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ABSTRACT

A major challenge in physics-informed machine learning is to understand how the
incorporation of prior domain knowledge affects learning rates when training data
is not independent and identically distributed. Focusing on empirical risk mini-
mization with physics-informed regularization, we derive complexity-dependent
bounds on the excess risk in probability and in expectation. We prove that, when
the physical prior information is aligned, the learning rate improves from the
(slow) Sobolev minimax rate to the (fast) optimal i.i.d. one without sample-size
deflation due to data dependence.

1 INTRODUCTION

Physics-informed machine learning encompasses a wide taxonomy of approaches that combine
physical knowledge and learning algorithms to address two main tasks: (i) leveraging data-driven
methods to enhance numerical solvability and accuracy of physical models given, for instance, by
systems of partial differential equations; (ii) improve learning algorithm performance by including
physical information in the loss function or as an additional constraint (Karniadakis et al., 2021;
Meng et al., 2025). Focusing on the second class of methods, surveyed in Rai & Sahu (2020);
von Rueden et al. (2023b), the resulting approaches turn out to be practically effective in terms of
data efficiency, generalization capability and interpretability, which play an important role espe-
cially in view of downstream tasks such as safe learning-based control (Nghiem et al., 2023; Drgona
et al., 2025). However, despite the empirical success of physics-informed machine learning algo-
rithms (Raissi et al., 2019; Rai & Sahu, 2020; Cuomo et al., 2022; Hao et al., 2023), theoretically
quantifying the beneficial impact of incorporating physical information into learning algorithms is
technically challenging and still an active area of research (see von Rueden et al. (2023a) and refer-
ences therein).

We tackle this problem by considering a statistical learning set-up and focusing on regularized em-
pirical risk minimization problems of the following form:

f̂ = argmin
f ∈ ball in

Sobolev space

data-fit
squared loss(f) + λT

physics-informed
regularizer(f)

,
(1.1)

∗Corresponding author. A. Scampicchio and L.F. Toso share first-authorship of this paper.
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where data entering the fit term are dependent, derived from observations of a ground-truth nonlinear
dynamical system Xt+1 = f⋆(Xt)+Wt, with Wt being a sub-Gaussian noise martingale difference
sequence. The regularizer in (1.1) encodes the information that the true function to be estimated, f⋆,
approximately satisfies a known partial differential equation induced by a linear operator D — i.e.,
we have that the regularizer takes the form ∥D(f)∥2L 2 , and we say that knowledge alignment occurs
if it holds that ∥D(f⋆)∥2L 2 ≃ 0.

The main results of this paper are complexity-dependent bounds — i.e., bounds that depend on
||D(f⋆)||L 2 (Lecué & Mendelson, 2017) — for the excess risk ||f̂ − f⋆||2L 2 .Informally, our results
(both in high probability and expectation) take the form given below:

Theorem (Informal). For a suitable choice of the regularization parameter λT , for a suffi-
ciently large number of samples T , and letting d < 1 be the Sobolev minimax rate (Ibragimov
& Has’minskii, 1981; Nussbaum, 2006), it holds that

(Excess risk) ||f̂ − f⋆||2L 2 ≤ Cslow
∥D(f⋆)∥some power

L 2

T d
+ Cfast

noise level
T

.

The error bound established above reveals for the first time that, under knowledge alignment, the
regularized estimate f̂ converges to the true, unknown function f⋆ at the i.i.d. rate of O(1/T ): in
other words, it behaves like classic optimal rates for i.i.d. learning even with dependent data after a
suitable burn-in time.

The remainder of the paper unfolds as follows: Section 2 provides the set-up of the learning prob-
lem, introducing the weighted, vector-valued function spaces that will be used throughout the paper.
Next, the learning problem is stated in Section 3, and in Section 4 we provide the general state-
ment for the excess risk bounds, both in probability and in expectation. Our analysis culminates
in Section 5, where we prove how knowledge alignment leads to optimal i.i.d. rates even if data are
dependent. We discuss our results in juxtaposition with related works in Section 6, and present some
concluding remarks in Section 7.

2 PROBLEM SET-UP

This section collects preliminary concepts, defining the probability set-up of the data-generation
mechanism (Section 2.1) and the involved weighted, vector-valued function spaces (Section 2.2).

2.1 INPUT DOMAIN AND TRAJECTORY DISTRIBUTION

Let Ω ⊆ [−L,L]dX ⊂ RdX be the input domain whose boundary is locally Lipschitz (Adams
& Fournier, 2003, Definition 4.9). For a horizon length T , the input trajectories denoted by
X

.
= (X0, X1, · · · , XT−1) belong to the metric space (ΩT , {Xt}T−1

t=0 ,PX), where ΩT .
=×T−1

t=0
Ω

is the Cartesian product of the single-component input domains Ω; {Xt}T−1
t=0 is the filtration given

by a sequence of increasing σ-algebras Xt+1 ⊂ Xt with respect to which X is adapted (Rogers &
Williams, 2000, Chapter II.45); and PX is the joint probability distribution of the input trajectory.
As detailed in Section A.1, there exists a probability distribution associated with every component
of X — we denote it by µt for each t = 0, · · · , T − 1, and we mostly work with a known initial
distribution µ0 for X0 (typically, a Dirac measure centered at the observed initial state X0). Overall,
we make use of the following:

Assumption 1. Let µλ be the Lebesgue measure defined on Ω ⊂ RdX . For all t = 0, · · · , T − 1,
each measure µt : Xt → R≥0 is assumed to admit a density with respect to µλ. We denote such
density by pt(·), and we assume that there exist 0 < κ < κ < ∞ such that, for all t = 0, · · · , T −1,
κ ≤ pt (·) ≤ κ.

Note that Assumption 1 accounts for many cases of practical relevance, such as the uniform, trun-
cated Gaussian, and beta distributions (Krishnamoorthy, 2016).
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2.2 SPACES OF FUNCTIONS

Space of square-integrable functions L 2. We will focus on the Hilbert space L 2(ΩT ,PX ;RdY )
of vector-valued, square-integrable functions that consist of multiple evaluations of a function
f : Ω → RdY along the input trajectory X . Such a space allows us to consider the trajectory X
and is endowed with the inner product defined as follows: given f, g : Ω → RdY , we have

⟨f, g⟩L 2(ΩT ,PX ;RdY )
.
=

1

T

T−1∑
t=0

EPX
[⟨f(Xt), g(Xt)⟩2] =

1

T

T−1∑
t=0

∫
ΩT

⟨f(Xt), g(Xt)⟩2 dPX

=
1

T

T−1∑
t=0

∫
Ω

⟨f(Xt), g(Xt)⟩2 µt(dXt), (2.1)

where ⟨·, ·⟩2 is the standard inner product defined in the Euclidean space RdY , and
µt is the probability measure of the t-th component of X introduced in Section 2.1.
The inner product (2.1) induces the trajectory norm ∥f∥L 2(ΩT ,PX ;RdY ) such that

∥f∥2L 2(ΩT ,PX ;RdY ) := ⟨f, f⟩L 2(ΩT ,PX ;RdY ). Moreover, it follows by construction that one can write

∥f∥2L 2(ΩT ,PX ;RdY ) = 1
T

∑T−1
t=0 EPX

[∥f(Xt)∥22]. Note in addition that, thanks to the separability
of RdY , the vector-valued space L 2(ΩT ,PX ;RdY ) = {f : Ω → RdY | ∥f∥L 2(ΩT ,PX ;RdY ) < ∞}
can be written as the direct sum

⊕dY

i=1 L 2(ΩT ,PX ;R) (Conway, 2007, Chapter I.6): indeed,
following (2.1), we can write

∥f∥2L 2(ΩT ,PX ;RdY ) =

dY∑
i=1

1

T

T−1∑
t=0

EPX

[
fi(Xt)

2
]
=

dY∑
i=1

∥fi∥2L 2(ΩT ,PX ;R) .

