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ABSTRACT

Exemplar-Free Class-Incremental Learning (EFCIL) presents a significant chal-
lenge in continual learning, where a model must learn new classes sequentially
without access to old data, making it susceptible to catastrophic forgetting. The
core difficulty lies in balancing model stability (preserving old knowledge) and
plasticity (acquiring new knowledge). We propose Subspace-Guided Continual
Learning (SGCL), a novel method that tackles this dilemma from a geometric
perspective. SGCL functionally decomposes the feature space into two orthogonal
subspaces: a “stable subspace” containing feature directions critical for previous
tasks, and a “plastic subspace” where new knowledge can be learned with minimal
interference. We demonstrate that this decomposition can be efficiently identified
by analyzing the feature-space Hessian, where its high-curvature eigendirections
define the stable subspace. Building on this, SGCL introduces two synergistic
components: 1) Subspace-Guided Regularization (SGR), which imposes strong,
curvature-weighted penalties on feature drifts within the stable subspace, and 2)
Subspace-Guided Prototype Alignment (SGPA), which adaptively corrects the
shift of old-class prototypes to recalibrate the classifier. Extensive experiments
on standard benchmarks, including CIFAR-100, Tiny-ImageNet and ImageNet-
Subset, show that SGCL significantly outperforms existing state-of-the-art meth-
ods. Our work provides a principled and effective approach to EFCIL, offering a
new perspective on mitigating forgetting by analyzing the loss landscape structure.

1 INTRODUCTION

Continual learning (CL) addresses the challenge of learning from a continuous stream of data with-
out suffering from catastrophic forgetting (McCloskey & Cohen,|1989; French,|1999)—the tendency
of neural networks to abruptly lose knowledge of previously learned tasks. This requires a delicate
balance between model stability (preserving old knowledge) and plasticity (acquiring new knowl-
edge), a conflict often referred to as the stability-plasticity dilemma (Grossberg, |1982; Mermillod:
et al., 2013). Major CL strategies are broadly categorized into regularization-based, replay-based,
and architecture-based methods (De Lange et al., [2021; Masana et al., [2024; Zhou et al., [2023).
Regularization-based methods add constraints to the loss function to prevent drastic weight changes;
replay-based methods store and re-train on a small subset of past data; and architecture-based meth-
ods dynamically modify or expand the network structure to accommodate new knowledge.

A challenging yet practical paradigm is Exemplar-Free Class-Incremental Learning (EFCIL). In this
setting, a model must learn new classes sequentially without storing any data exemplars from past
tasks. Furthermore, during inference, privileged information such as task identifiers is unavailable.
This constraint is crucial for real-world applications with strict memory budgets or data privacy reg-
ulations (Rebulffi et al., 2017} |Gomez- Villa et al.,[2024). The absence of past exemplars significantly
exacerbates catastrophic forgetting, making it a formidable research problem. We address the cold-
start (Magistri et al., 2024) EFCIL scenario, where the model is trained from scratch on an initial set
of classes and incrementally updated, with classes evenly distributed across tasks.

Early EFCIL methods focused on parameter space regularization. [Kirkpatrick et al.|(2017) computes
Fisher Information Matrix to identify important parameters, while methods like [Wang & Zhang
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(2023) use gradient projection to constrain updates within orthogonal subspaces. However, the
high dimensionality of parameter space (often millions of parameters) makes accurate importance
estimation costly and prone to approximation errors. This has motivated recent advances toward
feature space management, where the lower dimensionality enables more precise control. Meth-
ods directly operating in feature space (Magistri et al.l 2024 [Petit et al., 2023; |(Goswami et al.,
2023} Rypesc et al.,2024) implicitly or explicitly preserve crucial feature dimensions for old tasks.
Building on this insight, we propose a principled theoretical framework based on the geometric
structure of the classification loss landscape. Our key insight is that the feature-space Hessian of the
cross-entropy loss naturally reveals which feature directions are most critical for preserving learned
decision boundaries. The eigenvectors with large eigenvalues indicate directions of high curvature
where changes would most significantly affect classification performance on past tasks. Further-
more, for a K-class linear classifier, the cross-entropy Hessian has rank at most K — 1, providing
both theoretical justification and computational efficiency for our subspace decomposition. This
principled approach separates stable directions (high curvature, requiring preservation) from plastic
directions (low curvature, allowing adaptation).

Building upon this geometric insight, we propose Subspace-guided Continual Learning (SGCL), a
novel EFCIL method that operationalizes the Hessian-based analysis through explicit feature space
decomposition. SGCL identifies and separates a stable subspace, containing feature directions with
high loss curvature that are critical for preserving past knowledge, from its orthogonal plastic sub-
space, which encompasses directions with low curvature that can safely adapt to new information.
This principled decomposition enables two synergistic components: a Subspace-Guided Regulariza-
tion (SGR) loss that selectively penalizes feature drift only within the stable subspace with weights
proportional to the corresponding Hessian eigenvalues, and a Subspace-Guided Prototype Align-
ment (SGPA) mechanism that leverages the same geometric principles to modulate prototype up-
dates for precise drift correction. Together, these components enable SGCL to achieve a superior
balance between stability and plasticity in the demanding cold-start EFCIL setting.

The main contributions of this work are threefold:

* A novel Subspace-Guided Regularization (SGR) strategy that orthogonally decomposes
features into stable and plastic subspaces, applying selective regularization to precisely
balance stability and plasticity.

* An efficient stable subspace identification algorithm that exploits the intrinsic low-rank
structure of the feature-space Hessian, avoiding expensive matrix decomposition.

* A Subspace-Guided Prototype Alignment (SGPA) mechanism that modulates prototype
updates based on stable subspace projections for accurate drift correction.

2 RELATED WORK

2.1 CLASS-INCREMENTAL LEARNING METHODS

Class-Incremental Learning (CIL) methods are designed to learn new classes over time. They are
often grouped into three main families (De Lange et al., 2021} |[Masana et al., 2024} |[Zhou et al.,
2024).

Regularization-based methods introduce additional loss terms to penalize changes to parameters
or representations critical for past tasks. Seminal works like EWC (Kirkpatrick et al., [2017), SI
(Zenke et al,2017)), and MAS (Aljundi et al., 2018)) estimate parameter importance, while feature-
level regularization, such as knowledge distillation (Hinton et al., 2015)), has proven highly effective.
Learning without Forgetting (LWF) (Hou et al.| | 2019; |Douillard et al., 2020).

Replay-based methods store a small subset of past data (exemplars) in a memory buffer to rehearse
when learning new tasks (Rebuffi et al., 2017} (Castro et al., 2018 Belouadah & Popescul 2019; |L1
et al.| 2024)). While highly effective, this approach is not always feasible due to memory or privacy
constraints. To circumvent the need for storing real data, some methods employ generative models
to create synthetic samples of past data (Shin et al.,|2017; |Smith et al., [2021).
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Architecture-based methods dynamically adapt the model’s architecture, for instance by freezing
parts of the network and allocating new parameters for new tasks (Mallya & Lazebnikl 2018 |Yoon
et al., [2018} |Rypesc et al.| 2023)).

2.2 EXEMPLAR-FREE CLASS-INCREMENTAL LEARNING METHODS

Parameter-Space Regularization Early EFCIL approaches focus on constraining parameter up-
dates to preserve learned knowledge. EWC (Kirkpatrick et al,[2017) and its variants compute im-
portance weights via Fisher Information Matrix, penalizing changes to critical parameters. Gradient
projection methods (Saha et al., 2021; Wang et al., [2021; Wang & Zhang, [2023}; Zhao et al., [2023])
take a more restrictive approach, constraining gradient updates to orthogonal subspaces to avoid
interference with past tasks. While providing strong theoretical guarantees, these methods suffer
from computational complexity in high-dimensional parameter spaces and can be overly restrictive,
limiting plasticity and hindering beneficial knowledge transfer (Chaudhry et al., 2020).

