OPT2023: 15th Annual Workshop on Optimization for Machine Learning

Online Covariance Matrix Estimation in Stochastic Inexact Newton
Methods

Wei Kuang WEIKUANG @ UCHICAGO.EDU
Department of Statistics, The University of Chicago

Sen Na SENNA @BERKELEY.EDU
ICSI and Department of Statistics, University of California, Berkeley

Mihai Anitescu ANITESCU @MCS.ANL.GOV
Department of Statistics, The University of Chicago and Mathematics and Computer Science Division, Ar-
gonne National Laboratory

Abstract

We aim to study the practical statistical inference of the online second-order Newton method for
general unconstrained stochastic optimization problems under the fixed dimension setting. We con-
sider the adaptive inexact stochastic Newton method, which is reduced from the stochastic sequen-
tial programming (StoSQP) method in [18] to the unconstrained setting. Based on the asymptotic
normality of the last iteration, we propose a weighted sample covariance matrix, which is a consis-
tent covariance matrix estimator. With this estimator, we are able to conduct statistical inference on
the solution of the stochastic optimization problem in practice. The update of the estimator is en-
tirely online and efficient in computation and memory. We demonstrate the empirical performance
through numerical experiments on linear regression models.

1. Introduction

In this paper, we focus on the following unconstrained stochastic optimization problems

min f(x) = Ep[f(2; )], 1)

xcR4

where f : R? — R is a strongly convex objective function, and the expectation is taken over the
random variable £ ~ P. We consider the fixed dimension setting where d is a constant. Problem (1)
appears in various domains, including deep learning [13] and empirical likelihood [8]. Specifically,
(1) can be seen as a parameter estimation problem. We take the linear regression problem as an
example: Suppose & = (&4, &) is generated from the model &, = £Lx* + ¢, where &, ~ N(0,%,)
and € ~ N(0,1). & and e are independent. Let the loss function be f(x;&) = (& — ¢Lx)?/2,
then we can easily verify that the true parameter x* is the minimum of (1). Therefore, the statistical
inference of the solution «* is of high interest, which characterizes the variability of the estimation.

In today’s era of exponential data growth, online algorithms have gained increasing prominence.
One of the widely adopted algorithms is stochastic gradient descent (SGD). [22] and [20] develop an
acceleration procedure by averaging the SGD iterates, and establishing the asymptotic normality for
averaged SGD (ASGD). Moreover, [6] proposes two consistent estimators of the covariance matrix
in the asymptotic Gaussian distribution: plug-in estimator, which achieves faster convergence but
involves the inverse of the averaged Hessian; batch-means estimator, which converges more slowly

© W. Kuang, S. Na & M. Anitescu.



ONLINE COVARIANCE MATRIX ESTIMATION IN STOCHASTIC INEXACT NEWTON METHODS

but relies solely on the iteration sequences. [27] further introduces a fully online version of the
batch-means estimator, eliminating the need for a predefined sample size. Other recent progresses
in SGD inference include: [15, 24, 25], which delve into the statistical inference aspects of implicit
SGD. Also, [16, 17] consider SGD under constant stepsize setting. Finally, [11] and [10] build
confidence intervals for SGD and averaged implicit SGD using bootstrap techniques.

The first-order method might not be efficient enough if the eigenvalues of the Hessian matrix
have significant variations. Thus, the online second-order Newton’s methods are important, the sta-
tistical inference of which has appeared recently. [3] proposes an efficient online stochastic Newton
algorithm for the logistic regression problem. Furthermore, the authors establish the asymptotic
normality and offer a consistent covariance matrix estimator. [5] and [4] consider more general
regression problems and develop the inference for the averaged stochastic Newton method. The
aforementioned three works have two limitations: They consider objective functions with specific
forms that allow rank-one updates on the estimated Hessian. Thus, direct updates on the estimated
Hessian inverse can be applied and the Newton systems are exactly solved. Besides, they build the
asymptotic normality for last iterate only at stepsize O(1/t). [18] considers general objective func-
tion and generalizes to the case with deterministic constraint. The authors develop a fully online
StoSQP method for equality-constrained stochastic optimization problems and establish the asymp-
totic normality on the last iteration for a more general class of adaptive stepsize and inexact solves
of the linear systems using sketching techniques [14] to avoid taking matrix inverse. For the readers
interested in the stochastic SQP topic, we refer to [1, 2, 7, 12, 19] for such recent developments.

We aim to study the stochastic Newton method’s statistical inference, a particular case of the
stoSQP introduced in [18], adapted here for the unconstrained optimization setting. To facilitate
practical inference, it is crucial to have an effective estimator of the limiting covariance matrix. [18]
provides a plug-in estimator, but it has two drawbacks: First, it is not a consistent estimator as it
fails to account for the randomness of sketching. Second, it requires the inverse of the estimated
Hessian, preventing the aim of solving the linear systems inexactly. Motivated by the drawbacks,
we propose a weighted sample covariance matrix and establish its consistency theoretically. The
update of the estimator is fully online and does not involve matrix inversions. Therefore, we can
conduct statistical inference on the minimum x* in practice. To our knowledge, we are the first to
propose a consistent estimator of the limiting covariance matrix of a stochastic Newton’s method
for general strongly convex objective functions. We show the performance of our estimator through
numerical experiments on linear regression models.

Notation. | - || denotes the ¢3 norm for vectors and spectral norm for matrices. || - || denote the
Frobenius norm for matrices. For scalars a,b, a A b = min(a,b). a; = O(b;) or a; < by means

a; < cby for large enough t with a positive constant c. a; = o(b;) means lim;_,o, a¢/by = 0. I
denotes identity matrix and O denotes the zero vector. e; represents the vector with i-th entry as
1 and O for the rest coordinates. For a sequence of compatible matrices {A;};, we let [[;_, Ay =
AjA;_1---A;if j > dand Iif j < 4. For a symmetric matrix A, Amin(A) (Amax(A)) represents
the smallest (largest) eigenvalue of A. Denote the solution of (1) as £* and B* = V2f(z*). Let
ft = f(z) and f* = f(x*) (similar notations apply to V fi, etc.). 11 is the indicator function.

2. Recap: Adaptive Inexact Newton Method

In this section, we briefly review the adaptive inexact Newton method which is reduced from [18].
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Step 1: Estimate the gradient and Hessian. We generate a sample &, ~ P and estimate the gradi-
ent g; = V f(x; &) and the Hessian H; = V2 f(x; &;). We also compute B; = % Zf;é H; + A,.
The modification ||A;|| = O(w;) ensures By is invertible with a predeterministic sequence {w; }.

Step 2: Approximately solve Newton system via sketching. Considering the Newton system
ByAx, = —g;, we approximate the solution by a randomized iterative solver using sketching tech-

niques [14]. At iteration j, we generate sketching matrix S; ; € R4*4 2 S and solve the problem

Z¢ 41 = arg mzin |z — z|I* st ngBtz = —Sg;jgt. (with 2,9 = 0) )

The explicit solution is 211 = 2¢; — BtSt,j(S?jBfStvj)TSg(Btzt,j + g+). We perform the
randomized solver for 7 iterations, and let Az; = 2¢ ;.

Step 3: Update the iterate with a random stepsize. With the direction Ax;, we generate a
randomized stepsize «; satisfying 0 < f; < & < S5 + xt where {f, x+} are predetermined
sequences. We update the iterate by ;11 = x; + aAxy.

Denote the randomness in the randomized solver and the stepsize as (; and ), respectively. We
define the adapted filtration as F;_g/3 = o/({&;, Gi, ¥i }_gU&), Fi1/3 = o({&, Gin i }iZgU&EUG),
and F; = U({fh Cta ¢t}§=0)-

3. Global convergence and asymptotic normality

Assumption 1 We assume f(x) is twice continuously differentiable over R?. For any £, we as-
sume the stochastic estimate f(x;€) is twice continuously differentiable with respect to x. Besides,
the gradient NV f(x) and the Hessian NV* f(zx) are Lipschitz continuous with parameters Y 1, and
Y Ly respectively. Furthermore, the function f(x) is u-strongly convex. Additionally, there exist
constants yp and Y g such that yg < Apin(Bt) < Amax(Bt) < Y foranyt > 0.

Assumption 2 (a) For any x;, we have E [g; | F;—1| = V fi. There exist constants Cl ,y, such that
E[l|ge|™ ] | Fe—1] < |V fell™ + Cgm for m = 2,3, 4. (b) The assumption also holds at x*.

Assumption 3 For t > 0, we assume that the sketching matrices St j g (a) There exists a
constant vs > 0 such that E[B;S(STB2S)1ST By| = ~sI. (b) There exists constants Y g, such
that E[||S|™(IS]1)"] < Yo form = 1,2.

Assumption 1 is standard in literature [5, 6]. Assumption 2 is a growth condition on the moments
of estimated gradient. Assumption 3 guarantees the performance of the sketching solver, which is
easy to achieve by several choices of S, like a uniform distribution on the canonical basis [23].

