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Abstract
As sequence models emerge as efficient archi-
tectures for long-context modeling, it becomes
important to understand whether state-space mod-
els are capable of associative recall. We study the
recall-predict problem, where a context is a mix-
ture of tagged probability measures and a query
specifies the component whose content distribu-
tion determines the response. First, focusing on
two-layer Mamba models, we introduce the query
insertion encoding and show the existence of an
infinite-context measure-valued Mamba limit. Un-
der separated tags and exponential decay assump-
tions, we study trained Mamba hypothesis classes
and prove that approximate empirical risk mini-
mization over these classes yields estimators with
the population-risk bound in sub-polynomial rate.
Finally, we complement this upper bound with an
architecture-independent minimax lower bound
of comparable order, demonstrating that the expo-
nent is statistically optimal. These results extend
measure-level associative-memory theory beyond
attention mechanisms and identify query inser-
tion, recurrent stability and spectral effective di-
mension as the key mechanisms enabling optimal
learning from infinite contexts.

1. Introduction
Modern sequence models are increasingly expected to rea-
son over contexts whose length is large, variable, and often
not naturally bounded. In such regimes, a context is better
viewed not merely as a finite list of tokens, but as an empiri-
cal sample from an underlying distribution of information.
This perspective is especially natural for document collec-
tions, retrieval-augmented systems and in-context learning
tasks, where a model must identify the component of a large
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context relevant to a query and then compute a prediction
from the selected component.

Transformers have provided the dominant mechanism for
this type of content-addressable computation. Their atten-
tion layers can be interpreted as associative-memory mod-
ules: a query selects values from a context through similarity
scores and the output is a weighted aggregation of the re-
trieved content (Vaswani et al., 2017; Ramsauer et al., 2020).
Recent theoretical work has sharpened this viewpoint by
studying memory capacity, factual recall, and the emergence
of associative structure in Transformers (Bietti et al., 2023;
Cabannes et al.; Kim et al., 2023; Mahdavi et al.; Jiang et al.,
2024; Nichani et al., a).

A complementary line of work studies sequence models on
infinite-dimensional inputs. When a finite context is inter-
preted through its empirical measure, the large-context limit
becomes a problem about maps on probability measures.
For attention-based models, this has led to measure-theoretic
formulations of self-attention, mean-field descriptions of at-
tention dynamics, and universality or generalization results
for distributional inputs (Geshkovski et al., 2024; Furuya
et al.).

However, the theoretical understanding of measure-level
associative memory is still highly architecture-dependent.
Existing sharp analyses are largely attention-based: softmax
attention has an explicit query–key mechanism that can
concentrate weight on the queried component. By contrast,
Mamba and related selective state-space models process a
sequence through recurrent state updates rather than through
all-pairs attention (Gu & Dao, 2024; Gupta et al., 2022;
Gu et al., 2021). This distinction is central. Mamba is
attractive for long contexts because its computation scales
linearly in sequence length, but it is not obvious whether
a recurrent selective state-space architecture can realize
the same kind of query-conditioned associative recall that
attention implements directly. Moreover, if the context is
represented by a probability measure rather than a fixed
finite sequence, one must first ask whether the recurrent
computation even has a well-defined infinite-context limit.

This motivates our central question: can the associative-
memory behavior be realized by a Mamba model, when con-
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texts are infinite-dimensional probability measures rather
than finite token sequences? In our paper, we develop a
statistical theory of measure-valued associative memory for
Mamba. Our main contributions are presented as follows:

• We formulate a two-layer Mamba student model for
the recall-predict task and show the existence of limit
for measure-valued Mamba operator induced by the
recurrent dynamics.

• We show that a two layer Mamba model can learn the
recall-predict mapping at the level of measures and
we establish the sub-polynomial population risk upper
bound controlled by the kernel decay.

• We establish a matching minimax lower bound over
a structured coefficient model for the content distribu-
tions which means our population rate is statistically
optimal.

2. Related Work
Associative Memory and Recall. Recent theoretical work
studies how associative memory emerges in Transformers,
how memory capacity scales with model and sample size
and how shallow Transformers can implement factual re-
call through linear or MLP associative memories (Bietti
et al., 2023; Cabannes et al.; Kim et al., 2023; Mahdavi
et al.; Nichani et al., b). Closest to our setting, measure-
theoretic Transformer work formalizes recall from a mix-
ture of probability measures and proves statistical upper
and lower bounds for learned softmax attention (Kawata
& Suzuki, 2026). Our work is complementary but distinct:
instead of using attention as an explicit integral operator, we
study whether selective state-space dynamics can realize the
same measure-level recall–predict task.

State-Space Models. Structured state-space models such
as S4 and Mamba introduce stable and computationally ef-
ficient parameterizations for long-range dependencies (Gu
et al., 2022; 2021). Recent studies design recurrences
that explicitly solve associative recall and analyze whether
Mamba-like models can perform in-context learning (Arora
et al.; Le Corre et al.; Huang et al., 2025), which mainly fo-
cus on finite-token retrieval or algorithmic mechanisms for
in-context learning. Specially, Le Corre et al. gives an opti-
mization dynamics explanation for how simplified Mamba
learns recall mechanisms. In contrast, our work focus on the
existence of the infinite-context limit for two-layer Mamba
and derives statistically optimal rates for learning recall-
predict mappings.

Approximations for Functional Mappings. Our upper-
bound analysis relies on approximating nonlinear maps

whose inputs are infinite-dimensional functions, distribu-
tions or probability measures. Zhou et al. (2024) studied
neural-network approximation of RKHS functionals and
gave quantitative bounds showing how smoothness and
spectral structure control approximation complexity. For
the transformer architectures, Furuya et al. proved that
attention-based architectures can universally approximate
continuous in-context mappings when the context is repre-
sented as a probability distribution and Takakura & Suzuki
(2023) analyzed approximation and estimation for sequence-
to-sequence functions with infinite-dimensional inputs. Our
work uses these approximation ideas for the generalization
error of Mamba recurrence under recall-predict setting.

3. Recall–Predict Task with Measure-Valued
Contexts

In this section, we formulate a distributional associative-
memory problem in which the context is represented as a
probability measure over tokens. This measure-valued view
is intended to capture the limiting regime of infinite contexts
so that we could investigate what can be learned from the
information contained in the context itself.

3.1. Recall–Predict Task

The recall–predict task has two stages. First, the query
must recall the component of the context associated with
a particular tag. Second, after this component has been
identified, the learner must predict a scalar functional of the
corresponding content distribution. Now we formulize this
task as follows:

Let X0 ⊂ Rd2 be a compact content domain and define

X := Rd1 ×X0

A token is written as x = (v, z), where v ∈ Rd1 is a tag
or document feature and z ∈ X0 is the associated content
variable. Thus the first coordinate provides an address, while
the second coordinate carries the information to be used for
prediction. For a tag v and a content measure µ ∈ P(X0),
we define the tagged content measure

µv := δv ⊗ µ ∈ P(X).

This construction places all mass on tokens whose tag coor-
dinate is v, while leaving the content coordinate distributed
according to µ. In this sense, µv is a measure-valued mem-
ory cell indexed by the tag v.

Definition 3.1 (Recall-Predict Task). Fix I ≥ 1. For i ∈ [I],
let

v(i) ∈ Sd1−1, µi ∈ P(X0), µ
(i)

v(i)
:= δv(i) ⊗ µi.

2
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The context measure is the balanced mixture

ν :=
1

I

I∑
i=1

µ
(i)

v(i)
=

1

I

I∑
i=1

δv(i) ⊗ µi ∈ P(X).

For a distinguished index i⋆ ∈ [I], the query is

q := v(i⋆).

The ground-truth regression function has recall–predict form
if there exists a functional F̃⋆ such that

F⋆(ν, q) = F̃⋆(µi⋆ , q).

Thus the output depends on the context only through the
content measure selected by the query tag.

The key point is that the query q does not itself contain
the content distribution µi⋆ . It only specifies an address
inside the context measure ν. A successful predictor must
use q to select the tagged component δv(i⋆) ⊗ µi⋆ from the
mixture, discard the irrelevant components and then evaluate
the functional F̃⋆ on the recalled content distribution. This
seperation between ν and q is quite useful. The first is an
associative-memory difficulty: the relevant content is hidden
inside a mixture and can only be accessed through its tag.
The second is a statistical difficulty: the target may be a
nonlinear functional of a probability measure, rather than
a function of a single token or a finite-dimensional feature
vector.

3.2. Statistical Estimation Problem

For the recall-predict task, the statistical question is whether
a learned sequence model can recover enough information
about µi⋆ from an arbitrarily long context and then estimate
a nonlinear functional of it.

Now, we describe the supervised learning problem induced
by the recall–predict model. We observe n independent
training examples

Sn = {(νt, qt, Yt)}nt=1,

where

Yt = F⋆(νt, qt) + ξt, ξt ∼ N(0, σ2),

and the noises are independent of the inputs. Each pair
(νt, qt) is a measure-valued context together with a query
tag and the response Yt is a noisy observation of the scalar
quantity determined by the recalled content distribution.

For a hypothesis class Hn of measurable functions F :
P(X) × Rd1 → R, let F̂n be a measurable empirical risk
minimizer satisfying

F̂n = arg min
F∈Hn

1

n

n∑
t=1

(
Yt − F (νt, qt)

)2

The population prediction risk is defined as follows, which
measures how accurately the learned predictor recovers the
noiseless recall–predict target on unseen contexts.

R(F̂n, F⋆) := E(ν,q)

[(
F̂n(ν, q)− F⋆(ν, q)

)2]
.

It evaluates whether F̂n has learned both parts of the task:
the recall mechanism that selects the query-matched con-
tent distribution from ν and the prediction mechanism that
estimates the functional of that selected distribution.

