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Abstract—It is known that sparse recovery by measurements
from random circulant matrices provides good recovery bounds.
We generalize this to measurements that arise as a random
orbit of a group representation for some finite group G. We
derive estimates for the number of measurements required to
guarantee the restricted isometry property with high probability.
Following this, we present several examples highlighting the role
of appropriate representation-theoretic assumptions.

Index Terms—compressed sensing, group representations.

I. INTRODUCTION

We are interested in recovering an s-sparse signal z € C”,
ie. ||lzllo == {j € {1,....,n} | z; # 0} < s, which is
measured by the linear measurement process

y=dx

from as few measurements as possible. Here, & € C™*"
is called measurement matrix and y € C™ is the vector
of observed measurements. For a matrix ® € C"™*" and
1 < s < n, the restricted isometry constant J, is the smallest
¢ > 0 such that

(1= 9|z )3 < |@llf < (1+4)ll=(3

for all s-sparse vectors x € C™. It is well known that if &
satisfies the above condition, also called restricted isometry
property, for a small enough constant §,, there exist efficient
algorithms that recover any s-sparse signal x, see [1], [2], [3].
It has been shown in [4] that if ® is a Gaussian random matrix,
i.e its entries are independent and follow a normal distribution
with mean O and variance 1, and

m > Cé 2sln <Q> (1)

S

holds, then §; < § with high probability. Moreover, all so far
known measurement matrices that provide optimal bounds, i.e.
m scales as in (1) [5], are random. However, in practice, one
usually has more structured measurement processes. Specific
choices of structured measurement matrices have been studied,
such as Random Partial Fourier Matrices in [6], or Partial
Random Circulant Matrices and Time-Frequency Structured
Random Matrices in [7].
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In this work however, we aim for a more general setup of
structured measurement matrices that arise from inner products
of the signal = with elements of some group orbit. To precisely
state the measurement matrix ¢ of interest, we first need some
notation: Let G be a finite group. We define a projective
representation 7: G — GL(C"™) to be a mapping such that
for all g,h € G there exists A(g,h) € C with |A(g,h)| =1
and

m(g)m(h) = g, h)m(gh).

7 is called unitary if w(g) is unitary for every g € G. Lastly, 7
is a representation if A(g, h) = 1 for all g, h € G. For a more
detailed introduction to group representations see [8]. Lastly,
we call a random vector X on C" L-subgaussian if EX = 0,
E|(X,0)|* =1 for every § € S"! and

2
PCE0) 2 1) < 2000 (- 57 )

for every # € S"~! and any ¢ > 0. With this notation at hand
we are ready to define the measurement matrix ®.

Definition 1. Let m: G — GL(C™) be a unitary (projective)
representation. Fix some sampling set Q = {w1,...,wn} C G
of size || = m. Let & be a random vector with independent
mean 0, variance 1, and L-subgaussian entries. Set

1 * mxn

ﬁ Ro (W(g)f)gec eC

where (11(g)¢) gec denotes the matrix in C**™ which columns
are the vectors (g)¢ and Rg: C€ — C™ restricts a vector
to its entries in Q, i.e. (Roy); = y(wi).

b =

A special case of Definition 1 are the Partial Random
Circulant Matrices mentioned before. Therefore, our main
result, Theorem 2, generalizes [7, Theorem 4.1]. We will make
this precise in Section III.

II. THE RESTRICTED ISOMETRY PROPERTY

Intuitively, different representations should give different
sparse recovery results. For example, it can be shown that
sparse recovery is not possible when considering the trivial
representation 7(g) = Id. To measure this performance differ-
ence between representations, we have added the restriction
(2) in Theorem 2. Here, the size of the constant C . plays



a crucial role. It essentially characterizes how well a given
representation performs in sparse recovery. In Section III, we
present examples for the choice of Coq .

The proof idea of Theorem 2 was first seen in [7].

