(
A(L)/d

)
− 1n×n

)
V . As O

(
n1+α

)
is the sparsity

of A(L) (Lemma B.9), we call it A(L) sparsity time.

Algorithm 1 We approximate the attention computa-
tion problem using the support basis {A(s), A(L)}.
1: procedure ApproxAttention(Q ∈ Rn×d,K ∈

Rn×d, V ∈ Rn×d, n, d, ϵ, T )
2: Q(L), Q(s) ∈ Rn×d ← Split(Q,T )
3: K(L),K(s) ∈ Rn×d ← Split(K,T )
4: Explicitly compute A(L).
5: U1, U2 ∈ Rn×r ← Polynomial(A(s), ϵ). ▷ To

approximate exp
(
A(s)/d

)
.

6: d1 ← U1

(
U⊤
2 1n

)
∈ Rn.

7: d2 ←
(
exp

(
A(L)/d

)
− 1n×n

)
1n ∈ Rn.

8: D−1 ← diag (d1 + d2)
−1 ∈ Rn×n.

9: C1 ← U1

(
U⊤
2 V

)
∈ Rn×d.

10: C2 ←
(
exp

(
A(L)/d

)
− 1n×n

)
V ∈ Rn×d.

11: return D−1(C1 + C2).
12: end procedure

Constructing D = diag
(
exp

(
QK⊤/d

)
1n

)
also takes

A(L) sparsity time: because of the linearity property of
diag : Rn → Rn×n, the time complexity is dominated
by computing

(
exp

(
A(L)/d

)
− 1n×n

)
1n, which, simi-

larly, takes O
(
n1+α

)
time. Finally, as D−1 is diagonal,

the attention computation problem can be approxi-
mated in A(L) sparsity time.

Sub-Gaussianity of Query and Key We have now
justified the statement that if the number of large en-
tries (those greater than o

(√
log n

)
) of Q and K is up-

per bounded by O (nα) with α ∈ (0, 1), then the atten-
tion computation can be approximated in sub-quadratic
time. What remains is to justify why this “if” condition
holds. This is where our assumption—that the entries
of the query and key matrices follow a sub-Gaussian dis-
tribution—becomes crucial. Suppose Q,K ∈ Rn×d are
random matrices with independent sub-Gaussian en-
tries having variances σ2

Q and σ2
K , respectively, we have

Pr [|Qi,j | ≥ t] ≤ 2 exp
(
− t2

σ2
Q

)
and Pr [|Ki,j | ≥ t] ≤

2 exp
(
− t2

σ2
K

)
. This implies that the expected num-

ber of large entries in M (L) ∈ {Q(L),K(L)} is bounded

as: E
[∣∣supp

(
M (L)

)∣∣] ≤ 2nd · exp
(
− T 2

σ2
M

)
. Applying

the multiplicative Chernoff bound, we obtain that with
high probability, our “if” condition holds:

Pr
[∣∣∣supp

(
M (L)

)∣∣∣ > nα
]
≤ exp (−Ω (nα)) .

Putting everything together, we conclude the proof
sketch of Theorem 1.3 by Modus Ponens.

Generalize to Multi-Layer Attention Generaliz-
ing our method to multi-layer attention requires effi-
cient algorithms for both inference and training. Infer-
ence can be achieved using Algorithm 1, while training
involves efficiently approximating the gradient of the
loss function (Eq. (1)). As noted in Alman and Song
(2024b), the dominant term in the time complexity of
computing dL

dX still arises from the attention matrix
A ∈ Rn×n. Thus, replacing A with the low-rank matrix
U1U

⊤
2 like Alman and Song (2023a), Alman and Song

(2024b) can approximate dL
dX in sub-quadratic time.

On the other hand, our method expresses A as
exp

(
A(s)/d

)
+ exp

(
A(L)/d

)
− 1n×n (Eq. (2)). Since

the entries of exp
(
A(s)/d

)
are small and satisfy the

bounded entry assumption, we can approximate it by
U1U

⊤
2 with little sacrifice in accuracy. However, al-

though B = exp
(
A(L)/d

)
− 1n×n is sparse, its product

with other dense matrices is dense, and thus further
computation may still require quadratic time Ω

(
n2
)
.

To address this issue, we use the approximate SVD
from Clarkson and Woodruff (2017), allowing us to
approximate the best rank-k low-rank approximation
of B in A(L) sparsity time (Theorem E.3). Choosing
k = no(1), we approximate dL

dX in A(L) sparsity time,
which is also sub-quadratic by sub-Gaussianity, thereby
generalizing our method to multi-layer attention.

3.3 Multiple-Threshold Support Basis

The single-threshold support basis works well when Q
and K only have a small number of “large” entries.
However, if we do not make any distributional assump-
tions, we cannot bound the number of large entries
in Q and K with high probability. Thus, the exact
computation may become too expensive.

Divide: Design a Multiple-Threshold Support
Basis To address it, we develop the multiple-threshold
support basis to decompose Q and K into several dis-
joint components by a sequence of thresholds 0 < T1 <
T2 < · · · < Tm. These thresholds partition the range of
entry magnitudes into m disjoint intervals. For exam-
ple, entries within (Tℓ−1, Tℓ] are assigned to the ℓ-th
“bucket”. We write Q = Q(T1)+Q(T2)+ · · ·+Q(Tm) and
K = K(T1) + K(T2) + · · ·+ K(Tm). To ensure the dis-

jointness of each A(Tℓ,Tℓ′ ) := Q(Tℓ)
(
K(Tℓ′ )

)⊤
, if we find

a large entry from Q or K in the interval (Tℓ−1, Tℓ], we
take the entire row containing this entry and include it
in Q(Tℓ) or K(Tℓ). We then expand the product QK⊤

as QK⊤ =
∑m

ℓ=1

∑m
ℓ′=1 A

(Tℓ,Tℓ′ ). Since there are m2

such matrices A(Tℓ,Tℓ′ ), we choose Tℓ to grow exponen-
tially with respect to ℓ to keep m2 small. Thus, we only
need to handle a small number of A(Tℓ,Tℓ′ ) to achieve
the desired running time. Due to its disjointness, the
support basis {A(Tl,Tl′ )}Tl,Tl′∈{Tℓ}m

ℓ=1
admits a desir-



Support Basis: Fast Attention Beyond Bounded Entries

able additive decomposition (by induction) analogous
to Eq. (2) for the single-threshold support basis.

Conquer: Reduce Gaussian Kernels to Polyno-
mial Kernels and Approximate Them by Sketch-
ing The largest entries in each of Q(Tℓ)(K(Tℓ′ ))⊤ is at
most d · Tℓ · Tℓ′ . Therefore, to make each of them
satisfy the bounded entry assumption, we need to
take out a scalar from this matrix Q(Tℓ)(K(Tℓ′ ))⊤ =
Tℓ·Tℓ′
logn ·Q(ℓ)(K(ℓ′))⊤ so that the ℓ∞ norm of Q(ℓ)(K(ℓ′))⊤

is small. As exp is applied entry-wisely, we can

get exp(Q(Tℓ)(K(Tℓ′ ))⊤) = exp(Q(ℓ)(K(ℓ′))⊤)◦
Tℓ·Tℓ′
log n ,

where the power Tℓ·Tℓ′
logn is also applied entry-wisely on

the matrix exp(Q(ℓ)(K(ℓ′))⊤). Then, we apply the poly-
nomial method (Alman and Song, 2023a) to approx-

imate exp
(
Q(ℓ)(K(ℓ′))⊤

)
≈ U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤
in al-

most linear time. We can finally approximate the poly-

nomial attention D−1

(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦Tℓ·Tℓ′
log n

V

in linear time in n via oblivious sketching
(Kacham et al., 2024; Ahle et al., 2020), which
provides a randomized low-dimensional embed-

ding so that

〈(
U

(ℓ,ℓ′)
1

)

i,∗
,

(
U

(ℓ,ℓ′)
2

)

j,∗

〉Tℓ·Tℓ′
log n

≈
〈
ϕ′
((

U
(ℓ,ℓ′)
1

)

i,∗

)
, ϕ′
((

U
(ℓ,ℓ′)
2

)

j,∗

)〉
without ex-

plicitly computing the high dimensional inner product.

Error Analysis The reason to use bucketing is to
control the range of values over which we approxi-
mate exp(x). Without bucketing, we would need to
approximate exp(x) over the entire range of entries
in QK⊤/d, which may contain both very small and
very large values. If this range is wide, then we must
take out a large scalar, which leads to a very high-
degree polynomial. This will greatly increase the
error, as by the mean value theorem, we can show
∥F◦p − G◦p∥∞ ≤ p·βp−1 ·∥F − G∥∞, where ∥F − G∥∞
is the error of the Chebyshev polynomial (Alman and
Song, 2023a) and β is the largest entry in F and G.
Bucketing addresses this issue by splitting the entries
into groups (buckets) according to their magnitude. In
each bucket, the maximum absolute value Bbucket is
much smaller than the global maximum B. Thus, we
can approximate exp(x) over [−Bbucket, Bbucket] using
a much lower-degree polynomial, reducing all ℓp error.

In attention computation, bucketing corresponds to
decomposing the (Q,K)-softmax attention matrix into
a sum of disjoint components, each of which can be

approximated by a polynomial attention. This yields

exp
(
QK⊤/d

)
≈

∑

buckets b

pb

(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)
.

Each pb is a polynomial tailored to the value range of its
bucket. Because each polynomial is specialized to a nar-
rower range, it matches the exponential function more
closely within that range. Summing these accurate,
range-specific approximations produces a result that
is closer to the original softmax attention than using
a single polynomial approximation over the full range.
This concludes our proof sketch for Theorem 1.4.

4 EXPERIMENTAL RESULTS

Computational Efficiency We first compare the
computational efficiency of the exact attention compu-
tation, the method of Alman and Song (2023a), and
our proposed approach. We used an Apple M3 CPU
to run this experiment. With Q,K, V ∈ Rn×d, we set
d = 64 and n ∈ {8192, 16384, 24576, 32768} consistent
with real-world Transformer deployments. To satisfy
our sub-Gaussian assumption, each entry of Q and K
is drawn independently from a Gaussian distribution
with mean 0 and standard deviation 0.1, i.e., for all
(i, j) ∈ [n]× [d], Qi,j ∼ N (0, 0.12),Ki,j ∼ N (0, 0.12).

Alman and Song (2023a) uses polynomial approxima-
tion to all entries, so it suffers a significant drop in accu-
racy due to the bounded-entry assumption. In contrast,
our method allows for more flexible control of the accu-
racy–efficiency trade-off by partitioning large and small
entries using a threshold T > 0. Small entries satisfies
the bounded-entry assumption, so we apply polynomial
approximation to gain efficiency with little loss in accu-
racy; for large entries, when the assumption is violated,
we use exact computation. We evaluate our method
with T ranging from 0.15 to 0.5. As T increases, our
method performs more approximation and less exact
computation. For all n ∈ {8192, 16384, 24576, 32768},
we can approximate the attention computation both
efficiently and accurately by tuning T .

In addition, the approximation error ϵ is not driven by
the sequence length n but instead is determined by the
entry bound B in Q and K. Our experiment (right plot
of each Figures 3a–3d) is consistent with the theoretical
result in the Chebyshev approximation bound. When
ϵ = 1/poly(n) and d = O(log n), the required polyno-

mial degree satisfies g = O
(

max
{

log(1/ϵ)
log(log(1/ϵ)/B) , B

2
})

(Lemma 3.4 of Alman and Song (2023a)). Thus, when
g and n are fixed, increasing B reduces the denomi-
nator log(log(1/ϵ)/B), which forces log(1/ϵ) to shrink.
Equivalently, ϵ must increase when B grows, which is
exactly what we observe in our experiment (Figure 3).
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(b) n = 16, 384
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(d) n = 32, 768

Figure 3: For each of Figures 3a, 3b, 3c, and 3d, the left plot shows the change in running time with respect to the
threshold T , while the right plot shows the change in error with respect to T . The blue curves correspond to Alman
and Song (2023a), the orange curves correspond to our single-threshold support basis method (Algorithm 1), and
the dotted green lines represent the exact attention computation (Definition 1.1).

Table 1: Performance of LLaDA-8B-Instruct with different attention approximation methods across various
benchmarks. We evaluate the accuracy on these benchmarks. 4 and 6 are polynomial degrees. “Avg.” is average.

GSM8K MMLU Hellaswag ARC-easy ARC-challenge Avg.

Exact computation 60.57% 62.56% 75.97% 91.62% 84.64% 75.47%
Our method-4 54.81% 61.17% 74.66% 89.90% 82.42% 72.59%
Our method-6 60.65% 62.62% 75.75% 91.58% 84.98% 75.11%
Alman and Song (2023a)-4 0% 0% 0% 0% 0% 0%
Alman and Song (2023a)-6 0% 0% 0% 0% 0% 0%

In contrast, the runtime heavily depends on n. Since
our method reduces the attention computation from
O(n2d) to sub-quadratic time, the absolute runtime
improvement becomes more pronounced as n increases.
As shown in Figure 3, larger sequence lengths yield
substantially larger speedups without introducing addi-
tional drawbacks in approximation error, making our
method more suitable for larger transformer models
with very long contexts, which aligns with the develop-
ment of modern transformer architectures.

Performance on Downstream Tasks We evalu-
ate the performance of LLaDA-8B-Instruct (Nie et al.,
2025) on a range of standard benchmarks, including
GSM8K (Cobbe et al., 2021), MMLU (Hendrycks et al.,
2021), Hellaswag (Zellers et al., 2019), ARC-easy (Clark
et al., 2018), and ARC-challenge (Clark et al., 2018).
We perform the exact computation for the largest and
smallest 10% of entries in Q,K and applies the polyno-
mial approximation to the remaining 80%. In contrast,

Alman and Song (2023a) approximates all entries of
the attention matrix. Table 1 shows the results. Our
method demonstrates a clear advantage over Alman
and Song (2023a) in practical settings. With a degree-
4 Chebyshev approximation, our approach incurs less
than a 3% drop in accuracy compared to exact atten-
tion. With a degree-6 Chebyshev approximation, the
performance is nearly indistinguishable from the origi-
nal computation. By contrast, Alman and Song (2023a)
fails to produce meaningful results, yielding zero ac-
curacy across all benchmarks. The superiority of our
method over Alman and Song (2023a) stems from two
key factors. First, in multi-layer transformers, approxi-
mation errors in the attention computation accumulate
across blocks; our hybrid strategy is substantially more
robust to such error propagation. Second, large entries
in Q and K are particularly sensitive to approximation
error. By computing these entries exactly, our method
avoids the large errors that Alman and Song (2023a)
cannot, since it treats all entries uniformly.
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Roadmap. Our paper presents two main results. First, we introduce the use of a single threshold support basis
to separate the large and small entries of the query and key matrices Q,K ∈ Rn×d. Under the sub-Gaussian
assumption, this allows us to design a sub-quadratic time algorithm for approximating the attention computation,
without requiring the bounded-entry condition ∥Q∥∞, ∥K∥∞ < o

(√
log n

)
used in Alman and Song (2023a). We

first use Appendix A to present the background of Alman and Song (2023a); Kacham et al. (2024). Then, we use
Appendix B, Appendix C, and Appendix D to support our result.

Specifically, in Appendix B, we formally define the support basis and show how to split the large and small entries
of the query and key matrices Q,K ∈ Rn×d in the attention computation. In Appendix C, we use our theoretical
result on the single threshold support basis to approximate the attention computation in A(L) sparsity time. In
Appendix D, we introduce our sub-Gaussian assumption and show that the number of large entries in Q and K is
bounded, so that with high probability, the running time of our attention approximation algorithm, namely the
A(L) sparsity time, is sub-quadratic. In Appendix E, we show how we can generalize our algorithm to multi-layer
attention.

Second, we propose the use of a multiple thresholds support basis to decompose Q,K ∈ Rn×d into the sum of several
matrices according to these thresholds. For each resulting component, we apply the polynomial approximation
method from Alman and Song (2023a) and the sketching technique from Ahle et al. (2020); Kacham et al. (2024)
to approximate and solve all subproblems in sub-quadratic time—without making any distributional assumptions,
though at the cost of reduced accuracy. We use Appendix F, Appendix G, Appendix H, and Appendix I to
support this result.

Specifically, in Appendix F, we generalize the theoretical results of the single threshold support basis to the setting
with multiple thresholds and explain how to decompose Q,K ∈ Rn×d accordingly. In Appendix G, we specify how
to choose the thresholds to ensure that the number of decomposed components remains bounded. In Appendix H,
we adapt the sketching techniques from Ahle et al. (2020); Kacham et al. (2024) to our setting. In Appendix I,
we combine the sketching techniques with our multiple thresholds support basis to approximate the attention
computation in sub-quadratic time, without assuming bounded entries or any distributional conditions.

Finally, in Appendix J, we present the basic mathematical facts used throughout the paper to support our proofs.
In Appendix K, we present additional related works. In Appendix L, we show the entry distributions of the query
and key matrices on different transformer architectures across different layers.

Notation. For all positive integer n, d, we denote R,Rn,Rn×d as sets containing all real numbers, all n-
dimensional vectors, and n× d matrices, whose entries are all in R. We define [n] := {1, 2, . . . , n}. For all set X,
we use |X| to denote its cardinality, namely the number of elements in this set. For all sets X and Y , we define
X × Y := {(x, y) | x ∈ X, y ∈ Y }.
For all a ∈ R, we define ⌊a⌋ as the largest integer satisfying ⌊a⌋ ≤ a. For all x, y ∈ Rd, their inner product is

⟨x, y⟩ :=
∑d

i=1 xiyi. With any arbitrary i ∈ [d], the Hadamard product ◦ is a binary operation: x◦y ∈ Rd is defined

as (x◦y)i := xi ·yi. For all p being a positive integer or∞, we define the ℓp norm of x as ∥x∥p :=
(∑

i∈[d] |xi|p
)1/p

.

We let 1d and 0d respectively denote the d-dimensional vectors whose entries are all 1’s and 0’s. Similarly, we
respectively define 1n×d and 0n×d as the n× d matrix whose entries are all 1’s and 0’s. We define diag(x) ∈ Rd×d

to be the diagonal matrix with diag(x)i,i = xi.

Let A ∈ Rn×d. We let Ai,j ∈ R be the (i, j)-th entry of A, Ai,∗ ∈ Rd be the i-th row, and A∗,j ∈ Rn be the j-th
column. We let A⊤ ∈ Rd×n be the transpose. ∥A∥F , ∥A∥∞ ∈ R respectively are the Frobenius norm and ℓ∞
norm, where ∥A∥F :=

√∑
i∈[n]

∑
j∈[d] |Ai,j |2 and ∥A∥∞ := maxi∈[n],j∈[d] |Ai,j |. We define supp(A) := {(i, j) ∈

[n] × [d] | Ai,j ̸= 0}. Let n1, n2, d1, d2, p be positive integers. We define exp(A) ∈ Rn×d and A◦p ∈ Rn×d as
the entry-wise exponential and power, namely for all i ∈ [n] and j ∈ [d], we have exp(A)i,j := exp (Ai,j) and
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(A◦p)i,j := (Ai,j)
p
. We define ∥A∥p := p

√∑
i,j |Ai,j |p. Let A ∈ Rn1×d1 . We let A⊗p be A⊗A⊗ · · · ⊗A︸ ︷︷ ︸

p

∈ Rn1×dp
1

be the row-wise Kronecker product.

For a differentiable function f , we use f ′ to denote its derivative. For a probability space (Ω,F ,Pr), where Ω
is the sample space, F is the σ-algebra of events, and Pr : F → [0, 1] is the probability measure, we define the
discrete random variable X : Ω → R so that the expectation of X is E[X] :=

∑
i xi · Pr[X = xi], and for all

A ∈ F , we define the indicator function I[A] : Ω→ {0, 1} as I[A](ω) := 1 if ω ∈ A and I[A](ω) := 0 if ω /∈ A, for
all ω ∈ Ω.

A PRELIMINARIES

In this section, we provide the theoretical foundation necessary to understand and contextualize our contributions
in attention approximation. We give a summary of the prior work (Alman and Song, 2023a; Aggarwal and Alman,
2022), which established sub-quadratic time algorithms for attention approximation under strong boundedness
assumptions. We also present the important mathematical properties from Kacham et al. (2024); Ahle et al.
(2020).

In Appendix A.1, we give an overview of techniques in Alman and Song (2023a); Aggarwal and Alman (2022). In
Appendix A.2, we present the background related to the sketching technique and polynomial attention (Kacham
et al., 2024; Ahle et al., 2020).

A.1 Background: Technique Overview of the Polynomial Method

Accuracy-Efficiency trade-off. Before delving into our method, we first provide an overview of the techniques
used in Aggarwal and Alman (2022); Alman and Song (2023a) to explain the origin of the bounded entry
assumption. The attention approximation (Definition 1.2) can be computed in sub-quadratic time by replacing
the entry-wise exponential function exp : R → R in the softmax unit with a degree-g Chebyshev polynomial
p : R→ R, thereby reducing the time complexity. This polynomial is also applied entry-wisely to QK⊤/d ∈ Rn×n,
where each entry ⟨Qi,∗,Kj,∗⟩/d is the inner product between a query and a key vector. When this polynomial
is expanded, it produces a collection of monomials that are products of certain entries from Q and K. These
terms can be reorganized into a low-rank (rank-r) factorization of the form U1U

⊤
2 , where U1, U2 ∈ Rn×r and

r =
(
2d+2g

2d

)
. Similar as Alman and Song (2023b), we give the following example to approximate the (i, j)-th entry

of exp
(
QK⊤/d

)
:

p (⟨Qi,∗,Kj,∗⟩/d)

= p

(
1

d

d∑

ℓ=1

Qi,ℓ ·Kj,ℓ

)

= 3Qi,1Kj,1Qi,3Kj,3 − 4Qi,7Kj,7Q
3
i,16K

3
j,16 + . . . (3)

=

〈


3Qi,1Qi,3

−4Qi,7Q
3
i,16

...




︸ ︷︷ ︸
(U1)i,∗

,



Kj,1Kj,3

Kj,7K
3
j,16

...




︸ ︷︷ ︸
(U2)j,∗

〉
(4)

= (U1)
⊤
i,∗ · (U2)j,∗ . (5)

For all B > 0, to accurately approximate exp(x) on the range [−B,B], the degree g of the polynomial must grow
with B (see Lemma A.4 for details). This leads to an accuracy–efficiency trade-off: increasing g improves the
approximation accuracy, but also increases the rank r =

(
2d+2g

2d

)
, thereby slowing down the computation.

Time complexity for constructing U1, U2 ∈ Rn×r and approximating the attention computation. We
now explain why constructing U1, U2 ∈ Rn×r takes O(nrg) time and using them to approximate the attention
computation takes O(nrd) time. As shown in Eq. (5), each degree-g Chebyshev polynomial may give one row of U1,
denoted (U1)i,∗, and one row of U2, denoted (U2)j,∗. As i, j ∈ [n], we need n numbers of Chebyshev polynomials
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exp ( n

Q1

Qn

1

1 K1 Kn

n

) ≈ n

p(Q1 ·K1) p(Q1 ·Kn)

p(Qn ·K1) p(Qn ·Kn)

n

= n

The degree-g Chebyshev polynomial basis {Tn(x)}gn=0 is defined as:
T0(x) = 1, T1(x) = x, Tn+1(x) = 2xTn(x)− Tn−1(x)

g∑
i=0

ciTi(Q1K1)
g∑

i=0

ciTi(Q1Kn)

g∑
i=0

ciTi(QnK1)
g∑

i=0

ciTi(QnKn)

n

= n

c0 cgQ
g
1

c0 c0Q
g
n

r

r

Kg
1

1

Kg
n

1

n

QK⊤ is rank-1

exp(QK⊤) is rank-n (full rank)

U1U
⊤
2 is rank-r (r ≤ no(1))

Figure 4: A visualization of the polynomial method. For simplicity, we set d = 1. The matrix QK⊤ has rank 1,
but the entrywise exponential function exp may map it to a full-rank matrix. Alman and Song (2023a) shows
that replacing exp with a degree-g Chebyshev polynomial p can produce a matrix of rank r.

to fully construct U1, U2 ∈ Rn×r. Each polynomial expansion contains r monomials, so each row vector (U1)i,∗ or
(U2)j,∗ has r entries to be computed (see from Eq. (3) to Eq. (4) as an example). Additionally, if the polynomial
is degree-g, computing the value of each entry of (U1)i,∗ or (U2)j,∗ involves multiplying up to O(g) scalar factors,
i.e., entries from Q or K (see entries in Eq. (4) as an example). Thus, each monomial evaluation costs O(g) scalar
multiplications. Since we compute n rows, each with r monomials, and each monomial costs O(g) operations,
constructing U1 and U2 requires O(nrg) time. Now, we do not need to explicitly form the n× n attention matrix
A = exp

(
QK⊤/d

)
but instead work with the much smaller factors U1 and U2 satisfying A ≈ U1U

⊤
2 . Finally,

using the associativity of matrix multiplication, the attention computation (as in Definition 1.1)

diag


 U1︸︷︷︸

n×r


U⊤

2︸︷︷︸
r×n

1n︸︷︷︸
n×1







−1

U1︸︷︷︸
n×r


U⊤

2︸︷︷︸
r×n

V︸︷︷︸
n×d




can be approximated in O (nrd) time.

Limitations. To approximate the attention in almost linear time, we need to make O(nrg + nrd) = O(n1+o(1)),
which is equivalent to making d, g, r ≤ no(1). However, keeping g and r small requires B (the maximum absolute
entry of Q or K) to be small. The analysis in Alman and Song (2023a) shows that achieving both a fast runtime
and a small approximation error requires d = O(log n) and B = o

(√
log n

)
. This condition on B is known as the

bounded entry assumption.

A.1.1 Background: Low Rank Approximation

In this section, we review concepts of matrix low-rank approximation. A key idea is to approximate the softmax
attention matrix, which is dense and expensive to compute, using a low-rank decomposition constructed from
polynomial expansions. This technique is central to the method proposed in Alman and Song (2023a), where
the exponential function is approximated by a Chebyshev polynomial, and the resulting polynomial matrix is
factorized into a product of two low-rank matrices. This allows for efficient computation of the attention matrix
without explicitly forming it. We formally define the notion of an (ϵ, r)-approximation and present a key lemma
from Alman and Song (2023a) that shows how to construct such a factorization efficiently.

Definition A.1. Let r ≥ 1 denote a positive integer. Let ϵ ∈ (0, 0.1) denote an accuracy parameter. Given a

matrix A ∈ Rn×n
≥0 , we say Ã ∈ Rn×n

≥0 is an (ϵ, r)-approximation of A if

• Ã = U1 · U⊤
2 for some matrices U1, U2 ∈ Rn×r (i.e., Ã has rank at most r), and

• |Ãi,j −Ai,j | ≤ ϵ ·Ai,j for all (i, j) ∈ [n]2.