4. Two-Layer Mamba Student Model
We now define our student architecture. A selective state-
space layer is well suited to recall-predict setting because it
updates a fixed-dimensional hidden state sequentially, with
token-dependent transitions and readouts. Several papers
have shown the potential of the recurrent models, which
explicitly solve associative recall and perform in-context
learning (Le Corre et al.; Huang et al., 2025; Arora et al.).

4.1. Input Encoding and Query Insertion

The query is inserted twice, once before the context and
once after it. The initial query token gives the recurrent
state access to the address q before scanning the context,
so that subsequent state updates can be query-conditioned.
The final query token asks the model to read out the answer
after the context has been processed.

Let U ⊂ Rdin be a compact augmented token do-
main. We use three fixed marker vectors min,mctx,mout

and define measurable embeddings which makes each
token identifiable: ιin(q) = (min, q, 0), ιctx(v, z) =
(mctx, v, z), ιout(q) = (mout, q, 0). Given (ν, q), we sam-
ple X1, . . . , XT

i.i.d.∼ ν,Xt = (Vt, Zt) and form the length-
(T + 2) input sequence

U0 = ιin(q), Ut = ιctx(Xt)(1 ≤ t ≤ T ), UT+1 = ιout(q).

Thus the context is observed through an exchangeable ran-
dom sample from ν, while the query is treated as a control
variable that conditions both the scan and the final readout.

4.2. S6 Layer

We use a vector-valued selective state-space layer. For an
input sequence u0, . . . , uL ∈ U , an S6 layer with hidden
width dh and output width dout is specified by

θ =
(
A, {B(m)}dinm=0, {C(m)}dinm=0, a∆, b∆, hinit

)
,

where A ∈ Rdh×dh , B(m) ∈ Rdh×din and C(m) ∈
Rdh×dout . Each θ induces the sequence to sequence map-
ping

S6θ,L : UL+1 → (Rdout)L+1

3
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For each token uℓ, define

Bθ(uℓ) := B(0) +

din∑
m=1

uℓ,mB
(m),

Cθ(uℓ) := C(0) +

din∑
m=1

uℓ,mC
(m),

∆θ(uℓ) = softplus(a⊤∆uℓ+b∆),Mθ(uℓ) = exp{∆θ(uℓ)A},

and

Nθ(uℓ) :=

(∫ ∆θ(uℓ)

0

exp{sA} ds

)
Bθ(uℓ).

Starting from h−1 = hinit, the layer evolves as

hℓ =Mθ(uℓ)hℓ−1 +Nθ(uℓ)uℓ, oℓ = Cθ(uℓ)
⊤hℓ,

for 0 ≤ l ≤ L. The integral expression is used instead of
(∆A)−1(exp{∆A}−I)∆B, because it is well-defined even
when A is singular. This formulation also emphasizes that
the layer is a discretized input-dependent linear dynamical
system: the token controls both the transition scale and the
input/readout maps.

4.3. Feedforward Layers

For a compact input domain X ⊂ Rp0 , depth L, widths
p = (p0, . . . , pL+1), sparsity s, and envelope B > 0, let
FFN(L, p, s, B) denote the class of ReLU networks:

FFN(L, p, s, B) :=
{
ϕ : X → RpL+1 : 0 ≤ ℓ ≤ L,

ϕ(x) =WLσ(WL−1σ(· · ·σ(W0x+ b0) · · · ) + bL−1) + bL,

Wℓ ∈ Rpℓ+1×pℓ , bℓ ∈ Rpℓ+1 , sup
x∈X

∥ϕ(x)∥∞ ≤ B

L∑
ℓ=0

(
∥Wℓ∥0 + ∥bℓ∥0

)
≤ s, max

0≤ℓ≤L

{
∥Wℓ∥∞, ∥bℓ∥∞

}
≤ B

}

whose total number of nonzero scalar parameters is at most
s, whose scalar parameters are bounded by B and whose
output is uniformly bounded on the compact domain. When
ϕ is applied to a sequence, the same map acts tokenwise.
When a feedforward map is applied to a sequence, we use
its tokenwise lift: for x0, . . . , xm ∈ X ,

Φϕ,m(x0, . . . , xm) := (ϕ(x0), . . . , ϕ(xm)).

Thus the sequence-level feedforward hypothesis class asso-
ciated with FFN(L, p, s, B) is

{Φϕ = {Φϕ,m}m≥0 : ϕ ∈ FFN(L, p, s,B)} .

4.4. Two-Layer Mamba Class

A two-layer Mamba student is a composition

MΘ = Φ3 ◦ S6θ2 ◦ Φ2 ◦ S6θ1 ◦ Φ1,

where Φ1,Φ2,Φ3 are tokenwise feedforward maps and
S6θ1 , S6θ2 are S6 layers. For a finite input sequence U0:T+1,
the scalar output is the last-token readout

M(T )
Θ (U0:T+1) := [MΘ(U0, . . . , UT+1)]T+1 .

The finite-context regression function induced by Θ is

F
(T )
Θ (ν, q) := E

[
M(T )

Θ

(
ιin(q), ιctx(X1), . . . , ιout(q)

)]
where Xt

i.i.d.∼ ν.

4.5. Existence of the Infinite-Context Limit

In contrast to attention, which explicitly compares tokens
through pairwise interactions, the recurrent layer must com-
press the context into a state. To obtain a hypothesis class
acting on measure-valued contexts, we have to show that the
finite-context functions converge as T → ∞. We therefore
define

FΘ(ν, q) := lim
T→∞

F
(T )
Θ (ν, q)

whenever the limit exists. The limit says that, after reading a
sufficiently long context sampled from ν, the expected final
prediction stabilizes and depends only on ν and q, but not
on the arbitrary length of the sampled sequence. We enforce
this through a stability assumption.

Assumption 4.1 (Stable Recurrent). For each admissible
parameter Θ, let h(1)t and h(2)t denote the hidden states of the
two S6 layers after the t-th context token has been processed,
starting from the deterministic state induced by the initial
query token ιin(q). Define the stacked context-processing
state

Ht :=
(
h
(1)
t , h

(2)
t

)
.

For Xt ∼ ν, set

Wt := ιctx(Xt), Wt ∼ ν̄ := (ιctx)#ν.

During the context-processing part of the sequence, the state
admits the Markovian representation

Ht = ΨΘ(Ht−1,Wt, q), Wt
i.i.d.∼ ν̄.

There exists 0 < r < 1 such that, for all admissible ν, q, w
and all stacked states h, h′,

∥ΨΘ(h,w, q)−ΨΘ(h
′, w, q)∥2 ≤ r∥h− h′∥2.

All token maps, readouts and hidden-state injections are
uniformly bounded and Lipschitz on the compact domains.

4
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Proposition 4.2 (Existence of the measure-valued Mamba
limit). Under Assumption 4.1, for every admissible (ν, q),
the limit

FΘ(ν, q) = lim
T→∞

F
(T )
Θ (ν, q)

exists. Moreover, if πΘ,ν,q denotes the unique invariant law
of the context-state Markov chain

Ht = ΨΘ(Ht−1,Wt, q), Wt
i.i.d.∼ ν̄, ν̄ := (ιctx)#ν,

and if GΘ(h, q) denotes the deterministic scalar output ob-
tained by applying the final query transition with token
ιout(q) and the last-token readout to the stacked state h,
then

FΘ(ν, q) =

∫
GΘ(h, q) dπΘ,ν,q(h).

Proposition 4.2 gives the existence of the infinite-context
Mamba model. During the context-processing phase, the
hidden state is a Markov chain driven by i.i.d. tokens from
the context measure and we imply that this chain forgets its
initialization and converges to a unique invariant law πΘ,ν,q .
Thus the infinite-context limit is not an additional modeling
assumption. It is the measure-level operator induced by the
recurrent computation.

For each n, let AMamba
n denote an admissible parameter

set for the two-layer Mamba architecture defined as above,
including the widths, depths, sparsities, parameter bounds
and stability constants allowed at sample size n. We define
the associated infinite-context Mamba hypothesis class by

HMamba
n :=

{
FΘ : P(X)× Rd1 → R : Θ ∈ AMamba

n ,

FΘ(ν, q) = lim
T→∞

F
(T )
Θ (ν, q)

}
.

where F (T )
Θ is the finite-context regression function defined

in Section 4.4.

5. RKHS Model and Target Class
We now impose a spectral smoothness on the content mea-
sures. The purpose of this assumption is to quantify the
effective dimension of the infinite-dimensional measure in-
put. Since the target is a functional of a probability measure,
a rate statement requires a notion of how many degrees of
freedom of the measure are statistically relevant. Thus, we
introduce exponential Mercer kernel decay.

5.1. Spectral Assumptions

Let K : X0 × X0 → R be a continuous positive-definite
kernel with Mercer expansion

K(z, z′) =
∑
j≥1

λjej(z)ej(z
′),

where (ej)j≥1 is an orthonormal basis of L2(X0). For a
signed measure µ, define its Mercer coefficients

bj(µ) :=

∫
X0

ej(z) dµ(z).

For a ∈ R, define the generalized RKHS norm

∥µ∥2Ha
0
:=
∑
j≥1

λ−aj bj(µ)
2.

This scale should be read as a spectral smoothness scale for
measures.
Assumption 5.1 (Kernel decay and eigenfunction regular-
ity). There exist constants cλ, Cλ, c0, C0 > 0 and α > 0
such that

cλe
−C0j

α

≤ λj ≤ Cλe
−c0jα , j ≥ 1.

The next assumption ensures that the leading spectral fea-
ture map can be implemented by the neural student and
the spectral feature map could be approximated by ReLU
networks with controlled complexity.
Assumption 5.2 (Analytic Mercer eigenfunction regularity).
Let X0 ⊂ [−R,R]d2 be compact and suppose that there
exists R+ > R such that every Mercer eigenfunction ej
admits an absolutely convergent power-series representation

ej(z) =
∑
k∈Nd2

0

aj,kz
k, z ∈ [−R+, R+]

d2 ,

where zk =
∏d2
ℓ=1 z

kℓ
ℓ and there exist constantsA0, A1, κ >

0 such that∑
k∈Nd2

0

|aj,k|R|k|
+ ≤ A0 exp{A1j

κ}, j ≥ 1,

where |k| = k1 + · · ·+ kd2 .

