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ABSTRACT

Zeroth-order (ZO) methods are widely used when gradients are unavailable or
prohibitively expensive, including black-box learning and memory-efficient fine-
tuning of large models, yet their optimization dynamics in deep learning remain
underexplored. In this work, we provide an explicit step size condition that exactly
captures the (mean-square) linear stability of a family of ZO methods based on
the standard two-point estimator. Our characterization reveals a sharp contrast
with first-order (FO) methods: whereas FO stability is governed solely by the
largest Hessian eigenvalue, mean-square stability of ZO methods depends on the
entire Hessian spectrum. Since computing the full Hessian spectrum is infeasible
in practical neural network training, we further derive tractable stability bounds
that depend only on the largest eigenvalue and the Hessian trace. Empirically,
we find that full-batch ZO methods operate at the edge of stability: ZO-GD, ZO-
GDM, and ZO-Adam consistently stabilize near the predicted stability boundary
across CNNs, ResNets, and Transformers on vision tasks. Our results highlight
an implicit regularization effect specific to ZO methods, where large step sizes
primarily regularize the Hessian trace, whereas in FO methods they regularize the
top eigenvalue.

1 INTRODUCTION

Zeroth-order (ZO) optimization methods, which rely only on function evaluations, are widely used
when gradients are unavailable, unreliable, or expensive to compute. Such a setting arises in black-box
learning, derivative-free control, and increasingly in modern large-model pipelines, where memory
and systems constraints can make backpropagation costly. Recent work shows that ZO methods based
on two-point function evaluations can fine-tune large language models (LLMs) with competitive
accuracy while substantially reducing memory usage and compute overhead (Malladi et al., 2023;
Zhang et al., 2024b). Despite their growing practical relevance, the training dynamics of ZO methods
in deep learning remain far less understood than those of first-order (FO) optimizers.
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Figure 1: EoS behaviors of FO and ZO methods are captured by different spectral quantities of the
Hessian. We train full-batch GD (left) and ZO-GD (right) with varying step sizes 1 on a CNN for CIFAR-10.
For GD, the largest eigenvalue of the Hessian Amax(H:) stabilizes near 2/n. For ZO-GD, the trace of the
Hessian Tr(Hy:) instead stabilizes slightly below 2/7.
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Figure 2: Zeroth-order methods operate at the mean-square edge of stability. We train full-batch ZO
methods on a CNN for CIFAR-10 and track the curvature terms defining the mean-square stability interval
from Appendix C.2. Across all panels, each color denotes one run; the solid curve is the lower-band term,
the dash-dotted curve is the upper-band term, and the dashed line is the predicted stability threshold. Left
(ZO-GD, varying n): lower Tr(Hy), upper Tr(H¢) + 2Amax (H¢), threshold 2/7 in Eq. (1). Middle (ZO-GDM,
varying 3 with fixed n = 10™%): lower Tr(H,;), upper Tr(H;) + ﬁ)\max(Ht), threshold 2(1 — 8)/n
in Eq. (2). Right (ZO-Adam, varying 7 with fixed (61, 82) = (0.9,0.999)): lower Tr(P, ' H;), upper
Tr(P7 Hy) + —2 Amax (P71 Hy), threshold 2/7 in Eq. (3). Across all methods, the threshold stays within

1+51
(or very close to) the stability interval throughout training, indicating mean-square EoS behavior.

For FO optimization in deep learning, one prominent empirical phenomenon is the edge of
stability (EoS). In full-batch gradient descent (GD) with step size n on a quadratic objective
fauad(z) = 2@ He, the iterates diverge when n > 2/Anax(H). In neural network training,
however, optimization often remains well-behaved even at step sizes beyond this local quadratic
threshold. Along the training trajectory {x;}, the top eigenvalue of the Hessian A,.x(H) increases
early in training and then stabilizes near the threshold 2/7 over long horizons (Cohen et al., 2021).
This phenomenon has motivated a growing line of work aimed at understanding its mechanism
and its connections to stability, curvature, and implicit regularization in deep learning optimization
dynamics (Ahn et al., 2022; Arora et al., 2022; Damian et al., 2023; Cohen et al., 2025).

In this work, we ask whether a similar phenomenon arises in zeroth-order training. At first glance,
this is far from obvious: ZO methods update parameters by drawing random search directions at
every iteration, and their stability cannot be understood through the deterministic arguments typically
used to explain FO dynamics and stability.

As a preliminary experiment, Figure 1 compares full-batch (first-order) GD and zeroth-order gradient
descent (ZO-GD) with varying step sizes n when training a CNN on CIFAR-10. For GD, the top
Hessian eigenvalue \,.x (H}) stabilizes near 2/7, consistent with the behavior predicted by standard
EoS theory. For ZO-GD, however, Anyax(H:) does not exhibit the same trend; instead, perhaps
surprisingly, the Hessian trace Tr(H) stabilizes slightly below 2/n. This suggests that ZO training
may be governed by a different stability mechanism than FO training, and that ZO methods may
exhibit their own EoS phenomenon in deep learning.

These observations motivate the following fundamental questions:
(4) do ZO methods operate at the edge of stability in neural network training, and
(4%) if so, which curvature-related quantity governs their stability?

We introduce a mean-square linear stability theory for ZO methods to investigate these questions.
In Appendix C, we provide an exact step size characterization of mean-square linear stability under
the linearized dynamics for a family of ZO optimizers, including ZO-GD and its momentum and
preconditioned variants. Unlike FO methods, whose stability is governed solely by the largest Hessian
eigenvalue, mean-square stability of ZO methods depends on the entire Hessian spectrum. Moreover,
momentum affects stability in opposite ways: increasing 3 enlarges the stable regime for GD with
momentum (GDM), but shrinks it for ZO-GD with momentum (ZO-GDM). Since computing the
full spectrum is typically infeasible, we also derive tractable bounds that depend only on the Hessian
trace and the largest eigenvalue (summarized in Table 1).

In Section 2, we empirically find that full-batch ZO methods operate at the mean-square edge of
stability: across architectures (CNNs, ResNets, and Vision Transformers), ZO methods (ZO-GD, ZO-
GDM, and ZO-Adam) consistently stabilize near the predicted mean-square stability boundary (see
Figures 2, 6 and 7). Notably, this behavior is governed primarily by trace-based curvature quantities,
providing new insight into how large step sizes implicitly bias ZO training toward solutions with
small (preconditioned) Hessian trace.



Table 1: Summary of linear stability conditions for FO and ZO methods under the linearized dynamics
(Definition 1). For FO methods of GD, GDM, and Adam, we report the exact critical step size 1*, and the mean
and mean-square thresholds coincide. For ZO methods, we report lower and upper bounds on the mean-square
critical step size ., the critical step size in the mean, 7}c.n, Matches the corresponding FO threshold. For
Adam and ZO-Adam, the reported conditions correspond to the frozen-preconditioner variants and are governed
by the spectrum of the preconditioned Hessian P~ H. See Appendix C for details.
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2 ZEROTH-ORDER OPTIMIZATION OPERATES AT THE MEAN-SQUARE EOS

Building on the mean-square linear stability theory in Appendix C.2, we empirically show that
full-batch ZO methods on neural networks operate at the mean-square edge of stability (EoS): the
training dynamics stabilizes near the predicted mean-square linear stability boundary.

2.1 TRACKING MEAN-SQUARE STABILITY DURING TRAINING

Let H; := V2 f(x;) denote the loss Hessian along the training trajectory. For each ZO optimizer,
Appendix C.2 provides explicit mean-square stability conditions under the linearized dynamics,
together with computable lower and upper bounds on the corresponding stability threshold that
depend only on the trace and top eigenvalue of the relevant curvature matrix. In large-scale neural
network training, however, evaluating the exact mean-square stability condition is typically infeasible,
since it requires the full spectrum of the Hessian (or the preconditioned Hessian for Adam-style
methods). We therefore estimate only the trace and top eigenvalue during training, and use them to
form tractable lower and upper bounds. Concretely, for the purpose of visualizing these dynamic
conditions between H; and the step size 7, we present our results in the following format:
(lower term) < (stability threshold) < (upper term),

where the stability threshold depends on the step size 1 and does not change over iterations and the
upper and lower terms depend on the spectrum of H; (e.g., Figure 2). We say the training operates
near the mean-square EoS when the stability threshold remains within, or very close to, this interval
for a sustained portion of training.

Z0-GD. From (4) in Theorem 1, we track mean-square stability via

2
Tr(H;) < " < Tr(Hi) + 2 max (Hz). (1)
Z0O-GDM. From (5) in Theorem 2, we track mean-square stability via
2(1 B 5) 2)\11121x(Ht)
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Z.0-Adam. For ZO-Adam, the bounds depend on the preconditioner P; at iteration t. From (6) in
Theorem 3, we track mean-square stability via

2)\max (I)t_l Ht)

1+ 5 ©)
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2.2 EXPERIMENTAL SETUP

We consider an image classification task on a subset of CIFAR-10 and train ZO methods using the
squared loss. We evaluate three representative vision architectures: a CNN, a ResNet, and a Vision
Transformer (ViT). Unless stated otherwise, we use full-batch training and a constant step size to
match the linearized stability theory in Appendix C. Experimental details are provided in Appendix G.
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Figure 3: Catapult dynamics in ZO-GD. We train ZO-GD on CNN and increase the step size midway through
training (from 7; to 12 and then to 73). Top: the training loss exhibits a pronounced spike after each step size
increase, consistent with catapult dynamics. Bottom: the Hessian trace Tr(H ) drops sharply during the catapult
phase and then rises again, re-equilibrating near the new stability threshold 2/7.

2.3  MAIN EXPERIMENTS

In Figure 2, we train ZO methods on the CNN and track the stability intervals in (1), (2), and (3).
Across all three optimizers, we observe a consistent mean-square EoS pattern: after an initial phase of
progressive sharpening, the tracked curvature terms adjust and stabilize so that the stability threshold
remains within, or very close to, the corresponding intervals. As shown in Figure 6 and Figure 7, we
observe the same behavior when training a ResNet and a ViT.

Specifically, (i) for ZO-GD, the threshold 2/n remains close to the interval [Tr(H}), Tr(H;) +
2Amax (H})] across step sizes; (i) for ZO-GDM, the threshold 2(1 — )/n remains close to
[Tr(H;), Tr(H;) + ﬁ)\max(Ht)] across momentum values; and (z37) for ZO-Adam, the threshold

2/7 remains close to the corresponding preconditioned interval in (3). In all cases, the frace of the
(preconditioned) Hessian provides the dominant stability signal throughout training.