General L p spaces. In general, one can define the space L p(ΩT ,PX ;RdY ) for any p ∈ Z≥0

endowed with the norm ∥f∥p
L p(ΩT ,PX ;RdY )

= 1
T

∑T−1
t=0 EPX

[∥f(Xt)∥p2]. Of particular inter-

est will be the Banach space of bounded functions L ∞(ΩT ;RdY ) equipped with the norm
∥f∥L ∞(ΩT ;RdY )

.
= supx∈Ω ∥f(x)∥2.

Sobolev space H s. Another fundamental function space derived from L 2(ΩT ,PX ;RdY ) is the
multi-output, weighted Sobolev space of order s ∈ Z≥0, which is defined as follows:

H s(ΩT ,PX ;RdY )
.
=
{
f ∈ L 2(ΩT ,PX ;RdY ) | ∥f∥H s(ΩT ,PX ;RdY ) < ∞

}
,

where the norm is induced by the inner product

⟨f, g⟩H s(Ω,PX ;RdY )
.
=
∑
|α|≤s

⟨Dαf, Dαg⟩L 2(ΩT ,PX ;RdY ) ,

with Dαf being the differential given by the multi-index α
.
= (α1, · · · , αdX

) of non-negative inte-
gers with order |α| .

=
∑dX

i=1 αi, i.e., Dα .
= ∂|α|f/∂xα1

1 ···∂x
αdX
dX

. Regarding the order of the Sobolev
spaces we will consider, we will rely on the following:

Assumption 2. The order s of H s(ΩT ,PX ;RdY ) is a non-negative integer that satisfies s ≥ 2dX .

Finally, note that also the space H s(ΩT ,PX ;RdY ) admits the representation as the direct sum⊕dY

i=1 H s(ΩT ,PX ;R) thanks to the separability of RdY . This allows us to extend key results of
scalar Sobolev spaces to our vector-valued ones, as detailed in Section B. In particular, we show
that the Sobolev Imbedding Theorem (Adams & Fournier, 2003, Theorem 4.12) holds in our set-up,
which will provide the necessary structure for the hypothesis space involved in the learning problem.

3 PROBLEM STATEMENT

Measurement model. Our data consists of trajectories of length T , denoted , D .
= {Xt, Yt}T−1

t=0 ,
generated according to the measurement model

Yt
.
= Xt+1 = f⋆(Xt) +Wt, (3.1)
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where the noise sequence satisfies the following:

Assumption 3. The additive noise {Wt}t∈Z≥0
is a martingale difference sequence with respect to

the filtration {Xt}t∈Z≥0
: thus, EWt

[Wt|Xt−1] = 0 for all t = 0, · · · , T − 1. Moreover, each Wt is
also assumed to be σ2

W -conditionally sub-Gaussian given Xt−1: i.e., it holds that, for every ξ ∈ R
and every u in the unit sphere in (RdY , ∥·∥2),

E [exp {ξ ⟨Wt, u⟩2} | Xt−1] ≤ exp

{
ξ2σ2

W

2

}
. (3.2)

The learning problem. In general, the learning problem can be stated as that of minimizing the
excess risk ||f̂ − f⋆||2L 2(ΩT ,PX ;RdY )

, searching for the estimate f̂ within a chosen hypothesis space
F (which we specify later). However, since the underlying probability measures are unknown, the
amount of data in D is finite and the hypothesis space F might be large, the estimate f̂ is typically
computed through (regularized) empirical risk minimization:

f̂
.
= argmin

f∈F

1

T

T−1∑
t=0

∥Yt − f(Xt)∥22 + λTΨ(f). (3.3)

Physics-informed regularization. The regularizer Ψ(·) : F → R≥0 encodes available prior
physical information about the “true” function f⋆ — in other words, Ψ(f) is designed to penal-
ize the physical inconsistency between f and the prior on f⋆. Such physical information is con-
veyed by the fact that f⋆ is assumed to approximately satisfy a known partial differential equation
given by the linear operator D : H s(Ω, µλ;RdY ) → L 2(Ω, µλ;RdY ). Such an operator is defined
component-wise as

[D(f)]i
.
=
∑
|α|≤s

pi,αD
αfi for all i = 1, · · · , dY , (3.4)

where each pi,α : Ω → R is a bounded function — therefore, if we denote by p the collection of all
pi,α, then we have that ∥p∥∞ is finite. To describe the regularity of the differential operator in (3.4),
we make the following assumption:

Assumption 4. The differential operator D(f) is elliptic — that is, for all i = 1, · · · , dY and any
ξ ∈ RdX \ {0}, it holds that

∑
|α|=s pi,αξ

α1
1 · · · ξαdX

dX
̸= 0.

Elliptic partial differential equations abound in practical applications, as they can be seen as gener-
alizations of the Laplace and Poisson operators (Evans, 2010, Chapter 6). The differential operator
D enters the definition of the regularizer in (3.3), where we have

Ψ(f)
.
= ∥D(f)∥2L 2(ΩT ,PX ;RdY ) , (3.5)

which is a 2-proper regularizer (Lecué & Mendelson, 2017, Assumption 1.1) — see Section E for
the definition and further insights.

Hypothesis space. Let us now focus on the hypothesis space F . We consider it as the ball of
radius ρf in the Sobolev space, i.e.,

F
.
=
{
f ∈ H s(ΩT ,PX ;RdY ) | ∥f∥H s(ΩT ,PX ;RdY ) ≤ ρf

}
. (3.6)

Alternatively, as pointed out in (Cucker & Zhou, 2007, Theorem 8.21), one could write the
cost in (3.3) as 1

T

∑T−1
t=0 (Yt − f(Xt))

2 + λ̃T ∥f∥2H s(ΩT ,PX ;RdY )
+ λTΨ(f), and the minimization

would be performed for f ∈ H s(ΩT ,PX ;RdY ), thanks to the equivalence yielding ρf = ρf (λ̃T ).
In this paper, we make the following standing assumption:

Assumption 5. The hypothesis space F contains the unknown function to be estimated, f⋆.

In case such an assumption is violated, the excess risk bound would feature an additional term quan-
tifying the error introduced by the mis-specification of the hypothesis space F . Such a bias error
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is entirely data-independent and deterministic — therefore, it is decoupled from the analysis per-
formed in this paper. In general, tools to bound the bias error rely on interpolation theory (Lunardi,
2018), and some results can be found, e.g., in Cucker & Smale (2002); Cucker & Zhou (2007).

Additionally, we will also consider the effective hypothesis space induced by the regularizer, namely

F ρ =
{
f ∈ F

∣∣Ψ(f − f⋆) ≤ ρ
}
. (3.7)

For a visualization of these hypothesis spaces, please refer to Figure 1. Finally, we will sometimes
simplify notation by considering the shifted hypothesis space H⋆

.
= H − f⋆ = {f − f⋆ | f ∈ H},

with H being for instance F or F ρ.

Modelling sample dependence in trajectories. Finally, we assume regularity in the trajectory X
given by the following one-sided exponential inequality (Samson, 2000):

Assumption 6. The trajectory X governed by the law PX in the hypothesis class F is S-persistent
for some S ∈ [1,∞). Specifically, for every ξ ≥ 0 and every f ∈ F , we have that

E

[
exp

(
−ξ

T−1∑
t=0

∥f(Xt)∥22

)]
≤ exp

(
−ξ

T−1∑
t=0

E
[
∥f(Xt)∥22

]
+

ξ2S

2

T−1∑
t=0

E
[
∥f(Xt)∥42

])
.