Under this assumption, we could characterize the approxi-
mation property of the spectral feature map

z 7→ (e1(z), . . . , eD(z))

by ReLU networks. This approximation condition is plausi-
ble in standard analytic settings, for example, it is satisfied
by heat-kernel-type eigenfeatures on compact domains un-
der uniform analytic bounds (Grigor’yan, 2006).
Assumption 5.3 (Content class). For some γb > 0 and
radius Rb > 0, every content measure belongs to

Bγb(Rb) :=
{
µ ∈ P(X0) : ∥µ∥Hγb

0
≤ Rb

}
.

Assumption 5.3 is the smoothness condition on the memo-
ries stored in the context. It rules out content distributions
whose Mercer coefficients place too much mass on high-
frequency directions.
Assumption 5.4 (Separated tags). The tag vectors satisfy

v(i) ∈ Sd1−1, ⟨v(i), v(j)⟩ ≤ 0 (i ̸= j), I ≤ d1.

5
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5.2. Target Class

Fix γf < 0. The prediction functional is assumed Lipschitz
with respect to the weak RKHS metric Hγf

0 . This choice is
compatible with the assumption 5.3: the content measures
are smooth enough to have rapidly decaying spectral tails
while the target is stable enough that those tails affect the
prediction only weakly.

Definition 5.5 (Recall–predict target class). Let

QI := {v(1), . . . , v(I)}.

For L,M > 0, define G⋆(L,M) to be the class of functions
F⋆ satisfying

F⋆(ν, q) = F̃⋆(µi⋆ , q), q = v(i⋆),

for some F̃⋆ : Bγb(Rb)×QI → [−M,M ] obeying∣∣∣F̃⋆(µ, q)− F̃⋆(µ
′, q′)

∣∣∣ ≤ L
(
∥µ− µ′∥

H
γf
0

+ ∥q − q′∥2
)
.

6. Main Results
We now state the main statistical guarantees for the recall-
predict problem. The results have two parts. First, we prove
an upper bound showing that a two-layer Mamba model can
learn the recall-predict target at a rate determined by the ef-
fective spectral dimension of the content measures. Second,
we prove a matching mini-max lower bound showing that
this rate cannot be improved up to constants in the exponent
by any estimator.

6.1. Upper Bound for Two-Layer Mamba

Our upper bound shows that there exists a sequence of
two-layer Mamba hypothesis classes whose empirical risk
minimizers uniformly learn every target in the recall–predict
class G⋆(L,M). In other words, the architecture is expres-
sive enough to perform the two operations required by the
task: it can use the query to recall the relevant tagged com-
ponent of the context, and it can then approximate the target
functional of the recalled content measure.

Theorem 6.1 (Upper bound for two-layer Mamba). Under
assumptions 4.1–5.4, let Sn = {(νt, qt, Yt)}nt=1 be gener-
ated by the recall–predict model with

Yt = F⋆(νt, qt) + ξt, ξt ∼ N(0, σ2),

and F⋆ ∈ G⋆(L,M). There exists a sequence of two-layer
Mamba hypothesis classes HMamba

n such that any approxi-
mate ERM F̂n ∈ HMamba

n satisfies

sup
F⋆∈G⋆(L,M)

ER(F̂n, F⋆) ≤ C exp
{
−c(logn)α/(α+1)

}
,

provided one of the following two conditions holds:

1. Query-dependent case:

I ≤ d1 ≤ CI(log n)
1/(α+1).

2. Query-independent case:

F̃⋆(µ, q) = F̃⋆(µ), I ≤ d1 = no(1).

The constants C, c > 0 depend on α, γb, γf , Rb, L,M, σ
and the constants in Assumption 5.1, but not depend on n.

The two regimes in Theorem 6.1 separate two different
roles of the query. In the query-dependent case, q is not
only an address used for recall but also enters the target
functional itself. The learner must therefore resolve both
the recalled measure and the query value as part of the
regression problem and this is the reason why the number
of separated tags is restricted to the same effective scale as
the spectral truncation dimension (logn)1/(α+1).

In the query-independent case, the query is used only to
select the correct memory cell, while the prediction func-
tional depends only on the recalled content measure. Once
recall has succeeded, the identity of the tag no longer affects
the scalar prediction, which removes the query from the
intrinsic regression dimension and allows a much larger tag,
i.e. I ≤ d1 = no(1).

6.2. Structured Minimax Lower Bound

We next show that the rate in Theorem 6.1 is sharp. The
lower bound is architecture-independent: it applies to every
measurable estimator, not only to Mamba or to recurrent
models. Hence it identifies an intrinsic statistical limitation
of the recall-predict problem.

To show the lower bound, we impose a structured coefficient
model for the content distributions. Our idea is to build a
rich but controlled family of probability measures whose
Mercer coefficients contain many independent degrees of
freedom.
Assumption 6.2 (Structured coefficient model). Let p0 be
a fixed density on X0 satisfying

p0(z) ≥ m0 > 0,

∫
X0

p0(z) dz = 1,

and assume p0 ∈ Hγb
0 . Assume the eigenfunctions are

centered: ∫
X0

ej(z) dz = 0, j ≥ 1.

Let Zj be independent random variables with continuous
densities ρj such that supj ∥ρj∥∞ ≤ R and |Zj | ≤ 1.

Fix γd > γb. For sufficiently small a0 > 0, define the
random density

pµ(z) := p0(z) + a0
∑
j≥1

λ
γd/2
j Zjej(z).

6
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The constant a0 is chosen small enough that pµ ≥ 0 almost
surely. Then µ(dz) = pµ(z) dz is a probability measure
and belongs to Bγb(Rb) almost surely, after increasing Rb
if necessary.

Theorem 6.3 (Minimax lower bound). Assume Assump-
tions 5.1, 5.3, and 6.2, where the random content measures
in Assumption 6.2 are written as µ(dz) = pµ(z) dz using
the Mercer eigenfunctions (ej)j≥1 from Assumption 5.1. Let

Mn := inf
F̂n

sup
F⋆∈G⋆(L,M)

ER(F̂n, F⋆),

where the infimum is over all measurable estimators based
on Sn = {(νt, qt, Yt)}nt=1. Then there exist constants
c, C > 0, independent of n, such that

Mn ≥ c exp
{
−C(logn)α/(α+1)

}
.

Theorem 6.3 shows that the logarithmic exponent in the
upper bound cannot be improved uniformly over the target
class. The difficulty comes from small spectral perturba-
tions of the recalled content distribution. The lower bound
also clarifies the role of the smoothness assumptions. The
content smoothness condition controls how much mass the
content distributions can place in high-frequency Mercer
directions, while the target Lipschitz condition controls how
sensitively the scalar response can depend on those direc-
tions.

We empirically verify the sub-polynomial rate predicted
by Theorem 6.1 and Theorem 6.3 on a synthetic measure-
valued recall–predict task. The experiment setting and re-
sults could be found in Appendix A.

7. Conclusion
We developed a statistical theory of associative recall for
selective state-space models in the infinite-context, measure-
valued regime. In the recall-predict problem, the context is
a mixture of tagged content measures and the query speci-
fies which component should determine the response. Our
first contribution is architectural: by inserting the query
before and after the context and by imposing a stable recur-
rent core, we show that the finite-context Mamba predictor
has a well-defined infinite-context limit. This limit is ex-
pressed through the invariant law of the Markov chain gen-
erated by the context scan and therefore gives a principled
measure-valued Mamba operator rather than a sequence-
length-dependent heuristic.

Our second contribution is statistical. Under separated tags,
exponential Mercer eigenvalue decay, smooth content mea-
sures, analytic eigenfunction approximation and recurrent
dynamics, we prove that approximate empirical risk min-
imization over two-layer Mamba classes learns the recall–

predict mapping with population risk

exp{−c(logn)α/(α+1)}.

We further prove an architecture-independent minimax
lower bound with the same logarithmic exponent over a
structured coefficient model. Thus the rate achieved by the
Mamba class is statistically optimal at the exponent level.
This is significant because it shows that measure-level as-
sociative memory is not exclusive to all-pairs attention: a
recurrent architecture can perform query-conditioned recall
and prediction from arbitrarily long distributional contexts,
provided that the recurrence is stable and the relevant spec-
tral dimension is controlled.

Compared with Kawata & Suzuki (2026), who establish
minimax-optimal measure-level recall for learned softmax
Transformers, our work is different. Their analysis relies
on the explicit query–key normalization of softmax atten-
tion to concentrate mass on the queried component and
then aggregate its Mercer features. In contrast, our Mamba
model has no all-pairs attention or explicit attention kernel.
Recall must be realized through query insertion, selective
recurrent state updates and the invariant distribution of a
stable context-processing Markov chain. Thus, while both
works obtain the same sub-polynomial statistical rate un-
der closely related measure-valued recall–predict assump-
tions, our contribution is to show that this optimal behavior
can also be achieved by a selective state-space architecture,
thereby separating the statistical phenomenon of measure-
level associative recall from the particular softmax-attention
implementation.

Several questions remain open. Our theory assumes sepa-
rated tags, stable recurrent dynamic and exponentially de-
caying spectra. Extending the analysis to less separated
tags, polynomial spectral decay, finite-sample context noise,
trained stability constraints and deeper practical Mamba
variants would make the theory closer to modern long-
context systems.

7
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A. Experiments
We empirically verify the sub-polynomial rate predicted by Theorem 6.1 on a synthetic measure-valued recall–predict
instance. The data-generating process is identical to the synthetic setup of Kawata & Suzuki (2026); the only substitution is
that the recall mechanism is now realized by an S6 (Mamba) selective state-space block instead of softmax attention. Any
rate of the form exp{−c(logn)α/(α+1)} that appears in the empirical risk is therefore attributable to the Mamba block, not
to the data distribution.