2.4 ADDITIONAL EXPERIMENTS

Catapult dynamics. In Figure 3, we train ZO-GD and increase the step size midway through
training (from 7 to 72 and then to n3). We observe a pronounced spike in the training loss after each
increase, consistent with the catapult dynamics (Lewkowycz et al., 2020). Immediately after the step
size increase, the new step size temporarily exceeds the mean-square stability critical step size at the
current iterate, so the dynamics become locally unstable and the loss increases sharply. At the same
time, the Hessian trace drops rapidly below the new threshold and then rises again, re-equilibrating
near the new threshold.

Effect of the smoothing parameter y. In Figure 4, we train ZO-GD with fixed step size and vary
the smoothing parameter p in the two-point estimator. For moderate and small p, the tracked stability
terms increase early in training and then stabilize near the threshold 2/7), consistent with mean-square
EoS behavior. For larger i, both Tr(H;) and Tr(H}) + 2\ max (H;) saturate at substantially smaller
values and remain far below 2/, indicating that training does not approach the predicted mean-square
stability boundary. Overall, mean-square EoS persists across a broad range of practically relevant
smoothing levels, while overly large smoothing suppresses curvature growth. We attribute this
phenomenon to implicit bias in Section D.

Beyond full-batch: mini-batch ZO-SGD. Although our main results focus on full-batch ZO
methods, we include a preliminary mini-batch experiment in Figure 5. Compared to full-batch
Z0-GD, mini-batch ZO-SGD converges to significantly flatter regimes.

3 CONCLUSION

In this work, we characterize exact mean-square stability thresholds for zeroth-order optimizers and
empirically show that neural network training operates at the mean-square edge of stability. Due
to space constraints, we defer detailed related work (Appendix A), the linear stability analysis and
proofs (Appendix B, C, and F), additional experimental details and results (Appendix G and H), and
extended discussion (Appendix D and E) to the appendix.
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A RELATED WORK

Zeroth-order optimization. ZO methods optimize objectives using only function evaluations,
typically via the standard two-point estimator along a random direction. Empirically, Malladi
et al. (2023) report that ZO methods can fine-tune LLMs with performance comparable to FO
methods while achieving up to 12x memory and up to 2x GPU-hour reduction, highlighting ZO
optimization as a promising approach for memory-efficient fine-tuning. ZO methods have also been
applied to adversarial robustness (Chen et al., 2017; Andriushchenko et al., 2020), reinforcement
learning (Salimans et al., 2017), private fine-tuning (Zhang et al., 2024a) and distributed learning (Fang
et al., 2022; Qin et al., 2024; Xu et al., 2024), where gradients may be noisy, unavailable, or expensive
to compute or communicate.

On the theory side, most prior work studies ZO methods through the lens of classical (non)convex
optimization (Jamieson et al., 2012; Duchi et al., 2015; Shamir, 2017; Wang et al., 2018; Malladi
et al., 2023; Zhang et al., 2024a), emphasizing convergence under small step sizes and smoothness
assumptions. Notably, Zhang et al. (2025a) study the implicit bias of ZO-GD under smooth convex
objectives and show that it favors solutions with small Hessian trace.

Edge of stability. Recent empirical work shows that FO methods often train near instability. In
particular, Cohen et al. (2021) identify the edge of stability (EoS) in full-batch GD, where Ap,.x (H)
grows early in training and then equilibrates near 2/7. This observation has motivated extensive
follow-up work on the mechanisms and implications of EoS (Ahn et al., 2022; Arora et al., 2022; Wang
et al., 2022; Damian et al., 2023; Song & Yun, 2023; Zhu et al., 2023; Yoo et al., 2025; Cohen et al.,
2025). EoS-type behavior has also been studied for momentum and adaptive optimizers (Cohen et al.,
2022), mini-batch stochastic gradient descent (SGD) (Lee & Jang, 2023; Andreyev & Beneventano,
2024), and other families of FO optimizers, including sharpness-aware minimization (Foret et al.,
2021; Long & Bartlett, 2024) and schedule-free methods (Defazio et al., 2024; Song et al., 2025).

Dynamical stability analysis of optimizers. A growing body of work studies optimization methods
through the lens of dynamical stability. Recent work analyzes linear stability by examining the
behavior of the linearized dynamics under a local quadratic approximation, extending beyond GD
to momentum methods (Muehlebach & Jordan, 2021) and stochastic optimization. For SGD, prior
analyses have characterized linear stability condition in the mean-square sense (Wu et al., 2018;
Granziol et al., 2022; Velikanov et al., 2023), for higher moments (Ma & Ying, 2021), and in
probability (Ziyin et al., 2023). Most closely related to our setting, Mulayoff & Michaeli (2024)
derive the exact mean-square stability threshold of mini-batch SGD and show that it is monotonically
non-decreasing in the batch size. Our work also studies mean-square linear stability, but for ZO
methods, where stochasticity arises from the estimator directions even under full-batch training.

B PRELIMINARIES

We consider the optimization problem

min f(x
min f(z),

for a loss function f : R? — R and a model parameter x, and study the dynamics of zeroth-order
(ZO) optimization methods. ZO methods iteratively update a sequence of iterates {x;}+>( based
solely on function evaluations without evaluating any gradients. We analyze the three most popular
types of ZO methods: ZO-GD, ZO-GDM, and ZO-Adam.

Z0 Gradient Descent (ZO-GD) replaces the gradient V f () in the GD update with a gradient
estimate V f (x;):

Tir1 = Ty — Tlﬁf(mt) )
for a step size > 0. We consider the standard two-point estimator (Nesterov & Spokoiny, 2017),
defined as
$f(a) = fle + ,Uut>2_ flxe — puy) g
7
where u; v (0, 1) and i > 0 is a smoothing parameter. In general, v f () is a biased estimator
of V f(x), with bias that vanishes as ;x — 0.




70 Gradient Descent with Momentum (ZO-GDM) combines Polyak momentum terms with
gradient estimates:

My = Bmy + @f(mt) )

Tt+1 = Tt — NMg41
for a step size 7 > 0 and a momentum parameter 3 € [0, 1).

Z.0-Adam combines adaptive moment estimation (Adam) with gradient estimates:
My = Simy + (1= 1)V () ,

-1
ZTipr =X — NP My,

for step size n > 0, momentum parameters /31, 2 € [0,1), and € > 0, where P;, 1 is a preconditioner

defined using an exponential moving average (EMA) of squared (estimated) gradients:

Virr = Bovi + (1 — B2) Vf(x) O V()

) v,
Py =(1- iH) [dlag ( 1t+2+1> + GI] )
— P2
and ©® denotes element-wise multiplication. This form is equivalent to the standard bias-corrected

Adam update, written as a preconditioned momentum step.

In practical neural network training, the short-term stability behavior of Adam is often well approx-
imated by a frozen-preconditioner variant, in which the preconditioner is held fixed at its current
value (Cohen et al., 2022). Motivated by this, we also consider the corresponding ZO analogue.

Frozen ZO-Adam uses a fixed preconditioner P > 0 with a step size 7 > 0:
my1 = fimy + (1= 1)V () ,
Ty = — NP myg
and a momentum parameter 5; € [0, 1). This optimizer is introduced purely for theoretical analysis

and serves as the ZO analogue of Frozen Adam, which was used to study the adaptive edge of stability
of Adam (Cohen et al., 2022).

C LINEAR STABILITY ANALYSIS

Directly analyzing the full dynamics of optimizers in deep learning is typically intractable. Instead,
we adopt the standard dynamical systems approach of studying stability near a local minimizer via
the linearized dynamics. Exponential stability of the linearized dynamics implies local stability of the
corresponding nonlinear dynamics near the equilibrium, which justifies linear stability analysis as a
principled tool.

Definition 1 (Linearized dynamics). Let * be a twice differentiable local minimizer of f, and let
H := V?f(x*) be the Hessian at z*. The linearized dynamics of an optimizer around x* are the
dynamics obtained by applying the optimizer to the quadratic Taylor approximation of f at x*,

* 1 * *
fquad(x) == f(x*) + 5(3: —x )TH(w —x¥).
Throughout, we assume H > 0 and H # 0. Let \; > - -- > )y > 0 denote the eigenvalues of H,
and define Aoy (H) := Ay and Tr(H) := 317, A,

We next formalize the notion of linear stability for the resulting (possibly stochastic) optimizer
dynamics.

Definition 2 (Linear stability). Let * be as in Definition 1, and let {x;}:>( denote the iterates
generated by an optimizer applied to fyuad.

We say the optimizer is linearly stable in the mean if
sup |[E[z; — *]| < oo for every initialization ¢ € R?.
=0
We say the optimizer is mean-square linearly stable if
supE[ |z, — m*|\2] < oo for every initialization o € R%.
=0

Mean-square linear stability implies linear stability in the mean by Jensen’s inequality. For determin-
istic optimizers, the expectation is redundant, and the two notions coincide.
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Our goal is to theoretically characterize the critical step size that guarantees linear stability of ZO
methods and empirically connect it to the edge of stability phenomena.

Definition 3 (Critical step size). Consider an optimizer with step size 7 > 0 applied to fquad,
producing iterates {x; };>0. The critical step size in the mean is defined as

Npean: = SUD {77 >0:Vay e RY, su%) |E[z; — =*]| <oo}7
t=>
and the critical step size in the mean-square is defined as

M = SUP {77 >0:VYageRY, sup E[||lz; — z*|?] <oo}.
=0

Next, we review known stability thresholds for FO methods (Appendix C.1) and present our main
results for ZO methods (Appendix C.2). All proofs are deferred to Appendix F.

C.1 LINEAR STABILITY OF FIRST-ORDER METHODS

The first-order (FO) counterparts of the ZO optimizers in Section B, namely GD, GDM, and Frozen
Adam, are deterministic, so their mean and mean-square linear stability conditions coincide. A key
takeaway is that FO linear stability is governed solely by the top eigenvalue of the (preconditioned)
Hessian, as summarized below.

Proposition 1 (Stability of GD). The critical step size of GD is Mean = Mms = 2/Amax (H).

The stability condition of GD with Momentum (GDM) was established in Theorem 2 of Cohen et al.
(2021).

Proposition 2 (Stability of GDM). The critical step size of GDM is Nean = s = 2(1 +
ﬁ)/Amax(H)-

The stability condition of Frozen Adam was established in Lemma 2 and Proposition 1 of Cohen et al.
(2022).