Lemma A.2 (Lemma 3.2 in Alman and Song (2023a)). Let M = XY ⊤ ∈ Rn×n denote a matrix with X,Y ∈ Rn×d.

Let P (x) denote a degree-g polynomial, and define r =
(
2(g+d)

2g

)
.
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There is an algorithm that runs in O (nrg) time and, given as input the matrix X,Y , constructs matrices
U1, U2 ∈ Rn×r such that P (M) = U1U

⊤
2 . (Here, P (M) denotes the entry-wise application of P to M .)

A.1.2 Background: Approximating the Attention Computation Assuming d = O (log n) and
Bounded Entries

In this section, we describe the algorithm introduced in Alman and Song (2023a) for approximating the attention
computation.

Algorithm 2 Algorithm 1 of Alman and Song (2023a). It takes Q ∈ Rn×d,K ∈ Rn×d, V ∈ Rn×d as input
and approximates the attention computation (Definition 1.2) under the assumptions d = O (log n), ∥Q∥∞ ≤ B,
∥K∥∞ ≤ B, and ∥V ∥∞ ≤ B, where B = o

(√
log n

)
.

1: procedure PolyAttention(Q ∈ Rn×d,K ∈ Rn×d, V ∈ Rn×d, n, d,B, ϵ) ▷ Theorem A.5
2: ▷ ϵ is the accuracy output
3: ▷ ∥Q∥∞ , ∥K∥∞ , ∥V ∥∞ ≤ B

4: g ← O
(

max
{

log(1/ϵ)
log(log(1/ϵ)/B) , B

2
})

5: r ← r =
(
2(g+d)

2g

)

6: Construct U1, U2 ∈ Rn×r via Lemma A.4 ▷ O (nrg) time
7: w̃ ← U1 ·

(
U⊤
2 1n

)
▷ O (nr) time

8: D̃−1 = diag
(
w̃−1

)
▷ O (n) time

9: Compute U⊤
2 V ∈ Rr×d ▷ Takes Tmat (r, n, d) time

10: Compute U1 ·
(
U⊤
2 V

)
▷ Tmat (n, r, d) time

11: P ← D̃−1 ·
(
U1 ·

(
U⊤
2 V

))
▷ O (nd) time

12: return P ▷ P ∈ Rn×d

13: end procedure

Lemma A.3 (Corollary 2.2 in Alman and Song (2023a)). Let B > 1 and let ϵ ∈ (0, 0.1). There is a polynomial

P : R→ R of degree g := Θ
(

max
{

log(1/ϵ)
log(log(1/ϵ)/B) , B

})
such that for all x ∈ [−B,B], we have

|P (x)− exp (x) | < ϵ · exp (x) .

Lemma A.4 (An improved version of Lemma 3.4 in Alman and Song (2023a)). Let B = o
(√

log n
)
. Suppose

Q,K ∈ Rn×d, with
∥∥QK⊤∥∥

∞ ≤ dB2. Let A := exp
(
QK⊤/d

)
∈ Rn×n. For accuracy parameter ϵ ∈ (0, 1), there

is a positive integer g bounded above by

g = O

(
max

{
log (1/ϵ)

log (log (1/ϵ) /B)
, B2

})
,

and a positive integer r bounded above by

r ≤
(

2 (g + d)

2g

)

such that: There is a matrix Ã ∈ Rn×n that is an (ϵ, r)-approximation (Definition A.1) of A ∈ Rn×n. Furthermore,

the matrices U1 and U2 defining Ã can be computed in O (n · r) time.

Proof. By the assumption that
∥∥QK⊤∥∥

∞ ≤ dB2, we can get
∥∥QK⊤/d

∥∥
∞ ≤ B2.

Thus, applying Lemma A.3 (with bound B2 on its entries), there is a degree-g polynomial P such that the matrix

Ã = P (M) is an (ϵ, r)-approximation to A. We can then compute U1, U2 using Lemma A.2, which gives the
bound

r =

(
2 (g + d)

2g

)
.

This completes the proof.
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A.1.3 Background: Main Results of Alman and Song (2023a)

In this section, we formally present the core theoretical results from Alman and Song (2023a), which establish
both upper and lower bounds for the approximate attention computation problem. The upper bound shows
that when the input matrices Q,K, V ∈ Rn×d have entries bounded in ℓ∞ norm by B = o(

√
log n), and the

hidden dimension satisfies d = O(log n), then the attention computation can be approximated to within error
ϵ = 1/poly(n) in almost linear time n1+o(1).

Theorem A.5 (Upper bound, Theorem 3.8 of Alman and Song (2023a)). With d = O(log n), B =
o(
√

log n), ϵa = 1/ poly(n)), the approximate attention computation problem (see Definition 1.2) can be solved in
time Tmat(n, n

o(1), d) = n1+o(1).

In contrast, the lower bound establishes a fundamental computational limitation: under the SETH, any algorithm
that approximates attention within accuracy ϵ = 1/poly(n) must take at least n2−o(1) time when B = Θ(

√
log n).

Definition A.6 (Strong Exponential Time Hypothesis (SETH), Hypothesis 4.1 in Alman and Song (2023a)).
For every ϵ > 0 there is a positive integer k ≥ 3 such that k-SAT on formulas with n variables cannot be solved in
O(2(1−ϵ)n) time, even by a randomized algorithm.

Theorem A.7 (Lower bound, Theorem 4.6 of Alman and Song (2023a)). Assuming SETH, for every sufficiently
small q > 0, there are constants C > 0 and Cα > 0 and Cβ > 1 such that Approximate Attention Computation
(Definition 1.2) for parameters d = O(log n), B = Cβ

√
log n, and ϵa = n−Cα requires Ω(n2−q) time.

A.2 Background: Sketching and Polynomial Attention

Below, we define a version of polynomial attention from Kacham et al. (2024).

Definition A.8 (Polynomial Attention (Kacham et al., 2024)). Let g : R→ R be defined as g(z) = zβ for β ≥ 2,
where g(W )i,j = g(Wi,j) if W is a matrix and g(x)i = g(xi) if x is a vector. Given the input sequence X ∈ Rn×d

and the query, key, and value weights WQ,WK ,WV ∈ Rd×d, the polynomial attention computation is defined as:

D−1AV,

where A = g(XWQW
⊤
KX⊤/

√
d) and D := diag(A1n).

As demonstrated in Theorem 1.1 of Kacham et al. (2024), one can construct a randomized feature map ϕ′ for the
degree-p polynomial kernel that ensures the resulting approximate attention weights remain non-negative, satisfy
provable error bounds, and can be computed in time proportional to the sequence length n.

Theorem A.9 (Theorem 1.1 in Kacham et al. (2024)). Let p ≥ 2 be an even integer, ϵ ∈ (0, 0.5) be an error
parameter. Let d be the dimension of the vectors to be mapped. There exists a randomized feature mapping

ϕ′ : Rd → Rz2

, for z = Θ

(
p

ϵ2
log

1

δ

)

defined as ϕ′(x) :=
(
Sx⊗(p/2)

)⊗2
where S ∈ Rz×dp/2

is a sketching matrix, such that for all set of vectors{
qi ∈ Rd

}
i∈[n]

,
{
kj ∈ Rd

}
j∈[n]

, the following hold with probability at least 1− δ:

1. ⟨ϕ′ (qi) , ϕ
′ (kj)⟩ ≥ 0 for all i, j ∈ [n];

2. ∑

i,j

| ⟨ϕ′ (qi) , ϕ
′ (kj)⟩ − ⟨qi, kj⟩p |2 ≤ ϵ2

∑

i,j

∥qi∥2p2 ∥kj∥
2p
2 ;

3. Computing ϕ′ (x) for x ∈ Rd requires:

• p
2 matrix-vector multiplications with matrices of size d× z,

• p
2 − 2 matrix-vector multiplications with matrices of size z × z,

• p
2 − 1 Hadamard products of z-dimensional vectors,

• and 1 self-Kronecker product of an z-dimensional vector.
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To analyze the concentration and tail behavior of random variables—particularly in the context of sketching and
randomized linear algebra—it is useful to work with their moment norms. The following definition introduces the
Lt norm of a real-valued random variable, which captures its t-th moment in a normalized form. These norms
play a key role in bounding approximation errors and analyzing stability under random projections. An important
property of Lt norms is that they satisfy the triangle inequality, as guaranteed by the Minkowski inequality (Ahle
et al., 2020).

Definition A.10 (Definition 4.1 in Ahle et al. (2020)). For every integer t ≥ 1 and any random variable X ∈ R,
we write

∥X∥Lt =
(
E
[
|X|t

])1/t
.

Note that ∥X + Y ∥Lt
≤ ∥X∥Lt

+ ∥Y ∥Lt
for all random variables X,Y by the Minkowski Inequality.

Below, we present the JL moment property: it provides a probabilistic guarantee on how well a random matrix
preserves the norm of any fixed unit vector—not just with high probability, but in expectation and in Lt norm.
This property strengthens the classical JL lemma by quantifying how tightly concentrated the squared norm
∥Sx∥22 is around its mean.

Definition A.11 (JL Moment Property, Definition 4.2 in Ahle et al. (2020)). For every positive integer t and
every δ, ϵ ≥ 0, we say a distribution over random matrices S ∈ Rm×d has the (ϵ, δ, t)-JL-moment property, when

∥∥∥Sx∥22 − 1
∥∥
Lt
≤ ϵδ1/t and E

[
∥Sx∥22

]
= 1

for all x ∈ Rd such that ∥x∥ = 1.

By Ahle et al. (2020), the sketching matrix satisfying the JL Moment Property has the following property:

Lemma A.12 (Two vector JL Moment Property, Lemma 4.1 in Ahle et al. (2020)). For all x, y ∈ Rd, if S has
the (ϵ, δ, t)-JL Moment Property, then

∥∥(Sx)⊤(Sy)− x⊤y
∥∥
Lt
≤ ϵδ1/t∥x∥2∥y∥2.

B (BATCH) GAUSSIAN KERNEL DENSITY ESTIMATION VIA SINGLE
THRESHOLD SUPPORT BASIS

In Appendix B.1, we present the definition of disjoint matrices and analyze their mathematical properties. In
Appendix B.2, we give the formal definition of support basis and construct a single threshold support basis for
QK⊤. In Appendix B.3, we generalize the bounded entry lemma (Alman and Song, 2023a) from the threshold
B = o

(√
log n

)
to any arbitrary threshold being a positive real number. In Appendix B.4, we show that if the

number of large entries in Q and K is small, then we can compute certain matrix multiplications in A(L) sparsity
time. In Appendix B.5, we use our constructed single threshold support basis to design an A(L) sparsity time
algorithm to approximate the (batch) Gaussian kernel density estimation AV .

B.1 Disjoint Matrices and Their Properties

In order to decompose the (Q,K)-softmax-attention matrix into simpler components, we begin by introducing
the notion of disjoint matrices. This disjointness condition ensures that matrix components do not overlap in
their non-zero entries, which is a crucial property that enables additive decompositions of matrix exponentials.
We formalize this idea in the following definition.

Definition B.1 (Disjoint matrices). Let {Ak}k∈[l] be a set of n by n matrices, where l ≥ 2 is an arbitrary positive

integer. We say Ak’s are disjoint matrices if for all i, j ∈ [n], for all k ∈ [l], for all k ∈ [l] \ {k}, if (Ak)i,j ̸= 0,

then
(
Ak

)
i,j

= 0.

Now, we show how the exponential of a sum of disjoint matrices can be simplified. Since disjoint matrices do not
share any overlapping non-zero entries, the exponential of their sum equals the sum of their exponentials minus a
constant matrix.
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Fact B.2. Let B,C ∈ Rn×n be disjoint matrices (see Definition B.1).

Then, we have

exp (B + C) = exp (B) + exp (C)− 1n×n.

Proof. Without loss of generality, suppose Ci,j ̸= 0 and Bi,j = 0. Then, for all i, j ∈ [n], we have

exp (B + C)i,j = exp (Bi,j + Ci,j)

= exp (C)i,j + 1− 1

= exp (C)i,j + exp (B)i,j − (1n×n)i,j ,

where the first step follows from the fact that exp is applied entry-wisely, the second step follows from Bi,j = 0,
and the last step follows from exp (0) = 1.

B.2 Support Basis

To construct a support basis for the matrix QK⊤, we must first define how to partition the matrix into “large”
and “small” components based on the entries in Q and K.

Definition B.3. Let T > 0 denote a threshold, α ∈ (0, 1), and C > 1 denote a fixed constant. Let Q,K ∈ Rn×d be
the query and key matrices, respectively. We decompose these matrices as Q = Q(L) +Q(s) and K = K(L) +K(s),
where:

•
∣∣supp

(
Q(L)

)∣∣ ,
∣∣supp

(
K(L)

)∣∣ ≤ Cnα, and for all i ∈ [n] and j ∈ [d], if |Qi,j | > T , then Q
(L)
i,j := Qi,j;

otherwise, Q
(L)
i,j := 0. We define K(L) in a similar manner.

• For all i ∈ [n] and j ∈ [d], if |Qi,j | ≤ T , then Q
(s)
i,j := Qi,j ; otherwise, Q

(s)
i,j := 0. We define K(s) in a similar

manner.

We define A(L) and A(s) as follows:

Definition B.4. Given the query and the key matrices Q,K ∈ Rn×d, we let Q(L), Q(s),K(L),K(s) ∈ Rn×d be
defined as in Definition B.3. Let i, j ∈ [n]. We define matrices A(L) and A(s) as follows:

A
(L)
i,j :=





(
QK⊤)

i,j
if
(
Q(L)

(
K(L)

)⊤
+ Q(s)

(
K(L)

)⊤
+ Q(L)

(
K(s)

)⊤)
i,j
̸= 0

0 otherwise.

A
(s)
i,j :=





0 if
(
Q(L)

(
K(L)

)⊤
+ Q(s)

(
K(L)

)⊤
+ Q(L)

(
K(s)

)⊤)
i,j
̸= 0

(
Q(s)

(
K(s)

)⊤)
i,j

otherwise.

Now, we provide the formal definition of the support basis. For a given matrix A, it requires all matrices in this
basis to be disjoint (see Definition B.1) to ensure the additive decomposition (see Fact B.2) and the sum of all
matrices in this basis to be equal to the given matrix A.

Definition B.5 (Support basis). Let {Ak}k∈[l] be a set of n by n matrices, where l ≥ 2 is an arbitrary positive

integer. Given a matrix A ∈ Rn×n, we say that {Ak}k∈[l] is a support basis of A if

1.
∑

k∈[l] Ak = A and

2. Ak’s are disjoint matrices (see Definition B.1).

Below, we formally prove that the resulting matrices A(s) and A(L) (as defined in Definition B.4) are disjoint and
together sum to QK⊤, forming a valid support basis of QK⊤.
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Lemma B.6. Given the query and the key matrices Q,K ∈ Rn×d, we let Q(L), Q(s),K(L),K(s) ∈ Rn×d be defined
as in Definition B.3 and A(L), A(s) ∈ Rn×n be defined as in Definition B.4.

Then,
{
A(L), A(s)

}
is a support basis of the matrix QK⊤ ∈ Rn×n.

Proof. We first show the first condition of the support basis, namely A(s) + A(L) = QK⊤.

By definition B.4, we can see that for all arbitrary i, j ∈ [n], if

(
Q(L)

(
K(L)

)⊤
+ Q(s)

(
K(L)

)⊤
+ Q(L)

(
K(s)

)⊤)

i,j

is not zero then:

A
(s)
i,j + A

(L)
i,j =

(
QK⊤)

i,j
+ 0 =

(
QK⊤)

i,j
.

On the other hand, if
(
Q(L)

(
K(L)

)⊤
+ Q(s)

(
K(L)

)⊤
+ Q(L)

(
K(s)

)⊤)
i,j

is zero then we have:

A
(s)
i,j + A

(L)
i,j = 0 +

(
Q(s)

(
K(s)

)⊤)

i,j

=
(
QK⊤)

i,j
−
(
Q(L)

(
K(L)

)⊤
+ Q(s)

(
K(L)

)⊤
+ Q(L)

(
K(s)

)⊤)

i,j

=
(
QK⊤)

ij
+ 0

=
(
QK⊤)

ij
,

where in the second equality, we use QK⊤ =
(
Q(L) + Q(s)

) (
K(L) + K(s)

)⊤
.

Now, we show the second condition of the support basis that A(s) and A(L) are disjoint matrices.

This follows directly from Definition B.4: if
(
Q(L)

(
K(L)

)⊤
+ Q(s)

(
K(L)

)⊤
+ Q(L)

(
K(s)

)⊤)
i,j

≠ 0, then A
(L)
i,j =

(
QK⊤)

i,j
and A

(s)
i,j = 0; otherwise A

(L)
i,j = 0 and A

(s)
i,j =

(
Q(s)

(
K(s)

)⊤)
i,j

.

Now, we provide a concrete example of the support basis to better illustrate this decomposition.

Example B.7 (The support basis
{
A(L), A(s)

}
of QK⊤). Let Q =



a b
c d
e f


 ∈ R3×2 and K⊤ =

[
g i k
h j l

]
∈ R2×3.

With a given threshold T > 0, we have c, k > T , and all other entries of Q and K are smaller than T . Therefore,
by Definition B.3, we have




0 0
c 0
0 0




︸ ︷︷ ︸
Q(L)

+



a b
0 d
e f




︸ ︷︷ ︸
Q(s)

=



a b
c d
e f




︸ ︷︷ ︸
Q

and

[
0 0 k
0 0 0

]

︸ ︷︷ ︸
(K(L))

⊤

+

[
g i 0
h j l

]

︸ ︷︷ ︸
(K(s))

⊤

=

[
g i k
h j l

]

︸ ︷︷ ︸
K⊤

This setup allows us to decompose the matrix product QK⊤ into a sum of disjoint components:



a b
c d
e f



[
g i k
h j l

]

=



ag + bh ai + bj ak + bl
cg + dh ci + dj ck + dl
eg + hf ei + fj ek + fl



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=




0 0 ak + bl
cg + dh ci + dj ck + dl

0 0 ek + fl




︸ ︷︷ ︸
A(L)

+



ag + bh ai + bj 0

0 0 0
eg + hf ei + fj 0




︸ ︷︷ ︸
A(s)

=




0 0 0
0 0 ck
0 0 0




︸ ︷︷ ︸
Q(L)(K(L))

⊤

+




0 0 0
cg ci 0
0 0 0




︸ ︷︷ ︸
Q(L)(K(s))

⊤

+




0 0 ak
0 0 0
0 0 ek




︸ ︷︷ ︸
Q(s)(K(L))

⊤

+



ag + bh ai + bj bl

dh dj dl
eg + hf ei + fj fl




︸ ︷︷ ︸
Q(s)(K(s))

⊤

=




0 0
c 0
0 0




︸ ︷︷ ︸
Q(L)

[
0 0 k
0 0 0

]

︸ ︷︷ ︸
(K(L))

⊤

+




0 0
c 0
0 0




︸ ︷︷ ︸
Q(L)

[
g i 0
h j l

]

︸ ︷︷ ︸
(K(s))

⊤

+



a b
0 d
e f




︸ ︷︷ ︸
Q(s)

[
0 0 k
0 0 0

]

︸ ︷︷ ︸
(K(L))

⊤

+



a b
0 d
e f




︸ ︷︷ ︸
Q(s)

[
g i 0
h j l

]

︸ ︷︷ ︸
(K(s))

⊤

.

This example illustrates how the product QK⊤ can be partitioned into disjoint matrix components, forming a
support basis that enables structured approximation.

B.3 Bounded Entry

We now establish an upper bound on the entries of the matrix A(s), which corresponds to the contribution from
the small entries of Q and K. This allows us to apply polynomial approximation techniques with controlled error.
We generalize the bounded-entry result from Alman and Song (2023a) to arbitrary thresholds.

Lemma B.8 (Bounded entry, an improved version of Lemma 3.3 in Alman and Song (2023a)). Given Q,K ∈ Rn×d,
we let Q(s),K(s) be defined as in Definition B.3. Let A(s) ∈ Rn×n be defined as in Definition B.4, where

A
(s)
i,j :=





0 if
(
Q(L)

(
K(L)

)⊤
+ Q(s)

(
K(L)

)⊤
+ Q(L)

(
K(s)

)⊤)
i,j
̸= 0

(
Q(s)

(
K(s)

)⊤)
i,j

otherwise.

Then, for a given threshold T > 0, we have
∥∥∥A(s)/d

∥∥∥
∞
≤ T 2.

Proof. We have
∥∥∥A(s)

∥∥∥
∞

= max
(i,j)∈[n]×[n]

∣∣∣A(s)
i,j

∣∣∣

= max
(i,j)∈[n]×[n]

∣∣∣∣∣
d∑

l=1

Q
(s)
i,l K

(s)
j,l

∣∣∣∣∣

≤
d∑

l=1

∣∣∣∣max
i∈[n]

Q
(s)
i,l

∣∣∣∣ ·
∣∣∣∣max
j∈[n]

K
(s)
j,l

∣∣∣∣

≤
d∑

l=1

T 2

= dT 2,

where the first step follows from the definition of the ℓ∞ norm, the second step follows from the definition of A(s)

(see Definition B.4), the third step follows from the triangle inequality (see Fact J.3), and the fourth step follows
from Definition B.3.

B.4 Running Time and Sparsity Analysis

Next, we analyze the sparsity and computational cost associated with the matrix A(L), which captures the
contribution from the large entries of Q and K. Our goal is to exactly compute the part of the attention
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computation involving A(L) and approximate the part involving A(s). Therefore, it is important to know the time
complexity for constructing A(L) and its sparsity.

Lemma B.9. Let α ∈ (0, 1). Given the query and the key matrices Q,K ∈ Rn×d, we let Q(L), Q(s),K(L),K(s) ∈
Rn×d be defined as in Definition B.3 and A(L), A(s) ∈ Rn×d be defined as in Definition B.4.

Then, we have

1.
∣∣supp

(
A(L)

)∣∣ = O
(
n1+α

)
, and

2. it takes O
(
n1+αd

)
time to compute A(L).

Proof. Proof of Part 1.

Note that by Definition B.4, we have

A
(L)
i,j :=





(
QK⊤)

i,j
if
(
Q(L)

(
K(L)

)⊤
+ Q(s)

(
K(L)

)⊤
+ Q(L)

(
K(s)

)⊤)
i,j
̸= 0

0 otherwise.

Suppose (i, j) /∈ supp
(
Q(L)

(
K(L)

)⊤
+ Q(s)

(
K(L)

)⊤
+ Q(L)

(
K(s)

)⊤)
.

Then, we have

A
(L)
i,j =

(
Q(L)

(
K(L)

)⊤
+ Q(s)

(
K(L)

)⊤
+ Q(L)

(
K(s)

)⊤)

i,j

= 0.

Therefore, it suffices to consider the case when

(i, j) ∈ supp

(
Q(L)

(
K(L)

)⊤
+ Q(s)

(
K(L)

)⊤
+ Q(L)

(
K(s)

)⊤)
.

Note that by Definition B.3, we have

∣∣∣supp
(
Q(L)

)∣∣∣ ,
∣∣∣supp

(
K(L)

)∣∣∣ ≤ Cnα, (6)

for a fixed constant C > 1.

Therefore, we have

∣∣∣∣supp

(
Q(L)

(
K(L)

)⊤
+ Q(s)

(
K(L)

)⊤
+ Q(L)

(
K(s)

)⊤)∣∣∣∣

≤
∣∣∣∣supp

(
Q(L)

(
K(L)

)⊤)∣∣∣∣+

∣∣∣∣supp

(
Q(s)

(
K(L)

)⊤)∣∣∣∣+

∣∣∣∣supp

(
Q(L)

(
K(s)

)⊤)∣∣∣∣

≤ O
(
n2α
)

+

∣∣∣∣supp

(
Q(s)

(
K(L)

)⊤)∣∣∣∣+

∣∣∣∣supp

(
Q(L)

(
K(s)

)⊤)∣∣∣∣
≤ O

(
n2α
)

+ O
(
n1+α

)
+ O

(
n1+α

)

= O
(
n1+α

)
, (7)

where the first step follows from Fact J.1, the second step follows from Eq. (6), the third step follows from Eq. (6),
and the last step follows from α ∈ (0, 1).

Proof of Part 2.

The proof of this part is similar to that of Part 1.
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It also suffices to only consider the case when

(i, j) ∈ supp

(
Q(L)

(
K(L)

)⊤
+ Q(s)

(
K(L)

)⊤
+ Q(L)

(
K(s)

)⊤)
.

Because of Eq. (6), we have that

• computing Q(L)
(
K(L)

)⊤
takes O

(
n2α
)

time,

• computing Q(L)
(
K(s)

)⊤
takes O

(
n1+α

)
time, and

• computing Q(s)
(
K(L)

)⊤
takes O

(
n1+α

)
time.

Moreover, because of Eq. (7), we need to compute O
(
n1+α

)
numbers of entries of Q(s)

(
K(s)

)⊤
.

Since Q(s),K(s) ∈ Rn×d, for each i, j ∈ [n], we have
(
Q(s)

(
K(s)

)⊤)

i,j

=
∑

k∈[d]

(
Q(s)

)
i,k

(
K(s)

)⊤
k,j

,

which takes O (d) time.

Therefore, in total, it takes O
(
n1+αd

)
times to compute

(
Q(s)

(
K(s)

)⊤)
i,j

for all

(i, j) ∈ supp

(
Q(L)

(
K(L)

)⊤
+ Q(s)

(
K(L)

)⊤
+ Q(L)

(
K(s)

)⊤)
.

Therefore, the time complexity of computing

(
QK⊤)

i,j
=

(
Q(L)

(
K(L)

)⊤
+ Q(s)

(
K(L)

)⊤
+ Q(L)

(
K(s)

)⊤
+ Q(s)

(
K(s)

)⊤)

i,j

for all (i, j) ∈ supp
(
Q(L)

(
K(L)

)⊤
+ Q(s)

(
K(L)

)⊤
+ Q(L)

(
K(s)

)⊤)
is

O
(
n2α
)

+ O
(
n1+α

)
+ O

(
n1+α

)
+ O

(
n1+αd

)
= O

(
n1+αd

)
.

B.5 (Batch) Gaussian Kernel Density Estimation

We now formalize the task of computing AV , where A = exp(QK⊤/d) is the (Q,K)-softmax-attention matrix.
This operation is closely related to a classical technique in statistics known as Gaussian Kernel Density Estimation
(KDE). In Gaussian KDE, the goal is to estimate a density function by averaging Gaussian kernels centered at
given data points. Given data points {x1, . . . , xn} ⊂ Rd and a query point q ∈ Rd, the classical Gaussian KDE
estimate is:

f̂(q) =
1

n

n∑

j=1

exp

(
−∥q − xj∥22

2h2

)
,

where the Gaussian kernel can be expressed as:

exp

(
−∥q − k∥22

2h2

)
= exp

(
−∥q∥

2
2 + ∥k∥22 − 2⟨q, k⟩

2h2

)
,

and the attention computation problem focus primarily on

exp

( ⟨q, k⟩
h2

)
.