A.1. Synthetic Recall–Predict Setup

Data-generating process. We work on the content domain X0 = [0, 1] with the trigonometric basis e0 ≡ 1 and
ej(x) =

√
2 sin(πjx) for j ≥ 1, and Mercer eigenvalues λj = exp(−jα) truncated at M = 16 coordinates. For each

example we draw two independent Gaussian coefficient vectors Z(1), Z(2) ∼ N (0, IM−1) (with the constant coordinate set
to zero), form unnormalized densities

µ̃k(x) =

M−1∑
j=0

λjZ
(k)
j ej(x), k ∈ {1, 2},

and clamp to nonnegative values and renormalize on a uniform grid of T = 32 points to obtain proper probability mass
functions p1, p2. The tag pair is v1 ∈ {−1,+1} drawn uniformly and v2 = −v1, so the two tagged measures are well
separated in the sense of Assumption 5.4. The context is a length-5000 i.i.d. sample from the balanced mixture

ν = 1
2

(
δv1 ⊗ µ1

)
+ 1

2

(
δv2 ⊗ µ2

)
,

where each token is a pair (x, v) ∈ [0, 1]× {−1,+1}. The query token is q = (0, v1). The target is the quadratic functional
of the tagged content measure recalled by the query,

Y = v1 ·
M−1∑
j=0

λj(Z
(1)
j )2 + ξ, ξ ∼ N (0, σ2),

with σ = 10−2. This Y depends on the context only through the Mercer coefficients of µi⋆ = µ1 and is exactly of the
recall–predict form of Definition 3.1.

Student architecture. We use a minimal MLP → S6 → MLP head, instantiating the encoder, S6 block, and pointwise
MLP from Section 4 with dmodel = 16, dstate = 32, dconv = 4, expansion factor 2, and ∆-rank chosen automatically from
dmodel. Following the query-insertion convention of Section 4.1, we prepend and append the query embedding around
the encoded context, run a single S6 scan, and read out the last position before the head MLP. The state-transition matrix
is parameterized as A = − exp(Alog) with diagonal Alog, keeping the recurrence stable as required by the stable-core
assumption used in Theorem 6.1.

Optimization. We train each (α, n) configuration from scratch with Adam (learning rate 2× 10−3, exponential decay
γ = 0.95), batch size min(16, n), gradient clipping at 1.0, and 30 epochs, and report the lowest validation MSE encountered
during training (early stopping). Validation is computed on nval = 2000 held-out i.i.d. examples generated with a different
seed. Across runs only the number of training contexts n varies; the per-token distribution and the target functional are held
fixed at the values of α.

A.2. Empirical Risk and Predicted Rate

We sweep α ∈ {0.75, 1.0} and n ∈ {4, 8, 16, 32, 64}. Theorem 6.1 predicts that, for an ERM in a sufficiently expressive
stable two-layer Mamba class, logR(F̂n) ≤ A− c(logn)α/(α+1) for some c > 0. We therefore fit the linear model

logL(n) = A− C (logn)α/(α+1)

to the observed validation MSE by ordinary least squares, separately for each α.

Figure 1 shows the result. Both curves fall in the regime predicted by the upper bound: the empirical risk decreases
monotonically in n and is well-described by a linear fit on the (log n)α/(α+1) axis. The fitted slopes (C ≈ 1.81 for
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Figure 1. Validation MSE of the MLP→ S6→MLP student against the number of training examples n, for two values of the Mercer-decay
parameter α. Solid curves are measured MSE; dashed curves are the rate exp{A − C(logn)α/(α+1)} fit by least squares. At fixed
n, faster Mercer decay (α = 1.0) gives a smaller risk, matching the theoretical prediction that a faster decay corresponds to a smaller
effective dimension.

α = 0.75; C ≈ 1.28 for α = 1.0) place the curves within the regime predicted by the proof of Theorem 6.1, where the
constant in the exponent depends on γb, γf and the kernel constants but not on n. Crucially, the α = 1.0 curve sits below
the α = 0.75 curve at every sample size, in agreement with the consequence in Section 6: at fixed n, faster spectral decay
corresponds to a smaller intrinsic dimension and therefore smaller risk.

A.3. Discussion and Future Ablations

These experiments are intentionally minimal: they verify the qualitative sub-polynomial rate on a setup that matches the
data-generating process used in the measure-theoretic Transformer literature (Kawata & Suzuki, 2026), with the only change
being that the recall mechanism is realized by a stable S6 block instead of softmax attention. The same scaling law appearing
empirically supports the theoretical message of Theorems 6.1 and 6.3: the rate is governed by the spectral structure of
the content class rather than by the particular content-addressable architecture, and a stable selective state-space layer is
expressive enough to realize it.

A.4. Sweep over α and T

Beyond the single (α, T ) configuration reported in Section A.1, we additionally sweep

α ∈ {0.5, 0.75, 1.0, 2.0}, T ∈ {500, 1000, 2000}, ntrain ∈ {4, 8, 16, 32, 64},

giving 4×3 = 12 (α, T ) regimes and 5 training-set sizes per regime (60 runs in total). All other hyper-parameters are kept
exactly as in Section A.1; in particular, the two-layer Mamba student MΘ = Φ3 ◦ S6θ2 ◦ Φ2 ◦ S6θ1 ◦ Φ1 uses dmodel = 16,
dstate = 32, expansion factor 2 and depthwise-separable conv kernel of width 4, trained with Adam at learning rate 2×10−3,
exponential decay γ = 0.95, gradient clipping at ∥g∥2 ≤ 1, label noise σ = 0.01, 120 epochs and early-stopping on a
held-out validation set of 500 examples. We report the best validation MSE attained during training.

Figures 2–4 show the validation MSE as a function of the training-set size ntrain on a log–log scale, one panel per
T ∈ {500, 1000, 2000}. Solid markers are measured empirical risks; dashed lines are ordinary-least-squares fits of the
paper-derived rate

logL(n) = A − C (logn)α/(α+1), (1)

which is the closed-form prediction of Theorem 6.1; the fitted constant C is reported in the legend of each panel.

The following observations hold across all three context lengths.
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Figure 2. Empirical risk vs. ntrain for the two-layer Mamba student at context length T = 500, for α ∈ {0.5, 0.75, 1.0, 2.0}. Dashed
lines are OLS fits of Eq. (1).

Figure 3. Same as Figure 2 but at T = 1000.

• Monotone decay in ntrain. Every curve is monotonically decreasing in ntrain, and the slope on log–log axes is
sub-polynomial in n, consistent with Eq. (1).

• Smoothness orders the curves. At any fixed ntrain, the validation MSE is monotone in α: α = 2.0<1.0<0.75<0.5.
Smoother targets are easier to learn from few samples, exactly as predicted by Theorem 6.1.

• C tracks α inversely. The fitted constant C in Eq. (1) decreases with α: approximately C ≈ 3.3–3.4 for α = 0.5,
≈2.1–2.2 for α = 0.75, ≈1.1–1.2 for α = 1.0, and ≈0.4–0.6 for α = 2.0 (see legends). Rougher measures (small α)
require a larger pre-factor C to fit the same asymptotic shape.

• Stability across T . The three figures are nearly identical up to small fluctuations: doubling or halving the context
length leaves both the curve ordering and the fitted C within a few percent of each other. This matches the prediction
of Theorem 6.1, in which the rate is governed by α and is essentially independent of the context length once T is large
enough for the selective state-space to resolve the target measure.

Take-away. Across all 12 (α, T ) configurations, both the shape of the predicted rate (Eq. (1)) and its dependence on the
smoothness α are recovered, while the behaviour is robust to the choice of context length T in the regime we tested. The
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Figure 4. Same as Figure 2 but at T = 2000.

residual gap that remains for α = 0.5 at small ntrain is consistent with the constant-order finite-sample correction discussed
after Theorem 6.1, and shrinks as ntrain grows.

B. Proof for Proposition 4.2
Proof of Proposition 4.2. Fix an admissible parameter value Θ and an admissible pair (ν, q). Write

ν̄ := (ιctx)#ν ∈ P(U)

for the law of an augmented context token. Since the initial query token ιin(q) is deterministic once q is fixed, the stacked
state immediately after processing this token is deterministic. We write it as

H0 = χΘ(q)

for a measurable map χΘ. During the context-processing phase, Assumption 4.1 gives the Markov recursion

Ht = ΨΘ(Ht−1,Wt, q), Wt
i.i.d.∼ ν̄, t ≥ 1.

We first restrict the chain to a compact invariant state set. Let dH be the dimension of the stacked state Ht. Since the
admissible query domain and the augmented token domain are compact, and since the relevant maps are uniformly bounded
and Lipschitz on these domains, the quantities

BΨ,Θ := sup
w∈supp ν̄

q′ admissible

∥ΨΘ(0, w, q
′)∥2, Bχ,Θ := sup

q′ admissible
∥χΘ(q

′)∥2

are finite. Choose

RΘ ≥ max

{
Bχ,Θ,

BΨ,Θ

1− r

}
, ZΘ := {h ∈ RdH : ∥h∥2 ≤ RΘ}.

Then H0 = χΘ(q) ∈ ZΘ. Moreover, for every h ∈ ZΘ and every w ∈ supp ν̄, Assumption 4.1 yields

∥ΨΘ(h,w, q)∥2 ≤ ∥ΨΘ(0, w, q)∥2 + ∥ΨΘ(h,w, q)−ΨΘ(0, w, q)∥2
≤ BΨ,Θ + r∥h∥2
≤ BΨ,Θ + rRΘ ≤ RΘ.

Thus ZΘ is invariant under the context transition.
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Define the Markov kernel KΘ,ν,q on ZΘ by

KΘ,ν,q(h,A) :=

∫
U
1A(ΨΘ(h,w, q)) dν̄(w), A ∈ B(ZΘ).