Feature-Space Regularization Operating in lower-dimensional feature space enables more precise
control over knowledge preservation. Knowledge distillation methods (Hou et al., [2019; [Douillard
et al.l 2020) preserve feature distributions by matching outputs between old and new models. Elas-
tic Feature Consolidation (EFC) (Magistri et al. 2024)) identifies important feature directions via
an Empirical Feature Matrix (EFM) and applies anisotropic regularization. While effective, these
approaches rely on empirical correlations rather than principled loss geometry. Our SGCL method
addresses these limitations by explicitly managing feature drift through feature-space Hessian anal-
ysis, directly capturing the curvature structure of the loss landscape with theoretical guarantees.

Prototype Drift Correction As feature spaces evolve during continual learning, class prototypes
drift from their original positions, causing severe misclassification (Zhu et al.,2021a)). FeTrIL (Petit
et al., 2023) freezes the feature extractor and translates old prototypes via geometric transformations
from new class features. FeCAM (Goswami et al.| 2023) employs Mahalanobis distance to account
for class covariance structures. LDC (Gomez-Villa et al., 2024)) learns explicit mappings between
old and new feature spaces, while ADC (Goswami et al., [2024) generates pseudo-samples through
adversarial attacks. However, these methods tend to treat prototype drift in isolation, overlooking its
intrinsic coupling with feature drift. Our method adopts a unified framework to jointly manage both
feature drift and prototype drift through Hessian-based subspace decomposition.

3 METHOD

In this section, we first present the necessary preliminaries, we then introduce our Subspace-guided
method for EFCIL, including Subspace-Guided Regularization (SGR), an efficient stable subspace
identification algorithm, and Subspace-Guided Prototype Alignment (SGPA).

3.1 PRELIMINARIES

Problem Formulation We consider the Exemplar-Free Class-Incremental Learning (EFCIL) set-
ting, where a model sequentially learns from 7" distinct tasks {71, Tz, ..., Tr}. Each task T; con-
tains its own set of classes C; and training data D;. The model consists of two components: a feature
extractor (backbone) fy : R% — R parameterized by 6, and a classifier head W that expands
with each new task. Specifically, at task ¢, W; € R®*? where ¢; = > r_, |Cy| denotes the total
number of classes observed up to task ¢t. The key challenge of EFCIL lies in its strict data access
constraint: at time step ¢, the model can only access the current task’s data D,, while all previous
data {Dk}fc_:ll remains completely inaccessible (Zhu et al., |2021cj Mai et al., [2022). Despite this
constraint, EFCIL methods aim to approximate the performance of an ideal model trained jointly on
all data. This intractable objective serves as a performance upper bound and is formulated as:

t
(07, W) = argmin 3" By, [Loe (Wedo,(x),9)], (M
tHyVVt k=1

where L. denotes the cross-entropy loss, x is an input sample, and y is its class label.
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(a) Hessian-based Subspace Decomposition (b) Subspace-guided Regulation (c) Classifier Calibration

Figure 1: Overview of Subspace-guided Continual Learning (SGCL). (a) Hessian-based subspace
decomposition identifies stable directions for preserving past knowledge and plastic directions for
learning new tasks. (b) Subspace-guided regulation penalizes feature drift (Az) in stable directions,
preventing the new model (f;) from forgetting knowledge of the old model (f;—1). (c) Classifier
calibration updates the classifier (W;) using aligned prototypes and features from current data (D, ).

Projection Decomposition of Inner Product Spaces For any feature vector z € R? and subspace
S C R, the orthogonal decomposition yields:

2= 125+ 750, @)

where zs = Projg(z) and zg. = z — zs. Given an unit orthonormal basis {u;}%_; for S, the
projection is computed as:
k
Projs(z) = Y (z w)u,. 3)
i=1

This decomposition enables selective regularization on different subspaces.

3.2 CORE PRINCIPLE: FUNCTIONAL DECOMPOSITION OF FEATURE SPACE

Our key assumption is that the feature space can be functionally decomposed into two orthogonal
subspaces based on their importance for preserving past knowledge: R? = S @ P, where S is the
stable subspace containing directions crucial for preserving past knowledge, and P is the plastic
subspace providing degrees of freedom for new learning. For convenience, we consider the feature
space as the entire d-dimensional space.

Based on this assumption, we identify these subspaces using the feature-space Hessian H; =
Viﬂce, which captures the loss curvature of old tasks in feature space. While the Hessian involves
second-order derivatives, for cross-entropy loss with feature z = fy, ,(x) and classifier W;_;, it
can be analytically computed (see Appendix [A]for a detailed derivation):

Hf = Exvp, , [W1(diag(p) — pp")We-1] )

where p = softmax(1/;_1z). Importantly, this Hessian matrix has low rank:

Proposition 1 (Rank of Feature-Space Hessian). For a c-class classification problem with Wy_, €
ReX4_if p has strictly positive entries, then the rank of H t satisfies:

r:= rank(H) < min(rank(W,_1),c —1). %)

Moreover, when W;_1 has full row rank, we have r = ¢ — 1.

This provides a clear rationale for our method. Therefore, the stable subspace S = Im(Hy) is
spanned by eigenvectors with non-zero eigenvalues (high curvature directions), while the plastic
subspace P = Ker(Hjy) corresponds to zero eigenvalues (low curvature directions). While this
decomposition is intuitively motivated by curvature analysis, we provide a theoretical analysis in
Appendix [D| demonstrating that this choice minimizes forgetting bounds under the SGR constraint
and local quadratic approximation, among all eigen-aligned subspaces with the same dimension
(Theorem|T] and [2).
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3.3 EFFICIENT STABLE SUBSPACE IDENTIFICATION

Directly decomposing the d x d Hessian Hy is computationally prohibitive. We overcome this by

leveraging the low-rank structure: since Hy = W," | AW, _,, the stable subspace S is contained
within the row space of W;_1.

Proposition 2 (Efficient Subspace Computation). Let the (Q R—decomposition of the transposed
weight matrix be W, | = QR, where Q € R*%¢ is an orthonormal basis for the row space of
Wi_1. The non-zero eigenvalues of Hy can be found by decomposing a much smaller reduced
Hessian, H,.y € R°*€, defined as:

H,.q=RAR', 6)

where A = E,p,_,[diag(p) —pp'].

1. Equivalence: The set of non-zero eigenvalues of Hy is identical to the set of non-zero
eigenvalues of H,.cq. If (0,) is an eigen-pair of H,q, then (o, Qu) is a corresponding
eigen-pair of Hy.

2. Efficiency: The computational complexity of finding S via H,cq is O(dc® + ¢3). This
avoids forming and decomposing the full d x d Hessian H¢, an operation with complexity
O(d?c + d?), making our method substantially more efficient for ¢ < d.

This proposition enables efficient extraction of the stable subspace without expensive full eigen-
decomposition. Let {(o;,u,;)}7_; be the non-zero eigen-pairs from H,.4, where r is defined in
Proposition The stable subspace basis vectors are u; = Qu,; with corresponding curvature
weights o;.

As shown in Figure QR-deCOHlpOSitiOH of Wt—il ( EVD: Eigen-decomposition @: DirectSum ®: MatMul \/‘
yields Q, which transforms the full Hessian problem into ~ "~~~ """~~~ """"""7"77 7700

a smaller ¢ x c eigendecomposition, making the compu- R RART |

. . . _—> red
tation substantially more efficient.

wh, = e

3.4 SUBSPACE-GUIDED REGULARIZATION(SGR) Q DD D
Once the stable subspace S is identified, we can ap- T
ply differentiated regularization to feature drift Az =
fo(x) — fo,_,(x). Our strategy heavily penalizes drift ., B
within S while allowing flexibility in the plastic subspace R’ B Span{ } o P
P.

Stable Subspace Regularization. We heavily penalize
projections of the drift onto stable directions, weighted
by their corresponding eigenvalues o;:

Figure 2: Efficient computation

Lyabie = Exp, [As||Projs(Az) %] = Ex~p, [/\s > aillProj, (AZN%} ; %)

i=1

where || - ||% denotes the weighted norm with eigenvalues o;.