Theorem 4 (global convergence) Under Assumptions 1, 2(a) with m = 2, and 3(a), we suppose
Bt = cg/(t + 1) and xt = ¢, /(t + 1)X with constants cg,cy, > 0,1/2 < B < land x > 1. If T,
the number of inner sketching iterations, satisfies 7 > log(vp/4Y )/ log(1 — vs), then the iterates
xs satisfy limy_, oo 1 = x* almost surely.

Theorem 4 establishes the global almost sure convergence of the iterate sequence. Its proof can be
found in Appendix A.2. Compared with [18], we remove the compactness on the iterate sequence,
while we strengthen strong convexity to global, which is commonly seen in stochastic unconstrained
optimization [3, 6]. Assumption 2 is weaker than the bounded moment condition in [18].
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Assul_nption 5 For any x4, we have E [ﬁt | .E_l] =V? ft. There exist constants Cy y, such that
E [”Ht - V2l | ]:t—l] < Cumform = 2,4.

Assumption 6 There exists a function H(£) such that |V? f(z;€)|| < H(€) for all x. Moreover,
there exist constant Y gy, > 0 such that E[H (§)™] < YT for m = 2,4.

Assumption 5 is the moment condition on the estimated Hessian. Assumption 6 implies the Lips-
chitz continuity of V f(x; &) [6].

Let C* = — [T, (I-B*S;(51(B*)2S;)1 ST B*), C* = EC*,and I+C* = USUT with & =
diag(c1, . .., 04) be the eigenvalue decomposition. Denote Q* = (B*) " 'E[V f(z; &)V f(x; €)](B*) L.
The next theorem builds the asymptotic normality of the last iterate, with proof in Section A.2.2.

Theorem 7 Under the conditions of Theorem 4, suppose Assumptions 2 with m = 3, 3(b) with
m =1, Swithm = 2, 6 withm = 2 hold, and w; = c,,/(t + 1)* for a constant ¢, > 0. If x > [
and (1 — (1 —vs)7) — B/cglip=1y > 0, we have

V1/Bi(@; — x*) -4 N(0,E%), 3)
where

E*=U(0cUTE[I +C)*(I +C)"IU)UT with [k = 1/(o% + 01— B/ealip=1y). (4)

4. Covariance matrix estimate

We propose a consistent estimate of the covariance matrix =* in Theorem 7. Define

1 U 1 a1 Bi + X
wM:M;wtandEM:M; (¢ — @ar) (e — ap) T with oy = =220 (5)

— Pt—1 2

It is easy to see that the updating process of =, can be entirely online. The following theorem gives
the convergence rate of =,;. Proof can be found in Appendix A.S5.

Theorem 8 (consistency of covariance matrix estimate) Suppose Assumptions 1, 2, 3, 5, and 6 hold.
Let B = cg/(t + 1)%, x¢ = ¢,/ (t + 1)X, and wy = ¢, /(t + 1) with constants cg, ¢y, ¢, > 0. If
1/2<p8<1,x>268,w>p/2 andc, < c%, then we have

E[|[2 -] s M~ ®)

We note that the plug-in estimator in [18], defined as

M
=H7 = By (57 2.9l ) Byt (7

t=1
. The plug-in estimator has O((1—~s)") gap from Z, and the gap does not vanish as the sample size
goes to infinity. Besides, the plug-in estimator requires the inverse of B; but =, avoids this. Theo-
rem 8 allows us to practically perform statistical inference on x*. For example, if the conditions in
Theorems 4, 7 and 8 hold, we can construct the following a%-confidence interval for p := clx*,

which is asymptotic exact by [6, Corollary 4.4].

Pr <CT33t — Z1apVer B < p <@+ zapV e CTEtC) — . 3
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5. Numerical Experiments

We demonstrate the empirical performance of the estimated covariance matrix in linear regression
problems. Our experimental setup follows the settings in a previous study [6]. Specifically, we
consider dimension d € {5,20,40,60} and perform 10° iterations. The components for the true
solution * € R< are set linearly spaced between 0 for the first component of «* and 1 for the
d-th one. At each iteration, we independently generate ({4, &) from the linear regression model
defined in Section 1. With loss function f(x;§) = %(fb — €¢T'2)2, we can compute the explicit form
of g, and H;. We explore three different structures of covariance matrix >,: 1) Identity matrix:
Yo = I; 2) Toeplitz: [3,];; = rli=3l with » = 0.5; 3) Equi-correlation: [(Xalij = rfori #j
and [3,];; = 1 for all i. We compare four solvers for the Newton system: the exact solver and
the iterative randomized solver (2) with 7 = 20, 40, 60 respectively. For the randomized solver, the
sketching matrices S are generated from the uniform distribution on {e1, ..., e;}. Additionally, we
choose B; = 1/(t + 1)°%%! and y; = B2. The stepsize a; is randomly drawn from the uniform
distribution on the interval [3;, 5 + x¢]. For each run, we construct the 95% confidence interval for
Z?Zl x} /d following (8). Under each setting, we repeat the entire process 200 times and compute
the average coverage rate and the average confidence interval length.

Table 1 shows the average coverage rate of the confidence intervals across 200 runs. The average
length of 95% confidence intervals is left to Table 2 in Appendix B. The coverage rate of the plug-in
estimator decreases as the dimension increases for randomized solvers. Also, the performance of
EAP/[I gets better for larger 7 under the same problem setting. This is because more inner iterations in
the randomized solver leads to more accurate approximate to the update direction, which is shown
in Lemma 12. However, the average coverage rates stay around 95% for all 4 solvers for weighted
sample covariance matrix =j;. =7 not only reduces the computation complexity by using sketching
techniques, but also numerically performs better in statistical inference due to its consistency.

exactly solved T=10 T =20 T =40

Structure of >, | Dim PI WSC PI WSC PI WSC PI WSC
5 19450 9450 | 97.00 96.50 | 95.50 95.50 | 95.00 94.00
20 | 96.50 97.50 | 96.00 96.50 | 93.00 93.00 | 94.50 94.00
40 | 9550 93.50 | 95.50 92.00 | 95.00 93.50 | 95.50 95.50
60 | 97.00 96.50 | 93.50 92.50 | 94.50 93.50 | 95.50 96.00
5 19400 94.00 | 90.00 94.00 | 94.00 94.50 | 95.00 95.00
20 | 91.50 91.00 | 89.00 95.00 | 92.50 98.00 | 92.50 95.00
40 | 95.00 94.00 | 91.50 95.50 | 85.50 93.50 | 87.00 96.00
60 | 9550 94.00 | 93.00 96.50 | 88.50 96.50 | 91.50 94.50
5 19550 97.50 | 93.00 94.00 | 94.50 93.50 | 96.00 95.50
20 | 94.00 94.00 | 84.50 95.00 | 80.50 95.00 | 90.00 94.00
40 | 95.00 94.00 | 73.00 95.00 | 77.50 92.00 | 80.50 94.50
60 | 9450 93.50 | 68.50 93.50 | 66.00 95.00 | 76.00 93.00

Identity

Toeplitzr = 0.5

Equi-corrr=0.2

Table 1: The average coverage rate of the confidence interval for Zgzl x}/d for linear regression

at the target level 95%. PI represents plug-in estimator E]\Pf and WSC represents weighted

sample covariance matrix = ;.
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Figure 1 plots the online construction of the confidence interval of Zle a}/d for the last 1000
iterations for one run of the experiment. We use the randomized solver with 7 = 20. We can see
that the confidence intervals consistently cover the true value, which demonstrates the performance
of the weighted sample covariance matrix.
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Figure 1: 95% confidence intervals of Zle x}/d for least squares. The inner iteration number of
the randomized solver is chosen as T = 20. Each figure has three lines: the green and red
lines correspond to the lower and upper interval boundaries, respectively, and the blue
line corresponds to the true value.

6. Conclusion

For the stochastic Newton method derived from [18], we proved the global almost sure convergence
on the iterate sequence of the algorithm and proved asymptotic normality of the last iterate under
weaker assumptions compared to [18]. We proposed a fully online consistent estimator of the
covariance matrix in the asymptotic Gaussian distribution. The estimator construction is efficient in
both storage and computation. Based on that, it became practical to conduct statistical inference on
the minimum x*. We showed the validity of the confidence interval by numerical experiments on a
linear regression model.
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Appendix A. Proofs

A.1. Preparation Lemmas

We first introduce the following lemmas on the series of stepsize, which are important tools for our
proofs.