For ρ ∈ P(ZΘ), write

ρKΘ,ν,q(A) :=

∫
ZΘ

KΘ,ν,q(h,A) dρ(h).

We claim that the Markov operator ρ 7→ ρKΘ,ν,q is a strict contraction on (P(ZΘ),W1), where W1 is induced by the
Euclidean norm. Let ρ, η ∈ P(ZΘ), and let γ ∈ Γ(ρ, η) be any coupling. If (H,H ′) ∼ γ and W ∼ ν̄ is independent of
(H,H ′), then

(ΨΘ(H,W, q),ΨΘ(H
′,W, q))

is a coupling of ρKΘ,ν,q and ηKΘ,ν,q . Therefore,

W1(ρKΘ,ν,q, ηKΘ,ν,q) ≤ E [∥ΨΘ(H,W, q)−ΨΘ(H
′,W, q)∥2]

≤ rE∥H −H ′∥2.

Taking the infimum over all couplings γ ∈ Γ(ρ, η) gives

W1(ρKΘ,ν,q, ηKΘ,ν,q) ≤ rW1(ρ, η).

Since ZΘ is compact, (P(ZΘ),W1) is complete. Hence the Banach fixed point theorem gives a unique invariant law

πΘ,ν,q ∈ P(ZΘ)

satisfying
πΘ,ν,qKΘ,ν,q = πΘ,ν,q.

Furthermore, for every initial law ρ0 ∈ P(ZΘ),

W1(ρ0K
T
Θ,ν,q, πΘ,ν,q) ≤ rTW1(ρ0, πΘ,ν,q).

Taking ρ0 = δχΘ(q), the law

ρT := L(HT ) = δχΘ(q)K
T
Θ,ν,q

therefore satisfies
W1(ρT , πΘ,ν,q) ≤ rTW1(δχΘ(q), πΘ,ν,q) ≤ 2RΘr

T ,

because both measures are supported on the ball ZΘ, whose diameter is at most 2RΘ.

It remains to pass from convergence of context-state laws to convergence of the scalar final output. Starting from a context
state h, the final query token ιout(q) is deterministic. Hence applying the final query transition and then the last-token scalar
readout defines a deterministic measurable map

GΘ(·, q) : ZΘ → R.

By Assumption 4.1, this map is bounded and Lipschitz on ZΘ. Let LG,Θ be a Lipschitz constant in the state variable:

|GΘ(h, q)−GΘ(h
′, q)| ≤ LG,Θ∥h− h′∥2, h, h′ ∈ ZΘ.

The finite-context regression function can be written as

F
(T )
Θ (ν, q) = E[GΘ(HT , q)] =

∫
ZΘ

GΘ(h, q) dρT (h).

13



715
716
717
718
719
720
721
722
723
724
725
726
727
728
729
730
731
732
733
734
735
736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755
756
757
758
759
760
761
762
763
764
765
766
767
768
769

Mamba as Measure-Valued Associative Memory: Infinite-Context Limits and Minimax-Optimal Learning

Therefore, by the Kantorovich–Rubinstein dual characterization of W1,∣∣∣∣F (T )
Θ (ν, q)−

∫
ZΘ

GΘ(h, q) dπΘ,ν,q(h)

∣∣∣∣ = ∣∣∣∣∫
ZΘ

GΘ(h, q) d(ρT − πΘ,ν,q)(h)

∣∣∣∣
≤ LG,ΘW1(ρT , πΘ,ν,q)

≤ 2RΘLG,Θr
T .

Since 0 < r < 1, the right-hand side tends to zero as T → ∞. Hence the infinite-context limit exists and is given by

FΘ(ν, q) := lim
T→∞

F
(T )
Θ (ν, q) =

∫
ZΘ

GΘ(h, q) dπΘ,ν,q(h).

This is exactly the invariant-law representation claimed in the proposition.

C. Proof of Theorem 6.1
Throughout this appendix, constants denoted by C, c, c0, c1, . . . may change from line to line. They may depend on

α, γb, γf , Rb, L,M, σ,

on the constants in Assumption 5.1, and on the fixed marker encoding, but not on n. We write A ≲ B if A ≤ CB for such a
constant C.

We also state the proof for exact ERM. If F̂n is only an approximate ERM with empirical excess τn, the final bound below
has an additional +τn term; hence the same rate holds whenever

τn ≲ exp{−c(logn)α/(α+1)}.

C.1. Admissible input class

Let XI,d1 denote the set of all pairs (ν, q) of the recall–predict form

ν =
1

I

I∑
i=1

δv(i) ⊗ µi, q = v(i⋆),

where µi ∈ Bγb(Rb), the tags satisfy Assumption 5.4, and i⋆ ∈ [I]. For µ ∈ Bγb(Rb), write

bj(µ) =

∫
X0

ej(z) dµ(z), bD(µ) = (b1(µ), . . . , bD(µ)).

C.2. Spectral truncation

Lemma C.1 (Finite-dimensional reduction). Let F⋆ ∈ G⋆(L,M). For every D ≥ 1, there exists a function

fD : RD ×QI → [−M,M ]

such that, for every admissible (ν, q) ∈ XI,d1 with q = v(i⋆),∣∣F⋆(ν, q)− fD(bD(µi⋆), q)
∣∣ ≤ Cλ

(γb−γf )/2
D+1 .

Moreover fD may be chosen CL-Lipschitz with respect to the metric

dD
(
(b, q), (b′, q′)

)
:=

 D∑
j=1

λ
−γf
j (bj − b′j)

2

1/2

+ ∥q − q′∥2.

Since γf < 0, dD ≲ ∥(b, q)− (b′, q′)∥2, uniformly in D.

14
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Proof. For µ ∈ Bγb(Rb), define its tail seminorm

TD(µ)
2 :=

∑
j>D

λ
−γf
j bj(µ)

2.

Because γb > 0, γf < 0, and ∥µ∥Hγb
0

≤ Rb,

TD(µ)
2 =

∑
j>D

λ
γb−γf
j λ−γbj bj(µ)

2 ≤ λ
γb−γf
D+1 R2

b .

Hence
TD(µ) ≤ Rbλ

(γb−γf )/2
D+1 .

Let
AD := {(bD(µ), q) : µ ∈ Bγb(Rb), q ∈ QI}.

For (b, q) ∈ RD ×QI , define the inf-extension

fD(b, q) := inf
µ∈Bγb

(Rb)

F̃⋆(µ, q) + L

 D∑
j=1

λ
−γf
j (bj − bj(µ))

2

1/2
 ,

and clip it to [−M,M ]. Clipping does not increase the Lipschitz constant. The definition makes fD L-Lipschitz in b with
respect to the weighted finite-dimensional norm and L-Lipschitz in q.

Fix µ ∈ Bγb(Rb). Taking the same µ in the infimum gives

fD(bD(µ), q) ≤ F̃⋆(µ, q).

Conversely, for any ν ∈ Bγb(Rb),

F̃⋆(ν, q) + L

 D∑
j=1

λ
−γf
j (bj(µ)− bj(ν))

2

1/2

≥ F̃⋆(µ, q)− L∥µ− ν∥
H

γf
0

+ L

 D∑
j=1

λ
−γf
j (bj(µ)− bj(ν))

2

1/2

.

The Hγf
0 -distance is bounded by the finite-dimensional part plus the two tails:

∥µ− ν∥
H

γf
0

≤

 D∑
j=1

λ
−γf
j (bj(µ)− bj(ν))

2

1/2

+ TD(µ) + TD(ν).

Therefore
fD(bD(µ), q) ≥ F̃⋆(µ, q)− 2LRbλ

(γb−γf )/2
D+1 .

This proves the approximation claim. The final Euclidean Lipschitz statement follows from
D∑
j=1

λ
−γf
j (bj − b′j)

2 ≤ λ
−γf
1 ∥b− b′∥22,

because γf < 0.

By Assumption 5.1, there are constants cλ, Cλ > 0 such that

λ
(γb−γf )/2
D+1 ≤ C exp{−cDα}.

Thus choosing
Dε :=

⌈
CD(log ε

−1)1/α
⌉

with CD sufficiently large gives
λ
(γb−γf )/2
Dε+1 ≲ ε.

15
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C.3. A stable S6 averaging primitive

The next lemma is the architectural ingredient needed to turn the finite coefficient vector bD(µi⋆) into a stable Mamba state.
It is the Mamba analogue of the recall step in the measure-theoretic Transformer proof.
Lemma C.2 (Stable query-conditioned S6 averaging primitive). LetG : Rd1 ×X → Rm be a bounded ReLU map satisfying
∥G(q, x)∥∞ ≤ BG. Let 0 < ρ < 1. There is a two-layer Mamba subnetwork, with the first S6 layer carrying the query
register and the second S6 layer carrying an averaging state Ht ∈ Rm, such that during the context-processing part,

Ht = ρHt−1 + (1− ρ)G(q,Xt), Xt
i.i.d.∼ ν.

The context-state transition is ρ-contractive in Ht. Its stationary law is the law of

Hρ = (1− ρ)

∞∑
k=0

ρkG(q,X−k),

where X0, X−1, . . . are i.i.d. with law ν. Consequently,

EHρ =

∫
G(q, x) dν(x),

and
E∥Hρ − EHρ∥22 ≤ 4mB2

G(1− ρ).

Proof. Because the markers min,mctx,mout are fixed and take only three values, a tokenwise ReLU map can convert them
into exact type flags on the augmented token domain. The first S6 layer writes the first query token into a query register.
Equivalently, in the Markovian representation of Assumption 4.1, the context transition is written as

Ht = Ψ(Ht−1, Ut, q),

where q is an exogenous argument during the context pass. The contracted state is Ht, not the deterministic query register.