Plastic Subspace Regularization. For the plastic subspace, we apply minimal uniform regulariza-
tion:

2

Az — Z Proj, . (Az)

i=1

Loastic = Ex~p, [)‘p”PrOjP(AZ)Hg] =Exp, [N ) ®)

2

where A\, < A;. The key difference is that stable regularization uses curvature-weighted penal-
ties (o;) to preserve critical directions, while plastic regularization applies uniform minimal con-
straints. Then the total loss for feature adaptation combines the SGR penalties with the standard
cross-entropy loss on the current task’s data:

Eadapt = E(xﬁy)NDt [['ce(Wth (X), y)] =+ ‘Cstable + ['plaslic- &)
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Algorithm 1 Subspace-Guided Continual Learning (SGCL)

Require: Sequence of task data {D,}]_,, initial model f,, and classifier Wj.
1: // Task 1: Initial Training
2: Update 6,, W1 by minimizing L., on D;.
3: Py < CalculatePrototypes( fg,, D).
4: fort=2,...,T do
5.  // Task t: Incremental Learning
6:  S;—1 < ComputeStableSubspace(fo, ,, Wi—1,Pi—1).
7 Initialize 6; < 6;_1, W; randomly.
8:  Update 0, W; by minimizing Lygap on Dy (Eq. [9).
9:  Paiignea + AlignPrototypes(Pi_1,Si—1, fo,, fo. 1) (Eq..
10:  Prew < CalculatePrototypes(fy,, Ds).
11: Py Paligned U Prew-
12:  Recalibrate W; by minimizing Lcain on Py and Dy (Eq.[12).
13: end for

3.5 SUBSPACE-GUIDED PROTOTYPE ALIGNMENT (SGPA)

Feature extractor updates cause past class prototypes {pﬁfl}?:’ll to become misaligned. SGPA
addresses this by first aligning the prototypes(subspace-guided) and then calibrating the classifier.

Stability-Modulated Prototype Alignment. We correct prototype drift based on each prototype’s
stability. First, the average feature drift, Aparf., is estimated from the current task’s data: Apgir =
Ex~p,[fo,(x) — fo,_, (x)]. Then, we compute a stability score S; for each prototype, defined as its
normalized projection magnitude onto the stable subspace S:

. i T i 2
g |\Pr015(pt_1)||§ _ Zj:l(Pt—l'uJ) . 10)
1P+ 113 1P+ 113
High S; indicates the prototype lies in high-curvature directions critical for past tasks. The alignment
scales drift by plasticity (1 — .S;):

p.=p. ; +(1—35;) - Apuit- (11)

Classifier Calibration. With aligned prototypes {p}}, we retrain the classifier head. To prevent
catastrophic forgetting, we generate synthetic features for past classes by sampling from Gaussian
distributions centered at these aligned prototypes. Let Poa = {(p}, ¥:)};; be the set of aligned
prototypes and their labels for past classes. The calibration loss is:

Leaiib = Egey)~p, [Loe(Wefo, (X)) +E Li yopyy [Lee(Wez,yi)] 12)

2~N(p;, i)
where 3; is the covariance matrix of class ¢, computed from the features of class ’s original training
samples under the updated feature extractor fp,: X; = ﬁ ngz’l (fo, (xgi) )—p%)(fo, (xgi))—pi)T,

where {x@ } ;V:I are the IV; training samples of class ¢. This ensures the classifier is properly adapted
to the updated feature space for all classes.

4 EXPERIMENTAL RESULTS

In this section, we first present the experimental setups, compare SGCL’s performance against state-
of-the-art EFCIL methods, and finally provide a detailed analysis to validate our approach.

4.1 EXPERIMENTAL SETTINGS

Datasets and Metrics We evaluate our method on three standard benchmarks: CIFAR-100
(Krizhevsky & Hinton| [2009), Tiny-ImageNet (Wu et al.| 2017)), and ImageNet-Subset (Deng et al.,
2009). Following the Cold Start EFCIL protocol, classes are split uniformly across tasks. For
CIFAR-100 and ImageNet-Subset, we use configurations of 10 tasks with 10 classes each and 20
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tasks with 5 classes each. For Tiny-ImageNet, we use 10 tasks with 20 classes and 20 tasks with
10 classes. We report two primary metrics: (1) Average Accuracy (Acc), also known as Last Ac-
curacy, measures the average accuracy on all seen classes after the final task; (2) Average Anytime
Accuracy (AAA), equivalent to Average Incremental Accuracy, evaluates the average performance
throughout the entire learning process. Specifically, for CIFAR-100 and Tiny-ImageNet, each class
contains 500 training samples, with 100 and 50 test samples respectively. For ImageNet-Subset, we
follow the protocol established by |Douillard et al.|(2020), sampling 100 classes from ImageNet-1K,
where each class contains approximately 1,300 training samples and 50 test samples.

Competing Methods and Implementation Details. We compare SGCL against a comprehensive
set of baselines covering classic regularization (EWC, LwF), feature-space management (PASS,
SSRE, EFC), and modern prototype-based methods (FeTrIL, LDC, ADC). Replay-based methods
are excluded as they do not fit the EFCIL problem definition. For all experiments, we use a ResNet-
18 backbone with a batch size of 64. The first task is trained for 100 epochs (160 for ImageNet-
Subset), and subsequent tasks for 100 epochs. For CIFAR-100 and Tiny-ImageNet, we use an SGD
optimizer with momentum 0.9; the learning rate is 0.1 for the first task and 0.005 for subsequent
tasks. For ImageNet-Subset, the first task is trained with SGD (learning rate 0.1, momentum 0.9),
while subsequent tasks use an Adam optimizer with learning rates of 1 x 10~ for the backbone and
1 x 10~ for the classifier, with a weight decay of 5 X 102, For classifier calibration, we train the
classifier for 30 epochs on both prototype and current task features using SGD with a learning rate
of 1 x 1073, and batch size 256. The regularization weights (\s, A,) are set to (5,0.03), (10, 0.03),
and (20, 0.1) for CIFAR-100, Tiny-ImageNet, and ImageNet-Subset, respectively. All experiments
were conducted on a single NVIDIA RTX 3090Ti GPU.

Tiny-lmageNet (10 Tasks) Tiny-ImageNet (20 Tasks) ImageNet-Subset (20 Tasks)
o \\\\\ 9 T
g AT — g e
g ] — 2 <
l\;umbser OfETasl;S ’ ’ ’ ’ ’ 7Numgber (‘)‘f Ta;ks o ’ ’ 7Numgber gf Ta;ks "
(a) Tiny-ImageNet (N = 10) (b) Tiny-ImageNet (N = 20) (c) ImageNet-Subset (N = 20)

Figure 3: Performance comparison during sequential training on (a) Tiny-ImageNet (N = 10), (b)
Tiny-ImageNet (N = 20), and (c) ImageNet-Subset (N = 20). The figures show the average accuracy
evolution across different continual learning methods.

4.2 COMPARISON WITH STATE-OF-THE-ART

We compare SGCL against a range of strong EFCIL baselines, including classic regularization meth-
ods like EWC (Kirkpatrick et al.L[2017) and LwF (Hou et al.,|2019)), as well as recent state-of-the-art
approaches such as PASS (Zhu et al.| 2021b), FeTrIL (Petit et al., |2023), SSRE (Zhu et al.| |2022)),
EFC (Magistri et al., [2024), ADC (Goswami et al., 2024)), LDC (Gomez-Villa et al., [2024), DPCR
(He et al., [2025). The comprehensive results, detailed in Table |1| and Figure [3] show that SGCL
achieves highly competitive performance across diverse scenarios. On the standard 10-task splits for
CIFAR-100, Tiny-ImageNet, and ImageNet-Subset, our method achieves the best final accuracies of
49.68%, 36.78%, and 53.52%, respectively. Notably, SGCL wins in 11 out of 12 settings, demon-
strating consistent superiority. The robustness of our approach is particularly evident in the challeng-
ing 20-task settings, where SGCL achieves the best performance on ImageNet-Subset (41.44%), sig-
nificantly outperforming the second-best method, DPCR (36.06%). While DPCR achieves slightly
higher accuracy on CIFAR-100 20-task (37.98% vs. 37.23%), SGCL maintains better overall per-
formance as measured by AAA (49.80% vs. 49.77%). These results validate the effectiveness of
our subspace decomposition method in achieving an excellent stability-plasticity balance.
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Table 1: Performance comparison of SGCL against other EFCIL methods across CIFAR-100, Tiny-
ImageNet, and ImageNet-Subset under 10-task and 20-task configurations. We report the average
accuracy (Acc) and average anytime accuracy (AAA) in percent (%). The best results are bolded,
and second-best results are underlined.