Support Basis: Fast Attention Beyond Bounded Entries

The matrix product AV can therefore be interpreted as a batch version of Gaussian KDE, where each row of AV
aggregates value vectors V∗,k weighted by the similarity between query Qi,∗ and key Kj,∗. This motivates the
name (Batch) Gaussian Kernel Density Estimation, as it generalizes Gaussian KDE to the matrix setting. We
now formally define the problem.

Definition B.10 ((Batch) Gaussian kernel density estimation). Given the query Q ∈ Rn×d, key K ∈ Rn×d, and
value V ∈ Rn×d, we define the (Q,K)-softmax-attention matrix as A = exp

(
QK⊤/d

)
. The goal of the (batch)

Gaussian kernel density estimation is to output S ∈ Rn×d satisfying, for all ϵ > 0,

∥S−AV ∥∞ < ϵ.

Having defined the (Batch) Gaussian Kernel Density Estimation problem, we now show how our algorithm
can approximate AV efficiently by leveraging the support basis decomposition. Specifically, we use polynomial
approximation for the component A(s), which contains only small entries and is thus suitable for Chebyshev
expansion, and we compute the remaining part A(L) explicitly, exploiting its sparsity. The following lemma
guarantees the correctness and efficiency of this approach by bounding the approximation error and analyzing the
overall runtime.

Algorithm 3 In this algorithm, we approximate the (batch) Gaussian kernel density estimation: given the query,

key, and value matrices Q ∈ Rn×d,K ∈ Rn×d, V ∈ Rn×d, the goal is to output ÃV , where Ã ∈ Rn×n is the
(ϵ, r)-approximation of the (Q,K)-softmax-attention matrix A.

1: procedure GaussianKDE(Q ∈ Rn×d,K ∈ Rn×d, V ∈ Rn×d, n, d, ϵ, T = o
(√

log n
)
)

2: Q(L), Q(s),K(L),K(s) ∈ Rn×d ← Split(Q,T ),Split(K,T )
3: Explicitly compute A(L).
4: U1, U2 ∈ Rn×r ← Polynomial(Q(s),K(s), ϵ0). ▷ To approximate exp

(
A(s)/d

)
.

5: Get C1 ← U1

(
U⊤
2 V

)
∈ Rn×d.

6: Get C2 ←
(
exp

(
A(L)/d

)
− 1n×n

)
V ∈ Rn×d.

7: return C1 + C2 ∈ Rn×d.
8: end procedure

Lemma B.11. Given the query Q ∈ Rn×d, key K ∈ Rn×d, and value V ∈ Rn×d, we define the (Q,K)-softmax-
attention matrix as A = exp

(
QK⊤/d

)
and Q(L), Q(s),K(L),K(s) ∈ Rn×d as in Definition B.3. Suppose by

Lemma A.4, there exists U1, U2 ∈ Rn×r such that U1U
⊤
2 is the (ϵ0, r)-approximation of exp

(
Q(s)

(
K(s)

)⊤
/d
)
for

all arbitrary ϵ0 ∈ (0, 0.1).

Then, we can solve the (Batch) Gaussian kernel density estimation (Definition B.10) by outputting S ∈ Rn×d

(Algorithm 3) satisfying

∥S−AV ∥∞ < nϵ0 ∥V ∥∞
in O

(
n1+αd

)
time.

Proof. Proof of correctness.

We have

AV = exp
(
QK⊤/d

)
V

= exp
((

A(s) + A(L)
)
/d
)
V

= exp
(
A(s)/d

)
V + exp

(
A(L)/d

)
V − 1n×nV, (8)

where the first step follows from the definition of the (Q,K)-softmax-attention matrix, the second step follows
from Lemma B.6, and the third step follows from Fact B.2.

By the Lemma B.8, we have
∥∥∥A(s)/d

∥∥∥
∞
≤ T 2,
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for some threshold T > 0.

By setting the threshold T to be equal to B = o
(√

log n
)
, we can see that this satisfies the assumption of using

Lemma A.4 and Algorithm 2. Therefore, using Lemma A.4, there exists U1, U2 ∈ Rn×r such that U1U
⊤
2 is the

(ϵ0, r)-approximation of exp
(
Q(s)

(
K(s)

)⊤
/d
)

, satisfying

∥∥∥exp
(
A(s)/d

)
− U1U

⊤
2

∥∥∥
∞

< ϵ0, (9)

for all arbitrary ϵ0 ∈ (0, 0.1).

In Algorithm 3, we output

S = C1 + C2

= U1

(
U⊤
2 V

)
+
(

exp
(
A(L)/d

)
− 1n×n

)
V

= U1

(
U⊤
2 V

)
+ exp

(
A(L)/d

)
V − 1n×nV, (10)

where the first step follows from the output (Line 7) of Algorithm 3 and the second step follows from updates
C1 ← U1

(
U⊤
2 V

)
∈ Rn×d (Line 5) and C2 ←

(
exp

(
A(L)/d

)
− 1n×n

)
V ∈ Rn×d (Line 6).

Therefore, combining Eq. (8) and Eq. (10), we have

∥S−AV ∥∞ =
∥∥∥U1U

⊤
2 V − exp

(
A(s)/d

)
V
∥∥∥
∞

=
∥∥∥
(
U1U

⊤
2 − exp

(
A(s)/d

))
V
∥∥∥
∞

≤ n
∥∥∥U1U

⊤
2 − exp

(
A(s)/d

)∥∥∥
∞
∥V ∥∞

≤ nϵ0 ∥V ∥∞ ,

where the first step follows from combining Eq. (10) and Eq. (8), the second step follows from the distributive
law, the third step follows from the definition of the ℓ∞ norm, and the fourth step follows from Eq. (9).

Proof of the running time.

In Line 2, we need to check each entry of Q,K ∈ Rn×d finding the ones greater than the threshold T , which takes
O(nd) time.

In Line 3, we compute A(L) ∈ Rn×n. By Part 2 of Lemma B.9, we know that it takes O
(
n1+αd

)
time to compute

A(L).

In Line 4, we construct U1, U2 ∈ Rn×r, which by Lemma A.4 takes O(nr) time.

In Line 5, it takes O(nrd) time to compute U⊤
2 V ∈ Rr×d and takes O(nrd) time to compute U1

(
U⊤
2 V

)
∈ Rn×d.

In Line 6, it takes O(n1+αd) time to compute
(
exp

(
A(L)/d

)
− 1n×n

)
V as by Part 1 of Lemma B.9, we know

that
∣∣supp

(
A(L)

)∣∣ = O
(
n1+α

)
which implies

∣∣supp
(
exp

(
A(L)/d

)
− 1n×n

)∣∣ = O
(
n1+α

)
.

In total, it takes O(n1+αd + nrd) time. By Lemma A.4, we know that O(nr) = n1+o(1). Therefore, we have

O(n1+αd + nrd) = O(n1+αd)

C ATTENTION OPTIMIZATION VIA SINGLE THRESHOLD SUPPORT
BASIS

In Appendix C.1, we cite a lemma from Alman and Song (2023a) stating that if we can have the relative error

between the (Q,K)-softmax-attention matrix A and the approximate (Q,K)-softmax-attention matrix Ã, then

we can find the relative error between diag(A1n) and diag(Ã1n). In Appendix C.2, we get the relative error
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between diag(A1n) and diag(Ã1n) by finding the relative error between A and Ã. In Appendix C.3, we combine
these relative errors with our result on the (batch) Gaussian kernel density estimation (Lemma B.11) to construct
an A(L) sparsity time algorithm to approximate the attention computation.

C.1 Relationship Between the Attention Matrix and the Normalization Matrix

We cite Lemma 3.5 from Alman and Song (2023a) which states that if we can get
∣∣∣Ãi,j −Ai,j

∣∣∣ ≤ ϵA ·Ai,j , then

we have
∣∣∣D̃i,i −Di,i

∣∣∣ ≤ ϵA ·Di,i.

Lemma C.1 (Lemma 3.5 in Alman and Song (2023a)). Let A ∈ Rn×n be any matrix whose entries are all

positive and ϵA ∈ (0, 0.1) be any parameter. Let Ã ∈ Rn×n be any matrix such that, for all (i, j) ∈ [n]× [n], we
have

∣∣∣Ãi,j −Ai,j

∣∣∣ ≤ ϵA ·Ai,j .

Define the matrices D, D̃ ∈ Rn×n by D = diag(A1n) and D̃ = diag(Ã1n). Then, for all i ∈ [n] we have
∣∣∣D̃i,i −Di,i

∣∣∣ ≤ ϵA ·Di,i.

Proof. We have

∣∣∣D̃i,i −Di,i

∣∣∣ =

∣∣∣∣∣∣

n∑

j=1

Ãi,j −
n∑

j=1

Ai,j

∣∣∣∣∣∣

≤
n∑

j=1

∣∣∣Ãi,j −Ai,j

∣∣∣

≤
n∑

j=1

ϵAAi,j

= ϵA ·Di,i,

where the first step follows from D = diag(A1n) and D̃ = diag(Ã1n), the second step follows from the triangle

inequality (Fact J.3), the third step follows from the assumption in the lemma statement
∣∣∣Ãi,j −Ai,j

∣∣∣ ≤ ϵA ·Ai,j ,

and the last step follows from D = diag(A1n).

C.2 The Error Bound for the Normalization Matrix

Now, we prove
∣∣∣Ãi,j −Ai,j

∣∣∣ ≤ ϵA ·Ai,j so that by the logic of Lemma C.1, we can get
∣∣∣D̃i,i −Di,i

∣∣∣ ≤ ϵ ·Di,i.

Lemma C.2. Given the query Q ∈ Rn×d and the key K ∈ Rn×d, we define the (Q,K)-softmax-attention matrix
as A = exp

(
QK⊤/d

)
and Q(L), Q(s),K(L),K(s) ∈ Rn×d as in Definition B.3. Suppose by Lemma A.4, there exists

U1, U2 ∈ Rn×r such that U1U
⊤
2 is the (ϵ0, r)-approximation of exp

(
Q(s)

(
K(s)

)⊤
/d
)
for all arbitrary ϵ0 ∈ (0, 0.1).

With Ã = U1U
⊤
2 + exp

(
A(L)/d

)
− 1n×n, we define D̃ := diag

(
Ã1n

)
and D := diag (A1n).

Then, we can show that for all ϵ ∈ (0, 0.1) and i ∈ [n],
∣∣∣D̃i,i −Di,i

∣∣∣ ≤ ϵ ·Di,i.

Proof. First, for all i, j ∈ [n], we have

∣∣∣Ãi,j −Ai,j

∣∣∣ =

∣∣∣∣
(

exp
(
A(s)/d

)
+ exp

(
A(L)/d

)
− 1n×n

)
i,j
−
(
U1U

⊤
2 + exp

(
A(L)/d

)
− 1n×n

)
i,j

∣∣∣∣

=

∣∣∣∣
(

exp
(
A(s)/d

)
+ exp

(
A(L)/d

)
− 1n×n − U1U

⊤
2 − exp

(
A(L)/d

)
+ 1n×n

)
i,j

∣∣∣∣
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=

∣∣∣∣
(

exp
(
A(s)/d

)
− U1U

⊤
2

)
i,j

∣∣∣∣

≤ ϵ
(

exp
(
A(s)/d

))
i,j

,

where the first step follows from A = exp
(
QK⊤/d

)
= exp

(
A(s)/d

)
+ exp

(
A(L)/d

)
− 1n×n (see Eq. (8) for detail)

and Ã = U1U
⊤
2 + exp

(
A(L)/d

)
−1n×n (see from the lemma statement) and the last step follows from Lemma A.4.

Therefore, by Lemma C.1, we have for all i ∈ [n],

∣∣∣D̃i,i −Di,i

∣∣∣ ≤ ϵ ·Di,i.

C.3 Main Result

We now state our main theoretical result for the single-threshold support basis framework. Building on Lemma B.11
and Lemma C.2, we show that the entire attention computation D−1AV can be approximated in A(L) sparsity
time with a relative error guarantee. Our approach combines two key components: a polynomial approximation
for the bounded portion of the (Q,K)-softmax-attention matrix, and an explicit computation for the sparse, large
entries. Together, these enable us to construct an approximate attention output P such that

∥P −D−1AV ∥∞ < ϵ · ∥V ∥∞,

for all accuracy ϵ > 0. The following theorem formalizes this guarantee and provides the corresponding runtime
bound.

Theorem C.3. Given the query Q ∈ Rn×d, key K ∈ Rn×d, and value V ∈ Rn×d, we define the (Q,K)-
softmax-attention matrix as A = exp

(
QK⊤/d

)
and Q(L), Q(s),K(L),K(s) ∈ Rn×d as in Definition B.3. Let

ϵ ∈ (0, 0.1).

Then, we can solve the approximate attention computation (Definition 1.2) by outputting P ∈ Rn×d (Algorithm 1)
satisfying

∥∥P −D−1AV
∥∥
∞ < ϵ ∥V ∥∞

in O(n1+αd) time.

Proof. Proof of correctness.

By the triangle inequality (see Fact J.3), we have

∥∥∥D−1AV − D̃−1ÃV
∥∥∥
∞

=
∥∥∥D−1AV −D−1ÃV + D−1ÃV − D̃−1ÃV

∥∥∥
∞

≤
∥∥∥D−1AV −D−1ÃV

∥∥∥
∞

+
∥∥∥D−1ÃV − D̃−1ÃV

∥∥∥
∞

. (11)

Similar as Alman and Song (2023a), we have for each (i, j) ∈ [n]× [d],

∣∣∣(D̃−1ÃV −D−1ÃV )i,j

∣∣∣ =

∣∣∣∣∣
n∑

l=1

(
D̃−1

i,i −D−1
i,i

)
· Ãi,l · Vl,j

∣∣∣∣∣

≤
n∑

l=1

∣∣∣D̃−1
i,i −D−1

i,i

∣∣∣ · |Ãi,l| · ∥V ∥∞

=

n∑

l=1

∣∣∣∣∣
Di,i − D̃i,i

Di,iD̃i,i

∣∣∣∣∣ · |Ãi,l| · ∥V ∥∞

≤ ϵ ·
n∑

l=1

∣∣∣D̃−1
i,i Ãi,l

∣∣∣ · ∥V ∥∞
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= ϵ ·
∣∣∣∣∣

n∑

l=1

D̃−1
i,i Ãi,l

∣∣∣∣∣ · ∥V ∥∞

= ϵ · ∥V ∥∞,

where the second step follows from the triangle inequality (see Fact J.3), the fourth step follows from Lemma C.2
that

∣∣∣∣∣
Di,i − D̃i,i

Di,i

∣∣∣∣∣ ≤ ϵ,

the fifth step follows from D̃−1
i,i > 0 and Ãi,l > 0, and the last step follows from

∣∣∣
∑n

l=1 D̃
−1
i,i Ãi,l

∣∣∣ = 1 as

D = diag(A1n).

Also, for each (i, j) ∈ [n]× [d],

∣∣∣(D−1ÃV −D−1AV )i,j

∣∣∣ =

∣∣∣∣∣
n∑

l=1

D−1
i,i (Ãi,l −Ai,l) · Vl,j

∣∣∣∣∣

≤
n∑

l=1

∣∣D−1
i,i

∣∣ · |Ãi,l −Ai,l| · ∥V ∥∞

=

n∑

l=1

D−1
i,i · |Ãi,l −Ai,l| · ∥V ∥∞

≤
n∑

l=1

D−1
i,i · ϵAi,l · ∥V ∥∞

= ϵ · ∥V ∥∞,

where the second step follows from triangle inequality (see Fact J.3), the third step follows from D−1
i,i > 0, the

fourth step follows from |Ãi,l −Ai,l| ≤ ϵ ·Ai,l (see Lemma C.2), and the last step follows from definition of Di,i.

Proof of Running time.

Similar as the proof of Lemma B.11, Line 4 to Line 8 takes O(n1+αd) time, Line 9 to Line 10 take O(n1+αd)
time, and computing D−1(C1 + C2) takes O(nd) time (as D−1 is a diagonal matrix).

D ATTENTION OPTIMIZATION UNDER THE SUB-GAUSSIAN
DISTRIBUTION

Now, we justify the sparsity assumption used in our single-threshold support basis decomposition by introducing
a natural probabilistic model: the sub-Gaussian distribution. Empirically, the entries of the query and key
matrices in large language models tend to concentrate near zero and exhibit light tails—properties well captured
by sub-Gaussian random variables. Under this assumption, we show that the number of “large” entries in Q
and K (those exceeding a chosen threshold) is small with high probability. This validates our decomposition
strategy and ensures that the matrix A(L) remains sparse. We also analyze the expected number of large entries
and their contribution to the (Q,K)-softmax-attention matrix, supporting the theoretical guarantees presented in
Appendices B and C.

Specifically, in Appendix D.1, we present the formal definition of a sub-Gaussian distribution. In Appendix D.2, we
assume that the entries of the query matrix Q and the key matrix K follow sub-Gaussian distributions and show
that the expected number of entries exceeding any threshold T > 0 is bounded. In Appendix D.3, we prove that
the number of non-zero entries in Q(L) and K(L) is at most nα for some α ∈ (0, 1), with high probability. Finally,
in Appendix D.4, we combine this sparsity result with our main result on attention optimization (Theorem C.3)
to show that, with high probability, the attention computation can be approximated in sub-quadratic time. Thus,
we finally can formally justify that the A(L) sparsity time O

(
n1+α

)
in Theorem C.3 is sub-quadratic in n.
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D.1 The Definition of Sub-Gaussian Distribution

To formally analyze the statistical properties of the query and key matrices, we begin by introducing the notion of
a sub-Gaussian distribution. Sub-Gaussian random variables exhibit tail behavior similar to or lighter than that
of a Gaussian, making them a natural model for the entries of Q and K in practice. This assumption enables us
to rigorously bound the probability and expected number of large entries, which is essential for proving sparsity
and deriving sub-quadratic algorithms.

Definition D.1 (Proposition 2.5.2 in Vershynin (2018)). A random variable X is said to be sub-Gaussian with
variance proxy σ2, denoted as X ∈ subG(σ2), if it satisfies

Pr [|X| ≥ t] ≤ 2 exp

(
− t2

σ2

)
for all t ≥ 0.

D.2 The Expected Number of Large Entries

Under the sub-Gaussian assumption, we can now quantify how many entries in the query and key matrices exceed
a given threshold. Specifically, the following lemma shows that the expected number of such large entries decays
exponentially with the threshold. This result supports our sparsity assumption for Q(L) and K(L), and plays a
key role in bounding the size of the matrix A(L) used in our support basis decomposition.

Lemma D.2. Let Q,K, V ∈ Rn×d be random matrices whose entries are independent and sub-Gaussian with
variance proxies σ2

Q, σ
2
K , and σ2

V , respectively, which implies that for all i ∈ [n], j ∈ [d], and t ≥ 0,

Pr [|Qi,j | ≥ t] ≤ 2 exp

(
− t2

σ2
Q

)
,

and similarly for Ki,j and Vi,j. Define Q(L) ∈ Rn×d as

Q
(L)
i,j :=

{
Qi,j if |Qi,j | > T,

0 otherwise,

and similarly for K(L), V (L) ∈ Rn×d. For all M (L) ∈ {Q(L),K(L), V (L)} and σM ∈ {σQ, σK , σV }, if d = O(log n),
T = o(

√
log n), and T = ω(

√
log log n), then

E
[∣∣∣supp(M (L))

∣∣∣
]
≤ n1−o(1).

Proof. By linearity of expectation, we have

E
[∣∣∣supp(M (L))

∣∣∣
]

=

n∑

i=1

d∑

j=1

Pr [|Mi,j | > T ]

≤
n∑

i=1

d∑

j=1

2 exp

(
− T 2

σ2
M

)

= 2nd exp

(
− T 2

σ2
M

)
.

Since d = O(log n), there exist constants C > 0 and n0 ∈ Z+ such that for all n ≥ n0, d ≤ C log n. Hence, for all
sufficiently large n, we have

E
[∣∣∣supp(M (L))

∣∣∣
]
≤ 2Cn log n · exp

(
− T 2

σ2
M

)
.

We now rewrite the right-hand side in the form n1−εn . Observe that log n = n
log log n

log n and exp
(
− T 2

σ2
M

)
= n

− T2

σ2
M

log n .

Therefore, we have

E
[∣∣∣supp(M (L))

∣∣∣
]
≤ 2Cn

1+ log log n
log n − T2

σ2
M

log n
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= n
1+ log log n

log n − T2

σ2
M

log n
+

log(2C)
log n

We define

εn :=
T 2

σ2
M log n

− log log n

log n
− log(2C)

log n
,

so we can get

E
[∣∣∣supp(M (L))

∣∣∣
]
≤ n1−εn .

Our goal is to get E
[∣∣supp(M (L))

∣∣] ≤ n1−o(1), so it suffices to show εn = o(1). Therefore, we need to show that
εn > 0 for all sufficiently large n and that limn→∞ εn → 0.

Proof of εn > 0. First, since T = ω(
√

log log n) (the assumption in the lemma statement), we have T 2 =
ω(log log n). Therefore, we can get

T 2

σ2
M log n

= ω

(
log log n

log n

)
.

Also, we can see that log(2C)
logn = o(1), and since T 2 = ω(log log n) whereas log(2C) and σ2

M are constant, we can
get

log(2C)

log n
= o

(
T 2

σ2
M log n

)
.

Hence, we can get εn > 0 for all sufficiently large n.

Proof of limn→∞ εn → 0. It suffices to show that when n → ∞, we can get T 2

σ2
M logn

→ 0, log logn
logn → 0,

log(2C)
logn → 0, respectively. Since T = o(

√
log n), we have T 2 = o(log n), which directly implies

T 2

σ2
M log n

→ 0.

Moreover, we can directly see

log log n

log n
→ 0

and

log(2C)

log n
→ 0.

We have shown that εn > 0 eventually and εn = o(1). Therefore,

E
[∣∣∣supp(M (L))

∣∣∣
]
≤ n1−εn = n1−o(1).

This completes the proof.

D.3 The Number of Non-Zero Entries

Next, we strengthen the result of Lemma D.2 by moving from an expectation bound to a high-probability
guarantee. Specifically, we show that with high probability, the number of large entries in the query and key
matrices is at most nα for some α ∈ (0, 1).

Lemma D.3 (The bound of the number of non-zero entries of Q(L) and K(L)). Let the notation be defined as
in Lemma D.2. For all M (L) ∈ {Q(L),K(L), V (L)} and σM ∈ {σQ, σK , σV }, if d = O(log n), T = o(

√
log n), and

T = ω(
√

log log n), then

Pr
[∣∣∣supp

(
M (L)

)∣∣∣ > n1−o(1)
]
≤ exp

(
−Ω

(
n1−o(1)

))
.



Maryam Aliakbarpour, Vladimir Braverman, Junze Yin, Haochen Zhang

Proof. Since each Qi,j ∈ subG(σ2
Q), we have

Pr [|Qi,j | > T ] ≤ 2 exp

(
−T 2

σ2
Q

)
,

and similarly for Ki,j . Let X =
∣∣supp

(
Q(L)

)∣∣ =
∑

i,j I [|Qi,j | > T ]. We note that X is a sum of independent
entries. Then, by Lemma D.2, we have

E[X] ≤ n1−o(1).

Therefore, by a multiplicative Chernoff bound (see Fact J.5), for all δ > 0,

Pr [X > (1 + δ)E[X]] ≤ exp

(
−δ2 · E[X]

3

)
.

In particular, for large enough n, n1−o(1) > (1 + δ)E[X], so

Pr
[∣∣∣supp

(
Q(L)

)∣∣∣ > n1−o(1)
]
≤ exp

(
−Ω(n1−o(1))

)
,

and likewise for
∣∣supp

(
K(L)

)∣∣.

D.4 Approximating the Attention Computation Under the Sub-Gaussian Assumption

Finally, we combine the sparsity guarantees established in Lemma D.3 with our main result on attention
approximation (Theorem C.3). The following theorem shows that, under the sub-Gaussian assumption, our
algorithm approximates the attention computation and runs in sub-quadratic time with high probability. This
provides a rigorous justification for the practical efficiency of our method and demonstrates that strong runtime
guarantees can be achieved without requiring the bounded entry assumption, B < o

(√
log n

)
.

Theorem D.4 (Main Theorem Under Sub-Gaussian Assumption). Let Q,K, V ∈ Rn×d be the query, key, and
value matrices. Suppose entries of Q,K are independent and sub-Gaussian with variance proxies σ2

Q and σ2
K ,

respectively. Let ϵ ∈ (0, 0.1) be a target accuracy parameter. Then, with probability at least 1− exp(−Ω(nα)), for
some 0 < α < 1, the output P ∈ Rn×d from Algorithm 1 satisfies

∥∥P −D−1AV
∥∥
∞ ≤ ϵ · ∥V ∥∞,

where A := exp(QK⊤/d) and D := diag(A · 1n). Furthermore, the runtime of the algorithm is

O(n1+α).

Proof. By Lemma D.3, we have with probability 1− exp (−Ω(nα)),

∣∣∣supp
(
M (L)

)∣∣∣ ≤ nα,

with α ∈ (0, 1). Therefore, by Lemma B.9, we have

1.
∣∣supp

(
A(L)

)∣∣ = O
(
n1+α

)
, and

2. it takes O
(
n1+αd

)
time to compute A(L).

Since
∣∣supp

(
A(L)

)∣∣ = O
(
n1+α

)
, computing

(
exp

(
A(L)/d

)
− 1n×n

)
V (Line 6 Algorithm 3) and(

exp
(
A(L)

)
− 1n×n

)
1n (Line 7 in Algorithm 1) take O

(
n1+α

)
time.
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E GENERALIZATION TO MULTI-LAYER TRANSFORMER
ARCHITECTURES

Recall that from Definition 1.1 we define the single-layer attention computation as

D−1AV = D−1 exp
(
QK⊤/d

)
V.

In transformer architectures, this only denotes one single layer of the forward propagation. Without loss of
generality, we can suppose this is the β-th layer: the query matrix is defined as Q = XβWQ, the key matrix is
defined as K = XβWK , and the value matrix is defined as V = XβWV , where Xβ ∈ Rn×d is the input for the
β-th layer and WQ,WK ,WV ∈ Rd×d are the weight matrices for the query, key, and value respectively. When
attempting to optimize the β-th layer forward propagation, we can exactly compute the matrices Q,K, V in
O(nd2) time, which is already sub-quadratic in n. The β-th layer can be formulated as the following recursive
relation:

Xβ+1 ← D−1 exp(XβWQW
⊤
KX⊤

β )XβWV

To generalize our result to multi-layer transformer architectures, we also need to efficiently approximate the
gradients of the attention computation with respect to these weight matrices. We first define the attention
computation loss function as follows:

Definition E.1 (Attention loss). Let B ∈ Rn×d and X,Y ∈ Rd×d be the weights where X = WQW
⊤
K and

Y = WV . Given the input Xℓ ∈ Rn×d, we define the attention loss as:

min
X,Y ∈Rd×d

L(X,Y ) := min
X,Y ∈Rd×d

∥D(X)−1 exp(XℓXX⊤
ℓ )XℓY −B∥2F ,

where the diagonal matrix D(X) ∈ Rn×n is defined as D(X) := diag(exp(XℓXX⊤
ℓ )1n).