Theorem 2. Let ® be as in Definition 1. Further, let Cq . > 0
be a constant, which can depend on all of Q)’s characteristics
except its size m, such that

CQJI’
—= [yl

sup
1<j<n,yecn

holds. If, for s <n and §,n € (0,1),

1 *
ﬁ Rq (W(Q)y)gecej H2 <

BN E)

then with probability at least 1 — 2m, the restricted isometry
constant of ® satisfies 65 < §. Here, ¢ > 0 only depends on
L.

m > ¢§?s Cq  max {(log(s Cq, ) logn)?, log(n

Proof: We start by explaining the main idea of the proof:
The restricted isometry constant of ® can be rewritten as
supremum of a chaos process for some set of matrices .A.
For this type of process, we can then use the concentration
inequality of the following theorem.

Theorem 3. [7, Theorem 3.1] Let A be a set matrices, and let
& be a random vector whose entries &; are independent, mean
0, variance 1 and L-subgaussian random variables. Define
da2(A) = supac g [All2—2 and dp(A) = sup e 4 [|Allp-
By vo(A, || - l|l2—2) we denote Talagrand’s functional (see [7,
Definition 2.1]). Set

E=5(A [ - ll2-2)(v2(A, [ - [252) + dr(A))

+dp (.A)d2a2 (-A)a
V = das2(A)(72(A, [ - l2-2) + dr(A)),
U= d2—>2(~’4>

Then, for t > 0,

P <sup A€ — E)|A¢ 3] > clEH)
AcA

< 2ex —Co min ﬁ i
>~ P 2 VQ,U .

The constants cy,ca > 0 depend only on L.

Then, it will be sufficient to find suitable bounds for
da—2(A), dp(A) and v2(A, || - ||2—2). Let us start with some
notation. Let

Dy ={z€C"[|lz]2 <1 [[zflo < s}

and for every z € C" define the matrix

1 .
ﬁRQ (m(9) x)ge
Further, set A = {A, | z € D, ,}. Since the entries of £ are
independent and have mean 0 and variance 1, it holds

A, = o €C™Xm

E(& )P =E >y =

ij=1

Z v EES; = lyll

1
1,j= 5”

for all y € C". Together with the fact that the representation
7 is unitary we get

E[4.£5=E) *I §m

gEQ

= — 3" lIn(o)

geN

for all x € C". Now we are able to rewrite the restricted
isometry constant as supremum of a chaos process, i.e

ZJE| (& m(g) )

gEQ

“all3 = |l=]3

b= sup [|9a]3— 23| = sup [IA.€]3 — EIA&N3).
€Dy y z€Dg

For better readability, we prove bounds for the above quantities
separately in the following lemmata.

Lemma 4. It holds

SCQW

|Az|l2—2 <

]2

for all x € C™ with ||z||o < s. Thus, da—2(A) < 4/ SC#

Proof: Let z € C™ with ||z]o < s. We can rewrite the s-
sparse vector x as ) y a;je; with [J| < s. Then, the triangle
inequality and Cauchy-Schwarz inequality give

1
7F I | = |
| Bor(@whecn < Sleul| Z Faroweces
Q‘n’
<>l = lylz
jed
Ca.x 2\ 2
=22y lo /71Xl ?)
jeJ
SCQTr
<\ ——lylzllzl2

for all y € C™ and g € (2. Since |<y,7r(g)*m>| = |z, 7(9)y)]
holds for all y € C™ and g € €2, it follows that

SCQ7r

— |22

| Aull2s2 = sup (9)9);eqt], <

1
H— Rq(m
lyl2=1 \/TTL (

Hence, da_y2(A) < 4/ QC# [

Lemma 5. It holds dp(A) = 1.