Lemma 9 [18, Lemma A.1]Suppose {;}i is a positive sequence that satisfies lim i(1—p;—1/p;) =
1—r 00
@. Then, for any p > 0, we have lim i (1 — @f_1/<pf) =p-o.
71— 00

Lemma 10 [18, Lemma A.3] Let {¢;}i,{vi}ti,{0i}i be three positive sequences. Suppose we
have,

lim i (1 — ¢i—1/¢i) = ¢, lim ¢; =0, lim ip; = ¢ 9
71— 00 71— 00 71— 00

for a constant ¢ and a (possibly infinite) constant ¢ € (0, 00]. For any | > 1, if we further have

l
Y ok+0/3>0, (10)

k=1
then the following results hold as t — oo

t

t l
=3 11 IT6 - eimes — or———— (an

=0 j=i+1 k=1 Zk:l Ok + @/90
1 t t l l
o2 H H L= pjor)pidia; +b- HH 1 — gjor) ¢ — 0, (12)
1=0 j=it4+1 k=1 7=0k=1

where the second result holds for any constant b and any sequence {a, }¢ such that a; — 0.

In the next lemma, we characterize the convergence rate of (11) for a specific choice of {y; };.

Lemma 11 Assume the conditions of Lemma 10 hold. Furthermore, let the sequence p; =1/ (i +
1)% for constants 1 > 0 and 1/2 < a < 1. Define v; = 1/(i + 1)1 =%, then we have

1 t t
Z 11 H 1 —jop)pitpi — ——— = O(n).
=0 j=i+1 k=1 Zk 10k

Proof Since p; = n/(i + 1), we have lim;_,~, ip; = co. Thus, 2221 op+¢/p = 22:1 Ok, 1.€.
condition (9) holds whatever the choice of ¢. [18, Eq A.3] gives us the decomposition

1 t t l 1
—> 1T vjon)pidi — ———
(Z) 1=0 j=i1+1 k=1 Zk:l Ok
t t l l
1 1 i
LS T 0 e {% (1—@,111(1—%))}
ti=1 j=it1 k=1 Zk 19k v =1
1 4 1
+—JTTI = wiow) - ¢o <800— , ) (13)
P j=1k=1 D k=1 0k
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Note that

l

l
H 1 — @iop) —1—2%%-1'0(%) and  1/ip; = (i +1)%/i =, (14)
k=1 k=1

Here +; is defined to be 1/(i + 1)!7%. By (9) and (14), we have

Gi—1
b

Multiplying the two terms, we get

—1—¢-1+0<;) =1+ 0 (o).

l

l
[T =@ioe) =1 owpi+ 0 (pim)

k=1 k=1

Gi—1
bi

where we also use the fact that ©? = o (¢;;) for a € (1/2,1). Thus, the first term in (13) can be
simplified as

t ot . z
;Z H H(l — ©;0k)Pi {%’ - le (1 — (b;_il H(1 — %‘%)) }

i=1 j=i+1k=1 =1k P
TR
g Z H H 1 —jor)@iO (dii) . (15)
By the definition of ~; in (14), we know lim ¢ (1 — v;—1/v;) = — (1 — a) =: 7. Moreover,
1— 00

(1 500 ) = (1 (1)) e

Thus, we are able to apply Lemma 10. (11) and (12) give us

&t
1 1
— (L —pjon)pi - divi — :
ME AL e eogaoo = o
l
H H (1= pior) — 0.
¢>t% 20 k=1
Combining the above display with (13) and (15), we complete the proof. |

We now discuss the sketching randomized solver. We subtract Az, from both sides of the
explicit solution of (2) and plug in §; = — B;Ax,, then

zt,j+1 — Awt = zt,j — Awt (BtStJ(ST stt]) S Bt) (Zt] — A:ct)

We define .
Crj=1— (BiSi;(S{;B}S1;)1SBy) and  Cy=—]]Cu; (16)

10
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Note that C’t,j is a projection matrix, thus Hét,jH < 1 and |]C~‘t~|| < 1. Given zg = 0, we know

Axy = (I + Cy)Ax; = —(I + C)B;'g. We let C; = E[C; | Fi_1]. Moreover, since g; is
conditionally unbiased, it easy to verify that

E[Az, | Fy o) = (I +C)Az, and  E[Az, | Fiq] = (I + C)Azy, (17)

where Ax; = B, IV f,. The following lemma guarantees the performance of the randomized
solver.

Lemma 12 [/8, Lemma 3.4] Under Assumption 3 (a), for all t > 0:
1. Letp=1—rg. Wehave 0 < p < 1.
2. E[Al‘t - Ail?t ‘ ft—2/3} = CtA.’L't, and HCtH < pT.

3. E[l|Azy — Azy||? | Frogys) < p7|| Ay

A.2. Proofs of Section 2
A.2.1. PROOF OF THEOREM 4

The main outline is similar to [18]. With the compactness removed, we do not have the bound on
V f anymore. Besides, we relax the bounded covariance condition to Assumption 2. We have to
deal with these two points.

Proof Due to the Lipschitz continuity of V f, we have

=2
* * — A aQ A
Jer = " < fo= [ 4 @V I Awy+ LT A, (18)
We subtract f* from both sides and take the conditional expectation.
Elfis = /| For] < (fi = £ + E|GEV ST Awy | Fioa] | Fia
_ T X T A TLg ~2|| A 2
+E|a{ VT Ay~ B[V ST Aay | Fial} | Fioa| + —2E[a Aai|? | Fia]. (19)
We first deal with the second term on the right hand side. By (17), we know
_ _ 1 g
E[Vf{ Az | Fioa] = VI (I+C)Azy = =V fl (I+C) B 'V f; < —E”Vft"2+%‘|vft”27

where the last inequality is due to ||Cy|| < p” and v5 < Amin(Bt) < Amax(Bt) < T p. Further-
more, since 3 < &y and p” < yp/4Y g, we have

7 3
E|GE[V [T Awy | Fio] | Fit| < — BV AP (20)
ATp
Noting that E[V f{ Az, — E[V f{ A, | ;1] | Fi—1] = 0, we have
E[at{VftTAxt—E[VftTAwt | }“t_l]} | ft_l} —E [(at—ﬁt){VftTAxt—E[VftTAazt | ]—“t_l]} | ft_l}

< ’;t\VftHE[HAxt _E[A | .7-}_1]H ]J-"t_l], @1

11
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where the inequality uses |a; — (| < x¢/2. (17) leads to
HAwt —E[Az | ft—l]H = H(I + ét)Bt_lgt - I+ Ct>Bt_1vftH
_ ~ = 1y 2 2
< IBHIV SN Ce = Cell + 11+ Cellll B lge — V fell < TBHVftH + TBHgt — V£,

where the last inequality holds due to || B; !|| < 1/vp. ||C¢| < 1, and ||C;|| < 1. Besides,
Assumption 2(a) gives us

Eflg — VAill | Fia] < E[lg = VAIZ | For] < /2E[lgil12 | Fia] + 20V £
< x/i\/znyftHQ + Cy2 <2V il + V2/Cya

Plugging the above two displays in (21), we have

_ 5 . 3 V2
E|a{ VST Aw B[V [T By | Fial} | Fiot| < xS IVAIR+ v/Coall VAl
B B
4 1
< xt(—HV P+ —C ,2>. Young’s inequality (22)
VB 2B
Finally, using &y < n; with 0, := 8; + X, we have E[@f”ﬁathQ | .7-}_1] < nfE[HAthQ | ]:,5_1}.
Since Axy = —(I + C’t)Bt_lgt, we have
~ _ B _ B 22772
E(af Az | For] <mE[IT + COIPIB PGl | Foea] < TQt (IVfell* + Cyp2). (23)
B

The last inequality follows from Amin (B:) > 7B, ||C¢|| < 1, and Assumption 3 (a) with m = 2. We
plug (20), (22), and (23) back into (19). We rearrange the items and obtain

. \ 3 4 4 ic,
Elft+1— f* | Fe-a] | ]:t—l] <(fi—f")— <Eﬁt T ,@W?)”Vft’\z + f(Xt-H?tQ)-

By 5 = cg/(t+ 1)% and x; = o(f;), there exists a fixed integer t, such that %Xt — 3—2217,52 < %@
B
for all ¢ > tg. Thus, for ¢ > ¢y, we have the recursion

2
Blfiss £ | il £ (= %) = =BV I + 2 Coa (vt 1)
B

We note that Y72, x; < oo and Y72, 07 < 372, B7 4 D72, xi < oodueto S > 1/2and
x > 1. Therefore, the Robbins-Siegmund theorem [9, Theorem 1.3.12] leads to

o0
ft — f*converges to a finite random variable, and Z BiIVfill* < oo as.
t=to
Furthermore, since > 2, B = oo, we can conclude that lim inf; o ||V f¢|| = 0 almost surely.
The strong convexity[26] of f gives us
Bl — 21 < F (w) = I < o IVAIP, e
2 - — 2u

12
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By the second inequality in (24) and lim inf;_, |V f¢|| = 0, we get lim inf;_,~ f; — f* = 0. Since
ft — f* converges a.s., the conclusion can be strengthened to lim;_, o, f; — f* = 0. We use the first
inequality in (24) and obtain

lim x; = * almost surely.

t—o00

This completes the proof. n

A.2.2. PROOF OF THEOREM 7

The proof is almost the same as Theorem 4.6 in [18]. The only difference is the removal of compact-
ness and the relaxation of the bounded variance on g;. The techniques of dealing with the difference
is similar to what we do in the proof of Theorem 4. Although we cannot bound V f;, we know that
V fi = 0ast — oo. Thus, it does not affect the almost sure convergence in the proof. We will skip
the details and refer readers to [18].

