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Abstract

Many modern learning tasks require models that can take inputs of varying sizes.
Consequently, dimension-independent architectures have been proposed for do-
mains where the inputs are graphs, sets, and point clouds. Recent work on graph
neural networks has explored whether a model trained on low-dimensional data
can transfer its performance to higher-dimensional inputs. We extend this body of
work by introducing a general framework for transferability across dimensions. We
show that transferability corresponds precisely to continuity in a limit space formed
by identifying small problem instances with equivalent large ones. This identifi-
cation is driven by the data and the learning task. We instantiate our framework
on existing architectures, and implement the necessary changes to ensure their
transferability. Finally, we provide design principles for designing new transferable
models. Numerical experiments support our findings.

1 Introduction

Modern learning problems often involve inputs of arbitrary size: language has text sequences of
arbitrary length, graphs encode networks with an arbitrary number of nodes, and particle systems
might have an arbitrary number of points. Although traditional models are typically limited to the
specific input dimensions they were trained on, dimension-independent architectures have been
proposed for several domains. For instance, graph neural networks (GNN) for graphs [70], DeepSet
for sets [91], and PointNet for point clouds [66]. These models have a desirable feature: they can be
trained with low-dimensional samples and, then, deployed on higher-dimensional data.

A key question in this context is whether the performance of a model trained with low-dimensional
samples transfers across dimensions. This has been thoroughly studied in the context of GNNs [70, 58,
59], where the term transferability was first coined.! In turn, the tools used to establish transferability
of GNNs are, at first sight, problem-specific, including the concept of a graphon, and certain
convergence of homomorphism densities. Thus, the analysis does not readily extend beyond GNNss,
and so we ask

What properties of the model, data, and learning task ensure that the learning performance
transfers well across dimensions?

°These authors contributed equally to this work.

!The term “transferability” is not related to transfer learning or meta-learning. It specifically refers to the
phenomenon that consistency of outputs is preserved under size changes for structurally similar inputs, permitting
direct performance carryover from small to large problems.
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This question is relevant for the current pursuit of graph foundation models [53], GNN for combi-
natorial optimization [12], neural PDE solvers [67, 51], and so on, where pre-trained models aim
to be adapted to a wide range of tasks involving different-sized objects. In this paper, we answer
this question by identifying assumptions on the learning problem that make a model generalize
across dimensions, and give a theoretical framework to understand models with such properties. Our
framework requires technical notions that we develop throughout the paper, so before diving into the
details, we proceed to give the high-level intuition.

Our framework considers a machine learning model parametrized by § € R¥, where the number of
parameters k is fixed. For any fixed 6, the model can be evaluated on inputs of any size n. That is, the
learned 6 defines a sequence of functions, for example, (f,,: V,, — R),, with increasingly larger input
sizes.” We think of V,, C V., as a subspace of an infinite-dimensional limit space. Transferability
then amounts to asking whether for large enough n and m we have f,(z,) = fm(z) when the
inputs z,, and x,,, are close to each other in the limiting space V.. For example, we consider graphs
of different sizes to be close if their associated step graphons are close in the cut metric, following
standard practice in the GNN literature. Similarly, we view point clouds of varying sizes as close if
their corresponding empirical measures are close in the Wasserstein metric.

In a nutshell, we identify two properties that guarantee transferability: (¢) the functions in the
sequence are compatible with one another in a precise sense, and (i) all of them are continuous with
respect to a prescribed norm on V.. Compatibility ensures that the sequence extends to a function
taking infinite-dimensional inputs fo.: Voo — R, while continuity ensures that this extension is
continuous. This allows us to relate model outputs on two differently-sized inputs via their extension
fo(@n) = fooln) = fool@m) = fm(zm). Moreover, if we evaluate our models on a sequence
of inputs x,, converging in a suitable sense to an infinite-dimensional input z, then the evaluations
fn(xn) converge to the value of the limiting model f (). Our framework parallels the ideas from
the GNN literature, where graph convergence to a limiting graphon is measured in cut distance—
which is equivalent to homomorphism density convergence. However, this framework provides a
transparent extension that allows us to analyze other models, e.g., DeepSets and PointNet.

Our contributions. Next, we summarize our three core contributions.

(A framework for transferability) We introduce a class of any-dimensional models and a formal
definition of transferability. We show that transferability holds whenever certain notions of
compatibility and continuity hold. We further leverage transferability to establish a generalization
bound across dimensions. In our theory, the notion of transferability relies on identifying low-
dimensional objects with higher-dimensional ones, and measuring similarity of such objects in an
appropriate metric. We illustrate how these choices have to align with the data and learning tasks.

(Transferability of existing models) We instantiate our framework on several models, including
DeepSet [91], PointNet [66], standard GNNs [70], Invariant Graph Networks (IGN) [56], and
DS-CI [5]. Not all of these models satisfy our assumptions. For those that do, our framework yields
new and existing transferability results in a unified fashion. For those that do not, we either modify
them to ensure transferability or demonstrate numerically that transferability fails and impedes the
performance of these models.

(New transferable models) We provide design principles for constructing transferable models.
Leveraging these ideas, we develop a variant of IGN that is provably transferable, addressing
challenges highlighted in previous work [56, 35]. We also design a new transferable model for
point cloud tasks that is more computationally efficient than existing methods [5].

Notation. The Kronecker product on matrices is denoted by ®. We write 1,, and I,, for the all-ones
vector and the identity matrix of size n respectively. Given two sequences (a,,), (b,) C R, we say
that a,, < b, if there is a constant C' > 0 so that a,, < Cb,, for all n. See also Appendix A.

~

Outline. Section 2 introduces the theoretical framework. Section 3 defines transferability, which
is used in Section 4 to derive a generalization guarantee. Section 5 instantiates our framework on
concrete neural network examples, and Section 6 provides supporting experiments.’> Related work
and limitations are discussed in the Appendix.

>The output size can also depend on 7, which is often the case in representation learning.
3The code is available at https://github.com/yuxinma98/transferring_transferability.
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2 How to consistently grow: equivalence of differently sized objects

In this section, we formally introduce the setting for studying transferability. The definitions here
build upon the framework introduced in [49, 50] for defining any-dimensional neural networks
and optimization problems. Central to our developments is the notion of compatibility between
a sequence of functions. Intuitively, a sequence of functions is compatible when they respect the
equivalence between low-dimensional objects and high-dimensional version of them. For example,
sample statistics like the mean and standard deviation remain invariant when each element is repeated
m times. Similarly, various graph parameters such as triangle densities and normalized max-cut
values are preserved when each vertex is replaced by m identical copies of itself.

To formalize these notions of equivalence of objects and compatibility between functions, we will
leverage the concept of a consistent sequence. Intuitively, they are nested sequences of vector spaces
with growing groups acting on them, representing problem instances of different sizes. They are
interconnected by embeddings that establish equivalence between smaller and larger instances.

Definition 2.1. A consistent sequence V. = {(V,,)nen, (¢Nn)n=N, (Gn)nen} is a sequence of
finite-dimensional vectors spaces Vy,, maps pn ., and groups G, acting linearly on V,,, indexed
by a directed poset* (N, =), such that for all n < N, the group G,, is embedded into Gy, and
ON.n: Vo = Vn is alinear, G,,-equivariant embedding.

Although the definition includes a sequence of groups, it applies to situations without symmetry by
setting G,, = {id} for all n. While all the examples in this work involve symmetries, we believe our
framework might be relevant in symmetry-free settings.’

Example 2.2. Here are two prototypical examples of consistent sequences. In both cases, V,, = R",
with the symmetric group S,, acting via coordinate permutation. (i) the sequence indexed by N
with the standard ordering <, paired with the zero-padding embedding R — RY, which maps
(x1,...,2n) to (x1,...,2n,0,...,0); and (ii) the sequence indexed by N with the divisibility
ordering (n < N whenever N is divisible by n) paired with the duplication embedding R" « RY,

sending a vector x = (x1,...,2,) 10X @ I/ = (T1,.. ., T1, .0, Tny ooy Tyy).
——— —_————
N/n copies N/n copies

Next, we define a common space for objects of all sizes in a consistent sequence, in which we
can compare objects of different sizes and take their limits. For example, if we identify vectors x
with their duplication embeddings x ® 1, we can view the resulting equivalence classes as step
functions on [0, 1] taking value x; on consecutive intervals of length 1/n.

Definition 2.3. Let Vo, = |JV,, where we identify v € V,, with its image pn ,(v) for alln < N to
be equivalent. Analogously, we let G, be the union of groups with equivalent identifications.

For simplicity, we will often write v € V, for any finite-dimensional object v € V,, to denote the
equivalence class [v]. It is straightforward to check that G acts on V, via g - [v] = [g - v]. Having
established how consistent sequences define a desirable equivalence relation in the space of problem
instances of varying sizes, we now introduce compatible functions that respect such equivalence.

Definition 2.4. Let V = {(V},), (¢n.n), (Gn)} and U = {(U,.), (W¥n.n), (Gn)} be two consistent
sequences indexed by (N, X). A sequence of maps (f,: V,, — U,) is compatible with respect to
V,Uif fxy o onn =UNp o frnforalln = N, and each f,, is G,,-equivariant.

It is instructive to visualize compatible maps using the following commutative diagram, which
represents a mapping between sequences while ensuring that the diagram commutes:

Ces (Vi Gy ) 22278 (Vi Gy) S2273 (Vi Gy ) s -
J{fnl J{fnz J{fns forn; <ng < ...

iy (Unyy Giy) S22 (U Gy) 273 (U Gy ) s

Equivalently, compatible maps are precisely those sequences ( f;,) that extend to equivalence classes:

*This is a partial order on N where every two elements have an upper bound, see Appendix C.1.
>The symmetric case is relevant because the theoretical setting relates to representation stability [50, 16].



A sequence of maps (f,) is compatible if, and only if, there exists a Go.-equivariant map
foo: Voo = Uso such that f, = foo |v, for all n.

See Appendix C.2 for a proof of this equivalence.

2.1 How to define distances across dimensions

Compatible maps are functions that respect the equivalence defined by consistent sequences. We now
consider whether these functions further preserve proximity, mapping “nearby” objects to “nearby”
outputs. This requires a well-defined notion of distance between objects of different sizes that is
consistent with the earlier equivalence.

Definition 2.5. For a consistent sequence V, a sequence of norms (|| - ||v,,) on V,, are compatible
if all the embeddings ¢ n , and the Gy -actions are isometries. i.e., foralln X N,z € V,,, g € Gy,
lennmzllvy = llzllv, and g - zllv, = [lz[lv,.

Equivalently, compatible norms are those that extend to the limit; that is, there exists a norm || - ||y,
on Vo such that for any n and © € V,,, ||z||v,, = ||z||v.., and the Go,-action on V is an isometry
with respect to || - ||v..; see Appendix C.3 for a proof of this statement.

Example 2.6 (Example 2.2 continued). For our prototypical consistent sequences, the {;, norms

lzll, = (X, |a:i|p)1/p are compatible with the zero-padding embeddings, while the normalized (,,
1 . ; Lo .

norms ||z||p = (% >l \p) ? are compatible with the duplication embeddings.

With norms in place, we can define a limit space that includes not only equivalence classes of
finite-dimensional objects, but also their limits. As we will see, this recovers meaningful spaces such
as LP([0,1]) and the space of graphons with the cut norm. Moreover, the orbit spaces of these limits
recover probability measures (with the Wasserstein distance) and equivalence classes of graphons
(with the cut distance), respectively.

Definition 2.7. The limit space is the pair (Vi Go ) Where Vi, denotes the completion of Vo, with
respect to || - ||v.., endowed with the symmetrized metric®

dey) = inf llg-a—ylv. fora,y e V.

3 Transferability is just continuity

The notion of GNN transferability was established in [70, 48]. It states that the output discrepancy
| frn(An, X0) — fin (A, X )| between graph signals of sizes n, m sampled from the same graphon
signal (W, f) vanishes as n, m grow. Prior studies explore this property under various sampling
schemes, norms, and GNN architectures [41, 70, 47, 11, 35].

We formalize the idea of functions “mapping close objects to close outputs” as (Lipschitz) continuity
of compatible maps.

Definition 3.1. Let V, U be consistent sequences endowed with norms. A sequence of equivariant
maps (fn : Vo, = U,) is continuously (respectively, L-Lipschitz, L(r)-locally Lipschitz) transfer-
able if there exists fo, : Voo — Uso that is continuous (respectively, L-Lipschitz, L(r)-Lipschitz on
the ball B(0,7) = {v € Vo : |[v|lv., <7} forallr > 0)with respect to || - ||v.., || - ||v.., such that
frn = foolv, for all n. Notice that if (f,,) is transferable, then it must be compatible.

In Appendix D.1 we show that Lipschitz transferability is equivalent to having a compatible sequence
(fn), each Lipschitz with the same constant. For linear maps, it suffices to verify that the operator
norms are uniformly bounded. This simplifies the verification of transferability. Importantly, we also
show that transferability with respect to the norm || - ||, implies transferability with respect to the
symmetrized metric d.

%1t is a pseudometric on Voo, and a metric on the space whose points are closures of orbits under the action
of G in Vs (see Section 3 of [10]).



The following proposition shows that the output discrepancy is controlled whenever a dimension-
independent model is continuously or Lipschitz transferable, justifying our terminology. Thus, our
framework extends transferability beyond GNNs, highlighting that transferability is equivalent to
continuity in the limit space. For a given function R: N — R, we say that (x,,) converges to x in
Voo atarate R(n) ind if d(z,,2) < R(n) and R(n) — 0.

Proposition 3.2. Let V, U be consistent sequences and let (f,,: V,, — U,,) be maps between them.

(Transferability) For any sequence (z,, € V) converging to a limiting object x € Voo in d, if (fn)
is continuously transferable, then d(f,(2n), fm(Zm)) = 0 as n,m — oco. Furthermore, if ()
converges to x at rate R(n) and ( f,,) is locally Lipschitz-transferable, then

a(fn($n), .fm(xm)) S R(TL) + R(m)

(Stability) If (fn) is L(r)-locally Lipschitz transferable, then for any two inputs x, € V,, and
T, € Vi of any two sizes n,m with ||z, |lv,, || Tmllv,, < 7, we have d(f,(zy), fm(zm)) <

L(r) d(xp, Tm)-

Several remarks are in order. First, the same results trivially hold when the symmetrized metric
is replaced by the norms on V,, Us,. However, the finite inputs (z,,) are often obtained from the
limiting object via random sampling, and converge only in the symmetrized metric. This is the
case for all the common sampling strategies used for sets, graphs, and point clouds, which we
review in Appendix D.3. In the case of graphs, our framework recovers results from prior work,
achieving the same or stronger rate of convergence. Second, some models are only locally Lipschitz
outside of a measure-zero set. Transferability still holds for such models for almost all limit objects
x € V. This and other extensions are deferred to Appendix D.2. Third, Lipschitz continuity of
neural networks has been extensively studied in the context of model stability and robustness to small
input perturbations [25, 85, 43, 27]. Our results generalize the connection between stability and
transferability, first established in [72], by showing that Lipschitz continuity of an any-dimensional
model implies not only stability, but also transferability across input sizes.

4 Transferability implies size generalization

We use transferability to derive a generalization bound for models trained on inputs of fixed-size n,
and evaluate their performance as n — co. It can therefore be interpreted as a size generalization
bound, accounting for distributional shifts induced by size variation. We study a supervised learning
task with input and output spaces modeled by consistent sequences V and U satisfying the following.

Assumption 4.1. Let 1 be a probability distribution supported on a product of subsets X x'Y C
Voo X Uso whose orbit closures are compact in the symmetrized metrics. Let Sy, : Voo XUy — Viu XU,
be a random sampling procedure such that S, (x,y) € X X Y almost surely for (z,y) € supp(p).
This sampling induces a distribution i, on V,, x U, by drawing (x,y) ~ u and then sampling
(T, Yn) ~ Sn(w,y). A dataset s = {(x;,y;)}, is drawn i.i.d. from p,,. Suppose the loss function
l: Uso X Uso — Riis bounded by M and c,-Lipschitz. Assume training is performed using a locally
Lipschitz transferable neural network model, and A, : Voo — U is the hypothesis learned (given
dataset s), which is cs-Lipschitzon X X Y in d.

In Appendix E, we further break down these technical assumptions and provide detailed motivation
to make them more accessible. We also discuss two concrete examples of sets and graphs to justify
the practicality of the key assumptions. The following generalization bound follows by applying the
results from [88] to our setting.

Proposition 4.2. Consider a learning task with input and output spaces modeled by consistent
sequences V and U satisfying Assumption 4.1. For any 0 > 0, with probability at least 1 — 9,

N

1

N E E(A?(:m)a yz) - E(I,y)N[LE(AS(’I)7 y)
=1

ey

21log(1/0)

< aaes V1) (67 (N) 4 WAt ) + My 21og2)e 1 ()2 4 21280



where £(r) = M Cx(g) and Cy () are the e-covering numbers in d of X and
Y, respectively, and W1 denotes the Wasserstein-1 distance. Moreover, if the sampling S,, has
convergence rate R(n) in expectation, then Wi(u, pin) S R(n) as n — oo and the bound (1)
converges to 0 as n, N — oc.

We defer the proof to Appendix E. This bound shows that generalization improves with greater model
transferability (i.e., smaller Lipschitz constants) and higher-dimensional training data (i.e., large n),
while it deteriorates with increasing complexity of the data space (i.e., larger covering numbers).

5 Transferable neural networks

We now apply our general framework to the settings of sets, graphs, and point clouds. In each case,
we identify suitable consistent sequences, analyze the compatibility and transferability of existing
neural network models with respect to these sequences, and propose a principled recipe for designing
new transferable models. This analysis provides new insights into the tasks for which each model is
best suited, while offering provable size-generalization guarantees.

A transferable neural network learns a fixed set of parameters 0 that define transferable
functions (f,,) for any n-dimensional normed space V,,. The compatibility conditions on
(frn) and the sequence of norms || - ||v,, describes the implicit inductive bias of the model.

Our analysis hinges on the following proposition, which observes that compatibility and transferability
are preserved under composition and reduces the verification of Lipschitz continuity from the
limit space to each finite-dimensional space. This significantly simplifies the task of establishing
transferability in complex neural networks. The following result is proved in Appendix E. 1.

Proposition 5.1. Ler (ng))n, ( ,(11)) be consistent sequences for i = 1,...,D. For each i, let

( AU 7ADJNN Ur(f)) be linear maps and (pé). Uy(f) — V(ZH)) be nonlznearities, and assume

that ( éi)), (pgf)) are compatible that sup,, ; ||W )||Op < o0, and that p( D s L(r)-Lipschitz
on balls B(0,r) in Ul for all r > 0 and all n. Then the sequence of neural networks (fn =
Wi o plefl) 0...0 psll) oWt )) is L( )-locally Lipschitz transferable for explicit L( ).

5.1 Sets

Consistent sequence of sets. We have described in Examples 2.2 and 2.6 two consistent sequences
that formalize equivalence across sets of varying sizes: the zero-padding consistent sequence V ,ey(
and the duplication consistent sequence V g,p, along with norms on R™ that are compatible with
each sequence. The resulting limit spaces and symmetrized metrics recover interesting mathematical
structures, as summarized in Table 1. Further details are provided in Appendix F.1. See Figure | for
an illustration.

Consistent  Limit Orbit closures of V., Orbits of Vo,

Sequence space

Vzero 4y Ordered sequences in ¢, Ordered sequences with finitely-many nonzeros
Vaup L?([0,1])  Probability measures on R Empirical measures

with Wasserstein p-metric

Table 1: Limit spaces and their orbit spaces for consistent sequences of sets.

Permutation-invariant neural networks on sets. Prominent invariant neural networks on multi-
sets including DeepSet [91], normalized DeepSet [9], and PointNet [66] take the form f,(X) =
o (Agg? ,p(X;.)), where p: R? — R" o: R" — R are fully-connected neural networks, both
independent of n, and Agg denotes a permutation-invariant aggregation. Sum (Aggl* | = Z?Zl),
mean (Agg | = % > ) and max (Agg! ; := max_,) aggregations yield DeepSet, normalized
DeepSet and PointNet, respectively. Using Proposition 5.1, we examine the transferability of these
models, demonstrating that they parameterize functions on different limit spaces, and hence are
suitable for different tasks, see Corollary 5.2, Table 2, and Figure 2. This is proved in Appendix F.2.
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V,, = functions on [0,1] with finite LP-norm with finite p-th moment

Figure 1: Two examples of consistent sequences on sets. (fop) Zero-padding consistent sequence for sets.
(bottom) Duplication consistent sequence for sets.

Corollary 5.2. The transferability of the three models are summarized in Table 2. Particularly, they
extend to Lipschitz functions DeepSet ., : I1(R%) — R, DeepSet., : P;(R?) — R, PointNet,, :
Poo (RY) — R given by

DeepSet . ((x:)) =0 (Z p(xz)> ,DeepSet (1) = o (/ pdu) , PointNetoo (i) = o ( sup p(x)) .

z€supp(p)

Model Vzero, H . ||1 Vdup, H : ||5

DeepSet Lipschitz transferable if p(0) = 0 Incompatible

DeepSet Incompatible Lipschitz transferable

PointNet Incompatible Compatible, Lipschitz transferable if p = oo

Table 2: Transferability of invariant neural networks on sets, assuming the nonlinearities o, p are Lipschitz.

5.2 Graphs

Consistent sequences for graph signals. To model graph signals, we consider the sequence of
vector spaces V;, = R X R"™*9, representing the adjacency matrix of a weighted graph with
n nodes and node features of dimension d. The symmetric group S,, acts on (A4, X) € V,, by

g- (A, X)=(gAg",gX), capturing the invariance to node ordering.

