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Abstract

Empirical studies reported that the Hessian matrix of neural networks (NNs) exhibits a
near-block-diagonal structure, yet its theoretical foundation remains unclear. In this work,
we reveal that the reported Hessian structure comes from a mixture of two forces: a “static
force” rooted in the architecture design, and a “dynamic force” arisen from training. We
then provide a rigorous theoretical analysis of “static force” at random initialization. We
study linear models and 1-hidden-layer networks for classification tasks with C classes. By
leveraging random matrix theory, we compare the limit distributions of the diagonal and
off-diagonal Hessian blocks and find that the block-diagonal structure arises as C — .
Our findings reveal that C is one primary driver of the near-block-diagonal structure. These
results may shed new light on the Hessian structure of large language models (LLMs),
which typically operate with a large C exceeding 10%.
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1. Introduction

The Hessian matrix of neural networks (NNs) is crucial for understanding training dynam-
ics, as well as motivating better algorithm designs. A classical work [11] first empirically
reported that the Hessian of NNs is highly structured: the Hessian is observed to be near-
block-diagonal. We reproduce this result in Figure 1. Unfortunately, no rigorous theory has
been established in the past two decades to explain this phenomenon.

Very recently, the near-block diagonal structure of Hessian has drawn renewed attention
in the machine learning community as it helps understanding the training of large language
models (LLMs) [34, 85, 86]. Again, these works primarily focus on empirical observations,
and there is no rigorous theoretical results on the underlying source of the special structure.
The following fundamental question remains largely open:

When and why does the Hessian of NNs exhibit near-block-diagonal structure?

Before delving into this question, we first list some of its important implications.

¢ I. Understanding Hessian structure can help understand NN training. For instance, the
effectiveness of diagonal preconditioned methods such as Adam [33] is usually strongly
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Figure 1: (a, b): The Hessian matrix of a 1-hidden-layer network with 8 hidden neurons at random
initialization on CIFAR-100 dataset (# hidden neuron m = 8 and # classes or output
neuron C = 100). For clearer visualization, we report the absolute value of each Hessian
entry, and this applies to all Hessian matrices reported in this work. We observe near-
block-diagonal structures under both MSE and CE loss with m + C = 108 blocks in total.

related to the Hessian structure; see, e.g., Das et al. [13], Qu et al. [61], Sun and Ye [68].
Recently, the near-block-diagonal Hessian is observed along the training process and
such structure is shown to be related to the effectiveness of Adam on LLMs [34, 85].
Besides Adam, the near-block-diagonal Hessian structure may play a crucial role in the
effectiveness of block-diagonal preconditioned methods (e.g., [20, 24, 31, 47, 72]). Among
these methods, Muon optimizer [31] is used for training Moonlight [43], Kimi-K2 [50],
and GLM-4.5 [82] very recently.

¢ II. Understanding Hessian structure can help design new training methods for NNs. For
instance, Adam-mini [86], a recently proposed optimizer, utilizes the near-block-diagonal
Hessian structure to cut down 50% memory consumption in Adam. We believe the
special Hessian structure can inspire more new optimizers.

¢ III. The near-block-diagonal Hessian structure can offer a new class of problems for
the optimization community to study. For the optimization community, it is rare to
analyze (near-) block-diagonal Hessian structure since typical problems do not have such
structure. For instance, in the classical non-linear programming dataset [35], all problems
have non-block-diagonal Hessians. Understanding the special Hessian structure of NN
can draw attention from the optimization community, motivating further study into this
specialized class of problems.

In this work, we explore the Hessian structure of NNs both numerically and theo-
retically. First, we report more fine-grained numerical findings on Hessian: we observe
“block-circulant-block-diagonal” structure at the random initialization and “block-diagonal” struc-
ture after training starts (presented later in Section 2). In particular, the “dynamic force”
compresses cross-layer Hessian components during training; and the “static force” com-
presses the cross-neuron component in each layer for both initialization stage and training
stage. Our findings suggest that the previously reported block-diagonal structure actually
comes from a mixture of two forces: a “static force” rooted in the architecture design, and a
“dynamic force” arisen from training.

Then, we provide a rigorous theoretical analysis of “static force” at random initialization.
We focus on linear models and 1-hidden-layer networks for standard classification tasks
with C classes. Leveraging tools from random matrix theory, we characterize the limit
distributions of diagonal and off-diagonal Hessian blocks as the sample size N and input



dimension d grow proportionally to infinity. Our theory shows that the off-diagonal blocks
will be pushed to 0 as the number of classes C increases, suggesting that C is a primary
driver of the near-block-diagonal Hessian structure. Our theory may shed new light on the
Hessian structures of LLMs since they usually have large C (more than 10* or 10°) !

Our main contributions are summarized as follows.

* We numerically investigate the source of the near-block-diagonal Hessian structure. We
reveal two forces that shape such structure: a “static force” rooted in the architecture, and
a “dynamic force” arisen from training. In particular, the “dynamic force” compresses
cross-layer Hessian components during training; and the “static force” compresses the
cross-neuron component in each layer for both initialization stage and training stage.

¢ We provide rigorous theory on the Hessian of linear models at random initialization. As
the sample size N and input dimension d grow proportionally to infinity, we calculate
the limit distribution for the Frobenius norm of the diagonal and off-diagonal blocks of
Hessian. Specifically, the diagonal blocks correspond to the Hessian of weights associated
with the same class, while the off-diagonal blocks represent the Hessian of weights from
different classes. We find that: the ratio between the off-diagonal and diagonal blocks
decays to zero at the rate of O(1/C), where C is the number of classes. This demonstrates
that the Hessian becomes block-diagonal as C — oo, and the number of blocks equals C.

* We extend the above analysis to 1-hidden-layer networks. We focus on two sub-matrices
in Hessian: the hidden-layer Hessian and the output-layer Hessian, which are highlighted
with red boxes in Figure 1. For the hidden-layer Hessian, the ratios between their off-
diagonal and diagonal blocks decay to zero at the rate of O(1/+/C). For the output-layer
Hessian, the decay rate is O(1/C). This demonstrates that these sub-matrices will become
block-diagonal as C — co. In this case, the total number of blocks in these sub-matrices
equals (m + C), where m denotes the number of hidden neurons.

¢ We highlight some key technical contributions in our proof. The major challenge lies in
characterizing the limit distribution of non-independent random matrix products, which
in general is a difficult problem in random matrix theory. For the Hessian of NNs, we
find that such dependency arises from ReLU activation and CE loss, and the dependency
diminishes as d — 0. Subsequently, we propose a systematic procedure to address
this type of “diminishing dependencies” caused by ReLU activation and CE loss. Our
approach implements the Lindeberg interpolation principle, which is originally proposed to
prove the Central Limit Theorem (CLT).

2. Empirical Observations: Two Forces Shaping the Hessian Structure

Now we conduct more fine-grained experiments on Hessian structures of NNs. In particular,
we explore the 1-hidden-layer network on a Gaussian synthetic dataset. We consider both
Mean-Square (MSE) and Cross-Entropy (CE) loss. The detailed experimental setups are
presented in Appendix G.3.

We emphasize that these experiments can reveal more Hessian properties not shown in
the CIFAR-100 experiments in Figure 1. We highlight the new changes as follows.

1. C = 32k in Llama 2 [71] and C = 128k in many recent models such as DeepSeek-V3 [41].
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Figure 2: (a-f): The Hessian of a 1-hidden-layer network on Gaussian synthetic data under MSE
loss. We notice the near-block-diagonal patterns in Hy and Hyy with m 4+ C = 508
blocks in total, and they maintain along training.

* We change the input dimension d and # classes C to amplify the effect of cross-layer
Hessian components Hy,. In the CIFAR-100 example in Figure 1, the proportions of
the Hessian of hidden layer and output layer, which we abbreviate as Hy, and Hyy, are
largely imbalanced. Here, we change (d, C) = (3072,100) to (d,C) = (500,500) so that
Hyw, Hyo, and Hyy, are proportionally balanced within the Hessian.

* We change the dataset from CIFAR-100 to Gaussian synthetic dataset. Such change
suggests that the Hessian structure might be inherently general and is not overfitted to
one specific dataset like CIFAR-100.

¢ In addition to the Hessian at random initialization, we present the Hessian along training
until convergence. We present the loss curves in Appendix G.3.

The results are shown in Figure 2 and 3. We summarize two findings.

* Finding 1: For both MSE loss and CE loss, we observe near-block-diagonal structures in
Hy and Hy, and such structures maintains along training.

¢ Finding 2: For CE loss, we observe new special structures in Hy,, at random initialization:
Hyy, exhibits a “block-circulant” pattern with periodic stripes. When using CE loss, the
full Hessian matrix appears to be a combination of “block-circulant” matrix (for Hy) and
block-diagonal matrix (for Hyy and Hyy). We refer to it as “block-circulant-block-diagonal
matrix”. We observe that the “block-circulant” pattern in Hy, vanishes as training goes
on, while the near-block-diagonal patterns in Hy,, and H,, remain obvious.

Main Takeaways and insights from the experiments. Based on the findings from Figure
2 and 3, we find that there are at least two forces shaping the Hessian structure.
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Figure 3: (a-f): The Hessian of a 1-hidden-layer network on Gaussian synthetic data under CE loss.
At initialization, we observe the “block-circulant” pattern in Hy,,, and the near-block-
diagonal structure in Hyy and Hy, (with m + C = 508 blocks in total). We refer to it
as “block-circulant-block-diagonal matrix”. We notice that the “block-circulant” pattern in
Hyyy vanishes along training, while the near-block-diagonal patterns in Hy, and Hy, are
preserved.

* (1) A “static force” rooted in the architecture design. For both MSE and CE loss, this
force compresses the cross-neuron components in Hy,, and Hy,. This force is effective in
both initialization stage and the training stage.

* (2) A “dynamic force” arisen from training. When using CE loss, this force gradu-
ally erases the initial “block-circulant” pattern in the cross-layer component Hy,, along
training.

In the sequel, we study how both forces shape the Hessian structure. We will primarily
focus on the effect of “static force” at random initialization, particularly, how the architecture
shapes the Hessian structure for Hy, and Hy, for both CE loss and MSE loss. As for “how
the ‘dynamic force” eliminates the block-circulant pattern in Hy,, along training”, we find
that it can be explained directly from Hessian expressions. We provide an initial analysis in
Appendix A and leave more fine-grained analysis as future direction.

3. Main Results

We now present our rigorous statements. Since the Frobenius norm of Hessian blocks
involves the 2nd-order moments of eigenvalues of random matrices, we will resort to the
tools from random matrix theory. We first state some standard assumptions.

Assumption 1 The entries of the data matrix Xy = (x1,-- - ,xn) € RN areiid. N'(0,1).



Assumption 2 The model weights in W and V are initialized by LeCun initialization. That is: for
i (0,1),i € [Cl,j € [d); for 1-hidden-layer network, W; N (0,1),

the linear model, V; ; "~
iid. , ,
N(©,1),ie[C],je [m].

i€ [m],j€ld], Vij~
Note that Assumption 2 is widely adopted in NNs [67]. Assumption 1 on data distribution
is standard in random matrix theory [57]. It is possible to extend the Gaussian distribution
to, e.g., Gaussian orthogonal ensembles and more general i.i.d. distribution. However, such
generalization is non-trivial and each case may require an independent paper (e.g. Pastur
[56], Pastur and Slavin [58]). We now state our results for linear models and 1-hidden-layer
networks under Assumptions 1 and 2.