Since the dependence of the attention loss L on Y = WV is linear, it is very straightforward to compute the

gradient with respect to the value weight ∂L(X,Y )
∂Y . Therefore, prior works such as Alman and Song (2024b) focus

on the optimization of ∂L(X,Y )
∂X .

Definition E.2 (Approximate attention loss gradient computation). Let the attention loss L(X,Y ) be defined as
in Definition E.1. For all ϵ > 0, the goal is to output a vector g̃ such that

∥∥∥∥g̃ −
∂L(X,Y )

∂vec (X)

∥∥∥∥
∞
≤ ϵ.

With x = vec (X), A (x) be the (Q,K)-softmax-attention matrix, and Q (x) := V V ⊤A (x)− V E⊤, Alman and
Song (2024b); Deng et al. (2023a) show that the gradient of the attention can be expressed as

∂L

∂x
= vec

(
Xℓ (P1 (x)− P2 (x))X⊤

ℓ

)
,

where P1 (x) = A (x) ◦ Q (x) and P2 (x) := A (x) diag (r (x)), with r (x) ∈ Rn being defined as r (x)i :=
⟨A (x)i,∗ ,Q (x)i,∗⟩. Alman and Song (2024b) note that similar to the inference, the dominating term of the time

complexity for computing dL
dx is still the terms related to A (x). Therefore, by replacing A (x) with U1U

⊤
2 from

Alman and Song (2023a), Alman and Song (2024b) shows that dL
dx can be approximated in almost linear time.

Similarly, our method expresses A (x) as exp
(
A(s) (x) /d

)
+ exp

(
A(L) (x) /d

)
− 1n×n (see Eq. (2)). Entries of

exp
(
A(s)/d

)
are small, so we can use the same technique as Alman and Song (2024b) to approximate it by U1U

⊤
2 .

exp
(
A(L) (x) /d

)
− 1n×n is a sparse matrix, but the product with other dense matrices is dense. Thus, further

computation may still require quadratic time.

To address this issue, we use the approximate singular value decomposition from Clarkson and Woodruff (2017).
We can approximate its best rank-k low-rank approximation in A(L) (x) sparsity time (Theorem E.3). Choosing
k = no(1), we can approximate dL

dx in A(L) (x) sparsity time, and by sub-Gaussianity, we can generalize our
method to multi-layer attention.
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Theorem E.3 (Theorem 8.1 in Clarkson and Woodruff (2017)). For A ∈ Rn×n, there is an algorithm that, with
failure probability 1/10, finds matrices L,W ∈ Rn×k with orthonormal columns, and diagonal D ∈ Rk×k, so that

∥A− LDW⊤∥F ≤ (1 + ε)∆k.

The algorithm runs in time
O(nnz(A)) + Õ(nk2ε−4 + k3ε−5).

F MULTIPLE THRESHOLDS SUPPORT BASIS DECOMPOSITION

We have now completed the presentation of the proofs for our first result, which uses the single-threshold support
basis to approximate the attention computation without relying on the bounded-entry assumption required
in Alman and Song (2023a). Instead, we introduce the sub-Gaussian assumption, which, to the best of our
knowledge, is satisfied by all existing transformer architectures (see Appendix L).

To extend our theoretical results to settings where the sub-Gaussian assumption may not hold, we next present a
framework based on multiple-threshold support basis decomposition. Unlike the single-threshold approach, this
method does not require any distributional assumptions on the entries of Q and K. However, due to the lower
bound established in Alman and Song (2023a) (see Theorem A.7), we must sacrifice the approximation error in
order to achieve sub-quadratic runtime.

Beyond the optimization perspective offered by our multiple-threshold support basis decomposition, we also
establish a theoretical connection between polynomial attention and the Chebyshev polynomial approximation of
softmax attention (Definition 1.1). This provides a theoretical justification for the strong empirical performance
of high-degree polynomial attention observed in Kacham et al. (2024).

Our theoretical results go further than merely explaining existing empirical findings. Specifically, we show that the
sum of multiple polynomial attentions achieves a significantly smaller ℓp error with respect to softmax attention,
even though the ℓ∞ error remains the same as that of a single polynomial approximation. This suggests that
aggregating multiple polynomial approximations more accurately captures the behavior of softmax attention. We
hope this insight will inspire future empirical research to investigate the benefits of summing multiple polynomial
attentions, rather than relying solely on a single polynomial approximation as in Kacham et al. (2024).

In Appendix F.1, we introduce some basic definitions for multiple thresholds support basis decomposition for
decomposing the query Q and key K matrices. In Appendix F.2, we prove that the decomposition satisfies the
definition of support basis. In Appendix F.3, we use the mathematical property of the support basis developed
earlier to get the additive decomposition of the (Q,K)-softmax-attention matrix exp

(
QK⊤/d

)
.

F.1 Basic Definitions

Now, we present the definitions for our multiple-threshold support basis decomposition. We aim to partition the
query Q and key K matrices according to multiple value ranges, enabling a finer-grained approximation of the
(Q,K)-softmax-attention matrix.

Definition F.1 (Multi-threshold decomposition of query and key matrices). Let n,m, d be positive integers where
2 ≤ m ≤ n. Let Q,K ∈ Rn×d be the query and key matrices, respectively. Let mini∈[n],j∈[d]{|Qi,j |, |Ki,j |} = T0 <
T1 < · · · < Tm−1 < Tm =∞ be a sequence of thresholds. For all i ∈ [n] and ℓ ∈ [m], we define

Q
(Tℓ)
i,∗ :=

{
Qi,∗ if Tℓ−1 ≤ maxj∈[d] |Qi,j | < Tℓ

01×d otherwise,

and similarly for K
(Tℓ)
i,j .

We now formally define how to decompose the matrix QK⊤ into a sum of components based on multiple thresholds.
By ensuring that the resulting matrices are disjoint, we preserve the additive structure necessary for efficient and
accurate approximation. The following definition specifies the multi-threshold disjoint decomposition of QK⊤.

Definition F.2 (Multi-threshold disjoint decomposition of QK⊤). Let n,m, d be positive integers where 2 ≤ m ≤ n.
Let Q,K ∈ Rn×d be the query and key matrices, respectively. Let mini∈[n],j∈[d]{|Qi,j |, |Ki,j |} = T0 < T1 < · · · <
Tm−1 < Tm =∞ be a sequence of thresholds.
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For all Tl, Tl′ ∈ {Tℓ}mℓ=1, we let Q(Tl),K(Tl′ ) be defined as in Definition F.1, and we define

A(Tl,Tl′ ) := Q(Tl)
(
K(Tl′ )

)⊤
.

We now provide an example to better illustrate the definitions above.

Example F.3 (An example of 2-threshold disjoint decomposition of QK⊤). Let T1 > 0 be a positive real number

and T2 = ∞. Let



a b
c d
e f


 ∈ R3×2 and

[
g i k
h j l

]
∈ R2×3, where |c|, |k| ≥ T1 and the absolute value of other

entries are smaller than T1.

This setup allows us to decompose the matrix product QK⊤ into a sum of disjoint components based on the
threshold values T1 and T2 as follows:



a b
c d
e f



[
g i k
h j l

]

=



ag + bh ai + bj ak + bl
cg + dh ci + dj ck + dl
eg + hf ei + fj ek + fl




=




0 0 0
0 0 ck + dl
0 0 0




︸ ︷︷ ︸
A(T2,T2)

+




0 0 0
cg + dh ci + dj 0

0 0 0




︸ ︷︷ ︸
A(T2,T1)

+




0 0 ak + bl
0 0 0
0 0 ek + fl




︸ ︷︷ ︸
A(T1,T2)

+



ag + bh ai + bj 0

0 0 0
eg + hf ei + fj 0




︸ ︷︷ ︸
A(T1,T1)

=




0 0
c d
0 0




︸ ︷︷ ︸
Q(T2)

[
0 0 k
0 0 l

]

︸ ︷︷ ︸
(K(T2))

⊤

+




0 0
c d
0 0




︸ ︷︷ ︸
Q(T2)

[
g i 0
h j 0

]

︸ ︷︷ ︸
(K(T1))

⊤

+



a b
0 0
e f




︸ ︷︷ ︸
Q(T1)

[
0 0 k
0 0 l

]

︸ ︷︷ ︸
(K(T2))

⊤

+



a b
0 0
e f




︸ ︷︷ ︸
Q(T1)

[
g i 0
h j 0

]

︸ ︷︷ ︸
(K(T1))

⊤

.

This example illustrates how the product QK⊤ can be partitioned into disjoint matrix components, forming a
support basis that enables structured approximation.

F.2 Multi-Threshold Support Basis Decomposition of QK⊤

We now show that the multi-threshold decomposition of QK⊤ forms a valid support basis. This helps with
applying polynomial approximations to each component individually.

Lemma F.4. Let n,m, d be positive integers where 2 ≤ m ≤ n. Let Q,K ∈ Rn×d be the query and key matrices,
respectively. Let mini∈[n],j∈[d]{|Qi,j |, |Ki,j |} = T0 < T1 < · · · < Tm−1 < Tm =∞ be a sequence of thresholds.

Then, for all Tl, Tl′ ∈ {Tℓ}mℓ=1, the collection {A(Tl,Tl′ )}Tl,Tl′∈{Tℓ}m
ℓ=1

forms a support basis (as defined in Defini-

tion B.5) of QK⊤.

Proof. By Definition B.5, it suffices to show:

1.
∑m

l=1

∑m
l′=1 A

(Tl,Tl′ ) = QK⊤ and

2. A(Tl,Tl′ )’s are disjoint matrices (see Definition B.1).

Proof of Part 1.

By Definition F.1, we can see that

Q =

m∑

ℓ=1

Q(Tℓ) and K =

m∑

ℓ=1

K(Tℓ),
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We have

QK⊤ =

(
m∑

ℓ=1

Q(Tℓ)

)(
m∑

ℓ′=1

K(Tℓ′ )

)⊤

=

m∑

ℓ=1

m∑

ℓ′=1

Q(Tℓ)
(
K(Tℓ′ )

)⊤

=

m∑

ℓ=1

m∑

ℓ′=1

A(Tℓ,Tℓ′ ).

Proof of Part 2.

Recall from Definition B.1, we say A(Tl,Tl′ )’s are disjoint matrices if for all i, j ∈ [n], for all Tl, Tl′ ∈ {Tℓ}mℓ=1, for

all
(
T l, T l′

)
∈ {Tℓ}mℓ=1 × {Tℓ}mℓ=1 \ {(Tl, Tl′)}, if

(
A(Tl,Tl′ )

)
i,j
̸= 0, then

(
A(T l,T l′)

)
i,j

= 0.

Suppose we have
(
A(Tl,Tl′ )

)
i,j
̸= 0, which implies

(
A(Tl,Tl′ )

)
i,j

=

(
Q(Tl)

(
K(Tl′ )

)⊤)

i,j

= Q
(Tl)
i,∗

(
K

(Tl′ )
j,∗

)⊤

̸= 0.

This implies that Q
(Tl)
i,∗ = Qi,∗ and K

(Tl)
j,∗ = Kj,∗.

Therefore, by Definition F.1, we can see that for all T l ∈ {Tℓ}mℓ=1 \ {Tl}, for all T l′ ∈ {Tℓ}mℓ=1 \ {Tl′}, both

Q
(T l)
i,∗ = 01×d and K

(T l′)
k,∗ = 01×d.

Finally, we can get for all
(
T l, T l′

)
∈ {Tℓ}mℓ=1 × {Tℓ}mℓ=1 \ {(Tl, Tl′)},

(
A(T l,T l′)

)
i,j

= 0.

F.3 Additive Decomposition of exp
(
QK⊤/d

)

Applying the entry-wise exponential function to disjoint matrices allows us to express the exponential of their
sum as the sum of their exponentials. We now generalize Fact B.2, originally stated for the single-threshold
support basis, to the multi-threshold support basis setting as follows:

Lemma F.5. Let n,m, d be positive integers where 2 ≤ m ≤ n. Let Q =
∑m

ℓ=1 Q
(Tℓ) ∈ Rn×d and K =

∑m
ℓ′=1 K

(Tℓ′ ) ∈ Rn×d be defined as in Definition F.1. Let A(Tℓ,Tℓ′ ) = Q(Tℓ)
(
K(Tℓ′ )

)⊤ ∈ Rn×n be defined as in
Definition F.2.

Then, we have

exp
(
QK⊤/d

)
=

m∑

ℓ=1

m∑

ℓ′=1

exp
(
A(Tℓ,Tℓ′ )/d

)
−
(
m2 − 1

)
· 1n×n.

Proof. We prove this lemma using mathematical induction.

Base case (when m = 2).

We have

exp
(
QK⊤/d

)

= exp

((
Q(T1) + Q(T2)

)(
K(T1) + K(T2)

)⊤
/d

)

= exp

((
Q(T1)

(
K(T1)

)⊤
+ Q(T2)

(
K(T1)

)⊤
+ Q(T1)

(
K(T2)

)⊤
+ Q(T2)

(
K(T2)

)⊤)
/d

)
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= exp
((

A(T1,T1) + A(T2,T1) + A(T1,T2) + A(T2,T2)
)
/d
)

= exp
(
A(T1,T1)/d

)
+ exp

(
A(T2,T1)/d

)
+ exp

(
A(T1,T2)/d

)
+ exp

(
A(T2,T2)/d

)
− 3 · 1n×n

=

2∑

ℓ=1

2∑

ℓ′=1

exp
(
A(Tℓ,Tℓ′ )/d

)
−
(
22 − 1

)
· 1n×n,

where the first step follows from the definition of Q and K, the third step follows from the definition of A(Tℓ,Tℓ′ ),
the fourth step follows from combining Lemma F.4 and Fact B.2, and the last step follows from m = 2.

Inductive case.

Let t be an arbitrary positive integer greater than or equal to 2. Suppose for all k ∈ [t], we have Q =
∑t

ℓ=1 Q
(Tℓ) ∈

Rn×d and K =
∑t

ℓ′=1 K
(Tℓ′ ) ∈ Rn×d, and we have

exp
(
QK⊤/d

)
= exp

(
t∑

ℓ=1

t∑

ℓ′=1

A(Tℓ,Tℓ′ )

)

=

t∑

ℓ=1

t∑

ℓ′=1

exp
(
A(Tℓ,Tℓ′ )/d

)
−
(
t2 − 1

)
· 1n×n. (12)

Now, we consider the case of t + 1.

We have

exp
(
QK⊤/d

)

= exp



(

t+1∑

ℓ=1

Q(Tℓ)

)(
t+1∑

ℓ′=1

K(Tℓ′ )

)⊤

/d




= exp





(

t∑

ℓ=1

Q(Tℓ)

)(
t∑

ℓ′=1

K(Tℓ′ )

)⊤

+

(
t∑

ℓ=1

Q(Tℓ)

)(
K(Tt+1)

)⊤

+
(
Q(Tt+1)

)( t∑

ℓ′=1

K(Tℓ′ )

)⊤

+
(
Q(Tt+1)

)(
K(Tt+1)

)⊤

 /d




= exp

(((
t∑

ℓ=1

t∑

ℓ′=1

A(Tℓ,Tℓ′ )

)
+ A(Tt+1,Tt+1) +

(
t∑

ℓ′=1

A(Tt+1,Tℓ′ )

)
+

(
t∑

ℓ=1

A(Tℓ,Tt+1)

))
/d

)

= exp

(
t∑

ℓ=1

t∑

ℓ′=1

A(Tℓ,Tℓ′ )/d

)
+ exp

(
A(Tt+1,Tt+1)/d

)
+ exp

(
t∑

ℓ′=1

A(Tt+1,Tℓ′ )/d

)

+ exp

(
t∑

ℓ=1

A(Tℓ,Tt+1)/d

)
− 3 · 1n×n,

where the first step follows from the definition of Q and K, the third step follows from the definition of A(Tℓ,Tℓ′ )

(as defined in Definition F.2), and the fourth step follows from combining Lemma F.4 and Fact B.2.

We note that by Lemma F.4 and Fact B.2, we have

exp

(
t∑

ℓ′=1

A(Tt+1,Tℓ′ )

)
=

t∑

ℓ′=1

exp
(
A(Tt+1,Tℓ′ )

)
− (t− 1) · 1n×n

and

exp

(
t∑

ℓ=1

A(Tℓ,Tt+1)

)
=

t∑

ℓ=1

exp
(
A(Tℓ,Tt+1)

)
− (t− 1) · 1n×n.
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Combining everything together, we have

exp
(
QK⊤/d

)
=

t+1∑

ℓ=1

t+1∑

ℓ′=1

exp
(
A(Tℓ,Tℓ′ )/d

)
−
(
t2 − 1 + 2 (t− 1) + 3

)
· 1n×n

=

t+1∑

ℓ=1

t+1∑

ℓ′=1

exp
(
A(Tℓ,Tℓ′ )/d

)
−
(

(t + 1)
2 − 1

)
· 1n×n,

which completes the proof.

G THRESHOLD VALUES SPECIFICATION AND INTERVAL-BASED
FACTORIZATION

We have constructed a multiple-threshold support basis which can make the (Q,K)-softmax-attention ma-
trix exp

(
QK⊤/d

)
be expressed as a sum of the exponential of each matrix in this support basis, namely∑m

ℓ=1

∑m
ℓ′=1 exp

(
A(Tℓ,Tℓ′ )/d

)
−
(
m2 − 1

)
· 1n×n (see Lemma F.5). We eventually want to approximate the atten-

tion computation problem D−1 exp
(
QK⊤/d

)
V (see Definition 1.1 for details). Therefore, we have to find a bound

for m so that the total running time for approximating m2 numbers of D−1
(
exp

(
A(Tℓ,Tℓ′ )/d

)
−
(
m2 − 1

)
· 1n×n

)
V

can be upper bounded.

Specifically, in Appendix G.1, we specify the values of the thresholds {Tℓ}ℓ∈[m]∪{0} for our multiple-threshold
support basis—motivated by Birge bucketing—so that m can eventually be bounded. In Appendix G.2, we
demonstrate how to tightly bound ∥A◦p−B◦p∥∞ using the Mean Value Theorem. In Appendix G.3, we show that
the (Q,K)-softmax-attention matrix exp

(
QK⊤/d

)
(Definition 1.1) can be approximated by a sum of polynomial

attention matrices (see Definition G.7) of the form
(
U1U

⊤
2 /d

)◦p
. In Appendix G.4, we prove that the ℓ∞ error

between the (Q,K)-softmax-attention matrix and a single polynomial attention matrix is the same as that
between the softmax matrix and the sum of polynomial attention matrices. Finally, in Appendix G.5, we show
that the ℓ1 error is significantly reduced when using Birge-bucketing-inspired thresholds.

G.1 Thresholds for Support Basis

Birge bucketing (Birgé, 1987; Batu et al., 2004; Canonne et al., 2016; Batu et al., 2000; Aliakbarpour et al., 2023)
is a well-known technique used in distribution testing: it partitions the support of a distribution into buckets to
better analyze its tail behavior and test for heavy-tailedness. In particular, Aliakbarpour et al. (2023) introduces
an equal-weight bucketing scheme that partitions the domain of a distribution into intervals (or buckets) such
that each bucket contains the same probability mass.

Unlike the single-threshold support basis, which assumes that the entries of Q,K ∈ Rn×d are sub-Gaussian,
the multiple-threshold support basis makes no specific distributional assumptions about the entries of Q and
K. However, since their entries still follow some underlying distribution, we can apply the Birge bucketing
technique to partition them. Because the exact distribution of the entries of Q and K is unknown3, we cannot
perform weight-based bucketing as in Aliakbarpour et al. (2023). Moreover, uniform bucketing—i.e., using a fixed
bucket length of o

(√
log n

)
—is also impractical, as the entries may take extremely large values, leading to an

excessively large number of buckets m. Since we must approximate exp
(
A(Tℓ,Tℓ′ )/d

)
−
(
m2 − 1

)
· 1n×n for all

(ℓ, ℓ′) ∈ [m]× [m], a large value of m would prevent sub-quadratic runtime.

To keep m small, we define the thresholds as Tℓ = b (1 + ϵ)
ℓ
. We formally present the following definition:

Definition G.1. Let ϵ < 0 be the bucketing parameter. Let n,m, d be positive integers where 2 ≤ m ≤ n.
Let Q,K ∈ Rn×d be the query and key matrices, respectively. Let b = mini∈[n],j∈[d] {|Qi,j |, |Ki,j |} and B =

maxi∈[n],j∈[d] {|Qi,j |, |Ki,j |}. For all ℓ ∈ [m] ∪ {0}, we let Tℓ = b (1 + ϵ)
ℓ
.

We define

Q
(Tℓ)
i,∗ :=

{
Qi,∗ if Tℓ−1 ≤ maxj∈[d] |Qi,j | < Tℓ

01×d otherwise,

3We even suppose that we do not have sample access to the entries of Q and K.
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and similarly for K
(Tℓ)
i,j .

Using Tℓ = b (1 + ϵ)
ℓ
, we can eventually show that the number of buckets m can be bounded. It suffices to have⌊

log1+ϵ (B/b)
⌋

+ 1 numbers of buckets.

Fact G.2. Let ϵ < 0 be the bucketing parameter. Let n,m, d be positive integers where 2 ≤ m ≤ n.
Let Q,K ∈ Rn×d be the query and key matrices, respectively. Let b = mini∈[n],j∈[d] {|Qi,j |, |Ki,j |} and

B = maxi∈[n],j∈[d] {|Qi,j |, |Ki,j |}. For all ℓ ∈ [m] ∪ {0}, we let Tℓ = b (1 + ϵ)
ℓ
. Let

M =

{
mi | [b, B] ⊆

mi−1⋃

ℓ=0

[Tℓ, Tℓ+1)

}

be a sequence of positive integers.

Then, we have

min
i

M =
⌊
log1+ϵ (B/b)

⌋
+ 1.

Proof. We note that
⋃m−1

ℓ=0 [Tℓ, Tℓ+1) is an interval and, by definition, T0 = b (1 + ϵ)
0

= b. Therefore, it suffices to
find the smallest m such that

Tm > B.

We have

Tm = b (1 + ϵ)
m

> B

(1 + ϵ)
m

> B/b

m > log1+ϵ (B/b) .

Therefore, the smallest possible m is
⌊
log1+ϵ (B/b)

⌋
+ 1.

We need to ensure that within each bucket (ℓ, ℓ′) ∈ [m]× [m], we can make
∥∥Q(Tℓ)

∥∥
∞ ,
∥∥K(Tℓ)

∥∥
∞ < o

(√
log n

)
.

Although
∥∥Q(Tℓ)

∥∥
∞ ,
∥∥K(Tℓ)

∥∥
∞ ∈ R, without imposing any assumption, they can be much larger than o

(√
log n

)
.

Therefore, we take out a large constant C(Tℓ) from Q(Tℓ) and K(Tℓ′ ) to make Q(Tℓ) = C(Tℓ)Q(ℓ) and K(Tℓ′ ) =

C(Tℓ′ )K(ℓ′), where
∥∥Q(ℓ)

∥∥
∞ ,
∥∥∥K(ℓ′)

∥∥∥
∞

< o
(√

log n
)
. Furthermore, we show that C(Tℓ,Tℓ′ ) = C(Tℓ)C(Tℓ′ ) ≥

b2(1+ϵ)ℓ+ℓ′

logn , where b = mini∈[n],j∈[d] {|Qi,j |, |Ki,j |} and ϵ < 0 is the bucketing parameter.

Lemma G.3 (Normalized block decomposition). Let n,m, d be positive integers where 2 ≤ m ≤ n. Let ϵ < 0
be the bucketing parameter. Let Q =

∑m
ℓ=1 Q

(Tℓ) ∈ Rn×d and K =
∑m

ℓ′=1 K
(Tℓ′ ) ∈ Rn×d be defined as in

Definition G.1, with b = mini∈[n],j∈[d] {|Qi,j |, |Ki,j |}, B = maxi∈[n],j∈[d] {|Qi,j |, |Ki,j |}, and for all ℓ ∈ [m] ∪ {0},
we let Tℓ = b (1 + ϵ)

ℓ
. Let A(Tℓ,Tℓ′ ) = Q(Tℓ)

(
K(Tℓ′ )

)⊤ ∈ Rn×n.

Let m :=
⌊
log1+ϵ (B/b)

⌋
+ 1 and C(Tℓ,Tℓ′ ) ≥ b2(1+ϵ)ℓ+ℓ′

logn . By Lemma F.5, we have

exp
(
QK⊤) =

m∑

ℓ=1

m∑

ℓ′=1

exp
(
A(Tℓ,Tℓ′ )

)
−
(
m2 − 1

)
· 1n×n.

Then, for all A(Tℓ,Tℓ′ ), there exists Q(ℓ),K(ℓ′) ∈ Rn×d such that

A(Tℓ,Tℓ′ ) = C(Tℓ,Tℓ′ ) ·Q(ℓ)
(
K(ℓ′)

)⊤

︸ ︷︷ ︸
:=A(ℓ,ℓ′)

,

and
∥∥Q(ℓ)

∥∥
∞ ,
∥∥∥K(ℓ′)

∥∥∥
∞
≤ o

(√
log n

)
.
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Proof. By the definition of A(Tℓ,Tℓ′ ), we have for all p, q ∈ [n],

(
A(Tℓ,Tℓ′ )

)
p,q

=

d∑

k=1

(
Q(Tℓ)

)
p,k

(
K(Tℓ′ )

)
q,k

.

By Definition G.1, we notice that
∥∥Q(Tℓ)

∥∥
∞ ≤ b (1 + ϵ)

ℓ
and

∥∥∥K(T ′
ℓ)
∥∥∥
∞
≤ b (1 + ϵ)

ℓ′
.

By letting C(Tℓ) = b(1+ϵ)ℓ√
logn

, K(Tℓ′ ) = C(Tℓ′ )K(ℓ′), and Q(Tℓ) = C(Tℓ)Q(ℓ), we have

∥∥∥Q(ℓ)
∥∥∥
∞

,
∥∥∥K(ℓ′)

∥∥∥
∞
≤ o

(√
log n

)
.

Additionally, we have

(
A(Tℓ,Tℓ′ )

)
p,q

=

d∑

k=1

(
Q(Tℓ)

)
p,k

(
K(Tℓ′ )

)
q,k

=
d∑

k=1

(
C(Tℓ)Q(ℓ)

)
p,k

(
C(Tℓ′ )K(ℓ′)

)
q,k

= C(Tℓ)C(Tℓ′ )
d∑

k=1

(
Q(ℓ)

)
p,k

(
K(ℓ′)

)
q,k

= C(Tℓ)C(Tℓ′ ) ·Q(ℓ)
(
K(ℓ′)

)⊤
.