While other embeddings are possible, in this work we focus on the duplication-consistent sequence

V(?up for graphs, illustrated in Figure 3. Specifically, for any n|N, the embedding is defined by

onn(4,X) = (A ® ]lN/n]l—I\r[/n, X® ]lN/n) , which corresponds to replacing each node with

N/n duplicated copies. These embeddings precisely identify graph signals that induce the same step

graphon signal. We consider three compatible norms: the p-norm ||(A4, X)||7 = (-5 >i [ Ail? )Py

n2
1 1
(252, 11X 12.) 7", the operator pnorm [[(4, X) op,p = | Aflopp + (2 3 | Xi:[[B.) """, and
the cut norm ||(4, X)|lo == ||Allo + || X||o- In all cases, the limit space is the space of graphon
signals and the symmetrized metrics recover extensively studied graphon distances in [54, 47].
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Figure 2: Transferability of invariant networks on sets under (Vaup, || - ||1)- The plots show outputs of untrained,

randomly initialized models on input sets of increasing size n. Each set consists of n i.i.d. samples from
N (0, 1), a distribution with non-compact support. Error bars indicate one standard deviation above and below
the mean over 100 random samples. (a)(b)(c): Model output f,,(X) vs. set size n. For normalized DeepSet,
the dashed line represents the limiting value foo (1) = o ([ p(x) du(x)) for p = N(0,1), computed via
numerical integration. While the outputs of DeepSet and PointNet diverge as n increases, the transferable
model, normalized DeepSet, converges to the theoretical limit, i.e., fn(Xn) = foo(1t). (d): Convergence error
| fn(Xn) — foo(u)| vs. set size n for normalized DeepSet (both axes in log scale), demonstrating the expected
O(n_l/ 2) convergence rate as predicted by Proposition 3.2. See Appendix F.2 for further discussion.
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Figure 3: Duplication consistent sequence for graphs

Message Passing Neural Networks (MPNNs) Message-passing-based GNNs form the most widely
used and general paradigm, encompassing many existing models [31]. Instantiating Proposition 5.1,
we analyze in Appendix G.2 the transferability of MPNNs under constraints on the message function,
update function, and local aggregation, and compare our results with [70, 47].

Making Invariant Graph Networks (IGN) Transferable IGNs [56] are an alternative approach to
designing GNNSs by alternating linear S, -equivariant layers with pointwise nonlinearities. IGN is
incompatible with respect to foup because the linear layers used in [56] are incompatible. Neverthe-
less, the hypotheses in Proposition 5.1 provide a systematic approach for modifying IGN to achieve
transferability, leading to two newly proposed models. We highlight this recipe for constructing
transferable neural networks is general.

Generalizable Graph Neural Network (GGNN): We use compatible linear layers and message-
passing-like nonlinearities of the form (A, X) — (A, o (Zf:o n_SASXS)), where o acts
entrywise. The GGNNs are compatible and at least as expressive as the GNNs in [70].

Continuous GGNN: We restrict the linear layers in GGNN to the subspace that has bounded operator
norm on the limit space. This model is transferable in both operator 2-norm and the cut norm.

The complete description of these models and proof of their transferability are in Appendix G.3.
The transferability of various GNN models with respect to (Vglp7 Il “ llop,p), p = 2 is illustrated in
Figure 4 through a numerical experiment.

5.3 Point clouds

Consistent sequences for point clouds. For k-dimensional point clouds, we consider a sequence
of vector spaces V,, = R™"*¥ representing sets of n points in R*, where k is fixed (typically k = 2
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untrained, randomly initialized models for two sequences of input graph signals (A, X, ): (dashed lines)

T
Fully-connected weighted graphs A,, = 1"2]1 o X, = 1,. (solid lines) A,, is drawn i.i.d. from the Erd§s—Rényi

model G(n, 1/2), with X;,, = 1,,. These two sequences represent different samplings of the same underlying
constant graphon signal, where W = 1/2 and f = 1. Error bars indicate one standard deviation above and
below the mean over 100 random samples. (dashed lines): For the fully connected model each finite graph
signal exactly induces the underlying graphon signal. The outputs of all compatible models ((a), (c), (d)) remain
constant over n, whereas the incompatible model (b) does not. (solid lines): The outputs of all transferable
models ((a), (d)) converge to the same limit as Sequence (1), while the discontinuous model (c) does not.

or 3). Unlike the sets models in Section 5.1, here we consider not only the permutation symmetry
S,., which acts on the rows and ensures invariance to the ordering of points, but also the additional
symmetry given by the orthogonal group O(k), which acts on the columns to capture rotational and
reflectional symmetries in the Euclidean space R¥. i.e. (g,h) - X = gXh'.

We consider the duplication consistent sequences of point clouds Vfup. Specifically, for any n | N,
the embedding is defined as ¢ ,,(X) = X ® 1 y/,,. The group embedding S,, x O(k) — Sy x O(k)
is given by (g,h) — (9 ® In/n,h). We further endow each V,, with the normalized £, norm

XNz = (230, [1X:]5) P The orbit closures of V.., can be identified with the orbit space under

n

O(k) of probability measures on R* with finite pth moment.

Invariant neural networks on point clouds. First, we analyze the DeepSet for Conjugation
Invariance (DS-CI) proposed in [5]. In Appendix H.2, we show that the normalized variants of DS-CI
is “approximately” locally Lipschitz transferable with respect to (V(Ifup, - I7)-

We also introduce a more time and space-efficient model, normalized SVD-DeepSet, defined as:
SVD-DS,,(X) = DeepSet,,(X V), where for an input point cloud X € R™** we compute its singu-
lar value decomposition X = UXV " with ordered singular values. This model effectively applies a
canonicalization step with respect to the O(k) action. We prove that it is locally Lipschitz-transferable
outside of a zero-measure set (which exists for any canonicalization [23]) in Appendix H.3. In Ap-
pendix H.3, we illustrate the transferability of these models when input point clouds are i.i.d. samples
from an O(k)-invariant measure on R¥ through a numerical experiment.

6 Size generalization experiments

Our theoretical framework emphasizes understanding how solutions to small problem instances
inform solutions to larger ones, i.e., whether the target function is compatible with respect to a
given consistent sequence, and continuous with respect to an associated norm. Under this view, size
generalization can be provably achieved using a neural network model that is aligned with the target
function: Compatibility alignment ensures that the model is compatible with respect to the same
consistent sequence as the target function, and yields a function on the correct limit space. Continuity
alignment further requires the model to be continuously transferable with respect to the same norm
as the target function, providing stronger inductive bias and asymptotic guarantees.

We evaluate the effect of these alignments through experiments where models are trained on small
inputs of fixed size nyqin and tested on larger inputs nes; > Nrain. In €ach experiment, all models
have approximately the same number of parameters to ensure fair comparisons. In this Section we
show a selected set of results. See Appendix I for a full discussion.



s

j4a) 53} 53]
v - w |2}
=10 = z 0
& 1ps & 3 .
1074 ‘\‘\H‘H_“—*—-‘ S [ — 0] e
500 1500 2500 3500 4500 20 60 100 140 180 50 200 500 1000 2000 20 100 200 300 500
Test set size (n) Test set size (n) Test graph size (n) Test pointcloud sizes (n)
(a) Set: Population (b) Set: Maximal distance  (c) Graph: Weighted (d) Point cloud:
statistics from the origin triangle densities Gromov-Wasserstein lower
bound

Figure 5: Size generalization experiments: Mean test MSE (over 10 random runs) against test input dimensional-
ity n. Error bars indicate the min/max range in (a)(b)(d), and 20t / 80" percentiles in (c) for legibility.

Size generalization on sets. We consider two learning tasks on sets of arbitrary size, where the
target functions exhibit distinct properties, leading to different models being more suitable.

Experiment 1: Population Statistics. We tackle Task 3 from Section 4.1.1 of [91] (other tasks yield
similar results). The dataset consists of N sample sets. We first randomly choose a unit vector
v € R32. For each set, we sample a parameter A € [0, 1] and then generate a set of n points
from g (\) = N(0,1 + Avv™). The target function involves learning the mutual information, which
depends on the underlying probability measure 1 () and is continuous with respect to the Wasserstein
p-distance. Based on the transferability analysis in Table 2, normalized DeepSet is well-suited for
this task, as it aligns with the target function at the continuity level, whereas PointNet aligns only at
the compatibility level, and DeepSet lacks alignment at either level. Indeed, normalized DeepSet has
the best in-distribution test performance and size generalization behavior as shown in Figure 5a.

Experiment 2: Maximal Distance from the Origin. In this task, each dataset consists of NV sets where
each set contains n two-dimensional points sampled as follows. First, a center is sampled from
N(0,15) and a radius is sampled from Unif([0, 1]), which together define a circle. The set then
consists of n points sampled uniformly along the circumference. The goal is to learn the maximum
Euclidean norm among the points in each set. The target function in this case only depends on a point
cloud via its support, and is continuous with respect to the Hausdorff distance. Consequently, for
this task, PointNet is well-suited, as it aligns with the task at the level of continuity. (It was proved
in [9] that PointNet extends to a function that is continuous with respect to the Hausdorff distance.
We discuss the relationship between this result and ours in the PointNet part of Appendix F.2.) In
contrast, normalized DeepSet aligns only at the compatibility level, while DeepSet remains unaligned.
The comparison of various model’s performance, shown in Figure 5b is as expected.

Size Generalization on Graphs. The dataset consists of NV attributed graphs (A, x), where A;; =

Aj; " Unif((0,1)) for i < j, and a; ‘& Unif ([0, 1]). (We also experimented with simple

graphs see Appendix 1.2 for details.) The task is to learn the signal-weighted triangle density
Yi = ng > Jk€ln] Aij A Agiziz oy, which depends on the underlying graphon and is continuous
with respect to the cut norm. Figure 5c shows that our proposed continuous GGNN, which aligns
with the target function at the continuity level, achieves the best test performance on large graphs.
Although the message-passing GNN is also provably transferable, it lacks sufficient expressiveness
for this task [14], leading to poor performance.

Size Generalization on Point Clouds. We follow the setup in Section 7.2 of [5], using the Model-
Net10 dataset [87]. From Class 2 (chair) and Class 7 (sofa), we randomly selected 80 point clouds
each, splitting them into 40 for training and 40 for testing. This results in 40 x 40 cross-class
pairs. The objective is to learn the third lower bound of the Gromov-Wasserstein distance [60],
which is invariant and continuous with respect to the Wasserstein p-metric (proven in Appendix [.4).
Figure 5d shows that normalized DS-CI and normalized SVD-DS, both aligned with the target at the
continuity level, achieve good test performance and size generalization. While normalized SVD-DS
underperforms compared to normalized DS-CI, it offers superior time and memory efficiency.
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A Notation

We use R and N to denote the sets of real numbers and natural numbers. We use the pair (N, <)
to denote a directed poset on natural numbers, used for indexing. We write [n] to denote the
set {1,2,...,n}. The symbols V and U are used for consistent sequences, and V,,, U,, for the
corresponding vector spaces at finite levels. General groups are denoted by G,,; we use S,, for the
symmetric group and O(k) for the orthogonal group. We denote embeddings of vector spaces from
dimension n to N by ¢n,, and 9n,,. Embeddings of groups are denoted by 8y ,,. We use “o” to
denote the composition of functions, and id for the identity element in a group or the identity map,
depending on the context. Binary operations in groups are denoted by “x”, with subscripts such as
“x,,” used when clarity is needed, e.g., to indicate the operation in the group G,,. Group actions are

denoted by “-”, with subscripts such as *“-,,” when needed.

We write ~ to denote equivalence relations, and use [z] to denote the equivalence class of z, i.e.,
[z] ={y:y ~ x}. We write V and A for maximum and minimum respectively. In a metric space,
we use B(xzg, r) to denote the ball centered at o with radius 7, i.e. B(zg,r) = {z : d(zo,x) < r}.
Given a set S, the symbol .S denotes either completion or closure, depending on the context. Given
a function f, the symbol f denotes a normalized variant of that function. Given two sequences
(an), (bn) C R, we write a,, < b, if there exists a constant C' > 0 such that a,, < Cb,, foralln € N.
For a given function R : N — R, we say a sequence (z,,) converges to x at rate R(n) with respect
to distance metric d if d(z,,z) < R(n) and R(n) — 0. For a matrix X, we use X;. to denote the
vector formed by its i-th row. This work employs several norms: || - ||, refers to the standard £,,-norm
(for vectors and infinite sequences) or LP-norm (for functions), while || - || denotes their normalized
counterparts which will be defined later. The operator norm of a linear map 7" : V' — W between
two normed spaces is denoted ||7||op = sup, =1 [|[70||; its definition inherently depends on the
specific norms chosen for V' and W. Particularly, || - ||op,p, denotes the operator norm when the
domain is equipped with the £,-norm (or L”-norm) and the codomain with the £;-norm (or L?-norm),
we use || - |lop,p s an abbreviation for || - ||op.p,p-

B Related work

GNN transferability. The work on GNN transferability under the graphon framework was pioneered
by [70], focusing on a variant of graph convolutional network (GCN) for deterministic graphs obtained
from the same graphon. In parallel, [48] explores transferability with respect to an alternative limit
space to graphon in the form of a topological space, and [41] examines an arguably equivalent
notion—convergence and stability—by analyzing random graphs sampled from a graphon. This line
of research has since been further developed [71, 58], extending to more general message-passing
networks (MPNNG5s) [18], more general notion of graph limits [46], and other models [73, 81, 11, 35].
Our framework unifies and recovers several of the above-mentioned results, which we briefly discuss
in Appendix G.2. Furthermore, we develop new insights into the transferability of Invariant Graph
Networks (IGNs) [56], a topic previously examined in [11, 35]. We leverage our framework to
advance this line of inquiry and elaborate on the connections between our approach and prior work in
Appendix G.3.

GNN generalization. A related line of research concerns the generalization theory of GNNs. Gener-
alization bounds have been derived based on various frameworks, including Rademacher complex-
ity [28, 55], VC dimension [75, 62, 24], the PAC-Bayesian approach [52, 39], the neural tangent
kernel [22], and covering numbers [59, 57, 47, 79, 68]. Notions of size generalization without an
explicit notion of convergence have been studied in [89, 4]. For a comprehensive overview, we refer
the reader to the recent survey [80]. While most research on GNN generalization bounds consider
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graphs of fixed or bounded size, [47, 68] explore the “uniform regime,” addressing unbounded
graph sizes. This perspective is closely aligned with the transferability theory, as they both consider
continuous extensions over suitable limit spaces. Our work formalizes this connection, showing that
transferability implies generalization (Section 4, Appendix E). We derive a generalization bound via
covering numbers using the same proof strategy as prior works, but it applies well beyond GNNs and
offers a setting that directly connects to the notion of size generalization.

Equivariant machine learning. Our theory naturally applies to equivariant machine learning models,
i.e., neural networks with symmetries imposed. We particularly focus on models from [91, 56, 66,
72, 5]. There are many other equivariant machine learning models we haven’t discussed here, such as
the ones expressed in terms of group convolutions [17, 45, 33], representation theory [44, 78, 29],
canonicalization [40], and invariant theory [83, 6, 84], among others.

Representation stability and any-dimensional learning. As noted by [49, 50], the presence of
symmetry allows functions operating on inputs of arbitrary dimension to be parameterized with
a finite number of parameters, which may be partially explained by the theory of representation
stability [15]. Leveraging techniques from this theory, [50] provides the first general theoretical
framework for any-dimensional equivariant models. Recent work applies similar techniques to study
the generalization properties across dimensions of any-dimensional regression models [20]. Our
work builds on the theoretical foundation established by this line of research.

Any-dimensional expressivity and universality. Our framework naturally prompts the question of
expressivity for any-dimensional neural networks on their limit spaces. While we do not pursue this
direction here, related questions have been independently studied. [9] shows that normalized DeepSets
and PointNet are universal for uniformly continuous functions on suitable limit spaces, closely tied
to our results (see Appendix F.2.1). In GNNSs, the notion of “uniform expressivity”—expressing
logical queries without parameter dependence on input size—has been explored in [34, 2, 42, 69].
Our framework offers complementary insights despite differing foundations.

C Consistent sequences and compatible, transferable maps: details and
missing proofs from Section 2

C.1 Consistent sequences and limit space

The concept of consistent sequences originated in the theory of representation stability [16]. We
generalize this notion, originally considering a sequence of vector spaces, by allowing indexing over
any directed poset on the natural numbers. Although we focus on natural numbers in this work, our
theory generalizes to any directed poset.

Directed poset indexing. We require the indexing set (N, <) to be a directed poset on natural
numbers, meaning that N is the set of natural numbers equipped with a binary operation < satisfying:

(Partial order) The binary operation < is a partial order; that is, it satisfies: reflexivity (a < a for all
a € N), transitivity (if a < band b < ¢, then a < ¢), and antisymmetry (if a < b and b < a, then
a="»).

(Upper bound condition) For every pair a,b € N, there exists ¢ € N such thata < cand b < c.

The directed poset indexing generalizes the notion of sequences to allow a more complex and flexible
way of defining how smaller problem instances are embedded into larger ones, permitting “branching”
directions of growth. We will see that the upper bound condition is crucial, as it ensures that any two
problem instances are comparable—meaning they can both be embedded into a third, larger problem
dimension and compared there. In this work, we only consider two cases: the natural numbers with
the standard ordering <, and with the divisibility ordering, where a < b if and only if a | b.

Definition C.1 (Consistent sequence: detailed version of Definition 2.1). A consistent sequence of
group representations over directed poset (N, <) is V.= {(V},)nen, (¢Nn)n=N, (Gn)nen}, where

1. (Groups) (G,,) is a sequence of groups indexed by N such that whenever n < N, G,, is
embedded into G via an injective group homomorphism Oy ,,: G, — Gy, where

0;; =idg, foralli € N,
Or,j o0 =0y; wheneveri=<j=kinN.
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2. (Vector spaces) (V,,) is a sequence of (finite-dimensional, real) vector spaces indexed by N,
such that each V,, is a G, -representation, and whenever n < N, V,, is embedded into Vy
through a linear embedding ¢, : Vi, — Vi, where

i =1idy, forallie N,
Pk,j O Pji = Pri Wheneveri = j X kinN.

3. (Equivariance) Every ¢y , is G -equivariant, i.e.,

ONn(g-v) =0nn(9) onn(v)foral g € G,,v € V.

Given a consistent sequence, we can first “summarize” the sequence of groups (G,,) into a single
limit group G, and likewise “summarize” the sequence of vector spaces (V;,) into a single limit
vector space V.. We can then consider the action of G, on V.
Definition C.2 (Limit group: detailed version of Definition 2.3). The limit group G, is defined as
the disjoint union | |,, G,, modulo the equivalence relation that identifies each element g € G,, with
its images under the transition maps Oy ,,(g) for all N > n, i.e.,

Goo = |_|Gn/ ~,

where g ~ On ,(g) whenever n < N and g € G,,. This construction is also known as the direct limit
of groups, and is denoted by G, = h_H)l Gy,. For each g € Gy, its equivalence class in G, is denoted

by [g|, representing the corresponding limiting object.

The group structure on G is inherited from the groups (G,,) as follows. For g,, € G,, and g,,, € Gy,
define the binary operation on equivalence classes by

[gn] * [gm] = [9N7n(gn) *N 9N7m(gm)] )
where N € N is a common upper bound of n and m in (N, <), and * denotes the group operation
in Gy . It is straightforward to check that this operation is well-defined.
Definition C.3 (Limit space of consistent sequence: detailed version of Definition 2.3). Define Vi

as the disjoint union | | V,, modulo an equivalence relation identifying each element v € V;, with its
images under the transition map @Nyn(v)for alln <X N, ie.,

Ve = |_|Vn/ ~,

where v ~ @ N,n(v) whenever n < N. This construction is also known as the direct limit of vector
spaces, and is denoted as Vo, = h_n} V.

The vector space structure on V, is inherited from the vector spaces (V,,) as follows. For v,, €
Vi, Vm € Vi, the addition and scalar multiplication on the equivalent classes are defined by

[Un] + [Um] = [N n(vn) + ©Nm(vm)] where N is an upper bound for n,m in (N, <),
Avn] = [Avg].
It is straightforward to check that these operations are well-defined. The limit group G, acts on V,
by
9] - [v] = [Onn(9) N oNm(v)] for g € Gp,v € Vi,
where N is an upper bound of n,m in (N, <), and - is the group action of Gy on V. It is also
easy to check that this group action is well-defined, and V4, is a Go.-representation. The orbit space
of V., under the action of G is
{Goo "2z :x €V},
where G, - 2 = {g -2 : g € Goo} is the orbit of point z € V, under the Gy,-action. The orbits
form a partition of V, into disjoint subsets.

Consistent sequences without symmetries. A special case of consistent sequences arises when
G,, = {id}, the trivial group, for all n € N. In this case, the structure reduces to a directed system of

vector Spaces
V= {(VH)HGNa (@N,n)an} .

Hence, our theory of size generalization applies in scenarios where no intrinsic symmetries are
present.
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Trivial consistent sequence. Another special case arises when V,, = V, a fixed vector space, for
all n € N, with embeddings given by ¢y , = idy for all n < N. This yields the trivial consistent
sequence associated with V', which we denote by Vy,. This construction is useful for modelling
non-size-dependent spaces, such as the output space in graph-level classification or regression tasks.

Direct sum and tensor product. Given a consistent sequence V = {(V,,), (¢n.n), (Gn)}, we can
define its direct sum and tensor product. Both of them are also consistent sequences.

Definition C.4. The d-th direct sum of V is defined as
vod = {(Vn@d)a (@%iin)’ (Gn)}’

where V.94 denotes the direct sum of d copies of V,, and go%‘fn O VAL V]sad is defined by applying
©N,n to each component. The group G,, acts on V.94 by simultaneously acting on every copy of Vi,
ie. g (vi,...,v9) = (g v1,...,9" vq).

Definition C.5. The d-th tensor product of V is defined as

V®d = {(Vn®d)a (@%(fn)a (Gn)}’

where V.2 denotes the d-fold tensor product of V. ap%‘fn: ved V]f?d is uniquely defined by
@}%fln(vl @ ®@vg) = PNn(V1) ® ... pN.n(va), and the group action of G, on V2% is uniquely
defined by g- (v1 @ -+ - @ vg) = (g-v1) ® -+ ® (g - vq). The universal property of tensor product
guarantees that @%{j’n and the group action mentioned are well-defined. Similarly, we also consider
the d-th symmetric tensors of V as

Sym® (V) := {(Sym"(Va)), (¢X%), (Gn)},

where Symd(Vn) denotes the space of symmetric tensors of order d defined on V,,, i.e. the subspace
of V.®4 invariant under the action of the symmetric group Sg.