A.3. Convergence rate of iterates and Hessian estimates

In this section, we introduce two lemmas bounding E [||@; — *|*] and E[|| B; — B*|*].

Lemma 13 Under assumptions 1, 2(a) with m = 4, 3(a), we suppose By = cg/(t + 1)° and x; =
cy/(t + 1)X with constants 0 < ¢, < c%, 0< B <1 andx > 2B. If T > log(yp/4YRB)/log p,
then we have
|z, — 2*(|'] S DBE,
where )
T T
D = ~5% max (2 max(Cy, C2y), w0 — 2*1*). (25)

el

Proof Taking squares on both sides of (18), we have
(ferr = )7 < (fe = 1?2+ 26e(fe — [V D + 67 Tg(fi — f7) || Ao
_ _ _ 1 _
+a; (VI Am)? + a1V [T Awy|| Aa||* + 1d?T%g‘|Aa§tH4' (26)

We take the conditional expectation given F;_1, then classify these terms by the order of stepsize
and analyze them one by one.

Part 1. E[ 20_ét(ft — f*)VftTAwt | .7:15_1]

Same as the proof of Theorem 4, we have the decomposition

E[2a:(f; — )V Az | Foa] = 2(fi — f*)E{@tE[Vngmt | Fe-1] | ]:tfl}
+%ﬁ—ﬁEb%Vﬁﬁ@—EWﬁﬁ@\ﬂqg|EA]

By (20) and (24), the following holds with p” < v5/4Yp.

2(ft — f*)E[@tE[Vngmt ’ J—'.tfl] | J—"t—l:| < — 3

3
< 2TBﬁt(ft — VLI < —T/;/Bt(ft - 2

13
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By (22), we know

2(fi=1*VE [ { VI BarB(T 7 Ay | Fial | Fia] < =) (S IV AP+ o)

The Lipschitz continuity [26] of V f leads to

* T *
1P < fo= £ < 2l — 2. o)

By (27) and Young’s inequality, we have

8 1 167 C?.Yp
XU P (IR = Coa) < = Ealf £+ g o= 19 0
B
16TLg 2 % 2 22T 4
— +
S n(fe — )%+ TBﬁt(ft ) 22,

In the last inequality, we use x; < 7; and x; < B? < n?, which is easy to check according to
0 < ¢y < cgand x > 20

Part 2. E[ a7 T r4(fe — f*) || Az + aF (VT Axy)? | Fioa

Thus, the second term can be upper bounded by

(VI Azy)? < ||V FllP| Azl < 20X 1g(fe — f*)]| Az ||
Now we use o < 1y = B + x¢ and merge two terms.
E[ &Y ry(fi — *)IIAth? +ai (VI Aw)? | Fooa] <3TrgnfB[(fo — ) Aze | For]
9T Y,
*\ 2 g
< 2T ne(fe — f°)° + o

Part 3. E[ &Y 1,V I Azy||Azy||? | Fy-1]
Similarly, we use Young’s inequality and apply (27) to bound this term.

nEE[HAth | Fi—1].  (Young’s inequality)

B[ a3 1oV fi Ayl Aay||? | Foor] < BV fell | Aze® | Fiei]
3 3T4/3 T4/3
n Lg Tt I * L —
< ZtHVft||4+TgE[||Awtll4 | Fir] <mpg(fi= )2+ —Zn Bl Azy||* | Fioa].

Combining the analyses of all parts and (26), we have

Y0 n 167,
E — M FEo< (1= 92T 2
[(feer = ) | P 1]_( 2T35t+2TB77t+ o + YT ) (fi = 1)

2

2uyg

L (1 4+ n)E[| Aze ||t | Foa].

Next, we bound E[||Az||* | F;—1]. Under the Assumption 3 with m=4, by the fact |Cy|| < 1 and
|B; || < 1/vB, we have

E[||Az|* | Feer] = E[I(Z+ Col"IB; HIMgell* | Fer]

( 262 94
7<||Vftu4+c 4) < Lg(ft 24+ 5 Cu
B B

14
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Therefore, we rearrange the terms and get the recursion

S I 167, 193Y5Y%
Bl(forr — 7)< (1= 2580+ hom + =222+ =2 1003 (1) )E[(fi - £)?)
2Tp 2Tp VB W5
507 Y2
—— 2 max(Cya, Cg )0} (1 + 1t).
HYp
Applying the inequality above recursively, then we get
U 167}, 193TBTL
E[(fi+1 — oyt (L) | (fo - )
B B ,U'YB
50T Y2 L 1677, 19375 Y7
+ ———2 max(Cy 4, nj + L3 + L2 (1+ny)| mi (14 m)
Y CotrCo ;}11 2TB T Ty T g T
=V, + W, (28)
Since 3 = cg/(t + 1) and x; = o(B;), there exists a deterministic integer ¢ such that for all t >
I 16TLg 9 193TBTLQ 3 3'u W
1 d 1—=—p8>0.
o1, + o + o ny(1+m) < 5T, Bt an TBBt
Then, we have
50Y Y2
WtS T gmax g4; gQZ H ( >771(1+771)
7B i—1 j=i+1
50T 5T2 f* ! 167 193754
2 ax(Cy 4, C 1—— B+ b+ =92 ¢ L9103 (1 4 )| (14
HV% . H 2YB J ’yB J H’Yé J t v
As explained in the proof of [18, Lemma D.1], the first few terms do not affect the rate of series.
When t > t, let 7j; = ;. When t =t — 1, let 7}; satisfy
t—2 t—1
- - 5 i 167, 193754
i (1) = U= o By ey + =)+ ———— =0y (L ) |0 (L) (170
i=0 j=i+1 B B B B
Thus, we can rewrite W, as
50T Y2
e s a0 3 T (1 s )it
'UJ’YB t—1J=i+1

We aim to use Lemma 10 to obtain the rate of W}, hence we first verify the conditions (9) and
(10). With the choice 3; = cg/(t + 1)8 (B < 1), we have lim;_., t3; = oo, thus condition (10)
always hold. In the remainder of this paper, we will omit this point and only verify condition (9)

15
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when applying Lemma 10. Since limy_,o t(1 — S;—1/5:) = — We have the limit, lim;_,~ t(1 —
Xt—1/Xt) = —X> Mt = B¢ + x¢ with x; = o(5;), we have

limt<1—m_1/ﬁt_l>:Ijmt<1_1+xt_1/’8t_1>_hmt<Xt_Xt—l>

t—o0 nt/ Bt t—00 14 x¢/Bs Ctooo \ B B
. Xt—l/ﬂt—l) Xt . < Xt—1 Xt—1 { Bi—1 }) Xt
=limt(l—-=——F—— )= =1lm (1-— + 1—— = (B —x) lim == =0.
t—00 < xt/ Bt By t—oo Xt Xt Bt (B=x) t—oo By
Furthermore,

, oM=L B B [ /B }) _
tlgg(}t(l uiz >_t131010t<1 B * B {1 Nt/ Bt =5

1 _ — My_ _
lim ¢ 1—M :hmtw:limt 1—M ne = —f lim n; = 0.
t—o0 1+ Mt t—00 1+ ¢ t—00 Mt t—00

Combining the three displays above and using Lemma 9, we know

<1 _ (14 ﬁt—l)/ﬂt—1>
M (1+ 1)/ B

2 2 3
_ _ - 1 _
~ lim t{(l— 77t51) n 777551 (1_ ni—1/Bt 1> n Ut—é/ﬁg 1 <1_ +me 1>} _ 98
t=o0 i i /B 1/ By L+,

Therefore, we can apply Lemma 10. By (11), we have

lim ¢
t—o0

50T Y2
Wt 5 TL'Q maX(CgA, 09272),3152 (29)
B
Similarly, (12) leads to
t t—1 4
0 o H 16T, 5  193TpT7, 4 *)2
Vi < 1—ﬁi> 1- Bi + n; + n; + n; (L +m)| (fo— f
' E < Tp il;‘([) 2Tp 2Tp VB ITa5 ( ) )
= (fo— ) o(B). (30)
Plugging (29), (30) into (28), and using (24), we have
* 4 *
Eflle: —a*|"] < 5E[(fe — )] < DA,
where D is defined in (25). We complete the proof. |

Lemma 14 Under the conditions in Lemma 13, we suppose Assumption 5 holds with m = 2. Then
we have

E[||B: — B*||*] < max (Cua, VDY? ) (B + wi), (31)

where D is defined in (25). If Assumption 5 is strengthen to m = 4, then we have

E[||B; — B*||*] < max (Cra, DY} 5) (B + wi). (32)

16
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Proof We first prove (32). By the construction of B; in section 2, By — B* can be decomposed into

t—1 t—1
_*_} TR v 1 20 o2 px
B, B—tg;(m Vfl>+t§(w VI + A
Thus, we have
4
E[| B, — B[] <E[H H V2f) }+E[H vzfz V2 £+ ]ﬂ;;*. 33)

By Assumption 5, we know H; — V2 f; is a martingale difference sequence and E[ || H; — V2 f; HZ; ]
is bounded, which allows us to apply [21, Theorem 2.1] and get

t—1 B 1212 ¢
] ;[Z(E[HHFV%H%D ] <=5
=0

o1 v

4] <E[H H —V2f)

Regarding the second term in (33), we have

< [(th‘;W -v) < LhE[(Zumz—wu)]
<18 (; S (Bl - 1) £ 018 (3 ;@/2)4.