CIFAR-100 Tiny-ImageNet ImageNet-Subset

Method - Tasks 20 Tasks 10 Tasks 20 Tasks 10 Tasks 20 Tasks

Acc  AAA  Acc AAA  Acc AAA  Acc AAA  Acc AAA  Acc AAA

EWC 3235 49.14 1872 31.02 925 2401 655 1570 2590 39.40 13.89 26.95
LwF 33.95 5520 1875 3839 2745 4514 1630 3294 3895 5641 1975 40.23
PASS 3175 47.86 1865 32.86 2535 3925 19.85 3201 27.65 4574 1545 31.65
FeTrlL  35.80 51.20 24.50 38.48 32.15 4560 26.85 39.54 3735 52.63 27.85 42.43
SSRE  31.65 4726 1875 3245 24.15 38.82 1855 30.62 2665 4376 1745 31.15
EFC 4395 5858 32.15 4770 3445 47.95 28.69 42.07 4738 6030 3575 49.92
ADC 4648 6135 3513 47.56 3232 43.04 2133 37.80 46.58 67.07 30.83 49.23
LDC 4540 59.50 36.85 48.87 3420 46.80 24.95 4033 5140 69.40 31.52 50.60
DPCR  49.58 62.86 37.98 49.77 3501 47.48 2685 3865 49.94 6723 36.06 51.29

SGCL 49.68 62.88 37.23 49.80 36.78 48.72 30.92 4551 53.52 69.54 41.44 55.60

4.3  ABLATION STUDY

To validate the effectiveness of our proposed components, we conduct comprehensive ablation stud-
ies on different datasets. Figure 4] shows the results of our ablation studies on CIFAR-100 and
Tiny-ImageNet with 20 tasks each.

Component Contributions to SGR Component Contributions to SGR Ablation for updating and calibrating

wjo update
wlo calib,
50 407 sgcl

Accuracy
Accuracy
Accuracy

3 5 5 17 19 3 5 5 17 19 10

7 5 15 1 75 151 T
Number of Tasks Number of Tasks Number of Tasks

(a) SGR on CIFAR-100 (b) SGR on Tiny-ImageNet (c) SGPA and Classifier Calibration

Figure 4: Ablation study of SGCL components on CIFAR-100 and Tiny-ImageNet (20 tasks).

Components of SGR. To isolate the contribution of our Subspace-Guided Regularization, we in-
tegrated it into a strong baseline, FeTrIL (Petit et al., 2023), and conducted ablation studies on
CIFAR-100 and Tiny-ImageNet (Figures fajand 4b)). We compare the baseline against variants with
only stable regularization (Lgapie), only plastic regularization (Lpagiic), and the full SGR. As shown
in the figures, applying only the plastic regularization term yields a greater performance uplift over
the baseline compared to applying only the stable term. This is consistent with the fact that the plas-
tic subspace has a much higher dimensionality (> d—c;_1+1) than the stable subspace (< ¢;—1—1),
giving it a larger influence on the feature space. However, the complete SGR model, which com-
bines both terms, achieves the best performance, consistently outperforming both the baseline and
the partial variants across both datasets. This confirms that both components are necessary and that
their combination effectively balances stability and plasticity.

Impact of SGPA and Classifier Calibration. We validate the contributions of Subspace-Guided
Prototype Alignment (SGPA) and classifier calibration in Figure comparing our full model
against versions without prototype alignment (w/o update) and without calibration (w/o calib). Re-
sults show that removing either component degrades performance, confirming both are indispens-
able. The degradation from omitting SGPA is particularly pronounced in longer task sequences.
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This is because uncorrected prototype drift accumulates; these increasingly erroneous prototypes
are then fed into the calibration step, further corrupting the classifier and exacerbating forgetting.

4.4  ANALYSIS

Visualization of Subspace-Guided Drift Control To directly validate our central hypothesis, we
visualize the components of feature drift. We measure the drift for data from the initial task (7y) after
training on all subsequent tasks on CIFAR-100 (10 tasks). This drift vector, Az = fy, (x) — fo, (%),
is projected onto the stable subspace (S) defined after 7, and its plastic complement. Figure [5a]
compares the magnitude distribution of these projections for SGCL under several hyperparameter
settings against standard Feature Distillation (FD), a baseline method that applies a uniform penalty
across all feature dimensions. The visualization provides a striking confirmation of our method’s
mechanism. Under FD, the drift is isotropic, scattered around the y = x axis, as its uniform penalty
does not distinguish between feature directions. In stark contrast, all variants of SGCL force the
drift to be highly anisotropic, confining changes almost exclusively to the plastic subspace while
keeping the stable components nearly unchanged. For instance, increasing the stability regulariza-
tion As (from 5 to 10) further reduces drift in the stable subspace, while decreasing the plasticity
regularization A, (from 0.03 to 0.02) allows for greater changes in the plastic subspace. This directly
demonstrates that SGR successfully and controllably protects knowledge of past tasks in a targeted
manner.

Plasticity and Stability Analysis Our method uses hyperparameters A, and A, to independently
control plasticity and stability, demonstrating a clear trade-off on CIFAR-100 (20 tasks). Plasticity
is governed by A, through regularization of the plastic subspace; a smaller value allows for better
adaptation and higher current-task accuracy (Figure[5c). Stability is managed by \,, which penalizes
drift in the stable subspace. We measure knowledge retention using the average forgetting rate—
the average accuracy drop on past tasks after training on a new one. A stronger penalty with a
higher A, mitigates catastrophic forgetting, reflected in a lower average forgetting rate (Figure [Sb).
These results confirm that our parameters provide a structured mechanism to navigate the stability-
plasticity dilemma.

Feature Drift Distribution Comparison Effect of A; on Average Forgetting Rate Effect of A, on Current Task Accuracy
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Figure 5: Analysis of feature drift and hyperparameters: (a) Feature drift comparison between meth-
ods, (b) Effect of A; on stability, and (c) Effect of A, on plasticity.

Computational Efficiency We analyze the computational and memory (RAM) overhead of our
regularization term against EFC (Magistri et al., 2024)), a highly efficient feature-space regularization
method. Over the 20-task learning process, SGCL shows substantial gains (Table [2), reducing total
GFLOPS by 3.7x to 7.5 and requiring significantly less peak memory (e.g., 0.19 MB vs. 44.6 MB
on CIFAR-100). This advantage stems from our efficient subspace identification algorithm, which
operates on a much smaller reduced matrix, avoiding the large d x d matrices required by EFC.

5 CONCLUSIONS AND LIMITATIONS

In this paper, we introduced Subspace-Guided Continual Learning (SGCL), a simple and effec-
tive method for Exemplar-Free Class-Incremental Learning. Our approach reframes the stability-
plasticity dilemma by decomposing the feature space into a stable subspace derived from the feature-
space Hessian and its plastic complement. This principled and computationally efficient strategy
allows for selective knowledge preservation while accommodating new learning, leading to highly
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Total GFLOPS Peak Memory (MB)

Dataset

EFC SGCL EFC SGCL
CIFAR-100 1,870.32 249.04 44.6 0.19
Tiny-ImageNet 3,693.89 983.70 44.6 0.38
ImageNet-Subset  4,769.32  635.04 44.6 0.19

Table 2: Total computational cost (GFLOPS) and peak memory (RAM) usage (MB) for the regular-
ization term over the entire 20-task training process.

competitive performance across various benchmarks. Despite its effectiveness, SGCL has limi-
tations that point to promising directions for future research. Its performance is sensitive to the
hyperparameters A and )\, suggesting a need for automated tuning mechanisms. Moreover, the
stable subspace is computed statically at the end of each task, which may become suboptimal as
the feature extractor evolves. A critical research direction is therefore to develop techniques that
can efficiently update this subspace dynamically during training, allowing it to co-evolve with the
feature representation for a more precise stability-plasticity trade-off.
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LLM USAGE SECTION

During the preparation of this manuscript, we utilized a large language model (LLM) to assist with
improving the clarity, grammar, and overall readability of the text. The LLM’s role was strictly
limited to that of a writing assistant for language enhancement. For example, sections such as the
abstract were refined with the help of the LLM to ensure the terminology is precise and the key
contributions are communicated effectively. All scientific contributions, including the core ideas,
methodology, experimental design, and analysis, were conceived and executed solely by the authors.
The final version of the manuscript was thoroughly reviewed and edited by the authors to ensure its
accuracy and integrity.