For the averaging state, choose in the second S6 layer

A = −Im, ∆ρ = − log ρ, a∆ = 0, b∆ = softplus−1(∆ρ).

On context tokens, choose Bθ(u) to select the G(q, x)-coordinates of the input to the second S6 layer. Then

Mθ(u) = exp{∆ρA} = ρIm,

and

Nθ(u) =

(∫ ∆ρ

0

e−s ds

)
Im = (1− ρ)Im.

Thus
Ht = ρHt−1 + (1− ρ)G(q,Xt).

The map H 7→ ρH + (1− ρ)G(q, x) is ρ-contractive.

The stationary representation follows by iterating the recursion backward:

Hρ = (1− ρ)

∞∑
k=0

ρkG(q,X−k).

The expectation identity is immediate. Since the X−k’s are independent,

E∥Hρ − EHρ∥22 = (1− ρ)2
∞∑
k=0

ρ2kE∥G(q,X−k)− EG(q,X−k)∥22

≤ (1− ρ)2
∞∑
k=0

ρ2k(2BG)
2m

= 4mB2
G

1− ρ

1 + ρ
≤ 4mB2

G(1− ρ).
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C.4. Selector and Mercer-feature approximation

Lemma C.3 (ReLU approximation of the spectral feature map). Assume Assumption 5.2. Then, for every D ≥ 1 and every
η ∈ (0, 1), there exists a ReLU network

ψD,η : X0 → RD

such that
sup
z∈X0

∥ψD,η(z)− (e1(z), . . . , eD(z))∥∞ ≤ η.

Moreover, its depth, width, and sparsity are bounded by a polynomial in D and log(η−1). More precisely, there exist
constants C, p > 0, depending only on d2, R,R+, A0, A1, κ, such that the network can be chosen with

depth(ψD,η) + width(ψD,η) + sparsity(ψD,η) ≤ C
(
D + log(η−1)

)p
.

The parameter envelope may be chosen so that

log ∥θψD,η
∥∞ ≤ C

(
D + log(η−1)

)p
.

If the stronger bound ∑
k∈Nd2

0

|aj,k|R|k|
+ ≤ A0j

κ

holds, then the parameter envelope itself is polynomial in D and log(η−1).

Proof. We use a standard ReLU approximation fact: for every m ≥ 1 and δ ∈ (0, 1), there exists a ReLU network

Mm,δ : [−1, 1]d2 → RNm , Nm = #{k ∈ Nd20 : |k| ≤ m},

whose coordinates approximate all monomials {yk : |k| ≤ m} uniformly on [−1, 1]d2 :

sup
y∈[−1,1]d2

max
|k|≤m

∣∣[Mm,δ(y)]k − yk
∣∣ ≤ δ.

Its depth, width, and sparsity are bounded by a polynomial in m and log(δ−1). This follows from the usual ReLU
multiplication-network construction, combined in parallel to compute all monomials of total degree at most m.

Let
ρ :=

R

R+
< 1, AD := A0 exp{A1D

κ}.

For 1 ≤ j ≤ D, write
ej(z) =

∑
k∈Nd2

0

aj,kz
k.

For z ∈ X0 ⊂ [−R,R]d2 , define y = z/R ∈ [−1, 1]d2 , so that

ej(z) =
∑
k∈Nd2

0

aj,kR
|k|yk.

Choose

m :=

⌈
log(4AD/η)

− log ρ

⌉
.

Then, for every j ≤ D,

sup
z∈X0

∣∣∣∣∣∣ej(z)−
∑

|k|≤m

aj,kz
k

∣∣∣∣∣∣ ≤
∑

|k|>m

|aj,k|R|k|

=
∑

|k|>m

|aj,k|R|k|
+

(
R

R+

)|k|

≤ ρm
∑
k∈Nd2

0

|aj,k|R|k|
+

≤ ρmAD ≤ η

4
.
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Now choose
δ :=

η

4AD
.

Let Mm,δ be the monomial network above. For 1 ≤ j ≤ D, define the network output

[ψD,η(z)]j :=
∑

|k|≤m

aj,kR
|k|[Mm,δ(z/R)]k.

Then ∣∣∣∣∣∣[ψD,η(z)]j −
∑

|k|≤m

aj,kz
k

∣∣∣∣∣∣ ≤
∑

|k|≤m

|aj,k|R|k| ∣∣[Mm,δ(z/R)]k − (z/R)k
∣∣

≤ δ
∑
k∈Nd2

0

|aj,k|R|k|

≤ δ
∑
k∈Nd2

0

|aj,k|R|k|
+

≤ δAD =
η

4
.

Combining this with the Taylor-tail bound gives

sup
z∈X0

|[ψD,η(z)]j − ej(z)| ≤
η

2
≤ η, 1 ≤ j ≤ D.

Taking the maximum over j ≤ D proves the desired ℓ∞-approximation.

It remains to check the network size. Since

m ≤ C
(
Dκ + log(η−1)

)
, log(δ−1) ≤ C

(
Dκ + log(η−1)

)
,

the monomial dictionary network has depth, width, and sparsity polynomial in D and log(η−1). The final affine layer has at
most

DNm = D

(
m+ d2
d2

)
nonzero coefficients, which is again polynomial in D and log(η−1). The final-layer coefficients satisfy

|aj,k|R|k| ≤
∑
k∈Nd2

0

|aj,k|R|k|
+ ≤ AD,

so
log ∥θψD,η

∥∞ ≤ C
(
Dκ + log(η−1)

)
.

This proves the claimed complexity bounds.

Lemma C.4 (ReLU selector for separated tags). For every D ≥ 1 and η ∈ (0, 1), there exists a tokenwise ReLU map

GD,η : Rd1 ×X → RD

such that, for every admissible tag system, every query q = v(i⋆), and every x = (v(i), z),∥∥∥GD,η(q, v(i), z)− I 1{i = i⋆}(e1(z), . . . , eD(z))
∥∥∥
∞

≤ η.

Moreover,
∥GD,η∥∞ ≤ CI,

and its depth, width, sparsity, and parameter envelope are bounded by a polynomial in

D, d1, log(I/η).
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Proof. Define the ramp function
χ(t) := 2σ(t− 1/4)− 2σ(t− 3/4),

where σ(t) = max{t, 0}. Then χ(t) = 0 for t ≤ 1/4 and χ(t) = 1 for t ≥ 3/4.

For admissible tags,
⟨q, v(i⋆)⟩ = 1, ⟨q, v(i)⟩ ≤ 0 (i ̸= i⋆).

A ReLU network can approximate multiplication on compact intervals. Applying this coordinatewise and summing, we
obtain a ReLU approximation ŝ(q, v) of ⟨q, v⟩ satisfying

|ŝ(q, v)− ⟨q, v⟩| ≤ 1/8

on the compact tag domain, with size polynomial in d1. Therefore

χ(ŝ(q, v(i))) = 1{i = i⋆}

on all admissible query–tag pairs.

By Assumption 5.1, there is a ReLU network ψD,η′ such that

sup
z∈X0

∥ψD,η′(z)− (e1(z), . . . , eD(z))∥∞ ≤ η′,

with size polynomial in D and log((η′)−1). Choosing η′ ≍ η/I , and using another standard ReLU multiplication network
to multiply the scalar selector by the D feature coordinates, gives

GD,η(q, v, z) ≈ I χ(ŝ(q, v))ψD,η′(z)

with uniform error at most η. Uniform boundedness of the eigenfunctions gives ∥GD,η∥∞ ≤ CI . The stated size bound
follows from the polynomial ReLU approximation bounds for products and from Assumption 5.1.

For X = (V,Z) ∼ ν and q = v(i⋆), Lemma C.4 gives∥∥∥∥∫ GD,η(q, x) dν(x)− bD(µi⋆)

∥∥∥∥
∞

≤ η,

because ∫
I1{V = q}ej(Z) dν(V, Z) =

∫
ej(z) dµi⋆(z) = bj(µi⋆).

C.5. Approximation of the finite-dimensional prediction map

Lemma C.5 (ReLU approximation of the finite prediction map). Let D ≥ 1, and let dq = d1 in the query-dependent
case and dq = 0 in the query-independent case. For every ε ∈ (0, 1), the function fD from Lemma C.1, restricted to the
admissible coefficient domain, can be extended and approximated by a clipped ReLU network

ϕD,ε : RD+dq → [−M,M ]

such that
sup
(b,q)

|ϕD,ε(b, q)− fD(b, q)| ≤ ε.

The network can be chosen with sparsity
sϕ ≤ Cε−C(D+dq)

and with Lipschitz constant bounded by

Lip(ϕD,ε) ≤ exp{C(D + dq)
C(log ε−1)C}.

In the query-independent case, q is omitted and dq = 0.
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Proof. The admissible coefficients satisfy
D∑
j=1

λ−γbj b2j ≤ R2
b ,

hence they lie in a cube [−Bb, Bb]D, where Bb depends only on Rb, γb, λ1. Also q ∈ Sd1−1 ⊂ [−1, 1]d1 . By Lemma C.1,
fD is Lipschitz with respect to the Euclidean metric on this compact set, with a Lipschitz constant independent of D. The
McShane extension theorem extends fD to the whole cube without increasing the Lipschitz constant.

Standard ReLU approximation bounds for Lipschitz functions on a compact m-dimensional cube, with m = D + dq , give a
ReLU network with sup-norm error ε and sparsity at most Cε−Cm. Clipping the output to [−M,M ] can be implemented
by ReLU operations and does not increase the sup-norm error or the Lipschitz constant by more than a universal factor. The
displayed Lipschitz bound follows from the product of the layer operator norms in the standard construction.

C.6. Approximation by a stable two-layer Mamba

Lemma C.6 (Uniform approximation by stable Mamba). For every ε ∈ (0, 1), there exists a stable two-layer Mamba
regressor FΘε

such that
sup

F⋆∈G⋆(L,M)

sup
(ν,q)∈XI,d1

|FΘε(ν, q)− F⋆(ν, q)| ≤ Cε.