Proof: Let € C™ with ||z|lo < s. Then, 7 being unitary
implies

2
)oen HF

4,13 = = [ Ra ((0)" geoH ll =t

|
—

3
—
)
=
S~—

8

| (gm) H

1 m
- > liwlga) x5 = - Z lz]13 = ll[I3.
i=1 =1

Thus, dp(A) = 1. [



Lastly, we have to bound the term v2(A, || - ||2—2). In [9], a
bound in form of a Dudley integral (first considered in [10])

da2(A)
Yol A, || - l2—2) < VIog N (A, || - [la=2,t) dt

0

was shown. Here, A < B means that there exists a universal
constant ¢; > 0 such that A < ¢; B. Usually, one then proves
two bounds for the covering number N (A, || - ||2_s2, ), which
is the minimal number of open balls in (A, || - ||2—2) of radius
t that is needed to cover .A. The first bound uses the empirical
method of Maurey [11] and the second one a volumetric
argument. This approach has also been used in several similar
settings, see [12] or [13].

Lemma 6. Let t > 0. We have the following inequalities:

sCqon 1

log N (A, || - |22, 1) S

log( ) log(4n)

and

Cox
log N (A, || - [l2=2,t) S S(IOg (1 + 2%)

en
+ log (—) >
S
Proof: Let t > 0. Define a set of matrices by

B={AL j5,s s AsLyze, Assicys -+ At vaie, -

It is easy to check that

Dyn CVsconv(£V2e, ..., £V2e,, £V 2iey, ..., £V 2ie,)

holds, where conv() denotes the convex hull. Combining this
with the fact that

N
Azyzl ajzi ZO[*A
j=1

for all ai,...,ay € C and 2',...,2Y € C", gives the

relation A C /s conv(B). Thus,

1
NA - ) <N(conv< ||-|M7ﬁt). @

To bound the right side we use [7, Lemma 4.2] which is
based on the empirical method of Maurey. Let N € N,
(A1,...,Ay) € B" and let (¢;)}_, be a random vector with
independent Rademacher distributed entries. It holds

N N
ZejA log(n) max{H ZA;A
j=1 j=1

Tla—2’

1

* 2

j 2—>2}
%

log(n (Z 14 HM)

2—2

where we used the non-commutative Khintchine inequality
due to Lust-Piquard [14], [15]. The definition of B and our
assumption on 7 in (2) gives

Tog(n (Z 14,1852)°

Now it follows from [7, Lemma 4.2] that

t Carl
log./\f(Conv(B), ||-||2H2,$) < > 7: t—zlog(n)log(éln). (5)
Putting (4) and (5) together yields the first inequality.
To prove the second inequality, first note by inspecting the
proof of Lemma 4 we have

< Viog) 25 VR,

Q,m
—=lz =yl

Canr
27 ||1,t>.

Now following the arguments presented in Section 8.4 of [13]

shows that
2s
Cax Caorl s
2. ||1,>s<1+2\/8 . ) (5)
m t S

The second inequality follows immediately. [ ]
Now we are able to prove the bound for 2 (A, || - |l2—2)-

Az — Ayllaa = [[Az—ylla—2 <

Therefore,

N(-Av H : ||2~>2;t) é N <Ds,na

N <Ds,n7

Lemma 7. We have

A a2) S /Gy oaT gl (s Co).

Proof: Using the first inequality that was shown in
Lemma 6 together with Lemma 4 yields

da—2(A)

| VioeNTAT Tzt at
NG
sCq x
" S 1
< / \/C’Q,ﬂ/E\/log(n)\/log(lln) : dt
=

L [ oo o ).

Performing a similar calculation as presented in Section 8.4
in [13] together with the second bound in Lemma 6 gives

\/IOg A’ H ’ ||2%27t)) dt

< Vs f\/log (%) +log (1 + 2%) dt
< /2 (1o (%) + fog (c1+2v5Cm0)) )



The statement follows from putting both inequalities together.
Note that if we were to just use the second bound we would
get worse scaling in the exponent of s. ]

With these three bounds at hand, we return to proving
Theorem 2. Let § € (0, 1). Using the above lemmata as well
as the inequality (3) yields