A DERIVATION OF THE FEATURE-SPACE HESSIAN

We derive the analytical form of the feature-space Hessian for the cross-entropy loss. Let L. be the
cross-entropy loss for a single sample (x, y), where y is the ground-truth label. The model consists
of a feature extractor z = fy(x) and a linear classifier W € R¢*<,

The logits are given by a = Wz. The predicted probabilities are computed using the softmax
function, p = softmax(a), where p; = % The cross-entropy loss is then:
j=1

Lee = —logpy, = —ay + log Zeaﬂ' . (13)

j=1

We are interested in the Hessian of this loss with respect to the feature vector z, i.e., H, = Vzﬁce =
8% Lee
0z0z ' *

13
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First, we compute the gradient of the loss with respect to the logits a. For the i-th component of the
logits, we have:

a;

OLee O S e
=5 1 = = —0iy + =~ = Pi — Oiy, 14
da, Ba; ay + log Ze Oiy + Zj:l o, =P iy (14)

where d;, is the Kronecker delta. In vector form, this is V,£L.. = p — e,, where e, is the one-hot
vector for the label y.

Jj=1

Next, we apply the chain rule to find the gradient with respect to the features z:

oa’ T
Vz[:ce = Evaﬁce =W (P - ey)- (15)

To compute the Hessian, we differentiate the gradient V, L. with respectto z:

9 T T Op
We need the Jacobian of the probability vector p with respect to the features z. Using the chain rule
again:

op Jop Oa

—_— == 17

dzT  Oal dz' a7
The Jacobian of the logits a = Wz with respect to z is simply % = W. The Jacobian of the
softmax function is a standard result:

Op;
Baj

= pi(dij — pj)- (18)

In matrix form, this Jacobian is O%)T = diag(p) — pp .

Combining these results, we get:

op :
57 — (diag(p) —pp )W (19)
Substituting this back into the expression for the Hessian H, gives the Hessian for a single sample:
H, = W' (diag(p) — pp")W. (20)

The full feature-space Hessian H is the expectation of this quantity over the data distribution D;_4,
which gives the expression in Equation i}

H; = Ex.p, , [W,.,(diag(p) —pp " )Wi1]. 1)

B PROOF OF PROPOSITIONS

B.1 PROOF OF PROPOSITION 1

Proof. We provide an intuitive, step-by-step argument that makes explicit: (i) the softmax/logit-
shift invariance, (ii) the covariance interpretation of the logits Hessian, and (iii) how rank transfers
through the linear map induced by W.

Step 1: Single-sample logits Hessian is a covariance. For a fixed input x, let a = Wz denote the
logits and p = softmax(a) € (0,1)¢ with ). p; = 1. The Hessian of the cross-entropy loss w.r.t.
logits is

H,(x) = V3 Lee = diag(p) —pp - (22)
Consider the random one-hot vector Y € {ey,...,e.} drawn from P(Y = e;) = p;. Then
Cov(Y) = E[YY ] — E[Y]E[Y]" = diag(p) - pp" = Ha(x). @3
Hence for any u € R€,
c C 2
u'H,(x)u=Var(u'Y) = Zpiu? — (Zpiul) >0, (24)
i=1 i=1
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with equality iff u Y is almost surely constant under strictly positive p, which occurs exactly when
up = - - - = u.. Therefore, H,(x) is positive semidefinite, its nullspace is span(1), and it is strictly
positive definite on the subspace 1+ = {u: 1"u = 0}.

Softmax/logit-shift invariance. Adding any constant « to all logits leaves softmax unchanged:
softmax(a + a1) = softmax(a). Directions along span(1) therefore produce no change in proba-
bilities and incur zero curvature, matching the nullspace characterization above.

Step 2: Expectation preserves structure and fixes rank. Define the expected logits Hessian
H, := Ex [Ha(x)] = Ex [diag(p) — pp']. (25)

As a convex combination of PSD matrices, H, is PSD. The nullspace and positivity on 1+ are
preserved: for any u,

uTI:Ia u=Ey [uTHa (X) u] = Ex [Varin(x)(ui)]' (26)

This equals 0 iff u; = --- = u,, hence Null(H,) = span(1) and H, = 0 on 1. Consequently,

rank(H,) = ¢ — 1.

Step 3: Transfer to feature space via . The expected feature-space Hessian is

Hf = ]Ex [viﬁce}lo features — WT I:Ia w. (27)
Forany v € R4,
v H;v=(Wv) H,(Wv) > 0. (28)
Moreover, ~
v Hiv=0 <= WveNul(H,)=span(1). (29)

Intuitively, v is a feature direction that only adds an equal shift to all logits; cross-entropy (via
softmax) is blind to such shifts, so curvature is zero along these directions.

Upper bound on rank. Using the property rank(A T A) < rank(A) for any matrix A, we have:
rank(H;) = rank(W "H,W) < min(rank(W "), rank(H,)) = min(rank(W),c —1). (30)

Tightness when 1 has full row rank. When W € R**? has full row rank (which implies d > ¢
and rank(W) = c¢), its image is Im(W) = R®, and Im(W ") is a c-dimensional subspace of R

The kernel of HL/? is span(1), which is 1-dimensional. Since Im (/') = R€ contains span(1), by
the rank-nullity theorem for matrix products:

rank(H2/2W) = rank(W) — dim(Im(W) N Ker(HY/?)) = ¢ — 1. (31)
Therefore, when W has full row rank, rank(H f) =c—1.

Conclusion. For general T, the rank of H is upper bounded by min(rank(1V), ¢ — 1), and this
bound is tight when W has full row rank. The intrinsically flat direction corresponds to uniform
logit shifts (softmax invariance), eliminating one degree of curvature from the logit subspace. [

B.2 PROOF OF PROPOSITION 2

Proof. We detail why the non-zero spectrum of Hy = W T AW is identical to that of the reduced
matrix H.s = RART, and how this gives both correctness and efficiency.

Step 1: Subspace structure via QR. Take the thin QR of W :
WT=QR, QeR¥ Q'Q=1I., R e R upper triangular. (32)

The columns of Q form an orthonormal basis for Im(WW ) (the row space of ). Using this
factorization,
H;, =W'AW =(QR)A (QR)" =Q (RAR") Q. (33)
H
red

Hence H acts trivially (as zero) on the orthogonal complement Im(Q)+, and maps Im(Q) into
itself via the ¢ x ¢ operator H,¢q (expressed in the Q-basis).
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Step 2: Eigenpair correspondence (both directions). Any v € R decomposes uniquely as
v =Qu+ v, withv, 1 Im(Q). Since Q"v, = 0, we have H;v = Q Hyq u. Therefore, any
eigenvector with non-zero eigenvalue must lie in Im(Q): if Hyv = ovand o # 0,thenv, =0
and v = Qu.
Substituting v = Qu into Hyv = ov gives

QH.,u=0Qu <= Hgu=ou, (34)

because Q has full column rank and Q " Q = I. Thus, non-zero eigenpairs (o, v) of H correspond
bijectively to eigenpairs (o, u) of H,eq via v = Qu; conversely, any eigenpair of H,q lifts to one of
Hy.
Step 3: Rayleigh quotient equality (spectral identity). For v = Qu,
VTHfV _ u' H,qu (35)
viv u'u ’

since VTva =u'Huandv'v=u'u by QTQ = L. This shows H and H.q have identical
non-zero eigenvalues (same extremal Rayleigh quotients) and identical inertia on Im(Q).

Step 4: Complexity implication. Computing Q, R costs O(dc?). Forming H,.,q = RAR." costs
O(c?) (two ¢ x ¢ multiplications). Eigendecomposition of Heq also costs O(c3). Thus overall
O(dc? + ¢3), versus forming H s explicitly (O(d?c)) and decomposing it (O(d?)) when ¢ < d.