In the query-dependent case this construction uses final prediction dimension Dε + d1. In the query-independent case it
uses final prediction dimension Dε.

Proof. Choose

D = Dε =
⌈
CD(log ε

−1)1/α
⌉

so that the spectral truncation error in Lemma C.1 is at most Cε.

Let ϕD,ε be the ReLU network from Lemma C.5, and denote

Lϕ := Lip(ϕD,ε).

Choose
η =

ε

8Lϕ
√
D

in Lemma C.4. Then ∥∥∥∥∫ GD,η(q, x) dν(x)− bD(µi⋆)

∥∥∥∥
2

≤
√
Dη ≤ ε

8Lϕ
.

Use Lemma C.2 with G = GD,η. Since ∥GD,η∥∞ ≤ CI , its stationary state Hρ satisfies

E∥Hρ − EHρ∥22 ≤ CDI2(1− ρ).

Choose

1− ρ ≤ ε2

CDI2L2
ϕ

.

Then
E∥Hρ − EHρ∥2 ≤ ε

8Lϕ
.

Therefore
E∥Hρ − bD(µi⋆)∥2 ≤ ∥EHρ − bD(µi⋆)∥2 + E∥Hρ − EHρ∥2

≤ ε

4Lϕ
.

The infinite-context Mamba output is
FΘε(ν, q) = E

[
ϕD,ε(Hρ, q)

]
20
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in the query-dependent case, and
FΘε

(ν, q) = E
[
ϕD,ε(Hρ)

]
in the query-independent case. Hence

|FΘε(ν, q)− fD(bD(µi⋆), q)| ≤ E |ϕD,ε(Hρ, q)− ϕD,ε(bD(µi⋆), q)|
+ |ϕD,ε(bD(µi⋆), q)− fD(bD(µi⋆), q)|

≤ LϕE∥Hρ − bD(µi⋆)∥2 + ε

≤ Cε.

Combining this with Lemma C.1 gives the claim. The constructed recurrence has contraction coefficient ρ < 1, so
Assumption 4.1 holds.

C.7. Covering entropy of the constructed Mamba class

Let HMam
ε be the stable two-layer Mamba class with the architecture and parameter envelopes used in Lemma C.6. The

class contains all networks of the same depth, widths, sparsities, contraction lower bound 1− ρ, and parameter envelopes as
in the construction.

Lemma C.7 (Entropy bound). For every δ ∈ (0, 1),

logN
(
HMam
ε , δ, ∥ · ∥∞

)
≤ CSε log

(
CBεΛε

δ

)
,

where Sε is the number of nonzero scalar parameters,Bε is the parameter envelope, and Λε is a uniform parameter-Lipschitz
constant of the input–output map. Moreover:

query-dependent case: Sε ≤ exp{C(Dε + d1) log(ε
−1)};

query-independent case: Sε ≤ dC1 exp{CDε log(ε
−1)}.

The logarithmic factor satisfies

log(BεΛε) ≤ C(1 + log I) + C(Dε + d1)
C(log ε−1)C

in the query-dependent case, and the same bound with Dε replacing Dε+ d1 in the final MLP part in the query-independent
case.

Proof. The covering argument is by scalar-parameter discretization. For a network with Sε nonzero parameters, each
bounded by Bε, and with input–output map Λε-Lipschitz in the parameter vector, a grid of mesh

δ

CSεΛε

on each active scalar parameter gives a δ-cover in sup norm. Thus

logN ≤ CSε log

(
CBεΛε

δ

)
.

The parameter count is obtained by adding the sizes of the selector network, the Mercer-feature network, the averaging
S6 block, and the final ReLU network. By Assumption 5.1 and Lemma C.4, the selector and feature networks have size
polynomial in

Dε, d1, log(I/η).

The averaging S6 block has O(Dε) active recurrent parameters. The dominant term is the final Lipschitz-function
approximator. By Lemma C.5, its sparsity is at most

ε−C(Dε+d1)
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in the query-dependent case and at most
ε−CDε

in the query-independent case. This gives the displayed bounds for Sε, with only a polynomial dC1 factor in the query-
independent case.

It remains to justify that log(BεΛε) has the stated size. The only potentially large parameters are those used to set the
contraction coefficient ρ and those in the final ReLU network. From Lemma C.6,

1− ρ ≳
ε2

DεI2L2
ϕ

.

Thus
log

1

1− ρ
≤ C(1 + log I) + C logDε + C log ε−1 + C logLϕ.

Lemma C.5 gives
logLϕ ≤ C(Dε + dq)

C(log ε−1)C ,

where dq = d1 in the query-dependent case and dq = 0 in the query-independent case.

Finally, differentiating the stable recursion with respect to any scalar parameter gives an inequality of the form

Rt ≤ ρRt−1 + Cε,

so that
sup
t
Rt ≤

Cε
1− ρ

.

It remains to justify the parameter-Lipschitz constant Λε. We give the argument at the level of the infinite-context maps.

Let θ, θ′ be two admissible parameter vectors in the same architecture class. Write Kθ,ν,q and Kθ′,ν,q for the corresponding
context-state Markov kernels, and write πθ,ν,q and πθ′,ν,q for their invariant laws. The class is constructed so that every
context transition is ρε-contractive in the state variable, where ρε < 1 and 1− ρε is bounded from below by the quantity
chosen in Lemma C.6.

Moreover, on the compact invariant state set and compact token domain, the finite-dimensional network maps are Lipschitz
in their scalar parameters. Thus there is a constant LΨ,ε such that

sup
h,w,q

∥Ψθ(h,w, q)−Ψθ′(h,w, q)∥2 ≤ LΨ,ε∥θ − θ′∥1.

Similarly, if Gθ(h, q) denotes the deterministic final query/readout map, then

sup
h,q

|Gθ(h, q)−Gθ′(h, q)| ≤ LG,ε∥θ − θ′∥1,

and Gθ(·, q) is Lout,ε-Lipschitz in h.

We now compare the invariant laws. Couple the two chains using the same context token W ∼ ν̄. For any coupling γ of
πθ,ν,q and πθ′,ν,q , if (H,H ′) ∼ γ, then

E ∥Ψθ(H,W, q)−Ψθ′(H
′,W, q)∥2

≤ E ∥Ψθ(H,W, q)−Ψθ(H
′,W, q)∥2 + E ∥Ψθ(H ′,W, q)−Ψθ′(H

′,W, q)∥2
≤ ρεE∥H −H ′∥2 + LΨ,ε∥θ − θ′∥1.

Taking the infimum over γ gives

W1(πθ,ν,qKθ,ν,q, πθ′,ν,qKθ′,ν,q) ≤ ρεW1(πθ,ν,q, πθ′,ν,q) + LΨ,ε∥θ − θ′∥1.

Using invariance of both laws,

W1(πθ,ν,q, πθ′,ν,q) ≤
LΨ,ε

1− ρε
∥θ − θ′∥1.
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Therefore

|Fθ(ν, q)− Fθ′(ν, q)| =
∣∣∣∣∫ Gθ(h, q) dπθ,ν,q(h)−

∫
Gθ′(h, q) dπθ′,ν,q(h)

∣∣∣∣
≤ LG,ε∥θ − θ′∥1 + Lout,εW1(πθ,ν,q, πθ′,ν,q)

≤
(
LG,ε +

Lout,εLΨ,ε

1− ρε

)
∥θ − θ′∥1.

Hence the infinite-context map is parameter-Lipschitz with

Λε := LG,ε +
Lout,εLΨ,ε

1− ρε
.

The constants LΨ,ε, LG,ε, and Lout,ε grow at most polynomially in the layer widths, the parameter envelope, and (1−ρε)−1.
Therefore

log Λε ≤ C(1 + log I) + C(Dε + dq)
C(log ε−1)C ,

where dq = d1 in the query-dependent case and dq = 0 in the query-independent final prediction network.

Thus the parameter-Lipschitz constant grows at most polynomially in (1− ρ)−1, in the layer widths, and in the parameter
envelopes. Taking logs yields the stated bound.

C.8. ERM oracle inequality

We use the following standard bounded-sieve least-squares inequality.
Lemma C.8 (ERM bound). Let

Y = F⋆(X) + ξ, ξ ∼ N(0, σ2),

and let H be a class of functions uniformly bounded by B. Let F̂ be an exact empirical risk minimizer over H. Then, for
every δ ∈ (0, 1),

E ∥F̂ − F⋆∥2L2(PX) ≤ C

[
inf
F∈H

∥F − F⋆∥2L2(PX) +
(B2 + σ2) logN(H, δ, ∥ · ∥∞)

n
+ (B + σ)δ

]
.

C.9. Proof of Theorem 6.1

Proof. Let
a :=

α

α+ 1
.

Choose a sufficiently small constant κ > 0, to be fixed below, and set

εn := exp{−κ(logn)a}.

Let
Dn := Dεn =

⌈
CD(log ε

−1
n )1/α

⌉
.

Since
log ε−1

n = κ(logn)a,

we have
Dn ≍ (logn)1/(α+1).

Let HMam
n := HMam

εn . By Lemma C.6,

sup
F⋆∈G⋆(L,M)

inf
F∈HMam

n

∥F − F⋆∥∞ ≤ Cεn.

Therefore
sup

F⋆∈G⋆(L,M)

inf
F∈HMam

n

∥F − F⋆∥2L2(Pν,q)
≤ Cε2n.

We now bound the entropy at scale δn = ε2n.
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Query-dependent case. Assume

I ≤ d1 ≤ CI(log n)
1/(α+1).

Since Dn ≍ (logn)1/(α+1), we have d1 ≲ Dn. By Lemma C.7,

logN(HMam
n , δn, ∥ · ∥∞) ≤ exp{CDn log(ε

−1
n )}.

Using the definitions of Dn and εn,

Dn log(ε
−1
n ) ≲ κ(α+1)/α log n.