The direct sum, V9, is particularly useful for incorporating hidden channels into our analysis, as
it effectively adds the extra channel dimensions to our data. In contrast, the tensor product, V&4, is
helpful to extend a consistent sequence on vectors or sets to higher-order objects such as matrices
or graphs. For example, the duplication consistent sequences for graphs exactly arise as the 2nd
symmetric tensors of the duplication consistent sequences for sets.

C.2 Compatible maps

Recall from Definition 2.4 that a sequence of maps (f,,: V,, — U,,) is compatible with respect to the
consistent sequences V, U if, for alln X N,

fN O YNn = wN,n © fna

and each f,, is G,-equivariant. This condition is equivalent to the existence of an extension to the
limit map foo.

Proposition C.6 (Compatible maps and extension to limit). Let V = {(V3.), (¢nn), (Gp)} and
U = {(Uy), Wn.n), (Gn)} be two consistent sequences. A sequence of maps (fn: Vi, — U,,) is
compatible if and only if it extends to the limit; that is, there exists a Gso-equivariant map

foo: Voo = Uso

such that f, = feo |v, forall n.

Proof. (<) Suppose there exists a Goo-equivariant map f, such that f,, = f|v, for all n. Then
forallm < Nand x € V,,,

[fn(2)] = foo([2]) = foo([onm(@)]) = [fn (pn.n(@))];

which implies fx o onn = YN p © fn. Moreover, foralln € N,z € V,,,and g € G,,,

[fn(g-2)] = foo(lg - 7)) = foolg] - [2]) = [g] - foo([2]) = [9] - [fr(@)] = [ - fu(@)],

so each f,, is G,,-equivariant.
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(=) Conversely, suppose (f,,) are compatible. Define
fooi: Voo = We,  foollz]) = [fu(z)] ifzeV,.

Compatibility ensures this is well-defined. To verify equivariance, let g € G,,, and z € V,,, and let N
be a common upper bound of n and m in (N, <). Then,

foo(lg] - [2]) = foo([0nm(9) - N m(2)])
= [fN(On.m(9) - onn(2))]
= [On,m(9) - fn(onm(T))]
= [0N.m(9) - YN (fn(z))]
= 9]+ foo([2]).

Therefore, fo, is Goo-equivariant. O

This proposition implies that learning a function on the infinite-dimensional space V,, a task that
may appear difficult, reduces to learning a compatible sequence of functions on the finite-dimensional
vector spaces along the sequence, which is a more tractable problem.

C.3 Metrics on consistent sequences

In Section 2.1, we introduced a norm on V, so as to define distance between objects of different
dimensions. In this appendix, we take a more general perspective and examine metric structures on
consistent sequences, and present detailed proofs. The same proofs carry over to the norm setting
with minimal modification.

Definition C.7 (Compatible metrics: generalized version of Definition 2.5). Let V =
{(Va), (¢~ n), (Gpn)} be a consistent sequence. A sequence of metrics (d,,) on the vector spaces V,,
is said to be compatible if all the embeddings ¢ N, and the G, -actions are isometries. That is, for
alln X N, z,y € V,,, and g € G,,, we have:

dn(enn(T), onn(y) = dn(z,y), and dyn(g-z,9-y) = du(z,y).

Similar to compatible maps, this is equivalent to the existence of an extension to a metric do, on V.

Proposition C.8 (Compatible metrics and extension to the limit). A sequence of metrics (d,,) on the
spaces V,, is compatible if and only if it extends to a metric on the limit space. That is, there exists a
metric doo on Voo such that

dn(z,y) = doo([z], [y]) foralln €N, z,y € V,,
and the Gyo-action on V, is an isometry with respect to d, i.e.,
doo(g "Z,g- y) = doo(may) f()}"(lll T,y € Voov g e Goo
Proof. The proof is primarily a matter of bookkeeping, similar in spirit to Proposition C.6. For
completeness, we present the full argument below.

(<) Suppose (d,,) extends to a metric d, on V.. Then for all n < N and z,y € V,,, we have
dn(2,y) = doo([z], [y]) = doc([pnn ()], [N n(¥)]) = dN (PN (@), N0 (Y))-

Thus, the embeddings ¢ ,, are isometries. Moreover, for any g € G, and z,y € V,,,

dn(g-7,9-y) = doo(lg - 2, [9 - y]) = doo(lg] - [2], [9] - [¥]) = doo([2], [y]) = dn(2,y),
so the group actions are isometries as well.

(=) Conversely, suppose the collection (d,,) is compatible. Define a metric do : Voo X Vo — R as
follows: for z € V,, and y € V,,,, let N be any common upper bound of n and m in (N, <), and set

doo ([2], [y]) = dNn(oNn(T), oN.m(Y))-

Compatibility of the metrics ensures that d, is well-defined. It is also easy to check that d, is a
metric. Moreover, by construction, d,, = d|v,, for all n.
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To verify that the G,-action is isometric, take x € V,,,, y € V,,,, and g € G,, for some n € N. Let
N be a common upper bound of n, n1, ng in (N, <). Then,

doo([9] - 2], [9] - [W]) = AN (ON,n(9) - N my (), ON,0(9) - ONna (V)
=dn (‘PN,m (x)a PN,no (y))

= doo([2], [y])-
This completes the proof. O

With the metric structure in place, we define the limit space via the completion of the metric space.
The completion of a metric space M is a complete metric space M—that is, a space in which every
Cauchy sequence converges—that contains M as a dense subset (i.e., the smallest closed subset of
M containing M is M itself).

Definition C.9 (Limit space: detailed version of Definition 2.7). Let V be a consistent sequence,
and let V., be equipped with the metric do.. Denote by V., the completion of V., with respect to
doo. The Goo-action on Vi, extends to a well-defined action on Voo as follows: for any x € Voo and
g € Geo, choose a sequence (xy,) in Vo, such that x,, — x in Vi, and define

g-x:= lim g-x,.
n—oo

This limit exists because (g - ©,) is a Cauchy sequence, as the Goo-action on Vi, is isometric. The

resulting action on V, is linear and isometric. We define the limit space of the consistent sequence
V to be the G.-representation V..

The set of orbit closures in V., under the action of G is
{GOO -rix € K} .

where G, - x is the closure of the orbit G - z. Intuitively, V. includes not only elements from
finite-dimensional objects (elements in V), but also additional points that are “reachable” as limits
of finite-dimensional objects. We can further define a symmetrized metric on the limit space.

Proposition C.10 (Symmetrized metric). Let x,y € Va.. Define

d(z,y) = gie%f doo(g - ,9).

Then d is a pseudometric on V. and induces a metric on the space of orbit closures in Vi, under the
Goo-action. We refer to d as the symmetrized metric.

Proof. The non-negativity of d follows directly from the non-negativity of d..

(Symmetry) Since duoo (g - 7,y) = doo(z,97 1 - y) for any g € G, by isometry of the G..-action,
taking the infimum over all g € G, (equivalently over g~ 1) yields

d(z,y) = d(y, ).
(Triangle inequality) Let € > 0. Then there exist g, h € G, such that

d(z,y) > deo(g-2,y) —&, d(y,2) > deo(h-y,2) —&.
Using the isometry of the group action:
d(z,y) +d(y, 2) > doo(g - 2,y) + deo(h -y, 2) — 2¢
=doo(hg -z, h-y)+de(h-y,z)— 2

Since this holds for arbitrary € > 0, the triangle inequality follows.

(Definiteness) We have d(z,y) = 0 if and only if there exists a sequence (g,) C G such that
doo(gn - z,y) — 0. This is precisely the condition that y € G, - z, i.e., « and y lie in the same orbit
closure.

Therefore, d is a pseudometric on Vo, and descends to a true metric on the space of orbit closures
which completes the proof. O
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D Transferability: details and missing proofs from Section 3

D.1 Transferable maps

Following Definition 3.1 of continuously, L-Lipschitz, and L(r)-locally Lipschitz transferable, we
further define the following notion: If (f,,) is a sequence of equivariant maps extending to f., which
is locally Lipschitz at xq’, we say (f,,) is locally Lipschitz transferable at x¢. Being locally Lipschitz
transferable at x is a weaker condition than being L(r)-locally Lipschitz transferable, which is
itself weaker than L-Lipschitz transferable. This definition is useful when studying models which
are discontinuous on negligible sets of inputs, and which are therefore not L(r)-locally Lipschitz
transferable. These often come up when constructing architectures based on canonicalizations [23],
as commonly done for point clouds for instance (see Section 5.3).

We first show a useful property that continuity/Lipschitz with respect to || - ||v.., || - ||[v., implies the
same property with respect to the symmetrized metrics, even though the converse does not hold. We
will again state and prove the results for metrics instead.

Proposition D.1 (Continuity in d. implies continuity in d). Let V,U be consistent sequences. If
foo : Voo = U is continuous (respectively, L(r)-Lipschitz on B(0,r) for all r > 0, L-Lipschitz,
locally Lipschitz at xo € V) with respect to d¥. and dY, then f., satisfies the same property with
respect to the symmetrized metrics dy and dy.

Proof. (Continuity) Let x,, — x in Vo with respect to the symmetrized metric dy, and £ > 0.
By continuity of f,, with respect to d.,, there exists 6 > 0 such that whenever do.(z,y) < 9,
doo (fo0 (), f(y)) < €. Take N such that for all n > N, dy (z,,,2) < 3. Moreover, for each n,
choose g, € Goo such that do (g, - Tp, ) < av(xn,x)+%. Then foralln > N, doo(gn - Tn, z) < §
and hence

aU(fOO(xn)vaO(x)) < doo(gn * foo(®n)s foo () = doo(foo(gn - Tn), foo()) < e

Therefore foo () — foo () With respect to dy.

(L(r)-Lipschitz on B(0,7)) Suppose foo is L(r)-Lipschitz on B(0,r) for all » > 0 with respect to
dso. Consider z, y such that dy (0, z) = d¥,(0,z) < r, and dy(0,y) = d¥_(0,y) < r. Then for any
g € Goo, we have d¥ (0,9 - ) = d¥,(0,z) < r. Hence,

Ay (foo (@), foo (4)) < doo(g+ foo @), foo (4)) = doo(foo (g~ @), foo (y)) < L(r)doo(g - 2, y).
Take infimum over g € Goo, get dy (foo (), foo (y)) < L(r) dy (2, ).

(Lipschitz) For any x,y € Vi, g € Goo,

du (foo (), foo (¥)) < doo(9 - foo (%), foo(4) = doo(foo(g - @), foo(y)) < Ldoo(g - 7, y).
Take infimum over g € Goo, get Ay (foo (), foo(y)) < Ldy (z,y).

(Locally Lipschitz at xo) Suppose doo (f (), f(20)) < Ldso(x, xo) whenever do (z, z¢) < r. Then

96D deo(x, o) Where GS,Q) ={g € G : doo(x,x0) <71}

Moreover, for any g € G we have du(f(x), f(20)) < doo(f(g - z), f(z0)) < Ldeo(g - x, @),

so after taking infimum over such g we conclude that dy(f (), f(z0)) < Ldy(x, o) whenever
dy (x,20) < r, as desired. This completes the proof of the proposition. O

for any such z we have dy (z, 7¢) = inf

Finally, we state and prove a set of more concrete characterizations of Lipschitz transferable sequence
of functions defined in Definition 3.1, which are straightforward to check.

Proposition D.2. Let V, U be consistent sequences endowed with metrics.

"We say fo is locally Lipschitz at xo if there exists 7 > 0 and L > 0 such that for all z € B(xo,r),
doo (foo (), foo(20)) < Ldoo(z, o). Notice that this is slightly different from saying foo is locally Lipschitz
around xo, which means that there exists > 0 and L > 0 such that fo, is L-Lipschitz on B(zo, 7).
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1. (General case) A compatible sequence of functions (f,, : V,, = Uy,) is L-Lipschitz (respectively,
L(r)-locally Lipschitz) transferable if and only if for all n, f, is L-Lipschitz (respectively,
L(r)-Lipschitz on B,,(0,7) == {v € V,, : d¥ (0,v) < r}).

2. (Linear maps) When the metrics are induced by norms, a compatible sequence of linear
maps (W, : V,, — Uy,) is continuously (respectively, L-Lipschitz) transferable if and only if
sup,, [|Whallop < 00 (respectively, sup,, |Wh|lop < L).

Proof. We begin by deriving the result for the general case.

General case. The “=-" direction again follows immediately from d,, = dw|v,,, fn = foo|v;, for all
n. We focus on proving “<". First, by Proposition C.6, compatibility implies that the sequence ( f,,)

extends to a function foo: Voo — Uso.

(Lipschitz) Suppose f, is L-Lipschitz for all n. For any z € V,, and y € V,,,, let N be a common
upper bound of n and m in (N, <). Then:

dio (foo([2]), foo([¥]) = AN (fn(onn(@)), Fn (on.m(Y)))
< Ldy (onn (@), onm(y))
= Ldy([z]. [y))-
Hence, f. is L-Lipschitz on V.
Since Lipschitz continuity implies Cauchy continuity, f., extends uniquely to foo: Voo — Uso.

For any Cauchy sequences (,,) and (y,,) in Vs, with limits 2,y € V., we have:

doUo(foo (7), fooly)) = nlggo dgo(fm(xn)a foo(Yn))
< lim Ldgo(xn,yn) = Ld(‘)/o(gc,y)7

n—oo
which shows that f.., remains L-Lipschitz after extending to V.

(L(r)-locally Lipschitz) Suppose each f,, is L(r)-Lipschitz on B, (0, ) for all » > 0. As above,
for any x € V,, and y € V,,, with d,,(0, z), d,(0,y) < r, let N be a common upper bound of
n,min (N, <). Then o ,(2), on.m(y) € By (0,7), and by the L(r)-Lipschitz property of fn
on By (0,7), we get

dio(foo([2]), foo([])) < L(r) - d (2], [])-
Thus, foo : Vo — Use is L(r)-Lipschitz on {v € V, : d¥(0,v) < r}.

This implies f, is Cauchy continuous: any Cauchy sequence (z,,) lies within some ball of radius
R, and since fo is Lipschitz continuous there, (fo(25)) is also Cauchy. Hence, f extends
uniquely to V., and it is easy to check that it is L(r)-Lipschitz on B(0, r) for all r.

Linear maps. We leverage the argument for the general case to derive the two stated claims.

(Lipschitz) By our argument for normed spaces, (W,,) is L-Lipschitz transferable if and only if
for all n, W, is L-Lipschitz. By linearity of each W, this is equivalent to | W, ||op < L for all n.

(Continuity) Tt is sufficient to prove that (W,,) is continuously transferable if and only if it is
L-Lipschitz transferable for some L > 0. The “«” direction is immediate. To prove “=",
suppose (W,,) extends to a continuous function W, : Voo — Uso. Then W is linear on Vi
because for any x € V,,, y € V,,,, and any common upper bound N of n, m in (N, <), we have

Weo(alz] + bly]) = [Wi (apnn (@) + bonm(y))] = aWeo([2]) + bWeo ([y])-

By continuity of W, it remains linear on V. The result follows since for linear operators,
Lipschitz continuity and continuity are equivalent.

Thus, the proof is finished.
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D.2 Convergence, transferability and stability

Stability. The following stability result states that small perturbations of the input (e.g., adding a
small number of nodes to a graph) lead to small changes in the output. It resembles the stability
considered in [70].

Proposition D.3 (Stability: detailed version of Proposition 3.2). If the sequence of maps (fn: V,, —
U,) is L(r)-locally Lipschitz transferable, then for any two inputs x,, € V;, and x.,, € Vi, of any
two sizes n, m with dY, (0, z,,),dY (0, z,,) < r, we have

% ([fa(@n)], fm(zm)]) < Ld ([2a], [2m]).

Moreover, the same holds when replacing every do. with the symmetrized metric d.

Convergence and transferability: deterministic sampling. For a sequence of inputs (xz,,) sampled
(deterministically) from the same underlying limiting object x, the outputs of a transferable function
satisfy fy, () = fin () for big n, m, and converge as f,(x,) — foo(x). We provide examples of
sampling procedures later in Appendix D.3.

Proposition D.4 (Convergence and transferability: detailed version of Proposition 3.2). Let (x,, €

Vi )nen be a sequence of inputs sampled from a limiting object x € V., such that [x,,] — x at a rate
R(n) with respect to d.

1. (Asymptotic) If (frn: Vi, = Up)nen is continuously transferable, then the following holds.

(Convergence) The sequence [f,, ()] — foo () with respect to d...
(Transferability) The distance d5_ ([ fn(22)], [fm(Tm)]) — 0 as n,m — oco.

2. (Nonasymptotic) If (f,,: Vi, = Uy )nen is locally Lipschitz transferable at x, then the following
holds.

(Convergence) The sequence [f,(xn)] — foo(x) at a rate R(n) with respect to d3..
(Transferability) The distance is bounded by dZ ([fn(xn)], [fm(zm)]) < R(n) + R(m).

That is, Lipschitzness provides quantitative guarantees for the convergence rate. We remark that by
By Proposition D.1, the same holds when replacing every d., with the symmetrized metric d.

Proof. We start by noticing that both transferability results directly follows from convergence, thanks
to the triangle inequality

oo ([fn(@n)); [frm (2m)]) < doo([fn(@n)]; foo(#)) + doo ([fim(Xm)]; foo (@)

To show convergence in under continuous transferability, observe that if f., is continuous, then
[fn(xn)] = foo([zn]) = foo(x) immediately follows.

Next, we establish the guarantee under local Lipschitz transferability at 2. Suppose f is locally
Lipschitz at z. Then there exists > 0 such that for all y € B(z, ), we have doo (foo (), foo (¥)) <
Ld.(z,y). Let N be large enough so that x,, € B(x,r) foralln > N. Then for all n > N, we

have
oo (foo (%), [fn(2n)]) = doo(foo (2), oo ([20])) < L - doo(, [z0]) S R(N),
as claimed; finishing the proof of the proposition. O

Convergence and transferability: random sampling. Under random sampling of inputs, we need
to specify the mode of convergence. In the case where x,, — x almost surely at rate R(n), the
results are identical to the deterministic case: both convergence and transferability hold almost surely.
We now consider a different mode of convergence—convergence in expectation. As we will see in
Appendix D.3, many common sampling procedures satisfy this condition.

Proposition D.5 (Convergence and transferability: Random sampling). Let (z,, € V) be a sequence
of inputs randomly sampled from a limiting object x € V., such that [x,] — x in expectation at
rate R(n) with respect to d%_, i.e. E[dY ([z,],z)] < R(n) and R(n) — 0. Suppose (fn: Vi, — Uy)
is locally Lipschitz transferable at x, i.e., [ is L-Lipschitz on B(x,r). Further, assume that there
exists M > 0 such that

E [doo (foo ([#n]), foo (2)) L([zn] ¢ B(z,7))] < ME [doo([24], )] - @

24



(Convergence) The function values converge in expectation
Eldoo ([fn(zn)]; foo (2))] S R(n).
(Transferability) The distance converges in expectation

Eldos ([fn(2n)]; [fm(zm)])] S B(n) + R(m).

The assumptions in this proposition are rather mild. Indeed, (2) amounts to a localized version of
uniform integrability. Simple arguments show that these assumptions are satisfied under any of
the following scenarios: (¢) the sequence (f,,) is globally Lipschitz transferable, (i) the map foo
is bounded or (éi7) the sequence (z,,) is supported on B(z, r). Furthermore, the same conclusion
remains valid when replacing d., with the symmetrized metric d.

Proof. Suppose for all y € B(x,r), we have doo (foo (Z), foo(¥)) < Ldso (2, y). Then,
Eldoo (foo (@), [fn(@n)])] < E[doc(foo(@), foo([2n])) - 1{[zn] € B(w,7)}] +M]E [doo (2, [xn])]
< L-Eldoo(w, [2,]) - 1{[zy] € B(x,7)}]| + ME [doo (2, [21])]
S R(n).
Transferability then follows by the triangle inequality. O

D.3 Convergence rates under sampling

Propositions D.4 and D.5 show that for Lipschitz transferable models ( f, ), the convergence of f,,(x,)
to foo () is at least as fast as the convergence of z,, to x, characterized by the rate R(n). This rate
depends on the specific application and sampling scheme. Below, we review common sampling
schemes and their associated convergence rates from the literature.

D.3.1 Random sampling

Empirical distributions and signals. Suppose p € [1,c] and u € P,(R?) for some ¢ > 2p.
Suppose X € R"*? has rows sampled i.i.d. from y, and let jx = % >, 0x,. be the corresponding
(empirical) distribution on R?. Then, we have [26]

n—1/2p if p > d/2,
E[W, (1, 1x)] S § =% log"P(1+n) if p = d/2, 3)
n~1/d ifp<d/2.

Similarly, suppose f € L*([0,1]) is a bounded signal sampled by x; = f(¢;) where t1,...,t, are
i.i.d. uniform [0, 1], and if f,, be the step function corresponding to . Noting that ;; has moments
of all orders and that p1 ¢, is the empirical measure obtained by sampling 7 iid points from (¢, we
conclude that Ed,,(f, f,,) = EW,(1y, 11, ) converges at the rates (3) with d = 1, where d,, is the
symmetrized metric with respect to the L” norm on functions.

Point clouds. Again let p € [1,00] and ;1 € P,(RF) with ¢ > 2p, and suppose X € R™** has rows
sampled i.i.d. from u. Let G € O(k) be a random (or deterministic) rotation, sampled independently
of X, and consider the rotated point cloud X G. Then the expected symmetrized metric between

wxa and p can be bounded by (3) since
gl
“

B| inf Wylknxos )| =B {E | it Wtnsxe, )
Graphons. Let W: [0,1]2 — [0,1] and A,, € R be sampled as (A,,);; ~ Ber(W (z;, ;)
[

g€0(k) g€0(k)
sym

where x1, . ..,z are i.i.d. Unif([0,1]). Let W4 be the step graphon associated to A,,. Then, [54,
§10.4] imphes

1
Epp(W,Wa,)] § ——=°
log(n)
81n fact, this bound holds with probability at least 1 — exp(— ﬁ)
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where é. is the cut distance of graphons; see [54, §8.2.2] for a formal definition. Moreover, we have
W, — W in cut metric almost surely [54, Cor. 11.15]. Similarly, if Ty : L%([0,1]) — L?([0,1])
is the integral operator associated with W, then by [37, Equation 4.4 and Lemma E.6],

E[dy(Tw, Tw, )] = E inf ITw — Tow, llop,2| < 23/*E[6p(W, Wx,)]'/? < (logn)~*/*.