Therefore, the non-zero eigenvalues (and corresponding eigenvectors) are obtained equivalently and
far more efficiently via the ¢ x c reduced problem.

C FURTHER ANALYSIS

C.1 ALTERNATIVE SUBSPACE IDENTIFICATION

Our core assumption is that the feature space can be functionally decomposed into stable and plastic
subspaces. While we identify these subspaces via the feature-space Hessian, alternative identifica-
tion strategies are possible. A natural candidate is Principal Component Analysis (PCA) based on
within-class covariance matrices.

PCA-based Subspace Identification. Given the feature space R< and ¢;_1 learned classes, let &; €
R¥*? denote the covariance matrix of class ¢ with n; samples. The weighted average covariance
matrix is:
Ct—1 Ct—1

— n/’/

= 2 Vo N= ; ni. (36)
Performing eigendecomposition 3 = UAUT with A = diag(A1,...,\g) and Ay > Ay > - >
Aq > 0, the stable subspace is defined by the top K = ¢;—; — 1 principal components:

Spca = span{ui, U, ..., UK}, 37

with the remaining d — K dimensions forming the plastic subspace Ppca. This approach uses first-
order statistics (covariance) with computational complexity O(d?c + d?).

Comparative Evaluation. Table [3| compares the two identification strategies on CIFAR-100 and
Tiny-ImageNet. For a fair comparison, both methods use only SGR for feature regularization, ex-
cluding SGPA prototype alignment and classifier calibration. Results show that the Hessian-based
method consistently outperforms the PCA-based approach across all settings, with the advantage be-
ing particularly pronounced in the 20-task configurations. This validates that loss curvature analysis
more precisely captures feature directions critical for preserving past knowledge.

C.2  SGR AND SGPA COUPLING
In our work, we address feature drift and prototype drift within a unified framework. SGR con-

strains feature drift by penalizing changes in the stable subspace, while SGPA leverages the same
subspace information to guide prototype alignment. This coupling is not only theoretically coherent
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Table 3: Performance comparison of different subspace identification methods (SGR only, without
SGPA and classifier calibration).

CIFAR-100 Tiny-ImageNet
10 Tasks 20 Tasks 10 Tasks 20 Tasks
Acc AAA Acc AAA Acc AAA Acc AAA

PCA-based 36.50 48.68 20.50 3221 3159 41.84 2322 36.12
Hessian-based 44.15 58.32 31.67 4555 3421 4518 2735 39.86

Method

but also computationally efficient, as SGPA reuses the stable subspace computed for SGR without
introducing extra overhead.

To demonstrate the effectiveness of this integrated design, we compare our full model against hy-
brid versions where SGR is paired with other general-purpose prototype drift compensation mod-
ules: SDC (Semantic Drift Compensation)(Yu et al., 2020), LDC (Learnable Drift Compensa-
tion)(Gomez-Villa et al.|, 2024)), and ADC (Adversarial Drift Compensation)(Goswami et al.|[2024).
The results on CIFAR-100 are presented in Table 4]

Table 4: Performance comparison on CIFAR-100 (10/20 tasks) with SGR paired with different drift-
compensation modules. Our coupled SGPA approach yields the best overall performance.

Method 10 Tasks 20 Tasks
Acc AAA Acc AAA
SGR + ADC 43.00 59.05 3276 45.08
SGR + SDC 48.98 62.12 36.55 48.56
SGR + LDC 49.10 62.21 35.04 48.28

SGR + SGPA (Ours) 49.68 62.88 37.23 49.80

As shown in the table, while SGR provides a strong foundation that improves performance with
all drift compensation modules, the tightly coupled SGR+SGPA configuration achieves the best
results. This highlights the benefit of our unified, co-designed approach to managing both feature
and prototype drift.

C.3 CHOICE OF A\; AND ),

Theory-Guided Principles. In our method, A; and A, are critical hyperparameters governing the
trade-off between stability and plasticity. Although their optimal values depend on the specific
dataset, their adjustment follows principled patterns derived from our method’s geometric nature:

Role of the hyperparameters. To prioritize knowledge retention while enabling adaptation, we con-
sistently enforce A; > A, where A4 controls the stable subspace and A, controls the plastic sub-
space.

Why we need )\, > 0. The stable subspace, while critical, has a much lower dimensionality com-
pared to the full feature space. Relying solely on stable subspace regularization is insufficient to
fully counteract forgetting caused by general feature drift, as visualized in Figure[5a] Therefore, a
mild constraint on the plastic subspace (A, > 0) is essential to prevent excessive deviation in the
remaining dimensions. Unlike other methods (Magistri et al.,2024) that often add a separate global
penalty term (e.g., || Az]|3), SGCL naturally integrates this control via A, (see Table . Our ablation
study in Figureconﬁrms that setting A, = 0 leads to significant performance degradation.

Parameter sensitivity. Since the stable subspace is low-dimensional, A\ is robust to large changes
and can be adjusted over a wide range. Conversely, the high-dimensional plastic subspace exerts a
strong influence on total loss, requiring finer tuning of \,. Table @ demonstrates the robustness of
s across challenging datasets, where performance remains stable across different values.

Dataset difficulty. Challenging datasets (e.g., Tiny-ImageNet, ImageNet-Subset) require stronger
constraints on global feature drift Az. Consequently, both parameters should be increased relative
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Table 5: Impact of different plasticity regularization terms on CIFAR-100 (A; = 5).

Plasticity Term (A, = 0.03)  10-task Acc  20-task Acc
None (A, = 0) 28.77 19.86
Global Drift (|| Az||2) 48.73 35.69
Plastic Subspace (Ours) 49.68 37.23

Table 6: Robustness of As on Tiny-ImageNet (A, = 0.03) and ImageNet-Subset (A, = 0.1).

A\ Tiny-ImageNet
10-Task  20-Task

ImageNet-Subset
10-Task  20-Task

10 36.78 30.92 46.58 33.21
11 36.10 30.03 47.14 34.65
12 3541 29.24 48.08 35.11

to simpler baselines. Consistent with the sensitivity principle, Ay can be increased substantially,
whereas )\, should be increased only slightly. Tabledemonstrates this principle through a post-hoc
analysis starting from the CIFAR-100 baseline, showing that both parameters need to be increased
for more challenging datasets, with A, adjustable in a wider range due to the low dimensionality of
the stable subspace.

Table 7: Illustration of dataset difficulty principle: harder datasets require larger hyperparameters,
starting from CIFAR-100 baseline (A; = 5, A\, = 0.03).

Dataset (Asy Ap) Acc Notes
(5,0.03) 3491 CIFAR-100 baseline

Tiny-ImageNet (10 tasks) (10,0.03)  36.78 Increase As
(5,0.04) 36.15  Increase A, a little
(5,0.05)  34.80 Increase more \p
(5,0.03) 47.22 CIFAR-100 baseline
(10,0.05) 51.63  Moderate increase

ImageNet-Subset (10tasks) "5 ') 1) 5352 Optimal setting
(25,0.15) 49.87  Over-regularization

Hyperparameter Search Strategy. Following standard continual learning practices (Douillard
et al.,|2020), we randomly split each class’s training data into 90% for training and 10% for valida-
tion. All hyperparameters were selected based on validation set performance, and final test results
were obtained by retraining on the full training data.

We performed a limited, theory-guided search rather than exhaustive grid search. Starting with
CIFAR-100 as the baseline, we searched A\, € {1,5,10} and A\, € {0.02,0.03} to determine the
optimal setting (5,0.03). For more challenging datasets, guided by the principles above, we pro-
gressively increased the search ranges: \; € {8,10} and A, € {0.03,0.05} for Tiny-ImageNet, and
As € {10,20} and A, € {0.05,0.1} for ImageNet-Subset. Importantly, hyperparameter search was
conducted only on 10-task configurations, and the selected values were directly applied to 20-task
experiments without further tuning.

C.4 PERFORMANCE ON OTHER BENCHMARKS

Furthermore, we evaluate our method on other benchmarks, including CUB-200(Wabh et al., [2011)
and ImageNet-1K(Deng et al., [2009). The results are shown in Table E} For ImageNet-1K, we
maintain the same experimental settings as ImageNet-Subset. For CUB-200, to accommodate the
smaller data scale, we reduce the backbone learning rate (e.g., 7 X 10~% for the initial task and
6 x 1075 subsequently), while keeping the regularization weights A; = 20 and A\, = 0.1 consistent
with ImageNet-Subset.