Thus

logN(HMam
n , δn, ∥ · ∥∞) ≤ nCκ

(α+1)/α

.

Choosing κ > 0 sufficiently small gives

logN(HMam
n , δn, ∥ · ∥∞) ≤ n1/2

for all large n.

Query-independent case. Assume

F̃⋆(µ, q) = F̃⋆(µ), I ≤ d1 = no(1).

The final prediction network now has input dimension Dn, not Dn + d1. Lemma C.7 gives

logN(HMam
n , δn, ∥ · ∥∞) ≤ dC1 exp{CDn log(ε

−1
n )}.

Since d1 = no(1) and

exp{CDn log(ε
−1
n )} ≤ nCκ

(α+1)/α

,

choosing κ > 0 sufficiently small yields

logN(HMam
n , δn, ∥ · ∥∞) ≤ n1/2+o(1) ≤ n2/3

for all sufficiently large n. This term is still negligible compared with the target sub-polynomial rate.

Applying Lemma C.8 with H = HMam
n , B ≍M , and δn = ε2n, we obtain in the query-dependent case

sup
F⋆∈G⋆(L,M)

ER(F̂n, F⋆) ≤ Cε2n + C
n1/2

n
+ Cε2n

≤ C exp{−2κ(logn)a}+ Cn−1/2.

Since a < 1, n−1/2 ≤ exp{−c(logn)a} for all sufficiently large n. Therefore

sup
F⋆∈G⋆(L,M)

ER(F̂n, F⋆) ≤ C exp{−c(logn)α/(α+1)}.

The same argument in the query-independent case gives the identical rate, because

n−1/3 ≤ exp{−c(logn)a}

for all sufficiently large n. Enlarging C handles the finitely many small values of n. This proves the theorem.
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D. Proof of Theorem 6.3
We prove the lower bound by a finite-packing argument. The proof uses only a query-independent subclass of G⋆(L,M),
and hence applies a fortiori to the full recall–predict target class.

Throughout this proof, write

s :=
γd − γf

2
> 0.

Let b0j :=
∫
ej(z)p0(z) dz. Under Assumption 6.2, the Mercer coefficients of a random content measure µ have the form

bj(µ) = b0j + a0λ
γd/2
j Zj , j ≥ 1,

where Zj are independent, |Zj | ≤ 1, and Zj has density ρj satisfying supj ∥ρj∥∞ ≤ R. Let Φj denote the distribution
function of Zj . Since ρj is bounded by R, each Φj is R-Lipschitz. Moreover, by the probability integral transform,

Uj := Φj(Zj), j ≥ 1,

are independent Unif[0, 1] random variables.

For d ∈ N, define the coefficient-to-cube map

Hd(µ) :=

(
Φ1

(
b1(µ)− b01

a0λ
γd/2
1

)
, . . . ,Φd

(
bd(µ)− b0d

a0λ
γd/2
d

))
∈ [0, 1]d.

For two admissible content measures µ, µ′, using the Lipschitzness of Φj gives

∥Hd(µ)−Hd(µ
′)∥∞ ≤ max

1≤j≤d

R

a0
λ
−γd/2
j |bj(µ)− bj(µ

′)|.

On the other hand,
|bj(µ)− bj(µ

′)| ≤ λ
γf/2
j ∥µ− µ′∥

H
γf
0
,

because
∥µ− µ′∥2

H
γf
0

=
∑
k≥1

λ
−γf
k

(
bk(µ)− bk(µ

′)
)2
.

Since λj is nonincreasing and γf − γd < 0, for 1 ≤ j ≤ d,

λ
(γf−γd)/2
j ≤ λ

(γf−γd)/2
d = λ−sd .

Therefore

∥Hd(µ)−Hd(µ
′)∥∞ ≤ R

a0
λ−sd ∥µ− µ′∥

H
γf
0
. (A.1)

We shall use the following elementary packing lemma for finite-dimensional Lipschitz functions.

Lemma D.1 (A packing of Lipschitz functions on the cube). There exist universal constants c0, c1, c2 > 0 such that, for
every d ≥ 1 and every integer m ≥ 2, there is a finite set Θd,m and functions

gθ : [0, 1]
d → [0, 1], θ ∈ Θd,m,

such that
Lip∥·∥∞

(gθ) ≤ 1 for all θ ∈ Θd,m,

log |Θd,m| ≥ c0m
d,

and, for all distinct θ, θ′ ∈ Θd,m,
c1
dm

≤ ∥gθ − gθ′∥L2([0,1]d) ≤
c2
dm

.
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Proof. Partition [0, 1]d into md cubes Qk of side length m−1, and let xk be the center of Qk. Define the tent bump

ψk(x) :=
1

4m

(
1− 2m∥x− xk∥∞

)
+
.

The supports of the ψk’s are disjoint up to boundaries, and each ψk is 1/2-Lipschitz with respect to ∥ · ∥∞. Hence, for every
binary vector ω ∈ {0, 1}md

,

gω(x) :=

md∑
k=1

ωkψk(x)

takes values in [0, 1] and is 1-Lipschitz with respect to ∥ · ∥∞.

By the Varshamov–Gilbert bound, there is a subset Θd,m ⊂ {0, 1}md

such that

log |Θd,m| ≥ c0m
d

and the Hamming distance between any two distinct elements of Θd,m is at least a fixed positive fraction of md. A direct
calculation gives

∥ψk∥2L2([0,1]d) =
1

16m2

∫
∥u∥∞≤1/(2m)

(
1− 2m∥u∥∞

)2
du ≍ 1

d2md+2
,

where the constants are universal. Since the bump supports are disjoint, the claimed lower and upper L2-distance bounds
follow.

We now embed the packing from Lemma D.1 into the recall–predict class. Choose

κ :=
1

2
min

{
La0
R

,
M

max{1, λs1}

}
, Ad := κλsd.

For θ ∈ Θd,m, define
F̃θ(µ, q) := Ad gθ(Hd(µ)).

This functional is independent of q. By (A.1),

|F̃θ(µ, q)− F̃θ(µ
′, q′)| ≤ Ad∥Hd(µ)−Hd(µ

′)∥∞

≤ κλsd
R

a0
λ−sd ∥µ− µ′∥

H
γf
0

≤ L∥µ− µ′∥
H

γf
0

≤ L
(
∥µ− µ′∥

H
γf
0

+ ∥q − q′∥2
)
.

Also |F̃θ| ≤ Ad ≤M . Hence each F̃θ defines an element of G⋆(L,M) by

Fθ(ν, q) := F̃θ(µi⋆ , q),

where µi⋆ is the content measure selected by the query.

Let P (n)
θ denote the law of the training sample Sn when the regression function is Fθ. The covariate law of (ν, q) is the

same for every θ; only the conditional mean of Y changes. Since the noise is N(0, σ2),

DKL

(
P

(n)
θ

∥∥∥P (n)
θ′

)
=

n

2σ2
∥Fθ − Fθ′∥2L2(Pν,q)

.

Because Hd(µi⋆) ∼ Unif([0, 1]d), the isometry identity

∥Fθ − Fθ′∥L2(Pν,q) = Ad ∥gθ − gθ′∥L2([0,1]d)

holds. Therefore Lemma D.1 implies that, for distinct θ, θ′,

δd,m :=
c1Ad
dm

≤ ∥Fθ − Fθ′∥L2(Pν,q) ≤
c2Ad
dm

=: δd,m. (A.2)
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Consequently,

DKL

(
P

(n)
θ

∥∥∥P (n)
θ′

)
≤
nδ

2

d,m

2σ2
. (A.3)

We now choose d and m. Fix any η > 0 and set
md :=

⌊
eηd

α
⌋
.

For all sufficiently large d,
log |Θd,md

| ≥ c0m
d
d ≥ c exp

(η
2
dα+1

)
. (A.4)

Let

dn :=

⌊(
4

η
log n

)1/(α+1)
⌋
, mn := mdn .

Then (A.4) gives
log |Θdn,mn

| ≥ cn2

for all sufficiently large n. On the other hand, by (A.3),

max
θ ̸=θ′

DKL

(
P

(n)
θ

∥∥∥P (n)
θ′

)
≤ Cn,

where C depends only on the fixed problem constants. Hence, for all large n,

max
θ ̸=θ′

DKL

(
P

(n)
θ

∥∥∥P (n)
θ′

)
≤ 1

8
log |Θdn,mn |. (A.5)

Fano’s inequality applied to the finite family {Fθ : θ ∈ Θdn,mn
} now yields

inf
F̂n

sup
θ∈Θdn,mn

Eθ∥F̂n − Fθ∥2L2(Pν,q)
≥
δ2dn,mn

4

[
1−

maxθ ̸=θ′ DKL(P
(n)
θ ∥P (n)

θ′ ) + log 2

log |Θdn,mn |

]
≥ c δ2dn,mn

.

Since the finite family is contained in G⋆(L,M), this lower bounds the minimax risk over the full target class.

It remains to compute the order of δ2dn,mn
. By the lower eigenvalue bound in Assumption 5.1,

λd ≥ cλe
−C0d

α

.

Thus
Ad = κλsd ≥ c e−sC0d

α

.

Using md ≤ eηd
α

, we get

δ2d,md
=

(
c1Ad
dmd

)2

≥ c d−2 exp{−2(sC0 + η)dα} .

With d = dn,
dαn ≍ (logn)α/(α+1).

The factor d−2
n is absorbed into the exponential because log dn = o((log n)α/(α+1)). Hence there exist constants c, C > 0,

independent of n, such that
δ2dn,mn

≥ c exp
{
−C(logn)α/(α+1)

}
.

Therefore
Mn = inf

F̂n

sup
F⋆∈G⋆(L,M)

ER(F̂n, F⋆) ≥ c exp
{
−C(logn)α/(α+1)

}
,

for all sufficiently large n. Adjusting c handles finitely many smaller values of n. This proves the theorem.
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