See Appendix G.1 for the definitions of the symmetrized metric and norm on graphons as integral
operators.

D.3.2 Deterministic sampling

Uniform grid. Suppose f: [0, 1]¥ — R is L-Lipschitz with respect to || - ||, and consider its values
on a uniform grid X;, ., = f((i1 — 1)/n, ..., (ix — 1)/n) € (R™)®*. If we extend X to a step
function as usual by fx (21,...,2r) = X[g,n],....[exn]» then

1f = Fxllg < 1F = Fxlloo

<L supe[0 ; l(z1,...,2k) — (Jxin] = 1)/n, ... (Jzxgn] — 1)/n)|l,

.....

Lkl/p

= L (/... 1), = ==,

for all ¢ € [1, 00]. Also note that if we evaluate an L-Lipschitz graphon W : [0, 1]% — [0, 1] on such
a uniform grid, we have

LvV?2
17w = Tw, llop < W = Wallz < ——.

Local averaging. For any f € L”([0, 1]*), we can locally average it over hypercubes of side length
1/n to produce values

X,k A A
iy =T ( fz,... xp)day - - - day,
(

ii—1)/n ir—1)/n

and again extend these values to a step function fx. In this case,

||f - fX“p S 2d15t(f7 Vn)a

s0, we get the optimal rate of convergence.

E Generalization bounds: details and missing proofs from Section 4

We apply the framework connecting robustness and generalization established by [88], which is
built on the idea that algorithmic robustness—that is, a model’s stability to input perturbations—is
fundamentally linked to its ability to generalize. We refer readers to [88] for the necessary background.
This framework has also been recently employed to derive generalization bounds for GNNs in [79],
though their analysis is restricted to graphs with bounded size. Similar techniques are used in [47, 68].

Any-dimensional generalization bound from algorithmic robustness. We consider an any-
dimensional supervised learning task where consistent sequences model the input and output space

V= {(Va), (@N,n)a (Gn)} and U= {(Un), (wN,n)7 (Gn)},

with associated symmetrized metrics dy and dy;. The dataset s consists of N input-output pairs
(2i,9:) € X XY C Vo x Uy, where X x Y are subsets whose sequence of orbit closures are
compact in the symmetrized metrics. More precisely, (z;, y;) are finite-dimensional representatives
of equivalence classes in V., X Uy. The hypothesis class H consists of functions Vo, — Uy
parametrized by neural networks. A learning algorithm A is a mapping

A: (Voo x Use)N = H.

We write A for the hypothesis learned from the dataset s.
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Assume training is performed using a neural network model that is L(r)-locally Lipschitz transferable.
(Recall from Proposition D.1 that this implies A is L(r)-locally Lipschitz on B(0, r) for all » > 0
with respect to the symmetrized metrics dy and d;;.) Since X x Y is compact, and hence bounded,
there exists a constant ¢, > 0 such that A,: Voo — U, is c,-Lipschitz on X x Y with respect
to the symmetrized metrics. Further, let the loss function ¢: U, X U — R be bounded by M,
and c-Lipschitz with respect to the product metric d((x,y), (2',v')) = du(z,2) + du(y,y'). By
applying the framework of [88] to the limit space, we immediately obtain a generalization bound for
learning tasks where the data consists of inputs of varying dimensions. We note that this is not the
result stated in Proposition 4.2 of the main paper; the version claimed there will be established later
in Proposition E.3.

Proposition E.1 (Any-dimensional generalization bound). Assume that the training data consists of
N iid. samples s = (x;,y;) ~ [i from a measure [i supported on X XY C Vo, x Uy, where X
and Y have finite e-covering numbers Cx (), Cy () with respect to the symmetrized metrics for all
€ > 0. Then, for any 6 > 0, with probability at least 1 — §, the generalization error satisfies

N Zé — E(r il As(@),y)
< inf ( (cs V 1)y + M\/QCX 7/4>CY(7/‘2710g2 + 210g(1/5)> 5
SCé(csVl)f_l(N)+M\/(2log2)§—1(N)2+210gN(1/6)7 ©

where £(1) = w and we set y = £~Y(N)) in the second line to obtain the third.

Remark E.2. We make the following observations.

1. The bound (6) converges to 0 as N — oo. Indeed, & is strictly decreasing, and hence its inverse
is well-defined and also strictly decreasing. Since £(x) — oo as x — 0T, we get 1 (x) — 0
as x — oo.

2. The generalization bound reveals that the ability to generalize improves with greater model
transferability/stability (i.e., smaller Lipschitz constants), and deteriorates with increasing
geometric complexity of the data space (i.e., larger covering numbers).

3. We emphasize that [i is a distribution on Vo, X Uy, ensuring that every sample drawn from [i
admits a finite-dimensional representative, i.e., (x;,y;) € V,, x U, for some n. This reflects
the realistic setting in which data consists of finite-dimensional inputs. This stands in contrast
to prior work on GNN generalization bounds [47, 68], which considers data distributions on
Voo—the space of graphon signals in [48], and the space of iterated degree measures in [68].
Such an assumption is somewhat unrealistic, as many elements in these spaces cannot be
realized as finite-dimensional data.

4. Note that [i induces a distribution (i(V,, x U,))nen over sample dimensions in N, which
inherently places less weight on larger sizes. Consequently, the generalization bound does not
offer guarantees on the asymptotic performance of the model as the input dimension n — oc.
Next, we will derive the second generalization bound that addresses this problem.

Proof. Forall (z1,y1), (z2,y2) € X x Y,

[ (A1), 1) = £ (As(2), 92)] < cole, dv (21, 22) + du (g, y2)
< co(es V1) (dy (21, 22) + du (Y1, y2))-

Applying [88, Theorem 14] yields that the algorithm A is (Cx (v/4)Cy (v/4), vce(csV1))-robust [88,
Definition 2] for all v > 0. Further, applying [88, Theorem 3] gives the generalization bound (5).
Finally, (6) follows by taking the v as defined. O

Size-generalization bound: train on finite sizes and test on the limit space. The previous general-
ization bound follows the classical statistical learning setup, where both training and test data are
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assumed to be sampled i.i.d. from the same distribution. However, in any-dimensional learning, we
are typically concerned with a different scenario: training on data of smaller sizes and testing on data
of larger sizes. This motivates the need for a new form of generalization bound that accounts for such
settings.

We propose the following set-up (described in the main paper). Let p be a probability distribution
supported on X X Y C V,, x Uy, which are subsets whose sequence of orbit closures is compact in
the symmetrized metrics. Consider a random sampling procedure

S’IL:KXm_)VnXUnJ

such that for all n and for all (x,y) € supp(u), we have supp(S,(x,y)) C X x Y. This sampling
induces a distribution ., on V,, x U, via the sampling procedure; that is,

Hn = Law(‘rruyn)a where (-rnvyn) ~ Sn(x7 y) and (-T7 y) ~ M-

Proposition E.3 (Size-generalization bound). Suppose the training data consists of N i.i.d. samples
s = (xi,yi) ~ pn. Then, for any 6 > 0, with probability at least 1 — §, the generalization error
satisfies

N

1

N Z K(As(xi)a yi) - E(a:,y)Nué(As(m)v y)
i=1

21og(1/0)
N )
where W1 denotes the Wasserstein-1 distance, and £(r) == Cx /) Ey (/D) gy x(€) and Cy (¢)

-
denoting the e-covering numbers of X and 'Y, respectively, with respect to the symmetrized metrics.

Moreover, assuming that the sampling procedure converges in expectation at a rate R(n), i.e.,

]E(acn,yn)wsn(m,y) [Hv(:c, [:L'n]) + aU(yv [yn])] g R(n)v

<co(es V1) (€N N) + Wilp, pmn)) + M\/(210g2) E-L(N)2 + @)

we have that
N

D T UA(),yi) — Eagyonl(As(2), 1)

i=1

1
N

N 210g(1/5).

N ®)

S celes V1) (E7HN) + R(n)) + M\/(2 log2) §~1(N)?
Remark E.4. We make the following observations.

1. The bound (8) converges to O if both the training input dimension n and the amount of data N
goes to co. Indeed, we have justified in Remark E.2 that (6) converges to 0 as N — oo. The
only additional term in (8) is R(n) which converges to 0 as n — oc.

2. This new generalization bound aligns with the setup where training is performed on inputs of
fixed size n (also naturally extends to inputs of varying finite sizes), and testing evaluates the
asymptotic performance as n — oo. It can therefore be interpreted as a size generalization
bound, accounts for distributional shifts induced by size variation. As a consequence, an
additional term appears in the bound, reflecting the convergence rate of the sampling procedure.

Proof. By triangle inequality,

N N
1 1
N Z U(As(2:),yi) — Egyympnl(As(),y)| < N Z C(As(2i), yi) — E(ay)opn L(As(2), )
=1 =1
=T
+ By mnl(As(@),y) = Eayyon, L(As(2), )] -
:JTQ

We bound the two terms separately. By the Kantorovich-Rubinstein duality, we have almost surely
that
Ty < cges V1) - Wa(ps pn).-
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To bound T7, recall that supp(S,(z,y)) € X x Y for all (z,y) € supp(p). It follows that
supp(un) € X x Y, which is therefore totally bounded. Its covering number is upper bounded by
that of X x Y. Applying Proposition E.1 with i = p,, yields (7).

Finally, to bound W1 (i, ., ), we note that the sampling procedure induces a natural coupling between
w and piy,. Using this coupling,

Wi (,u, Mn) < IE(az:.,y)N,u, (T yYn ) ~Sn(z,y) [HV(mv [xn]) + aU(ya [yn])] 5 R(n)a
which yields (8); completing the proof. O

Practicality of the assumptions. Finally, we reflect on the key assumptions required for the bound
(8) to hold and assess their practicality in more specific settings. First, we assumed that the loss
function is bounded (and, consequently, Lipschitz continuous). We note that these assumptions are
relatively standard [1, 76, 3]. When the predictions and target outputs are bounded, several widely-
used loss functions, such as cross-entropy, L1-loss, L2-loss, and Huber loss, are all bounded and
Lipschitz continuous. Moreover, many clipped loss functions also satisfy this assumption. Second,
regarding the assumption of a sampling procedure that converges in expectation at a rate R(n), we
refer readers to Appendix D.3 for examples involving sets, graphs, and point clouds. Most importantly,
the bound critically depends on the compactness of X and Y in the symmetrized metrics, and on
the sampling procedure generating finite-size samples that remain within this compact space, i.e.,
supp(Sp(z,y)) € X x Y for all (z,y) € supp(p). Below, we provide two concrete examples
involving sets and graphs where these assumptions hold, and where bounds for the covering numbers
are explicitly known. In these specific settings, our generalization bound applies directly.

Example E.5 (Probability measures supported on compact set). Consider Vj?fp, the duplication

consistent sequence for sets endowed with the normalized ¢, metric. See Appendix F.1 for the precise
definitions. The limit space is Vo, = LP([0,1],RY), and the space of orbit closures of V is P, (R?),
the space of probability measures on R with finite p-th moment, endowed with the Wasserstein-p
distance. Fix a compact set Q C RY, and let

X = {f € LP([0,1],R?) : py is supported on Q} .

Note that the sequence of orbit closures in X, namely {uy : f € X}, is compact with respect
to Wy. A bound on the covering number Cx is given by [63, Theorem 2.2.11]. Consider the

sampling procedure S, : LP([0,1],R%) — R"* defined by drawing z; e Unif ([0, 1]), and setting
Sn(f)i: = f(zi) fori=1,...,n. Then, forall f € X, each entry of S,,(f) lie in Q). Hence, we have
Sn(f) € X. Our generalization bound therefore applies to this setting.

Example E.6 (Graphon signals with cut distance). Consider V(Cfup, the duplication-consistent se-
quence for graph signals endowed with the cut metrics. See Appendix G.1 for the precise definitions.
Define the space

X = {W:0,1]> = [0, 1] measurable : W (z,y) = W (y,z)} x{f € L=([0,1],R) : || f[loc < 7}.

By [47, Theorem 3], the sequence of orbit closures in X is compact with respect to the cut metric
on graphon signals. Moreover, a bound on the covering number is also provided in the same result.

Consider the sampling procedure Sy, : X — R < R™ defined as follows: draw z; S Unif([0, 1]),
and set S,(W, f) = (A,X), where A;; ~ Ber(W(z;,z2;)) and X; = f(z) fori =1,...,n
Then, for all (W, f) € X, the sampled pair S,,(W, f) belongs to X. This is the standard sampling

procedure for graphon signals, and once again our generalization bound applies.

E.1 Transferable neural networks

To prove the transferability of a neural network, we first observe that compatibility and transferability
are preserved under composition. Therefore, it suffices to verify these properties for each individual
layer. Moreover, by Propositions C.6 and D.2, it is enough to prove the compatibility and Lipschitz
continuity of each f,, on the finite space, rather than analyzing the limiting function f., directly.
This idea is formalized in the following proposition, which serves as a key tool in our transferability
analysis of neural networks in the later sections. Importantly, this provides a general and easy-to-apply
proof strategy. In contrast, previous works often begin by characterizing a natural limiting function
foo (e.g., a graphon neural network), and then directly prove its Lipschitz continuity in the limit
space—a process that typically requires case-specific proof techniques.
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Proposition E.7 (Transferable networks: detailed version of Proposition 5.1). Let (Vyfi))n, (Uﬁi))n
be consistent sequences fori =1,...,D. For each i, let (W,Ef) : Vn(l) — Ur(f)) be linear maps and
(psf ). Uff) — Vn(Hl)) be nonlinearities. Assume the following three properties hold.

1. The maps (W,(f)) , (pgf )) are compatible.
2. The linear maps are uniformly bounded sup,, ; Wi lop = Ly < 0.
3. The map pg) is L;(r)-Lipschitz on {u cUl lu]| < T}for all n.

(1)

(D) png_l) 0...0 p£}) oWhp ) is locally Lipschitz transferable, ex-

Then the composition ( n

tending to a function on Vo, — Uy that is Ly (r)-Lipschitz on {v c v lv|l < r}, where we
inductively define

D—-1
fl = Ll(LwT), £i+1 = Li+1 (Lwlfi), LNN(T) = Lﬁ/ H fi. (9)
=1

In particular, if pg Vis L p-Lipschitz for all i, n then the composition is Lipschitz transferable, extending
to a function on Voo — U that is Ln-Lipschitz where Lyn = LEVLE -1

Remark E.8. By Proposition D.l, the composition is also L (r)-Lipschitz with respect to the
symmetrized metrics on the same r-ball.

Proof. Note thatif f1: Vi) — Vi and fo: V& — V) are Ly (r)- and Ly (r)-locally Lipschitz,
respectively, then fo o fo is Lo(Ly(r))L1(r)-locally Lipschitz. Our claim follows by an inductive
application of this fact and Proposition D.2. O

F Example 1 (sets): details and missing proofs from Section 5.1

In this section, we study the transferability of architectures taking sets as inputs. Section F.1
introduces the consistent sequences we consider and Section F.2 presents results for three architectures:
DeepSets[91], normalized DeepSets [9], and PointNet [66].

F.1 Consistent sequences on sets

We present two examples of consistent sequences on sets. See Figure 1 in the main text for a graphical
illustration.
Zero-padding consistent sequence V.., with £, norm

The zero-padding consistent sequence V,e,o = {(V3), (¢nn), (Gy)} is defined as follows: The
index set N = (N, <) is the poset of natural numbers with the standard ordering. Let V,, = R for
every n € N, and the zero-padding embedding is given by, forn < N,

Onn: RT—RY

(1, xpn) = (T1,. .., Zpn, 0,...,0).
——
(N —n)0’s

The group of permutations S,, on n letters acts on R by permuting coordinates: (g - x); == z4-1(;)
for g € S,,. The embedding of groups is given by, for n < N,

HN,’VL: Sn — SN
g 0
)
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That is, view S,, as the subgroup of Sy which acts trivially onn + 1, ..., N. In this case, V, can be
identified with /g, i.e., the space of infinite scalar sequences with finitely many nonzero entries. The
limit group G is the group of permutations of N fixing all but finitely many indices.

We associate every infinite sequence (z;)$2; € Vi with the tuple of sequences ((z;)52,, (z;)$2,).
The sequence (z;7)°, comprises the positive entries of (z;), ordered in descending order and

extended with trailing zeros. The sequence (x; )52, comprises the negative entries of (z;), ordered
in ascending order and similarly extended with trailing zeros. Notice that different sequences in V,
are associated with the same tuple of sequences if and only if they belong to the same orbit under the
action of G,. Hence, the orbit space of V,, under the action of G, can be identified with tuples of
ordered infinite sequences. Specifically, one sequence consists of non-negative entries arranged in
descending order, and the other sequence consists of non-positive entries arranged in ascending order,
with both sequences having finitely many non-zero entries.

The ¢, norm on V,.,,. We can endow each V,, with the £,-norms

n 1/p .
Iz, = (X iz |zil?) if p € [1,00),
maxy  |z;] if p = oc.
It is easy to check by Proposition C.8 that this induces a norm on V,, = R, which coincides with
the /,-norms on infinite sequences, which is also denoted as || - ||,. The limit space is then

Ve {EP = {()21 1 2oy |ilP < o0} ifp € [1,00),

" e = {(z:)221 : lim; o0 |z4] =0} if p = o0.

Similarly, the space of orbit closures of V., under the action of G, can be identified with tuples
of ordered infinite sequences. Specifically, one sequence consists of non-negative entries arranged
in descending order, and the other sequence consists of non-positive entries arranged in ascending
order, with both sequences in ¢, (for p € [1, 00)) or ¢ (for p = 00). This space is endowed with the

symmetrized metric d,(z,y) = minyec.. |2 — 0 - Y|l

The ¢, norm on the direct sum V3¢ . The direct sum V32, = {(R"*?), (p%?,), (Sn)} defined

zero* Z€ero
in Definition C.4 extends the above to the case of a set of vectors in R%. To endow it with a norm,
we first fix an arbitrary norm || - ||ga on R%. Then the ¢,-norm on R"*< is defined analogously with
respect o || - ||ge, i.e., for X € R™¥4,

n 1/ .
X1l = (i I1XllRa) " ifp € [1,00),
max;_y || Xy |[ga if p = oo.

Analogously, in this case, V., can be seen as the space of infinite sequences in R? with finitely many
nonzero entries, and the limit space V, is the corresponding £, space (if p € [1,00)) or ¢y space (if
p = 00). The space of orbit closures can be seen as tuples of infinite sequences in R?, ordered in
lexicographic order.

Duplication consistent sequence V4., with normalized /,,-norms

The duplication consistent sequence Vaup = {(V,,), (¢n,n), (Gn)} is defined as follows. The index
set (N, - | -) is the set of natural numbers with divisibility partial order, where n < N if and only if
n | N.LetV,, = R" for all n € N, and the duplication embeddings is given by

onn: R" — RV
(@1, Tp) S 2@ Iy = (T1, 0, T1, ey Ty ey T,
N——
N/n times
for n X N. The group embeddings are given by
(9]\[)712 Sn "—>SN
9= 9 & Inm,

forn < N. Thatis, g € S, acts on [N] by sending (i — 1)N/n + j to (¢(i) — 1)N/n + j for
t=1,...,nandj=1,...,N/n.
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In this case, V., can be identified with step functions on [0, 1] whose discontinuity points are in
Q: each x € R™ corresponds to f,: [0,1] — R where f;(t) = x[4,) for t > 0 and f(0) = ;.
In other words, f, is the step function which takes value z; on I; , = (=2, L] fori =1,...,n.
Indeed, all equivalent objects x and ¢ ,x correspond to the same function in this way. Therefore,
Voo can be seen as the union of step functions of this form for n € N. Under this identification,
permutations S,, permute the 7 intervals I; ,, and act on functions by g - f = f o g~ '. The limit
group G is the union of such interval permutations. The orbit space of the G.,-action on V,, can be
identified with monotonically increasing step functions on [0, 1] whose discontinuity points are in
Q. Alternatively, the orbit space can be identified with the space of empirical measures on R: each
x € R" corresponds to the empirical measure j; = % >, 0, Indeed, any equivalent objects x
and ¢y, are identified with the same measure; furthermore, this resulting measure is constant on
orbits under the G, -action.

Under the identification of V,, with step functions, a step function f € V is identified with the
probability measure 117, defined as the distribution of f(T) for T uniformly sampled from [0, 1].
Indeed, all elements in the orbit of f under the G.,-action correspond to this same measure /. Note
that the generalized inverse CDF of f(T') is precisely the ‘sorted’ version of f (called its increasing
rearrangement), relating the above two perspectives on the orbit space. The latter view of the orbit
space as a sequence of measures generalizes readily to other consistent sequences obtained from

Vdup, such as Vgal‘fp which we consider below, so we shall take this view from now.
Normalized ¢, norm on V,,. We can endow each space V,, with the normalized £,-norms
1 n 1/p .
2]l = (5 22y lil?) ifp € [1,00),
max’ ; |z if p=oo0.

Using Proposition C.8, it is straightforward to verify that this defines a norm on V,,. Under the
identification of V,, with step functions, the induced norm on V,, coincides with the conventional
LP norm on measurable functions, given by

1/
= 4 (el a) ™ itpe 1,0,
supyeo1] | f(1)] if p=oo.

That is, for any x € R", we have ||z||z = || fz||p. where f, is the corresponding step function. The
limit space is then

Lr([0,1]) = {f: [0,1] — R measurable : f01 |f ()P dt < oo} ifp e[1,00),
Voo = f is bounded and continuous on [0, 1] \ Q
:[0,1] = R : ’ ! if p=
{f [0.1] = with left and right limits at every z € [0,1] N Q } 1y = oo,

where the result for p = oo follows from [21, Chap. VIL.6]. These are a subspace of so-called
regulated functions, which have left and right limits at each z € [0, 1].

When p € [1, 00), the space of orbit closures, equipped with the symmetric metric, can be identified
with P,(IR), the space of probability measures on R with finite p-th moment, endowed with the
Wasserstein p-distance. In the case p = oo, the space of orbit closures corresponds to a subset of
P (R), the space of probability measures on R with bounded support, equipped with the Wasserstein
oo-distance. This is formalized and proved by the following propositions:

Proposition F.1. For any p € [1,00]| and all f,g € Vs, the symmetrized metric d,,(f,g) =
infoec, |lo - f — gllp equals the Wasserstein p-distance between the associated measures:

ap(f» 9) = Wp(us, pg).