18



Under review as a conference paper at ICLR 2026

Table 8: Performance comparison on CUB-200 and ImageNet-1K benchmarks. We report Average
Accuracy (Acc) and Average Anytime Accuracy (AAA).

Method CUB-200 ImageNet-1K
10 Tasks 20 Tasks 10 Tasks

Acc AAA Acc AAA Acc AAA

EFC 51.03 63.28 46.13 59.37 42.35 56.14

ADC 44.65 59.62 19.47 39.72 31.34 50.95

LDC 40.16 54.73 2449 42.67 35.15 53.88

SGCL (Ours) 59.38 67.22 57.86 66.76 44.82 58.49

D THEORETICAL ANALYSIS UNDER THE SGR CONSTRAINT

In this appendix, we analyze SGCL under a local quadratic model with the subspace-guided regu-
larization (SGR) used in the main method. We show that, once the feature-space Hessian Hgfﬁl)

is fixed, choosing the stable subspace as the image of Hgf_l) (i.e., the span of all eigenvectors
with non-zero eigenvalues) minimizes natural forgetting criteria among all subspace choices that are
aligned with the eigenvectors of H"~ and have the same dimension. This corresponds exactly to
the Hessian-guided stable—plastic decomposition used in SGCL.

Remark on SGR formulation: For analytical tractability, the following theoretical analysis adopts
an unweighted SGR formulation (Eq. , which applies uniform penalties A\; and A, to the stable
and plastic subspaces, respectively. In the actual implementation (Section 3.4), we use a curvature-
weighted version (Eq. [7) where penalties are scaled by the corresponding eigenvalues o; within
the stable subspace. Both formulations lead to the same optimal subspace decomposition—namely,
selecting all positive-curvature directions as the stable subspace—although the curvature-weighted
version provides finer-grained control over forgetting in practice.

D.1 LOCAL QUADRATIC MODEL AND SGR-INDUCED OBJECTIVE

Recall that the model consists of a feature extractor fy : Rén — R4 and a linear classifier W, €
Re*4, where ¢; = 2221 |Ck| is the total number of classes observed up to task ¢. For an input x
we denote its feature by z = fy(x) € R%.

At the end of task ¢ — 1, the parameters (6;_1, W;_1) are (approximately) a stationary point of the
old-task loss L<;_1, which can be written as an average over the past task distributions {Dy,}: ! as
in Eq. (1) of the main paper. Treating W;_; as fixed and viewing L<;_; as a function of the feature
representation z, we denote the corresponding feature-space Hessian at task ¢ — 1 by

HY™Y = V2L 1(2) : (38)
zZ=Z¢t—1
where z;_1 = fy,_, (x) is the feature before learning task ¢. As derived in the main paper (Eq. (4)),
for the cross-entropy loss with a softmax classifier H(ft_l) is symmetric positive semidefinite.

For a small feature drift Az, € R? induced by training task ¢, we adopt the second-order Taylor
approximation of the old-task loss:

1 _
Aﬁg_l(Azt) = Lat-1(Ze-1 + Azy) — Lp1(241) = 3 AZZHE} 1)Azt. (39)

During task ¢, SGCL applies SGR on the feature drift by penalizing the components in the stable
and plastic subspaces with different strengths. Let S; C R? be a k-dimensional stable subspace and
P; = Si- its orthogonal plastic complement. We denote by Ps, and Pp, the orthogonal projectors
onto S; and Py, respectively. Under a local approximation in feature space, the SGR constraint at
task ¢ takes the quadratic form

QSGR(AZt;St) = )\SHPStAZtH% + /\pHPptAZtH%, )\s > )\p > O, 40)
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where A, and ), are the stable and plastic SGR coefficients used in the main method.

Combining the new-task loss (locally linearized) with the quadratic approximation of the old-task
loss and the SGR penalty yields the following local objective in feature space at task ¢:

1 _
$(Az;S) = g Dz + §AZtTH§ft DAz, + A Ps,Azell3 + ApllPp,AZ3, 41

where g; is the gradient of the new-task loss with respect to z, evaluated at z;_;. We refer to
equation 41 as the SGR-induced local objective.

The minimizer of equation 41| with respect to Az, is the SGR-constrained local update in feature
space at task ¢. Its form depends on the stable subspace S;. We now analyze how the resulting
old-task loss increase in equation [39]depends on the choice of S;.

D.2 DIAGONALIZATION IN THE HESSIAN EIGENBASIS
Let H(ft_l) admit the eigendecomposition

HY™ = USUT, = = diag(o{"",...,0{™"), (42)
where U = [ugtfl), ce u((itfl)] is orthogonal and 0’?71) > > a&til) > 0 are the eigenvalues.

Denote the rank of Hgffl) by
ro= rank(HEfﬁl)) = |{i: Jgtfl) > 0}]. 43)

In SGCL, the stable subspace is chosen as the image of H(ft_l), spanned by the eigenvectors with
non-zero eigenvalues (see Sec. 3.2 of the main paper), while the plastic subspace is the orthogo-
nal complement (the kernel of Hgf_l)). Below we first analyze general choices of k-dimensional

subspaces aligned with the eigenvectors, and then specialize to the case k = r corresponding to
SGCL.

Let I; C {1,...,d} be an index set of size k. We define
Si(ly) = Span{ugt_l) i€ I}, P(l) = Si(I)* = span{u§t_1) cje L. (44
(t=1)

)

As, 1€y,
A= { te (45)

Equivalently, for each eigendirection u we assign either the stable SGR coefficient A¢ or the

plastic SGR coefficient \,:

Ap, 1€ 1.
The choice of index set I; encodes the choice of stable subspace S;.

Writing g = Ua and Az; = UQ in the eigenbasis, the SGR-induced objective equation

becomes
d

1 -
Ge(Az; Si(1) = Y (alﬂi +3 oV g2 4 )\Zﬂf), (46)
i=1
where ); is given by equation #5] The coordinates f3; are decoupled, and minimizing equation

with respect to (3; yields
Q;

B = ———— 1<i<d (47)
g, + 2/\Z
Thus the SGR-constrained local feature update in the original space is
d
Az (S,(I)) = UB* = =Y ———ulY. (48)

i=1 O',gt_l) + 2)\7
Substituting equation [47]into equation[39] the induced increase in the old-task loss is

d 2
(t) x _ 1 3 (t-1) o;
A[':St—l (AZt (St(It))) = B £ ag; —<U§t*1) n 2A1)2 . (49)
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We define the per-direction SGR forgetting coefficients
(t=1)
9;

mi(N\;) = —————, 1<i<d, (50)
(o)
so that equation 49| can be written compactly as
d
N 1
ALY) | (Az;(Si(L))) = 3 > mi(n) o (51)
i=1

From equation [50| we obtain the following simple monotonicity property in the SGR strength.
Lemma 1 (Monotonicity of SGR forgetting coefficients in A). Fix i and treat m;(\) as a function
of A > 0:
crl(t_l)
(o™ 4202
(1) = 0, then m;(\) =0 forall A > 0.

i

m;(\) = (52)
Ifcrft_l) > 0, then m;(A) is strictly decreasing in \. If o

Proof. For aft_l) > 0,

d (t,]_) —4
N O I L P — |} (53)
da (6 4 22)3

If 01_(#1) = 0, the formula equationyields m;(A) = 0 for all . O

Thus, for each eigendirection with agt_l) > 0, a larger SGR coefficient always reduces its con-

tribution to the old-task loss increase. In particular, assigning the stable coefficient A to such an

eigenvector yields a smaller forgetting coefficient than assigning the plastic coefficient A,,. For di-
(t=1)

rections with o; = 0, the forgetting coefficient is identically zero and independent of \.