=0

[Ht vzfz Vi)

The second inequality holds since V2 f is Y; Lipschitz continuous; the third inequality is due
to Holder’s inequality; the last inequality comes from Lemma 13. Since § < 1, we thus know
that L 3070 ! /2 = IS 1es/t? S Bt /2 We make a quick remark that the above technique
computing the average rate is frequently used in our proofs. We will omit the derivation details in
the remainder of this paper. Combining all the derivations, we get

Cha
E||B; - B|* < - T DY1,8; + wi S max (Cra, DY) (87 + wy).
The proof for (31) is almost the same. We point out one significant difference, which lies in the

martingale difference sequence. Note that [21, Theorem 2.1] requires the order of the moment
higher than 2, thus we cannot apply this theorem. Instead, we have

]_ ([gH V2f,)) D

Since H; — V2 f; is martingale, we cancel the interaction terms and obtain

15 ;<§E[Tr((m‘v2fi>2)}> : <§E[||Hi—v2fin%]> <

where the last inequality is due to Assumption 5. This completes the proof. |

o1 v

} <E[H H V2£)

=
E[HtZ(Hi—Vin)
i=0

17
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A.4. The linear case

We adapt [18, Lemma 4.1] to our unconstrained setting.

Lemma 15 [18, Lemma 4.1] Let o, = (B¢ + m¢) /2. The iterate sequence can be expressed as

i1 — " =T + Loy + I3y, (34)
where
t t '
L= [[ I-¢(T+C"} i’ (35)
i=0 j=i+1
t t B
Ly=, [[ I-¢(I+C)} (@i — @) Am; (36)
i=0 j=i+1
t t t '
Tap = [[{I - 0iT+C)}(@o—x*)+ > [ {I-wiT+C)}epid (37)
i=0 i=0 j=i+1
and
C* = —(I —E[B*S(5T(B*)2S) sTB*))", (38)
Gi = ACBZ — E[sz ‘ -Fi—l] = —(I + C’z)BZ_l(g_]Z — sz) + {:ﬁz — (I + CZ)A:IZI}, (39)
§' = —(I+C){(B*) ' +{B ' — (B) "IV} — (C; — C*)(zi — z), (40)
Y =V fi— B*(x; — x*). (41)

1,4 is a martingale; 75 ; characterizes the influence by the randomized stepsize; Z3 ; contains all the
remaining errors. We point the readers to [18] for details. With the decomposition above, we have

M 3 M—-1

1 1 N T 1 1
t=1 i=1 j=1 t=0
Among these terms, ﬁ Zi\i 61 éIl,tIf . approximates =, which will be shown in Lemma 18. In

the next section, we will see that the remaining are higher-order terms.
Next, we give a finer decomposition on Z ;. Let

éZj =1- (B*St,j(ng(B*)2St,j)TSZjB*) and CN’; =— H é;,j’ (43)
j=1

where S ; is the same matrix in generating CN’tyj in (16). Thus, the randomness of C~’t* comes from
(¢t We point out that EC; = C™* by definition. Define
~i

0' = —(I+C)(B) Vi), and 6 =66 (44)

It is easy to check that both 6" and 0" are ‘martingale difference sequences. If we compare the
definition of 8" and Oi, we will find that @ share the same randomness as @° but constructed at

18



ONLINE COVARIANCE MATRIX ESTIMATION IN STOCHASTIC INEXACT NEWTON METHODS

x* instead of ;. We note that {01}1 are correlated since x; is dependent on the previous iterates.

However, {8'}; are independent due to the independence among {; };, which is easier to deal with.
Now we decompose Z ; as

t ot , t ot ,
L=y [[ -0 +C)}eib + > [[ (I +C)}ei =Ty +Tay (45)
i=0 j=i+1 i=0 j=i+1

Intuitively, if x; converges to «* as ¢ goes to oo, C’* should get closer to C; as well. Thus, Z; *
should be a good approximation to Z; ; and 7 418 neghglble The following two lemmas quantify
the performance of 7, +and 7 » with proof lying in Section A.4.1 and A.4.2.

Lemma 16 Under Assumptions 1, 2(b) with m = 4, and 3(a), we suppose B; = cg/(t + 1)8,
Xt = cg/(t+ 1)X with1/2 < B < 1 and x < B. Define v = 1/(t + 1)*P, then we have

1 M=y
E Hf ~ 7, 3T =
e % 2om

Lemma 17 Suppose the conditions in Lemma 13, 14, and 19 hold. Let wy = ¢, /(t + 1)* and
w > «/2, then we have

| & max (irte, ¥ 51 v

112

1 M-1 1. ) 9 1 M-1 1
E Hf -7 ITH ] < — 3" ZE[Zu4]?] £ CyBu,
[ 7 ; o Dt 2 [1Z1]1%] < CpB

where

C 1 27 VD
Cy = max{ g2’2 (—2 + 25’2> max (Cr2, VDY1y), ~—5 (Yo + T%g)}. (46)
K= \Yp K B

With the help of two lemmas above, we are able to show the convergence rate of linear case.

Lemma 18 Assume the conditions in Lemma 16 and 17 hold. We have
M—1
1 1 Cyu
E Hf ~ 7,1, — = ] §max( ||y, Y0
[ M tz:; Pt b I

/.L2 ) C@) VvV YM
where Cp is defined in (46).

Proof By (45), we have

1 M—-1 1
E Hf N Tl - =
[ M &

19
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The rates of the first two terms are given by Lemma 16 and 17. Regarding the last term, we use
Holder inequality twice and obtain

M 1 .
e[| 57 Z et | DY \L,tnnzl,tﬂ
Pt

1= 1
— Y —E|Zi4)2. @7

< MZ% 121l (47)

t=0
Thus, in order to complete the proof, we only need to bound =0

ot

HIMH Z Piy Piy [ZiF( f[ {I—(pjl(I—I—C*)})T ﬁ {I—gij(I—I—C’*)}goiQéiQ]

11,12=0 J1=t1+1 j2—i2+1

_Z% [H H {I—¢;(I+C%)
Jj=1+1
where the second equality is because {é’l}Z are mean zero and independent. Let [ + C* = USUT
with ¥ = diag(o1, ..., 04) be the eigenvalue decomposition. [18] pointed out that under Assump-
tion 3 (a) the eigenvalues are uniformly bounded, i.e. 1 — p” < g, < 1for1 < k < d. Thus, we
can further bound E[||Z; ¢[|?] b

t ot )
E[Zul?] <> [T @ =@ = p)*@E[[16']7]. (48)

1=0 j=1+1

Recall the definition of éi in (44). For m = 2,4, We have

Qngvm

E[[18°)™] <[+ C*™|(B*) ™IV f(z*; &)™) < L

; (49)

The inequality holds due to HC’* | < 1, strong convexity, and Assumption 3(a). Combining the two
displays above, we have

M— M—

t t
Z 5 Z IT —eit-p ))290?5092’2-

t= t=0 z:O] i+1 H

H

i \

—1/2(1—p7) by Lemma 10

In last inequality, we use the fact that lim;_, o Z?i 0@t = aif lim; ;o a; = a. This completes the
proof. |
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A.4.1. PROOF OF LEMMA 16

Proof With the eigenvalue decomposition I +C* = UXU7T where . = diag(o7, . . ., 04), we have

13 3 ) t t 4
L= [[U-e+Ceib =0 [[ {1 - ¢S}l "8',

1=0 j=1i+1 1=0 j=i+1

Let Q; = UTth. By the definition of =*, we have
L M1y | M1y
E H*E ~ 5,75 —=|| =k H*E ~9,,0F, — 0o FH
[ M = o Y M = o Q1eCQ1e —O¢
M—1
1 1 -~ =« 2
EH—E— T @9 FH
[ M =0 %Ql’tgl’t “le

where we apply Holder’s inequality to the last inequality. We decompose the expectation term as
follows.

| M1y 9 d 1 Mzl 2

~ ~T 2 S
ol & o en oot - S5 R[S 42wt -ore

=0 pg=1 t=0
where

| M1y
B ~ o~ 2 2
I = ZE[(M EQt,th,O } @pqrp,q’
t=0

We first look at 1. Expanding Q,, we have

1 M-—1 1 1 M-—1 1 t t t
E— 041,010 = — - 1— o)
B I SR DIb b | IS
= = 1=0142=0j1=t1+1
t
T O -vno)eienE
Jjo=i2+1

~i1 ~id
(UTO ‘9™ U)
p.q

It is easy to verify that

E[UT0"8" U] = 0 for i1 # is, and E[UTH'8" U] =

where the first equality is because {0’}2 is mean-zero and independent; the second inequality is
from the definition of @' in (44). Hence, we can bound || by