Proof. We first prove they match on V. Consider vectors = € R”, y € R" under the action of S,,,
S, respectively, and let N = lem(n, m). Then, by standard results on the Wasserstein distance of
empirical measures [65, §2.2],

. N 1/p .
3 Miges (% Zizl ’@N,n(x)o—(i) - @N,m(y)i P) = WP(Mwmuy) ifpe [1, OO),

dp(xvy) =
minUESN maxﬁl ’@Nm(x)a(i) - (me’L(y)z’ = WOO(M:E’M’I/) ]fp = Q.
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where (1, was defined above, and W), is the Wasserstein p-distance. Hence under the identification
with step functions, for any f, g € Voo we have d,(f, g) = Wy (i, p1g)-

Now consider the limit points. Let (fn), (gn) be two Cauchy sequences in V., with f,, = f, g, — ¢
in V, with respect to the LP norm. Then

|dp(fnr 90) = dp(£,9)| < dp(f, fu) + dp(gn, 9) < If = Fallp + lgn — gllp — 0.

Similarly, since for any f,§ € Vo,

1 = 3llp,

~ . 2\ /P
Wolngt15) < (Ernvmionl F(7) = 3117

we also get
|WP(an7/’Lgn) - Wp(l”’f’“g)| — 0
But for all n, d,,(fr, gn) = Wp(if, , f1g,, ), s0 by the uniqueness of the limit, d,, (£, g) = W (i, pg)-
O

Proposition F.2. For p € [1,00), the space of orbit closures {ji; : f € Voo } coincides with Pp(R).
For p = oo, this set is a subset of Poo (R).

Proof. For p € [1,00), by definition, the space of orbit closures is the set of probability measures
{ps : f € LP([0,1])}. We claim that this set is equal to P,(R). Observe that ((Ex~,,, | X[?)"/? =
|| f||p- On the one hand, this implies that if f € L?([0, 1]), then sy € Pp,(R). Conversely, given any
i € Pp(R), let f be the generalized inverse of the CDF of y, then p1y = g and f € LP([0,1]). Hence
i € Pp(R) implies that pu = py for f € LP([0,1]).

For p = oo, note that any f € V,, is bounded, so the support of ¢ is compact, implying that

Norms on Vdeig. Similarly, we fix an arbitrary norm || - ||ge on RY and define the norms on R™*4
with respect to || - ||ga:
1 n 1/p .
X[ = 4 G i 1 Xallga) ™ ifp € [1,00), o
max?:l ||Xi:HRd lfp: 0.

For p € [1, 00), the space of orbit closures can be identified with 7, (R%) endowed with the Wasser-
stein p-distance with respect to || - ||ga. For p = oo, the space of orbit closures can be seen as a subset
of Poo (R?) with the Wasserstein-oc distance with respect to || - ||g«. This is because R? is a standard
Borel space [77, Thm. 3.3.13], so the same arguments as in Propositions F.1-F.2 apply.

F.2 Invariant networks on sets

We consider three prominent permutation-invariant neural network architectures for set-structured
data: DeepSets [91], normalized DeepSets [9], and PointNet [66]. These models are defined as
follows:

DeepSet,,(X) =0 (Z p(Xi;)> ,  DeepSet, (X)=0c <rlz Zp(Xi;)> , and

PointNet, (X) =0 (mfalx p(Xi:)> )

where p: RY — R" and o: R" — R are multilayer perceptrons (MLPs). In the case of PointNet, the
maximum is taken entrywise over vectors in R".

They follow the same paradigm f,, (X) = o (Aggl_,p(X;.)) where the three models use different
permutation-invariant aggregations Agg. We refer the reader to [9] for a comprehensive study of
the expressive power of these models in the any-dimensional setting. In particular, they show that
normalized DeepSets (respectively, PointNet) can uniformly approximate all set functions that are
uniformly continuous with respect to the Wasserstein-1 distance (respectively, the Hausdorff distance).
In contrast, our work focuses on transferability and size generalization, rather than expressive power.
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F.2.1 Transferability analysis: proof of Corollary 5.2

We prove the Corollary by instantiating Proposition E.7. The invariant network is given by the
following composition
Sn Agg™
RnXd 14 : RnXh 88i=1 Rh i> R,
TOW-WI1Se

where we use p®” to denote the row-wise application of the same p : R? — R”. Thus, it suffices to
analyze each term in this composition individually.

DeepSet. Notice that the sum aggregation is not compatible with the duplication embedding. Indeed,
for any = € R™ such that ), ; # 0, and forn | N,n # N,
N n n

> @ Ly = (/)Y % 3w

i=1 i=1 i=1
Therefore, DeepSet is not compatible with respect to the duplication consistent sequence in general.
We now prove its compatibility and transferability with respect to zero-padding.
Corollary F.3. Fix arbitrary norms ||-||ge on R¢ and || - ||gn on R". Let p : R? — R" be L ,-Lipschitz

with p(0) = 0, and o : R" — R be L,-Lipschitz, with respect to the norms || - ||ga, || - ||g», and
| - |. Then, the sequence of maps (DeepSet,,) is (L,L,)-Lipschitz transferable with respect to the
zero-padding consistent sequence V2 (equipped with the (1-norm induced by || - ||ga) and the

trivial consistent sequence Vg (with absolute value norm). Therefore, (DeepSet,,) extends to

DeepSet : £1(RY) = R, DeepSet__((2;)32,) =& (Z p(%)) ;
i=1
which is (L, L, )-Lipschitz with respect to the {1-norm on the infinite sequences.

Proof. We model each intermediate space with consistent sequences:

n

yed _ (gexdy £ yeh _ (gexhy ity (RR) %y, — (R).

zero . zero
(row-wise)

We first check the compatibility of each map.

» Aslong as p(0) = 0, the p-map is compatible because
Pbn
peN <[)0(D = [p O(X)] forall X € R"*?¢ 0 e RWN—mxd n < N,

and the row-wise application makes sure p is S,,-equivariant.

* The sum aggregation Agg? ; = > " is compatible because adding zeros does not change the
sum, and the summation operation is S,,-invariant.

* The map o is between two trivial consistent sequences. Hence it is automatically compatible.

Endow V&¢  with the ¢, norm induced by || - ||ga, and V& with the £, norm with induced by || - || .

zero zero
Vgn, Vg are endowed with || - ||g» and | - | respectively. Next, we check the Lipschitz transferability

of each map.

* The p-map is L,-Lispchitz transferable map because for all n, we can prove p®": Rxd
R™*" (applying the same p row-wise) is L, Lipschitz with respect to the ¢; norms:

1p®™(X) = p®" (V) = Y llp(Xis) = p(Yi) len < D Lyl Xi: = Yisllga = Lol X = Y.
i=1 i=1

* The sum aggregation Agg? ; = ", is 1-Lipschitz transferable because for all n,

i=1 1

1=

<3 X~ Yillen = IX Y.
R =1
We highlight that this does not necessarily hold for other £,, norms for p # 1.
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* The map o is L,-Lipschitz transferable.
Thus, the result follows from Proposition 5.1; completing the proof. O

Normalized DeepSet. The mean aggregation is not compatible with the zero-padding embedding.
Consider a vector = (z1,...,2,) € R™ such that >, z; # 0, and suppose n < N. When
zero-padded to length NV, we obtain

F=(z1,...,2,0,...,0) € RV,

NZ%# le

Therefore, normalized DeepSet is not compatlble w1th respect to the zero-padding consistent sequence
in general.

Then

\Mz

We now prove its compatibility and transferability with respect to the duplication consistent sequence
with normalized £, norm.

Corollary F.4. Fix arbitrary norms |- ||ga on R? and |- ||gn on R™. Let p : RY — R" be L ,-Lipschitz,
and o : R" — R be L,-Lipschitz, with respect to the norms || - ||ga, || - |gn, and | - |. Then, for all
p € [1, 00|, the sequence of maps (DeepSet,, ) is (L, L, )-Lipschitz transferable with respect to the
duplication consistent sequence Vfﬁfp (equipped with the normalized {,, norm induced by || - ||ga) and
the trivial consistent sequence Vg (with absolute value norm). Therefore, (DeepSet,,) extends to

DeepSet, : Pp(RY) — R, DeepSet, (1) = o </ pd,u> ,

which is (L, L, )-Lipschitz with respect to the Wasserstein-p distance on || - ||ga.

Proof. We model each intermediate space with consistent sequences:

VEBd _ (Rnxd)

dup = — @) 2EEL v, - (RY) 5 Ve = (R).

(row-wise) dup

We first consider the compatibility of each map.

* The p-map is compatible because pP (X @ 1n/,) = p®"(X) @ Ly, forall n | N, and the
row-wise application makes sure p is S,,-equivariant.

1 Z?:l is compatible because foralln | N, X € Rnxd,

n

* The mean aggregation Agg* | =

n

N

i=1 i=1
and the mean operation is S,,-invariant.

* The map o is again automatically compatible.
Endow Vgaud with the normalized ¢, norm with respect to || - ||ga, and Veah with the normalized ¢,
norm with respect to || - ||g». The trivial consistent sequences Vyn, Vg are endowed with || - ||g» and

| - | respectively. Next, we check the Lipschitz transferability of each map in the composition.

e The p-map is L,-Lipschitz because for all n, we can prove p®" : R™¥4 — R™*h s L,
Lipschitz with respect to the normalized £, norm:

1/p
¥ (X) = p®" (Y ( lep )IIRh>
[ 1/p
< (nZLf;HXi: —nnid)
i=1

= L[| X = Y]z
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* The mean aggregation Agg; | = % >, is 1-Lipschitz transferable because

1 n 1 n
ﬁ;)@: - E;Y

where the last inequality follows from Holder’s inequality.

1 n
< gz [ Xi: = Yillrn = [|[ X =Yz < |1X = Y|,
RA =1

* The map o is L,-Lipschitz transferable.

The result follows from an application of Proposition 5.1; completing the proof. O

Remark F.5. The same result was also proved in [9, Theorem 3.7] by directly verifying the Lipschitz
property of DeepSet . forallp > 1,

[DeepSet, (11x) — DeepSet . (uy)| < Lo

/Pd(MX — py)

S LoL,Wi(px, py) < Lo LyWy(pix, pry ),

where the second inequality follows from the Kantorovich-Rubinstein duality. Our methods provide
an alternative proof, using a proof technique that applies more generally (Proposition 5.1).

Following this result, we can directly apply Propositions D.4 and D.5, along with the convergence
rates described in Appendix D.3, which immediately yields the following transferability result.

Corollary F.6 (Transferability of normalized DeepSet). We have the following transferability results
for normalized DeepSet:

1. (Uniform grid sampling) Let (X,,) € R"*? be a sequence of matrices sampled from the
same signal f via the “uniform grid” sampling scheme, i.e., taking (X,);. = f (%) for
all i € [n]. Suppose f is Lipschitz. Then,

|DeepSet,, (X,,) — DeepSet,, (X,,)| Sn™t+m™".
2. (Random signal sampling) Let (X,,) € R"*? be a sequence of matrices sampled from the

same signal f via the random signal sampling scheme, i.e. taking (X,,);. = f (x;) for all
i € [n], where x1, ..., x, are sampled i.i.d. from Unif ([0, 1]). Suppose f € L3([0, 1], R%).

Then,
E ‘DeepSetn(Xn) — DeepSet,,, (Xmm)|
n71/2+m71/2 lfd: 1,
<<n 1 2log(1 +n) +m~Y2log(1+m) ifd=2,
n~Yd 4 m=1/d ifd > 2.

3. (Empirical distributions) Let (X,,) € R"*? be a sequence of matrices sampled from the
same underlying distribution u € P3(R?), i.e., each X,, has rows sampled i.i.d. from fu.

Then,
E ‘DeepSetn(Xn) - DeepSetm(Xm)‘
n—1/2+m—1/2 ifd=1,
<<{<n 1 2log(l+n) +m~—Y2log(l+m) ifd=2,
n~1/d 4 m~1/d ifd > 2.

PointNet. The max aggregation is not compatible with zero-padding. Consider a vector z =
(21,...,2,) € R™ where all entries 2; < 0, and suppose n < N. When zero-padded to length N,
we obtain

&= (z1,...,2,0,...,0) € RV,
Then, we have

max T; =0 # max x;.
1<i<N 1<i<n

Hence, unless we restrict the model to avoid all-negative entries, PointNet is not compatible with the
zero-padding consistent sequence. We now prove its compatibility and transferability with respect to
the duplication sequence with the /., norm.
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Corollary F.7. Fix arbitrary norms ||-||ge on R® and || - || on R". Let p : RY — R" be L ,-Lipschitz,
and o : R" — R be L,-Lipschitz, with respect to the norms || - ||ga, || - ||loc on R", and | - |. Then,
the sequence of maps (PointNet,,) is (L, L )-Lipschitz transferable with respect to the duplication
consistent sequence Vgafp (equipped with the {oo-norm induced by || - ||ra) and the trivial consistent
sequence Vg (with absolute value norm). Therefore, (PointNet,,) extends to

PointNet., : Poo(R?) = R,  PointNeto, (1) = o sup  p(x) |,
zesupp ()

which is (L, L )-Lipschitz with respect to the Wasserstein-oo distance on || - ||ga.

Proof. We again consider consistent sequences

VEL = (R L yph = gy 2w, - ®Y) 5 Ve = (R).
For compatibility, it is left to check that Agg? ;, = maxj.; is compatible. Indeed, for any X €
R™*4 n | N, we have max (X ® In/n)i: = max;_; X;., and the max operation is S, -invariant.
Endow Vf‘fp with the /o, norm with respect to || - ||ga, and Vf‘fp with the /o, norm with respect to

|| |oo on R®. The trivial consistent sequences Vgn, Vg are endowed with || - || o and | - | respectively.
Next, we check Lipschitz transferability of each map.

* We have proved in the proof for normalized DeepSet that p, o are L, L, Lipschitz transferable
respectively.

* Forany j € [d], |max]"; X;; — max]_, Y;;| < max]_, |X;; — Y;;|. Take max over j € [d],
we conclude
d
= max
o} Jj=1

n n
max X;, — max Y.
i

i=1

m%«XXij - m%fiyz‘j < m%x | X5 — Vi o, -
i= i=

i=1

Hence, Agg}' | = max;’; is 1-Lipschitz transferable.

The result follows from Proposition 5.1; which completes the proof. O

Remark F.8. PointNet, produces identical outputs for probability measures with the same support.
Thus, it can be viewed as a function

PointNeto, : K(RY) = R, PointNet,,(X) = o <sup p(x)) ,
zeX
where IC(R?) denotes the set of non-empty compact subsets of R%. The W, distance on Py, (R?)

induces the quotient metric dic on IC(R?) via the equivalence relation yi ~ v if supp(u) = supp(v).
Our results imply that PointNeto, is (L, L )-Lipschitz with respect to djc.

A more commonly used metric on KC(R?) is the Hausdor{f distance, defined by
dy(X,Y) :==max< sup inf || — y||, sup inf ||z — } . (11
W(XY) = mae {sup inf [l ol sup i e |

[9, Theorem 3.7] shows that PointNet, is (2L, L, )-Lipschitz with respect to dg. It is easy to see
that dpr < dy, but we leave exploring further relations between these two metrics to future work.

Finally, we show that the sequence of maps (PointNet,, ) is, in general, not transferable with respect
to the duplication-based consistent sequence Vgaudp when equipped with the normalized ¢, norm for

any p € [1,00). Consider the sequence of matrices (X (™) € R"*"), where the first row is the
all-one vector ]l;, and the remaining n — 1 rows are zero vectors. Then,

[ XM — 0], =0 asn — oo,
which implies that [X (™] — [0] in V. However,
i x™ =1, foralln.

This demonstrates that the max aggregation Agg!' ; = max;._; is not continuously transferable under
the normalized ¢,, norm, and so neither is the sequence (PointNet,, ).
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Related work. Several previous works [92, 64, 9] studied (variants of) normalized DeepSets in the
infinite-dimensional limit as operating in the space of probability measures, and investigated their
approximation power and generalization behavior.

Moreover, while our analysis primarily focused on invariant neural networks on sets, it is also
natural to design and analyze equivariant neural networks on sets with our theoretical framework. In
particular, we may consider such neural networks that are transferable with respect to duplication-
consistent sequences, which parametrize measure-to-measure functions. For example, [19] proposed
a general framework for designing measure-to-measure neural network architectures. Additionally,
[86, 30, 74] analyzed transformers (without causal masking or positional encoding) as measure-to-
measure functions in the limit space. We leave the analysis of the transferability of these models
within our framework as a future direction.

F.2.2 Explanation of transferability plots (Figure 2)

Our numerical experiment in Figure 2 illustrates the second column of Table 2 for p = 1: the
Lipschitz transferability of normalized DeepSet, and non-transferability of DeepSet and PointNet,
with respect to (Vqyp, || - ||7)- First, applying Proposition D.5 to normalized DeepSet, and recalling
the convergence rate of empirical distributions given in (3) ford = 1,p = 1, we get the following
corollary.

Corollary F.9 (Convergence and transferability of normalized DeepSet). Let (z,, € R"™),en be
a sequence of inputs with entries (T,); £ wfori=1,...,n, where y is a probability measure
on R with finite expectation. Define the empirical measure (i, = % Z?:l 0z, for x € R™ Then
E[W1 (1, piz, )] S n~ Y2, and hence

E HDeepSetn(a:n) - DeepSetoo(,u)H <n7l2
E [|DeepSet,, (z;,) — DeepSetm(ajm)H <nTV24mTl2

Indeed, Figure 2(b) shows convergence of the model outputs, and Figure 2(d) confirms that the
convergence rate is O(nil/ 2), as predicted. Figure 2(a) illustrates the divergence of outputs from
DeepSet. This occurs because the sum >~ ; p(x;) = O(n). If the function o in DeepSet is
unbounded, this leads to unbounded (blow-up) outputs as n increases. Figure 2(c) shows divergent
outputs from PointNet. When the input distribution x4 has compact support, the output of PointNet will
converge, although without guarantees on the rate. However, in our experiment where ;. = N(0, 1)
has non-compact support. If p in the PointNet is unbounded, the maximum value max?"_; p(z;)
diverges almost surely as n — oo. This again results in blow-up outputs.

G Example 2 (graphs): details and missing proofs from Section 5.2

In this section, we study transferability for GNN architectures. Section G.1 introduces the consistent
sequences we consider. Section G.2 studies existing architectures and Section G.3 introduces a new
class of GNNs with better transferability properties.

G.1 Duplication consistent sequence for graphs

We present an examples of consistent sequences on graphs, illustrated graphically in Figure 3. Start
with the duplication consistent sequence for sets Vg4, defined in F.1, we define

Vgup = Sym2 (Vdup) EB Vgaudp7

following the definition of direct sum and tensor product in Definition C.4, C.5. This gives the
duplication consistent sequence for graphs. Specifically, Vfup = {(Vh), (¢n.n), (G)} where
Vi = R X R™*4 for each n and the embedding for n | N is given by,

PNt R x Ry RN RV >4

(A7X) = (A ® (]]-N/n]]';/'rL)?X ® ]]-N/n)v

which can be interpreted as replacing each node in the graph with N/n duplicated copies. The
symmetric group S,, acts on V;, by g - (4, X) = (gAg ", gX).
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The space V,, can be identified with the space with all step graphons (and signals) in a similar
way: Given (4, X) € R x R™*4, define Wy : [0,1]° — R, fx : [0,1] — R? such that
W4 takes value A; ; on the interval I; , x I;,, C [0,1]? fori,j = 1,...,n € [n], and fx takes
value X; on the interval I; ,, C [0,1] for ¢ = 1,...,n . We call (W4, fx) the induced step
graphon from (A, X). Under this identification, permutations S,, permute the n intervals I; ,, and
acton (W, f) by o - (W, f) = (c-W,o-f) = (W° ', foo!), where W ' is defined by
W ' (z,y) = W(o~1(z),0~(y)). The limit group G is the union of such interval permutations.

G
dup*

14,20l = max(4] 1]
1/p n 1
[ (3 S 14al) " G ELIRE) ) bl (2

max (max; jep [Ai], maxi; || X ||ga) p = oo.

The p-norm on V' Fix || - ||g« @ norm on R%. We equip V,, with a p-norm given by

It is easy to check by Proposition C.8 that this extends to a norm on V,,. Under the identification
with step graphons, this norm on V, coincides with the standard LP-norm given by

1O, )l = max ([W ], [17],)
max (([[ W (@, p)lP dedy) ", ([ |f @) d2)'") pe[1,00),

max (sup, , [W(z,y)|,sup, | f(z)[) p = oc.
That is, for any (A4, X) € R x R™*% |[(A, X) |5 = [[(Wa, fx)|lp- The symmetrized metric is
dp (W), (W 1) = _inf {max (JW — o - W, [If = o - fllp)}- (13)
Operator p-norm on V§, . Fix || - ||z a norm on R? and p € [1, 00]. We equip V;, with a norm
given by
1
4,3 gy = (3 1AL X157 (1)

where || A|op,p is the operator norm of A with respect to the £, norm, i.e.

[Allopp = max || Az,
lzllp=1

and || X || is the normalized ¢,-norms with respect to || - ||ga defined in (10). It is easy to check by
Proposition C.8 that this extends to a norm on V.

Let Ty be the shift operator of graphon W defined by Ty (f)(u) == fol W (u,v) f(v)dv. Under the
identification with step graphons, the norm on V, coincides with

W Pllop,p = max ([|Tw [lop.p: [ f1l5) »
where [|Tw [[op,p == supj g, =1 [Tw (f)l|p, and the norm on || f|[,, is the L norm as before. That is,

for any (A, X) € R2X™ x R {[(A, X)|lopp = |(Wa, £x)|lop.p- For p € [1,00), the completion

. Losym o
with respect to this metric is

Voo = {W € LP([0,1]%) : W(z,y) = W(y,2)} x {f € L*([0, 1], RT)},

the space of LP-graphon signals. We do not characterize V. for p = oo since it requires additional
technicalities. However, it contains all bounded and continuous graphon signals. The symmetrized
metric is

(W), (W' 1) = inf {max (1T = T lops 1 =0 £} (19)

Cut norm on Vg;up. We can also equip V,, with the cut norm (on matrices and vectors),

Z X

€S

1 1
14, ) [ = e (A . | X 10) = mae =5 ma iegeTA“ -

R4
(16)
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It is easy to check by Proposition C.8 that this extends to a norm on V.. Under the identification
with step graphons, this norm on V, coincides with the cut norm on graphons and graphon signals

I(W, F)ll = max (1Wl|o, I1£1lo)
/ f(@)dz ) ,
S Rd

=max sup
S.7C0,1]

where the supremum is taken over all measurable sets S, 7. The cut norm on graphon is studied
in-depth in [54]. Though hard to compute, it has strong combinatorial interpretations. Hence, it has
played an important role in the work of GNN transferability, and has been extended to the graphon
signals in [47], which we have adopted here.