Defining C(Tℓ,Tℓ′ ) := C(Tℓ)C(Tℓ′ ), we have

C(Tℓ)C(Tℓ′ ) =
b (1 + ϵ)

ℓ

√
log n

b (1 + ϵ)
ℓ′

√
log n

=
b2 (1 + ϵ)

ℓ+ℓ′

log n
.

G.2 Basic Facts

Now, we use the Mean Value Theorem to show that for all arbitrary matrices A,B, positive integers p, β =
max {∥A∥∞ , ∥B∥∞}, and ϵ > 0, we can get ∥A◦p −B◦p∥∞ ≤ p · βp−1 · ϵ.
Fact G.4. Let A,B ∈ Rn×n, and let p ∈ N with p ≥ 1. Let β := max {∥A∥∞ , ∥B∥∞}. Suppose ∥A−B∥∞ < ϵ.

Then, we have:
∥A◦p −B◦p∥∞ ≤ p · βp−1 · ϵ.

Proof. Let f (x) = xp, which is differentiable on R. By the Mean Value Theorem, there exists a point c between
a and b such that:

f (a)− f (b) = f ′ (c) (a− b) .

Since f ′ (x) = pxp−1, we obtain:
ap − bp = pcp−1 (a− b) .

Taking absolute values on both sides gives:

|ap − bp| = |pcp−1||a− b| = p|c|p−1|a− b|.
Because c lies between a and b, we have |c| ≤ max {|a|, |b|}. Therefore, we have

|ap − bp| ≤ p ·max {|a|, |b|}p−1 · |a− b| < p ·max {|a|, |b|}p−1 · ϵ.
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Remark G.5. By Lemma F.5, we have

exp
(
QK⊤/d

)
=

m∑

ℓ=1

m∑

ℓ′=1

exp
(
A(Tℓ,Tℓ′ )/d

)
−
(
m2 − 1

)
· 1n×n.

With some abuse of notation, we may say

exp
(
QK⊤/d

)
=

m∑

ℓ=1

m∑

ℓ′=1

exp
(
A(Tℓ,Tℓ′ )/d

)
.

This does not affect the correctness and running time of our algorithm. We note that since the collection
{A(Tl,Tl′ )}Tl,Tl′∈{Tℓ}m

ℓ=1
forms a support basis (as defined in Definition B.5) of QK⊤, exp

(
A(Tℓ,Tℓ′ )/d

)
transforms

the zero entries to exp(0) = 1. Subtracting
(
m2 − 1

)
· 1n×n is equivalent to say that we redefine “exp(0) = 1” to

“exp(0) = 0” in
∑m

ℓ=1

∑m
ℓ′=1 exp

(
A(Tℓ,Tℓ′ )/d

)
.

We have shown that Q(Tℓ) = C(Tℓ)Q(ℓ) and K(Tℓ′ ) = C(Tℓ′ )K(ℓ′) in Lemma G.3. Since in this paper, we apply
exp(A) entry-wisely to a matrix, we can get for all c ∈ R, exp(cA) = exp(A)◦c.

Fact G.6. Let n,m, d be positive integers where 2 ≤ m ≤ n. Let ϵ ∈ (0, 1). Let Q =
∑m

ℓ=1 Q
(Tℓ) ∈ Rn×d

and K =
∑m

ℓ′=1 K
(Tℓ′ ) ∈ Rn×d be defined as in Definition G.1, with b = mini∈[n],j∈[d] {|Qi,j |, |Ki,j |}, B =

maxi∈[n],j∈[d] {|Qi,j |, |Ki,j |}, and for all ℓ ∈ [m] ∪ {0}, we let Tℓ = b (1 + ϵ)
ℓ
. Let A(Tℓ,Tℓ′ ) = Q(Tℓ)

(
K(Tℓ′ )

)⊤
=

C(Tℓ,Tℓ′ ) ·Q(ℓ)
(
K(ℓ′)

)⊤
∈ Rn×n. Let m :=

⌊
log1+ϵ (B/b)

⌋
+ 1 and C(Tℓ,Tℓ′ ) = b2(1+ϵ)ℓ+ℓ′

logn .

Then, we have

• Part 1.

exp
(
QK⊤/d

)
=

m∑

ℓ=1

m∑

ℓ′=1

exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)◦C(Tℓ,Tℓ′ )

,

• Part 2. and for all (ℓ, ℓ′) ∈ [m]× [m],
∥∥∥∥Q(ℓ)

(
K(ℓ′)

)⊤
/d

∥∥∥∥
∞
≤ o (log n)

Proof. Proof of Part 1.

We have

exp
(
QK⊤/d

)
=

m∑

ℓ=1

m∑

ℓ′=1

exp
(
A(Tℓ,Tℓ′ )/d

)

=

m∑

ℓ=1

m∑

ℓ′=1

exp

(
C(Tℓ,Tℓ′ ) ·Q(ℓ)

(
K(ℓ′)

)⊤
/d

)

=

m∑

ℓ=1

m∑

ℓ′=1

exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)◦C(Tℓ,Tℓ′ )

,

where the first step follows from Remark G.5, the second step follows from the lemma statement, and the last
step follows from exp(cA) = exp(A)◦c with the degree c is applied entry-wisely to the matrix exp(A).

Proof of Part 2.

Similar as Lemma B.8, for all arbitrary (ℓ, ℓ′) ∈ [m]× [m], we have

∥∥∥∥Q(ℓ)
(
K(ℓ′)

)⊤∥∥∥∥
∞

= max
(i,j)∈[n]×[n]

∣∣∣∣∣

(
Q(ℓ)

(
K(ℓ′)

)⊤)

i,j

∣∣∣∣∣
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= max
(i,j)∈[n]×[n]

∣∣∣∣∣
d∑

l=1

Q
(ℓ)
i,l K

(ℓ′)
j,l

∣∣∣∣∣

≤
d∑

l=1

∣∣∣∣max
i∈[n]

Q
(ℓ)
i,l

∣∣∣∣ ·
∣∣∣∣max
j∈[n]

K
(ℓ′)
j,l

∣∣∣∣

≤
d∑

l=1

o
(√

log n
)2

= o (d log n) ,

where the first step follows from the definition of the ℓ∞ norm, the third step follows from the triangle inequality
(see Fact J.3), and the fourth step follows from Lemma G.3.

G.3 Reducing the Softmax Attention Matrix to the Polynomial Attention Matrix

We define the polynomial attention matrix, which replaces the exponential in the standard attention formula
with a polynomial of a given degree.

Definition G.7 (Polynomial attention matrix (Kacham et al., 2024)). Let p be an arbitrary positive integer. Let
Q,K ∈ Rn×d. The polynomial attention matrix A ∈ Rn×n is defined as A :=

(
QK⊤)◦p.

Now, we show that the (Q,K)-softmax-attention matrix is “close” to the sum of polynomial attention matrices.

Lemma G.8. Let n,m, d be positive integers where 2 ≤ m ≤ n. Let ϵ ∈ (0, 1). Let Q =
∑m

ℓ=1 Q
(Tℓ) ∈ Rn×d

and K =
∑m

ℓ′=1 K
(Tℓ′ ) ∈ Rn×d be defined as in Definition G.1, with b = mini∈[n],j∈[d] {|Qi,j |, |Ki,j |}, B =

maxi∈[n],j∈[d] {|Qi,j |, |Ki,j |}, and for all ℓ ∈ [m] ∪ {0}, we let Tℓ = b (1 + ϵ)
ℓ
. Let A(Tℓ,Tℓ′ ) = Q(Tℓ)

(
K(Tℓ′ )

)⊤
=

C(Tℓ,Tℓ′ ) ·Q(ℓ)
(
K(ℓ′)

)⊤
∈ Rn×n.

Let m :=
⌊
log1+ϵ (B/b)

⌋
+ 1 and C(Tℓ,Tℓ′ ) = b2(1+ϵ)ℓ+ℓ′

logn . Let β = max {∥Q∥∞ , ∥K∥∞}.

Suppose by Lemma A.4, there exists U
(ℓ,ℓ′)
1 , U

(ℓ,ℓ′)
2 ∈ Rn×r such that U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤
is the (ϵ0, r)-approximation

of exp

(
Q(ℓ)

(
K(ℓ′)

)⊤)
.

Then, we have

∥∥∥∥∥∥∥
exp

(
QK⊤/d

)
−

m∑

ℓ=1

m∑

ℓ′=1

(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tℓ,Tℓ′ )
∥∥∥∥∥∥∥
∞

≤ O

(
B2

log n
eo(B

2)ϵ0

)
.

Proof. By Part 1 of Fact G.6, we have

exp
(
QK⊤/d

)
=

m∑

ℓ=1

m∑

ℓ′=1

exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)◦C(Tℓ,Tℓ′ )

.

By Lemma A.4, since for all (ℓ, ℓ′) ∈ [m]× [m], we have

∥∥∥∥Q(ℓ)
(
K(ℓ′)

)⊤
/d

∥∥∥∥
∞
≤ o (log n) (see Part 2 of Fact G.6),

we can construct U
(ℓ,ℓ′)
1 , U

(ℓ,ℓ′)
2 ∈ Rn×r such that

∥∥∥∥∥exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)
− U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤∥∥∥∥∥
∞

< ϵ0. (13)
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By the triangle inequality (see Fact J.3), we have

∥∥∥∥∥∥∥

m∑

ℓ=1

m∑

ℓ′=1

exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)◦C(Tℓ,Tℓ′ )

−
m∑

ℓ=1

m∑

ℓ′=1

(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tℓ,Tℓ′ )
∥∥∥∥∥∥∥
∞

≤
m∑

ℓ=1

m∑

ℓ′=1

∥∥∥∥∥∥∥
exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)◦C(Tℓ,Tℓ′ )

−
(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tℓ,Tℓ′ )
∥∥∥∥∥∥∥
∞

≤
m∑

ℓ=1

m∑

ℓ′=1

C(Tℓ,Tℓ′ )βC(Tℓ,Tℓ′ )−1

∥∥∥∥∥exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)
− U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤∥∥∥∥∥
∞

, (14)

where the second step follows from Fact G.4 with

β = max

{∥∥∥∥exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)∥∥∥∥
∞

,

∥∥∥∥∥U
(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤∥∥∥∥∥
∞

}
.

Considering C(Tℓ,Tℓ′ ), we have

max
Tℓ,Tℓ′

C(Tℓ,Tℓ′ ) = C(Tm,Tm)

=
b2 (1 + ϵ)

2m

log n

=
B2

log n
,

where the first and the second step follows from the fact that C(Tℓ,Tℓ′ ) = b2(1+ϵ)ℓ+ℓ′

logn is strictly increasing (see

from the lemma statement), the third step follows from B = b (1 + ϵ)
m

.

Considering β, by Fact G.4, we have

β = max

{∥∥∥∥exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)∥∥∥∥
∞

,

∥∥∥∥∥U
(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤∥∥∥∥∥
∞

}

≤
∥∥∥∥exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)∥∥∥∥
∞

+ ϵ0

= exp

(∥∥∥∥Q(ℓ)
(
K(ℓ′)

)⊤
/d

∥∥∥∥
∞

)
+ ϵ0

= exp (o (log n)) + ϵ0

= no(1),

where the first step follows from Fact G.4, the second step follows from Eq. (13), and the fourth step follows from
Part 2 of Fact G.6.

Combining everything together, we have

∥∥∥∥∥∥∥

m∑

ℓ=1

m∑

ℓ′=1

exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)◦C(Tℓ,Tℓ′ )

−
m∑

ℓ=1

m∑

ℓ′=1

(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tℓ,Tℓ′ )
∥∥∥∥∥∥∥
∞

≤ O

(
B2

log n
n

o(1)·B2

log n ϵ0

)
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G.4 Reducing to Polynomial Attention Without Bucketing

Additionally, we note that the bucketing technique does not improve the ℓ∞-closeness between the polynomial
attention matrix and the (Q,K)-softmax attention matrix. Without using this bucketing technique, we obtain
only a single polynomial attention matrix, which is precisely the case studied in Kacham et al. (2024).

Lemma G.9. Let n,m, d be positive integers. Let ϵ > 0. Let Q =
∑m

ℓ=1 Q
(Tℓ) ∈ Rn×d and K =

∑m
ℓ′=1 K

(Tℓ′ ) ∈
Rn×d be defined as in Definition G.1, with b = mini∈[n],j∈[d] {|Qi,j |, |Ki,j |}, B = maxi∈[n],j∈[d] {|Qi,j |, |Ki,j |}, and
for all ℓ ∈ [m] ∪ {0}, we let Tℓ = b (1 + ϵ)

ℓ
. Let A(Tℓ,Tℓ′ ) = Q(Tℓ)

(
K(Tℓ′ )

)⊤
= C(Tℓ,Tℓ′ ) ·Q(ℓ)

(
K(ℓ′)

)⊤
∈ Rn×n.

Let β = max {∥Q∥∞ , ∥K∥∞}.

Suppose m = 1 and by Lemma A.4, there exists U
(1,1)
1 , U

(1,1)
2 ∈ Rn×r such that U

(1,1)
1

(
U

(1,1)
2

)⊤
is the (ϵ0, r)-

approximation of exp
(
Q(1)

(
K(1)

)⊤
/d
)
.

Then, we have

∥∥∥∥∥exp
(
QK⊤/d

)
−
(
U

(1,1)
1

(
U

(1,1)
2

)⊤)◦C(T1,T1)∥∥∥∥∥
∞
≤ O

(
B2

log n
eo(B

2)ϵ0

)
.

Proof. This proof is similar to that of Lemma G.8. By Part 1 of Fact G.6, with m = 1, we have

exp
(
QK⊤/d

)
= exp

(
Q(1)

(
K(1)

)⊤
/d

)◦C(T1,T1)

,

with

C(T1,T1) =
b2 (1 + ϵ)

1+1

log n

=
b2 (1 + ϵ)

2m

log n

= B2/ log n,

where the first step follows from the definition of C(Tℓ,Tℓ′ ), the second step follows from m = 1, and the last step
follows from B = b (1 + ϵ)

m
.

By Lemma A.4, since we have
∥∥∥Q(1)

(
K(1)

)⊤
/d
∥∥∥
∞
≤ o (log n) (see Part 2 of Fact G.6), we can construct

U
(1,1)
1 , U

(1,1)
2 ∈ Rn×r such that

∥∥∥∥exp

(
Q(1)

(
K(1)

)⊤
/d

)
− U

(1,1)
1

(
U

(1,1)
2

)⊤∥∥∥∥
∞

< ϵ0. (15)

We have
∥∥∥∥∥exp

(
Q(1)

(
K(1)

)⊤
/d

)◦C(T1,T1)

−
(
U

(1,1)
1

(
U

(1,1)
2

)⊤)◦C(T1,T1)∥∥∥∥∥
∞

≤ C(T1,T1)βC(T1,T1)−1

∥∥∥∥exp

(
Q(1)

(
K(1)

)⊤
/d

)
− U

(1,1)
1

(
U

(1,1)
2

)⊤∥∥∥∥
∞

= C(T1,T1)βC(T1,T1)−1ϵ0,

where the first step follows from Fact G.4 and the second step follows from Eq. (15).

Considering β, we have

β = max

{∥∥∥∥exp

(
Q(1)

(
K(1)

)⊤
/d

)∥∥∥∥
∞

,

∥∥∥∥U
(1,1)
1

(
U

(1,1)
2

)⊤∥∥∥∥
∞

}
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≤
∥∥∥∥exp

(
Q(1)

(
K(1)

)⊤
/d

)∥∥∥∥
∞

+ ϵ0

= exp

(∥∥∥∥Q(1)
(
K(1)

)⊤
/d

∥∥∥∥
∞

)
+ ϵ0

= exp (o (log n)) + ϵ0

= no(1),

where the first step follows from Fact G.4, the second step follows from Eq. (15), and the fourth step follows from
Part 2 of Fact G.6.

Combining everything together, we have
∥∥∥∥∥exp

(
Q(1)

(
K(1)

)⊤
/d

)◦C(T1,T1)

−
(
U

(1,1)
1

(
U

(1,1)
2

)⊤)◦C(T1,T1)∥∥∥∥∥
∞
≤ O

(
B2

log n
n

o(1)·B2

log n ϵ0

)
.

G.5 Bucketing Reduces the Error in ℓ1 Norm

In the following lemma, we analyze how the ℓ1 error between the (Q,K)-softmax-attention matrix and its
polynomial approximation is affected by the bucketing technique. While prior sections mainly focus on ℓ∞
approximations, the ℓ1 norm offers a complementary view by aggregating errors across entries. We show that the
sum of multiple polynomial attention matrices generated by the bucketing technique significantly reduces the ℓ1
error, thereby providing a stronger global approximation guarantee.

First, we analyze the case where we use the bucketing technique.

Lemma G.10. Let n,m, d be positive integers where 2 ≤ m ≤ n. Let ϵ ∈ (0, 1). Let Q =
∑m

ℓ=1 Q
(Tℓ) ∈ Rn×d

and K =
∑m

ℓ′=1 K
(Tℓ′ ) ∈ Rn×d be defined as in Definition G.1, with b = mini∈[n],j∈[d] {|Qi,j |, |Ki,j |}, B =

maxi∈[n],j∈[d] {|Qi,j |, |Ki,j |}, and for all ℓ ∈ [m] ∪ {0}, we let Tℓ = b (1 + ϵ)
ℓ
. Let A(Tℓ,Tℓ′ ) = Q(Tℓ)

(
K(Tℓ′ )

)⊤
=

C(Tℓ,Tℓ′ ) ·Q(ℓ)
(
K(ℓ′)

)⊤
∈ Rn×n.

Let m :=
⌊
log1+ϵ (B/b)

⌋
+ 1 and C(Tℓ,Tℓ′ ) = b2(1+ϵ)ℓ+ℓ′

logn . Let β = max {∥Q∥∞ , ∥K∥∞}.

Suppose by Lemma A.4, there exists U
(ℓ,ℓ′)
1 , U

(ℓ,ℓ′)
2 ∈ Rn×r such that U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤
is the (ϵ0, r)-approximation

of exp

(
Q(ℓ)

(
K(ℓ′)

)⊤)
.

Then, we have
∥∥∥∥∥∥∥

m∑

ℓ=1

m∑

ℓ′=1

exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)◦C(Tℓ,Tℓ′ )

−
m∑

ℓ=1

m∑

ℓ′=1

(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tℓ,Tℓ′ )
∥∥∥∥∥∥∥
1

≤ O

(
n2ϵ0e

o(B2)

log (n) log (ϵ + 1)

)
.

Proof. Now, we consider the ℓ1 error. We have
∥∥∥∥∥∥∥

m∑

ℓ=1

m∑

ℓ′=1

exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)◦C(Tℓ,Tℓ′ )

−
m∑

ℓ=1

m∑

ℓ′=1

(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tℓ,Tℓ′ )
∥∥∥∥∥∥∥
1

=

n∑

i=1

n∑

j=1




m∑

ℓ=1

m∑

ℓ′=1


exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)◦C(Tℓ,Tℓ′ )

−
(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tℓ,Tℓ′ )






i,j
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=

n∑

i=1

n∑

j=1

m∑

ℓ=1

m∑

ℓ′=1


exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)C(Tℓ,Tℓ′ )

i,j

−
(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)C(Tℓ,Tℓ′ )

i,j




=

m∑

ℓ=1

m∑

ℓ′=1




n∑

i=1

n∑

j=1

exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)C(Tℓ,Tℓ′ )

i,j

−
(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)C(Tℓ,Tℓ′ )

i,j




≤
m∑

ℓ=1

m∑

ℓ′=1



∣∣∣∣∣∣
supp


exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)◦C(Tℓ,Tℓ′ )


∣∣∣∣∣∣
C(Tℓ,Tℓ′ )βC(Tℓ,Tℓ′ )−1ϵ0




= ϵ0

m∑

ℓ=1

m∑

ℓ′=1

(∣∣∣supp
(
A(ℓ,ℓ′)

)∣∣∣ b
2 (1 + ϵ)

ℓ+ℓ′

log n
n
o

(
b2(1+ϵ)ℓ+ℓ′

log n

))
,

where the first step follows from definition of ℓ1 norm, the third step follows from exchanging the order of the
summation, the fourth step follows from the mean value theorem (see Fact G.4) and the fact that there are

∣∣∣∣∣∣
supp


exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)◦C(Tℓ,Tℓ′ )


∣∣∣∣∣∣

amount of non-zero entries to approximate, and the last step follows from the definition of A(ℓ,ℓ′), β, and C(Tℓ,Tℓ′ )

(see from the lemma statement).

Furthermore, by using the Cauchy–Schwarz inequality (see Fact J.3), we can get:

∥∥∥∥∥∥∥

m∑

ℓ=1

m∑

ℓ′=1

exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)◦C(Tℓ,Tℓ′ )

−
m∑

ℓ=1

m∑

ℓ′=1

(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tℓ,Tℓ′ )
∥∥∥∥∥∥∥
1

= ϵ0

(
m∑

ℓ=1

m∑

ℓ′=1

∣∣∣supp
(
A(ℓ,ℓ′)

)∣∣∣
2
)1/2

·
(

m∑

ℓ=1

m∑

ℓ′=1

b4 (1 + ϵ)
2ℓ+2ℓ′

log2 n
n
o

(
b2(1+ϵ)ℓ+ℓ′

log n

))1/2

≤ ϵ0

(
m∑

ℓ=1

m∑

ℓ′=1

∣∣∣supp
(
A(ℓ,ℓ′)

)∣∣∣
)
·
(

m∑

ℓ=1

m∑

ℓ′=1

b4 (1 + ϵ)
2ℓ+2ℓ′

log2 n
n
o

(
b2(1+ϵ)ℓ+ℓ′

log n

))1/2

≤ ϵ0

(
m∑

ℓ=1

m∑

ℓ′=1

∣∣∣supp
(
A(ℓ,ℓ′)

)∣∣∣
)
·
(∫ m+1

1

∫ m+1

1

b4 (1 + ϵ)
2x+2y

log2 n
n
o

(
b2(1+ϵ)x+y

log n

)
dx dy

)1/2

, (16)

where the second step follows from Fact J.3 and the third step follows from the definition of Riemann integral.

Since {A(ℓ,ℓ′)}ℓ,ℓ′∈[m] forms a support basis of QK⊤ (see Lemma F.4), by applying Fact J.2, we have

m∑

ℓ=1

m∑

ℓ′=1

∣∣∣supp
(
A(ℓ,ℓ′)

)∣∣∣ ≤ n2. (17)

Additionally, for all c > 0, we have

∫ m+1

1

b4 (1 + ϵ)
2x+2y

log2 n
n
o

(
b2(1+ϵ)x+y

log n

)
dx

≤ cb2 (1 + ϵ)
y+m+1

eb
2c(ϵ+1)y+m+1 − cb2 (1 + ϵ)

y+1
eb

2c(ϵ+1)y+1 − eb
2c(ϵ+1)y+m+1

+ eb
2c(ϵ+1)y+1

c2 log2 n log(ϵ + 1)

= O

(
b2 (1 + ϵ)

y+m+1
eb

2c(ϵ+1)y+m+1

c log2 (n) log (ϵ + 1)

)
, (18)
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where the first step follows from Part 1 of Fact J.4 and the second step follows from the fact that
cb2 (1 + ϵ)

y+m+1
eb

2c(ϵ+1)y+m+1

is the dominating term in the numerator.

We can further get

∫ m+1

1

∫ m+1

1

b4 (1 + ϵ)
2x+2y

log2 n
n
o

(
b2(1+ϵ)x+y

log n

)
dxdy ≤

∫ m+1

1

O

(
b2 (1 + ϵ)

y+m+1
eb

2c(ϵ+1)y+m+1

c log2 (n) log (ϵ + 1)

)
dy

= O

(∫ m+1

1

b2 (1 + ϵ)
y+m+1

eb
2c(ϵ+1)y+m+1

c log2 (n) log (ϵ + 1)
dy

)

= O

(
eb

2c(ϵ+1)2m+2 − eb
2c(ϵ+1)m+2

c2 log2(n) log2(ϵ + 1)

)

= O

(
eB

2c(ϵ+1)2

c2 log2(n) log2(ϵ + 1)

)
, (19)

where the first step follows from Eq. (18), the third step follows from Part 2 of Fact J.4, and the last step follows

from the fact that eb
2c(ϵ+1)2m+2

is the dominating term in numerator.

Combining Eq. (16), Eq. (17), and Eq. (19) together, we have
∥∥∥∥∥∥∥

m∑

ℓ=1

m∑

ℓ′=1

exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)◦C(Tℓ,Tℓ′ )

−
m∑

ℓ=1

m∑

ℓ′=1

(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tℓ,Tℓ′ )
∥∥∥∥∥∥∥
1

≤ O

(
n2ϵ0e

o(B2)

log (n) log (ϵ + 1)

)

Then, we analyze the case where we do not use the bucketing technique.

Lemma G.11. Let n,m, d be positive integers. Let ϵ ∈ (0, 1). Let Q =
∑m

ℓ=1 Q
(Tℓ) ∈ Rn×d and

K =
∑m

ℓ′=1 K
(Tℓ′ ) ∈ Rn×d be defined as in Definition G.1, with b = mini∈[n],j∈[d] {|Qi,j |, |Ki,j |}, B =

maxi∈[n],j∈[d] {|Qi,j |, |Ki,j |}, and for all ℓ ∈ [m] ∪ {0}, we let Tℓ = b (1 + ϵ)
ℓ
. Let A(Tℓ,Tℓ′ ) = Q(Tℓ)

(
K(Tℓ′ )

)⊤
=

C(Tℓ,Tℓ′ ) ·Q(ℓ)
(
K(ℓ′)

)⊤
∈ Rn×n. Let β = max {∥Q∥∞ , ∥K∥∞}.

Suppose m = 1, which implies

exp
(
QK⊤/d

)
= exp

(
Q(m)

(
K(m)

)⊤
/d

)◦C(Tm,Tm)

,

where C(Tm,Tm) = B2/ log n.

Suppose by Lemma A.4, there exists U
(m,m)
1 , U

(m,m)
2 ∈ Rn×r such that U

(m,m)
1

(
U

(m,m)
2

)⊤
is the (ϵ0, r)-

approximation of exp
(
Q(m)

(
K(m)

)⊤
/d
)
.

Then, we have

∥∥∥∥∥exp
(
QK⊤/d

)
−
(
U

(m,m)
1

(
U

(m,m)
2

)⊤)◦C(Tm,Tm)∥∥∥∥∥
1

≤ O

(
n2B2

log n
eo(B

2)ϵ0

)
.