Typically, S is expressed in terms of the dependence matrix of X (see Section A.2 for its definition),
and such a parameter attains higher values the more dependent Xt is on its past. In general, S might
depend on T ; however, in this paper we will focus on the case in which S is a constant: as pointed
out in (Samson, 2000, Section 2), this is a rather weak condition satisfied by a large class of Markov
chains and of ϕ-mixing processes — see Section A.2 for more details.

Contribution. Our results demonstrate that the physics-informed regularization in the empirical
risk minimization problem (3.3) can speed-up the learning even in presence of dependent data. In
particular, we derive complexity-dependent bounds for the excess risk ||f̂ − f⋆||2L 2(ΩT ,PX ;RdY )

,
both in probability and in expectation, for learning under mixing, and prove that the rate of the
excess risk matches the one from i.i.d learning in presence of knowledge alignment. Therefore, our
results theoretically quantify the beneficial impact of physical knowledge in learning algorithms,
even in the challenging scenario of learning with dependent data.

•

F

ρf

•
f⋆

F ρ

∂B(r)

Figure 1: Visualization of the involved hypothesis spaces. Note that
the set ∂B(r) = {f ∈ F⋆ | ∥f∥2L 2(ΩT ,PX ;RdY )

= r2} introduced
in Section 4.1 is represented as a square to highlight the fact that the
norm therein involved is different to the one defining F (3.6). Simi-
larly, we represented F ρ (3.7) as a convex set that is not necessarily a
ball in the Sobolev norm.

4 ERROR BOUNDS

We now present the bounds for the excess risk, both in probability and in expectation. We start
in Section 4.1 by conveying the underlying ideas that lead to those results, and then provide the
bound in probability (Section 4.2) and in expectation (Section 4.3). These results will be further
analyzed in Section 5 to obtain our main claims on the convergence rate of learning with physics-
informed regularization. Before proceeding, we emphasize that the excess risk is a random quantity
depending on the distribution of the input sequence X and of the noises {Wt}T−1

t=0 : therefore, often
we will simply write P and E instead of PPX ,W and EPX ,W to streamline notation.
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4.1 THE IDEA

The main idea consists of identifying an event according to which, with high probability and for
some parameter θ,

∥f − f⋆∥2L 2(ΩT ,PX ;RdY ) ≤
θ

T

T−1∑
t=0

∥f(Xt)− f⋆(Xt)∥22 . (4.1)

This kind of one-sided concentration inequality was studied for the i.i.d. setting in Mendelson
(2014), to which we defer for a thorough discussion. The proof that (4.1) holds with high probability
in the i.i.d. case is given in Mendelson (2014) thanks to the small-ball condition, which is a rather
weak assumption from a statistical point of view: see the discussion after Assumption 1.2 in Lecué &
Mendelson (2017), together with its interpretation in terms of identifiability. In our data-dependent
setting, the small-ball condition will be imposed by (C,α)-hypercontractivity with α = 2 (see Sec-
tion D.2), and we show that it holds in the set ∂B(r)

.
= {f ∈ F | ∥f − f⋆∥2L 2(ΩT ,PX ;RdY ) = r2}

for any fixed r > 0. Therefore, the probability level of the event in (4.1) will be controlled by the
radius r. We present a visualization of ∂B(r), together with all the hypothesis spaces, in Figure 1.
Crucially, inequality (4.1) allows us to shift the analysis of the excess risk to that of its empirical
version. The next step consists then in upper-bounding the latter (i.e., the right-hand side in (4.1))
by the martingale offset complexity of the effective hypothesis space, MT [F ρ

⋆ ]. In particular, for
every f ∈ F ρ

⋆ (i.e., f = f ′ − f⋆ for some f ′ ∈ F ρ), one has that

1

T

T−1∑
t=0

∥f(Xt)∥22 ≤ sup
f∈Fρ

⋆

1

T

T−1∑
t=0

4 ⟨Wt, f(Xt)⟩2 − ∥f(Xt)∥22
.
= MT [F ρ

⋆ ] . (4.2)

We defer to Theorem G.1 for a derivation of such an inequality. Along the lines of Liang et al. (2015),
we would like to stress that the term ∥f(Xt)∥22 in the right-hand side introduces a self-normalizing
effect that compensates the fluctuations of the term ⟨Wt, f(Xt)⟩2. This fact is key in making the
martingale offset complexity not depend on mixing, as discussed in Section 5. One can provide
bounds in probability and in expectation for the martingale offset complexity (see Section G), and
these will play a key role in the excess risk bounds that we present in the remainder of the section
and further discuss in Section 5.
Before presenting the aforementioned bounds, let us formally introduce the lower isometry event,
which is the complement of (4.1), whose probability we bound in Section F:

Ar
.
= sup

f∈Fρ
⋆ \B(r)

{
1

T

T−1∑
t=0

∥f(Xt)∥22 −
1

θ
∥f∥2L 2(ΩT ,PX ;RdY ) ≤ 0

}
.

We are now in place to present the bounds for the excess risk, both in probability and in expectation.

4.2 RESULT IN PROBABILITY

Theorem 4.1. Let Assumptions 1 to 3, 5 and 6 hold. Consider a parameter θ > 8, and let f̂ be
the solution of the estimation problem (3.3) with λT > 0, and let the radius ρ defining the effective
hypothesis class F ρ be such that ρ ≥ 10Ψ(f⋆). Then, on the event

A∁
r ∩
{
λT ≥ 40

3ρ
MT [F ρ]

}
we have that ∥∥∥f̂ − f⋆

∥∥∥2
L 2(ΩT ,PX ;RdY )

≤ θMT [F ρ] + 2λTΨ(f⋆) + r2. (4.3)

Proof. (Sketch). The proof follows Lecué & Mendelson (2017); Ziemann & Tu (2022) and it con-
sists in characterizing the scenarios that lead to the event A∁

r , showing that the case for which
f̂ ∈ F \F ρ cannot occur for λT sufficiently large. The detailed proof is given in Section H.1.
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4.3 RESULT IN EXPECTATION

Theorem 4.2. Let Assumptions 1 to 3, 5 and 6 hold. Having the set ∂B(r) that is (C(r), 2)-

hypercontractive, let Fr be a r/
√
θ-cover in the infinity norm of ∂B(r), and let N∞

(
∂B(r), r√

θ

)
be the associated covering number. Consider the regularized empirical risk minimization problem
in (3.3) with regularization parameter satisfying λT ≥ 40

3ρEW [MT [F ρ]], where ρ ≥ 10Ψ(f⋆).
Then, letting B be the positive constant such that ∥f∥L ∞(ΩT ;RdY ) ≤ B for all f ∈ F , we have

E
[∥∥∥f̂ − f⋆

∥∥∥2
L 2(ΩT ,PX ;RdY )

]
≤ 4B2N∞

(
∂B(r),

r√
θ

)
exp

{
− 8T

θ2CrS

}
+ θE [MT [F ρ]] + λTΨ(f⋆) + r2.

Proof. (Sketch). The idea consists in decomposing the expected value according to the
lower-isometry event Ar and its complement: informally, we would write E [excess risk] =

E [excess risk ∩ Ar] + E
[
excess risk ∩ A∁

r

]
. The first term would then be bounded thanks to S-

persistence, (C, 2)-hypercontractivity and B-boundedness, which allow us to quantify the probabil-
ity of the lower-isometry event Ar (see Section F). The bound for the second term is derived along
the lines of the proof of Theorem 4.1. The full details are presented in Section H.2.

Overall, our analysis deploys the concepts of S-persistence and (C,α)-hypercontractivity to adapt
the small-ball argument of Mendelson (2014) to the data-dependent case. Thanks to this construc-
tion, we can identify the lower-isometry event, which enables the derivation of our bounds depending
on the martingale offset complexity, the ground-truth regularizer Ψ(f⋆) and the critical radius r. In
the next section, we will characterize the behavior of these terms to obtain the desired convergence
rates for physics-informed learning.