W(z,y)dzdy
SxT

, sup
SC[0,1]

The symmetrized metric is
AW, 1), (W, 1) = inf {max (W —o - W|g, [If =0 f'llo)}-

It can be proved that this exactly coincides with the cut distance below, defined on graphon signals
(extending the original definition of graphon cut distance from [54], similarly to the version in [47]):

AW ).V )= inf fmax(IW =0 Wolf —o-Flo)}). A7)

where S 1) is the group of measure-preserving bijections o : [0, 1] — [0, 1] with measurable inverse.
The proof follows analogously to [8, Lemma 3.5]. Specifically, we first verify that the definitions
agree on step graphons. Then, since both definitions are continuous with respect to the cut norm
| - ||, they must also agree on the limit points.

While the cut norm is hard to work with directly, it is topologically equivalent to the operator 2-norms
considered previously on a bounded domain. This means that any function continuous with respect to
one of these norms is also continuous with respect to the other.

Proposition G.1. If |W||e < 7 and ||f]lco < T, then

W, H)lla < 1, Hllop.a S W, I
Consequently, for p € (1,00),

-|lo and || - ||, are topologically equivalent on the space

{W:[0,1]* = [—r,r] measurable, W (z,y) = W (y,z)} x {f : [0,1] = [—r,r] measurable} .
Proof. Without loss of generality, let » = 1. Consider the norm

17w llop,o0,1 = sup
11w llglloe <1

/01 /;W(“’U)f(u)g(v)dudv _

By [37, Equation 4.4], |[W g < | Tw |lop,c0,1 < 4||W||g. By [37, Lemma E.6], if |V < 1,

1/2
1T llopyoot < 1T lopz < V2ITwl|eh e 1.

Combining the inequalities,
Wl < 1 Twllop,2 < 22/2W|1H>.

Moreover, by [47, Appendix A.2], [|fllo < [l < 2[[fllo- I [ flle < 1. then [f[I3 < [f[h <
| fl]2. Combining the inequalities,

1/2
1£lla < I1£1la < 22| FII.

Therefore, we conclude that

W, H)llo < 1OV, Hllop.p < 22211(W, HIE,

as claimed. O
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G.2 Message Passing Neural Networks (MPNNs)

Background. MPNN parametrizes a sequence of functions (MPNN,, : RZX? x R7Xd1 s Rnxde)

by composition of message passing layers. The [-th message passing layerSym

MP() Rnxn x Rnxdl — Rnxn % RnXdLJrl (A X l)) (A X(l+1 )

sym sym

is given by

(l+1) d)(l) ( (l)vAggjeNi'l/}(l) (Xz(l)7Xj(l)7A”)) , i = 1’ o, (18)

where Agg is a permutation-invariant aggregation function such as sum, mean, or max; N; =
{j + Aij # 0} denotes the neighborhood of node 7 in the input graph; the message function

P R4 x R% x R — R™ and the update function ¢ : R% x R — R®%+1 are independent of the
graph size n. Composing L message-passing layers defines an MPNN, mapping (4, X)) — X (£),
Observe that MPNN is permutation-equivariant: MPNN,,(gAg ", gX) = gMPNN,, (4, X) for all

g € Sy, If we want a permutation-invariant function, this is followed by a read-out operation taking
the form of DeepSet. In this work, we focus on the equivariant case.

MPNN is a general framework for GNNs based on local message passing: [31] formulates multiple
GNNs as MPNNs with specific choices of ¢, 1, Agg; other state-of-the-art GNNs can be simulated
by MPNN on a transformed graph [38]. Moreover, ¢ and v can also be parameterized with MLPs to
provide good flexibility.

Transferability analysis of MPNNs. The following corollary gives sufficient conditions on the
layers of MPNN:Ss to obtain Lipschitz transferability.

Corollary G.2. Consider one message passing layer, (MP%)), as defined in (18), with the following
properties.

1. The message function 1)\") takes the form ) (z1, 9, w) == wé(x3), where £ : R% — RM s
L¢ Lipschitz with respect to || - ||ga,, || - ||lgn -

2. The aggregation used is the normalized sum aggregation Agg,c , ‘= % > JEN-

3. The update function ¢ is Ly Lipschitz, i.e. for all (x,y), (/,y’) € R x R,

169 (@, y) — 6V (@', )llgarsr < Lo max (o — 2’ llpars 1y — ' llgm)

Endow the space of duplication-consistent sequences with the operator p-norm as defined in (14),
where p € [1,00). Then, the sequence of maps (MPV) is locally Lipschitz transferable.

Remark G.3. That is, (MPNN,,), which is a composition of message-passing layers, is locally
Lipschitz transferable. Consequently it extends to a function MPNN , on the space of graphon
signals, which is L(r)-Lipschitz on B(0,r) for all v > 0 with respect to the symmetrized operator
p-metric defined in (15)). By Proposition G.1, the sequence of maps (MPNN,,) is continuously
transferable with respect to the cut norm (16) on B(0,r). The GNN studied in [70] is a special case
of our MPNN considered here; meanwhile, ours is a special case of [47], which directly establishes
Lipschitzness with respect to the cut distance by analysis on the graphon space. While our results are
not new, our proof technique—following Proposition 5.1—is new and generally applicable to various
models.

Proof. We decompose MP( )asa composition of the following maps, modelling each of the interme-
diate spaces using the duphcation consistent sequences endowed with compatible norms. For the
metric on the product spaces, we always use the L*° product metric, i.e., taking the maximum over
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the individual components. Consider the following three functions

f(l) R™X7 « Rnxd, —y RPX7 RnXdl ~ Rnxh;

sym sym
f(Xl;)
givenby (A4, X)— | A X, : ,
(2). X nxd X h X nxd X h
FO R x R < R™ ”—>ngnf x RPX 5 RX M

giVGIl by (AaXv YO) = (Ava 7AYO))

f(3) R™X7 « Rnxdl % Rnxhl s RPX7 R’I’Lxdl+1

Sym Sym

givenby (A4,X,Y)— (A, X),

where f(i: = gi)(l) (X;.,Y;.). Itis straightforward to check that each of them is compatible with respect
to the duplication embedding. We now check the Lipschitz transferability.

* The sequence (fn S )) is Lipschitz transferable because

f7(zl)(AaX) - f’f(Ll)(A/7 X/)

<1V LA X) - (A/’X/)”ornp'
op,p

* The sequence (fr (2 )) is locally Lipschitz transferable because we can bound its Jacobian. In
particular, the Jacobian acts on (H 4, Hx, Hy ) via

Df{P(A, X, Yo)[Ha, Hx, Hy] = (HA,HX, (AHy + HAY))
Hence, on {(A, X, Y0) : (A, X, Y0) |lop.p < T}

| DS (A, X, Yo) Ha, Hy, Hy]

op,p

1 1
< e (1l 12 5 A

< (1V2r)||(Ha,Hx, Hy)llop,p

1
Hllp+ 21 Hallns Y5

(2)

ie., s (1 V 2r) Lipschitz on this space.

* The sequence ( f,(f’)) is Lipschitz transferable because

1 - -
145904, X,¥) = S XYy = o (114 = Al | = X5

where
~ 1 " l (l
I = X115 < 53100 (i, ¥e) = 00 (X Y
1 n
< L’;E Z (X = X llgar + 1Yi: = Yillgn)®
i=1

n

41
< LB LS (X — XL, + 1Y~ VEIE,)
i=1
(by Jensen’s inequality (%£%)" < £ for all a, b)

< LR2P [(X,Y) = (X, YY)
So £ is (1V 2Ly)-Lipschitz.

Finally, apply Proposition 5.1, (MP% )) is locally Lipschitz transferable; completing the proof. [
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Following this result, we can directly apply Propositions D.4 and D.5, along with the convergence
rates described in Appendix D.3, which immediately yields the following transferability result.

Corollary G.4 (Transferability of MPNN). For MPNNs satisfying the assumptions in Corollary G.2,
we have the following transferability results.

1. (Uniform grid sampling) Let (A, X,,) € R{T x R"™*? be a sequence of graph signals

sampled from the same graphon signal (W, f) via the “uniform grid” sampling scheme,

i.e., taking (An)y; = W (=2, %) ,(Xn)i: = f(=2) foralli,j € [n]. Suppose W :

[0,1)2 — [0,1] and f : [0,1] — R® are both Lipschitz. Then,
|[MPNN,, (A, X,,)] = [MPNN,,, (A, Xo)lll2 St +m™ L.

2. (Graphon sampling) Let (A,, X,) € R™X" x R"™? pe a sequence of graph signals

sampled from the same graphon signal (VIS/E f) via the “graphon” sampling scheme, i.e.
taking (Ay)ij ~ Ber(W (zi,x;)), (Xn)i: = f (z;) forall i, j € [n], where 1, ..., x, are
sampled i.i.d. from Unif ([0, 1]). Suppose W : [0,1]2 — [0, 1] is symmetric and measurable,
and f € L>([0,1],R%). Then,

E| dy ((MPNN,,(A,, X,)], [MPNN,,, (A, X)) | < (logn) ™% 4+ (logm) /4.

The first part of the previous corollary recovers the transferability results in [70], yielding an improved
convergence rate of O(n~!) and thus strengthening the previously established bounds of O(n_l/ ).
The second part of the corollary resembles the setting considered in [41], although the random

sampling scheme used there operates at a different sparsity level, with A;; ~ Ber(a,,W (z;,z,)) and

Qp ~ l(’%. As aresult, our result is not directly comparable.

G.3 Constructing new transferable GNNs: GGNN and continuous GGNN

Background: Invariant Graph Networks (IGN). Invariant Graph Networks (IGN) [56] are a class
of GNN architectures that alternate between linear S, -equivariant layers and nonlinearities. They
follow a design paradigm that differs fundamentally from MPNNs. Specifically, a D-layer 2-IGN
parameterizes an S,,-equivariant function (R")®? — (R™)®? as a composition

WD) o )1 6o p0) o (D),

n

where for each ¢ we have the following.

« The linear maps W, : ((R7)®2)®di o Rr’xdi _y ((Rn)®2)@dis1 o Rrxdits grer S, -
equivariant. Here, d; denotes the number of feature channels. [56] provides a parameterization
of W,(f) as a linear combination of basis maps: In the special case where d; = d;11 = 1, the

linear layer Wy(f) can be written as a linear combination of 17 basis functions (two of them are
biases), where the coefficients «, 3 are the learnable parameters:

W(A) = a1 A+ as AT + asdiag(diag®(A)) + a4 A11T + o511 7T A + agdiag(Al)
+a7AT11T 4 agllT AT 4 agdiag(AT1) + ajo(1TA1)11"
+ a1 (17 Al)diag(1) + ag2(1 " diag*(A))11 " + a5(1 " diag*(A))diag(1)

+ apgdiag*(A)1 T + ajsldiag*(A) T + 1117 + Bodiag(1).
(19)
For general d;, d; 11, the number of basis terms becomes 17d;d; 1.

« The activations p) : ((R7)®2)®dis1 o R’ xdis1 _y ((R7)®2)@dis1 o R*Xdis1 gpply a
nonlinearity (e.g., ReLU) entry-wise.

To improve expressivity, [56] proposed extending the architecture to use higher-order tensors in the
intermediate layers. When the maximum tensor order is k, the architecture is referred to as a k-IGN.
While this is theoretically tractable, due to the high memory cost and implementation challenges
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associated with higher-order tensors, in practice, only k-IGNs for £ < 2 have been implemented to
the best of our knowledge. In this work, we focus exclusively on 2-IGNs.

The basis in (19) is inherently dimension-agnostic, allowing IGN to serve as an any-dimensional
neural network that parameterizes functions on inputs of arbitrary size n using a fixed set of parameters.
This feature fundamentally relies on representation stability, which is discussed in greater detail
in [50].

Incompatibility of IGN. 2-IGN is incompatible with the subspace Vglp. First, its basis functions
are not properly normalized, and therefore cannot be extended to functions on graphons. For instance,
the fourth basis function ¢4(A) = AL1T yields output entries of order O(n), and should thus be
normalized by a factor of n~!. To address this issue, [11] introduces a normalized version of 2-IGN,
defined by

m

. 1 1 1
W(A) = a1 A+ s AT + asdiag(diag(A)) + oz4EA]l]lT + a5ﬁ]l]lTA + aﬁﬁdiag(A]l)
1 1 1 1
+ar—AT11" +ag—11T A" + ag—diag(A"1) + a0— (1T A1)11 "
n n n n
1 . o o x .
+ allﬁ(]lTA]l)dmg(]l) + a1o(1 T diag*(A) 117 + ay3(1 " diag*(A))diag(1)
+ aqgdiag®(A)1 "7 + ajsldiag*(A) T + 1117 + Bodiag(1).
(20)
However, the normalized 2-IGN is still not compatible. Consider the third basis function ¢5(A) =
diag(diag™(A)). It fails to satisfy the compatibility condition:

as the left-hand side yields a diagonal matrix, while the right-hand side generally does not. In fact, all
basis maps that output diagonal matrices share this incompatibility.

Nonetheless, our Proposition 5.1 immediately provides a constructive recipe for making 2-IGN

transferable: we start from a basis for linear equivariant layers Wfli)—which is compatible under

duplication—and then select only the basis elements which have a finite operator norm as n grows.
Furthermore, we use nonlinearities pgf ) which are compatible and Lipschitz continuous. Following

this recipe, we introduce two modified versions of 2-IGN:

Generalizable Graph Neural Network (GGNN): Compatible with respect to Vg"up,
Lipschitz transferable under the co-norm.
e

Continuous GGNN: Compatible with respect to Vi, ., locally Lipschitz transferable under the
operator 2-norm, and continuously transferable under the cut-norm.

locally

We highlight that this is a general methodology for constructing transferable equivariant networks:
the framework established in [50] yields bases for compatible equivariant linear layers. We can then
select only those basis elements whose operator norms do not grow with dimension, which we have
shown yields a transferable neural network.

GGNN architecture. A D-layer GGNN parameterizes an S, -equivariant function RE T < R™ 4

4 . . .
R ¥ R"*4p defined via the composition

WP o plP™ Do 0 p o WY,

where for the following conditions hold for all 3.

« The linear map W\ : (Rexm)®di g (R?)&di — (R2XM)®di gy (R™)B%)®5 js a is S,,-

. g Sy .. Sym
equivariant and compatible with the duplication embedding.

« The functions pi) : (RX")@di g ((R™)®)®S _y (RrXn)@di gy (R™)S that are compatible

. K sym. . . sym
with respect with the duplication embedding.

Here, d and d’ are feature channels of A and X, respectively— we fix d; = dp = 1.
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For the ease of notation, we assume d; = d;+; = 1 (The general case follows analogously). The
maps W,gl), pgf ) are given by
W (4, X) = (A, (X))

17 A1 Tr(A 1
_.<a1A-+a2 > llT—+a3—g—lllT—+a4f(A11T—+11TA)
n n n

d’
. . d 1
+ as(diag(A) 1" + 1diag(A)T) + ) [aw(x;,jf +1X0) + a7,j;(]1TX:7j)1111T}
j=1
+ /11T,
17A1
n2

Tr(A)

n

164, +

1 1
X0, + ﬁ]l]lTX@g’S + EAMIS + diag(A)0, , + 10, , + m;) ,

S
P (A, (X5 ,) = (A, o (Z n‘SASXS>>
= 21)

where «, 0, 5 are learnable parameters, and o: R — R is an arbitrary L-Lipschitz entrywise nonlin-
earity.

Consider the input and output spaces as (variants of) V(?up, the duplication consistent sequences for

graph signals. The linear layer W, in (21) parameterizes all linear S,,-equivariant maps between
these two spaces that are also compatible with the duplication embedding.

The GGNN model is a modification of the 2-IGN (19) with three key differences. Firstly, we treat the
adjacency matrix and node features separately so that each layer has a graph and a signal component.
Moreover, we explicitly require the matrix component to be symmetric. Secondly, we impose the
compatibility with respect to the duplication embedding on the linear layers. This leads to both
proper normalization of each basis function and a reduction in the total number of basis functions. In
particular, all basis functions that output a diagonal matrix are removed. Thirdly, for the nonlinearity
Pn, instead of the entrywise nonlinearity used in IGN, we adopt a message-passing-like nonlinearity.
The form of the nonlinearity mirrors the GNN model studied in [70]. Particularly, in (21), if we set all
the o’s to 0 except a; = 1, and all the §’s to 0 except O ,, then we exactly recover the transferable
GNN in [70].Therefore, our model is at least as expressive as the GNN in [70].

Transferability analysis of GGNN. Even though we only impose compatibility by design, we
can still prove that GGNN is Lipschitz transferable with respect to some norm. Albeit this norm is
arguably too weak.

Corollary G.5. Consider one layer of GGNN, (GGNN,, (A, X) = psf) o Wy(f)), as defined in (21),
where the entrywise nonlinearity o is L.-Lipschitz. Endow the space of duplication-consistent
sequences with the co-norm as defined in (12) (with respect to || - ||o 0n R4 ). Then, the sequence of
maps (GGNN,,) is locally Lipschitz transferable. Consequently, (GGNN,,) extends to a function
GGNN, on the space of graphon signals, which is L(r)-Lipschitz on B(0, ) with respect to the
symmetrized metric defined in (13) with p = oc.

Proof. The sequence of linear maps (Wy)) in (21) is Lipschitz transferable because

d;
Wi lop < maX{lml + laz| + |as] + 2|au] + 2las| + Y (lag 4] + laz,)),

j=1

H@LSHOD,LI + ||@2,S| op,1,1 T Hel,snoo + ||92,8||oo + ||93,8||oo + ||94,8||00}>

where ||O||op,1,1 = max; Y, |0k, ;| is the max £, norm of a column.
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For the nonlinearity (pgf )), we consider its Fréchet derivative (since all norms are equivalent in

finite-dimensional vector spaces, this is independent of the norm chosen):

S s—1
Dp (A, Xo,...,Xs)[H, Hy, ..., Hg] = (HZn_ (ZAkHAS—l—’f.XS +ASHS>> .
s=0

k=0
Hence,

||Dpn (A, Xo,...,Xs)[H, Ho,...,Hsl||co

S s—1
< max (IIle,Z <Z AN I floo | X sl 0 + IIAII‘Zollelloo))
s=0 \k=0
S
< max <||H|OO,ZS7“S||H|OO + r5||HS||oo>
s=0
S
< <”Z<srs+r8>) CH. Ho..... Ho)
s=0

=:L(r)

Therefore, for all n, pff ) is L, L(r)-Lipschitz on the set
B,(0,7) ={(A4, Xq,..., Xs) : |1A, X0, ..., X5|loo <7}

Applying Proposition 5.1, the sequence of maps (GGNN,,) is locally Lipschitz transferable, where
the extension GGNNy, is (Lo L(||Wh|lop™) || W ||op)-Lipschitz on the set

B(0,r) ={(W, f) : [(W, f)llec <7}
O

Continuous GGNN architecture. We aim to further restrict GGNN to construct a model that is
transferable with respect to the cut norm. By Proposition G.1, we consider endowing the consistent
sequence with the operator 2-norm, which is easier to analyze. The Continuous GGNN is a variant

of GGNN with an additional constraint on the linear layers Wff), requiring them to have bounded

operator norm: ||W,||op < 0o (with respect to the operator 2-norm). This constraint effectively leads
to a further reduction in the set of basis functions:

-
A]l]l]lT+ oy — (A]l]lT+]l]1TA)

W (A, X) = (A (X)) = <01A+a2

k
1
+Z[a6jx 1T+ 11X +or = (]lTX:J)ILILT], (22)

J=1
1 1 1T A1
X0+ -11"X0,, + —A16] , + les),
n n ? n ’

Therefore, the hypothesis class of continuous GGNN forms a strict subset of that of GGNN, with the
additional constraint enabling improved transferability. Meanwhile, for the same reasons outlined for
GGNN, the continuous GGNN is also at least as expressive as the GNN proposed in [70]. We use
(¢cGGNN,,) to denote the sequence of functions of continuous GGNN.

Transferability analysis of Continuous GGNN.

Corollary G.6. Consider one layer of the continuous GGNN, (cGGNN,, (A4, X) = p£f VoWl ))
defined in (22), where the entrywise nonlinearity o is L,-Lipschitz. Endow the space of dupllcatton-

consistent sequences with the operator 2-norm as defined in (14) (with respect to || - || oo 01 RY),
Then, the sequence of maps (cCGGNN,,) is locally Lipschitz transferable. Therefore, (cGGNN,,)
extends to a function cGGNN, on the space of graphon signals, which is L(r)-Lipschitz on B(0, 1)
with respect to the symmetrized operator 2-metric defined in (15) with p = 2.
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Remark G.7. By Proposition G.1, the sequence of maps (cGGNN,,) is continuously transferable
with respect to the cut distance (17) on the space

LW ) N, P)llop,2 < 75 (W [loos [[ flloo < 7}

Moreover, for the convergence and transferability results stated in Proposition D.4,D.5, one can
additionally obtain quantitative rates of convergence with respect to the cut distance.

Proof. First, by construction, the sequence of maps (Wr(f)) is Lipschitz transferable because
d
1WA lop < max { Jaa| + laz| + 2laa] + D (e | + laz,l)

j=1

11,5 llop,1 + 1192,5llop,1 + [|01,5]loc + ||94,s||oo} < oo,

For the nonlinearity ( pg )), the action of its Jacobian yields

S s—1
Dp\D(A, Xy, ..., Xs)[H, Hy, ..., Hg] = (H,Zn_s (ZAkHAS—l—k.XS +ASHS>> .
s=0 k=0

Hence,

IDpD (A, X, ..., Xs)[H, Ho, ..., Hs]|lop.2

S s—1 s—1
_ [AlSp 2 [|Hlop,2 [ All5p 2
S S o

s=0 \k=0
s
H
< max (n_1||H||Op,2,Zsrs . M# + TSHS2>
s=0

S
< <1 V Z (STS + rs)> H(Hv HO? s aHS)HOP~,2'
s=0

=:L(r)

Therefore, for all n, pg ) is L, L(r)-Lipschitz on the set

{(A, Xo,...,Xs) : |14, X0, ..., Xs|lop2 < 7T}.