Theorem 1 (Linear models.) Consider the Hessian expressions in (17) and assume Assumptions
1 and 2 hold. Suppose d, N — oo, % — v € (0, +00), then for fixed C > 2, it holds almost surely
that
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When C — oo, the ratio vanishes at the rate O(1/ Cz), and the block-diagonal structure
emerges.
The next theorem presents a similar result for 1-hidden-layer networks.

Theorem 2 (1-hidden-layer networks.) Consider the Hessian expressions in (20) to (27), and

assume Assumptions 1 and 2 hold. Then for any fixed m > 3, suppose d,N — oo, & — « €

(0, +00), it holds that
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where the constant terms ay1, a1, 21, 422, b1, by are presented in (67) in Appendix E.2.

Similar to the implication of Theorem 1 in (5), Theorem 2 implies that the ratios
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vanish at the rate O(1/C), O(1/C), O(1/C?), respectively, and the block-diagonal struc-
ture in Hyy and Hy, also emerges as C increases.

The above results rigorously quantify the block-diagonal structure in Hyy, and Hyp. As
for the “block-circulant” structure in the cross-layer component Hy,, and how it vanishes
along training (particularly for CE loss), we find that it can be explained directly from
Hessian expressions. We provide an initial analysis in Appendix A and leave more rigorous
analysis as a future direction.

4. Intuitive Understanding and Key Proof Ideas

The complete proof of Theorem 1 and 2 is rather long. To help readers boost understanding

and grasp the key ideas in the proof, we provide the following short sections.

¢ In Appendix A, we provide preliminaries and intuitive understandings on how the
special “block-circulant-block-diagonal” or “block-diagonal” Hessian structure arises.
This part only involve elementary calculus and simple probability.

¢ In Appendix D, we will explain the major technical challenges in our proofs: analyzing
the spectrum of non-independent random matrix product. We will introduce our new
systematic approach to address the difficulties. Our approach implements the Lindeberg
principle, which is originally proposed to prove the Central Limit Theorem (CLT).

* In Appendix F, we provide more experiments to support our theory: the block-diagonal
structure in Hy, and Hy, emerges as C increases and the rate matches our theoretical
prediction.

The complete proof of Theorem 1 and 2 can be seen in Appendix E.1 and E.2.



5. Conclusions

In this work, we reveal two forces that shape the near-block-diagonal Hessian structure
of NNis: a “static force” rooted in the architecture design, and a “dynamic force” arisen
from training. We then provide a rigorous theoretical analysis of “static force” of linear and
1-hidden-layer NNs at random initialization. It is intriguing to extend our study beyond
initialization and simple models. We provide more discussions in Appendix H.
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Appendix A. Preliminaries and Intuitive Understanding

Notations. For a matrix X € R"*", we denote X ' as the transpose of X. We use I;;», and
Onxn to denote the identity matrix and the zero matrix of size n x n. We denote || X|| as the

Frobenius norm of X. We denote [n] as the index set {1,- - - ,n}. We say x 4 y if the random
variable (r.v.) x and y share the same distribution. We denote the Dirac measure at x by J.
We denote the support of measure p by supp(u) and the expectation of x by E[x] . We use
N (u,0?) and X?(u,0?) to denote Gaussian and chi-square distribution with mean u and
variance 0. We use (z) to denote the image part of a complex number z € C. We denote
C* = {z € C|Y(z) > 0}. In this paper, we will intermittently employ the notations Hyy,
Hyy,, and Hyy, to denote the hidden-layer, output-layer, and cross-layer Hessian, respectively,
of a 1-hidden-layer network.

Our settings. We consider a general setting of multi-class classification problems. Given
a classification dataset with n samples {(xn,yn)}f:]:l, where x, € R? is the input data,
Yo € {1,---,C} is the label, and C is the number of classes. This setting is quite general:
it covers simple logistic regressions, as well as the most advanced LLMs. we consider the
following four cases.

Case 1: linear models with MSE loss. Consider the linear model f(V;x) = Vx € RE,
where V = (vlT s ;vg) € R¢* is the weight matrix, and v; € R is the weight associated
with the i-th class (or output neuron). Consider minimizing the MSE loss as follows:

m‘}néMSE = Z VX, — Vall3, (14)

where ), € {0,1}€ is a C-dimensional one-hot vector with 1 at the index for the class of v,
and 0 elsewhere. The Hessian matrix is, fori,j € [C]:

Povse(V) _ 1 T

ovov, N 2”21 XnXp s

200 ( (15)
P hwse(V) _

aviava dxd-

Here, the Hessian is always block-diagonal with C blocks. Note that the expression in (15)
holds for general real-valued vector V), € RS, so the same Hessian structure also arises in
the regression tasks.

Case 2: linear models with CE loss. We now change the loss function in Case 1 to the CE

loss. .
exp(v, x
min lcg(V) := —— 21 = p(vy, Xn) . (16)
v Y1 exp(v] xu)
Define p,,; := exp(v] x4)/ <):CC:1 exp(vjxn)). The Hessian matrix is, for i,j € [C].
92/,
avfgv NZn 1 Pni(1 = poi)Xnx,,
Plee(V) _ ' - (17)
G000, — N Znt PuiPnjXnXy
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Intuitive understanding: at random initialization, suppose each entry in V follows i.i.d.
zero-mean Gaussian distribution, we have p,,; ~ & foralln € [N],i € [C]. As such:

azfCE(‘T/) N )

90;00; E Y ne1 Pnibnj N e _ 1 (18)
2| TNapmi(l—pni) (%) C-T

E)viaviT

which pushes the Hessian to become block-diagonal as C — co.

Case 3: 1-hidden-layer networks with MSE loss. We now consider the 1-hidden-layer
network with m hidden neurons: f(W, V;x) = Vo(Wx) € RS, where W € (w];--- ,w,,) €
R"™*4; 7(z) = max{0,z} is the ReLU activation and is applied elementwise to Wx; V =
(0] ;- ;0l) € R&™. Consider the MSE loss as follows.

min fuse(W, V) 1= E Ve (W) = Va3 (19)

The hidden-layer Hessian Hyy, is: fori,j € [m],

Plyss(W,V) 1 cC .2 N T T
“Swpul = N Y1 92;) ( Xner Hw; x> 0)xnxy,

9%¢ (20)
% = % <Z§:1 Uc,ivc,j> <Zy=1 1w, x, > 0)1(ijxn > O)an,;r) )
The output-layer Hessian Hyy is: for i,j € [C],
2
”%gw = % YN o(Wx,)o(Wx,)T,
Plyse(WV) _ (21)

avianT - Od><d/
The output-layer Hessian is block-diagonal. We now discuss the hidden-layer Hessian.

Intuitive understanding: at random initialization, suppose entries in v; € R? follow an
i.i.d. zero-mean Gaussian distribution, then

BZZMSE(VYFIV) c

ow;dw; F <Zc:1 Uc,ivc,]'> Coroo COV(Ui,l', Ul',]') (22)
Prise (W,V) (z10%,) Var(v;;)

ow;dw, !

As v;;,v;; are independent, Cov (v, vi,]-) = 0 and thus the block-diagonal structure in Hyy,
occurs as C — oo.

We now discuss the cross-layer component H,,, under MSE loss:

az€Ms1~:
ow,;0v. ;

= — E K (Wx,) To; — )/n,]-) 1(w; x, > 0)xne] + Uj,il(wjxn > O)xnof(Wxn)T} ,
(23)
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where ¢; € R is an one-hot vector with the i-th component equals to 1. Note that the 2nd
term has expectation 0 when v;; is initialized as a zero-mean Gaussian distribution. As for
the 1st term, it is a matrix of the form

0 -+ a,; 0 --- 0
Doer o | eRPY, (24)
0 -+ az; 0 --- 0

which is a matrix with one non-zero column at position i with

Ay ;= — Z ( c(Wxy) "v; — yn,j) 1(w x, > 0)x, 0, d €[d].

Note that v; is initialized as a zero-mean Gaussian distribution, so the inner product
U(Wxn)Tv]- has expectation 0. Further, as the training goes, (U(Wxn)ij — V) — 0and
thus the 1st term in Hy, shall approach 0 along training. Numerically, we observe that Hy,
under MSE loss is indeed negligible compared to Hy,, and Hyp. This is observed throughout
the training, including at the initialization (see Figure 2).

Case 4: 1-hidden-layer networks with CE loss. We now consider 1-hidden-layer networks
with CE loss.

(25)

min cg(W, V) :_721 ( exp(o,,0(Wx,)) )

Yy exp(vl (W)

The hidden-layer Hessian Hyy, is: fori,j € [m],

2 2
a;gi# - N YN <ZC 1Pn CUU — (chzl Pn,cUc,i) ) l(w;rxn > 0)x,x,,
2
aéiﬁ# = LN (ZC 1 PncVc,iVcj — (Zg‘;l Pn,cUc,i) (Z‘f:l pnrcvc,j)) 1w/ x, > O)l(w]Txn > 0)x,x,) .
(26)
The output-layer Hessian Hyy, is: for i,j € [C],
02lcg(W,V
% = % 2111\]:1 pn,i(l - pn,i)a(Wxn)a(Wxn)T, 27
P lcp (W,V
%pf) = _% ZnNzl Pn,ipn,j‘7<wxn)‘7(wxn)T-

Intuitive understanding: at random initialization, suppose entries in W, V follows i.i.d.
zero-mean Gaussian distribution, we have p,,; ~ & foralln € [N],i € [C]. As such:

PLce(W,V)
o e <ZC 10ei%) — (chzl v”) (Zg:l vc'f)) /C o0 Cov (v, i) (28)
2 N Var(v;;)
82550}31‘7%%‘/) <2€C—1 vg,i - (chzl Z7c,i> ) /C ( 1,1)
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Since v; ;, v;; are independent, Cov(v;;,v;;) = 0 and thus the block-diagonal structure in
Hyyp occurs as C — oo. Similarly, we have

BZECE(V\QV) N 1

90;00; Yo Pn,iPnj N o _ 1 (29)
P (W,V) Lilapni(l=pni) ¢(1-¢g) C-TU

8viaviT

and thus the block-diagonal structure in Hy, arises as C — oo.

We now discuss the cross-layer component Hy,, under CE loss. We will explain the block-
circulant structure at initialization (i.e., Figure 3 (a)) and why it vanishes along training (i.e.,
Figure 3 (b-f)). We find that this phenomenon can be seen by a direct Hessian calculation.
The cross-layer Hessian is

02/ 1 Y C
aw‘aC;T - N 2 (Pn,]' - ‘Syn,j)l(w;rxﬂ > O)XHEzT + 2(5]#: - pn,o)pn,jvc,il(w;rxn > O)XHU(WXH)T .
;00
]

n=1 c=1
(30)
When C is large, by the law of large number and approximating p,, ; ~ 1/C, for the 2nd-term
we have

C
E — Pne) Pn,j0c,i (wlTxn > O)XnO‘(Wxn)T

~pn 0,1 (w] Xy > 0)x,0(Way) " — ppjxno(Wa,) " (C Y v il(w) x > O)) (31)
c=1

%E . v]-,il(wz-Txn > O)xn(r(Wxn)T.
Thus N
% lcx 1 - - 1
dwidv] ~N ;(pﬂf Oy, )1 (w; xu > 0)xne; +0O (C) , (32)
As such, the leading term of Hy,, under CE loss is a matrix of the form
0 -~ a; 0 - 0
Do : | e RP, (33)
0 -~ az; 0 -~ 0

which is a matrix with one non-zero column at position i with

agi = 33 Z Prc — Oypc) (wiTxn > 0) Xpp, A €d).