D.3 FORGETTING CRITERIA UNDER THE SGR CONSTRAINT

We now define two natural forgetting criteria under the SGR-constrained update equation 48]

Worst-case forgetting. We first consider a worst-case measure over all possible new-task gra-
dients with bounded norm in feature space. Let ||||s < 1 be an upper bound on the gradient
coordinates in the Hessian eigenbasis. Using equation [51] the worst-case forgetting at task ¢ under
the SGR constraint is
1
FO(L) = sup ALY (Az[(Si(r) = = max mi(\), (54)

a1 2 1sisd
where \; are determined by I; via equation 43}

Average forgetting. We also consider an average-case measure under an isotropic model for the
new-task gradient direction. Suppose that ¢ is a random vector on the unit ere or with isotropic

covariance, such that E[o;] = 0 and E[o?] = 3 for all i. Then, by equation|51]
d
N 1
E[ACY), (Az(Si(1)] = 5 . mi(A) Elod] (55)
i=1
1
=5 ; mi(\;). (56)
This motivates the average forgetting functional
d
1
(t) — (O
Favg(lt) : 2dzzzlml()"b) (57)

In both cases, the dependence on the subspace choice S; is fully captured by the index set I; and the
associated coefficients \; € {\s, A\p}.
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D.4 OPTIMALITY OF THE HESSIAN-GUIDED STABLE SUBSPACE UNDER SGR

We now show that, when the stable subspace dimension is chosen as k = r = rank(HEfﬁl)), as-
signing the stable SGR coefficient A, to all eigendirections with positive eigenvalues (i.e., choosing
S = Im(Hgffl))) minimizes both the worst-case and average forgetting functionals FY (I;) and

Fé\t,?g(l +) among all choices of I with |I;| = r that are aligned with the eigenvectors of cht_l).

For convenience, let

[ = (icoV > 0h, 1l = (el =0}, (58)

pos null

so that |1 §2§1)| =rand ] 1(1:11) indexes the zero eigenvalues.

WORST-CASE FORGETTING

We first analyze the worst-case forgetting functional equation[54} For each index ¢ we denote
o gt -1)

_ Ay = ap —my(As). (59)
(Uz(til) +2)p)° )

a; = mi()\p) =

By Lemma if ai(t_l) > 0 then a; > 0 and A; > 0, whereas if oz(t_l) = (0 then a; = A; = 0. For

a given index set I; with associated coefficients \; as in equation[45] we can write

— A, i€y,
mi(A;) = {am ' Z t (60)
ai, 1 ¢ 1I,.
Thus 1
R = 5 max (- Ad{i € 1}). v

We now specialize to the case k = r corresponding to SGCL, and show that choosing I; = Iéf;l)
is optimal.

Theorem 1 (Worst-case optimality of the Hessian image subspace). Fix a task t and let r =
rank(Hgf_l)) = |I}()togl)|. Consider all index sets I, C {1,...,d} with |I| = r, defining the

SGR coefficients \; via equation Let I} = I&;” and
S = S(If) = span{uz(-tfl) NS I}()gl)} = Im(HEfﬁl)). (62)

Then, among all such choices of I, the worst-case forgetting functional F‘g,tc)(lt) in equation |54|is
minimized by I, i.e.

FOIry < FO(IL)  forall I with |I,| = r. (63)

C

Proof. If r = d, then H(ftfl) is full rank and there is only one possible choice of an r-dimensional

eigen-aligned subspace, namely the full space. In this trivial case I; = {1,...,d} is the unique
admissible index set and the claim holds.

We therefore assume r < d. Let I; be any index set with |I;| = r. If I, = Iéf;” there is nothing to

prove, so suppose I; # [p(,gl). Then there exists at least one index j € I; with orj(»t_l) = 0 and at

least one index ¢ ¢ I; with U(gt_l) > 0. Consider the new index set

I = (L \{5}) u{e},
which also satisfies |I;| = 7.

By Lemmal 1} we have a; = A; = 0 and hence m;();) = 0 for any choice of ; € {As,Ap}. In
particular,
m;(Aj) =m;(\}) =0,
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where \; and A} denote the coefficients associated with I; and Iy, respectively. For the index ¢ we

have O'[Etil) > 0, hence ay > 0 and A, > 0, and

mg()\g) =ap>ar— Ay = mz(/\Z),

since £ ¢ I, but £ € I,. For all other indices i & {j, ¢} we have AL = A and hence m; (A)) = m;(\;).

. . d . . .
Putting these observations together, we see that the vector (mq; ()\;))izl is coordinatewise less than

or equal to (mi (/\i))j:1 , and strictly smaller in the /-th coordinate. Therefore

maxm;(A;) < maxm;(\;),

with strict inequality whenever the maximum of the original vector is attained at index ¢. In partic-
ular,
F(I) < FQR(1).

C

Starting from any index set I; with |I;| = r and repeatedly applying the above swap operation

whenever [; # I&;l) produces a finite sequence of index sets along which F&,tc) is non-increasing

and that terminates at [; = I]()f;l) = I. This shows that I} minimizes F‘g,tc) over all admissible

I. O

Theorem shows that, under the SGR constraint equation andfork =r = rank(HSct_l)), using

the image of Hgfﬁl) as the stable subspace S; minimizes a worst-case upper bound on the old-
task loss increase over all new-task gradients with bounded norm, among all eigen-aligned stable
subspaces of dimension 7.

AVERAGE FORGETTING

We next consider the average forgetting functional F»Ei)g(l +) defined in equation Using the nota-
tion a; and A; from above, we can write

d
1 1
(t) — = (N — — = ,
Favg(lt) ¥ ;:1 m; () 54 g 1 a; 54 A;. (64)

The first term is independent of I, so minimizing Fééé([t) over I; with a fixed cardinality |I;| = k
is equivalent to maximizing the sum ), 7, Ai over such index sets. In general this shows that the
optimal index set of size k is obtained by choosing the k indices with largest A; values.

For SGCL we again specialize to the case k = r = |II(,2§1) |, and obtain the following result.

Theorem 2 (Average-case optimality of the Hessian image subspace). Under the same assump-
tions as in Theorem [l among all index sets I C {1,...,d} with |Iy| = r, the average forgetting

Sfunctional Fé‘t,)g(lt) in equation |57| is minimized by I} = I&;l), i.e., by choosing S; = Sf =
t—1

Im(H{ ™).

Proof. If r = d, the claim is again trivial, since there is only one admissible choice of I;. We

therefore assume r < d.

Let I; be any index set with |I;| = r. If I, = I&;l) there is nothing to prove. Otherwise there

exist indices j € I and ¢ ¢ I; such that 0§t_1) = 0 and crét_l) > (. Define I; as in the proof of

Theorem [I]by swapping j and ¢:
I = (L\ {5} u{e)

By Lemmawe have a; = A; = 0, hence m;(\;) = m;()\}) = 0, and A, > 0 since Uétil) > 0.

Thus
DA =) A A A =) AHA > YA

icl, i€l i€l i€l
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Consequently,

Fu(l _2dza’ Ai 2dzaz 2dZA = Fu(l),

16[1 i€l

Starting from any I; with |I;| = r and repeatedly applying this swap whenever I; # If)i;” yields

a finite sequence of index sets along which Fé\t,)g is strictly decreasing and that terminates at [; =

I}()tos R I. Therefore, I} is the unique minimizer of F;V)g among all index sets I; with ||

r. O

Summary and choice of k. Under the SGR-induced local objective equation 4 1|and the quadratic
approximation equation [39| of the old-task loss, once the feature-space Hessian Hgf_l) is fixed,

choosing the stable subspace S; as the image of Hgfﬁl),

S = Im(Hgf_l)) = span{ugt_l) :aft_l) > 0}, (65)

ie., taking k = r = rank(Hgf_l)) and marking all positive curvature directions as stable, simulta-
neously minimizes
* a worst-case forgetting bound Fv(vtc) (1) over all new-task gradients with bounded norm; and

* an average forgetting functional Fé\t,)g(l +) under isotropic gradient directions,

among all k-dimensional linear subspaces aligned with the eigenvectors of Hgffl).

In SGCL we set k :=r = rank(HSf_l)), so that the stable subspace is exactly the image of the
feature-space Hessian and the plastic subspace is its kernel. In this precise sense, the Hessian-guided
stable—plastic decomposition used by SGCL is locally optimal under the SGR constraint, for both
worst-case and average forgetting criteria, among all eigen-aligned decompositions with the same
stable dimension.
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