Applying Proposition 5.1, the sequence of maps (f,,) is locally Lipschitz transferable, where the
extension cGGNN, is (Lo L(||Wh|lop™) || W ||op)-Lipschitz on the set

B(0,7) ={(W, f) : [(W, H)llop.2 <7}
O

We can directly apply Propositions D.4 and D.5, together with the convergence rates established in
Appendix D.3. This leads to transferability results for continuous GGNNss that are exactly the same
as those for MPNN:gs, as stated in Corollary G.4.

Related work on IGN transferability. We discuss two closely related works, [11] and [35], that
address the transferability of IGNs. Interpreting their results within our theoretical framework offers
a better understanding of IGN transferability. As shown in our work, the normalized 2-IGN is not
compatible with the duplication-consistent subspace V(Cfup, and thus fails to satisfy the convergence
and transferability in Proposition 3.2. At first glance, this observation may seem to contradict [11,
Theorem 2]. However, this is not the case. While [11] introduces cIGN, a “graphon analogue of IGN,”
and proves its continuity in the graphon space, it is crucial to note that the discrete IGN does not
extend to cIGN in general:

IGN,, (A, X)) # cIGN([An], [Xn]).
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Therefore, the convergence of cIGN established in Theorem 2 of [11] does not imply the convergence
or transferability of the finite-dimensional IGN model. Moreover, [11, Definition 6] introduces a
constraint that resembles our compatibility condition, formulated through a restricted variant termed
“IGN-small.” Our definition of compatibility clarifies this notion and enables explicit constructions
and practical implementations of compatible, transferable versions of IGNs.

In a more recent work, [35] adopts an approach similar to ours by imposing additional constraints on
the linear layers of IGN, specifically requiring them to have bounded operator norm. This leads to
the Invariant Graphon Network (IWN) model. Unlike our construction, IWN retains standard point-
wise nonlinearities. As shown in [35, Proposition 5.5], it is precisely these point-wise nonlinearity
layers that cause IWN to be discontinuous with respect to the cut norm, rendering it generally
non-transferable in our setting. Interestingly, [35, Appendix G.4] observes that under suitable
assumptions, IWN restricted to the space of simple-graph inputs (i.e., adjacency matrices with 0/1
entries) is Lipschitz continuous with respect to the cut norm and hence admit Lipschitz extensions.
This implies convergence and transferability of IWN specifically under the “graphon sampling”
scheme, where edges are Bernoulli-randomized. However, the limit of this convergence result does
not align with the behavior on weighted graphs (i.e., adjacency matrices with non-binary entries). This
discrepancy highlights the cost of lacking cut-norm continuity over the full space. This phenomenon
may also explain Figure 4(c) in our GGNN experiments, where outputs on graphs sampled from the
Erd6s—Rényi model appear to converge (with diminishing error bars), yet to a different limit than
those on the corresponding fully connected weighted graphs derived from the same graphon.

In the case of 2-IGN, our continuous cGGNN model provides a remedy for the lack of cut-norm
continuity by replacing point-wise nonlinearities with message-passing-style operators, thereby
ensuring Lipschitz continuity with respect to the cut norm and circumventing the issue. However,
our construction is currently limited to 2-IGN and does not generalize to higher-order k-IGNs. As
noted in [35, Section 5.1], cut-norm discontinuity is inherent to the k-WL hierarchy and is likely
unavoidable for all higher-order GNNs with better expressivity.

Remarks on expressive power. The expressive power of GNNs has been widely studied in terms
of their ability to distinguish non-isomorphic graphs, where a GNN is said to be k-WL expressive
if it is as powerful as k-WL testing [36]. While this work does not explore expressivity, we note
that the standard k-WL expressivity is not appropriate for studying the expressive power of graphon-
compatible GNNs (i.e., GNNs that are compatible with the duplication-consistent sequence and thus
extend to graphon space). This is because different-sized graphs corresponding to the same step
graphon are always distinguishable by WL, but are considered equivalent by any graphon-compatible
GNN. Instead, it is necessary to consider a variant of k-WL specifically designed for graphons [7, 35].

H Example 3 (point clouds): details and missing proofs from Section 5.3

In this appendix, we study the transferability of two any-dimensional architectures for point clouds.
We start by presenting the consistent sequences we consider. Then, in Section H.2 we study the DS-CI
model proposed in [5], which is known to be very expressive but computationally expensive. Finally,
in Section H.3, we introduce a novel architecture that turns out to be much cheaper to compute.

H.1 Duplication consistent sequence for point clouds

The duplication consistent sequence for point clouds Vdpup = {(Vn), (¢n.n), (G)} is defined as

follows. The index set is again N = (N, - | -). For each n, the vector spaces are V,, = R"*¥, with the
group G,, = S,, X O(k) acting on V,, by

(g,h)- X =gXh'.
For any n | N, the embedding is given by,
P RV oy RVXK
X = X®1y/p,
and the group embedding is
ONn: Sn x O(k) = Sy x O(k)
(9:h) = (9@ Inyn, h).
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Analogous to the case of sets, we can identify each matrix X € R™** with a step function fy :
[0, 1] — RF, thereby interpreting V,, as the space of step functions with discontinuities at rational
points Q. We also view the orbit of X as an empirical probability measure 2 37 | §x, . Equivalently,
this identifies the orbit of a step function f € V,, with uy = Law(f(T")) where T' ~ Unif([0, 1].

The orthogonal group O(k) acts on probability measures via push-forward: for g € O(k) and a
measure i, the action is given by g - u = g# i, where g% i(B) = u(g~1(B)) for all measurable
sets B C IR*. The orbit space of V. can be identified with the orbit space of empirical probability
measures on R* under the action of O(k).

Norm on V. Consider Buclidean norm || - || on R* which corresponds to the inner product
preserved by elements of O(k). We equip each V,, with the normalized ¢,, norm:

n 1/
X5 = (5 iy 1Xal5) ™ pe(i,00)
p n _
maxy_ [| X2 p =00

By Proposition C.8, it is straightforward to verify that this norm extends naturally to V., and that the
limit space in this case can be identified with V, = LP([0, 1]; R¥) of functions f: [0, 1] — R* with

1/
nom | = (Jy I17®) B dt) " < oo.

Analogous to the case of sets, the corresponding space of orbit closures can be identified with
the space of orbit closures of probability measures on R¥ (with finite p-th moments) under the
O(k)-actions. The symmetrized metric is given by:

dp(f,9) = inf Wy(g-pus,pg) for f,g €V, (23)
ge0(k)

where W, is the Wasserstein p-distance with respect to the £>-norm on R¥.

H.2 DeepSet for Conjugation Invariance (DS-CI)
The DS-CI model [5] is given by
DS-CIL, : R™** 5 R

V — MLP, <DeepSet(1) ({ff(VVT)}jzl n) ’
DeepSet ) ({ft?(VVT)}zzl,“.,n(nfl)ﬂ) ’
MLP 3 (f*(VVT)))7

where for symmetric matrix X € R{(", the invariant features are given by f;i(X ) = the j-th largest

of the numbers X1, . .., Xy, by f7(X) = the ¢-th largest of the numbers X;;,1 <14 < j <n, and
by f1(X) =32, XuXij.

We define normalized DS-CI with appropriate normalization: replacing DeepSet ;), DeepSety)
with their normalized version (i.e. replacing the sum aggregation with the mean aggregation), and
replacing f*(X) with f*(X) = ﬁ > iz; XiiXij. We denote the sequence of functions of

normalized DS-CI by (DS-CI,,).

Transferability analysis of normalized DS-CI. Normalized DS-CI is not compatible with respect
to Vfup. To see this, observe that under duplication, we have

(Ve Lym)(V&Inm) =V S nmlim),
Therefore, diagonal elements of V'V T become off-diagonal elements in (VV ") @ (Ly/, 1} /n), o)

DeepSet o) ({17 ((V & L) (V @ L) )11 7%) # DeenSety ({72VV D).

FVRInm)(VRLny) ') # A (VVT).
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However, we can make some additional adjustments to ensure compatibility: we define the compatible
DS-CI by modifying the inputs of DeepSet ) to be {f(VV ) hi=i. 2, where f{(X) denotes the

[-th largest value among the entries X;; for 1 <4, 7 < n. Additionally, we replace f*(X) with
e 1
(2]

We denote the sequence of functions of compatible DS-CI by (C-DS-CI,,). We prove that this model
is locally Lipschitz transferable.

Corollary H.1. Endow Vfup with the normalized €, norm with p € [1,00]. Assume that all activation

Sfunctions in the MLPs used for DS-CI are Lipschitz. Then the sequence of maps (C-DS-CIL,,) is
Lipschitz transferable on the space {f : || f|lco < 7} forall r > 0.

Proof. By Proposition 5.1, it is sufficient to verify the compatibility and Lipschitz continuity of each
individual layer.

* The sequence of maps
®™E - 1lp) = ®™, |- [lp),  V + diag"(VV'T)
is (2r)-Lipschitz transferable. Indeed, it is S, -equivariant, O(k)-invariant, and

diag® (V@ 1n)(V @ L) ") = diag” (VV") ® (L,n1,,,))
= diag"(VV") @ 1,

n 1/p
- I 1
|diag* (VV'T) — diag"(WW )| = (nZ!IIW:H% - IIWi;IS\p>

i=1

=1

1/p
Z |<‘/l - Wi:7 sz + Wz>|p)

Il
VR
S|
i s

1/p

3|~
3

< < D Vi =Wl - (27“)”>
i=1
(by Cauchy-Schwarz)
=2r[|V = W5,

for V, W satisfying | V|co = max; ||Vi:||2 < 7, ||[W]|eo = max; |[W.|l2 < r.
 The sequence of maps
nxk n? T
R - Mlp) = (RS [ [lp), V= vec(VV )

is (2r)-Lipschitz transferable, where the codomain is equipped with a consistent sequence

structure as follows: for g € S,,, define 7(g) = g" ® g € S,2, and let g act on RY by
g - = m(g)z. The symmetric groups (S,,) are embedded into each other as usual, and the

vector spaces are embedded by @y, p R™ — R™™)* where
©Onm.n(x) = vec(reshape,, (z) ® 1,,1,.),

and reshape,, : R™* — R™™ is the inverse of vec on n x n matrices. Since these are all linear
maps, SO is P n. We then have for all V € R"** g € S, h € O(k) that

vee (V@ 1Ly,)(V@Ly) ) =vee (VV")® (Lnl,,)) = @nmn(vec(VV ),
vec ((thT)(thT)T) =vec(gVVTg") = 7(g)vec(VVT).

50



Furthermore,

1/p
Irec(VYT) = vee(WIWT) = | 2 37 1(Vi Vi = (Wee W)l

’ 1/p
< % D ((Vies Vi = Wil (Vi = Wi, W) )?

J )
< [ o o2 Vi~ W Vi — W)

(Using (a + b)P < 2P~1(aP + bP) and Cauchy-Schwarz)

=2r[|V =Wz,

for V, W satisfying | V|| = max; ||Vi.||2 < 7, [|[W]|eo = max; |[W;.|l2 < r.

* The scalar maps
R p) = R[], Vs (VYT

is (473)-Lipschitz transferable. Indeed, it is S,, x O(k) invariant and

F(Vel,)(Vel,)')=Ffwvvh,

Fovh—fFwwrh)

IN

1
3 2 Vi VilIVA I3 = (Wi, W) W 3]
sJ

1
< ;Z [{Vies Vi) = (Wae, Wid | Vi3 + (Wi, W) | IVl 13— [1Wi|I3]
i
<4r*|V - W]t (by the previous two computations)
< 4P|V =W,

for V, W satisfying | V|| oo = max; ||Vi.||2 < 7, [|[W]|eo = max; ||[W|l2 < r.

« If the activation functions used are Lipschitz, then MLPs are Lipschitz. By Corollary F.4, the
normalized DeepSet is Lipschitz transferable, assuming the constituent MLPs are Lipschitz.

Thus, our compatible DS-CI architecture is a composition of Lipschitz layers. O

Finally, we conclude that the normalized DS-CI is “approximately transferable” since it is asymptoti-
cally equivalent to the compatible DS-CI up to an error of O(n~1).

Lemma H.2. [fthe activations in all the MLPs used are Lipschitz, then for any sequence of inputs
V) ¢ Rk, | C-DS-CL, (V™) — DS-CL, (V)| = O(n~1)

Proof. Assume for x € R", DeepSet o (z) = o(L 3, p(x;)), and o, p are L,, L, Lipschitz respec-
tively. Then, we have

Fvh = wvT

(n(nl_l) - n12> SV V (VYT ]+ % dwvhi=0mn)

i#] %

IN
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and, moreover,

‘DeepSet(z) ({fl?(VVT)}5:1,...,n(n—1)/2) — DeepSet ) ({f;(VVT)}e:L...,M) ‘

< Lo | (g~ ) IOV 25 IV ] | =067

n—1 —
i#]
Since every layer is Lipschitz, this leads to an overall error of O(n™1). O

Following the analysis above, we can directly apply Propositions D.4 and D.5, together with the
convergence rates established in Appendix D.3. Moreover, observe that the O(n~1!) discrepancy
between normalized DS-CI and compatible DS-CI is dominated by the convergence rate of interest.
This immediately yields the following transferability result.

Corollary H.3 (Transferability of normalized DS-CI). Let (X,,) € R™** be a sequence of matrices
sampled from the same underlying distribution ;i € P3(RF) with bounded support in the following
way: first, sample Y,, € R™*F with rows drawn i.i.d. from . Then, let G € O(k) be a (random or
deterministic) rotation matrix, sampled independently of Y,,, and define X,, =Y, G. Then,

E [|DS-CL,(X,,) — DS-CL, (X,n) ]

n~1/2 4 p-1/2 ifk=1,
< nH2log(14n) +m~2log(1+m) ifk =2,
n~Vk 4 gp-1/k ifk > 2.

H.3 Constructing new transferable models: SVD-DS
We propose the SVD-DS model defined as follows:
SVD-DS,, : R"™** - R, X s DeepSet,, (XV),

where X = UDV'T is the singular value decomposition (SVD) for X with ordered singular values.
We proceed to show that it is locally transferable almost everywhere on its domain, and that its
performance is competitive with DS-CI while being more computationally efficient.

Transferability analysis of SVD-DS. We extend the SVD to elements in the limit space V., =
L?([0,1], R¥) and analyze its continuity, yielding the following transferability result. Recall our
definition of locally Lipschitz transferable at a point in Appendix D.1.

Corollary H4. Endow the duplication consistent sequences with the normalized {5 norm induced by
| - l2 on R*. Observe that

1< vy
Xlz={=-> X153 =—=IX]|p.
XI5 (n;n ) —=I1Xllr

where || - || denotes the Frobenius norm of a matrix. Then, the sequence of maps (SVD-DS,,)
is compatible and locally Lipschitz transferable at every point except for a set of measure zero,
corresponding to points with non-distinct singular values.

Remark H.5. This transferability result is weaker than the “L(r)-locally Lipschitz transferability”
defined in Definition 3.1, since our model may be discontinuous at points with non-distinct singular
values. Therefore, in this case our transferability results in Propositions D.4 and D.5 only apply to
sequences (x,,) converging to a limit € V., with distinct singular values.

Proof. Decompose SVD-DS,, as the composition

X—XV

Vcligup = {RnXk} 22V U= {Rnxk} M}

VR7

where Vp, is the trivial consistent sequence over R, and the consistent sequence U consists of vector
spaces U,, = R"** under the duplication embedding ®1. The group S,, x O(k) acts on U,, by
(g,h) - X = gX, i.e., the action of O(k) is trivial. By Corollary F.4, the normalized DeepSet map
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is Lipschitz transferable, assuming the constituent MLPs are Lipschitz. It remains to show that the
SVD-based map X — XV extends to a function that is locally Lipschitz at every point with distinct
singular values. We show this in Proposition H.7 below after extending the SVD to all of V, and
considering its ambiguities. O

Following the analysis above, we can directly apply Propositions D.4 and D.5, together with the
convergence rates established in Appendix D.3. These results immediately yield a transferability
result for SVD-DS.

Corollary H.6 (Transferability of SVD-DS). Let (X,,) € R"** be a sequence of matrices sampled
from the same underlying distribution ;1 € Py(RF) in the following way: First, sample Y,, € R"**
with rows drawn i.i.d. from p. Then, let G € O(k) be a (random or deterministic) rotation matrix,
sampled independently of Y,,, and define X,, = Y,,G. Suppose the second moment E,,.. ﬂ:ch € Rkxk
of u has k distinct eigenvalues, then

E [|SVD-DS,,(X,,) — SVD-DS,,(X)|]

nol/4 4o 1/4 ifk <4,
< n—1/4 log1/2(1 +n) +m-1/4 log1/2(1 +m) ifk =4,
n—k Lo =1/k ifk > 4.

Note that the functional SVD is locally Lipschitz only at points where the singular values are distinct.
This motivates our assumption on the distribution p in the Corollary. To see this, observe that
when n > k, the singular values of X,, are the same as those of Y,,, and are the square roots of
the eigenvalues of YnTYn = 2?21 xzxtT , where z; are the rows of Y,,, sampled i.i.d. from p. The
functional singular values of X, (i.e. ﬁ of the usual matrix singular values) is then L 3" | z;2[.

By the law of large numbers, each entry of this matrix converges almost surely:

1 n
< E xw?) 22 Y for all m, n € [K],
n
i=1

mn

where ¥ = E,. [z "] is the second-moment of y. It follows from Weyl’s theorem that each
eigenvalue converges almost surely to those of >:

1 « 1 «
=1 =1

Therefore, if X has distinct eigenvalues, then with probability one, the empirical matrix has distinct
eigenvalues for all sufficiently large n, ensuring that the functional SVD is locally Lipschitz at this
point.

< % 0forall j € [K].

2

Functional SVD and its local Lipschitz continuity. We can identify the space V., = L2([0, 1], R¥)
with £(L?([0, 1]), R¥), the space of bounded linear maps L2([0, 1]) — R¥ endowed with the Hilbert-
Schmidt norm || - ||s. In more detail, each X € L2([0, 1], R¥) can be written as a sequence
of rows X = (fi,...,fx)" where fi € L?([0,1]), and such X defines the bounded linear map
Xf = ({fi,f)s- s {fr, f))T. Conversely, any bounded linear map X : L2([0,1]) — R* is of
the form X f = ((f1,f),...,{fx, f))T for some f1,..., fr € L%([0,1]) which we view as the
columns of X, and || X||%,4 = Zle || f:]|3. Here V;, = R™* is viewed as the subspace of V., with
piecewise-constant columns f; on consecutive intervals of length 1/n.

Note that X vanishes identically on V;, = span{fi,..., fr}*, while X : V}, — R* is a linear map
between finite-dimensional vector spaces and therefore admits a singular value decomposition. Thus,
there exists positive numbers o € R’;O, orthonormal vy, ...,v; € R¥, and orthonormal functions

u1, ..., ux € L2([0,1]) satisfying
k
X = oi(ui, v (24)
i=1

If X € R"*F and X = Zle 5;1;9; , is the usual SVD of X, then o; = &;//n, v; = ¥;, and
ui(t) = /N[ty is the functional SVD of X as in (24). Conversely, if (24) is the functional SVD
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of such an X then X = Zle(ozﬁ)([uz(]/n)]le/\/ﬁ)v;r is the usual SVD of X. Note that the
right singular vectors V' are the same in both SVDs.

If for any X € V;, we let o(X) be its (functional) singular values from (24) and &(X) be its usual
singular values, then

k k
IXIB = TIXIE = - 3 6:(X)” = Y o(x)? es)
=1 =1
and by Mirsky’s inequality [61],
() = oVl = =) = (V) € S=|X = V]r =X~ VI3 @6)
Furthermore, whenever V' € R¥** and X € V,, we have
XVl = Z=IXVIe < = WVIraa(X) = [V por (X). @7)

Note that the final bounds in all of the above inequalities are independent of n, conﬁluous in| |,
and hold for all X € V.. We therefore conclude that they also hold for all X € Vo, with || - ||5
replaced with || - || g s.

There is an ambiguity in the above decomposition, since if (u;), (v;) satisfy (24) then so do
(siu;), (s;v;) for any choice of signs s; € {£1}. Furthermore, if the singular values (o;) are
distinct then this is the only ambiguity in (24), see [13]. To disambiguate the SVD, we therefore
choose signs so that v; > —wv; in lexicographic order. When the entries of the v; are all nonzero, this

amounts to requiring the first row of V' = [vy, ..., v;] to be positive. We proceed to prove that the
map X — V(X) = [v1,...,vx] with this choice of signs is locally Lipschitz continuous on a dense
subset of V.

Proposition H.7. Fix X, € V. with distinct singular values and all-nonzero entries in its right
singular vectors (v;). Let gap,(Xo) = ming<;<x{0i—1(Xo0)? — 0:(X0)?} be the minimum gap
between p-th powers of (functional) singular values of Xy, and set
8(201(X 1
B(Xo):\[( o1(Xo) + ) 28)
gapy(Xo)

For any X e Vo satisfying

gap; (Xo) A 1 min |[v;(Xo)l;,

Xo— X|las <1
| Xo s 1A N 2B(X) 1<ij<k

the following two hold true.