This explains the initial block-circulant structure in Hy,, under CE loss. As the training goes,

(Pne — y ) — 0 and the block-circulant structure disappears. This shows the “dynamic
force” arisen from training.
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Appendix B. Related works

Hessian spectrum analysis. Most studies on Hessian of NNs focus on Hessian eigenvalue
distribution, a.k.a., the spectrum. Chaudhari et al. [7], Dauphin et al. [14], Ghorbani et al.
[19], Granziol et al. [22], LeCun et al. [36], Sagun et al. [63, 64], Yao et al. [81] reported that
the Hessian spectra of NNs consist of a “bulk" together with a few “outliers". Fort and
Ganguli [17], Liao and Mahoney [39], Papyan [54], Pennington and Bahri [60], Singh et al.
[66], Wu et al. [78] studied the shape of the Hessian spectrum and Hessian rank in theory.
Papyan [52, 53], Sankar et al. [65] numerically studied the relation between the spectrum of
Hessian and that of Gauss-Newton matrix. Granziol et al. [23], Keskar et al. [32], Yao et al.
[80], Zhang et al. [83] studied the connection between the Hessian spectrum of NNs and
some training phenomena such as the effect of batch sizes. Ghorbani et al. [19], Yao et al.
[81] explained the effectiveness of training techniques such as BatchNorm via the shape of
Hessian spectrum. Zhang et al. [85] numerically studied the blockwise Hessian spectrum of
CNNs and Transformers. They further connect the blockwise spectra to the effectiveness of
Adam. Another line of works studied the interplay between Hessian extreme eigenvalues
and the trajectories of gradient methods (e.g., [1, 3, 7-9, 16, 25, 27-30, 38, 44, 55, 74, 75, 77]).

Different from all these works, we study the macroscopic structure of the Hessian rather
than its spectrum. Note that these two topics are rather orthogonal: it is possible to change
the matrix structure without changing its eigenvalues, and vice versa. Specifically, we focus
on the ratio between diagonal Hessian blocks and off-diagonal ones, which is not covered
in the spectrum analysis.

Hessian structure analysis. Collobert [11] empirically observed the following phenomenon:
when using a neural network to solve a binary classification problem under CE loss, the
Hessian is near-block-diagonal. They also reported that the near-block-diagonal structure
disappears when changing to Mean-Square (MSE) loss. Collobert [11] thereby conjectured
that the near-block-diagonal Hessian stems from CE loss, and they provided an one-line
informal explanation (re-stated later in Section C). The near-block-diagonal structure was
also reported recently under CE loss for various models including 1-hidden-layer network
[85], 1-hidden-layer Transformers [86], and linear models [34]. Similar Hessian structure is
later numerically reported on more practical models including GPT-2 [45], and OPT-125M
[46]. These results show that the near-block-diagonal structure appeared in a wide range of
architectures. We point out that these works primarily focus on empirical observations, and
the rigorous theoretical analysis is still missing.

Very recently, Ormaniec et al. [51] employed matrix calculus to derive the Hessian
expression of a 1-hidden-layer Transformer to understand the difficulties in training Trans-
formers. It is valuable and non-trivial to derive the Hessian expression of Transformers
due to their complicated design. However, the subsequent analysis of Hessian structure
is relatively simplified: e.g., they view the weights and data as constant matrices and did
not incorporate their random distributions. Consequently, the exact distribution of each
Hessian block has not been characterized yet, and the origin of the near-block-diagonal
structure remains unexplored.

Different from the aforementioned work, we establish the first rigorous theory on the
Hessian structure of linear and 1-hidden-layer network via random matrix theory. Our
theory reveals that the number of classes C is one major cause of the near-block-diagonal or
block-circulant-block-diagonal structure.
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Algorithm design. Multiple algorithm designs are proposed by approximating Hessian
(or other curvature matrices) by block-diagonal matrices (e.g., [2, 12, 15, 18, 20, 24, 31, 47,
62,72, 84]). Our theory can explain why these methods work. The special Hessian structure
also has strong connections to diagonal preconditioned methods (e.g., [33, 42]).

Appendix C. Existing Wisdom

Here, we revisit the results in [11], which has remained for two-decades the dominating
understanding of the near-block-diagonal Hessian structure. The author attributes the
near-block-diagonal structure to CE loss. We will point out that this perspective might not
be accurate.

Collobert [11] considered the binary classification problem: minimizing ¢cg(f(6; x),y)
where (cg(-, -) is CE loss, f(6;x) = YI'; vio(w,' x) € Ris an single-output-1-hidden-layer
neural network with input x € RY, weight w; € RY, v; € R, and label y € {0,1}. The author
focused on the hidden-layer Hessian Hyy,, and they point out that off-diagonal-blocks in
Hyy would contain

2 ,
W =p(1-p)vpwe’ (wlTx) o (w]Tx) xx' fori#j, (34)
where p = 1/ (1 + exp(—yf(6,x))) denotes the probability of correct prediction, and ¢’ (+)
is the derivative of o(-). Collobert [11] argued that CE loss is the key factor for the near-
block-diagonal structure. The author provided a one-line intuitive explanation: since the
training objective is to maximize p, the term p (1 — p) will decay to zero, which pushes the
off-diagonal blocks to zero. Numerically, Collobert [11] reported that CE loss brings the
near-block-diagonal structure in Hyy,, while MSE loss does not (their Figure 7.3 & 7.5, also
restated in Figure 10 in Appendix G.1). The author argued that this is because MSE loss
does not produce the term p (1 — p).
We point out that the arguments in [11] might not be accurate. In particular:

1. For binary classification, the term p(1 — p) occurs for both diagonal and off-diagonal
blocks. This can be easily inferred in our latter analysis in Case 1 with C = 2. Therefore, it
cannot serve as a distinguishing factor between the diagonal and off-diagonal blocks. For
CE loss, the observed block-diagonal structure in Hy,,, might be due to other properties.

2. Our numerical results in Figure 1 show that the near-block-diagonal structure in Hy,,
occurs not only during the training, but also at initialization. As such, the special structure
is not the result of “maximizing p” or “minimizing (1 — p)”.

In our analysis, we show that the number of classes C, instead of the CE loss, is one key
factor. Specifically, the near-block-diagonal structure in Hy,, arises as C — oo for both the
MSE and the CE loss. [11] did not observe the special structure under the MSE loss because
binary classification with C = 2 was considered.

We emphasize that we do not claim “large C” as the only cause for the near-block-
diagonal structure in Hyy,, but just that it is a sufficient condition. It is also possible that
the special structure arises with small C (Figure 7.3 in [11]) due to other reasons, which we
have not explored yet.
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Appendix D. Proof Sketches and Technical Challenges

Now we explain the major technical challenges and the main ideas in our proofs. We
primarily introduce the proof procedure for Theorem 1, i.e., linear models with CE loss
(Case 2). Despite the simple form of linear models, we find that it is rather non-trivial to
characterize its Hessian structure, and the classical random matrix approaches cannot be
directly applied. After introducing the proof for Theorem 1, we will discuss how to extend
our analysis to Theorem 2 (Case 3 and 4). Since the complete proof of Theorem 1 and 2
are rather long and technical, we present them in Appendix E.1 and E.2, respectively.

Challenges for proving Theorem 1. We first rewrite the Hessian expression in Case 2

as follows, and then we discuss why the classical random matrix approaches cannot be

. . _ . . ?lcg (V)
directly applied here. Due to the limited space, we only discuss the diagonal blocks ﬁ.
e (V)

which we
aviav/.T ¢

The same challenges and solutions also apply to the off-diagonal blocks

omit here.

BZKCE( (17) N T. 1 T d

el @D 1= —XNANXY € R, 35
aviav N ; pnz XnXy, N NANAN € (35)

where Xy = (x1,- -+, xn) € RN, Ay = diag(p1i(1 — p1), -+, pni(1 = pni)) € RNV,

and p,,; := exp (v, x)/ (ZCC 1 exp(vTxn)> Note that both Xy and Ay are random matrices.

How to characterize || & XnAnXy||r? We first recall some classical results in random matrix
theory.

Classical results from random matrix theory and why they cannot be directly applied.

We first introduce some basic concepts in random matrix theory.

* Eigenvalue distribution and weak convergence of probability measures. For a symmetric
matrix A € R™?, we define p4 = % Y4 ,0 Ai(4) as the empirical eigenvalue distribution
of A. ju 4 is a probability measure on IR that assigns equal probability % to each eigenvalue.
Note that when A is a random matrix, j14 is a random measure. For a sequence of random
matrices (A,)$_,, we will consider the weak convergence of its eigenvalue distribution

(]/[An )1?1021'

e Stieltjes transform. For a probability measure v on R, The Stieltjes transform of v is
defined as

sy(z) = /]R xizdv(x), z € CT\ supp(v).

A probability measure is uniquely characterized by its Stieltjes transform. For a symmet-
ric matrix A, we write s, (z) as s 4(z) for short. A sequence of eigenvalue distributions
(1A, )y converges weakly to a probability measure y if and only if s4, (z) — s,(z), Vz €
Ct.

Now we notice that || A||2 is nothing but the 2nd-order moment of 3 4. Moreover, we can
retrieve the moments of 4 from s4(z) by
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salz) =——=—~— 5 ——= — cee, Z— 00, (36)

where my = [ t*dyu 4 (t) denotes the k-th order moment. Therefore, the calculation of
| A||2 can be achieved by finding the limiting eigenvalue distribution of A as the matrix
size d — oo, which is a classical topic in random matrix theory. Typically, the random
matrices of the type XyAn X} are closely related to the sample covariance matrices. The
case that Ay is deterministic or independent of Xy has already been deeply studied
(e.g., Bai and Silverstein [4], Bai and Zhou [5], Maréenko and Pastur [48], Yao et al.
[79]). For the limiting eigenvalue distribution, we have the following classical result, the
generalized Marcenko-Pastur theorem.

Proposition 1 [48] Consider random matrices Xy € R¥*N with entries i.i.d. with mean 0 and
variance 1; and An € RN*N which is either deterministic or independent of Xy. Suppose that
the eigenvalue distribution of An converges weakly almost surely to a deterministic probability
measure v. Let Ay = %XNANXI,, then as N,d — 00,d/N — 7 € (0,+00), pa, converges
weakly almost surely to a deterministic probability measure y. Here y is uniquely specified by a
functional equation of its Stietjes transform s(z):

1
su(z) = tdv(t) ’
% Jr Ttis,(z)  ~©

vz e CT. (37)

Unfortunately, Proposition 1 can not be directly applied to our case. This is because
Proposition 1 requires Ay and Xy to be independent, while Ay and Xy in (35) are clearly
dependent.

Key observation: asymptotic independence. For our matrix of interests (35), although
ANn € RN*N and Xy € R?*N are not independent for any fixed d, we observe that they are
asymptotically independent as d — oo. This is because:

* Recall v; ~ N(0,3) and denote z = v x,, then z|x ~ N(0, ”’;H%). Further, since x ~

N(0,1), we have % ~ X2(1, %), which concentrates to 1 as d — .

¢ As such, z asymptotically follows N (0,1) and thus is independent of x. Therefore, Ay
and Xy are asymptotically independent.

Therefore, as d, N — oo, it seems possible to obtain the same limiting eigenvalue
distribution as in Proposition 1 for our matrix (35). The remaining question is how to prove
it rigorously. One possible path is from free probability theory [49], proving the asymptotic
freeness between Ay and X NX;, [10]. We will instead take another path in this work.

Our solutions. In this work, we use a rather classical decoupling technique, motivated by
the Lindeberg interpolation principle. The Lindeberg principle is originally an elegant proof
for the Central Limit Theorem (CLT) [40], by replacing the random variables with Gaussian
ones incrementally and proving the impact is negligible under certain conditions. The
Lindeberg principle is also applicable for random matrices [6, 21, 57]. We find that such
methods are useful for handling asymptotic independence in our case.