5 CONVERGENCE RATES

We finally provide our main results in terms of convergence rates for the excess risk
||f̂ − f⋆||2L 2((ΩT ,PX ;RdY ))

, whose detailed proofs are deferred to Section I. Building upon Theo-
rems 4.1 and 4.2, we also obtain sufficient conditions on the parameter λT and on the minimal
sample size T for the bounds to hold. Throughout this section, we will denote by d = 2s/2s+dX the
Sobolev minimax rate, and d′ = 2dX/2s+dX .

5.1 BOUND IN PROBABILITY

Theorem 5.1. Let Assumptions 1 to 6 hold, and let f̂ be the solution of (3.3). Fix a probability of
failure δ ∈ (0, 1), and assume the regularization parameter λT satisfies

λT ≥ 4

3T d

[
CIσ

1+d
W

Ψ(f⋆)1−
d′
4

+
(CII + CIV )σ

2d
W

Ψ(f⋆)1−
d′
2

+
CIIIσ

2
W log(1/δ)

Ψ(f⋆)

]
,

where CI , CII , CIII and CIV are constants depending only on s, dX , dY and
√
log(1/δ). If the

number of samples T satisfies

T ≥ θ2ChS

8

CM

(
1

r

) 6dX
2s−dX

log

1 + CL

(
1

r

) 4s−dX
2s−dX

+

(
1

r

) 4dX
2s−dX

log(1/δ)


for r2 = λTΨ(f⋆) + σ2

W /T and Ch, CM , CL being uniform constants depending on ρf , κ, θ, s, dX
and Ω, then, with probability at least 1− 6δ, the excess risk enjoys the following convergence rate:

∥∥∥f̂ − f⋆

∥∥∥2
L 2(ΩT ,PX ;RdY )

≤ Cslow

max
{
Ψ(f⋆)

d′/4,Ψ(f⋆)
d′/2
}

T d
+ Cfast

σ2
W log(1/δ)

T
,

where Cslow is a constant that depends on s, dX , dY , σ
2
W ,
√
log(1/δ), and Cfast is a constant that

depends on s, dX , dY .

7
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Proof. (Sketch). The result builds upon the bound in probability on the excess risk of Theorem 4.1,
and its crux consists in conveniently setting the values for the critical radius r, the radius ρ of the
effective hypothesis class F ρ, and the regularization parameter λT . This allows us to rewrite the
excess risk bound (4.3) in terms of the martingale offset complexity, which can in turn be bounded
according to (Ziemann, 2022, Theorem 4.2.2) (see Theorem G.2 for its detailed proof). Finally, the
characterization of the burn-in follows from the probability of the lower-isometry event. The full
proof is reported in Section I.1, where the values of all of the involved constants are given.

5.2 BOUND IN EXPECTATION

Theorem 5.2. Let Assumptions 1 to 6 hold, and let f̂ be the solution of (3.3) with regularization
parameter λT satisfying

λT ≥ 4(CI + CII)(σ
2
W )d

3TΨ(f⋆)1−
d′
2

,

where CI and CII are constants depending only on s, dX and dY . If T satisfies

T ≥ θ2ChS

8

(
1

r

) 4dX
2s−dX

CM

(
1

r

) 2dX
2s−dX

log

4B2

1 + CL

(
1

r

) 4s−dX
2s−dX

+ log

(
σ2
W

T

) ,

where B is such that ∥f∥L ∞(ΩT ;RdY ) ≤ B for all f ∈ F and CM , Ch, CL are constants depending
on ρf , κ, θ, s, dX and Ω, then the excess risk enjoys the following convergence rate:

E
[∥∥∥f̂ − f⋆

∥∥∥2
L 2(ΩT ,PX ;RdY )

]
≤ Cslow

Ψ(f⋆)
d′/2

T d
+ Cfast

σ2
W

T
,

where Cslow and Cfast are constants that depend on s, dX , dY and σ2
W .

Proof. (Sketch). Similarly to Theorem 5.1, one starts from Theorem 4.2 to set the values for ρ
and λT , and then deploys the bound on the expected martingale offset complexity of (Ziemann,
2022, Theorem 3.2.1) (see Theorem G.3 for its detailed proof). Ultimately, the claim is obtained
by suitably choosing the critical radius r and accordingly characterizing the lower-isometry event
probability, leading to the expression for the burn-in. The detailed proof can be found in Section I.2.

Notably, our analysis allows us to transfer the contribution of data dependence from the excess risk
bound to the burn-in time condition. Moreover, our bounds feature a fast, i.i.d.-like term (O(T−1))
and a slower Sobolev rate term (O(T−d)) that becomes annihilated when Ψ(f⋆) ≃ 0: this proves
that, under knowledge alignment, the learning rate speeds up to O(T−1) even if data are dependent.

6 RELATED WORK AND DISCUSSION

General statistical learning framework. Statistical learning theory (Vapnik, 1998; Cucker &
Smale, 2002) offers powerful tools to analyze the theoretical performance of nonparametric learn-
ing algorithms. Within such a framework, two main streams to derive learning rates have been
developed, as identified by Fischer & Steinwart (2020). The first relies on the spectral analysis
of integral operators in reproducing kernel Hilbert spaces (Smale & Zhou, 2007; Caponnetto &
De Vito, 2007; Steinwart et al., 2009), while the second builds on empirical process techniques and
the small-ball method (Mendelson, 2014; 2018; Lecué & Mendelson, 2017). Our work belongs to
the latter stream, adapting the small-ball method to the dependent-data case along the lines of the
localization analysis of Ziemann & Tu (2022).

Learning rates for dependent data. A common approach to handle dependence is through block-
ing techniques (Yu, 1994; Sancetta, 2021), where the trajectory is divided into blocks of length k
so that consecutive blocks can be treated as independent. However, this deflates the effective sam-
ple size, leading to suboptimal rates. Similar rates appear also in Steinwart & Christmann (2009);
Zou et al. (2009); Agarwal & Duchi (2012); Kuznetsov & Mohri (2017), and Nagaraj et al. (2020)
shows that such a deflation in a worst-case agnostic model set-up is unavoidable. To contrast this
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phenomenon, a significant line of work has studied learning under dependent data without regular-
ization. In the linear setting, Simchowitz et al. (2018) and Nagaraj et al. (2020) established sample
complexity bounds for system identification and stochastic gradient descent. Moreover, Roy et al.
(2021) extended the small-ball method to dependent processes, but without using one-sided con-
centration, leading to slower rates. Similar slower-rate phenomena also appear in Ziemann et al.
(2022). More recently, Ziemann & Tu (2022) proposed an adaptation of the small-ball method and
offset complexity technique of Liang et al. (2015) to obtain optimal rates for nonlinear settings. Our
work builds upon this line of thought, extending the analysis to physics-informed regularization.
However, the results in this paper are not a mere adaptation: the physics-informed regularizer intro-
duces additional challenges, such as characterizing the entropy numbers of the effective hypothesis
class (e.g., under ellipticity, non-trivial nullspaces of the operator, and boundary conditions), deter-
mining trajectory hypercontractivity and working with weighted, vector-valued Sobolev spaces.

Theoretical analysis of physics-informed machine learning. Our work belongs to the branch
of physics-informed machine learning that aims at enhancing learning algorithms with available
physical knowledge — a class of models also known as hybrid modeling (Rai & Sahu, 2020; Cuomo
et al., 2022; von Rueden et al., 2023b; Hao et al., 2023). To the best of the authors’ knowledge,
results aimed at quantifying the beneficial impact of physical priors in learning algorithms are von
Rueden et al. (2023a) and Doumèche et al. (2024). The present paper is very similar in spirit to
the latter work in the way complexity-dependent rates are derived, but crucially deals with non-
i.i.d. data and presents bounds for the excess risk not only just in expectation, but also in probability.
We further summarize related work in Table 1.