11 < QZ{ Z )— Z H —pj0p) (1 = pjog) 9§ = 9p,q)}@p,qrz2>,q- (50)
p.q

=0 j=i+1
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We aim to use Lemma 11 to give a uniform bound on the absolute value for any p, q. Going through
the proof of Lemma 11, it is easy to verify that we are able to uniformly bound the absolute value
term by O(~;) with v, = 1/(t 4 1)17% due to the fact that 1 — p” < o}, < 1. Therefore, we have

1| < Z 'Ytz pa) S S T Fyar-
P

Now we deal with /. Plugging in the definition of Q, we have

1 M-1 1 - ~ 9 1 M-1 1 1 t1 t2 t1 1
GO TR BU R S IID D | IR | (SRS
t=0 t1,to=0 7ML T2, i1 =012,i,=0j1=i1+1 Ji=ii+1

2 t2 i ilIT i T
H (1 —pj,0p) H (1-— gojéaq)goilgoill Pir i E [(UTOH g U)%q(UTgZzglz U)p,q} .
jh=il+1 ja=iz+1

We note that the expectation is nonzero only when the indices 41,4}, i2, i, are pairwise identical.
We divide the summation [ into the four parts Iy, Is, Is, I, corresponding to the pairwise identical
configurations.

Case 1. iy = i) = i = i),

Summing over all the indices under this case, we have

M—-1M-1 t1A\to t1
b= ZM2 DD DD DN | JEETA I EA)
11=0 ta= —o Ph P2 2 0 ji=i+1
t2
[T (= 0nop)t = ppog)el [(UTGG U); q]
Je=i+1

Since lim; oo ¢y = 0, we know 1 — ¢ 01, > 0 for large enough ¢. Similar to the analysis of
bounding W, in the proof of Lemma 13, the sign of the first few terms does not affect the rate of the
series. Thus, without loss of generality, we assume 1 — ;01 > Oforallt > 1and 1 < k < d for
all the remainder of this paper. Furthermore, by the uniform bound on o, we have

M—1M-— t1\t2 t1
[ T 2.
e z_ z_ —— ZH )
to
I1 (- )2eie[ 3 e v), |
Jo=i+1 P.q

By (49) , we know
16Cy.4
—

E[Z(UTM v)s,| =E81Y) <

pq
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Due to the symmetry of indices ¢; and £2, we have

M— to
C
Ih\S%Z Z H (1= @p(l—p"))2> H 1—90J11—pT))4<p?11f’4

=0 Pt =0 Ptz 2y i=0 j1=i+1

=O(<pf2) by Lemma 10

M-1 t1
2 1 074 Cya 1
Sap 2ol H =il =)0k, i S T gp (51)

=0 P (5=0 jo=tpt1

n'g

—1/2(1—p7) by Lemma 10

Case 2. il = i/l,ig = ilz,il 7é ig
By (44) and the independence among {¢; };, we know

~3 ,.,Z'/T ~3 “’ilT
(UTe 9" U) (UT9202 U>
p,q p,q

) )

_ 12
E =1,

Noting that the indices set {i; = i},io = i5,i1 # ia} = {i1 = #},i2 = 5}\{i1 = i} = 12 = i},
we have

1 M-1M-1 1 1 t1/N\t2 t1 to
Iy =— e — Z H (1 —@j0p)(1 — ¢j,04) H (1 —pj0p)(1 @Jzaq)%l—‘pq
p.a =0 t5=0 Pt Ptz TT0 5 20 jo=it1
M—-1M-1 t1 to t1

Pq t1=0 t2=0 P Pt 11=0172=07j1=01+1
to
[T (= open)(l = 00i)e? 005, J T2 = o + o,
Ja=ia+1
Actually, I5 , shares the same series as (51), thus Io, by |Io,] < 4 >l 2= 2/ T/[%. On the

other hand, I5; can be rewrite as

¢t 2
1
I, ( Z ‘72 H 1—0pp;) (1 — 0495) 7 — Opq ) T

p,q =0 j=1+1
1 t t ) )
+2> (31 Z =2 11 0 =w0) (= 0100 ¢ = O3 ) Oraly,
b,q =0 ] Z+1

From the analysis of (50), we get |I2| < yaz||T'[|%. To sum up, we have
| L2| S I N Fyar.

) . y
Case 3. i1 = 19,19 = 15,01 7# 9,
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With the bound on the eigenvalues, we have
M—-1M-1 t1At2 t1 to
|I] < M2 > Z;;Z I 0=ent=p")) J[ Q=ep@—p))e}
t1=0 to=0 "1 72 =0 ji=ii41 Jo=i1+1
t1/A\to to . .
2 THN\2 (77T pHt1\2
> H =) II == ME[Y (076"),76"),].
1) =0,i1 7] ji=i1+1 Jh=i+1 Dp,q
When i; # i}, by (44) and (49), we have
~ it o HE _ 16C
E[I6" PE[8")2) < Eje |t < =2t
W

T~’L1 2 T"’i, 2
E[Y(UT8")2(U76"):] =
p?q
Due to the symmetry of indices ¢ and t2, we have

t1 t1 t2
ung/jf-MQZ — I 0-wi-m2{Y I (- ent-om2e Y

11=071=01+1

Ph =0 P12 i
by Lemma 10

t1=0
:O(Sotg)
t1 1
C 1 1 Cya
S M2 Z Z H (1= (1= pe) e S 7 Z — 4 o = gi M-
N M t1=0 gptl ta= 0] to+1 ,"L t1=0 Sotl /,L M (07 ,LL
—1/2(1—p7™) by Lemma 10

Case 4. ’il = ’ill,ig = iIQ,il 75 ’iQ
1,4 is the same as (A.4.1) except that the expectation term is replaced by

T 71 ~if T A2 7 12 .
ZE[(U 6"0"v) (UT676" ) q} Zr = |72
P
Therefore, we have |I4| < ||T|| 27
Therefore, we combine the four cases above and get | 1| < max(||T']|%, Cg,4/1*)yar. Combining
|

with the analysis on /1, we complete the proof’

A.4.2. PROOF OF LEMMA 17
We first introduce the following auxiliary lemma with the proof in Section A.4.3

Lemma 19 Under Assumptions 1, 2 (b) with m = 2, 3 (b) with m = 2, and 6 with m = 2, we have
Cor( 1 4 TXs2yp 5, - prpp).

1
(Tig + Tm2)E[|z: — z*|?] .2 (%

E[I6'12] < 71%

Proof Recall the definition of ZA'Lt

t t ) t t
Tiu=> [[ -0 +C)pb0 =0 [[ {I-¢Ste:U"6
=0 j=1+1 =0 j=i+1
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where I + C* = UXUT is the eigenvalue decomposition and A(X) > 1 — p”. Since 92 isa
martingale difference sequence, we follow the same analysis as (48) and get

tt
E[1Z1e2) <> T (1= w50 = )2E[116')2].
i=0 j=i+1
Combining Lemma 19, Lemma 13, and Lemma 14, we know
E[I16'1%] S Ca(B: +w?),
where Cé is defined in (46). Therefore, we have
Mol | Mol b
i > —EIZul? S Cong 2- o, ST =00 =p7) %0 - @i(Bi + w)).

i—o ¥t =0 P20 j=it1

Since hmt%oo t(l — @tflﬁtfl/gotﬁt) = —2,8) and 11mt*>oo t(l — gpt,lwt,l/gotwt) = —B — 2w, we
apply Lemma 10 and get

M-1 M-
1 1
i Z EHIuH2<C Z B+ wi) S Cy(Bur +wiy) S Cybr.
t=0
The last two inequalities are due to 5 < 1 and 5 < 2w. This completes the proof. |

A.4.3. PROOF OF LEMMA 19
Proof Recall the definition of §' in (44), we have

N I

0 =0"—0 =—(I+C)B'Vi(xi;&)+ I+ CHB*)'VI(5&) + (I+C)B 'V

Thus, we have

16°17 ST+ BT IPIVAIR + (I + C)B PV f (i &) - V(@ 6)]
U +C)B = (14 CO(BY) TPV (a5 &P = I+ 11+ 111,

By the Lipschitz continuity of V f, A\(B;) > g, and ||C;|| < 1, we get

T2
EI < 2>~ HE[||lz; — z*||]. (52)
b

By Assumption 6 with m = 2 and the bound on || B;'||, we use the law of total expectation and

have
2

2 T,
EIT < 2Bz - 2* B [H(€) | Fi] | $ 22E 2 - 2*[?). (53)
B ’YB
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Now we deal with EIT1. According to the strong convexity and lower bound on A(B;), we have
I(Z+C)Bt = (L+CH)(BY) P < |11+ Cil?IIB; 1181 B — B*|I?
+B PG - CE|P <

1 - -
12+ Encz- - Cr|1%.