Proof. We have

∥∥∥∥∥exp
(
QK⊤/d

)
−
(
U

(m,m)
1

(
U

(m,m)
2

)⊤)◦C(Tm,Tm)∥∥∥∥∥
1
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=

n∑

i=1

n∑

j=1

(
exp

(
QK⊤/d

)
i,j
−
(
U

(m,m)
1

(
U

(m,m)
2

)⊤)C(Tm,Tm)

i,j

)

≤
n∑

i=1

n∑

j=1

O

(
B2

log n
eo(B

2)ϵ0

)

= O

(
n2B2

log n
eo(B

2)ϵ0

)
,

where the first step follows from the definition of ℓ1 norm and the second step follows from Lemma G.9.

G.6 Bucketing Reduces the Error in ℓp Norm

Lemma G.12. Let n,m, d be positive integers where 2 ≤ m ≤ n. Let ϵ ∈ (0, 1). Let Q =
∑m

ℓ=1 Q
(Tℓ) ∈ Rn×d

and K =
∑m

ℓ′=1 K
(Tℓ′ ) ∈ Rn×d be defined as in Definition G.1, with b = mini∈[n],j∈[d] {|Qi,j |, |Ki,j |}, B =

maxi∈[n],j∈[d] {|Qi,j |, |Ki,j |}, and for all ℓ ∈ [m] ∪ {0}, we let Tℓ = b (1 + ϵ)
ℓ
. Let A(Tℓ,Tℓ′ ) = Q(Tℓ)

(
K(Tℓ′ )

)⊤
=

C(Tℓ,Tℓ′ ) ·Q(ℓ)
(
K(ℓ′)

)⊤
∈ Rn×n.

Let m :=
⌊
log1+ϵ (B/b)

⌋
+ 1 and C(Tℓ,Tℓ′ ) = b2(1+ϵ)ℓ+ℓ′

logn . Let β = max {∥Q∥∞ , ∥K∥∞}.

Suppose by Lemma A.4, there exists U
(ℓ,ℓ′)
1 , U

(ℓ,ℓ′)
2 ∈ Rn×r such that U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤
is the (ϵ0, r)-approximation

of exp

(
Q(ℓ)

(
K(ℓ′)

)⊤)
.

Then, we can get a tighter bound for
∥∥∥∥∥∥∥

m∑

ℓ=1

m∑

ℓ′=1

exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)◦C(Tℓ,Tℓ′ )

−
m∑

ℓ=1

m∑

ℓ′=1

(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tℓ,Tℓ′ )
∥∥∥∥∥∥∥
p

compared with

∥∥∥∥∥exp
(
QK⊤/d

)
−
(
U

(m,m)
1

(
U

(m,m)
2

)⊤)◦C(Tm,Tm)∥∥∥∥∥
p

.

Proof. Now, we consider the ℓp error.

Using Part 2 of Fact J.9, we have
∥∥∥∥∥∥∥

m∑

ℓ=1

m∑

ℓ′=1

exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)◦C(Tℓ,Tℓ′ )

−
m∑

ℓ=1

m∑

ℓ′=1

(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tℓ,Tℓ′ )
∥∥∥∥∥∥∥

p

p

=

m∑

ℓ=1

m∑

ℓ′=1

∥∥∥∥∥∥∥
exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)◦C(Tℓ,Tℓ′ )

−
(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tℓ,Tℓ′ )
∥∥∥∥∥∥∥

p

p

. (20)

Below, we apply the same multi-threshold support basis for exp
(
QK⊤/d

)
, but for each matrix, we take out the

constant C(Tm,Tm) to simulate the case where we do not use bucketing.

Therefore, we can get

∥∥∥∥∥∥
exp

(
QK⊤/d

)
−
(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tm,Tm)∥∥∥∥∥∥

p

p
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=

∥∥∥∥∥∥

m∑

ℓ=1

m∑

ℓ′=1

exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)◦C(Tm,Tm)

−
m∑

ℓ=1

m∑

ℓ′=1

(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tm,Tm)∥∥∥∥∥∥

p

p

=

∥∥∥∥∥∥

m∑

ℓ=1

m∑

ℓ′=1


exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)◦C(Tm,Tm)

−
(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tm,Tm)

∥∥∥∥∥∥

p

p

≤
m∑

ℓ=1

m∑

ℓ′=1

∥∥∥∥∥∥
exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)◦C(Tm,Tm)

−
(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tm,Tm)∥∥∥∥∥∥

p

p

,

where the second step follows from the distributive law and the third step follows from Part 2 of Fact J.9.

Applying Part 1 and Part 3 of Fact J.9, we can get

∥∥A◦k + B◦k∥∥p
p

=
∥∥∥(A + B)

◦k
∥∥∥
p

p
≤ ∥A + B∥pkp ,

and for each ℓ and ℓ′, we can use it to show:

∥∥∥∥∥∥∥
exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)◦C(Tℓ,Tℓ′ )

−
(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tℓ,Tℓ′ )
∥∥∥∥∥∥∥

p

p

≤
∥∥∥∥∥exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)
−
(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)∥∥∥∥∥

p·C(Tℓ,Tℓ′ )

p

which is tighter compared with

∥∥∥∥∥∥
exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)◦C(Tm,Tm)

−
(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tm,Tm)∥∥∥∥∥∥

p

p

≤
∥∥∥∥∥exp

(
Q(ℓ)

(
K(ℓ′)

)⊤
/d

)
−
(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)∥∥∥∥∥

p·C(Tm,Tm)

p

.

Then, we analyze the case where we do not use the bucketing technique.

Lemma G.13. Let n,m, d be positive integers. Let ϵ ∈ (0, 1). Let Q =
∑m

ℓ=1 Q
(Tℓ) ∈ Rn×d and

K =
∑m

ℓ′=1 K
(Tℓ′ ) ∈ Rn×d be defined as in Definition G.1, with b = mini∈[n],j∈[d] {|Qi,j |, |Ki,j |}, B =

maxi∈[n],j∈[d] {|Qi,j |, |Ki,j |}, and for all ℓ ∈ [m] ∪ {0}, we let Tℓ = b (1 + ϵ)
ℓ
. Let A(Tℓ,Tℓ′ ) = Q(Tℓ)

(
K(Tℓ′ )

)⊤
=

C(Tℓ,Tℓ′ ) ·Q(ℓ)
(
K(ℓ′)

)⊤
∈ Rn×n. Let β = max {∥Q∥∞ , ∥K∥∞}.

Suppose m = 1, which implies

exp
(
QK⊤/d

)
= exp

(
Q(m)

(
K(m)

)⊤
/d

)◦C(Tm,Tm)

,

where C(Tm,Tm) = B2/ log n.

Suppose by Lemma A.4, there exists U
(m,m)
1 , U

(m,m)
2 ∈ Rn×r such that U

(m,m)
1

(
U

(m,m)
2

)⊤
is the (ϵ0, r)-

approximation of exp
(
Q(m)

(
K(m)

)⊤
/d
)
.
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Then, we have

∥∥∥∥∥exp
(
QK⊤/d

)
−
(
U

(m,m)
1

(
U

(m,m)
2

)⊤)◦C(Tm,Tm)∥∥∥∥∥
p

≤ O

(
n2B2

log n
eo(B

2)ϵ0

)
.

Proof. We have

∥∥∥∥∥exp
(
QK⊤/d

)
−
(
U

(m,m)
1

(
U

(m,m)
2

)⊤)◦C(Tm,Tm)∥∥∥∥∥

p

p

≤ |supp (A)| ·
∥∥∥∥∥exp

(
QK⊤/d

)
−
(
U

(m,m)
1

(
U

(m,m)
2

)⊤)◦C(Tm,Tm)∥∥∥∥∥

p

∞

≤ |supp (A)| ·O
(

B2

log n
eo(B

2)ϵ0

)p

,

where the first step follows from the definition of ℓ1 norm and the second step follows from Lemma G.9.

Therefore, we can get

∥∥∥∥∥exp
(
QK⊤/d

)
−
(
U

(m,m)
1

(
U

(m,m)
2

)⊤)◦C(Tm,Tm)∥∥∥∥∥
p

≤ O

(
n2/pB2

log n
eo(B

2)ϵ0

)

H SKETCHING REDUCES THE TIME COMPLEXITY OF POLYNOMIAL
ATTENTION

We note that Kacham et al. (2024) only analyzes the Frobenius norm error of the sketching matrix. In this
section, we find the ℓ∞ error guarantee.

In Appendix H.1, we express the two-vector JL moment property from Ahle et al. (2020) into the probabilistic state-
ment. In Appendix H.2, we use the sketching technique to show that for each i, j, the inner product of the sketched

vectors
〈
ϕ′
(

(U1)i,∗

)
, ϕ′
(

(U2)j,∗

)〉
is close to the original un-sketched polynomial kernel

〈
(U1)i,∗ , (U2)j,∗

〉p
. In

Appendix H.3, we use the union bound over all i and j to show that the ℓ∞ norm of
(
U1U

⊤
2

)◦p − ϕ′(U1)ϕ′(U2)⊤

is upper bounded, where the randomized feature mapping ϕ′ is applied row-wisely to matrices U1 and U2.

H.1 Probabilistic Statement of Two Vector JL Moment Property

We formalize the guarantee provided by random projections. This guarantees approximately preserving the inner
products between vectors with high probability. This result is a direct consequence of the JL moment property
(Definition A.11) and plays a crucial role in ensuring that geometric relationships between vectors are maintained
under dimensionality reduction:

Lemma H.1 (Inner Product Preservation). Let S ∈ Rm×d be a random matrix satisfying the (ϵ, δ, t)-JL moment
property for some ϵ, δ > 0 and integer t ≥ 1. Then for all vectors x, y ∈ Rd, with probability at least 1− δ, we
have: ∣∣(Sx)⊤(Sy)− x⊤y

∣∣ ≤ ϵ∥x∥2∥y∥2.

Proof. By Lemma A.12, we can get
∥∥(Sx)⊤(Sy)− x⊤y

∥∥
Lt
≤ ϵδ1/t∥x∥2∥y∥2. (21)

By Definition A.11, we can get

∥∥(Sx)⊤(Sy)− x⊤y
∥∥
Lt

= E
[∣∣(Sx)⊤(Sy)− x⊤y

∣∣t
]1/t

. (22)
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Combining Eq. (21) and Eq. (22), we can get

E
[∣∣(Sx)⊤(Sy)− x⊤y

∣∣t
]
≤ ϵtδ∥x∥t2∥y∥t2.

Using Markov’s inequality (see Fact J.7), we have

Pr
[∣∣(Sx)⊤(Sy)− x⊤y

∣∣ > ϵ∥x∥2∥y∥2
]

= Pr
[∣∣(Sx)⊤(Sy)− x⊤y

∣∣t > ϵt∥x∥t2∥y∥t2
]

≤
E
[∣∣(Sx)⊤(Sy)− x⊤y

∣∣t
]

ϵt∥x∥t2∥y∥t2
≤ δ.

H.2 Pointwise Approximation of Polynomial Kernel via Sketching

Now, we show that the randomized feature mapping ϕ′ can approximate the value of a degree-p polynomial kernel
between any pair of vectors up to a small additive error, with high probability:

Lemma H.2 (Pointwise Approximation of Polynomial Kernel via Sketching). Let {(U1)i,∗}ni=1, {(U2)j,∗}nj=1 ⊂ Rr.
Let p be an even positive integer. Let ϵ ∈ (0, 1) be the accuracy parameter and δ ∈ (0, 1) be the failure probability.

Then, there exists a randomized feature mapping

ϕ′ : Rr → Rz2

, for z = Θ
(
pϵ−2 log(1/δ)

)

defined as ϕ′(x) :=
(
Sx⊗(p/2)

)⊗2
where S ∈ Rz×rp/2 is a sketching matrix, such that for all i, j ∈ [n], the following

hold with probability at least 1− δ:

∣∣∣
〈
ϕ′
(

(U1)i,∗

)
, ϕ′
(

(U2)j,∗

)〉
−
〈

(U1)i,∗ , (U2)j,∗

〉p∣∣∣ ≤ ϵ∥ (U1)i,∗ ∥
p
2∥ (U2)j,∗ ∥

p
2.

Proof. We have

∣∣∣
〈
ϕ′
(

(U1)i,∗

)
, ϕ′
(

(U2)j,∗

)〉
−
〈

(U1)i,∗ , (U2)j,∗

〉p∣∣∣

=

∣∣∣∣
〈(

S (U1)
⊗(p/2)
i,∗

)⊗2

,
(
S (U2)

⊗(p/2)
j,∗

)⊗2
〉
−
〈

(U1)i,∗ , (U2)j,∗

〉p∣∣∣∣

=

∣∣∣∣
〈
S (U1)

⊗(p/2)
i,∗ , S (U2)

⊗(p/2)
j,∗

〉2
−
〈

(U1)i,∗ , (U2)j,∗

〉p∣∣∣∣

=

∣∣∣∣∣

((
S (U1)

⊗(p/2)
i,∗

)⊤ (
S (U2)

⊗(p/2)
j,∗

))2

−
(〈

(U1)i,∗ , (U2)j,∗

〉p/2)2
∣∣∣∣∣

=

∣∣∣∣
(
S (U1)

⊗(p/2)
i,∗

)⊤ (
S (U2)

⊗(p/2)
j,∗

)
−
〈

(U1)i,∗ , (U2)j,∗

〉p/2∣∣∣∣

·
∣∣∣∣
(
S (U1)

⊗(p/2)
i,∗

)⊤ (
S (U2)

⊗(p/2)
j,∗

)
+
〈

(U1)i,∗ , (U2)j,∗

〉p/2∣∣∣∣ ,

where the first step follows from the definition of ϕ′ (see from the lemma statement), the second step follows
from Part 1 of Fact J.6, the third step follows from ⟨a, b⟩ = a⊤b (see Fact J.3), and the last step follows from
a2 − b2 = (a + b)(a− b).

Considering

∣∣∣∣
(
S (U1)

⊗(p/2)
i,∗

)⊤ (
S (U2)

⊗(p/2)
j,∗

)
−
〈

(U1)i,∗ , (U2)j,∗

〉p/2∣∣∣∣, with probability 1− δ, we have

∣∣∣∣
(
S (U1)

⊗(p/2)
i,∗

)⊤ (
S (U2)

⊗(p/2)
j,∗

)
−
〈

(U1)i,∗ , (U2)j,∗

〉p/2∣∣∣∣



Maryam Aliakbarpour, Vladimir Braverman, Junze Yin, Haochen Zhang

=

∣∣∣∣
(
S (U1)

⊗(p/2)
i,∗

)⊤ (
S (U2)

⊗(p/2)
j,∗

)
−
〈

(U1)
⊗p/2
i,∗ , (U2)

⊗p/2
j,∗

〉∣∣∣∣

=

∣∣∣∣
(
S (U1)

⊗(p/2)
i,∗

)⊤ (
S (U2)

⊗(p/2)
j,∗

)
−
(

(U1)
⊗p/2
i,∗

)⊤
(U2)

⊗p/2
j,∗

∣∣∣∣

≤ ϵ
∥∥∥(U1)

⊗p/2
i,∗

∥∥∥
2

∥∥∥(U2)
⊗p/2
j,∗

∥∥∥
2

= ϵ
∥∥∥(U1)i,∗

∥∥∥
p/2

2

∥∥∥(U2)j,∗

∥∥∥
p/2

2
,

where the first step follows from Part 2 of Fact J.6, the second step follows from Fact J.3, the third step follows
from Lemma H.1, and the last step follows from Part 3 of Fact J.6.

Now, we consider

∣∣∣∣
(
S (U1)

⊗(p/2)
i,∗

)⊤ (
S (U2)

⊗(p/2)
j,∗

)
+
〈

(U1)i,∗ , (U2)j,∗

〉p/2∣∣∣∣: we have with probability 1− δ,

∣∣∣∣
(
S (U1)

⊗(p/2)
i,∗

)⊤ (
S (U2)

⊗(p/2)
j,∗

)
+
〈

(U1)i,∗ , (U2)j,∗

〉p/2∣∣∣∣

=

∣∣∣∣
(
S (U1)

⊗(p/2)
i,∗

)⊤ (
S (U2)

⊗(p/2)
j,∗

)
−
〈

(U1)i,∗ , (U2)j,∗

〉p/2
+ 2

〈
(U1)i,∗ , (U2)j,∗

〉p/2∣∣∣∣

≤
∣∣∣∣
(
S (U1)

⊗(p/2)
i,∗

)⊤ (
S (U2)

⊗(p/2)
j,∗

)
−
〈

(U1)i,∗ , (U2)j,∗

〉p/2∣∣∣∣+ 2

∣∣∣∣
〈

(U1)i,∗ , (U2)j,∗

〉p/2∣∣∣∣

≤ ϵ
∥∥∥(U1)i,∗

∥∥∥
p/2

2

∥∥∥(U2)j,∗

∥∥∥
p/2

2
+ 2

∣∣∣∣
〈

(U1)i,∗ , (U2)j,∗

〉p/2∣∣∣∣

≤ ϵ
∥∥∥(U1)i,∗

∥∥∥
p/2

2

∥∥∥(U2)j,∗

∥∥∥
p/2

2
+ 2

∥∥∥(U1)i,∗

∥∥∥
p/2

2

∥∥∥(U2)j,∗

∥∥∥
p/2

2
,

where the second step follows from the triangle inequality (see Fact J.3), the third step follows from Lemma H.1,
and the last step follows from the Cauchy-Schwarz inequality (see Fact J.3).

Thus, combining everything together, we have that
∣∣∣
〈
ϕ′
(

(U1)i,∗

)
, ϕ′
(

(U2)j,∗

)〉
−
〈

(U1)i,∗ , (U2)j,∗

〉p∣∣∣ ≤ ϵ∥ (U1)i,∗ ∥
p
2∥ (U2)j,∗ ∥

p
2

holds with probability at least 1− δ.

H.3 Union Bound to All Entries

We generalize the previous pointwise sketching result (Lemma H.2) by providing an ℓ∞ bound over the entire
polynomial kernel matrix. It shows that, with high probability, the randomized sketching method can approximate
the full matrix

(
U1U

⊤
2

)◦p
entry-wise up to a controllable additive error, uniformly across all pairs of rows:

Lemma H.3 (ℓ∞ Guarantee for Polynomial Sketching). Let {(U1)i,∗}ni=1, {(U2)j,∗}nj=1 ⊂ Rr. Fix an even integer

p ≥ 2. Let ϵ ∈ (0, 1) be the accuracy parameter and δ ∈ (0, 1) be the failure probability. Let ϕ′ : Rr → Rz2

be
a randomized feature mapping constructed using the sketching technique in Theorem A.9, with sketch size z =

Θ(pϵ−2 log(n/δ)) and ϕ′
(

(U1)i,∗

)
:=

(
S
(

(U1)i,∗

)⊗(p/2)
)⊗2

. For all matrix A ∈ Rn×r, we write ϕ′(A) ∈ Rn×z2

to denote ϕ′ being applied to A row-wisely.

Then, with probability at least 1− δ, we have
∥∥∥
(
U1U

⊤
2

)◦p − ϕ′(U1)ϕ′(U2)⊤
∥∥∥
∞
≤ max

i,j∈[n]

{
ϵ
∥∥∥(U1)i,∗

∥∥∥
p

2

∥∥∥(U2)j,∗

∥∥∥
p

2

}
.

Proof. By Lemma H.2, we know that for each i, j ∈ [n], the randomized mapping ϕ′ satisfies

Pr
[∣∣∣
〈
ϕ′
(

(U1)i,∗

)
, ϕ′
(

(U2)j,∗

)〉
−
〈

(U1)i,∗ , (U2)j,∗

〉p∣∣∣ > ϵ
∥∥∥(U1)i,∗

∥∥∥
p

2
·
∥∥∥(U2)j,∗

∥∥∥
p

2

]
≤ δ′,
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for some small δ′ ∈ (0, 1).

Since i, j ∈ [n], we have n2 total pairs (i, j). Applying the union bound (see Fact J.8) over all i, j ∈ [n], we have

Pr
[
∃i, j ∈ [n],

∣∣∣
〈
ϕ′
(

(U1)i,∗

)
, ϕ′
(

(U2)j,∗

)〉
−
〈

(U1)i,∗ , (U2)j,∗

〉p∣∣∣ > ϵ
∥∥∥(U1)i,∗

∥∥∥
p

2
·
∥∥∥(U2)j,∗

∥∥∥
p

2

]

≤ n2 · δ′.

Setting δ′ = δ/n2, we can get that, with probability at least 1− δ,

max
i,j∈[n]

∣∣∣
〈
ϕ′
(

(U1)i,∗

)
, ϕ′
(

(U2)j,∗

)〉
−
〈

(U1)i,∗ , (U2)j,∗

〉p∣∣∣ ≤ max
i,j∈[n]

{
ϵ
∥∥∥(U1)i,∗

∥∥∥
p

2
·
∥∥∥(U2)j,∗

∥∥∥
p

2

}
. (23)

On the other hand, we have

max
i,j∈[n]

∣∣∣
〈
ϕ′
(

(U1)i,∗

)
, ϕ′
(

(U2)j,∗

)〉
−
〈

(U1)i,∗ , (U2)j,∗

〉p∣∣∣

= max
i,j∈[n]

∣∣∣
〈
ϕ′ (U1)i,∗ , ϕ

′ (U2)j,∗

〉
−
〈

(U1)i,∗ , (U2)j,∗

〉p∣∣∣

= max
i,j∈[n]

∣∣∣∣
(
ϕ′ (U1)ϕ′ (U2)

⊤
)
i,j
−
(
(U1)

(
U⊤
2

))p
i,j

∣∣∣∣

= max
i,j∈[n]

∣∣∣ϕ′ (U1)ϕ′ (U2)
⊤ −

(
(U1)

(
U⊤
2

))◦p∣∣∣
i,j

=
∥∥∥
(
U1U

⊤
2

)◦p − ϕ′(U1)ϕ′(U2)⊤
∥∥∥
∞

, (24)

where the first step follows from the fact that ϕ′ is applied row-wisely, the second step follows from the definition
of matrix multiplication, and the last step follows from the definition of ℓ∞ norm.

Finally, we consider the sketch size. By Lemma H.2, to get pointwise approximation to the polynomial kernel, we
need

Θ
(
pϵ−2 log(1/δ′)

)
.

Now, since we use union bound and setting δ′ = δ/n2, we can get the sketch size

z = Θ
(
pϵ−2 log(1/

(
δ/n2

)
)
)

= Θ
(
pϵ−2 log(n/δ)

)
. (25)

Combining Eq. (23), (24), and (25), we finish the proof.

I ATTENTION OPTIMIZATION VIA MULTI-THRESHOLD SUPPORT BASIS
AND SKETCHING

Now, we combine everything together and present our main result using multi-threshold support basis.

In Appendix I.1, we give a basic definition. In Appendix I.2, we approximate the (Q,K)-softmax-attention
matrix using multi-threshold support basis decomposition and sketching. In Appendix I.3, we analyze the

running time for constructing ϕ′
(
U

(ℓ,ℓ′)
1

)
and ϕ′

(
U

(ℓ,ℓ′)
2

)
. In Appendix I.4, we solve the batch Gaussian kernel

density estimation problem (see Definition B.10) using multi-threshold support basis decomposition. Finally, in
Appendix I.5, we present our main theorem, which states the running time and correctness of approximating
the attention computation problem (see Definition 1.2) using multi-threshold support basis decomposition and
sketching.
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I.1 A Basic Definition

In this section, we provide basic definitions and clarify the meaning of all notation. We note that in previous
sections, some notational abuse may have occurred—for example, the symbol ϵ may have been used both as the
accuracy parameter for sketching and as the bucketing parameter. Our goal here is to unify all theoretical results
to derive the main result. Therefore, we redefine the relevant notations to improve clarity.

Definition I.1. Given the query and the key matrices Q,K ∈ Rn×d, we define the (Q,K)-softmax-attention
matrix as A = exp(QK⊤/d). Let Q =

∑m
ℓ=1 Q

(Tℓ) ∈ Rn×d and K =
∑m

ℓ′=1 K
(Tℓ′ ) ∈ Rn×d be defined as in

Definition G.1, with b = mini∈[n],j∈[d] {|Qi,j |, |Ki,j |}, B = maxi∈[n],j∈[d] {|Qi,j |, |Ki,j |}, and for all ℓ ∈ [m] ∪ {0},
we let Tℓ = b (1 + ϵB)

ℓ
, where ϵB is the bucketing parameter. Let A(Tℓ,Tℓ′ ) = Q(Tℓ)

(
K(Tℓ′ )

)⊤
= C(Tℓ,Tℓ′ ) ·

Q(ℓ)
(
K(ℓ′)

)⊤
∈ Rn×n. Suppose by Lemma A.4, there exists U

(ℓ,ℓ′)
1 , U

(ℓ,ℓ′)
2 ∈ Rn×r such that U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤

is the (ϵ0, r)-approximation of exp

(
Q(ℓ)

(
K(ℓ′)

)⊤)
. Let ϕ′ : Rd → Rr2 be defined as ϕ′ (qi) :=

(
Sq

⊗(p/2)
i

)⊗2

,

where S ∈ Rr×dp/2

with r = Θ
(
pϵ−2 log(1/δ)

)
is a sketching matrix. With ϵ, ϵ0 ∈ (0, 1), we let

ϵ2 := O

(
B2

log n
eo(B

2)ϵ0 +

m∑

ℓ=1

m∑

ℓ′=1

max
i,j∈[n]

{
ϵ
∥∥∥(U1)i,∗

∥∥∥
C(Tℓ,Tℓ′ )

2

∥∥∥(U2)j,∗

∥∥∥
C(Tℓ,Tℓ′ )

2

})
.

I.2 (Q,K)-Softmax-Attention Matrix Approximation

The (Q,K)-softmax-attention matrix exp(QK⊤/d) is central to transformer models, but its computation is costly
due to the exponential operation and quadratic complexity. To reduce computational overhead, we approximate
this matrix using a combination of polynomial kernel sketching and bucketing. The following lemma shows that
by decomposing the input into multiple components and applying randomized feature mappings to each, we can
uniformly approximate the entire softmax-attention matrix.

Lemma I.2 ((Q,K)-Softmax-Attention Matrix Approximation). Let everything be defined as in Definition I.1.
Then, we can get

∥∥∥∥∥exp(QK⊤/d)−
m∑

ℓ=1

m∑

ℓ′=1

ϕ′
(
U

(ℓ,ℓ′)
1

)
ϕ′
(
U

(ℓ,ℓ′)
2

)⊤∥∥∥∥∥
∞
≤ ϵ2.