Proposition 3 (Stability of Frozen Adam). The critical step size of Frozen Adam is
* o 2(1 + /81)
nmean 77ms (1 _ Bl))\max(PilH) :

C.2 LINEAR STABILITY OF ZEROTH-ORDER METHODS

The inherent stochasticity in ZO updates fundamentally changes the linear stability as shown in
Figure 1. However, the mean dynamics of a ZO method matches that of its FO counterpart, and
Neean coincides with the FO critical step size presented in Appendix C.1. This is due to the
fact that under the quadratic model fquaq in Definition 1, the two-point estimator is unbiased:
E[@ fquad(wt)] = V fquada(x¢). The intricacy of ZO linear stability is only captured by the mean-
square stability. In particular, we show that 7} . for ZO-GD, ZO-GDM, and Frozen ZO-Adam,
depends on the entire eigen spectrum of the (preconditioned) Hessian and is dominated by its trace
value.

Theorem 1 (Stability of ZO-GD). For ZO-GD, 1., = 2/ max(H), and the mean-square critical
step size ny.. is the unique n > 0 satisfying

d
nAi
nAInax(H) < 1 and Z P S — 1 ,
i=1 2(1 = nAi)

2 <M < 2 .
Te(H) + 2Amax(H) Tr(H)

which admits the bounds

“4)

Remark 1 (Computing n7.,.). If the full spectrum {)\;}¢_, were available, 7. in Theorem 1 can be

computed by solving 22.1:1(77)\1»/2(1 —nX;)) = Lovern € (0,1/Amax(H)). In practice, we instead
track the bounds (4), which depend only on Tr(H) and \,.x(H ) and can be estimated efficiently
during training, which is critical for large models.
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Theorem 2 (Stability of ZO-GDM). For ZO-GDM, 1} = 2(1 + 8)/Amax(H), and the mean-
square critical step size ny, is the unique n > 0 satisfying

d
nA;
DAmax(H) < 1 — B2 and — =1,
L h -2
which admits the bounds ( ) ( )
21-5 . _21-8
SNps S e - (5)
2)\max(H) ms
Tr(H) + e Tr(H)

Proof sketch. We analyze the recursions of the second-moment matrices E[z, ] |, E[z;m] ], and
E[m;m] ]. Using the Isserlis’ Theorem to evaluate Gaussian fourth moments, we obtain a linear
recursion that can be expressed as a cone-preserving linear operator on a product cone. Mean-square
stability is then equivalent to this operator having spectral radius smaller than one. We characterize
this spectral radius using Theorem 4 in Appendix F.2, which leverages the Krein—Rutman Theorem
and leads to the explicit mean-square stability condition. O

Theorem 3 (Stability of Frozen ZO-Adam). Let Ay = Ay = --- = \g = 0 denote the eigen-

values of the preconditioned Hessian P~*H. For Frozen ZO-Adam, 1}, = 2(1 + B1)/((1 —

B1)Amax(P~1H )) Assuming PH = H P, the mean-square critical step size 1. is the unique
n > 0 satisfying

d -

s

nAmax(P_lH) <1+ ﬂl and Z N4

i=1 2(1 - 1@51)

=1

)

and it admits the bounds

2 N 2
(P H) + D) = S (PIH)
1451

Remark 2 (Commutativity assumption). The condition PH = H P ensures that P~'H is di-
agonalizable in the same eigenbasis as H, which allows the mean-square dynamics to decou-
ple across eigendirections and enables a tractable spectral analysis. Without commutativity, the
second-moment recursion generally couples different eigenspaces, and obtaining an explicit stability
characterization becomes substantially less tractable. Empirically, in neural network training with
Z0-Adam, we observe that P, and H, are nearly commuting: the relative commutator Frobenius
norm |P,H,— H, P,|r/| P.H,||r decreases from 0.8-0.9 at initialization to below 0.05 and remains
below 0.05 throughout training (see Appendix H.2).

(6)

Taken together, Theorems 1 to 3 provide exact mean-square stability characterizations under the
linearized dynamics. In the next section, we use the corresponding upper and lower bounds in (4),
(5), and (6) to empirically test whether ZO methods operate near the mean-square edge of stability
during neural network training.

D DISCUSSION

In this section, we discuss implications of our mean-square stability theory and empirical mean-square
EoS results, and highlight several directions for future work.

Why mean-square stability is the relevant notion for ZO dynamics. In ZO optimization,
randomness persists even in full-batch training due to random perturbation directions. As a result,
stability cannot be assessed solely through the mean trajectory; E[x;] may remain bounded even
when fluctuations grow and dominate the behavior of the iterates. Mean-square stability captures this
effect by directly controlling the second moment E|z; — z*|?, while remaining analyzable under
the linearized dynamics and yielding explicit step size conditions. Other notions of stability are
also meaningful, such as stability of higher moments or tail-probability bounds. Nevertheless, our
experiments suggest that the curvature quantities appearing in the mean-square stability conditions
closely track the stability behavior observed during ZO neural network training.

Curvature quantities that govern ZO stability. For FO methods under the linearized dynamics,
stability depends only on the largest eigenvalue of the (preconditioned) Hessian. In contrast, our
results show that mean-square stability of ZO methods depends on the full Hessian spectrum. This
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dependence appears explicitly in the exact stability conditions, and it is reflected in the computable
bounds through both trace and top-eigenvalue terms. A practically important regime is when Tr(H)
dominates Ap.x(H ), in which case these bounds become tight and the trace term largely sets the
stability scale. Empirically, this matches our empirical observations: the Hessian trace (or the
preconditioned trace for ZO-Adam) closely tracks the relevant stability threshold throughout training,
while A\jax (H}) can be less informative for ZO dynamics.

Momentum reshapes ZO stability differently from FO stability. Momentum provides a concrete
example showing that ZO stability is not a direct analogue of FO stability. For GD with momentum
(GDM), the linearized stability threshold increases with /3, corresponding to stable training at sharper
curvature levels, with Apax (H:) = 2(14 8)/n at the EoS. For ZO-GDM, our mean-square conditions
imply the opposite dependence: increasing (3 shrinks the stable regime and reduces the corresponding
stability scale. Empirically, this is consistent with ZO-GDM operating in lower-curvature regimes as
B increases, with Tr(H}) ~ 2(1 — )/n at the mean-square EoS.

This qualitative difference suggests that, in ZO training, momentum not only affects optimization
speed but also changes how estimator noise accumulates across iterations, thereby reshaping the
stability constraint. A related contrast appears for adaptive methods. For (frozen) Adam, increasing
(31 increases the stability threshold, with Apay (P ' Hy) ~ 2(1 + £1)/((1 — B1)n). For ZO-Adam,
by comparison, our experiments suggest that Tr(P; ' H;) ~ 2/ at the mean-square EoS, which is
independent of 31 (see Figure 8 and Appendix H.1). Understanding how these effects translate into
practical benefits (or tradeoffs) of momentum in ZO training is an interesting open question.

Effect of the smoothing parameter 1 and trace-related implicit bias. The two-point estimator
introduces smoothing, controlled by 1, that changes both the bias and the noise structure of the ZO
update. Zhang et al. (2025a) connect such ZO optimization to an implicit preference for small-trace
regions, formalized as approximately minimizing

2
fu@) = f@)+ 51V (@),

up to higher-order terms. Under this perspective, p directly modulates a curvature-dependent bias

in the effective objective, and large i can prevent the dynamics from approaching the mean-square

stability threshold predicted by the unsmoothed linearized model. A systematic theory that jointly

captures (z) the mean-square stability constraint and (¢¢2) the effect of smoothing bias on the effective

landscape is an interesting direction for future work.

Beyond full-batch: mini-batch ZO methods. Our analysis focuses on full-batch ZO dynamics,
where the only randomness comes from the estimator directions. In practical settings, mini-batching
introduces an additional noise source through stochastic sampling of data points. A complete stability
theory for mini-batch ZO training would need to incorporate both estimator noise and sampling noise,
and quantify how these two sources interact in the second-moment recursion. Recent work gives
sharp mean-square stability thresholds for mini-batch SGD (Mulayoff & Michaeli, 2024). Deriving
analogous results for mini-batch ZO methods would clarify whether mean-square EoS persists under
data subsampling, and which curvature quantities control stability in that regime.

E SUMMARY AND CONCLUSION

We developed a mean-square linear stability theory for zeroth-order (ZO) optimization methods based
on the standard two-point estimator, including ZO-GD, ZO-GDM, and Adam-style preconditioned
variants. We derived exact step size characterizations for mean-square stability via linearization,
showing that ZO stability depends on the full spectrum of the (preconditioned) Hessian and admits
computable bounds in terms of the trace and top eigenvalue.

Guided by these results, we empirically studied full-batch ZO training on standard neural network
architectures (CNN, ResNet, and ViT) and found consistent evidence that ZO methods operate at the
mean-square edge of stability: the curvature quantities governing the theoretical stability threshold
adapt during training and stabilize near the predicted boundary. Across methods, the stability behavior
is driven primarily by trace-based curvature terms, providing a concrete mechanism through which
large step sizes implicitly regularize ZO training dynamics.
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Our results position mean-square stability as a principled framework for analyzing and predicting ZO
optimization behavior in deep learning. An important next step is to extend the theory beyond full-
batch settings to account for additional sources of stochasticity, such as mini-batch sampling noise,
and to understand how stability constraints interact with optimization efficiency and generalization in
practice.

F PROOFS FOR THE MEAN-SQUARE STABILITY ANALYSIS OF ZEROTH-ORDER
METHODS

In this section, we provide the proofs of the mean-square linear stability results in Appendix C.2.
Our analysis treats zeroth-order gradient descent with momentum (ZO-GDM) as the canonical
zeroth-order method. The remaining algorithms studied in the paper are handled as special cases or
extensions: ZO-GD corresponds to the specialization S = 0, while Frozen ZO-Adam is analyzed by
modifying the covariance recursion under an additional commutativity assumption.

The core of the analysis proceeds in two steps. First, we derive an explicit linear recursion for the
second-moment quantities of the ZO-GDM iterates under the linearized dynamics (Appendix F.1).
This recursion induces a linear operator acting on a product space of covariance matrices. Sec-
ond, we characterize mean-square linear stability by analyzing the spectral radius of this operator
(Appendix F.2). A key technical ingredient is that the operator preserves a natural cone and in-
cludes a rank-one global coupling term, which allows its spectral radius to be characterized via the
Krein—Rutman Theorem.

We first derive the second-moment recursion for ZO-GDM and express it in operator form. We then
develop the spectral analysis of the resulting covariance operator and use it to prove Theorem 2.
Theorem 1 follows immediately as the special case 5 = 0, and Theorem 3 is proved by adapting the
analogous argument to the frozen preconditioned setting.