B
We compute EI 1 by first conditioning on F;_.
4 * 1 ~ ~rx *
EITT < — B[ Bi=B*PE[|V f (2" &) | Fia] |+ —E[E[1Ci—C7 | | Fa B[V (56|12 | Fioa]]
Y12 p
4C ,2 * C ,2 2 Sk
< SLSR[|Bi — BIIP] + =%°E[|ICi — CF[?], (54)

B

where the first inequality also uses the independence between §; and ¢;; the second inequality comes
from the Assumption 6. By the definition of C7* in (43), we have

1G: Gl = HTH:@,]- —h:é:j <| ch H
Jj= Jj=
[T
=0

By [18, Lemma 4.2] and Assumption 3(b), we get

i, T— IH

T7—1
[1Csrs = Cirmall £+ 37 | oy - €
7=0

2
1

5 A 4||B; — B*|)? — S, 27
B[G; — Of? | 7o) < WEF g (52 B0l ) | TSz e
K j=0 Umin(Sivj)
Going back to (54), we get
C 1 2Yg
<=2 (—2+ 5 ’Q)E[y\Bt—B*HQ]. (55)
B 2

Combining (52), (53), and (55) completes the proof. |

A.5. Proof of Theorem 8

In order to apply the decomposition in Lemma 15, we rewrite the sample covariance matrix =p; as

Mo 1 <L
=M E: S7:40,5—:10 mtm*)T+ME_1 t(mM—m)(sﬁM—m*)T
1 1 Mo
+ — —(xy — ") (Zps — * — (& — ) (2 — ). (56)
M;%(t o gw RN

Intuitively, Z is a good estimation of Z*. Thus, 7; Zt]\il i(:@ v — x)(2y — )T should be

negligible while - Zi\il é(wt — x*)(x; — x*)T approximates the true covariance matrix =*.

26



ONLINE COVARIANCE MATRIX ESTIMATION IN STOCHASTIC INEXACT NEWTON METHODS

Lemma 20 Under the conditions of Lemma 13 and 14, we suppose Assumption 3(b) with m = 1
holds. Let wy = ¢, /(t + 1)* for constants ¢, > 0 and w > (/2. Then we have

*)T —%

E—
—

\/C
:| SA max (HFHF7 7!]’47 C@a 05) V YM

[HM ! e )@ -

where

fr2 7_2 T2
Cs ::max{( i; +H2i%>\/5~max(\/CH74,\/5T%H),\wo—w*Hz}. 57)

Lemma 21 Under the conditions of Lemma 13, Lemma 14, we further suppose [ > 1/2. Let
we = ¢/ (t + 1) withw > /2. We have

max(Cg 2, \/ET%Q)

[HM 3 (mM—ﬂﬂ N (®r—x* H] MZ E(l|Zn—=*||] ,Smax< ’%28 ,Cg)’yM.

The proofs of these two lemmas are left to Section A.5.1 and A.5.2. Now we are prepared to prove
Theorem 8.
Proof By the decomposition (56), we have

?

— —
= — =

} [HM 3 l(mt—m)(mt_m*)T_E*

1

[HM ! (33M — ") (Zy — " M +2E[HM (a:t—ac )@y —x¥) H] (58)

The first two terms are analyzed in Lemma 20 and 21. Similar to (47), we apply Cauchy’s inequality
and have

M M
1 1 1
MZ [l =2 [[lzar —2*||] < Z B [|lz: — *||?] ZEE 1Zar — 2*]|2].
=1 t=1

(59
In order to complete the proof, it is sufficient to bound - Zt 15 L K [l|lx¢ — 2*||*]. By Lemma 13,
we have

— Z Ellz: — z*|]] £ \F Z ﬁt <VD. (since Jim B, /or = 1by x; = o(B))-

(60)
Combining Lemma 20, Lemma 21 and the derivations above, we conclude that
— —% < Cg74
E[IEx - 1] < max (ITle, 5, Cp. Cs) vnr (©1)
This completes the proof. |
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A.5.1. PROOF OF LEMMA 20

Recall the decomposition (42), we know the performance of - Zt 150 Lz —x*)(x; —x*)7 relies
onZy, 12,t, and 73, The linear case is analyzed in Sectlon A.4. Here we introduce two lemmas
regarding 75 ; and Z3 4, the proofs of which are given in sections A.5.3 and A.5.4.

Lemma 22 Under the conditions of Lemma 13, we have

M-1 M-1 )
1 : ! L max(Cy2,VDY? )
EH*E—IITH<—§:—EI 21 < , Dy
|: M i—0 s@t 27t 2.t — M Sot [“ 2,tH :| ~ 72 /BM

t=0 B

Lemma 23 Under the conditions of Lemma 13 and 14, we suppose Assumption 3(b) with m = 1
holds. Let wy = ¢,/ (t + 1)¥ for constants ¢,, > 0 and w > [3/2. Then we have

[HMZ el u\ﬂ< *E[HIStM<055M,

with Cg given in (57).

Proof According to the decomposition Lemma 15, we have

} <E[H Z IltI” =
1 M=y 1 1
T T
| LY L] v ¥ el S Lnan)
t=0 1<i<5<3 t=0

The rate of the first three terms are shown in Lemma 18, 22, and 23, respectively. For1 <17 < j < 3,
we use Cauchy’s inequality twice and have

L M= | M1y
T
E[HM > %zi,tzj,t]” <E[5; 3 ~IZlIZ|
=0 t=0

M—1 M-
1 1
—_ 7,
M ; (pt ’

1
Z — || Z;.¢1?
s
Thus, it suffices to bound - Ziwo ! ;tE [1IZ1,¢]|?]. Recall the expression of Z; ; (35). Since 0'isa

martingale difference sequence, we can use techniques similar to (48) and get

E[||Z1,]°] Z H (1—;(1—p7))*OE[|6]%].

=0 j=1+1

M—-1

=) el X et

11
EH—E —(x; — x*)(x; — x*)T — =
|:Mi:1¢i( 7 )( 1 )

M- M—

=3 [, Zi E (1212

i
M = o M = o

By the definition of 6! in (39), we have

; 1 _ 1 . max(Cy 2,V DY2 )
B[10'1%) S = (BUGIT+ENIVAI?]) € 5 (Coat 0 [lmimet ) § =25 (1450

(62)
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The inequality holds due to [|C*| < 1, strong convexity, Assumption 2(b), and Lemma 13. There-
fore, we have

1 M-1 1 | Mol o
SEIT0lP] 5 max (Coa, VDYE ) 12 >0 — D [ (=91 =01+ 51)
t=0 wt 7B t=0 vt =0 j=i+1
—)1/2(1pr)‘, by Lemma 13
1
< — max (Cy2, VDYF,). (63)
7B
Combining Lemma 18, 22, 23, and (63) completes the proof. |
A.5.2. PROOF OF LEMMA 21
Proof By the decomposition of x; — x*, we have
M— | M1y ] M1y
Ty —xF = Z +7z -’ZZt‘F*Z Ist—IlM+IzM+IsM
=0

Expanding fl, wm with the 7, ; expression (35) and exchanging the indices, we have

- M-1 t M—-1M-1 t
Tiv =~ Z > H U{I — ¢;S}pi(UT6) = Z > 1 vli—¢8ieive).
t=0 =0 j=i+1 =0 t=i j=i+1

(64)
6" is a martingale difference sequence, which helps us cancel the interaction terms in E[[|Z1 /|2
and returns

M-1 ¢
1 12
E[||Z1,m]?] =2 Z ©; [H S [ {T-ez3U"6) ]
i=0 t=i j=i+1
1 Mot 2 A
<+ip Z (XTI (- wi- 7)) GE[I677] = ().
t=i j=i+1
Again, we exchange the indices and obtain
M—-1M-1M-1 t ¢ A
ﬁ Z o3 I a=wn=p)) I (—en—p)eE[67]]
=0 t1=1 to=i j1=i1+1 Jo=io+1
M—1M-—1tiAt2 t1 to )
Z 2.2 T Qe IT 0= enli=M)eiE(le]
=0 to=0 =0 ji=i+1 jg—i+1

M—-1 t; t1

: Zz T -3 [T 0o pmt -l

1 to=0 j1=t2+1 1=0 jo=1+1

S
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where the inequality comes from the symmetry of indices 7; and ¢3. By (62), we know

max(CQQ,\/ETLg ] Mol b

#) < — TE 2 D H —oi (1=p") Y H (1= s, (1= p") %07 (1 + B;)

7B t1=0 t2=0 ji=ta2+1 =0 jo=t+1

=O(pt,) byLemma 13

M-1 t 2
< Gz VPYE)) 1SS T (1 (1 ) g € 2o VPR L
~ 72 M2 J 2~ 72 M
B t1=0 t2=0 j=to+1 B
— 171/37 by Lemma 13

(65)

Secondly, we consider fz M- Similar to (64), we have

M-1 t t

j27M = % Z Z H U{I — ngZ}(di — goi)UTAa:Z-

t=0 =0 j=i+1
Furthermore, we use Cauchy’s inequality and get

1 M-1 t t ) )
E|Z,um|? < E{(M > I a—eit—0p ))XiHAwiH) ]
t=0 =0 j=i+1
” 1 1 M-1 t t _ ,
= Z(M Yo =0 =p))x IIAa:Z-H?) . (66)

t=0 =0 j=i+1
By (23), T 14-Lipschitz continuity of V f, and Lemma 13, we bound E||Az;||? as follows.