Proof. We can get

∥∥∥∥∥exp(QK⊤/d)−
m∑

ℓ=1

m∑

ℓ′=1

ϕ′
(
U

(ℓ,ℓ′)
1

)
ϕ′
(
U

(ℓ,ℓ′)
2

)⊤∥∥∥∥∥
∞

=

∥∥∥∥∥∥∥
exp(QK⊤/d)−

m∑

ℓ=1

m∑

ℓ′=1

(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tℓ,Tℓ′ )

+

m∑

ℓ=1

m∑

ℓ′=1

(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tℓ,Tℓ′ )

−
m∑

ℓ=1

m∑

ℓ′=1

ϕ′
(
U

(ℓ,ℓ′)
1

)
ϕ′
(
U

(ℓ,ℓ′)
2

)⊤
∥∥∥∥∥∥∥
∞

≤

∥∥∥∥∥∥∥
exp(QK⊤/d)−

m∑

ℓ=1

m∑

ℓ′=1

(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tℓ,Tℓ′ )
∥∥∥∥∥∥∥
∞

+

∥∥∥∥∥∥∥

m∑

ℓ=1

m∑

ℓ′=1

(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tℓ,Tℓ′ )

−
m∑

ℓ=1

m∑

ℓ′=1

ϕ′
(
U

(ℓ,ℓ′)
1

)
ϕ′
(
U

(ℓ,ℓ′)
2

)⊤
∥∥∥∥∥∥∥
∞
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≤

∥∥∥∥∥∥∥
exp(QK⊤/d)−

m∑

ℓ=1

m∑

ℓ′=1

(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tℓ,Tℓ′ )
∥∥∥∥∥∥∥
∞

+

m∑

ℓ=1

m∑

ℓ′=1

∥∥∥∥∥∥∥

(
U

(ℓ,ℓ′)
1

(
U

(ℓ,ℓ′)
2

)⊤)◦C(Tℓ,Tℓ′ )

− ϕ′
(
U

(ℓ,ℓ′)
1

)
ϕ′
(
U

(ℓ,ℓ′)
2

)⊤
∥∥∥∥∥∥∥
∞

≤ O

(
B2

log n
eo(B

2)ϵ0 +

m∑

ℓ=1

m∑

ℓ′=1

max
i,j∈[n]

{
ϵ
∥∥∥(U1)i,∗

∥∥∥
C(Tℓ,Tℓ′ )

2

∥∥∥(U2)j,∗

∥∥∥
C(Tℓ,Tℓ′ )

2

})
,

where the second and the third step follows from the triangle inequality (see Fact J.3), and the last step follows
from combining Lemma G.8 and Lemma H.3.

I.3 Running Time Analysis of Constructing ϕ′
(
U

(ℓ,ℓ′)
1

)
and ϕ′

(
U

(ℓ,ℓ′)
2

)

We analyze the runtime complexity of constructing the sketched feature representations used in approximating
the softmax-attention matrix. The following lemma shows that the total time required to compute all randomized

feature mappings ϕ′
(
U

(ℓ,ℓ′)
1

)
and ϕ′

(
U

(ℓ,ℓ′)
2

)
, across all bucketed matrix pairs (ℓ, ℓ′) ∈ [m] × [m], is almost

linear in n:

Lemma I.3. Let everything be defined as in Definition I.1.

Then, it takes

O

(
B6 log2(n/δ)

ϵ4
n1+o(1)

)

time to construct ϕ′
(
U

(ℓ,ℓ′)
1

)
and ϕ′

(
U

(ℓ,ℓ′)
2

)
, for all (ℓ, ℓ′) ∈ [m]× [m].

Proof. By Lemma A.2, for each (ℓ, ℓ′) ∈ [m] × [m], it takes O
(
n1+o(1)

)
time to construct U

(ℓ,ℓ′)
1 ∈ Rn×r and

U
(ℓ,ℓ′)
2 ∈ Rn×r, with r < no(1).

By Theorem A.9, with

z = Θ
(
C(Tℓ,Tℓ′ )ϵ−2 log(n/δ)

)
(26)

being the sketch size (see Lemma H.3), where ϵ ∈ (0, 0.5) and δ ∈ (0, 1) respectively are the accuracy parameter

and failure probability for sketching, since ϕ′ is applied row-wisely to a matrix, computing ϕ′
(
U

(ℓ,ℓ′)
1

)
and

ϕ′
(
U

(ℓ,ℓ′)
2

)
respectively requires n times of:

1. C(Tℓ,Tℓ′ )

2 matrix-vector multiplications with matrices of size r × z,

2. C(Tℓ,Tℓ′ )

2 − 2 matrix-vector multiplications with matrices of size z × z,

3. C(Tℓ,Tℓ′ )

2 − 1 Hadamard products of z-dimensional vectors,

4. and 1 self-Kronecker product of an z-dimensional vector.

Step 1 takes

C(Tℓ,Tℓ′ )

2
· rz = O

(
C(Tℓ,Tℓ′ )rz

)
.
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Step 2 takes

(
C(Tℓ,Tℓ′ )

2
− 2

)
· z2 = O

(
C(Tℓ,Tℓ′ )z2

)
.

Step 3 takes

(
C(Tℓ,Tℓ′ )

2
− 1

)
· z = O

(
C(Tℓ,Tℓ′ )z

)
.

Step 4 takes

O
(
z2
)
.

Therefore, for each (ℓ, ℓ′) ∈ [m]× [m], it takes

O
(
n1+o(1) + n ·

(
C(Tℓ,Tℓ′ )rz + C(Tℓ,Tℓ′ )z2 + C(Tℓ,Tℓ′ )z + z2

))

= O
(
n1+o(1) + nC(Tℓ,Tℓ′ ) ·

(
rz + z2

))
.

In total, it takes

m∑

ℓ=1

m∑

ℓ′=1

O
(
n1+o(1) + nC(Tℓ,Tℓ′ ) ·

(
rz + z2

))

= O

(
m∑

ℓ=1

m∑

ℓ′=1

n1+o(1) +

m∑

ℓ=1

m∑

ℓ′=1

nC(Tℓ,Tℓ′ ) ·
(
rz + z2

)
)

= O

(
m2n1+o(1) + nr

m∑

ℓ=1

m∑

ℓ′=1

C(Tℓ,Tℓ′ )z + n

m∑

ℓ=1

m∑

ℓ′=1

C(Tℓ,Tℓ′ )z2

)
(27)

time to compute ϕ′
(
U

(ℓ,ℓ′)
1

)
, ϕ′
(
U

(ℓ,ℓ′)
2

)
∈ Rn×z2

for all (ℓ, ℓ′) ∈ [m]× [m].

Now, we analyze the first term of Eq. (27): m2n1+o(1).

By Fact G.2, we have

m =
⌊
log1+ϵB (B/b)

⌋
+ 1. (28)

Therefore, by Eq. (28), we have

m2n1+o(1) =
(⌊

log1+ϵB (B/b)
⌋

+ 1
)2

n1+o(1)

= O
(

log2
1+ϵB (B/b)n1+o(1)

)
. (29)

Now, we analyze the second term of Eq. (27): nr
∑m

ℓ=1

∑m
ℓ′=1 C

(Tℓ,Tℓ′ )z.

We have

nr

m∑

ℓ=1

m∑

ℓ′=1

C(Tℓ,Tℓ′ ) · z = n1+o(1)
m∑

ℓ=1

m∑

ℓ′=1

C(Tℓ,Tℓ′ ) · z

= n1+o(1)
m∑

ℓ=1

m∑

ℓ′=1

C(Tℓ,Tℓ′ ) · C(Tℓ,Tℓ′ )ϵ−2 log(n/δ)

= n1+o(1)ϵ−2 log(n/δ)

m∑

ℓ=1

m∑

ℓ′=1

(
C(Tℓ,Tℓ′ )

)2
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= n1+o(1)ϵ−2 log(n/δ)

m∑

ℓ=1

m∑

ℓ′=1

(
b2 (1 + ϵB)

ℓ+ℓ′

log n

)2

=
b4n1+o(1)ϵ−2 log(n/δ)

log2 n

m∑

ℓ=1

m∑

ℓ′=1

(1 + ϵB)
2ℓ+2ℓ′

=
b4n1+o(1)ϵ−2 log(n/δ)

log2 n

(
m∑

ℓ=1

(1 + ϵB)
2ℓ

)2

, (30)

where the first step follows from r = no(1) (see Lemma A.4), the second step follows from Eq. (26), the fourth
step follows from Lemma G.3 and ϵB > 0 denote the bucketing parameter, and the last step follows from

(1 + ϵB)
2ℓ+2ℓ′

= (1 + ϵB)
2ℓ · (1 + ϵB)

2ℓ′
.

Furthermore, we can see that

m∑

ℓ=1

(1 + ϵB)
2ℓ

=
(1 + ϵB)

2
(

1− (1 + ϵB)
2m
)

1− (1 + ϵB)
2

= O
(

(1 + ϵB)
2m
)
, (31)

where the first step follows from the geometric series formula.

Combining Eq. (30) and (31), we have

nr

m∑

ℓ=1

m∑

ℓ′=1

C(Tℓ,Tℓ′ ) · z = O

(
b4 log(n/δ)e4mϵB

ϵ2 log2 n
n1+o(1)

)

= O

(
B4 log(n/δ)

ϵ2 log2 n
n1+o(1)

)
, (32)

where the second step follows from Eq. (28).

Now, we analyze the third term of Eq. (27): n
∑m

ℓ=1

∑m
ℓ′=1 C

(Tℓ,Tℓ′ )z2.

We have

n

m∑

ℓ=1

m∑

ℓ′=1

C(Tℓ,Tℓ′ ) · z2 = n

m∑

ℓ=1

m∑

ℓ′=1

C(Tℓ,Tℓ′ ) ·
(
C(Tℓ,Tℓ′ )ϵ−2 log(n/δ)

)2

= nϵ−4 log2(n/δ)

m∑

ℓ=1

m∑

ℓ′=1

(
C(Tℓ,Tℓ′ )

)3

= nϵ−4 log2(n/δ)

m∑

ℓ=1

m∑

ℓ′=1

(
b2 (1 + ϵB)

ℓ+ℓ′

log n

)3

=
b6nϵ−4 log2(n/δ)

log3 n

m∑

ℓ=1

m∑

ℓ′=1

(1 + ϵB)
3ℓ+3ℓ′

=
b6nϵ−4 log2(n/δ)

log3 n

(
m∑

ℓ=1

(1 + ϵB)
3ℓ

)2

, (33)

where the first step follows from Eq. (26), the third step follows from Lemma G.3 and ϵB > 0 denote the bucketing

parameter, and the last step follows from (1 + ϵB)
3ℓ+3ℓ′

= (1 + ϵB)
3ℓ · (1 + ϵB)

3ℓ′
.

Furthermore, we can see that

m∑

ℓ=1

(1 + ϵB)
3ℓ

=
(1 + ϵB)

3
(

1− (1 + ϵB)
3m
)

1− (1 + ϵB)
3
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= O
(

(1 + ϵB)
3m
)

(34)

where the first step follows from the geometric series formula.

Combining Eq. (33) and (34), we have

n

m∑

ℓ=1

m∑

ℓ′=1

C(Tℓ,Tℓ′ ) · z2 = O

(
b6 log2(n/δ)e6mϵB

ϵ4 log3 n
n

)

= O

(
B6 log2(n/δ)

ϵ4 log3 n
n

)
, (35)

where the second step follows from Eq. (28).

Finally, combining Eq. (27), (29), (32), and (35), we can get that it takes

O

(
B6 log2(n/δ)

ϵ4
n1+o(1)

)

time to compute ϕ′
(
U

(ℓ,ℓ′)
1

)
, ϕ′
(
U

(ℓ,ℓ′)
2

)
∈ Rn×z2

for all (ℓ, ℓ′) ∈ [m]× [m].

I.4 (Batch) Gaussian Kernel Density Estimation

The following lemma shows that, by using the polynomial sketching and bucketing approach described earlier, we
can approximate the batch Gaussian kernel density computation with provably small ℓ∞ error. Moreover, the
algorithm runs in almost linear time with respect to n:

Lemma I.4. Let everything be defined as in Definition I.1. Then, with probability 1− δ, we can solve the (Batch)
Gaussian kernel density estimation (Definition B.10) by outputting S ∈ Rn×d satisfying

∥S−AV ∥∞ < nϵ2 ∥V ∥∞

in O
(

B6 log2(n/δ)
ϵ4 n1+o(1)

)
time.

Proof. Proof of correctness.

We can get

AV = exp
(
QK⊤/d

)
V.

We define S :=

(
∑m

ℓ=1

∑m
ℓ′=1 ϕ

′
(
U

(ℓ,ℓ′)
1

)
ϕ′
(
U

(ℓ,ℓ′)
2

)⊤)
V .

Therefore, we can get

∥AV − S∥∞ =

∥∥∥∥∥exp(QK⊤/d)V −
m∑

ℓ=1

m∑

ℓ′=1

ϕ′
(
U

(ℓ,ℓ′)
1

)
ϕ′
(
U

(ℓ,ℓ′)
2

)⊤
V

∥∥∥∥∥
∞

=

∥∥∥∥∥

(
exp(QK⊤/d)−

m∑

ℓ=1

m∑

ℓ′=1

ϕ′
(
U

(ℓ,ℓ′)
1

)
ϕ′
(
U

(ℓ,ℓ′)
2

)⊤)
V

∥∥∥∥∥
∞

≤ n

∥∥∥∥∥exp(QK⊤/d)−
m∑

ℓ=1

m∑

ℓ′=1

ϕ′
(
U

(ℓ,ℓ′)
1

)
ϕ′
(
U

(ℓ,ℓ′)
2

)⊤∥∥∥∥∥
∞
∥V ∥∞

≤ nϵ2 ∥V ∥∞ ,

where the second step follows from the distributive law, the third step follows from the definition of the ℓ∞ norm,
and the fourth step follows from Lemma I.2.
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Proof of the running time.

By Lemma I.3, we note that to obtain ϕ′
(
U

(ℓ,ℓ′)
1

)
, ϕ′
(
U

(ℓ,ℓ′)
2

)
∈ Rn×z2

, it takes

O

(
B6 log2(n/δ)

ϵ4
n1+o(1)

)
(36)

time.

Then, we compute

ϕ′
(
U

(ℓ,ℓ′)
2

)⊤

︸ ︷︷ ︸
z2×n

V︸︷︷︸
n×d

,

for all (ℓ, ℓ′) ∈ [m]× [m], which takes

m∑

ℓ=1

m∑

ℓ′=1

O
(
z2nd

)
=

m∑

ℓ=1

m∑

ℓ′=1

O

((
C(Tℓ,Tℓ′ )

)2
ϵ−4 log2(n/δ)nd

)

= O

(
ϵ−4 log2(n/δ)n1+o(1)

m∑

ℓ=1

m∑

ℓ′=1

(
C(Tℓ,Tℓ′ )

)2
)

= O


ϵ−4 log2(n/δ)n1+o(1)

m∑

ℓ=1

m∑

ℓ′=1

(
b2 (1 + ϵB)

ℓ+ℓ′

log n

)2



= O

(
b4 log2(n/δ)

ϵ4
n1+o(1)

m∑

ℓ=1

m∑

ℓ′=1

(1 + ϵB)
2ℓ+2ℓ′

)

= O


b4 log2(n/δ)

ϵ4
n1+o(1)

(
m∑

ℓ=1

(1 + ϵB)
2ℓ

)2



= O

(
b4 log2(n/δ)e4mϵB

ϵ4
n1+o(1)

)

= O

(
B4 log2(n/δ)

ϵ4
n1+o(1)

)
, (37)

where the first step follows from Eq. (26), the second step follows from d = O(log n), the third step follows

from Lemma G.3, the fifth step follows from (1 + ϵB)
2ℓ+2ℓ′

= (1 + ϵB)
2ℓ · (1 + ϵB)

2ℓ′
, the sixth step follows from

Eq. (31), and the last step follows from Eq. (28).

Finally, for all (ℓ, ℓ′) ∈ [m]× [m], we compute

ϕ′
(
U

(ℓ,ℓ′)
1

)

︸ ︷︷ ︸
n×z2

·


ϕ′

(
U

(ℓ,ℓ′)
2

)⊤
V

︸ ︷︷ ︸
z2×d


 ,

which, similar as in Eq. (37) also takes

m∑

ℓ=1

m∑

ℓ′=1

O
(
z2nd

)
= O

(
B4 log2(n/δ)

ϵ4
n1+o(1)

)
(38)

time.
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In conclusion, to construct all of ϕ′
(
U

(ℓ,ℓ′)
1

)
, ϕ′
(
U

(ℓ,ℓ′)
2

)
∈ Rn×z2

, for all (ℓ, ℓ′) ∈ [m] × [m], we

need Eq. (36) time; computing all of ϕ′
(
U

(ℓ,ℓ′)
2

)⊤

︸ ︷︷ ︸
z2×n

V︸︷︷︸
n×d

, we need Eq. (37) time; computing all of

ϕ′
(
U

(ℓ,ℓ′)
1

)

︸ ︷︷ ︸
n×z2

·


ϕ′

(
U

(ℓ,ℓ′)
2

)⊤
V

︸ ︷︷ ︸
z2×d


, we need Eq. (38) time. Adding them all together, we need

O

(
B6 log2(n/δ)

ϵ4
n1+o(1)

)

time.

I.5 Main Result

We now state the main result of our attention approximation framework. By combining polynomial sketching,
bucketing, and sparse additive decompositions, our algorithm approximates the attention computation to within
a small ℓ∞ error, with high probability. Importantly, it does so without requiring bounded entries or restrictive
assumptions on the input matrices. The theorem below guarantees both the correctness and the runtime efficiency
of our method, showing that the overall computation can be carried out in almost linear time:

Theorem I.5. Let everything be defined as in Definition I.1.

Then, with probability 1− δ, we can solve the approximate attention computation (Definition 1.2) by outputting
P ∈ Rn×d satisfying

∥∥P −D−1AV
∥∥
∞ ≲ ϵ2 exp(3B2) · ∥V ∥∞

in O
(

B6 log2(n/δ)
ϵ4 n1+o(1)

)
time.

Proof. Proof of correctness.

We define

P := D̃−1ÃV = diag
(
Ã1n

)−1

ÃV, (39)

where

Ã :=

m∑

ℓ=1

m∑

ℓ′=1

ϕ′
(
U

(ℓ,ℓ′)
1

)
ϕ′
(
U

(ℓ,ℓ′)
2

)⊤
. (40)

By the triangle inequality (see Fact J.3), we have

∥∥∥D−1AV − D̃−1ÃV
∥∥∥
∞

=
∥∥∥D−1AV −D−1ÃV + D−1ÃV − D̃−1ÃV

∥∥∥
∞

≤
∥∥∥D−1AV −D−1ÃV

∥∥∥
∞

+
∥∥∥D−1ÃV − D̃−1ÃV

∥∥∥
∞

. (41)

Considering the first term
∥∥∥D−1AV −D−1ÃV

∥∥∥
∞

, we have

∥∥∥D−1AV −D−1ÃV
∥∥∥
∞

=
∥∥∥D−1

(
A− Ã

)
V
∥∥∥
∞

≤ n
∥∥∥D−1

(
A− Ã

)∥∥∥
∞
∥V ∥∞
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≤ n
∥∥D−1

∥∥
∞

∥∥∥A− Ã
∥∥∥
∞
∥V ∥∞

≤ n
∥∥D−1

∥∥
∞ ϵ2 ∥V ∥∞ , (42)

where the second step follows from the definition of inner product, the third step follows from the fact that D−1

is a diagonal matrix, and the last step follows from Lemma I.2.

Now, we consider
∥∥D−1

∥∥
∞: we have

∥∥D−1
∥∥
∞ = max

i

1

Di,i

=
1

mini Di,i

=
1

mini (exp(QK⊤/d) · 1n)i,∗

=
1

mini

∑n
j=1 exp

(
⟨Qi,∗,Kj,∗⟩

d

)

≤ 1

n ·mini,j exp
(

⟨Qi,∗,Kj,∗⟩
d

)

≤ exp(B2)

n
, (43)

where the first step follows from the fact that D−1 is a diagonal matrix, the third and fourth steps follow from
Definition 1.1, and the last step follows from Definition I.1.

Combining Eq. (42) and Eq. (43), we can get

∥∥∥D−1AV −D−1ÃV
∥∥∥
∞
≤ ϵ2 exp

(
B2
)
∥V ∥∞ . (44)

Considering the second term
∥∥∥D−1ÃV − D̃−1ÃV

∥∥∥
∞

: we have

∥∥∥D−1ÃV − D̃−1ÃV
∥∥∥
∞

=
∥∥∥
(
D−1 − D̃−1

)
ÃV
∥∥∥
∞

≤ n ·
∥∥∥D−1 − D̃−1

∥∥∥
∞
·
∥∥∥Ã
∥∥∥
∞
· ∥V ∥∞

= n ·max
i

∣∣∣∣∣
1

Di,i
− 1

D̃i,i

∣∣∣∣∣ ·
∥∥∥Ã
∥∥∥
∞
· ∥V ∥∞

= n ·max
i

∣∣∣∣∣
Di,i − D̃i,i

Di,i · D̃i,i

∣∣∣∣∣ ·
∥∥∥Ã
∥∥∥
∞
· ∥V ∥∞

≤ n · ∥D − D̃∥∞
mini Di,i ·mini D̃i,i

·
∥∥∥Ã
∥∥∥
∞
· ∥V ∥∞

≤ exp(2B2) · ∥D − D̃∥∞
n

·
∥∥∥Ã
∥∥∥
∞
· ∥V ∥∞ , (45)

where the second step follows from the definition of inner product and D−1 is a diagonal matrix, the third step
follows from the definition of ℓ∞ norm, and the sixth step follows from Eq. (43).

Note that
∥∥∥D − D̃

∥∥∥
∞

=
∥∥∥diag(A1n)− diag(Ã1n)

∥∥∥
∞

=
∥∥∥
(
A− Ã

)
1n

∥∥∥
∞
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≤ n
∥∥∥A− Ã

∥∥∥
∞
∥1n∥∞

= n
∥∥∥A− Ã

∥∥∥
∞

. (46)

Combining Eq. (46) and Eq. (45), we have
∥∥∥D−1ÃV − D̃−1ÃV

∥∥∥
∞
≤ exp(2B2) · ∥A− Ã∥∞ ·

∥∥∥Ã
∥∥∥
∞
· ∥V ∥∞ . (47)

Additionally, combining the reverse triangle inequality (see Fact J.3) and Lemma I.2, we have

∥Ã∥∞ ≤ ∥A∥∞ + ϵ2. (48)

In particular, considering ∥A∥∞, we note that

∥A∥∞ = ∥ exp(QK⊤/d)∥∞
= exp(∥QK⊤∥∞/d)

≤ exp(B2), (49)

where the first step follows from Definition 1.1 and the second step follows from the definition of inner product.

Combining Eq. (47), Eq. (48), Eq. (49), and Lemma I.2, we have
∥∥∥D−1ÃV − D̃−1ÃV

∥∥∥
∞

≲ ϵ2 exp(3B2) · ∥V ∥∞ . (50)

Combining Eq. (41), Eq. (44), and Eq. (50), we have
∥∥∥D−1AV − D̃−1ÃV

∥∥∥
∞

≲ ϵ2 exp(3B2) · ∥V ∥∞ .

Proof of Running time.

Our goal is to compute P (see Eq. (39) and Eq. (40)).

By Lemma I.3, we have shown that it takes

O

(
B6 log2(n/δ)

ϵ4
n1+o(1)

)

time to construct ϕ′
(
U

(ℓ,ℓ′)
1

)
and ϕ′

(
U

(ℓ,ℓ′)
2

)
, for all (ℓ, ℓ′) ∈ [m]× [m].

By Lemma I.4, we have shown that it takes

O

(
B6 log2(n/δ)

ϵ4
n1+o(1)

)

time to compute

ϕ′
(
U

(ℓ,ℓ′)
1

)

︸ ︷︷ ︸
n×z2

·


ϕ′

(
U

(ℓ,ℓ′)
2

)⊤
V

︸ ︷︷ ︸
z2×d


 ,

and

ϕ′
(
U

(ℓ,ℓ′)
2

)⊤

︸ ︷︷ ︸
z2×n

V︸︷︷︸
n×d

,
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for all (ℓ, ℓ′) ∈ [m]× [m].

Similarly, it also takes O
(

B6 log2(n/δ)
ϵ4 n1+o(1)

)
time to compute

ϕ′
(
U

(ℓ,ℓ′)
1

)

︸ ︷︷ ︸
n×z2

·


ϕ′

(
U

(ℓ,ℓ′)
2

)⊤
1n

︸ ︷︷ ︸
z2×1


 ,

and

ϕ′
(
U

(ℓ,ℓ′)
2

)⊤

︸ ︷︷ ︸
z2×n

1n︸︷︷︸
n×1

,

for all (ℓ, ℓ′) ∈ [m]× [m].

This implies that we can compute

D̃−1 = diag
(
Ã1n

)−1

= diag

(
m∑

ℓ=1

m∑

ℓ′=1

ϕ′
(
U

(ℓ,ℓ′)
1

)
ϕ′
(
U

(ℓ,ℓ′)
2

)⊤
1n

)−1

in O
(

B6 log2(n/δ)
ϵ4 n1+o(1)

)
time.

Finally, as D̃−1 is a diagonal matrix, computing

P = D̃−1ÃV =

m∑

ℓ=1

m∑

ℓ′=1


D̃−1
︸︷︷︸
n×n

ϕ′
(
U

(ℓ,ℓ′)
1

)

︸ ︷︷ ︸
n×z2


 ·


ϕ′

(
U

(ℓ,ℓ′)
2

)⊤

︸ ︷︷ ︸
z2×n

V︸︷︷︸
n×d




takes O
(

B6 log2(n/δ)
ϵ4 n1+o(1)

)
time.

J MORE FACTS

In this section, we present basic mathematical properties that support our theoretical proofs.

Fact J.1. Let A,B ∈ Rn×n.

Then, we have

|supp (A + B) | ≤ |supp (A) |+ |supp (B) |.

Proof. It suffices to show that

supp (A + B) ⊆ supp (A) ∪ supp (B) . (51)

Suppose (i, j) is an arbitrary element in supp (A + B).

Then, we have (A + B)i,j ̸= 0.

Note that by the basic definition of matrix addition, we have

(A + B)i,j = Ai,j + Bi,j
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̸= 0,

which implies that either Ai,j ̸= 0 or Bi,j ̸= 0.

Therefore, (i, j) ∈ supp (A) or (i, j) ∈ supp (B), which completes the proof of Eq. (51).

Fact J.2. Let {A(ℓ,ℓ′)}ℓ,ℓ′∈[m] be a collection of n× n matrices forming a support basis of A ∈ Rn×n.

Then, we have
m∑

ℓ=1

m∑

ℓ′=1

∣∣∣supp
(
A(ℓ,ℓ′)

)∣∣∣ = |supp(A)| ≤ n2.

Proof. By the definition of support basis (see Definition B.5), we know that A(ℓ,ℓ′)’s are disjoint matrices
(Definition B.1).