The proof of Theorem 2 is provided in Appendix F.3, and the proof of Theorem 3 is provided in
Appendix F.4.

F.1 SECOND-MOMENT RECURSION AND COVARIANCE OPERATOR FOR ZO-GDM

In this subsection, we derive the linear recursion governing the second-moment dynamics of ZO-
GDM under the linearized dynamics. Following Definition 1, we consider applying ZO-GDM to the
quadratic objective

fquad (1;) = %wTHCL',
where H > 0 and H # 0.

Recall that the ZO-GDM updates are given by
My = fmy + V fouaa (),
LTi41 = T — M1,
where § € [0,1) with initialization m¢ = 0, and V fyuaq(x;) denotes the standard two-point
estimator
Ty + pUy) — fquad (X — pu
t 14 t)2'ufq d( t I t) u, uy NN(O,Id)-
Under the quadratic model, this estimator admits the explicit form
V fauad () = (weu/ )Hay,
and is unbiased, i.e., E[V fquad(z¢)] = Hy.

Let H = UAU" with A = diag()\1,...,\q) and orthogonal U. Defining rotated variables
&y = U'xy, my = U my, and u; = U " uy, rotational invariance implies @; ~ N(0, I) i.i.d.,
and the dynamics in the rotated coordinates take the same form with H replaced by A. Hence,
without loss of generality, we assume H = A in what follows.

S faa () — L2024

We now state a lemma that reduces the ZO-GDM second-moment dynamics to a linear covariance
operator, which will be the basis for the spectral analysis in subsequent subsections.
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Lemma 1 (Second-moment recursion and covariance operator for ZO-GDM). Consider ZO-GDM
applied to the quadratic model fquad(z) = 2" Az with A = diag(\1,...,Aq) # O, step size
n > 0, and momentum B € [0, 1). For each iteration t and coordinate i = 1,. .., d, define the 2 x 2

covariance block
W, = E[xzz,t] E[nx; m; ¢
it - E[nl’i,tmi,t] E[U2mf¢] )

where ; = (T1,4,...,%4) € R4 and my; = (Mity...,Mae) € R<. Then the covariance blocks
satisfy the recursion

VVzt+1—AWztAT+77< zt11+2/\ )
where

_|1=nN =B 11 -1
o5 7] e[ )

Proof of Lemma 1. We consider with the augmented state (x;, pm;) € R?%, for which the ZO-GDM
update can be written as

T I— nufut TA —p8I x;
nmqg41 nutu, A ,BI nmy '
To track second moments, define
Xy = E[mtm:], Y, = E[lemtm;r]v C; = E[thm:]

Using independence of u; from (x;, m;) and applying Lemma 4 (Isserlis’s theorem) to evaluate the
Gaussian fourth moments, we obtain the following closed recursion:

X1 = Xt — n(AX; + X4A) +0° 2AX A + Tr(AXGA)) — B(Cy + Cf ) + Bn(AC, + C A) + B*Y,,

Y1 = n?(2AXA + Tr(AX,A)I) +nB(AC, + C] A) + Y,

Cii1 = nXeA — 1*(2AXA + Tr(AX,A)) + BCy — Bn(AC; + C[ A) — B2Y;.

Since A is diagonal, the coordinates decouple except through the scalar coupling term
Tr(AXA Z A(Xy);

Taking diagonal entries, for each coordinate i = 1 , d, we obtain

d
(Xeg1)ii = (1= 20X + 20° A7) (Xn)is + B2 (Yo)ii + 28(=1 +n\i)(Ch)is + 1 D, N3 (Xa) 5,

j=1
d
(Yii1)ii = 20° A3 (Xe)ii + B2 (Ya)ii + 2800 (Cr)ii + 0 2 )‘?(Xt)jj»
j=1
(Cran)ii = (MAi = 20°AD)(X)ii — B2(Yo)ii + B(1 = 2n\)( n’ Z X (Xy);

Recalling that

(X =E[z7,],  (Y)u =E[’mi],  (Cii = Elnai iy,
the above relations can be grouped into the 2 x 2 covariance block W ; defined in the statement of
the lemma. A direct calculation then gives

Wit = AWztA +77< ztll+2/\ >

1= =B |
w2 e [h )
This completes the proof. O

with
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Lemma 1 shows that the ZO-GDM second-moment dynamics are governed by a closed linear
recursion over the covariance blocks {W; ;}¢_,. In particular,
d
EHth2 = Z(Wi,t)lly
i=1
so mean-square linear stability is equivalent to uniform boundedness of the quantity 2?21 (W11
over iterations.

Collecting the blocks into the product space of 2 x 2 symmetric matrices (S?)?, the mapping
(Wi 34 — {W;,11}L | can be viewed as the action of a linear operator 7 : (S?)¢ — (S?),
parameterized by the step size 7, momentum (3, and the eigenvalues A1, . .., A4. In the next subsection,
we analyze the spectral properties of this covariance operator and derive explicit conditions under
which its spectral radius is smaller than one.

F.2 SPECTRAL ANALYSIS OF THE COVARIANCE OPERATOR

In this subsection, we analyze the spectral properties of the covariance operator induced by the
Z0-GDM second-moment recursion derived in Lemma 1 (Appendix F.1). That recursion is governed
by a linear operator 7 : (S?)¢ — (S?)? acting on the covariance blocks {W; ;}¢_,, and in particular

controls E|z;[? = Z?Zl (W;.¢)11. We therefore analyze the spectral radius of 7.

The operator T preserves the cone (Si)d and contains a rank-one coupling term across coordinates,
allowing us to invoke the Krein—Rutman theorem. The following theorem gives an exact characteriza-
tion of the spectral radius of 7~, which forms the technical core of the mean-square stability analysis
for ZO-GDM.

Theorem 4 (Spectral characterization of ZO-GDM covariance operator). Let X := (S?)? and
K = (Si)d. Fixn >0, 8 €[0,1), and Apax = A1 = Ao = -+ = \g > 0. Define the linear
operator T : X — X blockwise by

d
(TW)); = AW, A] +n? <)\§(Wi)u + ] A?(Wj)u> Q, i=1,....d,
j=1

1= =B 11 -1
o5 7] e[ )

Define the scalar function

where

d

Sn,B) = ;1 21— ) (1 _ 1@22) .

Then the operator T satisfies the following properties.

A

(a) (Leading eigenvalue in the cone) The operator T preserves the cone K, i.e., T(K) < K.
Moreover, T has an eigenvalue equal to its spectral radius p(T), with an associated eigenvector
W* = (W, ...,W}) e K\{0} satisfying

d d
pM) = YN >0 and ) (W) >0.

i=1 i=1

(b) (Critical case)
p(T)=1 <= Dhmax <1—p? and S(n,B) = 1.

(c) (Subcritical case)
p(T) <1 <= Dhmax <1—p2 and S(n,B) < 1.

Proof of Theorem 4. We work on the product space X := (S?)? equipped with the product cone
K := (S%)? and the induced partial order <.

Proof of (a). LetW = (Wy,..., W) e K,ie, W, > 0foralli =1,...,d. Then A;W;A] >0
and (W;)11 = 0, so Z;l:l AZ(W;)11 = 0. Hence (T(W)); > 0 for all 4, and therefore 7 (K) < K.
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Since X is finite dimensional and KC is a closed, convex, pointed cone with nonempty interior, the
Krein—Rutman theorem (Lemma 6) implies that 7 has an eigenvalue equal to its spectral radius p(7)
with a corresponding eigenvector W* e [C\{0}.

To lower bound p(7), define Q := (Q, ..., Q) € K\{0}. For each 4,
d d
(T(Q))i = AiQA] +1° (A? + )] A?) Q=1 (Z Q.
j=1 j=1
>

Thus 7(Q) > ¢ Q with ¢ := n? Z;l=1 A2 > 0. Iterating gives T*(Q)

any norm on X and applying Gelfand’s formula, we obtain

d
p(T) = c=n? Z A2
izt

ctQ for all t > 1. Fixing

Finally, we show >, (W} )11 > 0. If (W;*)11 = 0 for all 4, then W = [ § ) | with y; > 0. But then
p(TIW; = (T(W")): = AW/} A = °4:Q.
Note that 3?y; Q has the same value at the (1, 1)-entry and (2, 2)-entry. Consequently, p(7 )W}

should the same value at the (1, 1)-entry and (2, 2)-entry. Thus p(7)y; = 0, forcing y; = 0 since
p(T) > 0. Hence W* = 0, a contradiction. This concludes the proof of (a).

Local-global decomposition. Foreachi = 1,...,d, we define the local linear map M, : S? — S?
by

MZ(X) = AlXA;r + 7]2)\3 (X)llQ
Define the global coupling scalar function s : X — R by

d
s(W) := Y n?A2(W))1.
j=1

Then, the linear operator 7 : X — X’ can be decomposed as below:
(TW))i = Mi(Wi) +s(W)Q,  i=1,....d. )
Note that each linear map M; is S2 -preserving, i.e., M;(S2) < S%. Define the block-diagonal
operator M : X — X and Q € K by -
(MW)); := Mi(W;), and Q:=(Q,...,Q)e K. (8)
Then (7) can be written as
T(W)=MW)+s(W)Q .

Positivity of s(W*). Let W* e K\{0} denote the leading eigenvector of T satisfying
T(W?*) = p(T)W* and Z?:1(Wi*)11 > 0, which exists by Theorem 4(a). Then, s(W*) =
S A (W) > 0.

J

Key lemmas. We use the following key lemmas to prove (b) and (c): Lemma 2 and Lemma 3.
Lemma 2 shows that p(M;) < 1 if and only if n)\; < 1 — 32. Moreover, if n\; < 1 — /3, then
Id — M, is invertible, (Id — M;) "1 (S%) € S%, and Y; := (Id — M,;)"*(Q) € S% satisfies

vy 1+0
= Y=g e

Lemma 3 shows thatif n\; > 1 — 52, then for every a > 0, there does not exists W > 0 such that
(Id = M;)(W) > aQ.