Table 1: Comparison of convergence rates for non-parametric regression with and without regularization. The
rate from Ziemann & Tu (2022) follows from its Corollary 4.1 with q = dX/s under the metric entropy bound
logN∞ (F , ε) ∼ (1/ε)q . The rate from Lecué & Mendelson (2017) follows from its Lemma 2.1 assuming
r2(ρ) ∼ σ2

WT−1, with λT ∼ T−d.
Work Hypothesis class Data Regularization Assumption Rate

Nussbaum (2006) L 2 Sobolev space i.i.d. ✗ σ2
W -Gaussian, dX = 1 σ2

WT−2s/(2s+1)

Farahmand & Szepesvári (2012) General Sobolev space non-i.i.d. ✗ Exponential mixing, dY = 1 T−d log(T )
Lecué & Mendelson (2017) General i.i.d. Proper regularizer σ2

W -sub-Gaussian, dY = 1 Ψ(f⋆)T
−d + σ2

WT−1

Ziemann & Tu (2022) General (not too large) non-i.i.d. ✗ σ2
W -sub-Gaussian σ2

WT−d

Doumèche et al. (2024) Periodic Sobolev space i.i.d. Physics-informed σ2
W -sub-Gamma, dY = 1 Ψ(f⋆)T

−d + σ2
WT−1

Our work L 2 Sobolev space non-i.i.d. Physics-informed σ2
W -sub-Gaussian, s ≥ 2dX Ψ(f⋆)

d′/2T−d + σ2
WT−1

Quantifying the impact of knowledge alignment. We now showcase the impact of knowledge
alignment Ψ(f⋆) ≃ 0 in contrast with the rates of empirical risk minimization without regulariza-
tion, i.e., considering f̂ ′ as the solution of (3.3) when λT = 0. As shown in detail in Section J, the
excess risk for f̂ ′ behaves, both in probability and in expectation, in the following way (informally):

(Excess risk) ||f̂ ′ − f⋆||2L 2(ΩT ,PX ;RdY ) ≤
C ′
slow

T d
+ C ′

fast

σ2
W

T
.

We can notice how, for the result without regularization, the term decaying according to the Sobolev
rate is not modulated by any design parameter (as happened with Ψ(f⋆) in Theorems 5.1 and 5.2),
and is thus the dominant term dictating the slow Sobolev convergence rate of the excess risk.

On the behavior of λT . It is worth emphasizing that, in both the expectation and probability
analyses, the condition on the regularization parameter depends on 1/Ψ(f⋆)

β for some β > 1.
This condition reflects the well-known regularization-complexity trade-off: as the hypothesis class
is restricted (i.e., as ρ becomes small), one must increase λT to compensate for the reduced richness
of the class and the potentially higher sensitivity to noise or variance, as discussed in (Lecué &
Mendelson, 2017, Section 2) and also displayed in (Doumèche et al., 2024, Theorem 5.3). Even
if such a phenomenon prevents us from considering the case Ψ(f⋆) = 0, our bounds still capture
the (practical) annihilation of the Sobolev rate term in presence of knowledge alignment. Finally,
as pointed out in Doumèche et al. (2024), even if λT depends on the unknown Ψ(f⋆), it can still be
estimated in practice via, e.g., cross-validation (Wahba, 1990).

On the burn-in condition and the Sobolev order s. In Theorems 5.1 and 5.2, the burn-in time
scales as (1/r)6dX/2s−dX , and r in turn scales as T−1/2. Therefore, to ensure well-posedness of the
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burn-in time condition, we have to impose that 3dX/2s−dX ≤ 1, which yields Assumption 2. Thus,
our results come at the price of a stronger requirement on s with respect to the standard s ≥ dX/2
needed, e.g., for the Sobolev imbedding theorem (Section B).

Numerical illustration. We complement our theoretical analysis with an example showcasing the
benefit of prior domain knowledge in learning a nonlinear dynamical system. In this experiment,
whose full details can be found in Section K, we consider the dynamics of a unicycle robot described
by the differential equations 

ẋ1(t) = ν(t) cosϑ(t),

ẋ2(t) = ν(t) sinϑ(t),

ϑ̇(t) = ω(t),

where (x1, x2) ∈ R2 is the position of the robot on the plane, ϑ ∈ [0, π/2] is the orientation
angle, and (ν, ω) are the translational and angular velocities, respectively. The physical information
we want to incorporate is that the velocity has no lateral component, enforcing the non-slip
behavior of the unicycle kinematics. Such a constraint is embedded in the learning problem (3.3)
as a (discretized) L 2-regularization term, and we perform estimation by deploying a multilayer
perceptron with two hidden layers featuring 64 nodes and ReLU activation functions.

101 102 103 104 105
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100
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w/o knowledge (T 0.646)
with knowledge (T 0.993)

Figure 2: Log-log plot of the empirical excess risk (estima-
tion error) with respect to the number of samples T for the
unicycle dynamics. Each curve is obtained by averaging over
20 independent random realizations of the training data, with
solid lines indicating the mean estimation error and shaded
regions denoting 95% confidence intervals. The gray-shaded
area displays the estimated burn-in time, after which the pre-
dicted learning rates become observable.

The experiment, whose results are dis-
played in Figure 2, compares the empirical
rates obtained with and without physics-
informed regularization. We can notice
that both estimators eventually return an
accurate model for the ground-truth dy-
namics. However, without physics knowl-
edge the rate of decay of the estimation
error is relatively slow, with an empirical
slope of approximately O(T−0.646). In
contrast, incorporating physics-informed
regularization yields a markedly faster de-
cay, with an empirical slope of approxi-
mately O(T−0.993), as the model is ex-
plicitly constrained by the domain knowl-
edge that unicycle dynamics do not admit
lateral velocity. This experiment demon-
strates how embedding physics-based op-
erators into the training objective leads
to provable improvements in sample effi-
ciency, consistent with the theory in Sec-
tion 5 – especially the result in expectation
presented in Theorem 5.2.

7 CONCLUSIONS

This work focused on vector-valued function estimation from dependent data, and studied the excess
risk of the estimate f̂ obtained through regularized empirical risk minimization, where regularization
is induced by physical knowledge (namely, that the unknown function approximately satisfies a
partial differential equation). The analysis is set in the general framework of statistical learning,
and applies to a wide range of approaches such as kernel-based methods and (deep) neural networks
with physics-informed loss functions. The main message of this work is that knowledge alignment
(i.e., the regularizer is approximately zero when evaluated at the ground-truth function f⋆) allows
to speed up the learning rate from the slow, Sobolev rate O(T−d), with d = 2s/2s+dX < 1, to
the fast, optimal i.i.d. one O(T−1). Taken together, our results provide the first convergence rates
for physics-informed learning under dependent data that avoid the sample-size deflation inherent to
blocking techniques, and reveal a transition from Sobolev minimax rates to fast i.i.d.-optimal rates
through knowledge alignment. This bridges classical statistical learning theory, physics-informed
regularization, and learning with dependent data.
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Birkhäuser, Boston, MA, 1986. ISBN 978-1-4615-8162-8. doi: 10.1007/978-1-4615-8162-8 8.
URL https://doi.org/10.1007/978-1-4615-8162-8_8.

Richard C. Bradley. Basic Properties of Strong Mixing Conditions. A Survey and Some Open
Questions. Probability Surveys, 2, January 2005. ISSN 1549-5787. doi: 10.1214/154957805100
000104. URL http://arxiv.org/abs/math/0511078. arXiv:math/0511078.