We now illustrate our proof strategy. The idea is to first decouple and then apply
Proposition 1.
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¢ Step 1. For our matrix (35) (denoted as HZ-?E), we introduce the decoupled matrix

exp (v %)
Yy exp(v %n)’

ﬁSE - X7 Z pnl pnl xnx;qr/ ﬁn,i = (38)

where Xy = (X1, ,XN) € R*" is an independent copy of Xy. The goal is to prove
that

I\lllir}x) (SHSE (z) = spce (z)) =0, as. VzeCh.
From standard measure concentration results, s ;ce (z),s FicE (z) concentrates around their
means as N — oo. Therefore, it suffices to prove that limy_ (E[s HCE (z)] — E[s Fice (z)]) =
0.

¢ Step 2. Following the Lindeberg principle, we define the matrix interpolation process

Xn(t) = ViXn +V1—tXy, te][0,1].

Note that Xy (0) = Xy and Xy (1) = Xy. We then define

N Txn(t))
HSE (1) (x,x,,  wh (1) := X (2; X :
); ~ Pual)suxy, where pui(t) = =T

Using basic matrix calculus, we arrive at the following equation:

Elsyce (2)] — Elsgee (2)] = /1 [;tSHCE()] dt. (39)

e Step 3. We notice that the r.h.s. of (39) can be bounded in the form of E[Zf(Z)]. We then
bound it using Stein’s Lemma: for Z ~ A(0, 1) and differentiable function f : R — C
with sub-exponential decay at infinity, we have:

E[Zf(Z)] = E[f'(2)]. (40)

We then prove that the r.h.s. of (40) decays to zero at rate O(1/ VN ), and thus HSE shares
the same limit distribution as HSE Note that Stein’s Lemma requires Gaussian data Xy
in Assumption 1. We refer to Appendix A.6 of [69] for the proof of Stein’s Lemma.

¢ Step 4. Apply Proposition 1. The decoupled matrix ﬁSE has the type X NJN\ NXI, where /N\N
is independent of Xy. Then Proposition 1 is applicable to obtain the limiting eigenvalue
distribution of ﬁSE Then we apply the expansion (36) in the functional equation (37) to
get the limiting second moment of u Fices which is also the limit of || H:E||. This concludes

the proof.

Challenges for the hidden-layer Hessian in 1-hidden-layer networks. Now we extend
our analysis on linear models to 1-hidden-layer networks. Similar as before, We primarily
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discuss the diagonal blocks of the Hessian. The same challenges and solutions also apply to
the off-diagonal blocks, which we omit here. We first discuss the hidden-layer Hessian.

2

82ECE(WI V) 1{ 3 2 3 T T 1 T

W =N HZ::l C 1Pn,cUc,i — C;Pn,cvc,i 1(w; zc,; >0) xpx, = NXNANXN,
b

(a)
(41)

Before applying the same decoupling technique as in linear models, we first show that Xy

and Ay are also asymptotic independent as d — co. We present the following reasons:

e We start with (b) first. Recall w; ~ N (0, %) and denote z,; = wiT x,. Following the
same argument as in the linear model case, we have z,;|x, ~ N(0,1) asd — 0. So
zyi is asymptotically independent of x,, and thus 1(z,; > 0) is also asymptotically
independent of x,, Vn € [N]. Therefore, (b) and Xy are asymptotically independent.

» Now we discuss (a). Denote v, = (zn1,"** ,Zum) ' vc. Since (2,1, + ,Zum) ' is inde-
pendent of x, as d — ©0, s0 do y,,c and ppc. As such, (a) and Xy are asymptotically
independent.

As such, (a) and (b) are asymptotically independent of Xy, thus it is reasonable that we
can apply our previous decoupling technique here. A similar procedure also applies to the
hidden weights with MSE loss. We present the detailed proof in Appendix E.2.1 and E.2.2,
respectively.

Challenges for the output-layer Hessian in 1-hidden-layer networks. Now we discuss

the new challenges for the output-layer Hessian. We rewrite % as follows.
Plee(W, V) _ 1 i (1= pui)oc(Wx,)o(Wx,) " := L poANED (42)
aviav? - N = Pn,i Pn,i n n =N NIANLpN,

where Fy = (0(Wx1),- - ,0(Wxy)) € R"™N. We highlight two major difference with the

X NANXI, in linear models (35) and the hidden weights in 1-hidden-layer networks in (41).

¢ First, in the previous cases (35) and (41), the matrices have growing dimension. Now the
matrix in (42) has fixed dimension m, which is away from the standard setting of random
matrix theory.

¢ Second, the matrices Fy and Ayx have more complicated dependence structure. The
dependence between Zy and Ay is caused by both W and Xy, which means that we
need to decouple Ay with {W, Xy} at the same time. Meanwhile, in previous cases (35)
and (41), we only need to decouple An with Xy.

To tackle the above challenges, we choose to handle (42) using a largely different
approach from above. We consider fixed m and conduct the following steps. Since the
complete proof is rather long and technical, we relegate it to Appendix E.2.3.

e Step 1. Replace WXy with Zy, where Zy € R™*N hasi.i.d. N(0,1) entries. This can be
done by letting d — oo and applying the Lindeberg principle. This step decouples Ay
with Hy.
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¢ Step 2. Calculate the expectation of the entry-wise second moment of the Hessian
matrices. Note that the decoupling in Step 1 is essential, otherwise, the calculation in
Step 2 would be complicated.

Appendix E. Proofs of the main theorems

E.1. Proof of Theorem 1

Before delving into the proof, we first present the functions g;;, g;j in Theorem 1. Let
Zc — (Zl, tee ,Zc) ~ Nc(o, Ic), define

) < ) eZ] . ezl . < ) eZﬁ—Zz
1\Zc) = —F——F - —F 5 | 2\ZC) = ———— 5/
Zlczl eZl Zlczl eZZ (Zlczl eZi ) ?

then

gii(7,C) := vE[l1(zc)?] + (E[h1(zc)])®  &ij(7,C) := vE[ha(2zc)?] + (Elh2(zc)])>

We now introduce some notations that will be used in the proof. Let Xy = (x1,-++,XN) €
R?*N be an independent copy of Xy € R**N. Denote

-
pi(x) := exp(v; ¥) x €RY,

C Eiexp(vlx)

(
Bn = —pi(xn)pj(xn), I'n=diag(Br, -, Bn),
En = _Pi(fn)Pj(fn)r T, = diag(,gl,- o IEN)~

2 2
To ease notations, we write H;; = aai(?;g ) ¢ Réxd, Hj; = aaff;g ) € R4 then
i00; i90;

1 1
H; = NXNANX;, Hy = NXNFNXIE.

Similarly, we define
7 1 X vT i 1 = T

Now we prove Theorem 1. The proof consists of two steps. First, we “decouple” Xy,
An and I'y. That is, we prove that H;; and H;; share the same Stieltjes transform as N
and d grow proportionally to infinity. Similarly for H;; and ﬁij. Second, with the help of
Proposition 1, we find the second moments of limit eigenvalue distribution of H; and ﬁij.
Recall that the second moment is the Frobenius norm, so the proof is concluded.

We now”“decouple” Xy, Ay and I'y using the following Lemma 1.
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Lemmal Foranyz € Ct,asd,N — oo, d/N — 7 € (0, +c0), it holds almost surely that
sH,(z) —sg.(z) =0 (N’%> , (43)

sH,(z) — Sﬁl_j(Z) =0 (N_%> . (44)

Proof Here, we only present the proof for sy,. The proof for s H;; is done following the same
procedure.
For t € [0,1], let
Xn(t) = VtXy 4+ V1 — tXy.

Then Xn(t) = (x1(t),- -, xn(t)) € R¥*N, where
xXu(t) = Vtxy +V1—1t%,, n€[N].

Denote

On(z,t) = (Hii(t) — zl )t € R,

By the definition of sy, it is easy to see that sy, = 1 tr (Gn(z,1)).

We first prove that sy, (z), s_(z) concentrate around their mean. By treating sy, (z), 55 (2)
as Lipchitz functions of the Gaussian vectors vy, - - - ,vc, x1, - - -, xn, we have the following
results from Talagrand’s inequality,

P (‘SHii (Z) - E[SHz‘i (Z)” > t) < Clefpcztzl

P (‘Sﬁii (z) —E[sg,(2)]| = t) < Ge it

where t > 0 and constants ¢y, ¢z, ¢1,¢2 > 0. Then from the Borel-Cantelli Lemma,

SHII (Z) - E[SHJ'[ (Z)] a_s> 0’ (45)
sg.(z) — E[sg (2) =)
Now we prove that
on(2) = Elsu, ()] — Elsg, (2)] = O (N72). (46)
Recall for any function A(t) valued in invertible matrices, we have
a1y = —a i L ama o, 47)
dt dt
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Then we have

6n(z) = ~E [tr (Gn(2,1) — Gn(2,0))]

d

1 /td

1 /td _
= 3/0 EE [tr <(Hl'l'(t) — ZIdxd) 1)} dt (48)
@y 1 /1 d

0

= - E [tr (gN(z,t)zdtHii(t))] dt

__1 [y [tr (xggmz,t)zijtm(t))] dt,
0

Define N
1 1 d
n=1
then we have

on(z) 2 ;ZAN(Z).

We now bound éy(z) by bounding Ay (z). We first define D; = {z|z € C*,3z > { > 0},
where 3z denotes the image part of z. Since all eigenvalues of H;;(t) € R, Ax(z) is an
analytic function in D;. Based on Cauchy’s integral formula, for any z € D; and arbitrary
circle v € D; containing z. we have

on(z) = Lay(z) = % ﬁ (ﬁfj f;zds.

Then we have:

length(7y) 1
< < .
On(z) < T 27 max |An(s)| < Const grelaDz( |AN(2)],

where Const. is some positive constant. Now we aim to prove the following equation:

1
max |An(z)| = O (N 2) (49)

If this is true, then |dn(z)| = O(N~2) forallz € D;. Let { — 0, we will get |on(z)| =
O(N B ), which converges to 0 (pointwise) as N — oo. In the following analysis, we aim to
prove (49). We first rewrite Ay(z) as follows.

N 1 T Xsn Xsn
an(z) = =5 Y ) Z/O E [xn G (2, 1) 0 Bin (1) Vi <\/E . m)] dt, (50

n=1[=1s=1

Bua(t) = (1= 2pi(xa(t)) ) piCxa(8)) (81 — pu(n())),
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and Xy, is the abbreviation for the (s, n)-th entry in Xy. Similar abbreviation also applies
to Xs,. We define é;; = 1if i = [ and 6;; = 0 if otherwise. Note that trivial upper bound of
(50) does not vanish with N. To better evaluate the expectation in (50), we will use Stein’s
Lemma

E[Zf(Z)] = E[f'(Z)] (51)

for Z ~ N(0,1) and differentiable function f : R — C with sub-exponential decay at
infinity. Then we have

1 yed 1 oFn(n,1,z,t) 1 oFn(n,1,z,t)
= B EE [ (Lp[Halnbany] 1 g pntany )y,
Ot LRk oo T )
52

Fn(n,1,z,t) = x, Gn(z, t)x, B, (1),
Write Gy = Gn(z, ) for short, then

1 doFn(n,1,z,t) ] [SFN(n l,z,t) }
E — — —E _—
e [ K TV X (53)
2 | dns
:ﬁE [NBln(t)VlsD‘n(t)(ngn)n(ngn)Txn - Bln<t)vls(ng”)S] :
Hence Ax(z) = An1(z) — An2(2z), where
1 € min(d,N) .1 dt
ANl( ) FTN Z Z / E [Bln(t)‘/ln“n(t)(ngn)n(ngn)Txn} =
dN® /=5 = o Vit (54)
NZ Nrggg‘/o In ) ls(ngn)s] ﬁ

From Holder’s inequality,

Recall that . . )
— < — ~ —
Bn(t)] < g lan0)] < 3, Vi ~ A0, 3),
|Gn |l < min < min—— < 2
N z€D; )\H” —z| z€Dg C\}(Z) - gl
21 2 1
E[(Gnan)s] = ZE[Gna|7] < E[[|Gn 1] < 7
we have
_ 3V4C (E[llx*) 2C
A&l < —gpang— 1An2@] < gz
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Asd,N — oo, d/N — 7y > 0, we have the following equations for any z € D,

Ana(2)] =0 (N2), |ana(z)] =0 (N7172).
Set { — 0, then we have (49) and hence (46), together with (45) implying
su,(z) —sg.(2) =0 (N’1/2> a.s.,Vz e Ct.