Proof of (b). We prove
p(T)=1 <= Nlmax <1—p% and S(n,p) =1.
(=) Assume p(T) = 1. By Theorem 4(a), there exists W* € IC\{0} with T(W*) = W*. Let
s* 1= s(W™). Then, s* > 0 by the positivity of s(W™). From (7), for each 1,
Wi =(TW") = Mi(W/) +5°Q,
or equivalently,
(1d = M)(W) = 5°Q.
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Since s* > 0, Lemma 3 implies p(M;) < 1 for every 4, and by Lemma 2(a),
n\i <1—p2 foralli, hence MAmax < 1 — B2
By Lemma 2(b), Id — M; is invertible and (Id — M)~ " is S? -preserving, so
W} =s*(1d— M;)"'Q = s'Y;,
where Y; > 0 and ~; := (Y;)11 is given by Lemma 2(c). Taking (1, 1)-entries and plugging into the
definition of s*, we get

d d
s = DI (W) = Y P A i s™
i=1 i=1
Cancelling s* > 0 gives

d
1= 0"\
i=1

Using Lemma 2(c),
1+06 nAi
242 242
WA =n"A = -
27})\1(1 — ﬂQ — 77>\1) 2(1 _ 6) (1 _ 1777)\52)

Therefore Z?:l 7*\2v; = S(n, B), and thus we conclude that S(n, 3) = 1.

(<= ) Assume Apax < 1 — B2 and S(n, B) = 1. Then, n\; < 1 — 32 for all 4.

By Lemma 2(b), the matrices Y; := (Id — M;)~1Q are well-defined and satisfy Y; > 0. Set
Y := (Y3,...,Yy) € K\{0}. Foreach 7, (Id — M,;)(Y;) = Q, i.e. M;(Y;) =Y; — Q. Moreover,

d d
S(Y) = S (¥ = 3 P2y = S(1,6) = 1.
i=1 i=1
Thus (7) gives, for each ¢,
(T(Y))i = Mi(Ye) +s(Y)Q = (Y; - Q) + Q = Y,
so 7(Y) =Y. Hence, 1 is an eigenvalue of 7 with eigenvector Y, and therefore p(7) > 1. Set
ri=p(T) =1
By Theorem 4(a), there exists W* € K\{0} with T(W™*) = p(T)W™*. Set s* := s(W*). By the
positivity of s(W™*), we have s* > 0. From 7 (W*) = rW* and the decomposition (8), we obtain

*

rW* = M(W*) +5*Q, so that (Id - %M) W =52Q.

Since NAmax < 1 — B2, Lemma 2(a) implies that p(M;) < 1 for all i. Consequently, p(M) =
max; p(M;) < 1. Since r > 1, we have p(2 M) < p(M) < 1 and hence Id — 1M is invertible

with
-1 O k
(a-1m) =3 (M),
k=0
where the series converges in operator norm. Applying this inverse gives
* -1 _
w =< (d-1M) Q.
Applying the nonnegative functional s(-) to both sides and cancelling s* > 0, we obtain
-1 _
r:s<(ld—%/\/l) Q). )
Using the Neumann series, we have
-1 0 -~ a0 -~ -~
s((Id . %M) Q) = Y rEsMEQ) < Y s(MF(Q)) = s((Id - M)‘lQ).
k=0

Because M is block-diagonal, (Id — M) ! is block-diagonal with blocks (Id — M;)~!, and thus
Id-M)"'Q = (Id=M)™'Q,...,(Id - My)7'Q) = (Y1,...,Yy) =Y.
Therefore,
s((1d = M)7'Q) = 5(Y) = S(n.8) = 1.
Combining with (9) shows that » < 1, and hence r = 1. Therefore, we conclude p(7) = 1. This
finishes the proof of (b).
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Proof of (c). We prove
p(T) <1 <= Nhmax <1—75% and S(n,B) < 1.

(=) Assume p(7) < 1. Set r := p(T) < 1. By Theorem 4(a), there exists W* € K\{0} with
T(W*) =rW*. Let s* := s(W?™). Then, s* > 0 by the positivity of s(W™*). From (7), for each i,
Wi = (T(W7))i = Mi(W]) +57Q,

or equivalently,

(1d = L M)(W)) = £Q.
Since % > 0 and W;* > 0, Lemma 3 applied to the map %./\/ll implies p(%/\/ll) < 1, and thus
p(M;) < r < 1. By Lemma 2(a),

n\i <1— 32 foralli, hence 77/\maX <1-p%
Moreover, since nA\; < 1 — 32, Lemma 2(b) implies (Id — M )~ 1 exists and is S? < -preserving, so

w; =< (1d - ;Mi) Q> 0.
Applying s(-) to the identity W* = = (Id — 1 M)~1Q gives, after cancelling s* > 0,
—1 _
r=s((la-1m) Q). (10)

Using the Neumann series and r < 1, we have

(020 '0) - £ @)

k=0 k

P%

SMHQ) = 51— M) Q) .

0
Then from (10), we obtain

r=s((1d-M)TQ) = s(Y) = 5(n.8).

Since r < 1, we conclude that S(n, 5) < 1.
( <= ) Assume NApax < 1 — B2 and S(n,8) < 1. We prove p(T) < 1 by contradiction.
Assume p(7) = 1, and let W* € K\{0} satisfy T(W*) = rW* with r := p(T) = 1. Set
s* 1= s(W™*) > 0. Recall from (8) that

W =MW +5°Q,  so (A M)W = £Q.
Since NAmax < 1 — 3%, Lemma 2(a) gives p(M;) < 1 for all 4, hence p(M) < 1. Since 7 > 1, we
have p( M) < p(M) < 1,s01d — LM is invertible and

—1
* _ s* 1 A
wr =< (la- M) Q.

Applying s(-) and cancelling s* > 0, we obtain

r:s<(Id—%M)71Q). (11)

Using the Neumann series, we have
o0

s((Id - %M) Q) rF s (MF(Q)) <
=0 Y,). hence’c

<Id Jos 'Q) = s(Y) = S(n,8).

18

S(MHQ)) = 5((1a - M) Q).

o

0
Asin (b), (Id = M)~ 1Q =

A

Combining with (11) yields
r<S(n,B) <1,
contradicting r > 1. Therefore p(7) < 1. This completes the proof of (c). O

Lemma 2. Foreachi=1,...,d, define M; : S* — S? by
MZ(X) = AZXA;F + 772>\12(X)11Q s
where A; and Q are defined in Theorem 4, and n\; > 0. It holds that

(a) p(M;) < 1ifandonlyifn); <1 — 32

(b) If n\; < 1— B2 then1d — M, is invertible and (Id — M;) ™" is S3 -preserving.
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(c) Ifn\i <1 — B2 defineY; := (Id — M;)"1Q e S%r and 7y; := (Y:)11. Then,
B 1+4
a 2nXi(1 — B2 — ;)

Vi

Proof of Lemma 2. Let ® : S — R3 be the isomorphism defined by

T11  T12 i 3
() = |Z12| € R”.
T12 o2 Loy
Then, for each ¢ = 1,...,d, it holds that
1—2nX\; + 20202 28(-1+nN) B2
VX eS? ®(M,(X)) = K;®(X), K= | n\—2n2)\2 B(1—2nN\;) B2
22 A7 260 3
Since @ is an isomorphism, p(M;) = p(K;).

Proof of (a): Exact condition for p(K;) < 1. Fix ¢ and write z :=nX; > 0and b := 5 € [0, 1).
Under the identification ® : S* — R3 in the proof, p(M;) = p(K;). Let p(r) := det(rI — K;) =
r3 + 17?2 + cor + c3. A direct expansion gives

c1 = —b% 4 2bx — b — 222 + 2z — 1, (12)
co=0b(b>+b+1—-2(b+1)z), (13)
c3 = —b>. (14)

We use the strict Jury criterion for a monic cubic with real coefficients: all roots of p(r) = 73 +
c11? + cor + c3 liein {|r| < 1} if and only if

les| <1,  p(1) >0, 1—c1+ea—c3>0, 1—c2>|co—cics . (15)
We verify (15) and show that they hold if and only if 0 < = < 1 — b2.
First, from (14), |c3| = b < 1, so the first condition in (15) holds.

A direct substitution of (12),(13), and (14) gives
p(1) =1+c1 +co+c3=2x(1—b*—x).

Hence,
p(1)>0 — O0<z<1-0.

Next, substitution of (12),(13), and (14) gives
1—c1 +c2—c3 =2¢(x), o) =22 — (b+1) 2z + (B + 0> + b+ 1).
The discriminant of ¢ is
Apy=0b+1)* —4B*+02 +b+1) =0 +20* -3 =*-1)(b* +3) <0  (be[0,1)),
and ¢ has leading coefficient 1 > 0, so ¢(z) > 0 for all z € R. Therefore 1 — ¢; 4+ ¢3 — ¢z > 0 holds
automatically for all z > O and b € [0, 1).

It remains to check the last condition in (15): 1 — c% > |co — c1c3|. Again, by substituting (12),(13),
and (14) gives
(1—c2) = (ca—cres) = 26%2% + 2b6(1 + 0)2(1 = b)z + (L + b)(1 = b)3(1 + b+ %) >0

forany x = 0 and b € [0, 1). Moreover, we have
(1—c2) + (ca — cre3) = —2b%2% — 2b(1 + b)*(1 — b)z + (1 +b)(1 — b)(1 + b*)(1 + b+ b?) := () .
If b = 0, then ¢(x) = 1 > 0. Otherwise, b € (0,1), and # is a concave quadratic and has a global
maximum at z < 0. Hence, if 0 < 2 < 1 — b2, then ¢ (x) > min{(0), (1 — b?)}. Note that

P(0) = (1+b)(1-b)(A+b)(1+b+b*) >0,

Y1 —0*) = (1+b)(1-b)(1+b+b*)[(1—-b)>+2b°] >0,

for all b € (0, 1). Therefore we conclude that all the strict Jury conditions (15) hold if and only if
0 <z < 1— b2 Putting x = n)\; and b = 3, we conclude

pM;) = p(K;) <1 <= 0<n\<1-p2%
which proves part (a).
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Proof of (b). Assume that n)\; < 1 — 2. Note that

det(I — K;) = 2n\i(1 — B2 —n)\;) # 0,
so I — K is invertible, and hence Id — M is also invertible. According to (a), we have p(M;) < 1,
and

0
(Id = M;)~h = > M¥
k=0

converges in operator norm (finite-dimensional Neumann series). Since M;(S?2) < S%, we have
MPE(S2) = S2 forany k > 0, and thus

(Id — M;)~1(s2) c S2.
This concludes the proof of (b).

Proof of (¢). Assume that n)\; < 1 — 3% and define Y; := (Id — M,;)'Q € S%. In R®, we have

(Y h = 2PN 2B(1—mx) =@ ] (1
l(Yi)m] = oY) =(I-K,)'2(Q) = | —n\i +20°X] 1-5(1-2pN) f° [—11
(Y7)22 —2n2\? —2B8nX; 1—p52 1

Solving this 3 x 3 system and extracting the first coordinate gives
1+
s = =P =
This concludes the proof of (c). ]

Lemma 3. Let M denote a linear map defined as Lemma 2. If p(M;) = 1, then for every a > 0,
there does not exist W > 0 such that

(Id - MZ)(W) > aQ ,
where Q is defined in Theorem 4.