Therefore, we have

supp (A) = supp


∑

ℓ,ℓ′

A(ℓ,ℓ′)




=
⋃

ℓ,ℓ′

supp
(
A(ℓ,ℓ′)

)
.

Thus, we can further get

|supp (A)| =

∣∣∣∣∣∣
⋃

ℓ,ℓ′

supp
(
A(ℓ,ℓ′)

)
∣∣∣∣∣∣

=
∑

ℓ,ℓ′

∣∣∣supp
(
A(ℓ,ℓ′)

)∣∣∣ .

Finally, since A ∈ Rn×n, we can get that |supp(A)| ≤ n2.

Fact J.3. Let u, v ∈ Rn.

Then, we have

• |⟨u, v⟩| ≤ ∥u∥2 · ∥v∥2 (Cauchy–Schwarz inequality).

• ∥u∥2 ≤ ∥u∥1.
• ⟨u, v⟩ = u⊤v.

• ⟨u, u⟩ = u⊤u = ∥u∥22.
• ∥u + v∥2 ≤ ∥u∥2 + ∥v∥2 (triangle inequality).

• |∥u∥2 − ∥v∥2| ≤ ∥u− v∥2 (reverse triangle inequality).

The (reverse) triangle inequality holds in all metric spaces. In particular, it applies to (R, | · |), (Rn×d, ∥ · ∥p), and
(Rn, ∥ · ∥p), for all positive integers n, d, and p ∈ {1, 2, . . . ,∞}.
Fact J.4 (Integral analysis). We have

• Part 1. if x is the variable, then

∫ m+1

1

b4 (1 + ϵ)
2x+2y

log2 n
n

cb2(1+ϵ)x+y

log n dx

=
cb2 (1 + ϵ)

y+m+1
eb

2c(ϵ+1)y+m+1 − cb2 (1 + ϵ)
y+1

eb
2c(ϵ+1)y+1 − eb

2c(ϵ+1)y+m+1

+ eb
2c(ϵ+1)y+1

c2 log2 n log(ϵ + 1)
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• Part 2. if y is the variable, then

∫ m+1

1

b2 (1 + ϵ)
y+m+1

eb
2c(ϵ+1)y+m+1

c log2 (n) log (ϵ + 1)
dy =

eb
2c(ϵ+1)2m+2 − eb

2c(ϵ+1)m+2

c2 log2(n) log2(ϵ + 1)
.

Proof. Proof of Part 1.

By the linearity of the integral, we have

∫ m+1

1

b4 (1 + ϵ)
2x+2y

log2 n
n

cb2(1+ϵ)x+y

log n dx =
b4 (1 + ϵ)

2y

log2 n

∫ m+1

1

(1 + ϵ)
2x

n
cb2(1+ϵ)x+y

log n dx. (52)

We can further get

∫ m+1

1

(ϵ + 1)2xn
b2c(ϵ+1)x+y

log(n) dx =

∫ m+1

1

(ϵ + 1)x log(ϵ + 1) · (ϵ + 1)xeb
2c(ϵ+1)x+y

log(ϵ + 1)
dx

Now, we use u-substitution by letting u = (ϵ + 1)x, which implies that

x =
log(u)

log(ϵ + 1)

and

dx =
1

(ϵ + 1)x log(ϵ + 1)
du

Therefore, we have

∫ m+1

1

(ϵ + 1)2xn
b2c(ϵ+1)x+y

log(n) dx =
1

log(ϵ + 1)

∫ (1+ϵ)m+1

1+ϵ

ueb
2c(ϵ+1)yu du (53)

Now, we consider ∫ (1+ϵ)m+1

1+ϵ

ueb
2c(ϵ+1)yu du

We use integration by parts, namely
∫
fg′ = fg −

∫
f ′g.

With
f = u, g′ = eb

2c(ϵ+1)yu

f ′ = 1, g =
eb

2c(ϵ+1)yu

b2c(ϵ + 1)y
,

we have

∫ (1+ϵ)m+1

1+ϵ

ueb
2c(ϵ+1)yu du

=
ueb

2c(ϵ+1)yu

b2c(ϵ + 1)y

∣∣∣∣∣

(1+ϵ)m+1

1+ϵ

−
∫ (1+ϵ)m+1

1+ϵ

eb
2c(ϵ+1)yu

b2c(ϵ + 1)y
du

=

(
(1 + ϵ)

m+1
eb

2c(ϵ+1)y+m+1 − (1 + ϵ) eb
2c(ϵ+1)y+1

b2c(ϵ + 1)y

)
−
∫ (1+ϵ)m+1

1+ϵ

eb
2c(ϵ+1)yu

b2c(ϵ + 1)y
du. (54)

We again use u-substitution by letting v = b2c(ϵ + 1)yu so that

du =
1

b2c(ϵ + 1)y
dv
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Therefore, we get

∫ (1+ϵ)m+1

1+ϵ

eb
2c(ϵ+1)yu

b2c(ϵ + 1)y
du =

1

b4c2(ϵ + 1)2y

∫ b2c(ϵ+1)y(1+ϵ)m+1

b2c(ϵ+1)y(1+ϵ)

ev dv

=
eb

2c(ϵ+1)y(1+ϵ)m+1 − eb
2c(ϵ+1)y(1+ϵ)

b4c2(ϵ + 1)2y
. (55)

Combining Eq. (52), (53), (54), and (55), we have

∫ m+1

1

b4 (1 + ϵ)
2x+2y

log2 n
n

cb2(1+ϵ)x+y

log n dx

=

(
b4 (1 + ϵ)

2y

log2 n

)
·




(1+ϵ)m+1eb
2c(ϵ+1)y+m+1−(1+ϵ)eb

2c(ϵ+1)y+1

b2c(ϵ+1)y − eb
2c(ϵ+1)y(1+ϵ)m+1−eb

2c(ϵ+1)y(1+ϵ)

b4c2(ϵ+1)2y

log(ϵ + 1)




=
b2(1+ϵ)y(1+ϵ)m+1eb

2c(ϵ+1)y+m+1−b2(1+ϵ)y(1+ϵ)eb
2c(ϵ+1)y+1

c − eb
2c(ϵ+1)y(1+ϵ)m+1−eb

2c(ϵ+1)y(1+ϵ)

c2

log2 n log(ϵ + 1)

=
cb2 (1 + ϵ)

y+m+1
eb

2c(ϵ+1)y+m+1 − cb2 (1 + ϵ)
y+1

eb
2c(ϵ+1)y+1 − eb

2c(ϵ+1)y+m+1

+ eb
2c(ϵ+1)y+1

c2 log2 n log(ϵ + 1)
.

Proof of Part 2.

Now, we consider

∫ m+1

1

b2(ϵ + 1)y+m+1eb
2c(ϵ+1)y+m+1

c log2(n) log(ϵ + 1)
dy

We use u-substitution by defining u = b2c(ϵ + 1)y+m+1, which implies

dy =
1

b2c(ϵ + 1)y+m+1 log(ϵ + 1)
du.

Therefore, we have

∫ m+1

1

b2(ϵ + 1)y+m+1eb
2c(ϵ+1)y+m+1

c log2(n) log(ϵ + 1)
dy

=
1

c log2(n) log(ϵ + 1)

∫ m+1

1

b2(ϵ + 1)y+m+1eb
2c(ϵ+1)y+m+1

dy

=
1

c2 log2(n) log2(ϵ + 1)

∫ b2c(ϵ+1)2m+2

b2c(ϵ+1)m+2

eu du

=
eb

2c(ϵ+1)2m+2 − eb
2c(ϵ+1)m+2

c2 log2(n) log2(ϵ + 1)
.

Fact J.5 (Multiplicative Chernoff Bound). Let X1, X2, . . . , Xn be independent random variables taking values in
[0, 1], and let X =

∑n
i=1 Xi with µ = E[X]. Then for all δ > 0, the following holds:

Pr[X ≥ (1 + δ)µ] ≤ exp

(
−δ2µ

3

)
for 0 < δ ≤ 1,

Pr[X ≥ (1 + δ)µ] ≤ exp

(
−δµ

3

)
for δ > 1.
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Fact J.6. Let a, b ∈ Rd. Let p be an arbitrary positive integer.

Then, we have

• Part 1. ⟨a⊗2, b⊗2⟩ = ⟨a, b⟩2.

• Part 2. ⟨a⊗p, b⊗p⟩ = ⟨a, b⟩p (generalizing Part 1 to arbitrary p).

• Part 3. ∥a⊗p∥2 = ∥a∥p2.

Proof. Proof of Part 1.

We have

⟨a⊗2, b⊗2⟩ = ⟨a⊗ a, b⊗ b⟩

=

d∑

i=1

d∑

j=1

(aiaj)(bibj)

=

d∑

i=1

d∑

j=1

aibiajbj

=

(
d∑

i=1

aibi

)


d∑

j=1

ajbj




=

(
d∑

i=1

aibi

)2

= ⟨a, b⟩2,

where the first step follows from the definition of a⊗2 and b⊗2, the second step follows from the definition of inner
product and Kronecker product, the third step follows from the associative law of multiplication, and the last
step follows from the definition of inner product.

Proof of Part 2

We prove this part using mathematical induction.

We treat Part 1 as the base case, and below, we prove the inductive case.

Assume for all given positive integer k, we have

⟨a⊗k, b⊗k⟩ = ⟨a, b⟩k. (56)

Similar as what we have in Part 1, we can get

⟨a⊗(k+1), b⊗(k+1)⟩ = ⟨a⊗k ⊗ a, b⊗k ⊗ b⟩

=

d∑

j=1

dk∑

i=1

((
a⊗k

)
i
aj
) ((

b⊗k
)
i
bj
)

=

d∑

j=1

dk∑

i=1

(
a⊗k

)
i
aj
(
b⊗k
)
i
bj

=




dk∑

i=1

(
a⊗k

)
i

(
b⊗k
)
i






d∑

j=1

ajbj




= ⟨a⊗k, b⊗k⟩ · ⟨a, b⟩,
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where the first step follows from the definition of a⊗(k+1) and b⊗(k+1), the second step follows from the definition
of inner product and Kronecker product, the third step follows from the associative law of multiplication, and the
last step follows from the definition of inner product.

By the inductive hypothesis (Eq. (56)), we have

⟨a⊗(k+1), b⊗(k+1)⟩ = ⟨a, b⟩k · ⟨a, b⟩
= ⟨a, b⟩k+1.

Proof of Part 3.

We can get

∥a⊗p∥22 =

d∑

i1=1

· · ·
d∑

ip=1

(ai1ai2 · · · aip)2

=

d∑

i1=1

· · ·
d∑

ip=1

a2i1a
2
i2 · · · a2ip

=

(
d∑

i=1

a2i

)p

= ∥a∥2p2 ,

where the first step follows from the definition of the ℓ2 norm and the Kronecker product, and the last step follows
from the definition of the ℓ2 norm.

Taking square roots of both sides, we have
∥a⊗p∥2 = ∥a∥p2

Fact J.7 (Markov’s Inequality). Let X be a non-negative random variable and let a > 0. Then

Pr[X ≥ a] ≤ E[X]

a
.

Fact J.8 (Union Bound). Let A1, A2, . . . , An be events in a probability space. Then

Pr

[
n⋃

i=1

Ai

]
≤

n∑

i=1

Pr[Ai].

Fact J.9. Let A ∈ Rn×n and B ∈ Rn×n be disjoint matrices. Let p and k be arbitrary positive integers.

Then, we can get

• Part 1. (A + B)
◦p

= (A)
◦p

+ (B)
◦p
,

• Part 2 ∥A + B∥pp = ∥A∥pp + ∥B∥pp,

• Part 3
∥∥A◦k∥∥p

p
≤ ∥A∥pkp .

Proof. Proof of Part 1.

Since A ∈ Rn×n and B ∈ Rn×n are disjoint matrices, for all arbitrary (i, j) ∈ [n]× [n], we can either have

Ai,j ̸= 0 and Bi,j = 0 (57)

or

Bi,j ̸= 0 and Ai,j = 0. (58)
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If Eq. (57) holds, then we can get
(
(A + B)

◦p)
i,j

= (A + B)
p
i,j

= Ap
i,j .

If Eq. (58) holds, then we can get
(
(A + B)

◦p)
i,j

= (A + B)
p
i,j

= Bp
i,j .

Proof of Part 2.

We can get

∥A + B∥pp =
∑

i,j

(A + B)pi,j

=
∑

i,j

(Ap
i,j + Bp

i,j)

=
∑

i,j

Ap
i,j +

∑

i,j

Bp
i,j

= ∥A∥pp + ∥B∥pp ,

where the first step follows from the definition of ℓp norm and the second step follows from Part 1.

Proof of Part 3.

We have
∥∥A◦k∥∥p

p
=
∑

i,j

(A◦k)pi,j

=
∑

i,j

(Ak
i,j)

p

=
∑

i,j

(Ap
i,j)

k

≤


∑

i,j

Ap
i,j




k

= ∥A∥pkp .

K MORE RELATED WORK

Attention regression problems Another line of work that attempts to reduce the computational complexity
of attention approximation transforms the attention computation into regression problems and applies the
approximate Newton method to solve them. These methods use sketching matrices to reduce the dimensionality
of the Hessian in the Newton method, thereby accelerating the algorithm with provable guarantees. However,
most of these works simplify the attention computation problem (Definition 1.1).

For example, Li et al. (2025) proposes a softmax regression formulation,

min
x∈Rd

∥∥⟨exp (Ax) ,1n⟩−1 exp (Ax)− c
∥∥2
2

where the value matrix is completely ignored. Gao et al. (2025b) studies a rescaled version of softmax regression,

min
x∈Rd

∥exp (Ax)− ⟨exp (Ax) ,1n⟩c∥22
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Song et al. (2024) analyzes an exponential regression problem,

min
x∈Rn

∥∥exp
(
AA⊤)x− b

∥∥2
2
,

where both D−1 and V are omitted. Gao et al. (2025a) is the only work that does not make any such simplifications,
studying the attention regression problem

min
X,Y ∈Rd×d

∥∥∥D (X)
−1

exp
(
A1XA⊤

2

)
A3Y −B

∥∥∥
2

F
.

However, the approximate Newton method can only solve convex problems, whereas attention computation is
inherently non-convex. To apply the approximate Newton method, Gao et al. (2025a) still relies on regularization
terms and the choice of a good initialization point for the iterative procedure—assumptions that limit the
applicability of the proposed algorithm.

Sketching For a large data matrix A ∈ Rn×d, earlier works have centered on designing a sketching matrix
S ∈ Rm×n with m ≪ n such that, for every x ∈ Rd, ∥SAx∥22 = (1 ± ϵ)∥Ax∥22, where ϵ ∈ (0, 1) denotes the
approximation error. A matrix S with this property is known as a subspace embedding for A. This idea has
become a standard tool across many machine learning tasks, including linear regression (Price et al., 2017; Song
et al., 2023b,c), (weighted) low-rank approximation (Clarkson and Woodruff, 2017; Song et al., 2025b), tensor
power method (Deng et al., 2023b), online weighted matching problem (Song et al., 2025a), low-rank matrix
completion (Gu et al., 2024), k-means clustering (Liang et al., 2022), and attention mechanisms (Kacham et al.,
2024).

Large language models Besides the line of works that focus on the computational efficiency of LLMs, such as
Liang et al. (2024b); Chen et al. (2025a); Liang et al. (2025), there is another line of work on memory efficiency,
such as LoRA (Hu et al., 2022), GaLore (Zhao et al., 2024), SARA (Zhang et al., 2025a), KV-Cache compression
(Chen et al., 2025d), and CoVE (Zhang et al., 2025b). Another line of work focuses on analyzing the softmax
unit in attention, such as binary hypothesis testing (Gu et al., 2025), softmax regression (Li et al., 2025; Song
et al., 2023a; Li et al., 2023). Other works focus on the circuit complexity of LLMs (Ke et al., 2025; Chen et al.,
2025b), limitations of LLMs (Chen et al., 2025c), and hallucination (Lin et al., 2025). In reinforcement learning
(Zhang et al., 2025c, 2023a), Wang et al. (2024) design reinforcement learning targeted attack on LLMs, and
Peiyuan et al. (2024) propose the reinforcement learning framework of LLM agents. Furthermore, the application
of large transformers with long-context capabilities is not limited to language processing; broader domains such
as time-series prediction (Zhang et al., 2023b, 2022a; Jin et al., 2023; Liu et al., 2024; Gruver et al., 2023) are
also of practical importance. Extending and validating our method to preserve the accuracy of large transformer
models on these tasks is, therefore, a worthwhile direction for future work.

L QUERY AND KEY ENTRIES DISTRIBUTION

In this section, we empirically validate our assumption that the entries of query and key matrices resemble
sub-Gaussian distributions on transformer architectures such as TinyLlama-1.1B (Zhang et al., 2024), LLaDA-
8B-Base (Nie et al., 2025), OPT-1.3B (Zhang et al., 2022b), and Phi-2 (Javaheripi et al., 2023) across multiple
layers. Their model IDs are GSAI-ML/LLaDA-8B-Base (LLaDA-8B-Base), facebook/opt-1.3b (OPT-1.3B),
TinyLlama/TinyLlama-1.1B-Chat-v1.0 (TinyLlama-1.1B), and microsoft/phi-2 (Phi-2).

To empirically validate our assumption, we visualize the distribution of the entries of Q and K across multiple
layers, generated by natural human-like tokens (Appendix L.2, L.3, L.4, and L.5). We observe that for all of the
layers of attention in these transformer architectures (TinyLlama-1.1B (Zhang et al., 2024), LLaDA-8B-Base
(Nie et al., 2025), OPT-1.3B (Zhang et al., 2022b), and Phi-2 (Javaheripi et al., 2023)), the entry distributions
are sub-Gaussian-like, which satisfies the “practical assumption” made in this paper. In Appendix L.1 we
present the entry distribution of Q and K of TinyLlama-1.1B (Zhang et al., 2024) by deliberately constructing
a non-human-like token sequence consisting of the character “h” repeated 2048 times. For these tokens, the
distributions of the entries of Q and K are more dispersed in the early layers (layers 0–2, Figures 5–7). However,
starting from layer 3 onward, all entries of Q and K become increasingly concentrated (Figures 8–26). LLMs are
trained on natural human-like tokens, so it is expected that the entries of Q and K remain tightly concentrated
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across all layers. Our result in Appendix L.1 can be viewed as a worst-case scenario: even if the entries are not
well centered around the mean in the first few iterations, they become more tightly concentrated as ℓ increases.

In Appendix L.2, we show that in TinyLlama-1.1B (Zhang et al., 2024), after the first few layers, the entries
of Q and K become tightly concentrated with light tails. We present the entry distribution of Q and K of
TinyLlama-1.1B (Zhang et al., 2024) from layer 0 to layer 21. In Appendix L.3, we present the entry distribution
of Q and K of OPT-1.3B (Zhang et al., 2022b) from layer 0 to layer 23. In Appendix L.4, we present the entry
distribution of Q and K of LLaDA-8B-Base (Nie et al., 2025) from layer 0 to layer 31. In Appendix L.5, we
present the entry distribution of Q and K of Phi-2 (Javaheripi et al., 2023) from layer 0 to layer 31.

L.1 TinyLlama-1.1B With Repeated Token

In this section, we present the entry distribution of Q and K in TinyLlama-1.1B (Zhang et al., 2024) from layer 0
to layer 21. The token sequence consists of the character “h” repeated 2048 times.
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Figure 5: Distribution of entries in the query and key matrices of Layer 0 in TinyLlama-1.1B. The red dashed
lines mark the thresholds ±√log n.
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Figure 6: Distribution of entries in the query and key matrices of Layer 1 in TinyLlama-1.1B. The red dashed
lines mark the thresholds ±√log n.
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Figure 7: Distribution of entries in the query and key matrices of Layer 2 in TinyLlama-1.1B. The red dashed
lines mark the thresholds ±√log n.
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Figure 8: Distribution of entries in the query and key matrices of Layer 3 in TinyLlama-1.1B. The red dashed
lines mark the thresholds ±√log n.
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Figure 9: Distribution of entries in the query and key matrices of Layer 4 in TinyLlama-1.1B. The red dashed
lines mark the thresholds ±√log n.
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Figure 10: Distribution of entries in the query and key matrices of Layer 5 in TinyLlama-1.1B. The red dashed
lines mark the thresholds ±√log n.
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Figure 11: Distribution of entries in the query and key matrices of Layer 6 in TinyLlama-1.1B. The red dashed
lines mark the thresholds ±√log n.
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Figure 12: Distribution of entries in the query and key matrices of Layer 7 in TinyLlama-1.1B. The red dashed
lines mark the thresholds ±√log n.
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Figure 13: Distribution of entries in the query and key matrices of Layer 8 in TinyLlama-1.1B. The red dashed
lines mark the thresholds ±√log n.
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Figure 14: Distribution of entries in the query and key matrices of Layer 9 in TinyLlama-1.1B. The red dashed
lines mark the thresholds ±√log n.
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Figure 15: Distribution of entries in the query and key matrices of Layer 10 in TinyLlama-1.1B. The red dashed
lines mark the thresholds ±√log n.
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Figure 16: Distribution of entries in the query and key matrices of Layer 11 in TinyLlama-1.1B. The red dashed
lines mark the thresholds ±√log n.
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Figure 17: Distribution of entries in the query and key matrices of Layer 12 in TinyLlama-1.1B. The red dashed
lines mark the thresholds ±√log n.



Maryam Aliakbarpour, Vladimir Braverman, Junze Yin, Haochen Zhang

−15 −10 −5 0 5 10
Value

0.0

0.2

0.4

0.6

0.8

1.0

De
ns

ity
Layer 13 — Q & K Entry Distribution

Q
K

Figure 18: Distribution of entries in the query and key matrices of Layer 13 in TinyLlama-1.1B. The red dashed
lines mark the thresholds ±√log n.
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Figure 19: Distribution of entries in the query and key matrices of Layer 14 in TinyLlama-1.1B. The red dashed
lines mark the thresholds ±√log n.
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Figure 20: Distribution of entries in the query and key matrices of Layer 15 in TinyLlama-1.1B. The red dashed
lines mark the thresholds ±√log n.
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Figure 21: Distribution of entries in the query and key matrices of Layer 16 in TinyLlama-1.1B. The red dashed
lines mark the thresholds ±√log n.
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Figure 22: Distribution of entries in the query and key matrices of Layer 17 in TinyLlama-1.1B. The red dashed
lines mark the thresholds ±√log n.
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Figure 23: Distribution of entries in the query and key matrices of Layer 18 in TinyLlama-1.1B. The red dashed
lines mark the thresholds ±√log n.
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Figure 24: Distribution of entries in the query and key matrices of Layer 19 in TinyLlama-1.1B. The red dashed
lines mark the thresholds ±√log n.
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Figure 25: Distribution of entries in the query and key matrices of Layer 20 in TinyLlama-1.1B. The red dashed
lines mark the thresholds ±√log n.
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Figure 26: Distribution of entries in the query and key matrices of Layer 21 in TinyLlama-1.1B. The red dashed
lines mark the thresholds ±√log n.

L.2 TinyLlama-1.1B

In this section, we present the entry distribution of Q and K in TinyLlama-1.1B (Zhang et al., 2024) from layer 0
to layer 21. The token sequence consists of the following natural human-like tokens.
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Natural human-like tokens

In the fast-paced world of modern research and technology, the ability to adapt quickly to new
knowledge, integrate interdisciplinary ideas, and communicate them clearly has become a defining
factor for success, not only for academic researchers but also for professionals working in industry,
policy, or creative sectors. The challenge is no longer simply about having access to information—since
the digital age has democratized knowledge to an unprecedented degree—but rather about cultivating
the skills necessary to filter, evaluate, and synthesize the vast amount of data that is constantly flowing
around us. A researcher today may begin the morning reading about advances in large language
models, spend the afternoon designing experiments to validate theoretical insights, and finish the day
by considering applications in medicine, finance, or education. This fluid movement between levels
of abstraction demands both intellectual flexibility and a strong methodological foundation. At the
same time, collaboration has emerged as a core feature of progress: breakthroughs increasingly arise
not from the lone genius archetype, but from teams that combine different strengths, whether it is the
theoretical rigor of mathematicians, the practical engineering sense of computer scientists, the domain
knowledge of biologists, or the design intuition of human-computer interaction experts. Alongside
collaboration, communication is equally essential. A brilliant idea poorly explained is often a wasted
opportunity, while even a moderately novel insight presented with clarity and precision can influence
the trajectory of a field. In this context, the role of writing, speaking, and visualizing cannot be
underestimated. Writing a paper or report is not just a matter of documenting results but of shaping
the interpretation and framing of those results, guiding how others will build upon them. Similarly,
presenting at conferences, creating effective figures, and explaining technical ideas to broader audiences
are all skills that expand the impact of one’s work beyond immediate circles. Another layer to this
landscape is the increasing pressure to balance depth with breadth. Specialization is necessary to push
the frontier of a subfield, yet the most impactful research often arises from unexpected connections,
such as applying methods from signal processing to neuroscience or adapting optimization techniques
from physics to machine learning. To navigate this dual demand, researchers must cultivate a meta-skill:
the ability to learn how to learn efficiently, to enter new fields without being overwhelmed, and to
identify the key assumptions, tools, and open questions that define them. Underlying all of this is
resilience and persistence, since research inevitably involves setbacks, failed experiments, and long
periods of uncertainty. The process is rarely linear; rather, it is iterative and recursive, resembling more
a spiral of refinement than a straight path toward discovery. In the end, success in modern research
and professional life lies in the interplay of curiosity, rigor, creativity, and communication—qualities
that allow individuals and teams not only to generate knowledge but to ensure that this knowledge
becomes meaningful, usable, and transformative in the broader world.
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Figure 27: Distribution of entries in the query, key, and value matrices of TinyLlama-1.1B from layer 0 to layer
21. The red dashed lines mark the thresholds ±√log n.

L.3 OPT-1.3B

In this section, we present the entry distribution of Q and K in OPT-1.3B (Zhang et al., 2022b) from layer 0 to
layer 23. The token sequence consists of the natural human-like tokens.
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Figure 28: Distribution of entries in the query, key, and value matrices of OPT-1.3B from layer 0 to layer 23. The
red dashed lines mark the thresholds ±√log n.

L.4 LLaDA-8B-Base

In this section, we present the entry distribution of Q and K in LLaDA-8B-Base (Nie et al., 2025) from layer 0 to
layer 31. The token sequence consists of the natural human-like tokens.
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Figure 29: Distribution of entries in the query and key matrices of LLaDA-8B-Base from layer 0 to layer 31. The
red dashed lines mark the thresholds ±√log n.

L.5 Phi-2

In this section, we present the entry distribution of Q and K in Phi-2 (Javaheripi et al., 2023) from layer 0 to
layer 31. The token sequence consists of the natural human-like tokens.
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Figure 30: Distribution of entries in the query and key matrices of Phi-2 from layer 0 to layer 31. The red dashed
lines mark the thresholds ±√log n.
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