52 1 ) 36
E< p + NG + Je < /e

where we assumed that ¢ > 1. Now by choosing the constant
¢ large enough, we get the bound F < 5. Where ¢ is the
absolute constant from Theorem 3. Using that same Theorem
then gives

P, 28) <P(6, 2 1B+ g)
0.258% 0.58
o))

Using the Lemmata 4, 5 and 7 as well as inequality (3) gives
the bound

§2exp(—czmin{

2eXp(_C2min{02562 055})

vz U
2
< 2exp —czc%log(nfl) .
(= +1)

Choose the constant ¢ again large enough and deduce that
0.25log(n~

e <_ (*+ 1)2)> < 2exp (—log(n™")) = 2n.

This establishes the theorem. [ |

III. THE CONSTANT Cq »

The dependence of the estimate in Theorem 2 on the choice
of representation and sampling set is encapsulated in the con-
stant Cq », on which the number of measurements m depends
linearly. The determination of this constant (preferably close
to 1) remains a challenge. In this section, we present some
examples that illustrate this fact.

The next proposition establishes that the optimal value 1 is
obtained by the left regular representation L: G' — GL(C%),

defined by (L(g)f)(h) = f(g~"h).

Proposition 8. Let ® be constructed by choosing the left
regular representation L and as in Definition 1. Then, it holds

| = I, < /=l

for all y € C% and all canonical vectors ej, € CE.

Ro(L(9)y)

gEG

Proof: For y € CY and a canonical vector e;, we have

1 . 2 1 )
| el < & 5 e o
geG
1 _ 1
== lylg~ " w> = =yl
m m
geG
| |

It is straightforward to verify that choosing G = Z,, and
m = L results in & being a Partial Random Circulant Matrix
as examined in [7]. So, combining Theorem 2 and Proposition
8 generalizes [7, Theorem 4.1] from Z,, to arbitrary, even non-
abelian, finite groups.

Remark 9. It is possible to generalize Proposition 8 to sub-
representations of the left regular representation L to a certain
degree by using more knowledge about group representations
than we have presented here.

To illustrate another advantage of stating Theorem 2 de-
pending on the sampling set as well as the representation, we
add one more example: Let p € N be prime. We call the set
G = Zy, x Z, together with the operation

(k,1)(K',1") := (k + Ik mod p,1l’ mod p)
the affine group. We define a unitary representation of G by
p: G = GL(CP), (p(k, 1) )(§) = FU'( — k)
for all (k,1) € G.

Proposition 10. Let ® be constructed by choosing the repre-
sentation p and as in Definition 1. Then, it holds

|Q2\
yll2

for all y € CP and all canonical vectors e; € CP with
Qo :={l€Zy| Ik e€Zy: (k) e}

Proof: For y € CP and a canonical vector e¢; we have

<*ZZ|6J’ (k, 1)y

1eQs k=1

LS St e = ey,

1€Q9 k=1

| Ralot

Dy )(k,l)eGej

H%R (p(k: DY) (e © H

|

Since the measurement matrix is known, we can use that

knowledge by a priori restricting the sampling set 2 to be

a subset of e.g. G = {(k,1) € G|k € Z,}. Thus, we get
|22 = 1 in Proposition 10 and Cq , = 1.

Remark 11. This idea of a priori restricting the sampling
set can actually be generalized to a broader class of rep-
resentations, namely induced representations of split group
extensions. The details will be provided elsewhere.

We want to finish this section with the following important
observation: The availability of sampling sets 2 with Coq
close to 1 can depend on the realization of the representation.
For example, the realization of the left regular representation
of Z,, in the Fourier domain gives a measurement matrix ® that
does not do sparse recovery for any ). However, randomizing
the sampling set (2 and slightly adapting ® allows for sparse
recovery independently of the chosen realization at the cost of
slightly larger sampling sets than prescribed in Theorem 2.

Understanding this phenomenon, as well as further ques-
tions that are linked to the analysis of the constant Cq , is
still ongoing work and will be presented elsewhere.
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