Proof of Lemma 3. Let M¥ : S — S? denote the adjoint of M;. Since M¥ is a linear operator
with M*(S2) € S2 and S2 < S? is a closed, convex, pointed cone with nonempty interior, the
Krein—Rutman Theorem (see also Lemma 6) implies that there exists Y > 0 with Y # 0 such that
ME(Y) = p(My)Y.
Define £; := Id — M. Then, its adjoint £} = Id — M satisfies
LEY) = (1-pM,;))Y <0,
since p(M;) = 1. Since Y > 0 and Q > 0, we have (Y, Q) > 0.
Now, we show that (Y, @) > 0. Assume the contrary that (Y, Q) = 0. Then,
Y,Q)=Tr(YQ) = Tr(Y'?QY"?) = 0.
Since Y'2QY'/2 = 0 and Tr(Y'/2QY'/?) = 0, we have Y/?2QY /2 = 0 and thus QY = 0.
Note that @ = [1 fl]T [1 —1] has null space Null(Q) = span([1 I]T). Since QY = 0 and
Y # 0, we have

Range(Y') € Null(Q) = span (E]) , andhence Y =a [ﬂ 1 1=« E }] for some « > 0.
Then, it holds that

MA(Y) = ATY A, + PAXY, Q) [5 8]

G )
A

oo 0] = Mr) = Moy = paialf |

gives a contradiction. Hence, (Y, Q) > 0.

However,
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Finally, assume for contradiction that there exists W > 0 such that
(Id = M;)(W) > aQ.
Then,
Y, (Id — M) (W)) = oY, Q) > 0.
However, since W > 0 and £¥(Y") < 0, it holds that
Y, (Id = M)(W)) ={(Id = M7)(Y), W) = (L} (Y), W) <0,
a contradiction. This concludes the proof of Lemma 3. O]

F.3 PROOF OF THEOREM 2

We prove Theorem 2 by characterizing mean-square linear stability of the linearized ZO-GDM
dynamics. Specifically, if

d
Menex(H) <1- 2 and Y s
i=12(1-p) (1 - f’féz)

then the linearized dynamics is mean-square stable. Conversely, mean-square linear stability implies

d
A
Muax(H) <12 and Y u

<1, (16)

VR 1 17
i=12(1 - p) (1 = 1"_52)
By definition, the mean-square critical step size 7}, . is therefore the unique 7 > 0 satisfying
d
Ai
Muax(H) <1- 5% and Y U — 1. (18)
S20-8)(1- )
Moreover, 1}, obeys the bounds
2(1 — 2(1 -
( Qi)ax(H) <Nl < ér(Hﬁ))_ (19)

Proof of Theorem 2. Without loss of generality, we assume =* = 0 and diagonalize the Hessian as
H = A =diag(A1,..., Ag) with Ay = -+ = Mg = 0.

By Lemma 1, the covariance blocks evolve according to T(WM, ooy W) =
(Wl,t+17 sy Wd,t+1), and
d
IE:||93tH2 = Z(Wi,t)ll-
i=1

Thus mean-square linear stability is equivalent to uniform boundedness of Z?=1 (W ¢)11 over time,
for every initialization.

Reduction to strictly positive eigenvalues. Let P := {i : \; > 0} and Z := {i : A\, = 0}.
The coordinates indexed by P form an autonomous subsystem. Define the restricted operator
Tp : (8971 — (%) by
(Tp(W)); = AW, AT + 1 ()\?(Wi)ll + ] )\?(Wj)11>Q7 i€P. (20)
jepP
Since all A\; > 0 for ¢ € P, Theorem 4 applies directly to 7p. In particular,

p(TP) <l < 77/\1nax(H) <1 762 and Z i A
iep 2(1 — 5)(1 - 1”—;52)

with the corresponding statement for p(7p) < 1.

It therefore suffices to relate p(7p) to uniform boundedness of Zle (W;.+)11 over time, for every
initialization. In particular, it suffices to prove that:

d
p(Tp) <1 = sup Z(WM)H < o for every initialization,
t20 ;5
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and

d
sug E(Wi,t)ll < oo for every initialization = p(7p) < 1.
20 =1

(i) Proof of (sup,>g Zle(Wi,t)u < oo for every initialization = p(7p) < 1). We prove the
contrapositive. Assume p(7p) > 1 and set r := p(7Tp). Recall that by Theorem 4(a), there exists
W* e Kp\{0} such that

Tp(W*) =rW* and Z(W[)u >0. (21

i€P
Extend W* to W* € K by setting (W*); = W} fori € P and (W*); = 0 fori € Z. Since the
P-subsystem is autonomous, by (21) it holds that
(T'(W*))i = r' Wy

for all £ > 0 and coordinate 7 € P. Consequently, we have

THW*) = rt W* (22)
forallt > 0.
Initialize mgo = 0 and o = (20,0, 71,0, - - -, Ta,0) € R such that
2?2, 0 ok
WZ}U = [ do ol 9512,0 = (Wz )11'

Denote sg := Z?=1 PN (Wio)i1 = 2iep A7 (W;)11. Note that so > 0 by (21). Moreover, it
holds that

Wi,l = 441‘/‘/2’014;r + 7]2)\12(Wi,0)11Q + SoQ > SQQ, = ]., - ,d.
Equivalently,

vVHZSQQ7 Q:=(Q,...,Q)E’C. (23)
Since W* € K and each block Q is positive definite on its support, there exists & > 0 such that
aW* < Q. (24)

Combining (23) and (24), we have
W, > spa W*.
Applying 7! and using positivity and linearity of 7~ with (22), we obtain for all ¢ > 1,
W, =T LWL = soa T HW?) = spart W™,

Define (W) := Z?=1 (W;)11, which is monotone on K. Applying ¢ gives
d

d
Z(Wi7t)11 = SoQv ’I“t_l Z(Wi*)ll — 00,
=1

: t—0
=1

since » > 1. This contradicts boundedness of Z?Zl(VVZ-,t)H for all initializations. Therefore
p(Tp) < 1.

(i) Proof of (p(Tp) < 1 = sup;~ Zgzl(Wi,t)ll < oo for every initialization). Assume p(7p) <
1. Fix any initial condition (W o);eq) € K and let (Wi ¢)sefa) := T (Why0, ..., Way). Define the
coupling scalar

d
St = Z )\?<Wj,t>11 = Z A?(Wj,t)ll-
j=1 jep
Then the P-coordinates evolve autonomously according to (20) with initial condition (W ¢)ep.
hence
(Wi,t)ieP = m((Wi,o)z‘eP).
Since p(Tp) < 1, there exist C' < oo and p € (0,1) such that

DMIWid <Cp' Y [Wigl,  VE=0, (25)
ieP i€eP
and in particular s, < A2, > o [W; | is summable:
0
=0
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0 B
Wi = AgWi Af +n°s.Q.

Forie Z,wehave \; =0and A, = Ay := [1 —ﬁ]’ 5o

Unrolling gives
t—1
Wip = AiWio(Ag)' + 07 ) AT (s:Q)(Ag) - 27
k=0
Since 8 € [0,1), sup;=q |A|| < o0 and sup,- [|A§Q(A])"| < co. Combining these bounds
with (26) and (27) yields sup,-, |[W;| < oo for each i € Z. Together with (25) and finite-
ness of Z, we obtain sup,- |7 (Wi,0,..., Wy)|| < oo for every initial condition. Therefore,

SUP;>g ZZ 1(W; ¢)11 is bounded for all initializations.

This proves the explicit mean-square stability conditions (16) and (17).

Critical step size and bounds. Define

_ d nAi
_7:2120—6)(1—1%)'

52
Onne ( , /\7(H)>’ each summand is strictly increasing in 7, hence so is S (7, 3). Therefore n} .
is the unique 1 > 0 satisfying (18).

For the upper bound in (19), using 1 — "m*’\ <1 glves
d *
1 = Z nms)\‘ Z 77m5 nms T\I‘(H)
izl 2(1 _ ﬂ) (1 _ Umb ) i1 2(1 — 6)
SO Miys < %.
For the lower bound, since A; < Apax(H),
_ nms)‘i >1— nmsAmaX(H)’
1— 32 1-— 32
and hence
d * . *
1= Z nms)‘ < "ms TI‘(H)

So-p)(1-22) 21— p)(1 - ZmeslD)
Rearranging, we obtain
s 200
T Te(H) 4 P H)
which completes the proof. O

F.4 PROOF OF THEOREM 3

We prove Theorem 3 by characterizing mean-square linear stability of the linearized Frozen ZO-Adam
dynamics. Specifically, if We prove the following implication for mean-square stability: if

Dmax(P'H) <1+ p; and Z ot 1,
i=1 2<1 - 11)\,5 )

1
then the linearized dynamics of frozen ZO-Adam is mean-square linearly stable. Conversely, if the
linearized dynamics is mean-square linearly stable, then

s
Mmax(P"'H) <14 B, and Z — <.
i=1 2(1 a +,31)

24



By definition of the mean-square critical step size 7., it follows that 7} . is the unique n > 0
satisfying

d 1.

Muax(P'H) <1+ 6 and Y ——1%

N T 1.
: NAi
’=12(17 1+[51)

Moreover, 1}, satisfies
2 2

1 < nr*ng < . D—11T)\"
Tr(P-1H) + %1;11{) Tr(P~1H)

Why the commutativity assumption PH = HP is needed. The mean-square analysis for
Z0O methods closes on the coordinatewise 2 x 2 covariance blocks only after rotating to a basis
where the quadratic is diagonal: the global coupling term is Tr(H X H) = >, A?(X,);;, and this
structure is what yields the rank-one coupling operator in Theorem 4. For frozen ZO-Adam, the
update involves both H and the fixed preconditioner P~!; to reduce the dynamics to independent
eigencoordinates with a single scalar coupling, we need a basis that diagonalizes H and P simul-
taneously. The condition PH = H P (with P > 0 and H > 0) guarantees such a simultaneous
orthogonal diagonalization, so that the recursion depends only on the eigenvalues {\;} of P~' H and
matches the ZO-GDM covariance-operator form after a change of variables. Without commutativity,
P~12H P~"/2 need not be diagonalizable in the same basis as the random rank-one factor, and the
diagonal-block closure used in Theorem 4 generally fails.