1. The matrix X has distinct singular values, and all nonzero entries of v;(X) have the same sign

as those of v;(Xo).
2. We have R R
|V (Xo) = V(X)|lr < EB(Xo)||Xo — X us, (29)
and PR N
[XoV(Xo) — XV(X)|lus < (ko1(Xo)B(Xo) + 1)[|Xo — X|[us- (30)

Proof. We start by establishing the first claim. If || Xy — X las < %\;?O), then forany 2 < i < k
we have by

-~ ~ ~ -~

O'i_l(X) — O'i(X) = O'i_l(X) — Ui—l(XO) + Ui_1(X0) — O'i(XO) + O'i(Xo) — Ul(X)

k
> (05-1(Xo) = 04(X0)) = Y |o3(X) — 03(Xo)|
i=1
> gap, (Xo) — VE[lo(X0) — o(X)]l2 (Cauchy-Schwarz)
X
> %(O) > 0. (Mirsky’s inequality (26))
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Thus, X has distinct singular values.
Let gap,(Xo) = mina<;<x{5i—1(Xo)? — 7i(Xo)"} be the minimum gap between p-th powers of
(usual) singular values of Xg. For X, X e Vi, the result [90, Thm. 4] shows that for each ¢ € [k]

min} v (X0) — s - vs(X)]|2

se{£1

_ VB(261(Xo) +61(Xo — X)) Xo — X]Ir

- gap,(Xo)

 VBn(201(Xo) + 01(Xo — X)) Xo — X||r o _

- naapa (o) (since ;(X) = 0;(X)/n)
V8(201(Xo) + 01(Xo — X))|| X0 — X||5 .

_ ( 0'1( 0) g;l()z((;(o) ))H 0 H2 (since ||XH§ _ ||X||F/\/ﬁ)
V8(201(Xo) + |1 X0 — X|5)[1 X0 — Xl 2 9k 2

< () (by (25). 01(X)? < |IX[2 = TE, 03(X)?)

gap,(Xo)

= B(Xo)[|[ X0 — X5

The final bound is independent of n and hence applies on all of V.. It is also continuous in || - |5 on
the dense subset of V,, consisting of operators with distinct singular values, so taking closures we

conclude that this bound applies for any X, X € V,, such that gap,(Xo) > 0. Combining the last
line above with our bound on || X — X

5, we get

Jin[i(Xo)ly] -
~ (31)
Thus, the sign s achieving the above minimum is the one making all entries of v;(X ) have the same

sign as those of v;(Xj). Since the first entries of v;(X) and of v;(X) are positive, we conclude that
s = 1 achieves the above minimum.

~ 1
min  max |[v;(Xo)]; —s- [vl-(X)]j’ < min ‘ 54
2

se{£1} 1<<k se{+1}

vi(XO)fsmi()?)H <

To prove the second claim, we combine the bounds above, which yields

k
IV(Xo) = VR) e < 3 0:(Xo) = v (B

k
= i i(Xo) — s - vi(X
>z, los(Xo) = 5 (Kl
< kB(Xo)|[ Xo — X||us,
as claimed. Finally, applying the triangle inequality gives
X0V (Xo) = XV(X) 15 < 1Xo0(V(X0) = V(X)) s + 1(Xo = X)V(X)|rs
< kB(Xo)o1(Xo)||Xo — X|lus + [ Xo = X|lus,  (by 7))
yielding the last claim. O

SVD-DS is computationally more efficient than DS-CI. When k& < n (for example, for us k = 2
or 3), to evaluate SVD-DS on a given input of size n x k, we need to compute its SVD—which takes
O(nk?) flops [32, Section 8.6]—and then evaluate DeepSet on the output, which takes O(nC'(k))
where C(k) is the cost of evaluating the involved fixed-size MLPs taking inputs of size k. Moreover,
during training, we can compute the SVD of the dataset once in advance. In contrast, for DS-CI we
need to form V'V T at a cost of O(n?k), and this needs to be differentiated through during training.
After forming VVT, we evaluate normalized DeepSets on its entries at a cost of O(nQ). Thus,
SVD-DS is much faster to train and deploy than DS-CI.
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Transferability plots. The numerical experiments illustrating the transferability of SVD-DS and
normalized and compatible DS-CI is shown in Figure 6.

0.29
Normalized DS-CI
(approximately transferable)
—0.090 028 Compatible DS-CI
(transferable)
- —0.27
2 0092{e— " T T =
= <
= 026 .
—0.094
0.25
—0.096
10! 10% 10° 10! 10% 10
Pointcloud size n Pointcloud size n
(a) Normalized SVD-DS (b) Normalized DS-CI
(transferable) (approximately transferable) and

Compatible DS-CI
(transferable) [5]

Figure 6: Transferability of invariant models on point clouds with respect to (V5. || - ||lz). The plot shows
outputs of untrained, randomly initialized models for a sequence of point clouds X,, € R™**, where each point
is sampled i.i.d. from A (0, I1,). The error bars extend from the mean to + one standard deviation over 100
random samples. The figure shows that transferable models generate convergent outputs. Figure (b) shows the
asymptotic equivalence between the normalized DS-CI and compatible DS-CI as proved in Lemma H.2.

I Size generalization experiments: details from Section 6

In this section, we provide details of our size generalization experiments. All experiments were
implemented using the PyTorch framework and trained on a single NVIDIA A5000 GPU. Specific
training and model configurations are provided in the descriptions of the individual experiments.
For all experiments, the training dataset consists of inputs with a fixed, small dimension 7;4i,. For
evaluation, we use a series of test datasets where the input dimension nq.g is progressively larger
than n¢pain.

I.1 Size generalization on sets

We consider two any-dimensional learning tasks on sets, where the target functions have different
properties, so that different models are expected to perform better. In both experiments, we compare
the size generalization of three models: DeepSet, normalized DeepSet, and PointNet as analyzed in
Appendix F.2. The maps o and p in the model are parametrized by three fully connected layers with
a hidden dimension of 50 and ReL.U activation functions. Training was performed by minimizing
the MSE loss using AdamW with an initial learning rate of 0.001 and a weight decay of 0.1. The
learning rate was halved if the validation loss did not improve for 50 consecutive epochs. Each model
was trained for 1000 epochs, with each run taking less than three minutes to complete.

I.1.1 Experiment 1: Population statistics

We adopt the experimental setup from [91, Section 4.1.1], which comprises four distinct tasks on
population statistics. In all four tasks, the datasets consist of sets where each set contains i.i.d.
samples from a distribution p, where p itself is sampled from a parameterized distribution family.
The objective is to learn either the entropy or the mutual information of the distribution p.

While the original experiment in [91] focused on training and testing with set Sizes Nirain = Ntest =
[300, 500], we instead evaluate size generalization. During the training stage, the dataset consists of
N = 2048 sets, each of size nt,ain = 500. This dataset is randomly split into training, validation,
and test data with proportions 50%, 25%, and 25%, respectively. During the evaluation stage, the
trained model is tested on a sequence of datasets with set sizes nest € {500, 1000, 1500, . . . , 4500},
each consisting of N = 512 sets. The descriptions of the four tasks, as originally presented in [91],
are provided below:
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Rotation: Generate N datasets of size M from (0, R(a)XR(«)T) for random ¥ and « € [0, 7].
The goal is to learn the marginal entropy of the first dimension.

Correlation: Generate sets from N (0, [Z, a¥; aX, X]) for random ¥ and o € (—1,1). The goal
is to learn the mutual information between the first 16 and last 16 dimensions.

Rank 1: Generate sets from N (0, I + AvvT) for random v € R3? and A € (0,1). The goal is to
learn the mutual information.

Random: Generate sets from A/ (0, ) for random 32 x 32 covariance matrices 3. The goal is to
learn the mutual information.

For all tasks, the target functions are scalar functions on the underlying probability measure p, and
are continuous with respect to the Wasserstein p-distance. Based on Appendix F.2.1, normalized
DeepSet is well-aligned with the task from a continuity perspective and PointNet aligns from a
compatibility perspective, while unnormalized DeepSet lacks alignment altogether. The results are
summarized in Figure 7, showing that stronger task-model alignment improves both in-distribution
and size-generalization performance.
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Figure 7: Size generalization for population statistics experiment. All models are trained on set size Mrain = 500
and tested on set sizes nese € {500, 1000, ...,4500}. Top: MSE (log scale) vs. test set size. The solid line
denotes the mean, and the error bars extend from the minimum to the maximum test MSE over 10 randomly
initialized trainings. Normalized DeepSet performs better than PointNet, which in turn outperforms DeepSet.
Middle: Test-set predictions of the three models vs. ground truth for ntest = Mtrain = 500. All models perform
similarly. Bottom: Test-set predictions vs. ground truth for ness = 4500 >> Nirain = 500. DeepSet has
blown-up outputs due to scaling. Normalized DeepSet outperforms PointNet in Task 3.

I.1.2 Experiment 2: Maximal distance from the origin

We consider the following data and task: each dataset consists of sets where each set contains n
two-dimensional points sampled as follows. First, a center is sampled from N (0, I3) and a radius
is sampled from Unif([0, 1]), which together define a circle. The set then consists of n points
sampled uniformly along the circumference. The goal is to learn the maximum Euclidean norm
among the points in each set. Equivalently, our goal is to learn the so-called Hausdorff distance
du ({0}, X) = sup,cx ||z||; see (11). Hence, the target function depends only on the support of the
point cloud and is continuous with respect to the Hausdorff distance.
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Once more, we evaluate size generalization. During the training stage, the dataset consists of
N = 5000 sets, each of size n¢rain = 20. The dataset is randomly split into training, validation, and
test data with proportions 80%, 10%, and 10%, respectively. During the evaluation stage, the trained
model is tested on a sequence of datasets with set sizes nesy € {20, 40, ..., 200}, each consisting of
N = 1000 sets. For this task, PointNet aligns from a continuity perspective, normalized DeepSet
from a compatibility perspective, and DeepSet does not align with the learning task. The results are
summarized in Figure 8, showing that the model performance improves with task-model alignment.

Model outputs on set-size 1o = 20) 4 0Model outputs on set-size 1y = 200

4.0
DeepSet (incompatible) DeepSet (incompatible) DeepSet (incompatible)
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Figure 8: Size generalization on max-distance-from-origin task. All models are trained on set size Nin = 20
and tested on set sizes nes € {20,40,...,200}. Figure (a): Test MSE (log scale) vs. test set size. The solid
line denotes the mean, and the error bars extend from the minimum to the maximum test MSE over 10 randomly
initialized trainings. PointNet performs better than normalized DeepSet, which in turn outperforms DeepSet.
Figure (b): Test-set predictions vs. ground truth for set size nest = Ntrain = 20. The middle figure shows
predictions for nirain = 20, while the right-most figure shows predictions for nies; = 200. PointNet is very
accurate in both cases. DeepSet exhibits incorrect blown-up outputs in the latter case.

I.2 Size generalization on graphs

For graphs, the task is to learn a homomorphism density of degree three. To formally describe the
task, we first describe its inputs. We consider a dataset consisting of N attributed graphs (A4, )
generated according to the following two procedures (the first is described and reported in the main
paper):

1. Each graph is a fully connected weighted graph whose adjacency matrix has entries A;; =

Aj; R Unif(]0, 1]) for ¢ < j, and node features x; Y Unif(]0, 1]).
2. First, sample the number of clusters K uniformly from {10,...,20}, and construct a K x K

symmetric probability matrix P with entries sampled uniformly from [0, 1]. The resulting

stochastic block model (SBM) is used to generate an undirected, simple graph with edges
sampled as A;; = Aj; Sy Ber(P., ;) for i < j, where z; Sy Unif({1,..., K}) are clus-

ter assignments. Node features are given by z; = 7,,, where v € R¥ with i.i.d. entries
Unif ([0, 1]).

The task is to learn the rooted, signal-weighted homomorphism density of degree three sending

. 1
Rfy;” xR" > R", (A,z)—y, via y; = 3 Z Aij A Agiziz iy,
j,k€[n]
Note that when z = 1, y; corresponds to a normalized count of triangles centered at node 7. Thus,
this can be interpreted as a signal-weighted triangle density. This formulation is related to the signal-

weighted homomorphism density studied in [35], which generalizes the notion of homomorphism
density extensively studied in graphon theory [54].

We conduct experiments to evaluate the size generalization performance of the following models:
the GNN from [70], the normalized 2-IGN [56], and our proposed GGNN and continuous GGNN.
ReLU is used as the entry-wise activation function in all models. We choose the number of layers
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and hidden dimensions such that each model has approximately 2k parameters to ensure an arguably
fair comparison. During training, we use a dataset of N = 5000 graphs, each with ng., = 50
nodes. This dataset is randomly split into training, validation, and test with proportions 60%, 20%,
and 20%, respectively. For evaluation, we test the trained models on datasets of graph sizes ey €
{50, 200, 500, 1000, 2000}, each containing N = 1000 graphs. Training is performed by minimizing
the MSE loss using AdamW with an initial learning rate of 0.001 and weight decay of 0.1. Each
model is trained for 500 epochs. Training a single run takes less than 3 minutes for the GNN model,
and approximately 6-9 minutes for the IGN, GGNN, and continuous GGNN models, which are
more computationally intensive. We note that evaluation on large graphs is particularly time- and
memory-intensive for these models, taking up to several hours. Memory limitations restrict the
maximum graph size we can evaluate to n = 2000.

The results of the size generalization experiments are summarized in Figure 9. Let us elaborate on
these results. Since the target function naturally extends to the graphon-level signal-weighted triangle
density (W, f) — g, given by

g(x) = o Wz, y)W(y, 2)W(z,2) f(z) f(y) f(2) dy dz,

which is continuous with respect to the cut norm, models that are continuous under this topol-
ogy—such as the GNN and continuous GGNN—are aligned with the task at the level of continuity.
Our proposed continuous GGNN, which is provably transferable and possibly more expressive than
the GNN, achieves the best performance. Although GGNN is not transferable under the cut norm, it
is transferable under a weaker topology (see Appendix G.3), enabling it to perform reasonably well.
In contrast, the 2-IGN model, even after proper normalization, exhibits divergent outputs for larger
graph sizes, indicating a lack of compatibility with the task.

Finally, we remark that the expressive power of various GNN architectures with respect to homomor-
phism densities has been extensively studied. Prior work has shown that common GNNs—including
those considered in this study—are generally unable to express high-degree homomorphism densi-
ties [14, 35]. However, our results demonstrate that GNNs can still achieve strong performance on
this task when evaluated over certain large parametric families of random graph models. This does
not contradict prior theoretical findings, as our results pertain to an average-case evaluation, while
the negative results in the literature are established in the worst-case setting.

I.3 Size generalization on 3D point clouds

For our final set of experiments, we follow the setup of Section 7.2 in [5], which uses ModelNet10.
We select 80 point clouds from Class 2 (chair) and 80 from Class 7 (sofa), and split them into 40
training and 40 testing samples per class. Each dataset has 40 x 40 cross-class pairs. The objective
is to learn the third lower bound of the Gromov-Wasserstein distance in [60] (Definition 6.3). We
prove in Appendix [.4 that it is continuous with respect to the Wasserstein p-distance.

Unlike [5], which downsampled all point clouds to 100 points, we focus on size generalization:
training is done on 7, = 20, and testing is done on n.y € {20, 100, 200, 300, 500}. We compare
the size generalization of 3 models: unnormalized SVD-DS, (normalized) SVD-DS and normalized
DS-CI. For each pair of inputs V, V', we predict the GW lower bound via:

GW(V, V') = al|[W(f(V) — fF(V')I[* +b,

where f : R"** — R? is the S,,, O(k)-invariant model, t = 10, and W € R*** a,b € R are
learnable. All DeepSet components (o, ¢) are fully connected ReLU networks. We choose the
number of layers and hidden dimensions such that each model has approximately 2k parameters to
ensure a fair comparison. Training is performed by minimizing the MSE loss using AdamW with an
initial learning rate of 0.01 and weight decay of 0.1. Each model is trained for 3000 epochs. Training
a single run takes less than 3 minutes.

The experiment results are summarized in Figure 10. Normalized DS-CI and normalized SVD-DS,
both aligned with the target at the continuity level, achieve good performance. While normalized SVD-
DS underperforms compared to normalized DS-CI, it offers superior time and memory efficiency.
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Figure 9: GNN size generalization results on weighted triangle density. Figures (a)-(b) show the results on fully
connected weighted graphs (the first data generation procedure), and Figures (c)-(d) show the results on simple
graphs sampled from SBM (the second data generation procedure). Figures (a) and (c) display Test MSE vs. test
graph size. The solid line denotes the mean, and the error bar extend from the 20% to 80% percentile test MSE
over 10 randomly initialized trainings. Continuous GGNN performs the best for both random graph models.
Figures (b) and (d) display Test-set predictions vs. ground truth. The middle columns displays results for graph
SiZ€ Nitest = Nitrain = 50, While the right-most column displays results for ntest = 2000 and n¢rain = 50.
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Figure 10: Size generalization results for point clouds. (a): Test-set MSE (log scale) vs. point cloud size n. The
solid line denotes the mean and the error bars extend from the min to max test MSE over 10 trials, each taking
the best of 5 random initializations. (b): Test-set predictions vs. ground truth for graph size ntest = Ntrain = 20,
and Ntest = 500 > Ntrain = 20.

I.4 Continuity of Gromov-Wasserstein distance and its third lower bound
The following is based on [60], though these continuity results are not stated there. Let u €

P,(R¥) be a probability measure, and associate with it the “metric measure space” (X, dx, (1)
where X = supp(y) and dx(z,y) = [z — y|,. Given two such measures ., € P,(R"), the
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Gromov-Wasserstein distance between their associated metric spaces is defined by

) = i, 05 lies @

- inf ‘ T — I/ _ .
TEM(p,v) </ I lp = lly =¥l

where I'x v (z,y,2",y') = ‘||x — 2|, — lly — y’Hp‘ and M (p, v) is the set of couplings between p
and v. The G-W distance admits the following lower bound [60, Def. 6.3].

9, >TLB,(u,v) = inf Q. )
pZ (1, ) WG/{/?(#’V) €2, ||LP( )

» 1/p
dw(a:,wdw(a:',y’)) L)

. (34)
whete By(29) =, o, IT@ s Mo

We aim to show that both ®,, and TLB,, are continuous with respect to the Wasserstein-p metric on
Pp. More precisely, the following Lipschitz bounds hold.

Proposition L1. Let p, v, 1/, V" € P,(R¥). Then
1D (1, v) — Qp(ﬂla V/)| < Wp(ﬂaﬂl) + Wy (v, V/)- (35)

Proof. By the triangle inequality for ©,,, which holds by [60, Thm. 5.1(a)], we have
Qp(/.l/, V) S Qp(luv /’Ll) + 917(//’ V/) + ZDP(Va Z/)'

By [60, Thm. 5.1(d)], we further have D, (p, ') < W) (p, 1) and similarly for (v, v"). Combin-
ing these inequalities and interchanging the roles of (u, ) and (i, '), we get the claim. O

The above proof only used the triangle inequality and the bound ©,, < W, for the G-W distance.
Since TLB, < ®,, < W), the latter property also holds for TLB. Thus, it suffices to prove TLB,,
satisfies the triangle inequality, hence is similarly Lipschitz in W),

Lemma L.2 (Triangle inequality for Q,, ). Let j1,v,& € P,(RF). We have Q. (z,y) < Q ¢(z,2)+
Qe (2z,y) forall z,y, z in the relevant supports. Furthermore, we have TLB, (11, v) < TLB, (1, &)+
TLB, (€, V).

Proof. Note that the usual triangle inequality for || - ||, gives I'(z,y,2’,vy") < T'(x,z,2',2") +
I'(z,y,2',y) forany z,y, z,2’,9, 2’ € RF. For any couplings m; € M(u,&) and o € M(&,v),
the Gluing Lemma [82, Lemma 7.6] guarantees the existence of a coupling 7 € M(u, £, v) whose
corresponding marginals are 7, . Let 13 € M (u, v) be the marginal of 7 on its first and third
coordinates. Then

Quw(z,y)? <|[D(z,y,, ')lep(m) = [|0(z,y, ", ')”ip(w)
<@, 2,5) + Tz 05 o) < T, 2505 Lo ) + 1024, )| e ) -
Since this holds for all couplings 71, T2 as above, we obtain the first claim.
The second claim is proved analogously. For couplings 71, w2, 73, 7 as above, we have

TLBp (1, v) < (|9,

|Lo(rs) = Qe () < NQue+Qe v llr ) < 1Qellze ) Qe 0L (ra)

and taking infimums over 71, mo completes the proof. O
Proposition L3. Let p, v, 1/, v" € P,(R¥). Then
|TLB, (1, v) = TLB, (', )| < Wy (p, 1) + Wy (v,V'). (36)

Proof. The proof is now identical to that of Proposition I.1. [

The above argument generalizes to measures on different abstract metric spaces, we did not use the
fact that all measures involved were over R”.
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J Limitations of this work

This work provides a theoretical framework for transferability based on consistent sequences. It
applies to several machine learning models that use a fixed number of parameters to define functions
on any-dimensional inputs. However, this theory does not capture all possible ways for inputs to grow
in dimension. In particular, it does not capture settings where there is no limiting space containing all
finite-sized inputs, and where such inputs can be compared. For example, how do we compare natural
language inputs of different lengths to each other? Furthermore, while we believe our framework may
extend to settings such as images (with varying resolutions and sizes), partial differential equations
(across different scales), and sequences (of varying lengths), we did not explore these directions. We
leave these investigations for future work. Finally, as discussed briefly in the related work, we do not
consider the expressive power of neural networks on the limiting space. If the target function is not
expressible, mere alignment in terms of compatibility and continuity—as discussed in Section 4—is
insufficient to ensure good performance. Studying universal approximation theory on the limiting
space is an important and promising direction for future research.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: [NA|
Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: The limitations of the work are discussed in Appendix J.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: All proofs are in the supplementary material due to space constraints. All the
assumptions are explicitly stated.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

» Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The main contribution is theoretical. Experiments are provided to illustrate
the results. In the Appendix I, we provide all relevant details for reproduction, including
the data, training and evaluation procedures. Also, the code is available via an anonymized
GitHub repository.

Guidelines:

» The answer NA means that the paper does not include experiments.

« If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: The code with reproduction instructions is provided via an anonymized GitHub
repository.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: All these experiment details are provided in Appendix I.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: The transferability experiments report the mean among 100 random inputs
with error bars indicating one standard deviation. The size generalization experiments report
min/max results over 10 initialized runs, and evaluations are conducted on datasets with
1000 samples.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.
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figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: This information is reported in Appendix I.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: The research conforms the code of ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: This is a theory paper. We cannot think of any direct societal impacts.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risk.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: All resources are properly cited.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.
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* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: We provide the code for reproducing our experiments through an anonymized
GitHub repository.

Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: [NA]
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification:[NA |
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.
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* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: [NA|
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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