22 . max(Cy 2, vVDY?2 )
72(09,2+1f2LgE[chi —z*|?]) S 972 Lo’ (14 8).  (67)
B B

E[[|Axi||?] <

Therefore, we have

_ max(Cyo,vVDY2 ) , 1 ML L [t 2
E|Zoumll? S (=S T == e)x/1+5:)
B t=0 =0 j=i+1
=0(xt/Bt)
max(Clyo, VDY?
< ( ek Ly) Xur (sincey > 26). (68)
B Bum
Finally, we have
) | M1t | M1t '
R (TR U N o) o SRS iy
t=0 i=0 t=0 i=0 j=1+1
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thus
1 M—-1 t 1 M-1 t t
Bl < (57 3 TT0—ei1-0)) o7+ (57 30 3 TT (1-es00-0))ery/EI6°2])
t=0 =0 t=0 =0 j=i+1

(69)
Now we compute the rate of E[[|§"||?]. By the definition of 8" in (40), we know

16°1* < 1Cs = C*|PP [l — a*||* + 20 (B*) 11" 1* + 201 B; 121 B* 1P B. — BX|*IV il
2~n2 2
Y T2
< —22|B; — BY|||lwi — x||? + —Lb||la; — 2]t +
[ [

S |z — 2|,
where the second inequality holds due to the following reasons: 1) [18, Lemma 4.2] introduces
a bound on [|C} —'C’*H; 2)Amin(By) > vB; 3) f is p strongly convex; 4) V f is T, Lipschitz
continuous; 5) [[4’|| < 3Yrplle; — x*||? due to the Yy, Lipschitz continuity of V2f. Using
Cauchy’s inequality and plugging in the rate obtained in Lemma 13 and 14, we have

2 5 Y, L5 4 2
E[67] § (—5*+—% ) VEIB: = B [*VE[@: — o [*+—LEllzi—a"||' S Csi(Biu?),
2 KB K
(70)
where Cy is defines in (57). We apply Lemma 10 and have

M—-1

BTl < (57 0 T w1 -07) ) +Ca(5; 3230 T (=i = 07)eu/BulGi + ) )

t=0 =0 t=0 =0 j=i+1

=o(+/Bt (,Bt—l—wf) =0(y/ Bt (Be+w3)
< CsBu(Bu +wiy) < CsBiy. (T1)

M—-1

The last two 1nequa11t1es are due to 8 < 1and 2w > 3. Now we combine. (65),(68), and (71). With
the fact - t 0 Y1/ < Zgltﬁ§Mﬁ,weknow

M-1 2
1 1 max(Cyg 2, VDT7,) 1 /1 3
—E|[ z — z*||?] < max : 9~ Cs +7M+ﬁ2
> i Elle—a) ( ; )5 Gz 5+ 9

7B
max(Cy.2, V DT%Q)
2
B

< s )

where the last inequality follows from 1/2 < 8 < 1 and x > 2. We complete the proof. |

A.5.3. PROOF OF LEMMA 22

Proof Recall the definition of Z5 ; in (36), we have

t t

1Zocll < | 32 TT 47 == @i =) U A < 37 TT (1= 500 = ") | A

i=0 j=i+1 i=0 j=i+1
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where the last inequality is due to the uniform bound on oy, and |o; — ¢;| < x;/2. Furthermore, we
apply Cauchy’s inequality and obtain

t t

E||Z2.? <E{(Z H —pi(1—p" )iHAwiH)Q} < (Z 11 (1—80]‘(1—,07))% IEIIAa:inf.

=0 j=i+1 =0 j=i+1

1_Xt 1(1+/3f 1)/<,Dt 1) — By,

We plug in the rate E [HASBZ ||2] in (67). Moreover, since lim;_, o ¢ ( TR Iy
on

we can apply Lemma 10 and obtain

M- 2 M-1 t ot
1 maX(ng,\/DTL )1 1 1/2
—E[|Z : o NT 1— (1= p)Nxi(1+ B

}ZOj S ElIZ2 ) = > got<z.§_0:j_|i+|1( i1 =1+ 8% )

=0O(xt/et) byLemma 10

- max gQ,\/>TLg Xt < max(CgQ,\/ET%g)BM
~ B ~ o}~ B

The last inequality holds because x?/ <pt < B due to the condition y > 20 in the assumption of
Lemma 13. This completes the proof. |

A.5.4. PROOF OF LEMMA 23

Proof By the expression of Z3; in (37), we have

HIgt||2<HH{I piZ}UT (20 — 2 ||2+HZ H{z 02} U8 |

=0 j=i+1
t t
T * T 7 2
< JJ =it = p) 2o — 2| + (D (1 — (1 — p7))es|8°[1)
=0 1=0

By Cauchy’s inequality, we have

t

E[(30 - g5 - 0 )eild)?] < (30— 00— e /ENI])
=0

1=0

Plugging in the rate of E[||6"||?] in (70), we come to

M-1 M—1 t
1 1 05 1 )
—E[|1Z7] S 5 > — [0 —wi(1=p))
=0 ¥t UMD e
Cs M-1 1 t t )
Tu *(ZH (1= (1= ppj)e \/E\/sz) < CsBu
t=0 vt 1=0 j=i+1
:O(VBT(VBT+wt)) by Lemma 10

The last two inequalities are due to 5 < 1 and 2w > . This completes the proof. ]
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Appendix B. More Numerical Experiments

Table 2 lists the average length of the 95% confidence intervals for Z?Zl x}/d along with the

average rate shown in Table 1.

Dim | » | Estimator 4y, Toeplitz X,(r) | Equi-corr X,(r)
0.5 0.2

o plug-in 7.00(0.05) 4.76(0.04) 5.20(0.04)
sample cov | 6.89(0.45) 4.74(0.30) 5.16(0.32)

10 plug-in 6.98(0.05) 4.76(0.04) 5.20(0.04)

5 sample cov | 6.86(0.47) 5.16(0.34) 5.56(0.37)
20 plug-in 6.98(0.05) 4.76(0.03) 5.20(0.04)
sample cov | 6.91(0.48) 4.95(0.33) 5.25(0.36)

40 plug-in 6.97(0.06) 4.76(0.04) 5.20(0.04)
sample cov | 6.95(0.47) 4.83(0.34) 5.25(0.36)

o plug-in 3.54(0.03) 2.14(0.02) 1.61(0.01)
sample cov | 3.50(0.22) 2.11(0.14) 1.60(0.10)

10 plug-in 3.53(0.03) 2.13(0.02) 1.61(0.01)

20 sample cov | 3.42(0.38) 2.61(0.18) 2.36(0.15)
20 plug-in 3.53(0.03) 2.13(0.02) 1.61(0.01)
sample cov | 3.49(0.29) 2.52(0.18) 2.19(0.16)

40 plug-in 3.53(0.03) 2.13(0.02) 1.61(0.01)
sample cov | 3.47(0.26) 2.38(0.15) 1.99(0.15)

o plug-in 2.54(0.02) 1.51(0.01) 0.86(0.01)
sample cov | 2.52(0.15) 1.49(0.10) 0.85(0.06)

10 plug-in 2.54(0.02) 1.49(0.01) 0.84(0.01)

40 sample cov | 2.37(0.31) 1.88(0.14) 1.44(0.10)
20 plug-in 2.54(0.02) 1.49(0.01) 0.84(0.01)
sample cov | 2.45(0.25) 1.83(0.13) 1.39(0.10)

40 plug-in 2.54(0.05) 1.49(0.01) 0.85(0.01)
sample cov | 2.51(0.21) 1.78(0.13) 1.31(0.08)

o plug-in 2.12(0.02) 1.24(0.01) 0.59(0.00)
sample cov | 2.10(0.15) 1.23(0.07) 0.58(0.04)

10 plug-in 2.12(0.02) 1.86(1.54) 0.57(0.00)

60 sample cov | 2.00(0.28) 2.40(1.93) 1.05(0.07)
20 plug-in 2.12(0.02) 1.22(0.05) 0.58(0.00)
sample cov | 2.03(0.24) 1.55(0.13) 1.03(0.06)

40 plug-in 2.12(0.02) 1.22(0.01) 0.58(0.00)
sample cov | 2.09(0.19) 1.48(0.10) 0.98(0.06)

Table 2: The average length (x 10~2) of the confidence interval for Zle a7} /d for linear regression

at the target level 95%.
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