Proof of Theorem 3. We assume x* = 0 without loss of generality, so f(z) = jx'Hwx and
Vf(z;) = upu] Hax, with wy ~ N(0, I) i.i.d. Frozen ZO-Adam is
myy1 = fimy + (1 — 1) weu] Hay, (28)
Ty =2 —n Py (29)

Preconditioned coordinates. Define 7j := (1 — [31)n and the change of variables
z; = Pz, my = P~'?my,, H:= P 'PHP 2,
Multiplying (28) by P~'/2 and (29) by P'/? gives
Mys1 = By + (1 — 1) P~ 2w P2 H &,
Tyl = Ty — NMyq1 = Ty — 1My,

where we introduced the scaled momentum 77 := 1, /(1 — 1), so that

M1 = firy + P P PP H &, &40 = & — 101 (30)
The linear map (x;,m;) < (&4, 172;) is invertible, hence sup, E|z:||> < oo is equivalent to
sup, E| 2] < .

Simultaneous diagonalization. Since PH = H P with P > 0 and H > 0 symmetric, there
exists an orthogonal U and diagonal matrices ¥ = diag(oy,...,04) with 0; > 0 and A =
diag(A1, ..., Aq) with A; = 0 such that
P=-UXU'T, H-UAU".
Consequently,
H=p'2HP12 = Udiag(%, - ﬂ) UT = UAUT,

) o4
SO 5\1 := \;/o; are the eigenvalues of P'H.
Let &; := U &, my := U "y, and 4 := U "u;. Then @w; ~ N(0, I)i.i.d., and (30) becomes
My = By + S 2aa] 2V2A 2, Tpy1 = Ty — 1N Myy1-
Since |Z]| = |Z:|| and E|z¢|? < Amin(P)'E|Z,|?, it suffices to analyze mean-square bounded-
ness of x;.

Second-moment recursion and covariance operator. Define
X, := E[z;&] ], Y; := E[72mm] ], C; := E[fjz,m] ).
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Applying Lemma 5 with P = ¥ and using independence of u; from (&;, m;) yields a closed
recursion on the diagonal entries. Equivalently, for each ¢, define the diagonal 2 x 2 covariance block
Xi)ii (Ci)is
Wi [0 ()<t
Let X := (S?)? and K := (S2)%. Then there exists a linear operator Todam : X — X such that
(Wigsts-- s Wais1) = Tadam Wi, ..., Way),
and T,qam is exactly the operator in Theorem 3, i.e., for W = (Wl, LWy €

(Tadam(W))i = AW AT + 47 <;\ (Wi + o, Z TiA; > Q,
where .
e[ 2] el ]
Moreover, .
E|@.|* = Tr(X,) = Z )11,
so mean-square stability reduces to boundedness of Z ( )11

In Theorem 5, we show that the analogous statement to Theorem 4 also holds for 7,q.,. Hence,
the remainder of the proof follows by the same argument as Theorem 2. After reduction to strictly
positive eigenvalues as in as Theorem 2 and applying Theorem 5, we obtain that: if

i
Mmax(PVH) <1+ 6, and Z 777A <1,
=1 2( a 17‘7*‘[51)
then the linearized dynamics of frozen ZO-Adam is mean-square linearly stable. Conversely, if the
linearized dynamics is mean-square linearly stable, then

Y
Mmax (P H) <1+ and Z Y

i= 12( 1+ﬂ)

Hence, the mean-square critical step size 7)., is the unique 1 > 0 satisfying
d

) by
n)‘max<1+ﬁla 2777“5\
i=12 (1 - 1+él)

since the left-hand side is strictly increasing in 7 on (O7 ;’5 L )

max

=1

)

Boundson 7). Atn= ,r]:nb’

ms nm [*an PilH
Z (17 o ) Z 17 . r(2 )7
i=1 1+61

which gives n} . < m. For the lower bound, use )\Z- < Amax to get

Mins A > 1_ Tins Amax

1-— = )
1+ 5 1+ 5

hence

d . 7 . _
1 = Z (lnfsAZ < "lms TT(P lH)

— < = .
77:1)5)\1? 2 1 _ n;;]s)‘max
1+p61 1+51
Rearranging, we obtain
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F.5 SPECTRAL ANALYSIS OF FROZEN ZO-ADAM COVARIANCE OPERATOR

Theorem S (Spectral characterization of the frozen ZO-Adam covariance operator). Assume P > 0

and H > 0 are symmetric and commute: PH = H P. Let M == Mg > 0 be the eigenvalues
of P"YH. Fixn > 0 and B € [0,1), and define ij := (1 — B1)n. LetX = (S*)% and K := (S%)%.
In the simultaneous diagonalization basis P = diag(c,...,04) and H = P~'?HP~'? =

diag(;\l, el S\d), define Tagam : X — X blockwise by

(Edam(W))i = AzWZAlT + ﬁ2 (:\ (W)H + 0' Z O'J/\2 ) ) Q, t=1,... ,GZ;’)I)

Jj=1
_[1=ax -s _fr =
Az._[m m]’ Q._[_l 1].

d ~.
adam 777[31 = Z L

Define

Then Tadqam satisfies:

(a) (Leading eigenvalue in the cone) T,q.m(K) S K. Moreover, Taqam has an eigenvalue equal to
its spectral radius p(Tadam ), with an associated eigenvector W* € K\{0} satisfying
d

d
adam Z and Z(Wi*)ll > 0.

i=1
(b) (Critical case)
p(%darn) =1 — ’I’]Al <1+ ﬁl and Sadam(Thﬁl) =1

(c) (Subcritical case)
p(%dam) <l <= 7]>\1 <1+ B and Sadam(nvﬁl) <1

Proof. We work on X = (S?)? with cone K = (S%)? and order <.

Proof of (a). If W € K, then A;W; A >0, (Wi)11 > 0,and 0; ' 3, 0 A2(W;)11 > 0. Since
Q > 0, (31) implies (Tadam(W')); > 0 for all i, hence Tadam(K) S K.

Since X is finite dimensional and K is a closed, convex, pointed cone with nonempty interior,
the Krein—Rutman theorem implies that 7T,q.m admits an eigenvalue equal to p(7Tadam) With an
eigenvector W* € K\{0}.

To lower bound p(Tadam), define Qs := (07'Q,...,0,'Q) € IC\{O} For each 4,

(Todam (@5))i = Ai(0;'Q)A] +ﬁ2<X?<oi )11 + 0y Zag o, 'Q) )Q

( fx) — c(@u).

where ¢ := 77 Z; 1 j Thus ﬂdarn(QZ) = CQE’ SO Hdam(QE) = CtQZ forallt > 1. By
Gelfand’s formula, p(Tadam) = ¢

Finally, if (W;)11 = 0 for all i, then each W} = [§ 2 | with y; > 0. In (31), the coupling term
vanishes, and (Tadam(W?*)); = A;W*A] has (1,1)-entry equal to 5%y;. Since p(Tadam) > 0 and
Tadam (W) = p(Tadam)W , we get B7y; = 0 for all i, hence y; = 0 and W* = 0, a contradiction.
Therefore >, (W;)11 > 0.

Local-global decomposition. For each i, define M, : S — S? by
Ml(X) = AZXA;F + 7’?2/\12(‘X)11(27
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and define the block-diagonal map M : X — X by (M(W)); := M;(W,). Define the nonnegative
linear functional sy, : X — R and the injection direction Qx; € K by

ZJJ j 117 QE = (O—l_lQ?"'vo-d_lQ)'
Then (31) is equivalently B
Tadam (W) = M(W) + 7% 55(W) Qs (32)

Key local facts. All statements below use the ZO-GDM local lemmas with the substitutions

(77757 )\Z) — (ﬁa /617 S‘i):

« Lemma 2(a): p(M;) < lifand only if 7 \; < 1 — 57,

e Lemma 2(b),(c): Under ﬁj\i < 1- 82 (Id — M;)7! exists, is Si-preserving, and Y; =
(Id — M;)~tQ > 0 satisfies
1+ 06

i = (Y = N I 33
v (Yi)1 27— B — ) (33)

e Lemma 3: If 7 \; = 1 — 2, then for any « > 0 there is no W > 0 with (Id — M;)(W) > aQ.

Proof of (b). (=) Assume p(Tagam) = 1. Let W* € IC\{0} satisfy Togam(W™*) = W*, and set
s* = sy (W™) > 0. From (32), for each i,

* ~ s
(Id = M) (W) = UQ;Q'
K]
Since 72s* /o; > 0, Lemma 3 forces p(M;) < 1foralliand hence 7 \; < 1—%,i.e.n A1 < 1+ 0.
Moreover, W = 712(s*/0;)Y;, s0 (W) 11 = 72(s* /o)y Plugging into s* = s (W) yields
d
s*=2 >\ (W, 11—7723*2)\L%7

i=1
and cancelling s* > 0 gives

d
1=7%) A (34)
Using (33),

2Ny =

Since 7j = (1 —B1)nand 1 — 37 = (1 — B31)(1 + 1), the right-hand side becomes (77:\7]‘:\> Thus
2(1-754-

(<) Assume 7 A< 1+ B1 and Sagam (7, 51) = 1. Equivalently, 7 ANo<1-— (% and D 7]2)\2% =1.
Define Y; := (Id — M;)"'Q > Oand set Y := (Y; /o1, .. ., Ya/o4) € K\{0}. Then

(Edam(y))i (Y/Uz> +17 32( )U;1Q~

d d d
= Z 01)\2 _1 Z ;\f%, and Z 5\1 v =1,
i—1 -1 i=1
so that 7)%s5(Y') = 1. Also, by definition, M;(Y;/0:) = o; (Y — Q). Hence (Tadam(Y))i =

Y; — Q)/o; + o, 1Q = Y /o, = Y, ie. Toqam(Y) = Y. Therefore 1 is an eigenvalue, so
p(ﬁddm) = 1

To show p(Tadam) < 1, let 7 := p(Tadam) = 1 and take W* € K\{0} with Togam (W*) = rW*
and s* := s5(W™*) > 0. From (32),

(Id - %M)W* -

(34) is equivalent t0 Sagam (7, 51) = 1.