Haim Brezis. Functional Analysis, Sobolev Spaces and Partial Differential Equations. Springer,
New York, NY, 2011. ISBN 978-0-387-70913-0 978-0-387-70914-7. doi: 10.1007/978-0-387-7
0914-7. URL https://link.springer.com/10.1007/978-0-387-70914-7.

Robert Bush and Frederick Mosteller. A Stochastic Model with Applications to Learning. The
Annals of Mathematical Statistics, 1953. URL https://www.jstor.org/stable/223
6781?seq=1.

Andrea Caponnetto and Ernesto De Vito. Optimal Rates for the Regularized Least-Squares Algo-
rithm. Foundations of Computational Mathematics, 7(3):331–368, July 2007. ISSN 1615-3383.
doi: 10.1007/s10208-006-0196-8. URL https://doi.org/10.1007/s10208-006-0
196-8.

Seng-Kee Chua. On Weighted Sobolev Spaces. Canadian Journal of Mathematics, 48(3):527–541,
June 1996. ISSN 0008-414X, 1496-4279. doi: 10.4153/CJM-1996-027-5. URL https:
//www.cambridge.org/core/journals/canadian-journal-of-mathemati
cs/article/on-weighted-sobolev-spaces/4EB5795BBCA448EBC767B7E05B
F6D187.

11

http://arxiv.org/abs/1110.2529
http://link.springer.com/10.1007/978-1-4419-9096-9
http://link.springer.com/10.1007/978-1-4419-9096-9
https://doi.org/10.1007/978-3-030-38219-3_9
https://link.springer.com/10.1007/978-1-4939-1945-1
https://link.springer.com/10.1007/978-1-4939-1945-1
https://doi.org/10.1007/978-1-4615-8162-8_8
http://arxiv.org/abs/math/0511078
https://link.springer.com/10.1007/978-0-387-70914-7
https://www.jstor.org/stable/2236781?seq=1
https://www.jstor.org/stable/2236781?seq=1
https://doi.org/10.1007/s10208-006-0196-8
https://doi.org/10.1007/s10208-006-0196-8
https://www.cambridge.org/core/journals/canadian-journal-of-mathematics/article/on-weighted-sobolev-spaces/4EB5795BBCA448EBC767B7E05BF6D187
https://www.cambridge.org/core/journals/canadian-journal-of-mathematics/article/on-weighted-sobolev-spaces/4EB5795BBCA448EBC767B7E05BF6D187
https://www.cambridge.org/core/journals/canadian-journal-of-mathematics/article/on-weighted-sobolev-spaces/4EB5795BBCA448EBC767B7E05BF6D187
https://www.cambridge.org/core/journals/canadian-journal-of-mathematics/article/on-weighted-sobolev-spaces/4EB5795BBCA448EBC767B7E05BF6D187


Published as a conference paper at ICLR 2026

John B. Conway. A Course in Functional Analysis. Graduate Texts in Mathematics. Springer, New
York, NY, 2007. ISBN 978-1-4419-3092-7 978-1-4757-4383-8. doi: 10.1007/978-1-4757-438
3-8. URL http://link.springer.com/10.1007/978-1-4757-4383-8.

Felipe Cucker and Steve Smale. On the mathematical foundations of learning. Bulletin of the
American Mathematical Society, 39:1–49, 2002.

Felipe Cucker and Ding Xuan Zhou. Learning Theory: An Approximation Theory Viewpoint. Cam-
bridge Monographs on Applied and Computational Mathematics. Cambridge University Press,
2007. doi: 10.1017/CBO9780511618796.

Salvatore Cuomo, Vincenzo Schiano Di Cola, Fabio Giampaolo, Gianluigi Rozza, Maziar Raissi,
and Francesco Piccialli. Scientific Machine Learning Through Physics–Informed Neural Net-
works: Where we are and What’s Next. Journal of Scientific Computing, 92(3):88, July 2022.
ISSN 1573-7691. doi: 10.1007/s10915-022-01939-z. URL https://doi.org/10.1007/
s10915-022-01939-z.
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Truong X. Nghiem, Ján Drgoňa, Colin Jones, Zoltan Nagy, Roland Schwan, Biswadip Dey, Ankush
Chakrabarty, Stefano Di Cairano, Joel A. Paulson, and Andrea Carron. Physics-informed machine
learning for modeling and control of dynamical systems. In 2023 American Control Conference
(ACC), pp. 3735–3750. IEEE, 2023. URL https://ieeexplore.ieee.org/abstract
/document/10155901/.

Michael Nussbaum. Minimax Risk, Pinsker Bound for. In Encyclopedia of Statistical Sciences.
John Wiley & Sons, Ltd, 2006. ISBN 978-0-471-66719-3. URL https://onlinelibrar
y.wiley.com/doi/abs/10.1002/0471667196.ess1098.pub2.

14

https://doi.org/10.1007/s10994-016-5588-2
https://projecteuclid.org/journals/pacific-journal-of-mathematics/volume-9/issue-3/Chains-of-infinite-order-and-their-application-to-learning-theory/pjm/1103039115.full
https://projecteuclid.org/journals/pacific-journal-of-mathematics/volume-9/issue-3/Chains-of-infinite-order-and-their-application-to-learning-theory/pjm/1103039115.full
https://projecteuclid.org/journals/pacific-journal-of-mathematics/volume-9/issue-3/Chains-of-infinite-order-and-their-application-to-learning-theory/pjm/1103039115.full
https://projecteuclid.org/journals/pacific-journal-of-mathematics/volume-9/issue-3/Chains-of-infinite-order-and-their-application-to-learning-theory/pjm/1103039115.full
http://jmlr.org/papers/v18/16-422.html
http://arxiv.org/abs/1502.06134
http://arxiv.org/abs/1502.06134
http://link.springer.com/10.1007/978-88-7642-638-4
http://link.springer.com/10.1007/978-88-7642-638-4
https://doi.org/10.1007/BF02249263
https://doi.org/10.1007/s00440-017-0784-y
https://doi.org/10.1007/s44379-025-00016-0
https://www.cambridge.org/core/books/markov-chains-and-stochastic-stability/E2B82BFB409CD2F7D67AFC5390C565EC
https://www.cambridge.org/core/books/markov-chains-and-stochastic-stability/E2B82BFB409CD2F7D67AFC5390C565EC
https://www.cambridge.org/core/books/markov-chains-and-stochastic-stability/E2B82BFB409CD2F7D67AFC5390C565EC
https://proceedings.neurips.cc/paper/2020/hash/c22abfa379f38b5b0411bc11fa9bf92f-Abstract.html
https://proceedings.neurips.cc/paper/2020/hash/c22abfa379f38b5b0411bc11fa9bf92f-Abstract.html
https://ieeexplore.ieee.org/abstract/document/10155901/
https://ieeexplore.ieee.org/abstract/document/10155901/
https://onlinelibrary.wiley.com/doi/abs/10.1002/0471667196.ess1098.pub2
https://onlinelibrary.wiley.com/doi/abs/10.1002/0471667196.ess1098.pub2


Published as a conference paper at ICLR 2026

Daniel Paulin. Concentration inequalities for Markov chains by Marton couplings and spectral
methods, November 2018. URL http://arxiv.org/abs/1212.2015. arXiv:1212.2015
[math].

Johanna Penteker. Sobolev Spaces. Lecture Notes, Institute of Analysis, Johannes Kepler University
Linz, 2015.

Rahul Rai and Chandan K. Sahu. Driven by Data or Derived Through Physics? A Review of Hybrid
Physics Guided Machine Learning Techniques With Cyber-Physical System (CPS) Focus. IEEE
Access, 8:71050–71073, 2020. ISSN 2169-3536. doi: 10.1109/ACCESS.2020.2987324. URL
https://ieeexplore.ieee.org/document/9064519/.