The proof for sy, is done following the same procedure.
[

Now we can apply Proposition 1 to characterize the limiting eigenvalue distribution of
H;;, H;;, which are identical to the distributions of H;, Hjj.

Z]/
Proposition2 FixC >2,asd, N — oo, % — 7 € (0, 4+00), we have
1. pp, converges almost surely to a deterministic measure utt , and its Stieltjes transform Syt (z)
is uniquely specified by the functional equation

1
s(z) = ; , VzeCT. (55)
e Tt dte =

Heret = (t1,--- ,tc), and

el el
h t — 1 - 7
14t Y el < Y eh)

oc(t) = (2m) e 2 imff

2. Fori # j, pp,; converges weakly almost surely to a deterministic measure i1, and its Stieltjes
transform s, (z) is uniquely specified by the functional equation

1
s(z) = , VzeC.
fIRC 1+'ys dtl “dtc —z 6
Here
elith
hy(t) = —
(£fet)

Proof From Lemma 1, it suffices to prove the convergence of j , jip f, to the limiting

measure specified by (55), (56) respectively. For the case of Hj;, let

- exp (v X,
YN = p(E) = p(v; r)~ ,
Yi—1exp(v) Xn)
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then w,, = Yéi\.j) (1- YIEII\I)) Recall that H;; = %XNZN\NX;\;, Ay = diag(ay, - ,a@y). Then
Ay is independent of Xy, and the eigenvalue distribution of Ay is the counting measure
N =& YN, 0z, Note that (@), are identically distributed but dependent, therefore we
need to prove that vy converges almost surely to a deterministic measure before applying
Proposition 1.

From the strong law of large number, it holds almost surely that

lim ||w||* =1 Vce€[C],
d—co

57
dlimwcTwc/:O Ve, €[C|, c # . 7)
—00

Now we restrict the probability space to a subspace that (57) holds. Note that this restriction
does not change validity of the proof since (57) holds almost surely. Let Fy be the c-algebra
generated by {Vj;}ic(c] jen+, then from CLT, the conditional distribution of

(UlT-;Cill e ;Ugfl)

given Fy converges weakly to N¢ (0, Icxc). Let v be the deterministic probability measure
such that for any interval A C R,

e e41
WM_P(ﬁhﬂwk_ﬁgﬂ)eAy >

where (Z;)¢, areii.d. N'(0,1). Let f(x) be a bounded continuous function on R, from the
conditional independence of (&,)Y_; given Fy, as N — oo,

/f@mww—/ﬂmwm

( Zf"‘ﬂ —E[f( “1)|~7:V]> ( [f(§1)|.7:v]—/]Rf(x)v(dx)> (59)

—0, as..

Here the first term converges a.s to 0 because of the strong law of large number. And the
second term converges to 0 from Portmanteau theorem. Then vy converges weakly almost
surely to v.

Now let Ty = %Ijlﬁ. Then Ty = %XN]\NXI,, and the eigenvalue distribution of /~\N
converges weakly almost surely to v. From Proposition 1, s3 converges weakly almost
surely to the unique solution of

s(z) = 1 , VzeCt. (60)

1 fIR 1+ts -

w(d) [ m(Hec(t)
/]RHtS(Z)_/Rcl—il—s(z)Chl(t)dtl”'dtC'
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Note that sz (z) = % SH. (%z) and d/N — -. Then with a change of variable z’ = 7z in
(60), it implies that s;; converges weakly almost surely to the unique solution of (55). Then
we finish the proof for the H;; case.

The proof for Hj; case is in the same procedure. The variables (Bn),1 ; are identically
distributed, and ﬁn = — 1’EZZ\I)Y( ). Define the counting measure /Ny = Ly N, 5& , then 17y

converges weakly almost surely to a deterministic probability measure v, where for any

interval A C R,
A N\
=P S .
78) Vi €% Y e%

Let Sy = %Hﬁ, then from Proposition 1, s3 converges weakly almost surely to the unique
solution of

1

S(Z) = 1 tn( dt ! vz e C+.
flR T+ts(z)
We have
/tn<dt>:/ REIOL S ORFT (61)
R1+1s(z)  Jre 1+s(z)ha(t) ' -

Then from S, (z) = %s% <%z>, d/N — v, and a change of variable z/ = 7z in (61),

it implies that s f,; converges weakly almost surely to the unique solution of (56). This
concludes the whole proof. [

The next proposition is to extract the second moment of the limiting eigenvalue distri-
bution from the implicit equations (55) and (56). This leads to Theorem 1.

Proposition 3 Suppose that as d, N — oo, % — v € (0,+00). Then fori # j, it holds almost
surely that

. 2
’lim = /]RC hy (t)zq)c(t)dtl <o dtc + </]RC hq (t)goc(t)dtl .. ~dtc> , (62)

O Hl i
lim d] E :7/1RC ha(t)>pc(t)dt - - - dtc + </RC hz(t)(PC(t)dtl"'dtC> , (63)

d,N—o0
C?||H; |3
lim lim M =ve+1, (64)
C—o00d,N—oo d
C4 H.. 2
lim lim ClH I _ ve* + 1. (65)
C—ood,N—oo d

Proof Recall thatasz — c0in CT,

su(z) = R / xp(dx) — 21—3 /szy(dx) +0 <zl4> :

z Z2 Jr
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Then in (55) as z — oo,

1
s i(z) =
2 I () gc(t
' Jxe 1+7155,h)rq()§)(h3 it -dic — 2
11
_ 1
o (1) g (t
f]RC 177h18t()3201c+(<)3(z—2)dt1 e dtc —Z
_ 1
Jre () pc(t) (1 + yhy(t)z71 4 O(z—2)>dt1 ceedtc —z
1 1
=2~ ?/Rc I (8 g (t)dt - - - dic
! hi(t)?pc(t)dty - - - dt hy (t) e (t)dt dt201
— 5 |7 [ Pt dte+ ([ m(Ogct--dtc) | +0 ().
(66)
Hence

, 2
2, H — 2 - ...
/Rx i (dx) = o /R i (0Pgc(dh - dic + < /R i (H)pc(t)dhy dtc> .
Then we obtain (1) since from Proposition 2,
| Hillg

- 2 _ 2 H
d}\llllloo = d}\llr_r}w L pp, (dx) = /le pyp(dx) as..

The proof of (2) follows the same procedure, i.e., expanding s(z) as z — oo in (56). Now let
qc = (g1, -+ ,9¢) ~ Nc(0, Icxc). From the strong law of large number, as C — oo,

e 4 ... feflc 4o

c = E[e"] = Ve.
Then from Slutsky’s theorem,
C\/E . el et d
CvVe-hi(qc) = R <1 ~arF eqC> — Lognormal(0,1),

Cye-eh Cyfe-e?
2, _ .
C e hZ(qC) eq1+“'+eqc eql _|_...—|—e‘7C

Here ® denotes the multiplicative convolution. That is, Lognormal(0, 1) ® Lognormal(0, 1)

is the distribution of & &, where &1, & are iid Lognormal(0, 1). Then from E[¢] = /e, E[¢?] =
2

LN Lognormal(0,1) ® Lognormal(0, 1) .

e“, we have
ggr;oc e hi(t)gc(t)dty - - - dtc = él_rgoE [Chi(qc)] =1,
lim C [ (¢ ge(tdt ---dic = Jim B [(C(qc))?] =
lim [ Ja(Qgc(t)dty - dic = Jim B [Cha(ac)] =1,
lim C* /]R (6 pc(B)dt ---dtc = lim E[(Cha(qc))?] = ¢
Then, (3) and (4) follows from (1) and (2) by taking C — oo, respectively. |
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E.2. Proof of Theorem 2

Before delving into the proof, we first present the constant terms in Theorem 2. We remark
that these constants are bounded as long as m > 2.

B 1 +o0  pto0 xy xZ yZ

apn = ﬁ/o /0 Xy exp (m -5 - 2) dxdy,
IR T A R xy x* oy

au_ﬂ/o /0 xyexp<m—2—2 dxdy,
1 A e 2xy  x* y?

ay = E/o /0 Xy exp ( — 5 — 2) dxdy,
R N N R

ay) = E/ / X7y exp ( — ) dxdy,
3 R dxd

bi=3 87'(/ / exp( _2_> ey,
3,
4

+o00 p+oo ny x2 y
e e (22 Lo

The functions h;;, hij, ui;, uij, qii, qij are given by the right hand side of (91), (92), (100),
(101), (103), (104), repectively.

(67)

by =

E.2.1. PROOF FOR THE HIDDEN-LAYER HESSIAN WITH CE LOSS

Our proof uses the following strategy. Firstly we consider the case that V € R“*™ is
deterministic. In this case, the techniques in the proof of Theorem 1 is available. Then for
the target case that entries of V are i.i.d. Gaussian, we use

e

and apply the deterministic case results in the conditional expectation.

PLe(W, V) |
Bwiaij

Uep(W, V) |IP

\%
awiaij

F F

Now for short of notations we write G;; = %, i = w Then
2
1Y T C 2 C T
Gii = N Z 1(wi Xn > O) Z qk(xn)vki - Z xn Vkl XnXy ,
n=1 k=1 k=1
1 N . N C C C
Gij = N Yo 1(w xy > 0)1(w; x, > 0) Y () Vi Vi — Z (xn)Vii | | Yo ae(xen) Vi
n=1 = k=1 k=1
(68)
where
exp(c(Wx,) Toy)

U0) = ¢ eplo (W) Tor)’

Let Xy = (%1, ,%n) € RN be an independent copy of Xy. Define
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2
_ 1 N N C C
Gj = N Y 1(w; %, > 0) |:Z (X0)VE — (Z (X V;ﬂ) XnX,),
n=1 k=1 k=1
~ 1 N _ C C N C N
Gi = N Z:ll(wi X > 0)1( w X, > 0) Z (X0) Vii Vi — kzlqk(xn)vki kZ;qk(xn)ij
n= k=1 = =

(69)

Lemma 2 Suppose that C > 2, m > 3 are fixed, V € RE*™ is deterministic. For anyz € C*, as
d,N — oo, d/N — v € (0, +00), it holds almost surely that

sG;(z) —sg . (z) =0 (N*%) , (70)

11

sG;;(z) — SG,/(Z) =0 (N’%) . (71)

Proof Here, we only present the proof for s,. The proof for s¢, is done following the same

procedure.
Fort € [0,1], let N
Xn(t) = ViEXn + V1 — tXy.