But

~ 2

* =
= Qx.
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Since 7 A; < 1 — 32, we have p(M) < 1, hence Id — 1 M is invertible and

~2 % —1 —
W= T (1 - Im) Qs
Applying sx(-) and cancelling s* > 0 gives the fixed-point identity

r —77232((Id— iM)_lQE) 35)

Using the Neumann series and r > 1

su(10-20) Q5] = X sn (M4 (@2 € 3 sn (M Q)) = (0~ )G

Because (Id — M)~ is block-diagonal with blocks (Id — M;)~! and (Qx); = 0; ' Q, we have
(Id = M)™'Qx), = 0; "(Id —= M;)'Q = 0, 'Y,

d
)‘2 Z i Vi

and therefore
Sy ((Id - M)iléx) =
Plugging into (35) yields

'M&

1=1

5‘171 - 1

<
N
31

'M&

s
Il
—

so r < 1 and hence p(Tadam) = 1.

Proof of (c). The proof is identical to Theorem 4(c) with the decomposition (32) and the functional
Sy

* If p(Tadam) < 1, the eigenpair in K and Lemma 3 force 7 AM<1-— 3% and the fixed-point identity
(35) with r < 1 implies 772 >}, A?y; < 1, equivalently Spdam(n, 51) < 1.

» Conversely, ifﬁj\l < 1— p#and Sagam(n, B1) < 1, assuming p(Tagam) = 1 contradicts (35) by
the same comparison with 7 2sx((Id — M)71Qx) = 72>, A2y < 1.
This completes (c) and the proof. O

F.6 TECHNICAL LEMMAS

Lemma 4. Let u ~ N (0, I). Then, the following identities hold by the Isserlis’ Theorem.
(a) E[uu'] = I.
(b) Eluu" Auu'] = A+ AT + Tr(A)I for any matrix A.

Proof. Letu = (uy,...,uq)’ ~N(0,1I).

(@ Let[d] := {1,2,...,d}. Fori,j € [d], E[uju;] = 0;; since the coordinates are centered,
independent, and Var(uz) =1. Thus E[uu'] = I.

(b) Let A € R%*? be arbitrary. For p, q € [d], the (p, q)-entry of E[uu Auu'] equals
d

Elu, (u" Au)u,| = Z A;j Elupuiujug).
ij=1
By the Isserlis’ Theorem (Wick’s formula) for centered Gaussians,
Elupuiujug] = Elupu; [E[ujuq] + Elupu;|E[uiug] + Elupug|Eluiu;] = 0pidjq + p;jdiq + 0pgij-
Substituting back gives
D Aijbpibiq = Apgs D AigOpibiq = Agpy ), Aijbpadiy = 0pg Tr(A).
ij 1,3 i,J
Hence,
(E[uuTAuuT])pq = Apq + Agp + Tr(A)bpq,
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which is exactly A + AT + Tr(A)I. O

Lemma 5. Let 3 > 0 be a fixed diagonal matrix and let uw ~ N'(0, I). Then, the following identities
hold by the Isserlis’ Theorem.

(a) E[Z2uu™21?] = 1.

(b) E[Z"uu SV AR 2uuTE"12] = A+ AT 4 Tr(SA)X! for any matrix A.

Proof. Letu ~ N(0,1) and let & > 0 be diagonal. Write D := X'/2, so D is invertible and
»-12 =D

(a) We have
E[X"2uu"2Y?) = D 'E[uu"]|D = D7'ID =1,
where we used Lemma 4(a).

(b) Let A be arbitrary and define A := DAD. Then
S 2 2248200 Y2 = D T Aun” DL
Taking expectation and applying Lemma 4(b) to A yields
Eluu' Auu']= A+ AT + Tr(A)I

Therefore,

E[D'uu' Auu'D'|=D'AD '+ D 'A'D' + Tx(A) D'ID".
Using D'AD' = A, D'ATD"! = AT, and

Tr(A) = Tr(DAD) = Tr(AD?) = Tr(AX), D'ID'=D 2% =%,
we conclude that

E[X Y 2uu' BV2PAS 2uu 2712 = A+ AT + Tr(AZ) 271
O

Lemma 6 (The Krein—Rutman Theorem (Krein & Rutman, 1948); see also Theorem 19.2 in Deimling
(1985)). Let X be a finite-dimensional vector space and K = X be a closed, convex, pointed cone
with nonempty interior. Let T : X — X be a linear opearator with T (K) € K. Then, there exists
x € K\{0} such that

T(@) = p(T)a .

This is a standard corollary of the Krein—Rutman Theorem in finite dimension.

G EXPERIMENTAL DETAILS

In this section, we provide additional experimental details. Our dataset construction, preprocessing,
and model architectures follow the setup of Cohen et al. (2025).

Dataset. We train on a subset of CIFAR-10 consisting of 1,000 training examples drawn from the
first four CIFAR-10 classes. We apply standard preprocessing by subtracting the dataset-wide channel-
wise mean and dividing by the dataset-wide channel-wise standard deviation. For the squared-loss
objective, we use one-hot targets: the ground-truth class is encoded as 1 and the remaining classes
are encoded as 0.

Architectures. We evaluate three representative vision architectures:

* CNN. A four-layer convolutional network with initial channel width 32 and 3 x 3 convolutional
kernels. We use GeLU activations, average pooling, and a linear readout layer.

* ResNet. A 20-layer ResNet (He et al., 2016) with GeLU activations and GroupNorm (Wu & He,
2018).

* Vision Transformer (ViT). A Vision Transformer (Dosovitskiy et al., 2021) with depth 3, embed-
ding dimension 64, 8 attention heads, MLP dimension 256, and patch size 4.
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Top eigenvalue and trace estimation. During training, we log curvature statistics every 1,000
iterations. Specifically, we compute the largest eigenvalue and trace of the Hessian (or the precon-
ditioned Hessian P, - H; for ZO-Adam) using matrix-free procedures, without explicitly forming
the Hessian. We estimate the top eigenvalue via power iteration with 50 iterations, and estimate the
trace via Hutchinson’s method with 500 probe vectors. Both computations rely on Hessian—vector
products.

Compute. All experiments are run on a single NVIDIA H100 GPU.

H ADDITIONAL EXPERIMENTS

H.1 EFFECT OF 31 IN ZO-ADAM

Figure 8 reports full-batch ZO-Adam training of a CNN on CIFAR-10 while sweeping both 3; and
the step size n with fixed 82 = 0.999. Across 8 € {0.1,0.5,0.9}, we observe that the preconditioned
trace Tr(P; ' H,) stabilizes near the stability threshold 2/7, suggesting that the effective stability
boundary is primarily controlled by 7 and is largely insensitive to 3;.

H.2 EMPIRICAL VERIFICATION OF THE COMMUTATIVITY APPROXIMATION IN ZO-ADAM

We empirically assess the commutativity approximation P, H; ~ H; P, used in Theorem 3.

Metric and estimator. We measure the relative commutator Frobenius norm

P, H
RelCommp (P, Hy) := M7 (P,,H,| = P,H, — H,P,.
| P.H||
Using the identity |A[|% = E|Az|3 for z with ii.d. Rademacher entries, we estimate both

|[P:, H:]| r and || P; H¢||r via Hutchinson probes using only Hessian—vector products. Each probe
requires two HVPs, namely H;z and H,;(P,z), together with a diagonal scaling by P;.

Setup. We use the same CNN and CIFAR-10 setup as in Figure 8 and log RelComm g (P;, Hy) at
the same frequency as the curvature statistics. We use 50 probes per checkpoint.

Results. Across all tested (81,7), RelCommp (P;, H;) decreases rapidly from the value 0.8-0.9
at initialization to below 0.05 and remains below 0.05 throughout training (bottom row of Figure 8),
supporting P, H, ~ H, P, as a reasonable approximation in this setting.

Why do P, and H, approximately commute in deep learning? For ZO-Adam, P, is diagonal in
the parameter basis. Writing entries explicitly,
([P, Hil)ij = (Pr,i — pej) (Hi)ij,

so non-commutativity is driven by off-diagonal Hessian couplings between coordinates that receive
different preconditioning. Consequently, P; and H, are expected to approximately commute when
(?) Hy is close to block-diagonal under a natural parameter partition (e.g., by layer blocks), so
cross-block couplings are small, and (i¢) the preconditioner varies primarily across such blocks
(or is slowly varying within blocks). This heuristic is consistent with empirical observations that
neural network Hessians exhibit a near-block-diagonal structure, and with blockwise second-moment
approximations studied in recent work (e.g., Zhang et al. (2025b)).
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Figure 4: Effect of the smoothing parameter p.. We train ZO-GD on a CNN with a fixed step size and vary
the smoothing parameter £ in the two-point estimator. For moderate and small smoothing (¢ < 10™3), ZO-GD
operates at the mean-square EoS. For larger smoothing (1 > 3 x 10™%), ZO-GD no longer reaches the EoS
threshold and instead trains in a lower-curvature regime with a smaller Hessian trace.
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Figure 5: Effect of batch size in mini-batch ZO-SGD. We train mini-batch ZO-SGD on a CNN with a fixed
step size and vary the batch size. Compared to full-batch ZO-GD, mini-batch ZO-SGD trains in a lower-curvature
regime with a smaller Hessian trace.
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Figure 6: Mean-square EoS for full-batch ZO methods on ResNet. We train full-batch ZO-GD, ZO-GDM,
and ZO-Adam on ResNet20 for CIFAR-10 and track the corresponding mean-square stability bounds and
threshold in Section 2.1.
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Figure 7: Mean-square EoS for full-batch ZO methods on Vision Transformer. We train full-batch ZO-GD,
Z0O-GDM, and ZO-Adam on a Vision Transformer for CIFAR-10 and track the corresponding mean-square
stability bounds and threshold in Section 2.1.
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Figure 8: ZO-Adam sweep over 3; and 7. Full-batch ZO-Adam on a CNN trained on CIFAR-10 with
B1 € {0.1,0.5,0.9} (left to right) and multiple step sizes 7 per setting. Top: training loss. Middle: preconditioned
curvature statistics Tr(P;* H;) and Tr(P ' H;) + ﬁ/\max(Ple +). Bottom: relative commutator ratio

|[P:, H]||p/|| PeHy | (cf. Appendix H.2).
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Figure 9: CNN: same experiments as Figure 2, with training loss. Top: training loss. Bortom: the stability-
band plots from Figure 2 for ZO-GD (left), ZO-GDM (middle), and ZO-Adam (right).
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Figure 10: ResNet: same experiments as Figure 6, with training loss. 7op: training loss. Bottom: the
stability-band plots from Figure 6 for ZO-GD (left), ZO-GDM (middle), and ZO-Adam (right).
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Figure 11: Vision Transformer: same experiments as Figure 7, with training loss. Top: training loss.
Bottom: the stability-band plots from Figure 7 for ZO-GD (left), ZO-GDM (middle), and ZO-Adam (right).
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