M. Raissi, P. Perdikaris, and G. E. Karniadakis. Physics-informed neural networks: A deep learn-
ing framework for solving forward and inverse problems involving nonlinear partial differential
equations. Journal of Computational Physics, 378:686–707, February 2019. ISSN 0021-9991.
doi: 10.1016/j.jcp.2018.10.045. URL https://www.sciencedirect.com/science/
article/pii/S0021999118307125.

Michael Renardy and Robert Rogers. An Introduction to Partial Differential Equations, volume 13
of Texts in Applied Mathematics. Springer-Verlag, New York, 2004. ISBN 978-0-387-00444-0.
doi: 10.1007/b97427. URL http://link.springer.com/10.1007/b97427.

Chris Rogers and David Williams. Diffusions, Markov Processes, and Martingales: Volume 1:
Foundations, volume 1 of Cambridge Mathematical Library. Cambridge University Press, Cam-
bridge, 2 edition, 2000. ISBN 978-0-521-77594-6. doi: 10.1017/CBO9781107590120. URL
https://www.cambridge.org/core/books/diffusions-markov-processes
-and-martingales/188B6A2BAABAF735E61796C3CD18114B.

Abhishek Roy, Krishnakumar Balasubramanian, and Murat A. Erdogdu. On Empirical Risk Mini-
mization with Dependent and Heavy-Tailed Data, September 2021. URL http://arxiv.or
g/abs/2109.02224. arXiv:2109.02224 [math].

Julien Royer. A brief introduction to Sobolev spaces and applications, 2020. URL https://ww
w.math.univ-toulouse.fr/˜jroyer/TD/2020-21-M1/M1-Ch5.pdf.

Walter Rudin. Principles of Mathematical Analysis. McGraw-Hill, 1976. ISBN 978-0-07-085613-4.

Paul-Marie Samson. Concentration of measure inequalities for Markov chains and $\Phi$-mixing
processes. The Annals of Probability, 28(1):416–461, January 2000. ISSN 0091-1798, 2168-
894X. doi: 10.1214/aop/1019160125. URL https://projecteuclid.org/journals
/annals-of-probability/volume-28/issue-1/Concentration-of-measu
re-inequalities-for-Markov-chains-and-Phi-mixing/10.1214/aop/10
19160125.full.

Alessio Sancetta. Estimation in Reproducing Kernel Hilbert Spaces With Dependent Data. IEEE
Transactions on Information Theory, 67(3):1782–1795, March 2021. ISSN 1557-9654. doi:
10.1109/TIT.2020.3045290. URL https://ieeexplore.ieee.org/document/929
6271/?arnumber=9296271. Conference Name: IEEE Transactions on Information Theory.

Max Simchowitz, Horia Mania, Stephen Tu, Michael I. Jordan, and Benjamin Recht. Learning
Without Mixing: Towards A Sharp Analysis of Linear System Identification. In Proceedings
of the 31st Conference On Learning Theory, pp. 439–473. PMLR, July 2018. URL https:
//proceedings.mlr.press/v75/simchowitz18a.html.

Steve Smale and Ding-Xuan Zhou. Learning Theory Estimates via Integral Operators and Their
Approximations. Constructive Approximation, 26(2):153–172, August 2007. ISSN 1432-0940.
doi: 10.1007/s00365-006-0659-y. URL https://doi.org/10.1007/s00365-006-0
659-y.

Elias M. Stein. Singular Integrals and Differentiability Properties of Functions. Princeton University
Press, 1970. ISBN 978-1-4008-8388-2. doi: 10.1515/9781400883882. URL https://www.
degruyterbrill.com/document/doi/10.1515/9781400883882/html.

15

http://arxiv.org/abs/1212.2015
https://ieeexplore.ieee.org/document/9064519/
https://www.sciencedirect.com/science/article/pii/S0021999118307125
https://www.sciencedirect.com/science/article/pii/S0021999118307125
http://link.springer.com/10.1007/b97427
https://www.cambridge.org/core/books/diffusions-markov-processes-and-martingales/188B6A2BAABAF735E61796C3CD18114B
https://www.cambridge.org/core/books/diffusions-markov-processes-and-martingales/188B6A2BAABAF735E61796C3CD18114B
http://arxiv.org/abs/2109.02224
http://arxiv.org/abs/2109.02224
https://www.math.univ-toulouse.fr/~jroyer/TD/2020-21-M1/M1-Ch5.pdf
https://www.math.univ-toulouse.fr/~jroyer/TD/2020-21-M1/M1-Ch5.pdf
https://projecteuclid.org/journals/annals-of-probability/volume-28/issue-1/Concentration-of-measure-inequalities-for-Markov-chains-and-Phi-mixing/10.1214/aop/1019160125.full
https://projecteuclid.org/journals/annals-of-probability/volume-28/issue-1/Concentration-of-measure-inequalities-for-Markov-chains-and-Phi-mixing/10.1214/aop/1019160125.full
https://projecteuclid.org/journals/annals-of-probability/volume-28/issue-1/Concentration-of-measure-inequalities-for-Markov-chains-and-Phi-mixing/10.1214/aop/1019160125.full
https://projecteuclid.org/journals/annals-of-probability/volume-28/issue-1/Concentration-of-measure-inequalities-for-Markov-chains-and-Phi-mixing/10.1214/aop/1019160125.full
https://ieeexplore.ieee.org/document/9296271/?arnumber=9296271
https://ieeexplore.ieee.org/document/9296271/?arnumber=9296271
https://proceedings.mlr.press/v75/simchowitz18a.html
https://proceedings.mlr.press/v75/simchowitz18a.html
https://doi.org/10.1007/s00365-006-0659-y
https://doi.org/10.1007/s00365-006-0659-y
https://www.degruyterbrill.com/document/doi/10.1515/9781400883882/html
https://www.degruyterbrill.com/document/doi/10.1515/9781400883882/html


Published as a conference paper at ICLR 2026

Ingo Steinwart and Andreas Christmann. Fast Learning from Non-i.i.d. Observations. In Advances in
Neural Information Processing Systems, volume 22. Curran Associates, Inc., 2009. URL https:
//papers.nips.cc/paper/2009/hash/a89cf525e1d9f04d16ce31165e139a4
b-Abstract.html.

Ingo Steinwart, D. Hush, and C. Scovel. Optimal Rates for Regularized Least Squares Regression.
2009. URL https://www.semanticscholar.org/paper/Optimal-Rates-for
-Regularized-Least-Squares-Steinwart-Hush/1dc0f2c3068eb4b56a7208
b0cd3e42f8b79e5660.

Michel Talagrand. The Generic Chaining. Springer Monographs in Mathematics. Springer-Verlag,
2005. ISBN 978-3-540-24518-6. URL http://link.springer.com/10.1007/3-540
-27499-5.

Michael E. Taylor. Partial Differential Equations I: Basic Theory, volume 115 of Applied Math-
ematical Sciences. Springer International Publishing, Cham, 2023. ISBN 978-3-031-33858-8
978-3-031-33859-5. doi: 10.1007/978-3-031-33859-5. URL https://link.springer.
com/10.1007/978-3-031-33859-5.

Roger Temam. Navier-Stokes Equations and Nonlinear Functional Analysis. CBMS-NSF Re-
gional Conference Series in Applied Mathematics. Society for Industrial and Applied Mathe-
matics, January 1995. ISBN 978-0-89871-340-4. doi: 10.1137/1.9781611970050. URL
https://epubs.siam.org/doi/book/10.1137/1.9781611970050.

Vladimir N. Vapnik. Statistical Learning Theory. Adaptive and Cognitive Dynamic Systems: Signal
Processing, Learning, Communications and Control. Wiley edition, 1998. URL https://ww
w.wiley.com/en-us/Statistical+Learning+Theory-p-9780471030034.