Then Xn(t) = (x1(t), -+, xn(t)) € RN, where

xn(t) = Vix, +vV1—1tx, ne [N].
Denote

c 2
0,(t) = l(w Xy ( [Z gi (xn (¢ sz (Z Vk1> ],

@N(t) = diag(Gl(t), s ,QN(t)),

1
Gis(t) = G XNON(HXY,

Gn(zt) = (Gi(t) —z) 7"
By treating sy, (z), s i, (z) as Lipchitz functions of the Gaussian vectors wy, - - - , Wy, X1, -+ , XN,
from Talagrand’s inequality,

P (|sg;(z) — E[s,;(2)]] = 1) < cre Pt

F (|S§H (2) = Elsg, (2)]] = t> < Gt

for t > 0 and constants ¢y, ¢, ¢1,¢2 > 0. Then from the Borel-Cantelli Lemma,

~

0
as (72)



Now we prove that
on(2) = Elsu, (2)] — Elsg, (2)] = O (N71). (73)

Following (48), we have

An(z) = ES OlE [tr <X§gN(z,t)2Xth®N( ))} dt. (74)

Z/ { X1 Gn(z, t)XN)nn;ltG (t )] dt. (75)

Similarly to the proof of Theorem 1, it suffices to prove that for any open set O C C* such
that { = inf,co |Sz| > 0,

max\A ( )| :O(N*%) (76)
zeO
We have
d 1 C m . s
kX 5 k(0 (£)) [811 — q1(xn (£))]1 (20, 2 () > 0) Vi, <” _ ),
dtq n( =5 E}gq q1(xn(t))] h Xn X N
d T c 5 C J
3100 (0) = 1(w; xu(t) > 0) YA VE—2Vie Y g (xa(t)) Vi 2k (xu(1)).
k=1 k=1
Therefore

N C C m d . X., <.,
An(z) = 2N Yy Yy Z/o E [xn GN (2, 1) X4 Qktn (t) Whs (\/ Vﬁ)]

(77)
where

Quinn (t) = <Vk21 — 2V i Qkf(xn(t))vk’i> Gk (xa (1)) [8 — 41 (20 (£))]1(wy, 2 (£) > 0) Vi,

k'=1

From Stein’s Lemma (51),

1 N ccmd /4 aA(klh")< 1) 1 aA(klh")( 1)
AN(zZ) = — o / B - et A 2287V E Wil | dt,
NZ;;};; 0 \/E aXsn s \ll_t aXSn s
(78)
where i
Ag\/’ ’”)(Z,t) = x,, GN (2, 1) %3 Qpain (1)
Then
N catad CA DN I S Vi G
X BT 9Xs s 79)

E [ana)vvhs ((ng,as - ivmena)(gm)n(gwn)un)] |

I
S %r\;
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C &Y 1 dt
Ana(z) = AN2 Z Z Z Z /0 E [lehn(t)gn(t)whn(ngn)n(ngn)Txn} %/

IZ(\l: C }éf: m d 1 dt
Anp(z) = IN YY) ) 2/0 E [Qxinn () Whs (Gnxn )s) 7

Let My = maxgc(cyicm] | Vki|- From Holder’s inequality,

I

B [Wan (G0 (Guvma) o) < (EIWET) ' (ELGm) (LG 50)*T)

N|—
NI—=

E[|Wis (Gnan)s]] < (EWR])* (E[(Gnan)3])*

together with
4 2 1 1 2 1 )
|Quinn (1) < 3My, 10,(1)] < 2M, [|Gn]| < 7 Wis ~ N(0, 5), E[(Gnxn)s] = SE[l[Gnxal7] <
we have .
3112C2m M3, x,|18])* 6mC>M?3
‘An,l(z)| < ( [H TIH ]) , ’An,Z(z)‘ S 71V
gdeN {d>

Thenasd, N — o0, d/N — 7 € (0, +00),

Ana(2)] =0 (NF), |ana(z)| =0 (N?).

Then we have (76) and then (70). The proof in the case of G;; is similar and is omitted. W

Proposition 4 Suppose that C > 2, m > 3 are fixed, V € RE*™ js deterministic. As d, N —
00, £ — ~ € (0,+00), we have

¢ (z) is uniquely

.. . G
1. ug, converges weakly almost surely to a deterministic measure 3, where 8,6

specified by the functional equation

s(z) = e dt — Vz e CT. 1)

R 1+'ys

Here vy is defined as follows. Let z = (z1, -+ ,zm) ~ Nu(0, L), define random variables

exp(o(z) Tvy)
T ooy <

c 2
Z nVig — (Z Vka1>
k=1

Then vy is given by that for all intervals A C R, v1(A) = P(Ec(V) € A).

re =

&c(V) =1(z1 > 0)
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2. Fori # j, ug,; converges weakly almost surely to a deterministic measure u$, where 8,6, (z)
is uniquely specified by the functional equation
1 VzeCt
5(2) = ——,u I zeCn (82)
R 1+9s(z

Here v, is defined as follows. Let z = (z1, -+ ,zm) ~ Nu(0, L), define random variables

C C C
Y 1eViaVie — (2 Vka1> (E Vka2>
k=1

nc(V) =1(z1 > 0)1(z > 0)
k=1

Then v, is given by that for all intervals A C R, v2(A) = P(5c(V) € A).

Proof We give a proof for the Gj; case, the G;; case is in the same procedure. From Lemma
2, it suffices to prove the convergence of iy~ to the limiting measure specified by (4). Let

2
6, = 1(w%, > 0) [i g (%n) V3 — <XC: Elk(fn)Vki) ] ,
k=1 k=1

@N = diag{f)l,- .. ,91\]},
then ﬁii = %XN@NXI,, and @N is independent of Xy. The eigenvalue distribution of @N

is the counting measure Ty = % YN 95, - Since m is fixed, from the strong law of large
number, it holds almost surely that

lim ||wy||*> =1 Vh € [m],
d—o0

83
{}im w)wy =0 VYhh €[m], h#H. (83)
—00

Without loss of generality we can restrict the probability space to a subspace that (83) holds.
Let Fw be the o-algebra generated by { Wi }jefm)sen+, then from CLT, the conditional
distribution of

(wy X1, -, Wy, %1)

given Fyy converges weakly to NV, (0, I;). Since V is deterministic, (5,1)2]:1 are independent
conditioning on Fy. Then for any f € C;(R), as N — oo,

/ f(x)Tn(dx) — / £(x)r1(dx)
( i ~E|[f 91>\fw}> <E F@)IFw] - /R f(x)yl(dx)> (84)

—0, a.s.

Therefore Ty converges weakly almost surely to v;.
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Now let Ty = %éﬁ. Then Ty = %XN@NXI], and the eigenvalue distribution of On
converges weakly almost surely to v;. From Proposition 1, s3 converges weakly almost
surely to the unique solution of

1
S(Z) = e , Vze C*t. (85)

2 f]R 1+ts

Then with a change of variable z’ = 7z in (85), it implies that s &, converges weakly almost
surely to the unique solution of (81). |

The next proposition is exactly (6) in Theorem 2.

Proposition 5 Suppose that m > 3 is fixed, and V- € RC*™ has i.i.d. N(0, 1) entries. If as
dN—>oo——>fy€(0, o), then for i # j,
E[||Gillg] _2y+1

Iim lim =
C—00d,N—sco d 4m? '

CE[IGillf] _ A(m-1?% ([ m  \"*
lim li - 1 .
o0 d,N oo d 2m(m —2)3m < m—27 )

Proof Let V be a deterministic realization of V. By expanding (81) and (82) at z = oo, we
have almost surely

(86)

tim VO [ 206 a2) = B (7)) + (Blge(7)? ®7)
dN—oo d R Hi - TRleC ¢ '
lim ”Gif”%—/xz S (dx) = vE[nc(V)2] + (Elne(V)])2 (89)
NS d R K12 = TE[1c Ule :
Then we have
Giillg
i BUGIEIY] e vy + elcviviy, )
E[||Gillz |V
Jim EUSELY) ey vy 4 el (v v ©0)
Taking expectation both sides we have
12
i BUGE e v+ epeevi)? o
E[||Gil?
i EUGEL gy vy (e ©2)

Write for short that {c = ¢c(V), ¢ = c(V). By the strong law of large number, as
C — oo,

[Zrkal

Elexp(c(z) VA | 2] _ o(z1)?

Elexp(c(z) Tox) | 2] m?

[CZk vexp(o(z) ') Vi
C Zk:l exp(o(z) "vg)
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; [(z)

zl = & Tz exp(e(2) o) Vi ’ z Elexp(c(z) "vx) Vi | 2]
]ER IX expl(o(z) o) - (et )

Therefore 1 0] )
o o Z1 > _
Bléc] = E[E(eclal) = £ | *2 0 —
Similarly,
2 o 2 . 1(21 > 0) o 1
Bl¢2) = E[Bledial) = & | 220 —
Therefore (2
: : Hiillg  2y+1
Cl'l—l;rolo d,%rilw d N 41’112 )

For the case of G;;, by repeating all arguments above, we have

C C C
) 1Y neViaVie — (E 7’ka1> (Z Tka2>
k=1

k=1 k=1

e =1(z1 > 0)1(z2 > 0)

c c
=1(z1 > 0)1(z2 > 0) Y Y reriVia (Vie — Vi)
k=11=1
1 CcC C
=5 1(z1 > 0)1(z2 > 0) 2 Y 1t (Via = Vin) (Vie — Vi)
k=11=1
:% 1(z1 > 0)1(zp > O)Zkzl Li_qexp(o(z) "or) exp(a(z)Tvl)(VZkl = Vi) (Vie — Vlz).
[ exple(z) Ton)|
(93)
Let
h(k,1) = exp(o(z) "vr) exp(c(z) "01) (Via — Vin) (Via — Vin)-
Then fork k' #1#1,
E[h(k1) |z] =0, E[h(k1)*|z] <o, E[h(kDh(K,I')|z] =0,
Eh(k, h(k 1) | 2] = <U(21);Z(Zz)2 N 0(21)271_30(22)2 N n;) exp (iHU(Z)Hz) .
Then as C — oo,
E[v/Cric] = E[EV/Cijclz]]
1 vC C
_E %1(21 > 0)1(z, > 0)E | -2 Lic L bk ) P
[LEC exp(e(z)Ton)]
(94)
1 b K6 T B |k D)2
=E 51(21 > 0)1(z2 > 0) 5 +0(1)
E [exp(a(z)Tvk) z]
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E[Cri¢] = E[E[Cr¢|2]
2
é [215:1 Y h(k,l)}
z)Tvk)]4
i
E [exp(a(z)Tvk) z

. [1 > 0)1(z2 > 0) (U(Zl)ZU(ZQ)z . 0(z1)2 4 0(22)? N n;) exp <1}1||0'(z)”2>]

Z1>0 Zz>0)

L op(e

E [h(k,l)h(k,l’)

Zl>0 Zz>0)

m4 m3

)
) zm((T”__lz))Sm <\/Z+1> | (95)

Then from (92) we finish the proof. |

E.2.2. PROOF FOR THE HIDDEN-LAYER HESSIAN WITH MSE LOSS

2
For short of notations we write K;; = %Léw, Kij = % Then

c c
= (Z Vﬁ) Lii, Kij = <Z Vkinj> Lij,
k=1 k=1

N N
Z (w] x, > 0)x,x,), Ljj Z (w] x, > 0)1(w]

where

i Xn > O)an,j.

The following decoupling lemma is motivated by [26].

Lemma 3 Under the assumptions in Theorem 2, we have:

1. There exists random matrices Xy, Ay in the same probability space, such that XN 2 Xy, AN
is a N-dimensional diagonal matrix with entries i.i.d. ber(%) random variables independent

OfXN, and Lii i %XN/A\NX;\]

2. Fori # j, there exists random matrices Xy, Ay in the same probability space, such that
XN 2z Xy, Ay is a N-dimensional diagonal matrix with entries i.i.d. ber(%) random

variables independent of Xy, and L;j 2z %XN/A\NX&.
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Proof Let(y,---,8p, 11, -+, nn beiid. Radamacher random variables. Let
Xy = diag(¢) Xy diag(y), Ay = diag(1(w!%; >0),---,1(wiky > 0)).

Here ¥, - - - , Xy are column vectors of Xy. Since entries of Xy arei.i.d. centered, {Xn, AN} 2z
{Xn, An}. Hence

S XnAKy = < diag(?) Xy diag(7) Ay diag(y) Xy diag(£)
(96)

1 .. X .
=N diag(¢) XNy AnXn diag($).
Clearly diag({)Xn £ Xy, then it suffices to show that A, is diagonal with i.i.d. ber(3)
entries independent of {¢, Xy }. To see this, we have
An(n,n) = 1(w) diag(&)x,n, > 0), 1<n<N.
Then the required property follows from that (7, ), are i.i.d. valuing in {1, —1} with equal

probability.
For G;;(i # j), the proof is the same, except that

An(n,n) = 1(w; diag(§)xnin > 0) - 1(w} diag(§)xnyn >0), 1<n<N
areiid. ber(}). [

A probability measure y is said to have the Marchenko-Pastur distribution with param-
eter y > 0 and 02 > 0, denoted as MP(y, 0?), if

VI ==,

2oty x

p(dx) = (1—=y~ )1y > 1)do(dx) + an(@)dx, Ay =P (1+yy)?, Ao =0 (1- /y)

The Stieltjes transform of MP(y, 0?) is given by

1—vy)—z++/(z — 0% —yo?)2 — 4yo*
2yzo? ’

s(z) = 4
or equivalently by the equation (writing s = s, (z) for short)
yzo?s® + (z —?(1—y))s +1 = 0. (97)
Proposition 6 Asd, N — oo, £ — ~ € (0, +00), we have

1. pr, converges weakly almost surely to MP(2, ).

2. Fori # j, pr, converges weakly almost surely to MP (4, .
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Proof From Lemma 3, we have L;; 4 %TN, where Ty = %XN/A\NX&]. From Proposition 1,
1Ty converges weakly almost surely to a deterministic measure 7. And s, (z) is specified

by the equation

1 +
s(z) = N el , VzeCT, (98)
% f]R T+ts(z) z

where 11 = %(50 + %(51. The equation can be simplified as

252+<z—1+1>s+120.
2y

This is exactly (97) with y = 27, 0% = % Then ur, — MP(2y, %) and hence pp, —
MP(27,3). The L;j case in the same procedure, replacing v1 in (98) with v, = 35+ 36 A

Proposition 7 Suppose that m is fixed and as d, N — o0, & — ~ € (0,+00). Then for i # j, we

have )
lim lim /] = 1+2’y,
C—o00d,N—oo CZd 4m2 (99)
ot ELHGIE] 1449
CowdN—eo  Cd 16m?
Proof From Proposition 6 we have
1Ll 2 2 T+2y
; E— /Rx pr, (dx) — /Rx Mt oy, (dX) = L oS (100)
Fori # j,
1L 115 ) 2 144y
; :/]Rx pr; (dx) —>/]Rx Hpan, 1 (dX) = g & (101)
Since entries of V areii.d. A'(0, 1) independent of {L;;, L;;},
2
o E[HalE] Y Vi : ILillF] _ 1+2y
lim lim ——_—— =1mE || =% lim E Fl = ,
CowdNTe  CH | Coe C NG| d 42
2
E [||H;i|2 C L ViiVii Liill?
tim tm EUEIE _ e | (B VeV |, g [IalE] _ 144y
CooodN—=eo  Cd C—oo VC d,N—co d 16m?
|
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E.2.3. PROOF FOR THE OUTPUT-LAYER HESSIAN WITH CE LOSS

Denote that

PUcp(W, V)

Gji =
0v; 87)1

and fori # j,
Plcg(W,V) 1 &
G = KW, V) _

0v; 8v] —

N
N; 1_Pnz) (Wxn) (Wxn) ’

Z nan]U Wxﬂ) (Wx”)T'

Let Z be a d x N random matrix with entries i.i.d. N(0,1) independent of V, and

z1,- - ,zN are column vectors of Z. Define

5 = exp(0(zn) 'vi)

- Zgzl exp(o(za) "oc) '

fZPm — D)o

ne[N)ielc,

o(zu)o(zn) ",

~ 1y
Gij = N 21 pn,ipn,ja(zn)a(zn)T~
n=

Following the proof of Lemma 12 with the Lindeberg principle, one can show that for

k1€ [m), k#1

d}\ilToo (E [Gii(k, k)] —

lim (E (k1)

d,N—o0
d}\l]l;r)loo (E Z] k k
(k1)

lim (E
d,N—c0

Then since m is fixed and
E [||Giil|§] = mE [Gii(k,k)*] +m

E [|IGijl|F] = mE [Gyi(k,k)*] +m

E [[|Gall}] = mE [Gik k)| +

E [[|Gyjl}2] = mE [Gy(k, k2] +

tim (B [[1Gall3] -

d,N—

Jim (E (1165 -

we have
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m(m —1)E {éii(k,l)z} ,
m(m —1)E [Gi(k,1)?],

E [I1Gill? ])

E[I1Gyl

I

(102)

(103)

(104)

(105)



From

~ 1Y _
Gir(k, k) = 55 1o Puni(1 = Pui)(zni)?,
n=1
~ 1 & _
Gii(k, 1) = N Y i1 = Pui) o (zug)o(21),
n=1 (106)
~ 1 & 5
Gij(k, k) = N Y Puidnjo (2 k)%
n=1
~ 1Y
Gij(k,1) = N Y PP o (Zuje )0 (zn1),
n=1
we have
pgrng [éii(kr k)z_ = E [priP2i(1 — Pri) (1 — Poi)o(z16) 0 (224)?] ,
p}\i{rBOOE Gii(k,1)?| = E[p1iP2i(1 — 1) (1 — Poi)o(z14)0(210)0 (224) 7 (221)]
' ' : (107)

Jim B [Gy(k %] = E (B oo (z10Poteas)?]

p}\illz}ooE _éi]-(k,l)z_ =E [ﬁl,iﬁz,iﬁ,jﬁz,ﬂ(zl,k)U(Zl,l)U(Zz,k)‘f(zz,l)] .

Therefore

lim lim C%E [Gii(k/k)z}

C—o0 p,N—o0

= lim E |E exp ((0(z1) +0(22)) 'vi)
o <% Yo eXP(U(ZﬂTUc)) (% Yo exp(o(z2) o)

.|

) (1= P1) (1 = P2i)o(z14) 0 (224)?

E [exp ((0(z1) + 0 (22)) "0i) o (z14) %0 (221 )?

_ <E [exp (0(z1) Tv;) zl]> <E [exp (0(z2) T;)

Lexp (L]o(z1) + U(Zz)\Z)U(Zl,k)za(zz,k)2]

21,22}

g

exp (5 (|o(z) 2 + |o(22) )

—E _exp (;U(zm)a(zllz))(7(21,1)2(7(21,2)2] (E [exp (;0(21,1)0(21,2))]>

m—1
:ﬂlzbl ’

m—1

(108)
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lim lim C2%E [éii(k/l)z}

C—oc0 p,N—00

= lim E
C—o0

_E [exp(( 0(z1) +0(22)) "0i) 0 (z1)0 (2246 ) 0 (21,1) 0 (22)

H exp ((0(z1) +0(22)) T01) (1 i) (1 — o)

v
c
LyC  exp(o(z1)Toe) ) (% Yo exp(o(zz) Toe)

) 0(z1k)0(22k)0(21,1)0(22,1)

21,22}

(E [eXp (0(z1)Tv3)

zl]> <E {exp (0(z2) ;)

2

_exp( |0(21) + 0(22) |*) 0 (21,6) 0 (22,60 (21,) (221)]

exp (g; (|o(21) 2 + |o(22) )

- 1 1 m—2
exp (-0 (z11)0(212))0 (z11)0 Z1z] <E [exp —0o(z11)0 ZlZ))D

m

_ 2 1m-2
=an b7,

(109)

lim lim C*E [éij(krk)z}

C—o0 p,N—r00

C—oo

= lim E [E

i [eXp« (21) +0(22)) T (21 + 9))) (214 (2242

_ <E [exp( z1) Tv;)

Fexp (Lio(z1) + o (z2) ?) e (Zlk)2 sz)2]

exp ((0(z1) + 0(22)) " (vi + 1))
2 2
(LS explo(z)Too)) (£ explo(z) o))

o (z16) %0 (22)

2
21,22] ]

Z1, Zz]

o] =])

[o]) el

(
exp (5 (|o(z1) 2 + |o(22) 2))

i m—1
exp (2o(z11)(a12)0 (e o] (E ew (Zotanoaa) )

m—1
:a22b2 ’

(110)
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lim lim CE [éz-]-(k, k)z}

C—oc0 p,N—00

C—o0

= lim E [E

exp (((z1) + 0(22)) " (vi + 1))
2
(L5 exp(o(z)To0)) (£ exple(z) Too))

2U(Zl,k)U(Zz,k)U(Zl,l)U(Zz,l)

.

-E [exp ((0(z1) +0(22)) " (vi +9))) 0 (21 6) 0 (22) 0 (21,1) 0 (22) zl,zz]

<E [exp (0(z1) Tvy) zl] )2 <E {exp (0(z2) Tv;) zz} )2

Lexp (L]o(z1) + 0(z2) |2)U(Zl,k)a(zz,k)a(zl,l)U(Zz,l)]
exp (3 (|(z1)]2 + o (22)[?))

:exp (:10*(21,1)0(21,2))U(Zl,l)“(zlrz)]2 (E [exp (iU(Zl,l)U(Zl,Z))})

m—2

_ 2 1m—2
=ay by .

(111)
Then from (103)-(105) and (108)-(111) we obtain (8). The whole proof is then completed.
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Appendix F. More Numerical Results

We now provide some more numerical evidence to support our theory. We use the the same
Gaussian synthetic dataset as in Appendix 2 (which follows Assumption 1) and LeCun
initialization (which follows Assumption 2), and try different C. More details can be seen in
Appendix G.3.

Case 1: linear models with MSE loss. In Figure 4, we present the Hessian of linear
models under MSE loss. By the calculation of (15) in Appendix A, the Hessian is strictly
block-diagonal. The numerical results match the calculation.
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Figure 4: (a-c): The Hessian of Case 1: linear models with MSE loss. We observe that the block-
diagonal Hessian structure arises for all C. This is because the off-diagonal blocks are
strictly zero in this case (see Eq. (15)).

Case 2: linear models with CE loss. In Figure 5, we present the Hessian of linear models
under CE loss. The block-diagonal Hessian structure becomes clear when C increases,
which matches our theoretical prediction in Theorem 1.
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0 10000 20000 30000 40000 50000 60000

Figure 5: (a-c): The Hessian of Case 2: linear models with CE loss.We observe that the block-
diagonal Hessian structure becomes clear when C increases.

Case 3 and 4: 1-hidden-layer networks with MSE and CE loss. In Figure 6 and 7, we
consider 1-hidden-layer network at random initialization. We present the hidden-layer
Hessian Hy, and output weights Hy, to see if they match our theoretical prediction. It
can be seen that the block-diagonal structure becomes clearer as the number of classes C
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Figure 6: The Hessian in Case 3: 1-hidden-layer network with MSE loss. The network has 8
hidden neurons. (a, b, ¢): The hidden-layer Hessian Hyy. (e, f, g): The output-layer
Hessian Hy,. We observe that the block-diagonal Hessian structure in Hyy, becomes
clearer as C increases. Hyy is always strictly block-diagonal, as expected by Eq. (21).

increases, which matches the theoretical prediction. These results hold for both MSE and
CE loss.