Roman Vershynin. High-Dimensional Probability: An Introduction with Applications in Data Sci-
ence. Cambridge University Press, 2024.

Laura von Rueden, Jochen Garcke, and Christian Bauckhage. How Does Knowledge Injection Help
in Informed Machine Learning? In 2023 International Joint Conference on Neural Networks
(IJCNN), pp. 1–8, June 2023a. doi: 10.1109/IJCNN54540.2023.10191994. URL https:
//ieeexplore.ieee.org/document/10191994/?arnumber=10191994.

Laura von Rueden, Sebastian Mayer, Katharina Beckh, Bogdan Georgiev, Sven Giesselbach, Raoul
Heese, Birgit Kirsch, Julius Pfrommer, Annika Pick, Rajkumar Ramamurthy, Michal Walczak,
Jochen Garcke, Christian Bauckhage, and Jannis Schuecker. Informed Machine Learning – A
Taxonomy and Survey of Integrating Prior Knowledge into Learning Systems. IEEE Transactions
on Knowledge and Data Engineering, 35(1):614–633, January 2023b. ISSN 1558-2191. doi:
10.1109/TKDE.2021.3079836. URL https://ieeexplore.ieee.org/stampPDF/g
etPDF.jsp?arnumber=9429985. Conference Name: IEEE Transactions on Knowledge
and Data Engineering.

Grace Wahba. Spline Models for Observational Data. SIAM, September 1990. ISBN 978-0-89871-
244-5.

Martin J. Wainwright. High-Dimensional Statistics: A Non-Asymptotic Viewpoint. Cambridge Se-
ries in Statistical and Probabilistic Mathematics. Cambridge University Press, Cambridge, 2019.
ISBN 978-1-108-49802-9. doi: 10.1017/9781108627771. URL https://www.cambridg
e.org/core/books/highdimensional-statistics/8A91ECEEC38F46DAB53E
9FF8757C7A4E.

Jianjun Wang, Hua Huang, Zhangtao Luo, and Baili Chen. Estimation of Covering Number in
Learning Theory. In 2009 Fifth International Conference on Semantics, Knowledge and Grid, pp.
388–391, October 2009. doi: 10.1109/SKG.2009.27. URL https://ieeexplore.ieee.
org/document/5370097/.

Yuhong Yang and Andrew Barron. Information-theoretic determination of minimax rates of conver-
gence. The Annals of Statistics, 27(5):1564–1599, October 1999. ISSN 0090-5364, 2168-8966.
doi: 10.1214/aos/1017939142. URL https://projecteuclid.org/journals/ann

16

https://papers.nips.cc/paper/2009/hash/a89cf525e1d9f04d16ce31165e139a4b-Abstract.html
https://papers.nips.cc/paper/2009/hash/a89cf525e1d9f04d16ce31165e139a4b-Abstract.html
https://papers.nips.cc/paper/2009/hash/a89cf525e1d9f04d16ce31165e139a4b-Abstract.html
https://www.semanticscholar.org/paper/Optimal-Rates-for-Regularized-Least-Squares-Steinwart-Hush/1dc0f2c3068eb4b56a7208b0cd3e42f8b79e5660
https://www.semanticscholar.org/paper/Optimal-Rates-for-Regularized-Least-Squares-Steinwart-Hush/1dc0f2c3068eb4b56a7208b0cd3e42f8b79e5660
https://www.semanticscholar.org/paper/Optimal-Rates-for-Regularized-Least-Squares-Steinwart-Hush/1dc0f2c3068eb4b56a7208b0cd3e42f8b79e5660
http://link.springer.com/10.1007/3-540-27499-5
http://link.springer.com/10.1007/3-540-27499-5
https://link.springer.com/10.1007/978-3-031-33859-5
https://link.springer.com/10.1007/978-3-031-33859-5
https://epubs.siam.org/doi/book/10.1137/1.9781611970050
https://www.wiley.com/en-us/Statistical+Learning+Theory-p-9780471030034
https://www.wiley.com/en-us/Statistical+Learning+Theory-p-9780471030034
https://ieeexplore.ieee.org/document/10191994/?arnumber=10191994
https://ieeexplore.ieee.org/document/10191994/?arnumber=10191994
https://ieeexplore.ieee.org/stampPDF/getPDF.jsp?arnumber=9429985
https://ieeexplore.ieee.org/stampPDF/getPDF.jsp?arnumber=9429985
https://www.cambridge.org/core/books/highdimensional-statistics/8A91ECEEC38F46DAB53E9FF8757C7A4E
https://www.cambridge.org/core/books/highdimensional-statistics/8A91ECEEC38F46DAB53E9FF8757C7A4E
https://www.cambridge.org/core/books/highdimensional-statistics/8A91ECEEC38F46DAB53E9FF8757C7A4E
https://ieeexplore.ieee.org/document/5370097/
https://ieeexplore.ieee.org/document/5370097/
https://projecteuclid.org/journals/annals-of-statistics/volume-27/issue-5/Information-theoretic-determination-of-minimax-rates-of-convergence/10.1214/aos/1017939142.full
https://projecteuclid.org/journals/annals-of-statistics/volume-27/issue-5/Information-theoretic-determination-of-minimax-rates-of-convergence/10.1214/aos/1017939142.full
https://projecteuclid.org/journals/annals-of-statistics/volume-27/issue-5/Information-theoretic-determination-of-minimax-rates-of-convergence/10.1214/aos/1017939142.full


Published as a conference paper at ICLR 2026

als-of-statistics/volume-27/issue-5/Information-theoretic-deter
mination-of-minimax-rates-of-convergence/10.1214/aos/1017939142.
full.

Bin Yu. Rates of Convergence for Empirical Processes of Stationary Mixing Sequences. The Annals
of Probability, 22(1):94–116, 1994. ISSN 0091-1798. URL https://www.jstor.org/st
able/2244496.

Ding-Xuan Zhou. The covering number in learning theory. Journal of Complexity, 18(3):739–
767, September 2002. ISSN 0885-064X. doi: 10.1006/jcom.2002.0635. URL https:
//www.sciencedirect.com/science/article/pii/S0885064X02906357.

Ding-Xuan Zhou. Capacity of reproducing kernel spaces in learning theory. IEEE Transactions on
Information Theory, 49(7):1743–1752, July 2003. ISSN 1557-9654. doi: 10.1109/TIT.2003.813
564. URL https://ieeexplore.ieee.org/document/1207372. Conference Name:
IEEE Transactions on Information Theory.

Ingvar Ziemann. Statistical Learning, Dynamics and Control : Fast Rates and Fundamental Limits
for Square Loss. PhD thesis, KTH Royal Institute of Technology, 2022. URL https://urn.
kb.se/resolve?urn=urn:nbn:se:kth:diva-320345.

Ingvar Ziemann and Stephen Tu. Learning with little mixing. In Advances in Neural Information
Processing Systems 35 (NeurIPS 2022). Curran Associates, Inc., 2022. doi: 10.48550/arXiv.220
6.08269. URL http://arxiv.org/abs/2206.08269. arXiv:2206.08269 [cs].

Ingvar Ziemann, Henrik Sandberg, and Nikolai Matni. Single Trajectory Nonparametric Learning of
Nonlinear Dynamics. In Proceedings of Thirty Fifth Conference on Learning Theory, volume 178
of Proceedings of Machine Learning Research, February 2022. doi: 10.48550/arXiv.2202.08311.
URL http://arxiv.org/abs/2202.08311. arXiv:2202.08311 [cs].

Bin Zou, Luoqing Li, and Zongben Xu. The generalization performance of ERM algorithm
with strongly mixing observations. Machine Learning, 75(3):275–295, June 2009. ISSN 1573-
0565. doi: 10.1007/s10994-009-5104-z. URL https://doi.org/10.1007/s10994-0
09-5104-z.
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