On the Frobenius Norm of Hessian Blocks for Case 2. We now investigate the following

quantities, which appeared in Theorem 1:
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For each C, we simulate 1000 chlE and HEZE with LeCun initialization (Assumption 2), and

track their changes with C. The results are shown in Figure 8. We make the following

observations. These observations match our theoretical prediction.

¢ First, for each C, the realizations of HﬁE and chzE concentrate around the red curves,
which are their theoretical means in (1) and (2) in Proposition 3 (shown later in Appendix
E.1).

* Second, as C — oo, we find that the Hj; and Hj, approach the green lines, which are
their theoretical limits in Theorem 1. These results justify the results in Theorem 1.

¢ Third, as C — oo, we have r — 0, and the decay rate matches our theoretical prediction.
This means that off-diagonal blocks become relatively negligible as C increases.

On the Frobenius Norm of Hessian Blocks for Case 4. We now consider 1-hidden-layer
networks with CE loss. We introduce the quantities as follows.
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Figure 7: The Hessian in Case 4: 1-hidden-layer network with CE loss. The network has 8 hidden
neurons. (a, b, ¢): The hidden-layer Hessian Hyy. (e, £, g): The output-layer Hessian Hys.
For both Hyw and Hyy, we observe that the block-diagonal Hessian structure becomes
clearer as C increases.
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The results are shown in Figure 9. Similarly as in Figure 8, we find that the chlE and
HGE approach the green lines, which are their theoretical limits in Theorem 2. Further, 7
decays to 0 with the same rate as we predicted in Theorem 2. These results support the
results in Theorem 2.
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(a, b, ¢): The evolution of chlE, H1C2E, and r as C increases. For each C, the realizations
of HﬁE and chzE concentrate around the red curves, which are their theoretical means
in (1) and (2) in Proposition 3 (shown later in Appendix E.1). As C — oo, chlE and chzE
approach the green lines, which are their theoretical limits in Theorem 1. Further, r
vanishes to 0 as C increases, and the decay rate matches Theorem 1. This means that
off-diagonal blocks become relatively negligible as C increases.
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(a)b): The evolution of A and ASE as C increases. We find that the ASF and HSE
approach the green lines, which are their theoretical limits in Theorem 2. (c): 7 decays to
0 with the same rate as we predicted in Theorem 2.
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Appendix G. More Numerical Results and Experimental Details

Now we present the numerical results. We first re-state the experiments in [11] and then
present some more of our numerical results. All experimental details of our results are
explained in Appendix G.3.

G.1. Results from [11]

In Figure 10, we restate Figure 7.3 and 7.5 from [11]. The authors reported block-diagonal
Hessian structure for a 1-hidden-layer network with CE loss on a binary-classification
dataset. Such structure disappeared when changing to MSE loss.

We make two comments here. First, for MSE loss in Figure 10 (b), it is not surprising to
see non-block-diagonal structure since our theory states that such structure arises when
C — oo, while C only equals to 2 here. Second, for CE loss in Figure 10 (a), the near-block-
diagonal structure arises despite the small C. This is not covered in our theory since we
focus on large C. Nevertheless, it does not contradict our theory, either. We leave the
exploration of binary classification with CE loss as a future direction.
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(a) CE loss (b) MSE loss

Figure 10: (a,b): Figure 7.3 and 7.5 from [11]. . The Hessian matrices of a 1-hidden-layer network
with 10 hidden neurons on the Forest binary-classification dataset. For CE loss, the
Hessian is computed after 1 iteration. For MSE loss, the Hessian is computed after 10
iterations.

G.2. More Ablation Studies

We now conduct some more ablation studies on other Factors contributing to the Hessian
structure. Li et al. [37] argue that K-feature-clustered dataset will bring K-ranked Jacobian.
We now investigate how this relates to the block-diagonal Hessian structure.

We construct the K-clustered dataset following the descriptions in [37]: “assume that
the input x, € R? come from K clusters which are located on the unit Euclidean ball; assume our
dataset consists of C < K classes where each class can be composed of multiple clusters.”. We attach
the code for data generation below.

We present the results in Figure 11 and 12. We report two findings here: (1) When #
classes C = 2 is small, the Hessian has no block-diagonal structure, regardless of # clusters
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K. (2) When C = 500 is large, the block-diagonal pattern appears regardless of # clusters K.
This suggests that large C plays a more critical role than K in the Hessian structure.
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(e) C=500,K =500 (f) C=500,K=750 (g)C =500K=1000 (h)C =>500,K=1250
Figure 11: Ablation studies for the effect of # cluster K on the Hessian structure. We construct

K-clustered dataset following the setup in [Li et al. 19]: “assume that the input x,, € R?
come from K clusters which are located on the unit Euclidean ball; assume our dataset
consists of C < K classes where each class can be composed of multiple clusters.” We
use MSE loss and random intialization. We find that: (a-d): When C = 2 is small, the
Hessian has no clear structure, regardless of # clusters K. (e-h): When C = 500 is large,
the block-diagonal pattern appears regardless of # clusters K. This suggests that large C
plays a more critical role than K in the Hessian structure.

def generate_cluster_data(n_total, n_classes, n_clusters, input_dim):

# Generate clustered synthetic data for specified dimensions

# used for ablation study

# n_total is the total number of samples

# n_classes is the number of classes (smaller than n_clusters)

# input_dim is the dimension of the data

# raise error if n_cluster is larger than n_classes

assert n_classes<= n_clusters, f"n_cluster = {n_classes} is not smaller than
n_classes = {n_classes}"

# n_samples_per_class is the number of samples per class

X =[]

y = []

n_cluster_per_class = n_clusters // n_classes
n_samples_per_cluster = n_total // n_clusters
cluster_idx = 0

for class_idx in range(n_classes):

for _ in range(n_cluster_per_class):
cluster_idx += 1
if input_dim ==
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Figure 12: Same ablation studies as in Figure 11 except that we change to CE loss. We find that:
(a-d): When C = 2 is small, the Hessian has no clear structure, regardless of # clusters
K. (e-h): When C = 500 is large, the block-diagonal pattern appears in Hy and Hyy
regardless of # clusters K. This suggests that large C plays a more critical role than K in
the Hessian structure.

center = np.array([np.cos(2 * np.pi * cluster_idx / n_clusters),
np.sin(2 * np.pi * (cluster_idx) / n_clusters)]) * 5 # Class centers on a

circle
else:
#extend the 2D case to higher dimension
# Generate random points in higher dimensions and project onto
hypersphere
center = np.random.randn (input_dim)
# Normalize to create a unit vector (point on unit hypersphere)
center = center / np.linalg.norm(center)
cluster_samples = np.random.randn (n_samples_per_cluster, input_dim)

* 0.05 + center # Add some noise
X.append(cluster_samples)
# assign label
y.extend([class_idx]*n_samples_per_cluster)

X = np.vstack (X) # Combine all class samples

y = np.array (y) # Convert labels to a NumPy array
return X, y

G.3. Experimental Details

Now we present the experimental details. All experiments are conducted on one NVIDIA
V100 GPU.

Implementation details for Figure 1. We calculate Hessian on a randomly selected 128
images from CIFAR-100. We calculate Hessian via two backpropagation passes [59], our
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code is modified based on open-source Hessian-vector-product implementation 2. We
consider a 1-hidden-layer network with ReLU activation, 8 hidden neurons, and 100 output
neurons at random initialization. For all Hessian matrices reported in the paper, we report
the absolute value of each Hessian entry.

Implementation details for Appendix2. We first introduce the implementation details for
the synthetic dataset used in both Appendix 2 and Appendix G. We build the dataset follow-
ing Assumption 1 and we assign the label randomly. We attach the code for data generation
here. In Section 2, we use input_dim =500, n_classes =500, n_samples_per_class
=10.
def generate_gaussian_data (n_samples_per_class, n_classes, input_dim) :

X =[]

y = []

for 1 in range(n_classes) :

class_samples = np.random.randn (n_samples_per_class, input_dim)

X.append(class_samples)
y.extend([i] * n_samples_per_class) # not used

X = np.vstack (X)
y = np.array(y)

return X, y
Now we describe the model configurations in Appendix 2. We use 1-hidden-layer networks
with 8 hidden neurons and ReLU activation. All the models are trained using Adam with
1r = le-4 with cosine annealing schedule with 1r_min = 0. We train the models until
convergence. The loss curves are reported in Figure 13.
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(a) Loss curve under MSE loss (b) Loss curve under CE loss

Figure 13: The loss curve of the models trained in Appendix 2. We train the models until conver-
gence.

Implementation details for Appendix F and Appendix G. For these experiments, we use
the same setups as in Appendix 2. We use input_dim =64, n_samples_per_class =1,
and the total number of samples N = C.

2. https://github.com/zyushun/hessian—spectrum
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Implementation details for Figure 8 and Figure 9. For Figure 8, we consider N =
1000,d = 1000. For each C, we randomly sample 1000 realization of Hj;, Hyp and re-
port their Frobenius norms. We use 10° repetitions in Monte-Carlo integrals. For Figure 9,
we use N = 300, d = 300, and 200 repetitions for each C.

Appendix H. More Discussions

More discussions on our theory. For completeness, we provide discuss more discussions
on our theory, including some clarifications and future directions.

e First, our theory requires N and d proportionally grows to infinity, which is also known
as “the proportional asymptotic regime”. We believe this regime is meaningful. First, the
proportional asymptotic regime in standard in random matrix theory (e.g., see [70, 76]).
Second, in the proportional asymptotic regime, we obtained new insights into the Hessian
structure (e.g., the effect of large C) and our insights matched a wide range of finite-
dimensional experiments. We will try to extend our analysis to other regimes such as
non-asymptotic or over-parameterized regime in the future.

* Second, our theory focuses on random initialization, and it does not cover the whole
training process. Interestingly, we numerically find that the block-diagonal Hessian
structure remains throughout the training process (see Figure 2 and 3). This suggests
that block-diagonal structure continuously influences the behavior of optimizers, not just
at initialization. It is possible to extend our theory to the whole training process, but it
requires substantially new mathematical tools and we leave as a future direction.

¢ Third, our theory focuses on linear and 1-hidden-layer networks, and it currently does
not cover deeper models. We believe our theory on linear and 1-hidden-layer networks is
meaningful since it already provides new insights, e.g., the effect of large C. It is possible
to extend the results to deeper models by recursively applying our decoupling methods,
but substantial effort is needed. For deeper models, we conjecture the block-diagonal
structure will be primarily driven by the number of output neurons in each layer (a.k.a.,
the “fan-out dimension”). It is also intriguing to explore other potential factors that will
reshape the Hessian structure of deep models. We leave it as a future direction.

¢ Forth, our theory focuses on block-wise Frobenius norm instead of block-wise spectrum.
We focus on on Frobenius norm is it is more relevant to our current goal: justifying
the Hessian structure. One future direction is to theoretically characterize the block-
wise spectrum and provide guidance for optimizer design. Wang et al. [73], Zhang
et al. [85, 86] did some initial attempts in this direction, but these works focused on
numerical exploration and did not establish rigorous theory on characterizing block-wise
spectrum. Based on our theory so far, it is possible to theoretically analyze the block-wise
spectrum by more fine-grained analysis of the Steiltjes transform of the limit eigenvalue
distribution, which we leave as a future direction.
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